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Sharp Strichartz estimates for water waves systems

Quang-Huy Nguyen

ABSTRACT. We prove for reasonably smooth solutions the optimal Strichartz es-
timates for pure gravity waves and the semi-classical Strichartz estimates for
gravity-capillary waves; for both 2D and 3D waves. Here, by optimal we mean
the gains of regularity obtained for the linearized systems. Our proofs combine the
paradifferential reductions of Alazard-Burg-Zuily [1, 3] with a dispersive estimate
using a localized wave package type parametrix of Koch-Tataru [19].

1. Introduction

Water waves systems govern the dynamic of an interface between a fluid domain
and the vacuum. It is well-known that these systems are dispersive, i.e., waves at
different frequency propagate at different speed. For approximate models of water
waves in certain regimes such as Kadomtsev-Petviashvili equations, Korteweg-de
Vries equations, Schrodinger equations, wave equations,...dispersive properties have
been extensively studied. For the fully nonlinear system of water waves, dispersive
properties are however less understood.

On the one hand, in global dynamic, dispersive properties have been considered in
establishing the existence of global (or almost global) solutions for small, localized,
smooth data by the works of Wu [25, 26], Germain-Masmoudi-Shatah [12, 13],
Ionescu-Pusateri [17, 18], Alazard-Delort [5], Ifrim-Tataru [15, 16]. On the other
hand, in local dynamic, dispersive properties and more precisely Strichartz estimates
have been exploited in proving the existence of local-in-time solutions with rough,
generic data, initiated by the work of Alazard-Burq-Zuily [4] and then followed by
de Poyferré-Nguyen [10, 11]|. Prior to these, a Strichartz estimate was proved for
2D gravity-capillary waves by Christianson-Hur-Staffilani [9]. Unlike the case of
semilinear Schrodinger (wave) equations, water waves systems are quasilinear in na-
ture and thus how much regularity one can gain in Strichartz estimates depends
also on the smoothness of solutions under consideration. In other words, in term of
dispersive analysis (for generic solutions), the nonlinear systems are not obviously
dictated by their linearizations. In fact, the Strichartz estimates proved in [4], [11]
are non optimal compared to the linearized systems. We address in this paper the
following problem:

At which level of reqularity, solutions to the fully nonlinear systems of water waves
obey the same Strichartz estimates as its linearization?

Remark first that due to the systematic use of symbolic calculus in the framework
of semi-classical analysis in [4], [11] we were not able to reach sharp Strichartz esti-
mates by simply adapting their method to the case of sufficiently smooth solutions.

The author was supported in part by Agence Nationale de la Recherche project ANAE ANR-
13-BS01-0010-03.
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In this paper, we choose to work on the The Zakharov-Craig-Sulem formulation of
water waves, which is recalled now.

1.1. The The Zakharov-Craig-Sulem formulation of water waves. We
consider an incompressible inviscid fluid with unit density moving in a time-dependent
domain

Q= {(t,,5) € [0,T) x R x R s (2,9) € )
where each ); is a domain located underneath a free surface

S ={(z,y) x R x Ry = n(t,2)}

and above a fixed bottom I'" = 9, \ ¥;. We make the following assumption on the
domain: Assumption (H)
Fach Qy is the intersection of the haft space

Qe ={(z,y) x REx Ry =n(t,2)}

and an open connected set o containing a fized strip around X, i.e., there exists
h >0 such that for all t € [0,T

{(z,y) x REx R:n(z) —h <y <n(t,z)} C Q.

Assume that the velocity field v admits a potential ¢ : Q@ — R, i.e, v = V¢. Using
the Zakharov formulation, we introduce the trace of ¢ on the free surface

(L, ) = ot x,n(t, x)).
Then ¢(t, z,y) is the unique variational solution of
(1.1) Ap=01in Qy  o(t,z,n(t,z)) = Y(t, ).
The Dirichlet-Neumann operator is then defined by

L+ \VwP(% 2)
= (3y¢)(ta$ﬂ7(ta$)) - Vxn(tax) : (Vx(b)(tvxan(tvx))'

The gravity-capillary waves (see [20]) problem consists in solving the following sys-
tem of (n,):

o = G(n),

1.2
(12) O +gn — oH(n) +%!Vx1/}\2 -

l (an . vm¢ + G(U)T/))Q
2 14 |V.n|?

:O’

where o is the surface tension coefficient and H () is the mean curvature of the free
surface:

= div 7V77
= (W)

In the regime of large wavelengths, one can discard the effect of surface tension by
taking o = 0 in the system (1.3) to obtain the system of pure gravity water waves

at77 = G(U)T/),

(1.3) 1
O+ gn+ 5|Vt -

l (Vxn : wa + G(n)¢)2
2 1+ V)2
The physical dimensions are d = 1,2. For terminologies, when d = 1 (respectively

d = 2) we call (1.2), (1.3) the 2D (respectively 3D) waves systems. It is important
2
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to introduce the vertical and horizontal components of the trace of the velocity on
>, which can be expressed in terms of 1 and ¥:

Vxn : wa + G(UW
1+ (Va2 7
P

We recall also that the Taylor coefficient defined by a = —%y |y can be defined in
terms of 7,1, B,V only (see §4.2 in [3]).

(1.4) B = (vy)|2 = V = (vz)|s = Vatp — BV

1.2. Known results and main theorems.

1.2.1. Pure gravity water waves. For the system (1.3) of pure gravity water
waves, the only existent Strichartz estimate, to our knowledge, is [4] where the
authors proved Strichartz estimates for rough solutions with a gain of

1 1
(1.5) ,u:ﬂ—whendzl, M:E—WhendZQ

The starting point of this result is the symmetrization of (1.2) into a quasilinear para-
differential equation of the following form (see Appendix A for the paradifferential
calculus theory and Theorem 2.2 below for a precise reduction statement)

d
(1.6) (6t+TV-V+iT7)u:f6L?°H;,s>1+§,

where v is a symbol of order %

Let us now look at the linearization of (1.3) (take g = 1 and infinite depth) around
the rest state (0,0):

at?? - |D:B|7;Z) = 05
Op+n=0

which is equivalent to, after imposing u := n + i Dx\%z/;,

(1.7) 8tu+i\D$]%u:0.

For this Schrodinger-type dispersive equation we can prove classically the Strichartz

estimates
1 .
Mt:_7p:4 lfdzl,
(1.8) Ml g < Cs,d) [ule=oll s ol P
LeWS™ 5 THop Popt = 7= D = 2 if d>2,

from which the estimates for the original unknowns 7,1 can be recovered. Our first
result states that the fully nonlinear system (1.3) enjoys Strichartz estimates with
the same gain as in (1.10), for solutions slightly smoother than the energy threshold
in [3].

NoOTATION 1.1. Denote

15 = H5T2 (RY) x H"2(RY) x H5(RY) x H*(RY),

W = WHEX(RY) x WHER(RY) x WHO(RY) x W(RY).
THEOREM 1.2. Let d = 1, 2 and consider a solution (n,v) of (1.3) on the time
interval I =[0,T], T < 400 such that ) satisfies Hy for every t € [0,T] and

(n,4, B, V) € C([0,T]; H?).
(see Theorem 1.2, [3]). Define
S(d) = % + %7 Mopt(d) =
s(d) =2+ %, topt(d) =

,p(d)=4 ifd=1,
— pld)=2 ifd>2.

@ = ool



Then for any s > s(d) we have
(777 Y, B, V) S r( (I’ stgJﬂuoyt(d)yOO).

1.2.2. Gravity-capillary waves. Let us now look at the linearization of (1.2) (with
infinite depth) around the rest state (0,0),

at??‘ |D£B|71Z) = Oa
8t’l/1—A7’]:O

or equivalently, with ® = |Dx|%77 + 1)

(1.9) O +i|Dy|2® = 0,

for which one can easily prove the following Strichartz estimates

3 .
,u’Ot:_)p:4 lfdzl’
(1.10) [|@] < C(s, d) [[®li=oll s » { v

s_d o = 1
LpWS—2 thopts ,Ufopt = 1 p = 2 lf d Z 2.

Turning to the nonlinear case, in high dimensions (d > 2) the geometry can be non
trivial and hence trapping can occur. As a consequence, natural dispersive estimates
expected are the one constructed at small time scales which are tailored to the

3
—it|Dg|?

frequencies. The propagator e has the speed of propagation at order [£ ]%

Hence, for time [t| < |£ \_%, we expect no problem due to the global geometry. This
leads to the so called semi-classical Strichartz estimate. This terminology appeared
in [8] for a study of the Schrodinger equations on compact manifolds. To realize this

heuristic argument, one multiplies both side of (1.9) by h3 with h = 277 , JEN

and make a change of temporal variables t = h%a, u(o,x) = @(héa, x) to derive the
semi-classical equation

(1.11) hdyt + |hDy|2u = 0.

Then the optimal dispersive estimates for (1.11) implies the semi-classical Strichartz
estimates for (1.9) with a lost of % derivatives when d = 1 and i derivatives when
d>2.

In [1] it was proved that if

(1.12) (n,0) € C([0,T]; H 2 x H), s>2+ g

then system (1.2) can be symmetrized into a single equation analogous to its lin-
earization (1.9):

(1.13) @+ Ty -V+iT,)u=feL®H ~el:;

from which the local-wellposedness was obtain at this regularity level-(1.12). Using
this reduction, Alazard-Burg-Zuily [2] established, for 2D waves, the semi-classical
Strichartz estimate at the threshold (1.12) and the classical (optimal) Strichartz
estimate when s > 5 + % We remark that in [1], the semi-classical gain is achieved
due to the fact that after a para change of variables, the highest order term T’u in

(1.13) is converted into the simple Fourier multiplier \DJC\% Unfortunately, such a
reduction can not work for the 3D case and hence, semi-classical Strichartz estimate
in this case is much more difficult to establish, especially at the regularity level
(1.12). In the present paper, we want to investigate the semi-classical Strichartz
estimate for (1.2) when d > 2, assuming that the solution is slightly smoother than
(1.12) (1/2 derivatives). Our second result reads as follows.
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THEOREM 1.3. Let d > 2 and 0 < T < oo. Consider a solution (n,v) of (1.2) on
the time interval I = [0,T] such that Q satisfies H(t) for every t € [0,T] and

(n.4) € C([0,T); H**2 (R?) x H*(R)).
If s > g + % then for every € > 0, there holds
(n.) € L([0, T); W52 (RY) x W25 2°(RY)).

REMARK 1.4. Our proof of Theorem 1.3 works equally for the 2D waves (d = 1),
when (n, ) € C([0,T}; Hs+%(R) x H*(R)) with s > 24 3. On the other hand, using
the paracomposition reduction in [2] we can indeed improve the preceding regularity
to s > 2+ £, which is the same as Theorem 1.1 in [2].

1.2.3. On the proof of the main results. In [4, 11] the authors worked completely

in the semi-classical formulism and proved dispersive estimate using the approxima-
tion WKB method. This allowed the authors to prove Strichartz estimates with
nontrivial gains even for very rough backgrounds. However, we emphasize that with
this method, we were not able to reach the classical or semi-classical level as in
Theorem 1.2 and 1.3. The dispersive estimates for principally normal pseudodiffer-
ential operators in [19] require more regularity (C?) of the symbols to control the
Hamiltonian flow and apply the FBI transform technique. This indeed allows us
to obtain sharp dispersive estimates when the characteristic set of the symbol has
maximal nonvanishing curvatures.
For the proof of our main results, we shall combine the para-differential reduction in
the works of Alazard-Burg-Zuily with the phase transform method in the work [19]
of Koch-Tataru. Notice that the later works effectively for operators of order 1, after
renormalizing. For gravity-capillary waves (see (1.13)) the dispersive term has order
% and thus the semi-classical time-scale brings it to the one of order 1 and hence
leads to the semi-classical Strichartz estimate in Theorem 1.3. For the pure gravity
waves (1.6), one observes that the dispersive term 77, has order % which is lower
than the transport term 7y - V. Here, we follow [4], suppressing this transport term
by straightening the vector field 0; + Ty -V and then make another change of spatial
variables to convert it to an operator of order 1. However, the new symbol then
is not in the standard form p(x, &) to apply phase transforms and other technical
issues appear. The proof of Theorem 1.2 thus requires much more care.

2. Preliminaries

2.1. Symmetrization of system (1.3). We first recall the symmetrization
of system (1.3) to a single quasilinear equation, performed in [1]. This reduction
requires the following symbols:

e Symbols of the Dirichlet-Neumann operator
A = A+ VP)ER — (V- €)2,

{div(a(l)Vn) + i@g)\(l) : Voz(l)} ot =

N . L1V
C220

A iy - €
L+ [Vnl?

e Symbols of the mean-curvature operator:

2 .
@ ._(q 2y-1 (1e2 - (V-8 W — _Lig 900.
0= (1 () (16 - (s ) )i =50 0
5



e Symbols using for symmetrization
_1 _5 1 1
g:= (14 (Van)®) 2, p= (1+(Ven)?) 112 +p177),
where p(~2) := F(V.n,£)0%n, with |a| = 2 and F € C®°(R? x R4\ {0};C)

is homogeneous of order —% in &.
e Symbols in the symmetrized equation:

e IOAD — <|s|2<1+|w|2>—<w5>2>1,

1+ |Vny|?

j (2 (0)
wim 2 (@ DWVIND, = [T

Then with the good-unknown U := 1 — Tgn, it was proved in [1] that

THEOREM 2.1 ([1, Corollary 4.9]). Lets > 2+ 4 and (n,v) € CO([O,T];HS*'% x HY)
be a solution to the gravity-capillary wave system (1.2) and satisfies condition (Hy)
for every t € [0,T]. The complex-valued function u := T,n + iT,U then solves the
following para-differential equation

(21) Btu + TV -Vu+ iTv+w+wlu = f,

where, there exists a nondecreasing function F : RT x RT — R™, in dependent of
(n,%), such that

(2.2) 1 ooz < F (10O oy e

2.2. Symmetrization of system (1.2). Define first the principle symbol of
the Dirichlet-Neumann operator
1

A= ((+ Vo)l = (€ vm)*) .
Next, set ( = Vn and introduce
Us = (Dy)°V +Te(Dy)* B, (s:=(Dg)°C.

THEOREM 2.2 ([3, Proposition 4.10]). Lets > 1+ % and (n,v) € CO([O,T];HS+% X
H?) be a solution to the pure gravity water wave system (1.3) such that condition
(Hy) is fulfilled for every t € [0,T] and the velocity trace

(B,V) € C°([0, T); H*"2 x H*);
and there exists co > 0 such that a(t,z) > co. Then the complex-valued function
wi= (Da) ™ (Us =T, /r2Cs)
solves the following para-differential equation
(2.3) Ou+Ty - Vu+iTyu = f,
where v = vVa\ and

la =91l ooy zr-ty + 1 Lo qoysmrsy < F <H(777¢)(t)HHs+% AV, B)(t)”HS) :

REMARK 2.3. The change of variables (7, 1) — u in Theorem 2.1 and (9,4, B,V) —
u in Theorem 2.2 are essentially ”invertible” in the sense that one can recover Sobolev
estimates and Holder estimates for (1,1, B,V) from those for v by virtue of the
symbolic calculus for para-differential operators contained in Theorem A.4.
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2.3. Para and pseudo differential operators. Since the para-differential
setting is not suitable for proving dispersive estimates, we shall change it into the
pseudo-differential one, whose standard definitions are recalled here.

DEFINITION 2.4. 1. For any m € R, 0 < 41,09, p < 1 we denote by S™ the class

p,01,02
of all symbols a(z,y,€) : (R?)? — C satisfying
02070 alw,y, )| < Caypy (1 + gy rorlel+ouldl-o],

The corresponding pseudo-differential operator is defined by
Op(a)u(e) = | e a(a.y. uly)dyd
Rd

When a : (R%)? — C we consider it as a symbol in S0 that does not depend on

m — m
y and rename Sp,51,0 = Sp751.

2. For any symbol a(x,§) € Syt the Weyl quantization Op“(a) = a“(z,D,) is
defined by Op”(a)u(z) = Op(B)u(z) with b(a,y,) = a( 52, £) € 57,

We shall later need to transform the operators Op(a) to Op*(a). This is done by
means of the following result, which can be easily deduce from [24], Proposition

0.3.A.

PRrROPOSITION 2.5. For any symbol a € S;”5 with m € R, 0 < § < p < 1 there
exists a symbol b € ST such that Op*(a) = Op(b). Moreover, we have the following
asymptotic expansion in the sense of symbolic calculus:

||
) ~ 2 C0 0 dgata,€)
la] >0

Remark that for all o, 05 - 8? a(z, &) € 5 —(p— 5)‘04

Now, let a € '), r > 0 be a para-differential symbol (see Definition A.2) and define
(24) Vj € Z, ¥ >0, Sjs(a)(x,€) = (27 Da)a(a,€)

the spatial regularization of the symbol a, where 9 is the Littlewood-Paley function

defined in (A.1). We first prove a Bernstein’s type inequality for Sjs(a).

LEMMA 2.6. If a € '} then for all o, B € N¢, |a| > p, there exists a constant Ca
such that for all (z,£) € R

1020258() )| < Cag21°P)|02a(-, ) liyon(r)

PROOF. If |a| = p the estimate is obvious by writing aﬁﬁgsjg(a) as a convolution

of 3%8? a with a kernel. Considering now |a| > p. Recall the dyadic partition of
unity (A.2): 1 = > 72 Ay where each Ay is spectrally supported in the annulus
{2F=1 < |¢| < 2F+1}. Using this partition we can write

920; Sj5(a)( Z ALOSY(27° D)0 Z m
k=0
If 2% > 299 then Ayp(279°D,) = 0. Therefore
2+54]
33?5?5]'5(@)(9075) = Z Uk
k=0

7



Now, introducing ¢1(€) € C°(R?), supported in {3 < ¢| < 3} one has
up, = 25100y (27K D, ) (2770 D) AdY a(x, €).
Consequently,
k|l B Elalo—kp| 98
[kl oo may < 29 ARDg al-, )| oo (ray < C2927%10g al-, ) [ woroo (Ra)-

It follows that
2+4[59]

10507 Sjs(a) (@, )l e mry < C D 207 D7 al-, &)l (re)-
k=0

Finally, since |a| — p > 0 we deduce that
10207 Sjs(a)(@, )| poo (ray < C27U=2 107 -, €)llyprmoo (e,

which concludes the proof. O

We show in the next Proposition that after localizing a distribution u in frequency,
one can go from para-differential operators to pseudo-differential operators when
acting on u.

PROPOSITION 2.7. For every j € N*, define
Rju :=T,Aju— S;_3(a)(x, Dy)Aju.
Then the spectrum of Rju is contained in an annulus {c; 12971 < |¢] < ¢127F'} and
for every u € R we have
1Rl g ity < CM(a) [l

where the constants ¢y, C' > 0 are independent of a,u,j.

PROOF. Recall first the definition (A.5) of T,u, where we have ¢ = 1 on the
support of ¢; for any j > 1, so

Rju =T,Aju— Sj_3(a)(x, Dy)o(Dy)Aju.

In the following proof, we shall use the presentation of Métivier [22] on pseudodif-
ferential and paradifferential operators. To be compatible with [22] we also abuse
notations: by I'"* we denote the class of symbols a satisfying the growth condition
(A.3) for any ¢ € R? and by MJ" the semi-norm (A.4) where the suppremum is
taken over ¢ € R%.

1. By definition (A.5) it holds that T,v = Op(o,0)v, where Op(o,0) denotes the
classical pseudodifferential operator with symbol

oa(x,8§)0(§) = X(Da, §)a(w,&)o(§).
Hence Rju = Op(a;)u with
aj(x,8) = oalz,§)o(§)p; (§) — Sj-s(a)(@,£)e(§)p;(S)-
Now, we write
a; = (cq00; — aop;) + (aop; — Sj—s(a)op;) = a} + a?.

Applying Proposition 5.8(iz) in [22] gives a]l € I't"" and (remark that (¢;); is
bounded in T?)
Mg (a}) < CM"(agp;) < C M (ap).
8



On the other hand, if we denote b = app then a?(m, €) =b(x,&) —vj—3(Ds, §)b(x, ).
Taking into account the fact that supp ¢; C B(0, C?2/) we may estimate
a3 (@, )| < D 1A, < > 27 b &) |y
k>j—2 k>j—2
< C2777Ib(, E)llyrroe = C277" 0 ()] | al-; €) ()l yyrroe
< O(1+ €)™ "M (ag), VEe€R™

By the same method for estimating \Bgaz

;| we obtain that a? € T§™" and hence

J
a; € I'("™"; moreover
My*"(aj) < CM,;"(ag).
2. Property (A.7) implies in particular that

8z(0a)(n,§) = 0 for [n] = e2(1 +[¢]),

here we denote §, the Fourier transform with respect the the patial variable x.
On the other hand, by definition of the smoothing operator

§oSjs(a)(z,)0(€)¢;(€) = v (27U mSaa(n, £)e(§)p(277€)
which is vanishing if [n| > 1(1 + [¢]). Indeed, if either [¢| > 277! or [¢] < 277 then
¢(277¢) = 0. Considering 2/~ < [¢] < 2971 then |n| > 1(1+[¢]) > 2772 and thus
¥(27U=3)n) = 0. We have proved the existence of 0 < ¢ < 1 such that
(2:5) 8za;(1,€§) = 0 for |n| > e(1 + [£]).

3. By the spectral property (2.5) one can use the Bernstein’s inequalities (see
Corollary 4.1.7, [22]) to prove that a; is a pseudodifferential symbol in the class
ST ". Then, applying Theorem 4.3.5 in [22] we conclude that

[Rjull gra—mr gy = 10P(@)t]l gruemsrgay < OMg* ™" (aj) |ull g may -
(R9) (R9) (

Finally, the Fourier transform of R;u reads

SRuE = [ Fola)(€ = mmyin)dn.

Using the spectral localization property (2.5) and the fact that §.(a;)(& — n,n)
contains the factor ¢;(n) we conclude that the spectrum of Rju is contained in an
annulus of size 27 as claimed. O

2.4. A result of Koch-Tataru. In this paragraph, we recall the dispersive
estimates proved by Koch-Tataru [19] based on the technique of FBI transform on
phase space. These estimates were established for the following class of operators.

DEFINITION 2.8. For A > 1, m € R and k = 0,1, ... consider classes of symbols
p: T*R% — C, denoted by N™S¥, which satisfy

agafp(x,g)‘ <A™ ol <k,
(2.6)

20D, 6)| < capAmt T a2 k.

The mentioned result reads

PROPOSITION 2.9 ([19, Proposition 4.7]). Let p(o,z,£) € ASy be a real symbol

in (z,£), uniformly in o € [0,1]. Assume that p satisfies the following curvature

condition

(A) for each (o,z,£) €[0,1] x R? x Cy, | det 8§2p\ > A" where Cy = {cIA < €] <
9



cA}.
Denote by S(o,00) the flow maps of Dy+Op®(p). Then for any x € SY such that for
all z € RY, x(z,-) compactly supported in Cy = {7\ < |¢| < IA}with 1 < ¢ < ¢,
we have
d —d
15(0,00) (X (2, Da)vo)ll o S A2[0 — 002 [voll 1, Vo, o0 € [0,1].

REMARK 2.10. In the statement of Proposition 4.7, [19], condition (A) is stated
for (z,€) € By := {|z] <1, [£| < A} and correspondingly, x is supported in B; in
addition, the usual quantization x(x, D,) is replaced by the Weyl quantization x*.
However, one can inspect easily its proof to see that if (A) is fulfilled globally in z
then we have the above variant.

2.5. Remarks on the symbolic calculus for \™S§. Let a € ™S, k>0
and suppose that on the support of a(z,&), A71¢| ~ 1. Tt follows by definition of
AmSK that a € ST" . Observe however that when k& > 1, a behaves better than a

2

general symbol in S’l"“l . In this paragraph we present some enhanced properties of
2

AmSY with k > 1.

First, we are concerned with the relation between the the Weyl quantization and

the usual quantization. According to Proposition 2.5, for a € S’l"“l there holds
)

[un

m—

Op“(a) — Op(a) = Op(r), r€S,

2
1.
2

In fact, we have

Op() = Op(@), a(x,5,€) = a(*32,6)
and
— X 1 — X
i) = aa+ L50) = ale8) + 5 [ Ouaa st s (v =)

2
It follows that

(2.7) Op*(a) — Op(a) = Op(r),
with
i (1 —x
(2.8) r(z,y,€) = —5/0 (Dc0pa)(z + 52 S E)ds.

We now show that in fact r is of order m — 1 as in the case a € S%.

LEMMA 2.11. Let a € A™S%, k > 1 satisfying \"¢| ~ 1 on the support of a(x,€).
Then we have the relation (2.7)-(2.8) with r € S’lnill
ORI

PROOF. For any a, 3, v € N% we have

m—|v|—1 .
|aaaﬁaur(x y £)| < Coz,ﬁ,u)\ “alHli‘)é‘_j,‘f‘Nl(g)’ if |Oé| + |ﬁ| + 1<k,
Ty 5 - Ca’ﬁﬂl)\m*»fih/'ill)\*l|§|N1(§)’ ]f ’a‘ + ’/8‘ + 1 Z k

Since k > 1,
ol + 14181~k _ |ol + 18]
2 - 2

Consequently, it holds that
[l +]8]
02000¢7(2,5,€)| < Capo(1+ D™ D071 va, 5,y € N,
in other words, r € S;nl_ll O
7272
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For the composition rule we prove

LEMMA 2.12. Letp € ST and a € ASK. k> 1 satisfying A€ ~ 1 on the support
of a(z,§). Then we have

Op(p) o Op(a) — Op(pa) = Op(r)
with r € S"TmL,

1
1,5

PROOF. According to Proposition 0.3.C [24], one has Op(p) o Op(a) = Op(b)
with

—_)lel
b~ 3 E0 (e 08 ala €

lo] >0
in the sense of symbol asymptotic. The general term in the above expansion belongs
_lal
to Sftm 2, hence
2

_ i\l
—pa)— 3 CO app(e )0fale, ) € 574
la|=1 ’ ?

It then suffices to show that co := O¢'p(z, §)07a(z, §) € S’fimfl for |a| =1 or again,
2
d7a(z,§) € STy for |a| = 1. The later follows along the same lines as in the proof
2
of Lemma 2.11. O

In the same spirit we have the following result on adjoint operators, taking into
account Proposition 0.3.B [24].

LEMMA 2.13. Let a € )\mSl)f, k > 1 satisfying \"'€| ~ 1 on the support of a(x,§).
Then we have
Op*(a) — Op(a) = Op(r)

with r € S;”l_l and a is the complex conjugate of a.

2
NOTATION 2.14. Throughout this article, we write A < B if there exists a constant
C > 0 such that A < CB, where C' may depend on the coefficients of the equations
under consideration. If the constant C involved has some explicit dependency, say,
on some quantity ;, we emphasize it by denoting A <, B.

3. Proof of Theorem 1.3

Throughout this section, the dimension d is greater than or equal 2 and s > % + %l
is a Sobolev index.

3.1. Littlewood-Paley reduction. We shall prove Strichasrtz estimate for
solution u to (2.1), which is a quasilinear para-differential equation with time-
dependent coefficients. Remark that since

(n, %) € CO([0, T); H"2 x H?),
we have )
Ve 0, T, HY), 4(-,€) € C°([0,T]; H* 2).
The first step in our proof consists in localizing (2.1) at frequency 27 using the

Littlewood-Paley decomposition (cf. Definition A.1 1.). For every j > 0, the dyadic
piece Aju solves

(31) (Bt + TV -V + Z.T'y—l—w) A]‘u - Fj
11



with

(3.2) Ff = A f —iNj(To,u) + i [Ty, Aj] + i [T, Ajlu + [Ty, Aj] - V.
Remark that for each j > 1, Aju is spectrally Supported in {2771 <|¢| <27t} In
views of Proposition 2.7 and the fact that v € F 5 w € Ié and V - ¢ € T}, equation

(3.1) can be rewritten as

(3.3) (0 + Sj-a(V) -V +iS;_5(3) (2. Dy)) Aju = F,
with

2.l
(3.4) Fj = FJ + R;,

Rju is spectrally supported in an annulus {cf12j_1 < |€] € ¢127F1} and satisfies

(3.5) 181l s S Nl s -

Next, we use (2.4) to smooth out the symbols by § = % derivatives.

Now, let 3 < ¢1 < ¢2 < ¢z, CF := {(2¢) 7! < [¢] < 2¢,}, k=1,2,3 and
$eC™, suppp CC® =1onC2

Then, equation (3.3) is equivalent to

3
(3.6) L;0;u = (at+s(j_3) (V) - V@27 D,)

(1), De)F29 D) +i5; g1 ()(, D)B(2 9 D2)) Aju = F,

1
2

with
(8.7) Fj = F} + F} = F? 43 (S_g17(@, D) = Sj-57(z, Da) ) Aju
S

37
+z(s(] 510(z, Dy) — S aw(z, ))A u+ (s(J 51 (V) =55 3(v)) - VAju.

3.2. Semi-classical time scale. Observe that the highest order operator on
the left-hand side of (3.3) has order 2, which does not match the result in [19] that
we want to apply. Therefore, we reduce it to an operator of order 1 by multiplying
both side by h%, where

hi=277 ,
then making a change of temporal variables t = h3o. For this purpose, let us reset
the symbols in this new time scale:

(38) Ta(0,2,€) = h3 51 (7)(h30,2,€)B(hE),
(3.9) U (0,2,8) = h2S(;_g)1 (w)(h3 0,2, €)B(hE),
(3.10) VM@%®=ﬁﬁ&%@gVﬂﬁmw%&ﬂM)
Next, set

wp(o,x) = Aju(héa,x), Gp(o,z) = —ih%Fj(h%a,x).
Equation (3.6) is then equivalent to
(3.11) (Dy 4+ Ty(o,2,Dy) + Qp(0, 2, Dy) + Vi (o, x, Dy)) wy (o, z) = Gp(0o, ).

In what follows, we shall prove the classical Strichartz estimate for (3.11), from
which the semi-classical Strichartz estimate for (3.6) follows.
12



We now replace the pseudo-differential operators in (3.11‘) by the corresponding
Weyl operators using Proposition 2.5. Noticing that w = 5, we set

Op"”(T's) = Op(T's) + Op() + Ry,

(3.12) )
Op“ (Vi) = Op(V) + Rj;.

Inserting these identities into (3.11) leads to
Lywy(o,z) := (Dy + 'Y (0,2, Dy) + Vi’ (0,2, Dy)) wy (o, x)

(3.13) = Gylo,z) + R (0, z)wp (0, ) + Ri (0, z)wp, (0, ).

3.3. Classical Strichartz estimate for (3.11) (< (3.13)). In this step, we
shall show that Theorem 2.9 can be applied to the real symbol

ph=Th+ V.

Set A = h™1 = 2J. First, the characteristic set of v has maximal (d) nonvanishing
curvatures:

PROPOSITION 3.1. Let C be a fized annulus in R?.
1. There exists an absolute constant Cy > 0 such that with co = Cd(l—i-HVnHLoo(lde))
we have

(3.14) sup ‘det (9527(25,3:,5){ > ¢p.
(t,z,£)eIxRIXC

2. For any 0 < § <1 there exists jo € N large enough such that

(3.15) sup ‘det 8§Sj5(’y)(t,x,§)| > .
(t,z,£)eIxRIXC

PRrROOF. 1. For the proof of part 1, we refer to Corollary 4.7, [4]. Part 2. is a
consequence of part 1. because S;5(7y) is a small perturbation of v when j is large
enough (see for instance Proposition 4.5, [4]). O

LEMMA 3.2. 1. We have T'j, € AS2, Vj, € )\%Si and hence py, € )\Si.
2. There exists hg > 0 small enough such that for 0 < h < hg, the symbol py, satisfies
condition (A) in Theorem 2.9 with Cy = \C?.

PROOF. 1. Remark that since v and V are respectively W% and W2 in x,
assertion 1. then follows easily from Lemma 2.6 and the fact that on the support of
o(h€) we have [¢] ~ .

2. Let £ € A\C?. We have @(%5 ) = 1, hence (952 V4, vanishes and since 7 is homogeneous
of order % in &,

ORTw(0,2,€) = 07 (W3S g1 (M) (hho,,€)) = h (02S(;_1 (3)) (REer, 0, B).

Therefore, condition (A) is verified by virtue of (3.15). O

Calling Sy (0, 00) the flow map of the evolution operator L, = Dy + Op”(pp) (see
(3.13)), we have

LEMMA 3.3. IfvY is spectrally supported in \C' = {(201)_1h_1 << QClh_l} then
(2)
_d _d
HSh((L UO)U;)LHLoo(Rd) S h~> ’U - UO‘ ? HUgHLl(Rd) ’

13



for all o, g € [0,1] and 0 < h < hg.

(i) with ¢ > 2 and 2 = § — 4,

[EAEH| S
R3S R La((o,1],m) ~ hilr2 -

PROOF. By Lemma 3.2, (i) is a direct consequence of Proposition 2.9 if one
chooses

X(€) € C%, suppx C {(2c12) 'A< [¢] < 2c10A}, 1 <c1p <o, x=1inCh

For (i7) we remark that since Op"™(I';,) and Op™(V},) are self-adjoint, Sp(c,00) is
isometric in L?. This combining with the dispersive estimate (i) and a standard
TT* argument (see the abstract semi-classical Strichartz estimate in Theorem 10.7,
[27]) yields (i). O
LEMMA 3.4. For any p € R, the operators Sy(o,7) are bounded on HM(R®) uni-
formly int,sel .

PRrOOF. This result bases on a standard energy estimate. However, the proof
requires more care since we are not working on standard operators of classes S{’fo.
Without loss of generality we assume 7 = 0 and let f(¢,z) be a solution of

We first apply Lemma 2.11 to obtain

Op“(pn) = Op(pn) + Op(rs), 1 €S}
Then f solves the problem

(at +1 Op(Ph) +1 Op(?“h)) f(tv Z) =0, f(va) - fo(m')
Let u € R and set f*:= (D,)"f then

D712 = ~i((Opp) — OD* (o)) 7, ) + 2R(F, f*)

N[

1
19

where

F =i [Op(pn), (D)"] f = i(D)" Op(ra) f-
According to Lemma 2.12 one has [Op(py), (D,)*] € S?l. This combining with the
’2

fact that r, € S? gives

NI

1

Rl
IE L2 S [ g -

On the other hand, since py, is real, Lemma 2.13 implies

Op(pn) — Op™(pa) € 57 -
Consequently, we have

| (Op(p) — Op* () f*|| 12 S 11l 2 -
Finally, we conclude by Gronwall’s inequality that

1f Ol g S WSoll e, VEE L

PROPOSITION 3.5. If wy, is a solution to (3.11) with data w,(0) = w)) and

supp Wy, suppwy C AC!
then we have for all € > 0

Se [l

1
st ||Gh||L1([o,1},Hs) + h2 HwhHLl([O,l],Hs) :
14
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PRrROOF. To simplify notations, let us write Sy (o, 7) = S(o, 7). If wy, is a solution
o (3.11) and it is also a solution to (3.13). By Duhamel’s formula, there holds

wp(0,0) = Sk(o, 0)w2 + /0(7 S(o,7)[Gp(T)]dT + /00 S(o, T)[(R;llwh + R%wh)(T)]dT.

Let us call (1) and (1), respectively, the first and the second integral on the right-
hand side. Choosing ¢; large enough such that suppGj; C AC', Lemma 3.3 (i)
gives
1
H(I)HLQ([O,l],LT) Shoe ||Gh||L1([o,1};L2)
For (II) we set

jaf o
by = (alg)m 0208T (0, 3,€), |a] > 2 cff = ( '2)|a 97 0¢ Vi(o,2,€), |al > 1.

For each |a| > 2, since vy is W2 in x we have by applying Lemma 2.6

|oray (020¢Ty)|| < (1 +1€])!
| ||

hence b € S 12 . Similarly, it holds that ¢§ € S 2 for Ve W Taking ¢ > 2
’2 ’2
and % 4 Q , we claim that uniformly in 7 € [0, 1]

+ \HH\;\—Q —(

lv[+]el) < (1 + |£|)—M+M_I ‘

(3.16) 1S P REw) O S BT (7l
Indeed, by the asymptotic expansion in Proposition 2.5 it holds that
N-1 N
Rb =Y Op(t§) +Op(r), i € 511;, YN >3
|af=2

If we choose ¢; large enough then each Op(b%wy,)(7) is spectrally supported in AC!
(and so is wy,) so that Lemma 3.3 (ii) can be applied to derive

_1 o _1ylal
(317)  [1S(o, M) [OP (5 )wn(T)]ll gy < b~ [OPOF ) wnllpz S ™72 [lwn(7)]l s -
For Op(r) one uses the Sobolev embedding HE < I, Vre [2,+00) to estimate
1S (e, )Op(ry Ywn(T)]l|z; < 11S(o, T)[Op(rzjy)wh(T)HlHd-

2
On the other hand, we know from Lemma 3.4 that S(o,7) is bounded from H* to
H* uniformly in o, 7 € [0,1] for all z € R. Hence
(3.18) 1S (o, OP(r wn()lly S 2% fuon ()l 2

Choosing N = N(d) large enough, we conclude the claim (3.16) from (3.17) and
(3.18).

In the same way, we obtain the following estimate for R%L (which is also uniformly
in 7€ [0,1])

18 (o, DIBRRwr) (]| fa e < Bt fwn(r e -
Putting otgether the estimates above leads to

_1 1
lonllgarr < B0 (wf]l o + 1GHl o yaz) + A% lwnllgags) -

—1 —
Taking ¢ = 2+ ¢ then h'« < hE. We multiply both sides by A™% and use the
frequency localization of wy, wg to get

‘wh‘ st HGhHLle + h2 HwhHL1H~ :

15
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Finally s—3 = (¢ —1+¢)+(s—4+1—¢) and §—1+4¢ > ¢ —ltg = 4. Consequently,
1 d, ;1
the Sobolev embedding W5~ 2" «— W5 217275 concludes the proof. O

3.4. Semi-classical Strichartz estimate for (3.6). From the preceding Propo-
sition, one deduces the corresponding Strichartz estimate for u; = Aju as a solution

of (3.6) via the change of temporal variables wy, (o, x) = uj(héa, x) as follows.

COROLLARY 3.6. If u; is solution to (3.6), i.e., Lju; = F; with data u? and

uj, u ,F; are spectrally supported in 2/C' then u; satisfies with I; = |0, 2*%] =
[0,h2] and e >0

0
|| J||L2+5(I Ws—%-l»%—s 100) Ns Hu HH5 + HFJHLI(]j;Hs) + HujHLle .

The next step consists in gluing the estimates on small time scales above to derive
an estimate on the whole interval of time [0, 1] to the price of loosing i derivatives.

COROLLARY 3.7. If u; is solution to Lyu; = F; with data u? and uj, u?

) F; are
spectrally supported in Ci then u; satisfies with I =[0,T] and € > 0

HujHLQ(I;st%ﬁ»%fs,OO) S& ”FJHL2(17H57%) + HuJHLOO(I7H~") N

PROOF. Let x € C§°(0,2) equal to one on [1,3]. For 0 < k < [Thfé] — 2 define

t—kh%>’

1 1
L= (K%, (4 200%), - xal) = x(—
2

k= Xjk()uy
Then each u; is a solution to

1
t—kh2
L ujk—X]kF +hi_ I(T2>uj‘, Uj,k(t:kh%) :0,

2
from which we deduce by virtue of Corollary 3.6
_1
||uj7kHLQ(IJ_’MWS—%J%—E,OO) Se HFJ’HLI(]NC;HS) +h72 HujHLl(]ch;HS)'
Notice that y;, =1 on <(/<: + %)h% (k+3 )h2) we get
1
< , =% s
|| ]k||L2( k‘-i— )h2 (k‘-i— )h%);W57%+%7E,OO) ~E HFJHLI(IJVJG;HS) + h 2 Hu]HLl([j’k;Hs)

< 1 _1
Se b HFJ’HH([J,’,E;HS) +hs Hume([j’k;Hs)-

Squaring both sides of the above inequality and then summing in 0 < k < [Thfé] —
2 =: Ny, yields with J; := [%h%, (N, — %)h%)

[u J”LQ(J A e Se ik ||} HL2 (s T i ”uJ”L2([ JHS)
or, equivalently after multiplying by hi

(3.19) 11l o s g 3 ey S NEGl o oty + 106l 2y -
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On the other hand, on J = |0, %h%] one can apply Corollary 3.6 and Hoélder’s in-
equality to have

(3.20)

S 4 ” j”LQ stjﬁ»%f% 00)

<e bt [[u)]
< Ny

HujHLQ(J;WS,g%,m)

1 1
e+ h3 IEG 1 L2 sy + 22 Nsill L2 ey

-4 TIE] ~y ]

1. .
Leo(I,H® L2(I;H* L2(I,H*"7)

Likewise, we have (3.20) with J = [(N}, — §)h§,T] and thus (3.19) concludes that

HujHLQ(I;W57%+%757C>O) Sa |’Fj“L2(I7Hb_%) + HuJHLOO(I7H~") .

O

In the finally step, we shall glue the estimates for Aju over different frequency
regimes to obtain an estimate for u, from which the corresponding estimates for

(n,) follow.

3.5. Concluding the proof of Theorem 1.3. If u is a solution to (2.1) with
data u® then by (3.6), the dyadic piece Aju is a solution to LjAju = Fj with F}
given by (3.7). Applying Corollary 3.7 one gets

(3.21) 1 Ajull oo (g1 -

H j ”LQ(I stjJﬁjfE 00) NE ” ]”LQ(I Hs——

Recall that F; = Fj1 + R + Ff where ij are given in (3.2), (3.7) and from (3.5)
that
182l s < Ml s -

Using the symbolic calculus Theorem A.4 one obtains without any difficulty that
H HLgHs—f S llull e (I;Hs)
For Ff’ we consider for example
A= S(j_g)%*y(x, Dy)Aju— Sj_sy(x, Dy)Aju
= (S(j_g)%’y(m, D,)Aju—~(x, Dw)Aju) + (v(z, Dz)Aju — Sj_3v(z, Dy)Aju)
= Aj + A%

More generally, let a € I']", homogeneous of degree m in {. Using the spherical
harmonic decomposition we can assume a(z,&) = b(z)c(§) with b € W and c is
homogeneous of order m. Then with Ss;(a)(x,§) = S5;(b)(x)c(§) one has

(3.22)

1(Ss5(a)(x, Da) — a(z, Dg))vll g2 < [[S5;(0) = bl oo (D)ol 2 S 2777 ||0]] gom -
3
Since v € T'2 is homogeneous of degree 3 in &, the H s=3_norm of A} now can be
g 2 g gree 3 J
bounded by
296727250 || Ajul| 1 S [l s
while
A3 ey S2ET2720 A o S llullprees -
Similarly, we have

155 HLQH»—— Sl e msy + W 2y -
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The estimate (3.21) then implies

H ]uHLQ IW57§+§75 00) N€ HUHL‘X’ IH + HfHLQ(I Hsfj) .
Gluing these estimates together one derives

—je )

‘|uHL2(I;WS—%+%—2E,OO) S Z 2 HA]U’HLQ(LWS—%-F%—E,OO)

(3.23) j
Se Nl goeqrrny + 17 o gty

Recall that u = T,n+iT,(1»—Tpn). From (3.23) one can use the symbolic calculus for
para-differential operators in Theorem A.4 to recover the corresponding estimates

for (n,4) (cf. [1], [2]):

[l + [l

The proof of Theorem 1.3 is complete.

L2 IW»—§+1 2500 LQ(I;Ws—%+%—2800 N (H( )HLoo [0 T] H"+2><H5)) .

4. Proof of Theorem 1.2

We consider three parameters § € (0,1), rg € [0,1], r1 € [0,1], which shall be
determined later and assume that

(4.1) Ve LW (RY), A(,€) € L¥(L; W22 (RY)).

4.1. Littlewood-Paley reduction. For every j > 0, the dyadic piece Aju
solves the equation

(4.2) (O + Ty -V +iT,) Aju = Fj,

where

(4.3) Fl = Ajf +i [Ty, Aj] + [Ty, Aj] - V.

In view of Proposition 2.7 one has

(4.4) (0 + Sj—3(V) - V +iSj_3(7)(w, Dy)) Aju = F7,
with

(4.5) F} = F} + R;,

Rju is spectrally supported in an annulus {c; 297! < [¢| < ¢;277'} and
(4.6) 1Rl s < Nl s -
Now, let 3 < ¢1 < ... <5, CFi={(2¢) 7! < [¢] < 2¢4}, k=T1,5 and

$eC™, suppp CC’, g=1oncCh
Equation (4.4) is then equivalent to
(4.7) (0 + S(-3)5(V) - V +iS(; 315 (7) (2, D2)§(277 Dy)) Aju = F,
with
(4'8) FJ = Fj2 + F]3 = Fj2 +1i (S(j73)57(x,Dm) - ij?;'Y(x,Dm)) Aju

+ (S(j_g)(;(V) — Sj_g(V)) . VAju.

Let us define the operator corresponding to the homogeneous problem of (4.7)

(4.9) L= 0+ S; 35(V) -V +iS;_35(7) (@, Da)3(277 D,).
18



To prove Strichartz estimate for Aju as a solution to (4.7), we shall first establish a
"pseudo dispersive estimate” for £;. Set

h = Q_j, h= h%.

4.2. Straightening the vector field. Following [4] we straighten the vector
field Oy + S(j_3)5 - V by considering the system

o Xu(s) = Sy_gs (Vi) (s X(s), 1<h<d, X=(Xp....,Xa)
Xi(0) = zg.
Since V' € L*>([0,T]; L), system (4.10) has unique solution on I = [0,T], which

shall be denoted for simplicity by X (s,z;h), or even X (s, x). Estimates for the flow
s — X(s,-) is given in the next Proposition.

PROPOSITION 4.1. For fized (s,h) the map x — X(s;x,h) belongs to C®°(R?, R?).
Moreover, for all (s,h) € I x (0,1] we have
(4.11)
102 X) (s, s h) = Idl| oo (ray < F(IV Il ooy ) 181,
(4.12)
105 X)(s, 5 W) oo (maty <o F (V| oo (0.1, 07170000 ) oel=0Erod g o] > 2.

PRrROOF. Here we follow the poof Proposition 4.10, [4]. The improvement is due
to the following estimate (by applying Lemma 2.6)

(4.13) (

O253(V)G) gy < Gt PO IV ) lrirace V1] > 2

(1) To prove (4.11) we differentiate the system with respect to z; to obtain

. d
ingggﬁ%WX@@W@

31‘[

0X},

LRy =5

B2, (0) = owy
from which we deduce

d
0Xy, s oV}, 0X,

4.14 —_— = sl —— X — .
(1.14) k) %+A§ﬁﬂmﬁ@ ()5, (0) do

Setting |[VX| = Zi’lzl %%\ we obtain from (4.14)

VX (s)| < Cy+ /0 IVV (0, X (0))| VX (0)] do.

The Gronwall inequality implies that

(4.15) IVX(s)| < F(|V|lwie) VselL
Coming back to (4.14) and using (4.15) lead to

0X
Ox

(73) We shall prove (4.12) for |a| = 2 first and then prove by induction on |«| that
the estimate

(s) —Id

< f(IIVHWLoo)/O IVV (0, )l e may do < Fr(([V [[wr.ee)ls]-

102 X) (53 -, ) oo (rety < FalllV llwrrg.oe =011 770)
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for 2 < |a| < k implies (4.12) for |o| = k + 1.
Differentiating || times (Ja| > 2) the system (4.10) and using the Faa-di-Bruno
formula we obtain

d
Z

where the term (1) is a finite linear combination of terms of the form

(4.16) P2X)(5) = S35(VV)(s, X ()22 X + (1)
q
Ag(s,x) = 92(S;5(V N T (0F X (s)
i=1
where
q q
2< B/ <lal, 1<g<lal, Y |KiLi=a, Y Ki=8.
i=1 i=1
1. When |a| = 2, we have

(05 X ()"

.

Il
—_

Ag(s,x) = 95 (S;5(V)) (s, X (s))

(2

with |L;| = 1 and || = |a| = 2. It then follows from (i) that

q

T (0% x(5) ™| < FUV [wree).

i=1
On the other hand, we have by (4.13)
(025551 @)] .. gy € OB IV (5) e

Consequently, it holds that
Nty < 2017 F(V ),

from which we obtain (4.12) for |a| = 2 by using (4.16) and Gronwall’s inequality.
2. Assuming now that (4.12) holds with |a| = k > 2, we shall prove it for || = k+1.
Indeed, from (4.11) and the induction hypothesis it holds for any 1 < |v| < k that

102 X) (5. 5 W)l poe ety S F IV pomqompaprroe YD,

Therefore, with 1 < |L;| < |a| we can write in view of the estimate (4.13)

-

L*(Rd)

145G, Mzoe ey < [192(S50V)) (50) | oogreny T
i=1

< ChOUBI==r0) 1y (s, .)Hmemh—fSZ?:l HGIZ=1) F (|| V] 1o o0 )

< WO F(V flyarg.00 ) [V (5, ) v
As before, we conclude by (4.16) and Gronwall’s inequality.
U

In view of (4.11) the mapping x — X (s,z;h) is a C*°-diffeomorphism when 0 <
s < Ty small enough. This restriction of 71" is harmless for one can iterate the final
estimate over time intervals of length T which depends only on |[V[[ ;e o 7pw1.00)-
Now, in (4.9) we first make the change of spatial variables

(4.17) on(t,y) = u;(t, X(t,y;h))
20



so that

(4.18) (O + S(j—s)s (V) - V) u(t, X (t,y; h) = Bpon(t, y).
Denoting
(4.19) an(@,€) = S(j—3)5(7)(@,§)p(hE),

let us compute this dispersive term after the above change of variables. To this end,
one sets

, Lox , ) o
H(yy) = [ Z-Ow+ 0= Ny)dr, My.y)=(Hyy)™
(4.20) 0 3; B ox
Moy) = (G- )+ J.y) = |det (5-)| I det My
Then,
(Ob(an)ug) o X(u) = (2m) [ [ X0 -01q, (X (3).m)us o' o',
Now, we make two changes of variables #’ = X ('), then n = M (y,y')¢ to obtain
(Op(an)us) o X () = (2) ¢ [ [ 00, (X(), Mo/ )O) T )enly) .

Observe that the pseudo-differential operator above is still of order . To change its
order to 1, we need to make in addition another change of spatial Varlables

(4.21) Yy = h%z, y = hz, wp(2) = vh(ﬁz'), E=h(

so that

(4.22) (Op(gn)uj)o X(y) = (2m)~ // z=%") San( X (hz), (ﬁz,ﬁz')ﬁ_lf)x
X J(hz,ﬁz')wh(z') dz' d€.

Summing up, with
(4.23)

pn(z,2,€) == qp (X(ﬁz), M(ﬁz,ﬁz’)E*%)J(ﬁz,ﬁz/), wp(t, z) = uj(t,X(t,Ez))
it holds that N

(Op(gn)u;) o X(hz) = Op(pp)wn(2),
which combines with (4.18) and (4.9) yields
(4.24)
(L) (1, X (1, 2)) = (B0 +Opon)) wn(t =), wnlt, 2) = us(t, X(t,702)).

We have transformed the operator £; of order 1 into the right-hand side of (4.24),
which has order 1.

4.3. Approximation of the symbol p,. Observe that pp in (4.23) depends
on (z,2',&) which is not in the standard form to use the phase space transform in
[19]. Therefore, one need to approximate pp, by some symbol depend only on (z,&).
A general result can be found in Proposition 0.3A [24]. However, here we need
the difference between pj;, and its approximation to be more regular, so we have to
inspect more carefully the smoothness of py. To do this, one writes as for (2.7)-(2.8)

1
P22, €) = pulz, 2,€) + /O Bupn(z,2 +5(2 — 2),€)ds(& — 2)
= (2, 6) (= 2, ) (2 — 2),
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where
(4.25) Ph(#.€) = pa(z,2,€) = an(X (he), Mo (hz) ™€)
On the other hand,
Op(r. (' — 2))w(z) = —i Op(rp)w(z)
with
ri(z,2,€) = /1 0c0ypn(z, 2 + s(2' — 2),€)ds.
To simplify notations, we denote (Ez, Z|s = z+s(2 — z) so that

1 ~ ~ ~ ~ ~
(4.26)  rp(z,7,€) :/0 agaz/qh(X(hz),M(hz,h[z, z/]s)hflg)(](hz,h[z, z/]s)ds.

In conclusion, Op(pp) = Op(p%) —10p(rp).

4.3.1. The symbol pg. First, Lemma 4.1 implies directly the estimates for M and
J.

LEMMA 4.2. It holds for (o, ) € (N9)? that
L, if o] +]a'[ =0,

7~ 26(al+|a’|=ro) if la| + || > 1.

)

0208 M (2, 2)| + 10203 T (2,2)] Saa {

On the other hand, by Bernstein’s inequalities and the fact that on the support of
(h€), €] ~ h=2, we can estimate the derivatives of g, given by (4.19) as follows.

LEMMA 4.3. We have for (o, B) € (N9)?
RIRALif o] =0,

920 <as { -
x §Qh(x7§)‘ ~a,f {h125(a|(é+7’1))+2|57 if ’a‘ > 1.

We now prove study the regularity of the symbol pg.

PROPOSITION 4.4. Choosing ro, 1 Satisfying

1
(4.27) 26(1 —r0) <1, 26(2 —710) <2, 26(5 —m) < 1, 25(; —ry) <2
then the symbol pg verifies
(1) for all (o, B) € N%, |a| <2

2O (2,6)| Sep W15, (6),

(i) for all (o, B) € N%, |a| >3

(4.28)

(4.29)

OLOLH (2, €)| Sap B2 (o),

Proor. To simplify notations, we shall denote in this proof ¢ = gy.
(1) Observe that (4.28) is trivial when oz = 0. The argument below is independent of
the dimension, however let us further simplify the notations by writing as if d = 1.
For |a| = 1, we compute
(4.30) 029°(2,€) = 4o (X (hz), Mo(hz)h ™€) h X (hz)
(4.31) + g¢ (X (hz), Mo (hz)h ™€) (W €)M (h=).
22



For |a| = 2, we have

(432) 0P 6) = qual-- VWX + 2ape(- - )X MERE + gec(- - ) (M])%E2,
(4.33) +Qm("')E2X”+q§("')(%f)M”

Remark that on the support of p°(z, &), ?L|£| ~ 1,using Proposition 4.1, Lemmas 4.2
and 4.3 one deduces easily that

|aa O(Z §)| h 1— 25(§fr1)+1+h 142-1-26(1— ro)’ ’a‘ =1,
|a?p0(z,£)| <, h71725(§fr1)+2 + h71725(§77’1)+2725(17m) +E71+4745(177’0)72
+E—1—26(%—r1)+2—26(1—r0) +7f1+2_25(2_m), la| = 2.
Under conditions (4.27), it follows that
09°(2,6)] So B (©), ol < 2.

To obtain (i) it remains to estimate (9[3((90‘ ) for o] < 2 and B € N From
the explicit expressions (4.30), (4.32) of 99p) above, we see that there are two
possibilities when differentiating in £&. A p0881b1hty is that a derivative falls down to
q. This makes appear the factor Mo(hz)h I while we gain h2 when differentiating
q in ¢ (by Lemma 4.3), we thus gain h.Another possibility is that a derivative falls
down to &, v = 1,2, which results in v¢"~!. Since £ ~ h~! on the support of p?l
one deduces that £&~1 ~ ¢ 7L, which means that we still gain h. Therefore, in both
cases we gain h when differentiating once in ¢ and thus (4.28) follows.

(77) As just explained above, it suffices to prove (4.29) with 5 = 0. From the formula
(4.32), the proof of (4.29) reduces to showing for |a| > 0

102 A (2,6,0)| Sap k7 E g L (©), =105
with
((A) = que (X(%Z)a Mo (hz)h = €)n 1,
Ay = o (X (h2), Mo (h2)h ™€) 12,
As = qee (X (hz2), Mo(hz)h~te)n ™,
Ay = (X (h2), Mo(h2)h ™€),
As = g (X (hz), Mo(h2)h™1€)h ™2
and
|0 Bj(2,h)| S b0l =17d
with

By = X'(hz),
By = hM}(hz),
B3 = EX”(EZ),
By = h*M"(hz).
1. B;. It follows from Lemma (4.11) that
02 B1| = |02 X" (h2)| = BI*l|(02 71 X) (h2)| S hlel#0lel g p=imComblel,
On the other hand, (4.12) and the condition 26(1 — r¢) < 1 imply

102 By| = BJo2 X" (he)| = BH191| (052X (he) | S Rlel-200elt1-r0) < -(20-D,
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Remark that M) (hz) is as smooth as X”(hz), the preceding estimate also holds for
Bs. For By, we apply (4.12) and use the condition 2§(2 — rg) < 2 to estimate

02 Ba| = 12|02 My (hz)| = 11|92 Mo) ()| < Rl -200al¥27r0) < =0 led,
2. A;. For for a = 0, Lemma 4.3 gives
|41] < B1-20(5-r)+2-1 < j-1

since 25(% —r1) < 1. Considering now |a| > 1, we write using the Faa-di-Bruno
formula that 02 A; is a linear combination of terms of the form

€1 = e o) () T (@5 X)) ™ (08 Mo o))
j=1

where 1 < |a| + [b] < |a|, |L;| > 1, Vj =1,r and

Y Pi=a Y Qi=b > (IP|+1Q)L; =a.
j=1 J=1 j=1

According to Lemma 4.3,

(03182 Lg) ()] £ B 1=20(lal+5—r)+2()bl+1)

On the other hand, since |L;| > 1 Lemmas 4.3, 4.2 allow us to estimate the product
appearing in C' as follows

TII s 7, K =37 (= 28080 = VIR - 28(1L5] - ro)lB1) =2 151
j=1 j=1 j=1
= —20|ar| + 26|a| 4 20mp|b| — 2[b].
Therefore, |C| < AL with

1
L= o] =1 =1=28(lal + 5 — 1) +2(|b| + 1) — 23]a] + 26la| + 26r0]6| - 2[b

Vv

1= (26— Dol +1— 25(% )
> _1— (25— 1)]al,

where we have used again the condition that 25(% —1r1) < 1. The proof for A; is
complete.

3. Ag, Az, Ay, As. The estimate for these terms can be derived along the same
lines as for A3, where one need to make use of the condition 25(% —7r1) < 2 for Ay
and the condition 26(3 — 1) < 1 for Ay. O

From now on, we always assume condition (4.27) for ro and r;.

4.3.2. The symbol rj,. The next lemma provides the order of r;, and shows that it
decays in ¢ faster than in (2, 2’) which shall be important in our “pseudo-dispersive
estimates” in paragraph 4.4.

LEMMA 4.5. For any (o, &) € (N9)3

0205 0 rh(2,7,6)| Saarp WU @D 2 (6).
14-26(1—r0)
(26—1),(20—1)

24
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PROOF. Recall the definition (4.26) of 7, on the support of this symbol we have

€] ~ h~1. In this proof, all the estimates are uniform in s € [0, 1]. It follows from
Lemma 4.2 that

V(a, o) € (N9, 020% T (hz, bz, 2')s) | Saer B~ Daltla’D

Next, setting
q(z,8) = S(j—3)s(7)(z,8)p(€)

we see that
q(X(?Lz), M(EZ,E[Z, z/]s)fflf) = ?fl(](X(%z), M(EZ,E[Z, z/]s)ﬁf).
The proof of this lemma then boils down to showing for any (o, o/, 8) € (N9)3,

(4.34) 07020 0:0./G(X (2), M (2, [z, z’]s>§)( Saar,p b HalFla’D=200=r0),

We compute
== 653Z/5(X(z), M(Z, [Z, Zl]s)g) = Sagg( o )MZ/SM + SE]}( e )Mz’7

which is bounded by h=200-70) in view of Lemma 4.2 and the fact that |¢| ~ 1
on the support of g. For the same reason we see that taking &-derivatives of = is
harmless (notice that M is bounded), so we only need to prove (4.34) for |f|
Indeed, one has again by Lemma 4.2

(435)  |(o2o'nr) ()] + | (o202 ar) )

On the other hand, using the Faa-di-Bruno formula (as in the proof of Proposition
4.4) we can prove that

[l [n

< p20(lal+|e/[)—=26(1=r0)

0008 (07 (X (=), M (=, [2, #1)6) | £ 201D,

from which we conclude the proof. ]

In view of equation (4.24) we have proved that
(4.36) (Ljuy) (t, X(t,hz) = (0 + i Op(p})) wi(t, z) — i Op(rp)wp(t, 2)
via the relation wy(t, 2) = u;(t, X(t,hz)).

4.4. A “pseudo dispersive estimate” for L£;. In this step, we shall show
that Theorem 2.9 can be applied to the evolution operator

Ly :=D; + Opw(pg).
Henceforth, we set

§="2 —h L
0

Proposition 4.4 then shows that pg belongs to )\S)%. Using Lemma 2.11 to replace

Op(p)) in (4.36) by Op®(py) we have

(4.37) Op” (py) = Op(py) + Op(r})

with r}, € S(l) 1 1. On the other hand, since 20(1 — rp) < 1, Lemma 4.5 combining
7272

with (4.36), (4.37) leads to

PROPOSITION 4.6. There holds for some symbol r}l € S? that

NI

1
19

(438)  + (Lw) (1, X (1, 12) = (D + Op® () wnlt, 2) + Op(rhJun(r, =)
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Next, we recall the following proposition, which shows that the the characteristic
set of pg has d nonvanishing curvatures.

PROPOSITION 4.7 ([4, Proposition 4.16]). Let C be a fived annulus in R%. For any
0 < d <1 there exist mg > 0, hg > 0 such that

sup ‘det 6?5@(7)(25,33,5){ > my.
(t,z,&,h)EIXREX (Cx (0,ho]

Calling S;, S}, are, respectively, the propagator of £;, Lj, we are now in position
to apply Theorem 2.9 to derive dispersive estimates for S}.

PRrROPOSITION 4.8. For any symbol x € 59\ satisfying for all z € R?, supp x(z,-) C
AC? we have

(439) “Sh(tatO)(X(Z,Dz)f) HLoo rg Ei% |t - t0|7% HfHL1 )

for all t, ty € 10,1] and 0 < h < h.
If in addition, x(z,D.) : L> — L? then for any r € [2, 00| there holds by interpolation

(4.40) [Sn(t.to) (x (2, D2)f)]

where v’ is the conjugate exponent of r, i.e., % +4 =1

Tod(i_1 —qi_1
S AU D | — 1o G | 0.

Lr ~

PrROOF. We have seen that pg € )\Si. On the other hand, @ = 1 in C*, Propo-
sition 4.7 then gives

sup |det (8755 (7)(t,2,)P(€))| 2 1.
(t,z,&,h)EIXRIXC*x (0,ho]

Remark that (4.11) implies |Mo(y)| > co for all y € R¢ (by choosing T small enough
as explained after Proposition 4.1). Consequently,

sup !det ngg‘ >\
(t,z,&,h)EIXxRAX(AC3) % (0,hg]

if ¢3 < ¢4 is chosen appropriately. In other word, condition (A) in Theorem 2.9 is
fulfilled with ¢ = ¢3 and thus the Proposition follows. O

Let ¢1 be a smooth function verifying
supp 1 C {(2c2) 7" < €] < 22}, 1 =11in {(2e1) 7" < [€] < 21}

LEMMA 4.9. For f(t,z) = g(t, X (t, hz)) we have

(4'41) ((Pl(th")g) (t7X(t77LZ)) = 90;:(27 Dz)f(tv Z) - iOp(T%)f(t, Z)?
with
(4.42) 01 (2,€) = 1 (Mo(h2)he),
1 ~ ~ ~ o~ ~
(4.43) r,zl(z,z',f) :/ 001 (M(hz,h[z,z']s)hg)J(hz,h[z,z']s)ds.
0

Moreover, for every (o, o/, &) € (N3 there hold

anfb % T —(26—1
(4.44) 0207 Ph(2,€)| Sas B~ F VWG

ana’ ofb,.2 72-26(1—70)—(26—1) (|| 4|’
(445) az 8;;/ ({95 Th(Z, 2/75)‘ Sa,a’,ﬁ h ( 0) ( )(| H‘| |)+|m1{ﬁ|£|N1}
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PROOF. The formulas (4.41) and (4.42), (4.43) are derived along the same lines

as in paragraph 4.2, 4.3 where we performed the change of variables z = X(t,ﬁz)
to derive (4.36).

1. Proof of (4.44).

Observe first that

3?@3(275) = (8" 1) (Mo(hz)hé) (Mo(hz)) "hlP!
where |y| = |8]. Next, Lemma 4.2 implies for every a € N9,
02(07 1) (Mo(h2)he) | + |02 (Mo (R2)) | @51l

and thus (4.44) follows.
2. For (4.45) one proceeds exactly as in the proof of Lemma 4.5. U

COROLLARY 4.10. If g is spectrally supported in the annulus %Cl then for any r €
[2, 00] we have

(146) ||Su(t, ) (g0 X (t0,h2)) || S H- 72t — 1ol 137 g

+||stt. ) Op(r) (g0 X(t0. 52)) |
for all t, ty € 10,1] and 0 < h < h.
PrOOF. We first apply the identity (4.41) at ¢ = to and notice that ¢1(h€) =1
if £ € %Cl to have
g0 X(to, hz) = ¢}, (2, D2) (g © X (to, h2))(2) — i Op(r}) (g © X (to, h2)) (2).
The estimate (4.44) implies that ¢} € SN S?é (A = h™1), so the estimate (4.40)

applied to x = ¢; and f(z) =go X(to,ﬁz) gives for r € [2, 00|

1 1

[su(t.t0) (g0 X (to.hz))| | 5 R aE=D) e g 5D

1,./

‘goX(to,Ez)HL

+ “S(t,to) Op(r3)(g© X“O’E"”))‘

LT

Finally, since X is Lipschitz we have

g0 X(to, h2)

T_4a
L SE gl

from which we conclude the proof. O

To control the right-hand side of the estimate in the preceding Corollary, we use the
following Lemma, whose proof is identical to that of Lemma 3.4.
LEMMA 4.11. For any u € R, the operators Sy(t,s), S;(t,s) are bounded on H*(R?)

uniformly in t,s € I .

Henceforth, we choose gy > 0 arbitrarily small and

1 2
(4.47) 7’1:6; T0:§+€0 whend =1, 7r9=1whend=2.
so that
1 3 3
26(1 —rg) = 5~ 50 202—r9)=2— €0 when d =1,

20(1 —19) =0, 20(2—rp) = g when d = 2
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and (4.27) is fulfilled.
The next proposition proves what we called “pseudo-dispersive estimates” above.

PROPOSITION 4.12. If Ljuj(t,x) = 0 and u;(t), t € [0,T] are spectrally supported
in £CY then for any ty € [0,T] and r € [2,00] we have
g2l —d(L-1 _d
o (0)]] 0 S 972 = to] =2 i (t0) o+ BF i (f0) ]2

where 7 = 00 when d =1 and r € [2,00) when d = 2.
PROOF. First, equation (4.38) implies that wy(t, z) := uj(t,X(t,ﬁz)) satisfies

wp(t) = Sp(t, to)wp(to) — tS(t,s) (Oph(r}l)) wp(s)ds =: (1) + (2).

to

Applying Corollary 4.10 to g(z) = u;(tp, z) and then using the Sobolev embeddings
HE e s [ HE <5 L7, Yr € [2,00)
together with Lemma 4.11 one gets
~ g2 1 gl
I < B2t = tol ™77 s (to)ll 1 + [|OP(r7wn(to) |

H%+5r
where 5
e, =0, ifre(2,00), & = 550, if r = oo.

The estimate (4.45) gives 77 € Sl_ii%(l_m), hence

7272

HOP(T%)wh(to)HHgW S lwn(to)ll g 4ep 2125010 -
Similarly, since r} € 51—1-225(140) one deduces with the aid of Lemma 4.11
1999
t
H(Q)”L’" S ) ”wh(s)HH%+ET71+26(140) ds.
0

Putting together the estimates above, one obtains
t
Hwh(t)”Lr Sh Gr=2) [t — tol (z=+) Huj(tO)HL’"/ +/t ”wh(s)HH%+ET71+26(140) ds.
0

When d =1, 7 =00, % +&, — 1+ 25(1 — ry) = 0 and since X (t,-) € WH=(R9) we
have for all s € [tg, t]

(Sl

Hwh(s)‘|H%+gr—1+25(1—r0) S h~ ||uj(s)||L2 .
When d = 2, 7 € [2,00), & +&, —1+25(1 — r9) = 0 and thus by Lemma 4.11 it
holds for all s € [tg, ] that

~ 4 -~ 4
lwn ()] g1 142500g) 5 S 72 [Juj(s) g2 ds S P77 Jluj(s)ll o -
On the other hand, by Lemma (4.11), [ju;(s)| ;2 < [luj(to)|l,- for all s € [to,t].
Finally, noticing that
~1
Jui (D e S B [lwnll e < lwallzr
we conclude the proof. O

REMARK 4.13. Strictly speaking, the preceding estimate is not a standard dispersive

estimate since it does not show decay in time on the right hand side. The appearance
d

of the non-decaying term h~4 |lu;(to)||;» is however harmless for the purpose of

proving Strichartz estimate in the next paragraph.
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4.5. Strichartz estimates.

PROPOSITION 4.14. Suppose that Lju;(t,x) = 0 and u;(t), t € I :=[0,T] is spec-
trally supported in %Cl. Then,

(i) when d =1 we have

_3
(4.48) 1l par,poey S B8 lugle=oll 2
(ii) when d = 2 we have with q > 2, %—i—% =1
11
(4.49) Vil oz S BE glizoll 2

consequently, for any so € R and € > 0

(450) ”uj”L2+E(I;WSO_%_E’OO) S Huj‘tZOHHSO *

PROOF. For the two estimates (4.48), (4.49), using the TT* argument, one need
to show that

K= /S(t,s)ds LTI L) — LI, L)
I

with norm bounded by M where M = —% whend =1and M = % — % when d = 2.
Moreover, since u; is spectrally supported in %C 1 it suffices to prove

(4.51) HKfHLQ([,LT) S M HfHLQ’(I;LT')

for every f spectrally supported in %C L
In view of the ”pseudo dispersive estimate” in Proposition 4.12,

IK@OF I 1)+ (2),  with
(1) = 17D [ 6D 1 (5) 0 s,
I

(2) = /I 1£(5)]] . ds.

(1) d =1, (¢,7) = (4,00). By the Hardy-Littlewood-Sobolev inequality, H(l)HLg is
bounded by the right-hand side of (4.51). On the other hand, (2) can be estimated
using Sobolev embedding as

_d,_d _3d
@) Sh bz (| f($)llprds S BT ([ fll g
which concludes the proof of (4.48).
(i) d=2,q > 2, % + % = 1. Again, the Hardy-Littlewood-Sobolev inequality yields
a1
P o 1 T
For (2) one uses the embedding L < L2, ' € [1,2)
d_d
1f )2 S h27 [Lf ()l

which implies
d
4

J

~

T

2)Sh
The estimate (4.49) then follows.
Now, for any € > 0, let ¢ = 2 + ¢ then
2 € 1 1 3 €
-

Hf”LlLr’ .

e+2 4 4+2(5+2)'
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Multiplying both sides of (4.49) by A~ yields

. < .
(452) ”u]”Lq(I;W50+%*2(E—i2),T) ~ ”uj‘tZOHHSO N
ys 3 € _ _ 3 _ € d : =
-\/“\/I'ltlngSO—Z—i-m—a—i-b,G—SQ—Z—E,b—E+m>;W€Obtaln(4.00)

from (4.52) via the Sobolev embedding W+ (R%) «— W if h > g

Recall from (4.1) and (4.47) that we have required
(4.53) Ve LW (RY), A(-6) € L¥(I;WH(RY)
Whereng—}—eo, go > 0 when d =1 and p =2 when d = 2.
THEOREM 4.15. Let s € R, I =[0,T], T € (0,+00) and u € L>=(I, H(R?)) be a
solution to the problem

Oru+Ty -Vu+ilyu=f, ul—= u?

where v = vV Aa as defined in Theorem 2.2.
1. Whend =1, if for some ey > 0, V € L (I, WsT90:°(R4)), 5 € L=(I, W 3>°(R%))
then
0
I
2. Whend =2, if V€ L¥(I,W?>(R%), n € LOO(I,W%’OO(Rd)) then for every
e>0

R

Se [lu’]

|’uHL2+5(1;WSO_%_E’OO) Hs0 + Hf”Ll(I,HSO) .
In the above estimates, the dependent constants depend on a finite number of semi-

norms of the symbols V and .

PROOF. If u is a solution to (2.3) with data u° then by (4.7), the dyadic piece
Aju is a solution to £;A;u = Fj with F; given by (4.8) spectrally supported in
%Cl if ¢; large enough. Under the regularity of V, ~ given in 1. and 2., condition
(4.53) is fulfilled. Using Duhamel’s formula and applying the Strichartz estimates
in Proposition 4.14 we deduce that

(4.54)

0
HAjuHLq(I;WS()—%-FH,OO) ’S HA]U { H*%0 + HFJHLI(I,HSO)’

where

1 1
q=4, ,uzg, whend=1; g=2+¢, ,u:Z—a, when d = 2.

We are left with the estimate for F; = Fjl—i—Rj —i—Ff’ where F]k are given by (4.3), (4.8).

Defining
|k—3]<3

it follows from (4.5) that
1Rl o < [Ajull -
Using the symbolic calculus Theorem A.4 one obtains without any difficulty that
) ~
HFJ HLl(I;HSO) S Azull s meo)-
For Fj?’ we use (3.22) to obtain that: if
Ve L(I,Wa(RY), n e Lo(I,W3=(R7))
then

(4.55) IF2 N o reeoy S 187Ul g0y + 1AGF | o 1311509 -
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Finally, putting together the above estimates we conclude from (4.54) that
HUHLq(I;WsOfgW,OO) < Z HAjuHLq(I;Wsofgﬂ,oo)
J

S [l

S |l

o T ||U||L1(1;Hsn) + ||fHL1(I;HSO)

a0 T I sy »

where in the last inequality, we have used the energy estimate

HUHLoo(I;HSO) S HUOHHSO + HfHLl(I;HSO) :

The proof is complete. O

According to Remark 2.3, after having the estimate for u-solution to (2.3) one can
use the symbolic calculus to obtain the desired estimates for the original solution
(n,, B, V) as stated in Theorem 1.2.
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Appendix A.

DEFINITION A.1. 1. (Littlewood-Paley decomposition) Let ) € C§°(R?) be such that
(A1) (@) =1 for |0 <1, (@) =0 for 0] > 2.

Then we define x(0,1) = S_720 ¥ _3(0)er(n), where

Ur(0) = (27%0) for ke Z, wo =Ko, and o= — g1 fork >1.
Given a temperate distribution u and an integer k in N we also introduce Spu and

Agu by Spu = Yrp(Dy)u and Agu = Sgu — Sk_1u for k > 1 and Agu = Spu. Then

we have the formal decomposition

(A.2) u= Z Agu.
k=0

2. (Hélder spaces) For k € N, we denote by WH(R?) the usual Sobolev spaces.
For p = k+o0, k € N,o € (0,1) denote by WP>(R?) the space of functions
whose derivatives up to order k are bounded and uniformly Hélder continuous with
exponent o.

Let us review notations and results about Bony’s paradifferential calculus (cf. [7],
[22]).

DEFINITION A.2. 1. (Symbols) Given p € [0,00) and m € R, F?(Rd) denotes the

space of locally bounded functions a(x, &) on R x (R\0), which are C™ with respect
to € for € # 0 and such that, for all o € N¢ and all € # 0, the function x — 8?@(1‘, €)

belongs to WP>°(RY) and there exists a constant C,, such that,

(4.3) vid> 5, [logat < Call + €)1,

’ 5) HWp,oo(Rd)
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Let a € F;”(Rd), we define the semi-norm

A4 MM (a) = sup sup 1+ \a|—maaa 5 .
A () la]<2(d+2)+p [€]>1/2 H( €D ¢ ( 5)pr,oo(mz)

2. (Paradifferential operators) Given a symbol a, we define the paradifferential op-
erator T, by

—

(A5) Tou(e) = (2m)~ / X(€ = m, )€ — 1) p(n)a(n) dn,

where @(0,€) = [ e ®%(z,&) dx is the Fourier transform of a with respect to the
first variable; x and p are two fized C°° functions such that:

)

Ry

(4.6) o) =0 forll < pl)=1 for ol >
and x(0,7) is defined by x(0,1) = Y% k—3(0)pr(n).

We remark that the cut-off function y in the preceding definition has the following
properties for some 0 < g1 < &9 < 1

(A7) X(n,8) =1, for [ < e (1 +1¢),
x(n,€) =0, for |n| > ea(1+ [€).

DEFINITION A.3. Letm € R. An operator T is said to be of order m if, for all u € R,
it is bounded from H* to H*~.

Symbolic calculus for paradifferential operators is summarized in the following the-
orem.

THEOREM A.4. (Symbolic calculus) Let m € R and p € [0,00).
(i) If a € T (RY), then T, is of order m. Moreover, for all ;i € R there erists a
constant K such that

(A.8) HTGHHHHHN_"L < KMy (a).

(ii) If a € F?(Rd), be F?,(Rd) then T, Ty, — Togp ts of order m +m' — p with

afb := Z (Z!)aaga(x,§)8§b(x,§).

loo<p
Moreover, for all p € R there exists a constant K such that

(A9)  ITTy = Tusoll g prum-mrsp < KM (@) MY (b) + KM (@) M, (b).

(7i1) Let a € F:,”(Rd). Denote by (T,)* the adjoint operator of T, and by a the
complex conjugate of a. Then (T,)* — Ty is of order m — p with

b= S S peonatae).
jal<p

Moreover, for all i there exists a constant K such that

(A.10) 1(Ta)" = Toll gy pru—mse < KM (a).
32



References

[1] Thomas Alazard, Nicolas Burq, and Claude Zuily. On the water waves equations with
surface tension. Duke Math. J., 158(3):413-499, 2011.

[2] Thomas Alazard, Nicolas Burq, and Claude Zuily. Strichartz estimates for water waves.
Ann. Sci. Ec. Norm. Supér. (4), 44(5):855-903, 2011.

[3] Thomas Alazard, Nicolas Burq, and Claude Zuily. On the Cauchy problem for gravity
water waves. Invent.Math., 198(1): 71-163, 2014.

[4] Thomas Alazard, Nicolas Burq, and Claude Zuily. Strichartz estimate and the Cauchy
problem for the gravity water waves equations. arXiw:1404.4276, 2014.

[5] Thomas Alazard, Jean-Marc Delort. Global solutions and asymptotic behavior for two
dimensional gravity water waves. Ann. Sci. Ec. Norm. Supér., to appear. 100 pages.

[6] Serge Alinhac. Paracomposition et opérateurs paradifférentiels. Comm. Partial Differ-
ential Equations, 11(1):87-121, 1986.

[7] Jean-Michel Bony. Calcul symbolique et propagation des singularités pour les équations
aux dérivées partielles non linéaires. Ann. Sci. Ecole Norm. Sup. (4), 14(2):209-246,
1981.

[8] Nicolas Burq, Patrick Gérard, and Nikolay Tzvetkov. Strichartz inequalities and the
nonlinear Schrodinger equation on compact manifolds. Amer. J. Math., 126(3):569-605,
2004.

[9] Hans Christianson, Vera Mikyoung Hur, and Gigliola Staffilani. Strichartz estimates for
the water-wave problem with surface tension. Comm. Partial Differential Equations,
35(12):2195-2252, 2010.

[10] Thibault de Poyferré and Quang-Huy Nguyen. A paradifferential reduction for the
gravity-capillary waves system at low regularity and applications. arXiv:1508.00326,
2015.

[11] Thibault de Poyferre and Quang-Huy Nguyen. Strichartz estimates and local existence
for the capillary water waves with non-Lipschitz initial velocity. arXiv:1507.08918, 2015.

[12] Pierre Germain, Nader Masmoudi, and Jalal Shatah. Global solutions for the gravity
water waves equation in dimension 3. Annals of Mathematics, 175(2):691-754, 2012.

[13] Pierre Germain, Nader Masmoudi, and Jalal Shatah. Global existence for capillary
water waves. Comm. Pure Appl. Math., 68(4): 625-687, 2015.

[14] John Hunter, Mihaela Ifrim, Daniel Tataru. Two dimensional water waves in holomor-
phic coordinates. arXiw:1401.1252v2, 2014.

[15] Mihaela Ifrim, Daniel Tataru. Two dimensional water waves in holomorphic coordinates
IT: global solutions. arXiv:1404.7583, 2014.

[16] Mihaela Ifrim, Daniel Tataru. The lifespan of small data solutions in two dimensional
capillary water waves. arXiv:1406.5471, 2014.

[17] Alexandru D. Tonescu, Fabio Pusateri. Global solutions for the gravity water waves
system in 2d. Inventiones mathematicae, Volume 199, Issue 3, pp 653-804, 2015.

[18] Alexandru D. Ionescu, Fabio Pusateri. Global regularity for 2d water waves with surface
tension . arXiw:1408.4428, 2015.

[19] Herbert Koch and Daniel Tataru. Dispersive estimates for principally normal pseudo-
differential operators Comm. Pure Appl. Math., 58 (2005), no. 2, 217284.

[20] David Lannes. Water waves: mathematical analysis and asymptotics. Mathematical
Surveys and Monographs, 188. American Mathematical Society, Providence, RI, 2013.

[21] Hans Lindblad. Well-posedness for the motion of an incompressible liquid with free
surface boundary. Ann. of Math. (2), 162(1):109-194, 2005.

[22] Guy Métivier. Para-differential calculus and applications to the Cauchy problem for
nonlinear systems, volume 5 of Centro di Ricerca Matematica Ennio De Giorgi (CRM)
Series. Edizioni della Normale, Pisa, 2008.

[23] Gigliola Staffilani and Daniel Tataru. Strichartz estimates for a Schrédinger operator
with nonsmooth coefficients. Comm. Partial Differential Equations, 27(7-8):1337-1372,
2002.

[24] Michael E. Taylor. Pseudodifferential operators and nonlinear PDE, volume 100 of
Progress in Mathematics. Birkhauser Boston, Inc., Boston, MA, 1991.

33



[25] Sijue Wu. Almost global wellposedness of the 2-D full water waves problem. Invent.
Math., 177(1):45-135, 20009.

[26] Sijue Wu. Global wellposedness of the 3-D full water waves problem. Invent. Math.,
184(1):125-220, 2011.

[27] Maciej Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2012.

QUANG HUY NGUYEN. LABORATOIRE DE MATHEMATIQUES D’ORsAY, UMR 8628 pu CNRS,
UNIVERSITE PARIS-SUD, 91405 ORsAY CEDEX, FRANCE

34



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.3
	4. Proof of Theorem 1.2
	Appendix A. 
	References

