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SHARP REGULARITY AND CAUCHY PROBLEM OF THE
SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION WITH
DEBYE-YUKAWA POTENTIAL

LEO GLANGETAS, HAO-GUANG LI

AssTRACT. In this paper, we study the Cauchy problem for the linear spatially ho-
mogeneous Boltzamnn equation with Debye-Yukawa potential. Using the spec-
tral decomposition of the linear operator, we prove that, for an initial datum in
the sense of distribution which contains the dual of the Sobolev spaces, there
exists a unique solution which belongs to a more regular Sobolev space for any
positive time. We also study the sharp regularity of the solution.

1. INTRODUCTION AND MAIN RESULTS

In this work, we consider the spatially homogeneous Boltzmann equation

of

= _ ) 1.1

Yy o, f) (1.1)
where f = f(¢,v) is the density distribution function depending only on two varia-
bles # > 0 and v € R3. The Boltzmann bilinear collision operator is given by

0 N = [ [ B0 =00 (00107 = 2010 dv.der

where for o € S2, the symbols v/, and V' are abbreviations for the expressions,

, Vv N Iv—v*lo_ . v+, Iv—v*lo_

2 2 T 2 2 ’
which are obtained in such a way that collision preserves momentum and Kinetic
energy, namely

VoV = v, VPP =P+ P

For monatomic gas, the collision cross section B(v — v,, o) is a non-negative func-
tion which depends only on |v — v,| and cos 6 which is defined through the scalar
product in R? by

V=V,
cosf =

[V — il
Without loss of generality, we may assume that B(v — v., o) is supported on the set
cos @ > 0, i.e. where 0 < 6 < 7. See for example [12], [26] for more explanations
about the support of 8. For physical models, the collision cross section usually
takes the form
B(v —v,,0) = (v — v,|)b(cos 6),
with a kinetic factor
Oy —v)=v—wl", yve€]-3,+ol.

2000 Mathematics Subject Classification. 35Q20, 36B65.
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The molecules are said to be Maxwellian when the parameter y = 0.
Except for the hard sphere model, the function b(cos ) has a singularity at @ = 0.
For instance, in the important model case of the inverse-power potentials,

1
#(p) = —, with r> 1,
pr

with p being the distance between two interacting particles in the physical 3-
dimensional space R,
b(cos 6)sin 6 ~ K@‘l_%, as § — 0%,
The notation a =~ b means that there exist positive constants C, > C; > 0, such that
Cia<b<Ca.

Notice that the Boltzmann collision operator is not well defined for the case when
r = 1 corresponding to the Coulomb potential.

If the inter-molecule potential satisfies the Debye-Yukawa type potentials where
the potential function is given by

1
¢(p) = —, with 5> 0,
pef

then the collision cross section has a singularity in the following form
b(cos ) ~ 6 2(log 6™")5~", when @ — 0%, with s > 0. (1.2)

This explicit formula was first appeared in the Appendix in [19]. In some sense,
the Debye-Yukawa type potentials is a model between the Coulomb potential cor-
responding to s = 0 and the inverse-power potential. For further details on the
physics background and the derivation of the Boltzmann equation, we refer the
reader to the extensive expositions [3], [26].

We linearize the Boltzmann equation near the absolute Maxwellian distribution

b2

e 2.

(S0}

uv) = (2m)~
Let f(z,v) = u(v) + 4u(v)g(t,v). Plugging this expression into (1.1), we have

% + L[g]l =T(g, 8)
with
1 1
Vi Vi
Then the Cauchy problem (1.1) can be re-writed in the form
aig+ L(g) =T(g. 9,
{glt:O = 80-
In the present work, we consider the linearized Cauchy problem
98+ L(g) =0,
{glt:O = go-

In the case of the inverse-power potential with » > 1, the regularity of the Boltz-
mann equation has been studied by numerous papers. It is well known that the non-
cutoff spatially homogeneous Boltzmann equation enjoys an .7 (R?)-regularizing

effect for the weak solutions to the Cauchy problem (see [5, 19]). Regarding the
2

L'(g.h) = —0O(Vug. Vuh), L(g) = [Q(Vhg, 1) + Ok, Vug)l.

(1.3)



Gevrey regularity, Ukai showed in [25] that the Cauchy problem for the Boltzmann
equation has a unique local solution in Gevrey classes. Then, Desvillettes, Furioli
and Terraneo proved in [4] the propagation of Gevrey regularity for solutions of
the Boltzmann equation with Maxwellian molecules. For mild singularities, Mori-
moto and Ukai proved in [18] the Gevrey regularity of smooth Maxwellian decay
solutions to the Cauchy problem of the spatially homogeneous Boltzmann equa-
tion with a modified kinetic factor. See also [28] for the non-modified case. On the
other hand, Lekrine and Xu proved in [11] the property of Gevrey smoothing effect
for the weak solutions to the Cauchy problem associated to the radially symmetric
spatially homogeneous Boltzmann equation with Maxwellian molecules for r > 2.
This result was then completed by Glangetas and Najeme who established in [7]
the analytic smoothing effect in the case when 1 < r < 2. In [12, 15], the solutions
of the Cauchy problem (1.3) for linearized non-cutoff Boltzmann equation belong
to the symmetric Gelfand-Shilov spaces S : /§(R3) for any positive time and

1
le™” g2 < Cligoll2,

where
v[?
H=—-A+—.
4

The Gelfand-Shilov space S ‘V’(R3) with v > % can be identify with
1
SYRY) = {f e CRY; 3t > 0,1 fl2 < +oo}.

This space can also be characterized as is the space of smooth functions f €
C*(R3) satisfying (see Appendix 5):

JA >0, C >0, sup PPa%f(v)| < CA By (B, Va, BeN.
veR3

The linear Boltzmann operator £ is shown to be diagonal in the basis of L>(R?)
and this property has been used in [14] and [8] to prove that the Cauchy problem
to the non-cutoft spatially homogeneous Boltzmann equation with the small initial
datum go € L*(R?) has a global solution, which belongs to the Gelfand-Shilov class
STISRY).

The initial value problem in a space of probability measures defined via the
Fourier transform has been studied in [2] and [17]. Recently, the case of initial
datum in the sense of distribution, which contains the dual space of a Gelfand-
Shilov class for the linear case has been studied in [15].

In this paper, we consider the collision kernel in the Maxwellian molecules case
and the angular function b satisfying the Debye-Yukawa potential (1.2) for some
s > 0. For convenience, we denote

B(6) = 2rb(cos ) sin 6. (1.4)

We study the smoothing effect for the Cauchy problem (1.3) associated to the non-
cutoff spatially homogeneous Boltzmann equation with Debye-Yukawa potential
(1.2). The singularity of the collision kernel » endows the linearized Boltzmann
operator £ with the logarithmic Gelfand-Shilov regularity property (see Proposi-
tion 2.1). The logarithmic regularity theory was first introduced in [16] on the

hypoellipticity of the infinitely degenerate elliptic operator and was developed in
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[20],[21] on the logarithmic Sobolev estimates. Recently, for 0 < s < 2, the initial
datum fy > 0 and

f So)(1 + v +log(1 + fo(v)dv < +oo,
R3

Morimoto, Ukai, Xu and Yang in [19] show that the weak solution of the Cauchy
problem (1.1) satisfying

sup F&,v)(A + v +log(1 + f(t,v)dv < +00
1€[0,T] JR3
enjoys a H**(R?) smoothing effect property.
In order to precise the regularity of the solution of the Cauchy problem, we
introduce some functional spaces. The linear operator £ is nonnegative ([12, 13,
14]), with the null space

N = span { i, vivi, Viva, Vavs, vEVP).
Denote by P the orthoprojection from L?(R?) into AV. Then
(L8, 8) =0 ¢g=Pg
and the operator £ + P is a positive self-adjoint operator. We define
DL = | De(L)
™0
with
+00 .
D(L) = {u € CV(RY), > ) TIL + P)2ully, < +oo} :
k=0
which is a Banach space with the norm
+00
- k
el gy = D TR TINL + PY2ul,
k=0
Analogously, we define
D (L) = Do)
™0
where

DI (L) = {u e Co®Y), Y FunTIL + P T Ul < +oo}

k=0

with the norm

+00
_ Kl
s ) = > RD L+ P) Tl
k=0
The distribution spaces (D(L))’, (D*(L))" are defined as follows

oWy = o0y, oWy = Joiwy
>0 0
where (D.(L))’, (D¥(L)) are the dual spaces of D-(£) and Df(L). Now we begin
to present our result. Firstly, we give the definition of the weak solution of the

Cauchy problem (1.3).
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Definition 1.1. For any g9 € (D(L))’, T > 0, g(t,v) is a weak solution of the
Cauchy problem (1.3) if Pg = Pgo,

g € L=([0,T1,(D(L))) N H' ([0, T],(D* (L)),

Lige > ([0,T], (D)), (1.5)
and for any ¢ € C'([0,T], C3(R?)) we have

Vi e[0,T], (g(0). ¢()) — (go.4(0))

! !
_ fo (g.8:0)d - fo (g, LoV, (1.6)

In the main theorem, we consider the initial distribution data case, which is given
in the following.

Theorem 1.1. Assume that the Debye-Yukawa potential b( -) is given in (1.2) with
s> 0and gy € (D(L)). Therefore the Cauchy problem (1.3) admits a unique weak
solution. Moreover there exist ty > 0 and co > 0 such that for all t > ty/cg

—1o (]0g(e+(H))%

lle goll2 < +eo,

2 2
le'co o=+ (F — Pyg(p)]| 2 < ™20 je~0 (o2e+T0)T ( _ Pygy| 5

where H = —=A + %,
7T /4
dag = f BO)(1 —sin* 6 — cos* §)do > 0.
0

In particular, for all t > ty/co, the solution g(t) belongs to L2(R3).

Remark 1.1. The regularizing effect g(t) € L*(R3) has usually a positive delay
time. For example, consider some g > 0 and the initial data gy = 3,5 %e’“’l"’oqﬁn,o,o.
It is easy to check that g(t) € L2(R3) fort > 1o but g(t) ¢ L2(R3) fort < 1.

In order to precise the regularizing effect in the Sobolev spaces, it is convenient
to consider the symmetric weighted Sobolev space Q*"(R?) introduced by Shubin
[24] with norm

lullgorcey = ||(~ + 5+ ¢) | .-
Theorem 1.2. Regularizing effect for an initial data in L*(R3).

Assume that the Debye-Yukawa potential b(-) is given in (1.2) with s > 0 and
g0 € L*(R3). Therefore the Cauchy problem (1.3) admits a unique weak solution.
Moreover there exists ¢y > 0 such that :

1) Case 0 < s < 2.

Vi >0, ||(e +H)" A -P)g(0)

L SEPIA=Pigollgsy. (1)

This shows that g(t) belongs to the Sobolev space Q°'(R?) for any time t > 0.
2) Case 0 < s < 2. there exists a constant ¢y > 0 such that for any t > 0, one has

s 2
V20, [I(I-P)g®)llgr < e 20 W02 K 1 — Pyl 2 g3, (1.8)
5



Remark 1.2. Comments on the regularizing effect. When the singularity of the
collision cross section (1.2) for 8 near 0 become smoother (that is when the real s
increases), the regularizing effect become weaker, and disappears in the context of
the Sobolev spaces when s > 2 :

- Case 0 < s < 2. The solution g(t) € N0 OF(R3) for each positive time.

- Case s = 2. The regularizing effect in Q*(R®) has usually a positive time delay.

For example, consider the initial data go = 5> %gpn,o,o where {@y1m(V)}
n2 logn

constitutes an orthonormal basis of L*(R3), which is given in Section 2. We can
check that there exists t; > 0 such that g(t) ¢ Of(RY) Jor0 <t <.
- Case s > 2. There is no regularizing effect in the Sobolev space. Consider any

real numbers 0 < T < 7" and gy = Y>> #‘Pn,o,o where ¢, 0,0 is given in
n ogn

Section 2. We can check that for t > 0 the solution g(t) stays in the space QT(R?),
but never belongs to QF (R®). However, there is a very slight regularizing effect
and the Boltzmann equation remains irreversible.

Remark 1.3. We think that the non-linear case is similar to the linear case, but the
proofs are more technical. This work is a first step to study the non-linear case.

The rest of the paper is arranged as follows. In Section 2, we introduce the
spectral analysis of the linear Boltzmann operator and in Section 3 we precise
some properties of the distribution spaces. The proof of the main Theorems 1.1-
1.2 will be presented in Section 4, where we construct a sequence of solutions of
the Cauchy problem (1.3) with initial datum equal to the projection of go on an in-
creasing sequence of finite dimensional subspaces, which converges to the solution
of the Cauchy problem. In the appendix, we present some spectral properties of
the functional spaces used in this paper and the proof of some technical lemmas.

2. THE PRELIMINARY RESULTS

We first recall the spectral decomposition of linear Boltzmann operator. In the
cutoff case, that is, when b(cos 6) sin@ € L' ([0, 51, it was shown in [27] that

L(Son,l,m) = /ln,l Pnlms nal € Na me Za |m| <l
where
i
Aut = f BO)(1+ 6,060 — (sin > Py(sin 6) — (cos 0)*"*'Py(cos 0))d6. (2.1)
0
This diagonalization of the linearized Boltzmann operator with Maxwellian mole-

cules holds as well in the non-cutoff case, (see [1, 3, 6, 12, 13]).
The eigenfunctions are

») ( n! )1/2( [v] )l _¥L(l+l/2) (|V|2)Ym( V)
Cnim(V) = —=¢ N vl
mlbm Varn +1+3/2)) \v2 ! 2 )70\l

where I'( ) is the standard Gamma function: for any x > 0,

+00
I'x) = f e ™ dx.
0

6




The I""-Legendre polynomial P; and the Laguerre polynomial LE{’) of order «, de-
gree n (see [23]) read,

Pi(x) = (x> = 1), where|x| < 1;

21 dxl
[Na+n+1)
rlm—rT(a+n—-r+1)

n
L) = Y ()"
r=0
For any unit vector o = (cos6,sinfcos ¢,sinfsing) with 6 € [0,7] and ¢ €
[0, 27], the orthonormal basis of spherical harmonics Y/"(0) is
Y['() = NP (cos )™, |m| <1,

where the normalisation factor is given by

20+ 1 (I —|m|)!
Nl,m = \/ .

a0+ |m)!

and P'lm| is the associated Legendre functions of the first kind of order / and degree
|m| with

|m]
P = (1 - 2% (%) Pi(x).

We recall from Lemma 7.2 in [8] that

e = ot et L) ()4 ),
) Vanll(n+1+3)) \V2 i

We can extend the spectral decomposition to the Debye-Yukawa potential case.

The family (Y’"(o-)) constitutes an orthonormal basis of the space L*(S?, do)
l 1>0,lm|< 1

with do being the surface measure on S? (see [10], [22]). Noting that {¢,;,,(v)}
constitutes an orthonormal basis of L>(R?) composed of eigenvectors of the har-
monic oscillator (see[1], [13])

3
7"((Son,l,m) = (21’1 +1+ 5) On,lm-

As a special case, {¢,00(v)} constitutes an orthonormal basis of Lfa d(R3), the rad-
ially symmetric function space (see [14]). We have for suitable functions g

/

L) = i i D At nim Prim (2.2)

n=0 [=0 m=-1
where g 1m = (& ¥nim)2w3) and

00 00 l
7_{(g) = Z Z Z (21’1 +1+ %)gn,l,m Pn,lm -
)

n=0 =0 m=-
Using this spectral decomposition, for any s > 0, the definitions of (log(H + ¢))*,
e<(0eH+0)" and ¢°L are then classical.

Remark 2.1. It is trivial to obtain from (2.1) that Ao = A1,0 = Ao,1 = 0 and the
others are strictly positive. Thus the null space of the linear Boltzmann operator

Lis
N=Span{\//7, VIV, Vv, Vs, \//7IVI2}.
7



We have for (n,[) € N?
Ay=0 ifn+l<1,

Ay >0 otherwise.
We derive the following estimate of 4,,; defined in (2.1).

Proposition 2.1 (Spectral estimates of the linearized Boltzmann operator £). Let
collision the kernel b satisfies the Debye-Yukawa potential condition (1.2). Then,
there exists a positive constant cy such that for any n,l e N, n + 1 > 2, we have

1
co (log2n + 1+ €))* < Ay < — (log2n + [+ €))* (2.3)
co

where e is the Natural constant.

Proof. From Remark 2.1, for any n,/ € Nand n+/ > 2 we have A,,; > 0. Therefore
we need only to consider the case 2n + [ — +00. We have from (1.4) for 8 €]0, 2]

B(0) = (sin 9)_1 (log(sin 6?)‘1 )%‘1
From (2.1) and putting x = sin 6, A,,; can be decomposed as follows

%
Ay = f BO)(1 — Py(sin 6)(sin 0)*"*! = Py(cos O)(cos 0)*"*)do
0
¥ d
zf (log x1)3~1 (1 = P = (V1= 22) (1 - x2)%)7x
0
V2
T n+ d
f (logx™)i (1-1 —XQ)%)TX
0
V2
el d
- f *(log )i P 2
0 X

* f " ogx )i (1= P(NT-2)) 1 - N
0 X

=A| + A2 + A3. (2.4)

1%

We first estimate Aj. Setting y = x V2n + [, we decompose it in two parts

%W(O m)%_l(l—(l— Y\ dy
y 2n +1 y

—V2n+ 1
:f f :A11+A12.

V2n+l

The main term is Aj;. Putting z = log =

log\/2n_+ 2 2n+l
f M (1-(1-e%) 7 )dz
1

, we get when 2n + [ — oo

Ay =
og V2
logm . 1¥
=(J 5 Fa)roE))

(log V2n + )

8
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We now check that the other term A, has a lower order (A, and Az will have also
a lower order). We decompose the term A, as follows:

2 2 2n+l
K 2

1
Alzzﬁ(logv2n+l+log§) 1-(1- 22

B 2n+1
1
2_
= (log V2n + 3! f o) dy
0

dy
3

where
1 1\2-1 2\
gk(y):(1+1 log - (1—(1—%)2);.

It is easy to check that, uniformly for y €]0, 1] and k£ > 2, we have

1) = max(1, (log ;)%_1)0@) and - gi(y) —— (1- e‘%yz)é.

From the dominated convergence theorem we get
2. ! BEN
Alzz(log \/2n+l)‘ (1 —e 2 )—dy
0 y
21
< (log V2n + l) o

where we use the fact that

1
o1
f (1 - e_%)2)— dy < 400,
0 y
We estimate the second term A;. From the classical inequality |P;| < 1 on [-1, 1],

V2

z 2
A, < f (log x™ )37 |Py(x)| x
0

2n+Il-1 V2
5 N2
< (i) f ’ (log x_l)%_1 dx
2 0

2n+1-1
2 oo 2
< (i) f xsle™ dx < I'-).
2 Na s

We estimate the third term A3. We divide A3 into two parts for [ > 2

B
A3:f2(logx_l)%_l(l—Pl(\/l—xz))(l—xz)¥@
0 X

V2 1
2 1
= f +f =A31 +A32.
1 0

For the first part A3y, since |P;| < 1 on [—1, 1], we can estimate as follows

¥ d

05A31sf (log x i1 &
1 X
l

< %((log )} — (log \/5)%).

9

2n+l@



For the second part A3, setting y = [ x, we get

1 -
0SA32S](;(10g£)§ l(l—Pl( /1_y2/12))%.

By Lemma 2.3 in [15] (for a proof, see lemma 5.1 in the appendix), we have

1- P,(cos ?) = 0(6%)

uniformly for / > 1 and 6 € [0, 5]. We then deduce that for [ > 2
! [\%-1
An < f (log=)* yay
0 y
1
1 1121
< (log l)%‘l f (1 + —log —)S ydy
0 logl “y
< (log)s.
It follows from the above estimate of Ay, Ay, Az and (2.4)
(log(2n + [+ €))5 < Auy = Ay + A + As < (log2n + [ + €))5.
This concludes the proof of (2.3). m|

3. PROPERTIES OF SOME DISTRIBUTION SPACES

In order to give some more precise descriptions on the regularity of the linea-
rized Boltzmann operator £, we introduce the following Sobolev-type spaces: for
any real numbers 7 > 0 and v > 0,

2
E(RY) = {“ € C™(®?), [lem (=m0 g, < +°°},

which is a Banach space with the norm

2
il s, = lle™ (S 70) g2,
In the case v = 2, the space E;(R3) is equivalent to the symmetric weighted Sobolev
space Q%*(R3) with the norm (see (2.1) in [9] or 25.3 of Ch. IV in [24])

lllgzeqeay = (e + #)

12

In the case 0 < v < 2 and 7 > 0, one can verify that Eﬁ(R3) is an intermediate space
between the symmetric weighted Sobolev spaces and the Gelfand-Shilov spaces :
For all v; > %

SURY) c EIRY) ﬂ OF(RY).
k=0
Moreover, we have the following property of this space: There exists a constant
C = C, > 0 such that (see Proposition 5.1)
(1) k2

V=1, V7> 0, |lullgigs) <e llutll £z m2y -

We denote the dual space of the Sobolev-type space ET(R?) by

(E:@®)) = E;7®2).
10



Obviously, for v > 0 fixed, when 75 > 7y, one has E>(R}) c E}'(R%); for 7
fixed, when v, > vy > 0, one has EJ, R3) c E} (R3). Then we have the following
inclusions.

Theorem 3.1. Assume the cross section kernel b of the linearized Boltzmann op-
erator L defined in (1.2) with s > 0. For T > 0, there exist constants T > 11 > 0,
such that

E™RY) c D(L) c ET(RY).
In particular, when 0 < s < 2, for u € D{(L),

Tl (log(e+‘]—())%

llell gory = lICe +FH) M ull2 < le ull;2 < +oo. (3.1)

Remark 3.1. By the conjugation property, we have
E;T(®) € (Di(L) € ;T (RY).

Using the spectral decomposition, we give some another expressions of the norm
of the spaces D;(L), (D-(£))" and ET(R?).

Proposition 3.1. Let us define for n,l € N
— { 1 n+l<1,

Wi =\, nelz2, 3-2)

(1) Fort > 0 and u € D (L), let (u, ¢, 1) be the inner product in L*(R3). Therefore
the sequence {(u, ¢, 1m)} satisfies

+00 400

2 A 2
Il = D 0 D €™ s pnin)® < oo,

n=0 [=0 |m|<]

(2) For t > 0 and T € (D(L))’, let (T, ¢y 1m) be the inner product in sense of
distribution. Analogously the sequence {(T, ¢y 1m)} satisfies

+00 +00
oy = 2 25 D €T @i < e
n=0 [=0 |m|<I]
B)ForteR, s>0,letuc ET(R3). Therefore the sequence {(u, ¢y 1m)} satisfies
+00 +00
|M||27(R3 Z Z Z 21(log(2n+1+3 +e)% (u, %lm) < 400,
n=0 [=0 |m|<l

Proof. The proof of part (1) is direct: From the spectral decomposition (2.2)

+00

_ k
ey, gy = D DL + P)2ull,
k=0
+00 400
= Z T YA )
n=0 [=0 |m|<l

Now we prove part (2): From the above characterization of D,(L), we find that
Onim € D(L). Then for any T € (D-(L)), (T, @n1m) is well-defined. We cons-
truct the following smooth function

uy(v) = Z Z T, Dt (V),

Cy 2n+I<N |ml<l
120,120

11



where

Cv=| >, D, e ™ (T oum?.

2n+I<N |m|<l
n>0,/>0

Applying the result of (1), we find that
llunllp,(z) = 1.
From the definition of (D,(L£))’, one can verify

Iy = Toun) = | D5 D @™ T pnin)?.

2n+I<N |m|<l
n>0,1>0

Passing N to +c0, we have

1Ty = <[22 25 20 €T ntmd?.

n>0 =0 |m|<l

On the other hand, for any u € D.(£) with ||ullp,r)=1, we define a series

unN = (”v San,l,m)‘aon,l,m-
2 2

2n+I<N |m|<l
n=0,1>0

Then uy — u € D(L) asN — +oo with |luy|lp,) < 1. Therefore,

KT umdl =1 > > @ @ntm)Ts @)

2n+I<N |m|<I
n>0,>0

S( Z Z ¢TT, ‘Pn,l,m>2)%||uN||DT(£)

2n+I<N |m|<l
n=0,>0

<( D) D e T )

2n+I<N |m|<l
n=0,>0

=

By continuity,
KT,u)l = lim [T, uy)]
N—+o00

.oy = OIPIPIaS 90n,1,m>2)1/2.

n>0 >0 |m|<l

and we obtain

Part (2) follows from (3.3) and (3.4).

(3.3)

(3.4)

For the part (3), note that {¢,;,,(v)} constitutes an orthonormal basis of L2(R3)

composed of eigenvectors of the harmonic oscillator H, then

2 2
q K 3 =
o7 (log(e+ ) ¢ Gt = oT10g2n+l+3+))5 G-

This ends the proof of Proposition 3.1.

O

Remark 3.2. For 7 > 0 and u € DI (L), let (u,nim) be the inner product in

L*(R3). Therefore the sequence {(u, ¢n1m)} satisfies

+00 +00

il gy = DD D Anae™ (1, @) < oo,

n=0 [=0 |m|<I]
12



Fort>0and T € (D}(L)), let (T, gn1m) be the inner product in sense of distri-
bution. Analogously the sequence {(T, ¢y 1m)} satisfies

+0o0 400

ey = DD Z 77"~1<T, Ontum)? < +o00.

n=0 (=0 |m|<l

We are prepared to prove Theorem 3.1.

Proof of Theorem 3.1: Applying Proposition 2.1, for 7 > 0, there exist constant
T2 > 711 > 0, such that

400 +00 X =
Z Z 277y (log(2n+1+3 +6)) (u, Sonlm) < Z Z Z T/lnz(u SUnlm)
1=0 1=0 [ml<l n=0 [=0 |m|<l
400 +00 5 2
2175 (log(2n+l+3 +e)) 2
< Z e 12 (log2n+1+3 +e)) (u, Son,l,m) .
n=0 [=0 |m|<]

From Proposition 3.1, we have
E™(R3) ¢ D(L) c ET(RY).
In addition, when 0 < s < 2, for u € D{(L),

27|(]0g(2n+l+e)) > 271(]0g(2n+1+ +e)) _ 21y

3
(2n+l+5+e)

Therefore

+0o0 +00

e+ HY s = 3D S @nt 143 + 0 i)’
n=0 [=0 |m|<l

+00 400

2
3 K
< 2 : 2 : z : eZTl(log(2n+l+2+e)) (u, %’Lm)z
n=0 (=0 |m|<I

2
= ||u||E§1 < 400,

This ends the proof of Theorem 3.1. O

4. Proor oF THEOREMS 1.1-1.2

Now we are prepared to prove Theorem 1.1.

Proof of Theorem 1.1. We proceed to treat the proof by the following four steps.
Step 1. Construction of an auxiliary function gy with initial datum which ap-
proximates go € (D-(L))" .
For gg € (D-(L)), In,, defined in (3.2), we obtain from Proposition 3.1

+00 400 _
e (g0, Pntm)” =180l oy < +oo- 4.1)
n=0 [=0 |m|<]
Forall n,l e N, m € {-1,--- , 1}, we consider the Cauchy problem associated with

the ODEs
{atan,l,m(t) + /ln,lan,l,m(t) =0

an,l,m(o) = <g07 San,l,m>-
13



Direct calculation shows that a, (1) = e‘”"”’(go,gan,l,m). Let us now fix some
positive integer N > 3 and define the following function gy : [0, +co[xR? —
L*(R?) by

8N = Z Z e_/ln,It(gO’ San,l,m>§0n,l,m-

2n+I<N |m|<l
n>0,/>0

Then gy satisfies
C()lg/\/ + ‘LgN = Oa

a0 = > (80, Putm)nim: 4.2)

2n+I<N
n>0,/>0

Step 2. Existence of the solution to the Cauchy problem (1.3).
It is obvious that,

Pgy = Pgo.
For N € N big enough and for any P € N*,
Vi 0, ligner = el oy = D, D, € e Ko, i)
N+1<2n+I<N+P |m|<1
10,120

< D0 D e g0, puamd = 0.

N+1<2n+I<N+P |m|<1
n>0,1>0

Letus fix 7 > 0, N > 3 big enough. Using the estimate in Proposition 2.1, we can
check that

T
_ 2
L ||gN+P gN”(D;(L))'dt

-1 -4 2 =24,
= D 2 e g0 ety (1= e
N+1<20+I<N+P Iml<| ml
n>0,1>0
-4 2 .
< D D e g pamd = 0;
N+1<2n+I<N+P |m|<1
n>0,/>0
T
0 — dugnll? dt
j; ” t&N+P lgNH(D;.(L))f
A
) 2 “nl =24,yT
=) 2 Ks0 put)P gy (1= e
N+1<2n+I<N+P [m|<1 ml
n>0,1>0
1
-1 2 .
< D e go, @namd = 0;

N+1<2n+I<N+P |m|<
n>0,>0

T
1 1 2
L ||~£2gN+P - -£2gN||(DT(£))’dt

1 _
s > D e g guim) - 0.

N+1<2n+I<N+P |m|< 1
n>0,0>0



Therefore, for T > 0 fixed,
{gn(D)} is a Cauchy sequence in (D(L£))", Yt € [0,T];
{gn} is a Cauchy sequence in H ! ([0, T1, (D7 (L))');
{L%gN} is a Cauchy sequence in L*([0, T, (D-(£))).
Then there exists a function g € L¥([0, T1, (D-(£))") N H'([0, T1, (D} (L)), Pg =
Pgo and L2g € LX([0, T, (D-(L£))'), such that
V>0, gy — g in (D(L),
gy — g inH'([0, T], (D7(L)),
Ligy = L3g inLX([0, T],(DAL)).
By Sobolev embedding theorem
H'([0,T1, (DI(L)) = C(0,T1 (D7 (L)),
we have

g € C([0,T1, (D} (L))

Now we prove g is the desired weak solution of Cauchy problem (1.3). For any
test function ¢ € C'([0, T, Cy (R3)) and 0 < ¢ < T, recalled from (4.2), we have

(e (D), $1) — (g (0), O
! !
_ fo (g (D), d:d)dr fo (gn (D), LO()d.

Passing to the limit as N — +co, we get

(20, (1)) — (2(0), H(0))
_ fo (g.9:0)dr fo (g. Lo)dr. 43)

Besides, from (4.1), we see that

gn(0) = g(0)in (D (L))"
Henceforth, we obtain

(8(0), #(0)) = (g0, #(0)).
Substituting the above result into (4.3), (1.6) follows.

Step 3. Uniqueness of the solution to the Cauchy problem (1.3).
Assume that g is another solution satisfies (1.5) and (1.6). Denote

h(r) = g(t) — &(1).
For T > 0, for any ¢ € C'([0, T, C8°(R3)) and 0 <t < T, we have h(0) = 0 and

o). (1) = fo (h, Oyl fo (h, LODd. (4.4)
‘We define a smooth function

¢(t): Z e_ZTI"JU’L(t)’¢n,l,m>§0n,l,m-

2n+I<N
n>0,>0

15



Substituted into (4.4) as a test function, we have

D e, grim) < 0.

2n+I<N
n>0,>0

Passing N — +oc0, we have
IO, gy < 0.
Thus 7 = 0 in L*(R3).

Step 4. Regularity of the solution with the initial data gy € E;"(R?).
Using Theorem 3.1, we have

Dy (L) C EYRY) and  EJ°(RY) € (Dyy/r, (L)
where 7 is given by Theorem 3.1. Namely,

2
lle™0 (02 P0)" o011 5 < oo,

Recalling that gy = Pgo + (I — P)go, we have

A-Pgn() = > (A =P)go, Gntm)uim:
2n+I<N
n>0,I>0
Then for any T > 0,
(I-P)gn(1) = g in L¥([0, T1, (Dsy/r, (L))
Moreover, from Proposition 2.1, there exists a constant ¢ > 0 such that for any
t>ty/c
3 1
e o= MO (1 - P)gullpaes < e +2I(L = P)goll o g,
where we have used the following estimate of the eigenvalue (see Part 4.3 of [8])
0< /12,0 < /1,,,1.

By the lower continuity, we have
2
(o= PN (1 — Pygll 2z

2
< liminf e (oEH+) (1 — PYgll e
—+00

_1
S [ Y 4.5)

This concludes the proof of Theorem 1.1.

We now give the proof of Theorem 1.2

Proof. Consider that gy € L2(R3). For 0 < s < 2, by using the formula (3.1) in
Theorem 3.1 and the formula (4.5), we obtain,

1
I(H + )" (U= P)gll2es) < € 32X = P)goll 2z
This is the formula (1.7).
For the part 2) of Theorem 1.2, i.e, in the case 0 < s < 2, the formula (1.8)
follows from Proposition 5.1 and formula (4.5). The proof of Theorem 1.2 is com-

pleted. |
16



Now we study the regularizing effect of the Boltzmann equation with the intial
data in Sobolev space, which provides a detailed exposition of Remark 1.2.

Recalled that {gon,l,m(v)}n’ JEN,jm|<] constitutes an orthonormal basis of L*>(R>) com-
posed of eigenvectors of the harmonic oscillator (see[1], [13])

3
7"((Son,l,m) = (21’1 +1+ 5) On,lm-
For 7 > 0 (see (5.1) in the Appendix),

+00 +00
ey = ICH + )l = > 3" > @n+1 + =+ &) (W Prim)ae
n=0 =0 |m|<!
We consider the example in Remark 1.2.
In the case s = 2, the regularizing effect in Q*(R?) has usually a positive time
delay.

Example 4.1. Consider the initial data go = )50 ———®n.00, then
n2 log n

+00

1
2
_ - <4
HgO“LZ(R3) ; n(log n)2

This shows that gy € L2(R3). The solution of the Cauchy problem (1.3) can be
written as

+00

gy =Y o

) n2 logn

$n.0,0-

By using Proposition 2.1, for s = 2, we have
Ano = log(2n + e).
Then

1

3 k 2t/l,,0
I8Ny = Z(Zn e

k
~ Z(2n+ +e) n1+2f(log el
which is convergent when 2t > k, i.e. t > 5.
We can check that there exists t;, = % such that g(t) ¢ Q*(R3) for0 < t < 1.

In the case s > 2. We prove that there is no regularizing effect in the Sobolev
space.
Example 4.2. Consider any real numbers 0 < v < v and gy = 3,52 %cpn,o,o.
T n'2 logn

Therefore we have

Z 3 1
2 _ = T
”gO”QT(R3) - (2n + 2 + e) n”l (log n)2
n=2

+00 1
=~ Z ﬁ < 400
“— n(log n)

This means that gy € Q"(R).



However; the solution of the Cauchy problem (1.3) can be written as

+00
_ 1
HOES Z e — $n,0,0-
= nz logn

It is easy to prove that g(f) € Q7(R®). Now we prove g(t) ¢ 0" (R?).
In the case s > 2, by using the Proposition 2.1, we obtain

Ano ~ (log(2n + e)).

Therefore, there exists a constant cy > 0 such that

+00
3 , 1
2 7 =2t
) = 2n + = + o~
(TG Z;( R A T
+00 nTI_T
S 2
= eZtco(log(2n+e))? n(log n)z
= -t 2 1
_ Z o T+ log(n)=2tco (log(2n+e) s - )
n=2 n'=" 7" (log n)?

Considering the condition that T > 7 and s > 2, one can verify that

-7

log(n) — 2tco(log(2n + e))% — +00, as n — +oo.

Since
+00

1

PR
n=2 n'=7 (log Yl)2
we obtain

2 _
DIy o) = +o0.
We conclude
g0 ¢ 0T (R?).
We can check that for t > 0 the solution g(t) stays in the space € QT(R>), but never
belongs to QT’ (R3).

5. APPENDIX
We present in this section some spectral properties of the functional spaces used

in this paper and the proof of lemma 5.1.

The symmetric Gelfand-Shilov space SY(R?) can be characterized through the

decomposition into the Hermite basis {H,},en3 and the harmonic oscillator H =

—A+ %. For more details, see Theorem 2.1 in the book [9].

feSXRY) e feC™®RY, 47> 0, HeT(HzLVfHH < +00:

o fe 2R3, A¢ > 0, H(lef"lo"z_lv(fHa)Lz)

< 4005
aeN3|[2
& 3C>0,A>0 ||(—A+E)%f <ACKKYY, keN
s s 4 LZ(R3)_ <) s

where
Ho(v) = Hyy (v1)Ha, (v2)Ha, (v3), @ € N3,
18



and for x € R,

D" 2d _e 1 dn 2
Hn = = R .
@ V2"n!7re ’ dx" ) V2”n!7r(x dx) %)

2
For the harmonic oscillator H = —A + % of 3-dimension and s > 0, we have

3
; - 1

W%Ha = (Aa)%Ha, Ay = Z(aj +2), keN, a e N>
=1 2

The symmetric weighted Sobolev space Q%" (R?) can be also characterized through
the decomposition into the Hermite basis :

feQ¥®) e fe 2@, ||(e+H) f|| , < +oo
o fe @), ||(o'(f, Hor), .,

Concerning the Sobolev-type space ET(R?) for v > 0 introduced in part 1, we have
the following property :

(5.1)
< 400

2

Proposition 5.1. Let 0 < v < 2 and v > 0. There exists a constant C = C,, such
that, for ant f € E;(R3),

V> 1, ||(—A+%)§f < DT p

L2
Proof. We expand f in the Hermite basis : noting f, = (f, Hy);2, we get

2
S erlesteri) pp  p2,

a

We rephrase the previous identity as follows

D herle + A0) (e + ) 1fal” = 11 £ 113
@eN?
where ,
e (log x)”
hep(x) = ———
X
It is easy to check that

(Y
Vx> 1, () > e (F)TT (5.2)

Indeed, using Young’s inequality

1 1 1 1
xy < —xP + =y, where — + — =1,
p q P 4
2

with p = Z%V, q = %, we obtain

2y [(4—:_)%1(]2% + 27 [log x]%,

and (5.2) follows immediately. Therefore we deduce that

1F 1l = D heale + Aa) (e + 2) | fol?
aeN3
—v (v %v -
> TN 04 4, £

aeN3

k log x <

19



and using (5.1) we conclude the proof. |
We now give a proof of Lemma 2.3 in [15].
Lemma 5.1. ([15]) We have
0
1 - Py(cos 7) = 0(6%)
uniformly for 1 > 1 and 6 € [0, 3 ].

Proof. We recall that the Legendre polynomial w(f) = P;(cos ) satisfies

sint dt dt

Let us define the new function for 6 € [0, 5]

1 d d
——(sint—w)+l(l+1)w:0, wO) =1, |w<l.

u(®) = 1 - Py(cos ?)

The function u is solution of the differential equation

Glin(5) F) === sin(3) w=0(5)
0 \""\7) ae) T T M) EE)

We integrate on the interval [0, #] and we get

. (0\ du 6?
SIH(Y) @ —0(7)

Therefore J
u
— = 0(0).
2 =00
Since u(0) = 0, another integration finishes the proof of the estimate. |
Acknowledgments

The first author would like to express his sincere thanks to School of mathema-
tics and statistics of Wuhan University for the invitation. The second author deeply
thanks Professor Chao-Jiang Xu for his valuable discussion all along this work.

REFERENCES

[1] A.V. Bobylev, The theory of the nonlinear spatially uniform Boltzmann equation for Maxwell
molecules, Soviet Sci. Rev. Sect. C Math. Phys. 7 (1988), 111-233.

[2] M. Cannone and G. Karch, Infinite energy solutions to the homogeneous Boltzmann equation,
Comm. Pure Appl. Math. 63 (2010), 747-778.

[3] C. Cercignani, The Boltzmann Equation and its Applications, Applied Mathematical Sci-
ences, vol. 67 (1988), Springer-Verlag, New York.

[4] L. Desvillettes, G. Furioli, E. Terraneo, Propagation of Gevrey regularity for solutions of Boltz-
mann equation for Maxwellian molecules, Trans. Amer. Math. Soc. 361 (2009), 1731-1747.

[5] L. Desvillettes, B. Wennberg, Smoothness of the solution of the spatially homogeneous Boltz-
mann equation without cutoff, Comm. Partial Differential Equations, 29 (2004), no. 1-2, 133-
155.

[6] E. Dolera, On the computation of the spectrum of the linearized Boltzmann collision operator
for Maxwellian molecules, Boll. Unione Mat. Ital.(9), 4 (2011), 47-68.

[7] L. Glangetas, M. Najeme, Analytical regularizing effect for the radial homogeneous Boltzmann
equation, Kinet. Relat. Models 6 (2013), no. 2, 407-427.

[8] L. Glangetas, H.-G. Li, C.-J. Xu, Sharp regularity properties for the non-cutoft spatially homo-
geneous Boltzmann equation. http://arxiv.org /abs/1412.0185

20



[9]

[10]
(11]

[12]

[13]

[14]

[15]
[16]
(171

(18]

[19]

[20]
[21]

[22]
(23]

[24]
[25]
[26]

[27]

(28]

T. Gramchev , S. Pilipovié¢, L. Rodino, Classes of degenerate elliptic operators in Gelfand-
Shilov spaces. New Developments in Pseudo-Differential Operators. Birkhauser Basel, 2009:
15-31.

M. N. Jones, Spherical harmonics and tensors for classical field theory. UK: Research Studies
Press, 1985.

N. Lekrine, C.-J. Xu, Gevrey regularizing effect of the Cauchy problem for non-cutoff homo-
geneous Kac equation. Kinet. Relat. Models 2 (2009), no. 4, 647-666.

N. Lerner, Y. Morimoto, K. Pravda-Starov, C.-J. Xu, Spectral and phase space analysis of the
linearized non-cutoftf Kac collision operator. J. Math. Pures Appl. (9) 100 (2013), no. 6, 832-
867.

N. Lerner, Y. Morimoto, K. Pravda-Starov, C.-J. Xu, Phase space analysis and functional cal-
culus for the linearized Landau and Boltzmann operators, Kinet. Relat. Models 6 (2013), no. 3,
625-648.

N. Lerner, Y. Morimoto, K. Pravda-Starov,C.-J. Xu, Gelfand-Shilov smoothing properties of the
radially symmetric spatially homogeneous Boltzmann equation without angular cutoft. Journal
of Differential Equations, 256 (2014), no. 2, 797-831.

H.-G. Li, Cauchy problem for linearized non-cutoft Boltzmann equation with distribution initial
datum. Acta Mathematica Scientia, 35B (2015), no. 2, 459-476.

Y. Morimoto, Hypoellipticity for infinitely degenerate elliptic operators. Osaka J. Math. 24
(1987), no. 1, 13-35.

Y. Morimoto, A remark on Cannone-Karch solutions to the homogeneous Boltzmann equation
for Maxwellian molecules, Kinetic and Related Models, 5 (2012), no. 3, 551-561.

Y. Morimoto, S. Ukai, Gevrey smoothing effect of solutions for spatially homogeneous nonlin-
ear Boltzmann equation without angular cutoff, J. Pseudo-Differ. Oper., Appl. 1 (2010), no. 1,
139-159.

Y. Morimoto, S. Ukai, C.-J. Xu, T. Yang, Regularity of solutions to the spatially homogeneous
Boltzmann equation without angular cutoff. Discrete Contin. Dyn. Syst. 24 (2009), no. 1, 187-
212.

Y. Morimoto, C.-J. Xu, Logarithmic Sobolev inequality and semi-linear Dirichlet problems for
infinitely degenerate elliptic operators. Astérisque, No. 284 (2003), 245-264.

Y. Morimoto, C.-J. Xu, Nonlinear hypoellipticity of infinite type. Funkcial. Ekvac. 50 (2007),
no. 1, 33-65.

J. C. Slater, Quantum theory of atomic structure. Vol. 1. New York: McGraw-Hill, 1960.

G. Sansone, Orthogonal Functions. Pure and Applied Mathematics. Vol. IX. 1959 Interscience
Publishers, New York. Reprinted by Dover Publications 1991.

M. Shubin, Pseudodifferential Operators and Spectral theory. Springer Series in Soviet Mathe-
matics, Springer-Verlag, Berlin, 1987.

S. Ukai, Local solutions in Gevrey classes to the nonlinear Boltzmann equation without cut-
off, Japan.J. Appl. Math. 1 (1984), no.1, 141-156.

C. Villani, A review of mathematical topics in collisional kinetic theory. Handbook of mathe-
matical fluid dynamics, 2002, 1: 71-305.

C.S. Wang Chang, G.E. Uhlenbeck, On the propagation of sound in monoatomic gases, Univ. of
Michigan Press. Ann Arbor, Michigan. Reprinted in 1970 in Studies in Statistical Mechanics.
Vol. V. Edited by J.L. Lebowitz and E. Montroll, North-Holland

T.-F. Zhang, Z. Yin, Gevrey regularity of spatially homogeneous Boltzmann equation without
cutoff, J. Differential Equations, 253 (2012), no. 4, 1172-1190.

LE£0 GLANGETAS,

UniversITE DE Rouen, CNRS UMR 6085, MATHEMATIQUES
76801 SAINT-ETIENNE DU ROUVRAY, FRANCE

E-mail address: 1eo.glangetas@univ-rouen. fr

Hao-Guang L,

SCHOOL OF MATHEMATICS AND STATISTICS, SOUTH-CENTRAL UNIVERSITY FOR NATIONALITIES 430074,
‘WuHnaN, P. R. CHINA

E-mail address: 1ihaoguang@mail.scuec.edu.cn

21



