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LANDAU EQUATION FOR VERY SOFT AND COULOMB POTENTIALS
NEAR MAXWELLIANS

K. CARRAPATOSO AND S. MISCHLER

ABSTRACT. This work deals with the Landau equation for very soft and Coulomb potentials
near the associated Maxwellian equilibrium. We first investigate the corresponding linearized
operator and develop a method to prove stability estimates of its associated semigroup in large
functional spaces. We then deduce existence, uniqueness and fast decay of the solutions to the
nonlinear equation in a close-to-equilibrium framework. Our result drastically improves the
set of initial data compared to the one considered by Guo and Strain who established similar
results in [21, 37, 38]. Our functional framework is compatible with the non perturbative
frameworks developed by Villani, Desvillettes and co-authors [42, 17, 16, 13|, and our main
result then makes possible to improve the speed of convergence to the equilibrium established
therein.
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1. INTRODUCTION

1.1. The Landau equation. The Landau equation is a fundamental equation in kinetic theory
modelling the evolution of a dilute plasma interacting through binary collisions. We consider here
a plasma confined in a torus T3 and described by the distribution function F' = F(t,z,v) > 0
of particles which at time ¢t > 0 and at position x € T3, move with the velocity v € R®. The
evolution of F' is governed by the spatially inhomogeneous Landau equation

{BtF—i—v -V.F =Q(FF)

(1.1) F(0,z,v) = Fy(z,v).

For a spatially homogeneous plasma, namely when F' = F'(¢,v), the equation simplifies into the
spatially homogeneous Landau equation

OF =Q(F, F
(1.2) ( )

F(0,v) = Fo(v).
The Landau collision operator @ is a bilinear operator acting only on the velocity variable and
it is given by

(1.3 Qoo 1)(0) = 0: [ a0 =0 {9.0,F = 3;9.) do..

where here and below we use the convention of implicit summation over repeated indices and the
usual shorthand g. = g(v«), 959+ = 0u,,9(v«), f = f(v) and 0, f = 0y, f(v). The matrix-valued
function a is nonnegative, symmetric and depends on the interaction between particles. When
particles interact by an inverse power law potential, a is given by

ZiZj

(1.4) aij(z) = |2|"*? (517' - |z|2> ;o —3sosL

In the present article, we shall consider the cases of very soft potentials v € (—3,—2) and
Coulomb potential v = —3. It is worth mentioning that the Coulomb potential is the most
physically interesting case, and also the most difficult because of the strong singularity in (1.4).

The Landau equation (1.1) (or (1.2)) possesses two fundamental properties (which hold at
least formally). On the one hand, it conserves mass, momentum and energy, more precisely

d
(1.5) —/ ngdmdv:/ {Q(F,F) —v-VyfYodedv =0 for o) =1,v,|v%
dt T3 xR3 T3 xR3

On the other hand, the Landau version of the celebrated Boltzmann H-theorem holds: the en-
tropy H(F) := [ F log F dz dv is non-increasing and the global equilibria are global Maxwellian
distributions that are independent of time and position. Hereafter, we normalize the initial data

/ Fydxdv =1, / Fovdrdv =0, / Fy [v|? d dv = 3,
T3 xR3 T3 xR3 T3 xR3
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and therefore we consider the associated global Maxwellian equilibrium
M(’U) = (2#)_3/26_|U‘2/2,

with same mass, momentum and energy of the initial data (normalizing the volume of the torus
to |T3| = 1).

1.2. Main results. Our aim in this work is to study the Landau equation in a close-to-
equilibrium framework (or perturbative regime) in large functional spaces and to establish new
well-posedness and trend to the equilibrium results.

Let us then introduce the functional framework we will work with. For a given velocity weight
function m = m(v) : R®> — R, and exponent 1 < p < oo, we define the associated weighted
Lebesgue space LP(m) and weighted Sobolev space WP (m), through their norms

(1.6) 1z imy = Imfllgs (1w o= llmf e
Similarly, we define the weighted Sobolev space W "PLE(m), n € N, associated to the norm
(1.7) ||f||€V;’PL5(m) = ||me€an,PLg = Z Hvi(mf)”igma

0<j<n

and we adopt the usual notation H" = W™2,

We make the following assumption on the weight function m :
m = W)¥ := 1+ [v[)*? with k > 2 + 3/2;

1.8
(1:8) m = exp(k{v)®) with s € (0,2) and k > 0, or s =2 and x € (0,1/2);

and through the paper we denote ¢ = 0 when m is a polynomial weight, and ¢ = s when m is
an exponential weight. We associate the decay functions

7¥ if m = (v)"
) o | OO =t

T . s
Ce M if m = eV,

for any constant ¢ € (2+3/2, k) and some constants C, A € (0,00). It is worth emphasising that
in the polynomial case m = (v)*, the notation ©,, refers to a class of functions (with increasing
rate of decay as ¢ tends to 2 + 3/2), while in the exponential case m = e*{*)", the notation ©,,
stands for a fixed function. We finally introduce the projection operator P, on the v-direction
for any given v € R3\{0} defined by

(1.10) Pye = (g-1> L VEERS,
ol Jv]

as well as the anisotropic gradient v f of a function f defined by

(1.11) Vof = P,Vof + (0)(I = P,)V,f.

Our main result reads as follows.

Theorem 1.1. For any weight function m satisfying (1.8), there exists eg > 0 small enough so
that, if [|Fo — pllazL2(m) < €0, there exists a unique global weak solution F' to (1.1) such that

yto

sup |F(0) = sy + [ 107

>0

(F(1) = w3212 (my A7
(1.12)

4 [ IR m(F @) - ) s i < 06
0
This solution verifies the decay estimate

(1.13) 1F(t) = pllmzrz < Om(t) [Fo — plluzrzm), ¥t = 0.
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Remark 1.2. For a spatially homogeneous initial datum Fy € L2(m), the associated solution F(t)
is also a spatially homogeneous function, and thus satisfies the spatially homogeneous Landau
equation (1.2). In that spatially homogeneous framework, the H?2 regularity is automatically
fulfilled, it can be then removed of the corresponding version of Theorem 1.1 which statement
thus simplifies accordingly.

Let us briefly comment on known results on the existence, uniqueness and long-time behaviour
of solutions to the Landau equation when —3 < v < —2. For the other cases —2 < v < 1, we
refer the reader to the recent work [14] and the references therein.

In the space homogeneous case, existence of solutions has been first addressed by Arsenev-
Penskov [2], and next by Villani [42] and Desvillettes [16] who establish existence of global
solutions for any initial datum with finite mass, energy and entropy. Uniqueness of strong
solutions (which do exist locally in time) has been proved by Fournier-Guérin [19] and Fournier
[18]. In a similar framework and for bounded (after regularisation) collision kernel a with
—3 < v < —2, polynomial convergence to the equilibrium has been obtained by Toscani and
Villani [39] by entropy dissipation method. That last result has been recently improved by
Desvillettes, He and the first author [13], who prove convergence to equilibrium with algebraic
or stretched exponential rate removing the boundedness (unphysical) assumption on the collision
kernel a and also considering the Coulomb potential v = —3. The space homogeneous version
of the results by Guo and Stain presented below also provides well-posedness and accurate rate
of convergence to the equilibrium in a perturbative regime in HS(u=%), 6 € (1/2,1). It is worth
emphasising that even in that simple space homogeneous case, it was the only known result of
existence and uniqueness of global (in time) solutions.

In the space inhomogeneous case, existence of global (renormalized with a defect measure)
solutions has been established by Alexandre-Villani [1] for any initial datum with finite mass,
energy and entropy. Under an additional (unverified) strong uniform in time boundedness
assumption, Desvillettes and Villani [17] proved polynomial convergence of the solutions to the
equilibrium. On the other hand, in a perturbative regime, Guo [21] proved well-posedness in the
high-order Sobolev space with fast decay in velocity HS ,(1/?), and Guo and Strain [37, 38]
proved stretched exponential convergence to equilibrium in HS  (1=%), 6 € (1/2,1).

Our result thus improves the well-posedness theory of Guo [21] to larger spaces H2L?(m)
as well as the convergence to equilibrium of Guo and Strain [37, 38| to larger spaces and with
more accurate rate. It is worth emphasising that in the space homogeneous case, our results
only require that initial data are bounded (and close) in the Lebesgue space L2(m) (and thus
do not require any control on derivatives).

Our result makes possible to improve the speed of convergence to the equilibrium results
available in a non perturbative framework in the following way.

Corollary 1.3 (Spatially homogeneous framework). Consider a nonnegative normalized initial
datum Fy = Fy(v) with finite entropy such that furthermore Fy € LY(m) for an exponential
weight function m satisfying (1.8) with s € (0,1/2). There exists a global weak solution F to
the spatially homogenous Landau equation (1.2) associated to Fy satisfying

(1.14) IF ()~ lliz S ©ult), VE0.

Estimate (1.14) improves the rate of convergence of order e ~** 7 established in [13], thanks
to an entropy method, for the global weak solutions built in [42, 16]. Corollary 1.3 has to be
compared with [33] where the optimal speed of convergence to the equilibrium for the spatially
homogeneous Boltzmann equation for hard spheres has been established and with [41] where
the optimal speed of convergence to the equilibrium for the spatially homogeneous Boltzmann
equation for hard potentials has been proved.
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Corollary 1.4 (Spatially inhomogeneous framework with a priori bounds). Let F' be a non-
negative normalized global strong solution to the spatially inhomogeneous Landaw equation (1.1)
such that

(1.15) sup (IF(0) lz, + 1P @)t 0y ) < +oo,

for some explicit £ > 3 large enough and some exponential weight function m satisfying (1.8),
and such that the spatial density is uniformly positive on the torus, namely

(1.16) Vt>0, r €T3 p(t,x):/ flt,z,v)dv > a > 0.
Rd

Then this solution satisfies
(1.17) [F(t) = pllazrz S Om(t), Vi=0.

Estimate (1.17) improves the polynomial (of any order) rate of convergence established in [17,
Theorem 2] under stronger (of any order) uniform Sobolev norm estimates but weaker (polyno-
mial of any order) velocity moment uniform estimates. Corollary 1.4 has to be compared with
[20] where the optimal speed of convergence to the equilibrium for the spatially inhomogeneous
Boltzmann equation for hard spheres has been established.

1.3. Overview of the proof. Our main theorem is based on stability estimates (which are
not uniformly exponential) for the semigroup corresponding to the linearized operator in large
functional spaces, by taking advantage of well-known (or simple extension of well-known) weak
coercivity estimates in some small space and using an enlargement trick. We then conclude to
our main result by combining these stability estimates (at the linear level) together with some
nonlinear estimates for the Landau operator @ and a trapping argument. It is worth mentioning
that our method is mostly based on the semigroup stability estimates, what is quite different of
the nonlinear energy method of [21, 37, 38].

Let us explain this enlargement trick in more details. We begin with the simpler hypodissi-
pative framework. Let A be a linear operator acting on two Banach spaces F C £ and suppose
that A has a spectral gap in the small space E. The extension theory recently introduced in
an abstract Banach framework in [33] and developed in [20, 30, 28] (see also [29, 40, 31] for
other developments of the factorization approach for the spectral analysis of semigroups in large
Banach spaces) establishes that if we can factorise A = A+ B where B is hypodissipative (with
respect to £) and A is suitably more regular than B, then A generates a Cy-semigroup S (t) on
the large space £ which is also uniformly exponentially stable. This method has been success-
fully applied to many evolution equations, and in particular to the Landau equation with hard
and moderately soft potentials in [11, 12, 14].

In our case (of very soft and Coulomb potentials vy € [—3, —2)), the linearized Landau operator
A does not satisfy any spectral gap inequality but only a weak coercivity estimate on a small
space EI. We are however able to adapt the extension theory presented above and prove that A
generates a uniformly bounded Cp-semigroup Sa(¢) on small and large spaces X, but which is
now only strongly stable but not uniformly exponentially stable.

More precisely, on the one hand, the linearized version of the H-Theorem states that (at
least) in one Hilbert space E, the linearized Landau operator A enjoys a weak spectral gap
estimate

(1.18) VieEY, (Af,f)p S —|If|I%, FE not included into E.,

where E{‘ stands for the domain of A when acting on the space E, II denotes the projector onto
the orthogonal of ker(A), and E, is a second Hilbert space (in the norm of which we express the
weak dissipativity property of A in E).
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On the other hand, in many Hilbert spaces X, the linearized Landau operator A splits as
A = A+ B where A is a bounded operator in X and B is weakly dissipative

(1.19) Ve Xy, (Bf,f)x S —|Iflk., X not included into X,

where again X{' stands for the domain of A when acting on the space X and X, is a second
Hilbert space (in the norm of which we express the weak dissipativity property of B in X).

It is worth emphasizing that from (1.18) or (1.19) we cannot deduce any uniform exponential
stability of the semigroups Sz or ILS). However, by using (1.19) with several choices of spaces
X and using an interpolation argument, we first obtain that Sg is strongly asymptotically stable
(but not uniformly exponentially stable). Next, by using an extension trick, we deduce that the
same holds for I1S,. More precisely, for several choices of Hilbert spaces X C X, we have first

(1.20) ITISA(8) | xx0 < O() = 0, as t — oo,

for some polynomial or stretched exponential decay function © = ©x x,, as well as the regularity
estimates

(1.21) ITLSA(#)]lx7 -, (ITLSA ()| x—x. € L*(Ry),

where X is the dual of X, (with respect to X). Next, for some convenient choice of n, K > 0,
the norm

(122 T e N ENCY
is an equivalent norm in X and A satisfies the weak dissipativity estimate
(1.23) Vie Xy, (Af.f)x < -K|Tf%,,
where ((-,-)) x stands for the duality bracket associated to the || - || x norm.

By choosing X and X, well adapted for the quadratic Landau operator, we may then establish
that for any solution f = F' — i to the Landau equation, the following a priori estimate holds
(for some constant C' > 0)

d
I S ITfI, (K + CITf|x).

Our existence, uniqueness and asymptotic stability results are then immediate consequences of
that last differential inequality and of the estimates it provides.

Let us finally discuss the decay issue for non uniformly (exponential) stable semigroups which
naturally arises in many contexts. It arises first in statistical physics when coefficients involved
are suitably decaying. In [9, 10], for the Boltzmann equation with soft potential of interaction
under Grad’s cutoff assumption, Caflisch had exhibited the explicit semigroup solution to the
associated linearized equation and had deduced well-posedness and stability for the nonlinear
Boltzmann equation in a perturbative regime. In [27], a similar result is obtained for the
critical case of an attractive reversible nearest particle system. More recently, for the Fokker-
Planck equation with weak confinement potential and for the spatial homogeneous Landau
equation with soft interaction some polynomial and stretch exponential rate of convergence to
the equilibrium have been established in [36, 39]. The proofs are based on entropy methods,
moments estimates and interpolation arguments. These results for the Fokker-Planck equation
are improved in [23] where a similar factorization approach, as introduced in the present paper,
is developed.

Independently, inspired by scattering and control theory [24, 4], many results on the decay
rate of the energy for damped wave type equations have been established, see for instance
[25, 26, 8]. These results are based on the analysis of the absence of poles (resonances) in the
neighbourhood of the real axis for the resolvent of the associated operator. They have inspired an
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abstract theory for non-uniformly exponentially stable semigroups, and we refer the interested
reader to [7, 5, 6] and the references therein.

It is worth emphasizing that in that last abstract theory, one typically obtains some estimate
on the semigroup by allowing the lost of (part of) a domain in the control of the trajectory
and, roughly speaking, that is related to the absence of pole in bounded neighbourhoods of
the real axis and to the control of how the spectrum approaches the imaginary axis at £ioco.
That is slightly different from the picture arising in the present statistical physics framework,
where the estimates do not involve domains norms but norms controlling the confinement of the
distribution function and where the continuous spectrum extends up to the origin.

1.4. Notations and definitions. If A is a closed linear operator on a Banach space X that
generates a semigroup on X, we denote by S, (¢) its associated semigroup. Moreover, for Banach
spaces X and Y, we denote #(X,Y") the space of bounded linear operators from X to Y, with
the associated operator norm || - || x_y. We say that the generator A of a semigroup in a Banach
space X is dissipative if

VfEle\aaf*Eva <f*,Af>X’,X§O

where X} = D(A) is the domain of A and Jy is the dual set J; := {g € X'; |lg|l% = |fI% =
(g, [)xr,.x}. We say that the generator A is hypodissipative if it is dissipative for an equivalent
norm.

1.5. Structure of the paper. For the sake of clarity, we shall first consider the spatially
homogeneous case through Sections 2 to 5, and in the last Section 6 we show how our method can
be adapted to the spatially inhomogeneous equation. In Section 2 we introduce a factorization
of the (homogeneous) linearized Landau operator £ = A + B and prove several properties of
the operators A and B. Section 3 is devoted to the proof of (non-uniformly exponential) decay
estimates in large functional spaces of the semigroup associated to £ (see Theorem 3.4) as well
as weakly dissipative properties for £ (see Corollary 3.6), using the method presented above.
In Section 4 we prove nonlinear estimates for the Landau operator @), and then in Section 5
we prove the spatially homogeneous version of Theorem 1.1. Finally, in Section 6, we deal
with the inhomogeneous case and prove Theorem 1.1, by following the same program as for the
homogeneous case above.

Acknowledgments. The first author is supported by the Fondation Mathématiques Jacques
Hadamard. The second author gratefully acknowledges the support of the STAB ANR project
(ANR-12-BS01-0019).

2. LINEARIZED OPERATOR
We define the following quantities
bi(2) = 0;ai;(z) = =22|7 2,
(2.1) c(z) = Oijaij(z) = =2(y + 3) |2]" if v € (=3,-2),
c(z) = 0ija;j(z) = —8mdy  if v = =3,
from which we are able to rewrite the Landau operator (1.3) into two other forms
Q(g, f) = 0i{(aij x 9)0; f — (bi* g) [}
= (aij x 9)0;; f — (cx g)f.
Consider now the variation f:= F — p and the linearized (homogeneous) Landau operator

(2.3) Lf:=Qu f)+ Q).

(2.2)
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We denote
(2.4) Qij = aij * 1, b =Db;xpu, ¢€=cx*/pu,
and remark that
o) = —20+3) [ o=l when e (-3,-2),
c(v) = —8mu(v) vsLen v=-3.
2.1. Known results. On the space Fy := L2(u~1'/?), we classically observe that £ is self-

adjoint and verifies (Lf, f)g, < 0, so that its spectrum satisfies 3(£) C R_. Moreover, thanks
to the conservation laws, there holds

ker(L) = span{p, vipt, vaps, vap, [v]? 1},
and the projection Iy onto ker(L) is given by

2.5)  Io(f) = (/fdv) u+i (/vjfdv) v+ (/ '“'26_3de> |U|26_3“'

Several authors have studied weak coercivity estimates for £ on FEy. Summarising results
from [15, 3, 21, 32, 35], for all —3 < < 1, we have

(26) (L. rpo S~ o) = TfI, — [0) 3V 2 P)3e, ¥ € B,

where we define the projection II := I — IIy onto the orthogonal of ker(£) and we recall that
the anisotropic gradient V, has been defined in (1.11). Observe that (2.6) does not provide any
spectral gap for the operator £ in Ey in the very soft and Coulomb potential case —3 <y < —2

we are concerned with in the present work, contrarily to the moderately soft and hard potentials
case —2 <y < 1.

2.2. Factorization of the operator. Using the form (2.2) of the operator @, we decompose
the linearized Landau operator as £ = Aoy + By, where we define

Aof = Q(f, 1) = 9i{(aij * [)Ojp + (bi * flu}t = (aij * [)Iiju — (¢ fu,
Bof :== Q(u, f) = 0i{(aij * )05 f + (bi* p) f} = (aij * )0 f — (c* p) f.

Consider a smooth nonnegative function x € C°(R?) such that 0 < x(v) < 1, x(v) = 1 for
|v] <1 and x(v) =0 for |v| > 2. For any R > 1, we define xr(v) := x(R™!v). Then, we make
the final decomposition of the operator £ as £ = A + B, with

(28) .AZ: A0+MXR, B .= Bo—MXR,
where M > 0 and R > 1 will be chosen later.

(2.7)

2.3. Preliminaries. We introduce some convenient classes of weight functions and we state
some preliminaries results that will be useful in the sequel.
We say that a weight function m : R3 — R, is admissible if
(1) it is a polynomial function, and we write m = (v)¥, k > 0;
(ii) or if it is an exponential function, that is m = """ with & > 0 and s € (0,2), or with
0<k<1/2ands=2.

We denote o = 0 when m = (v)* and ¢ = s when m = )", For two admissible weight
functions mg and my, we write mo < my (or my = mo) if lim|,| o0 z—‘l’(v) = 0. Similarly, we

write mg < mq (or my = mg) if mg < my or mg = my (up to a constant).

We finally define the following functions:

11 i
(29) Cm(v) = EW&J (C_Liij) —c= &ij(v) =

&-m 8jm

- + @ij(v) T +2bi(v) - —50(1)),
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and also

(2.10) En®) = gy () 22 5O L

We start stating some estimates on the matrix a;;. To that purpose, we define

aw - | (1 (- %)) (v — w) dv,
ﬂz(v):/R3 (1—%

where x stands for the vector product in R3, and, for —3 < 3 < 0, we define

Ja(v) = /R3 lv — w|? p(w) dw.

Lemma 2.1. The following properties hold:

m m m 2

v w

ol |wl|

2
) w2 (v — w) dw,

(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector v and a
double eigenvalue £2(v) > 0 associated with the eigenspace v. Moreover, when |v| — 400,
we have

1(v) ~2(v)7,  la(v) ~ )7+
(b) The function @;; is smooth, more precisely for any multi-index 3 € N3,
|0%ai;(v)] < Cp(v) 27171,
Moreover, there exists a constant K > 0 such that
ij ()&i&; = (V)| Po[* + L2(v)|(1 = P,)Ef?
> K{(o) [Pu£]* + ()21 = P)el*}
(¢c) We have
tr(a(v)) = l1(v) + 202(v) = 2J42(v) and bi(v) = =1 (v) v;.
(d) If lv| > 1, we have
1076, (v)| < Cau)™ 11 and  9%02(v)] < Cp(v) T2 1AL
(e) For any B € (=3,0), there exists some constant Cz > 0 such that
| J5(v) = (0)°| < Cp()*2, Vv eR.

Proof. Ttem (a) comes from [15, Propositions 2.3 and 2.4], (b) is [21, Lemma 3], (¢) is evident
and (d) is [14, Lemma 2.3].
We just then present the proof of (e). On the one hand, for any v € R?, we have

(2.11) Ja(v) = / [0.P (v — v) dvs + / v, |P (v — v.) do,
CHES

PAES!

<  sup p(v— v*)/ v, dv, —|—/ wv —vy) dv, < Cq,
lv.|<1 lve]>1

TAES!

since the two terms are clearly bounded uniformly in v € R3.

On the other hand, for any v € R?, |v| > 1, and for any R > 0, we write

Ja(v) = / v, — v|? (v, do, +/ v, — v|° u(v,) dv, = Ty + Ts.
|va|<R [v«|>R
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For the second term, we have
ITo| < V/u(R) fox = 0l V(o) don < Coe™ /4,
[ve|>R

where we have used an estimate very similar to (2.11). For the first term and for |v| > R, we
have

T

Y]

[ el ) uten) o,
v |<R

Y

/ (Jv| + R)? u(vy) dv, > (Jv] + R)?(1 — 036—R2/4),
lvs|<R

and in a similar way, we have
Ty < (jv] — R)P(1 — Cze F/4),
We conclude by making the choice R := |v|'/2, O

Lemma 2.2. Let m be an admissible weight function such that m = (v)(7F3)/2
(1) If o =0, then
lim sup G (0) (0) ™ = Tim sup G (0) (0) 7 < 2{(7 +3)/2 — k}.

[v| =00 |[v]—00
(2) If o € (0,2), then
lim sup G, (v) (v) 777 = limsup G (v) (0) 777 < —2ks.
|[v]—o0 |[v|—o00
(3) If o =2, then
limsup ¢, (v)(v) 7277 < 4k(4k — 1),

|[v] =400

lim sup G () (0) 7277 < 4k (2K — 1).

|[v] =400
Proof. We introduce the notation

j.y(’U) _ { (7 + 3)J'Y(v) if v E (_37 _2)7

dmp(v) ify=-3,
so that @ = —2.J. We observe from Lemma 2.1 that, when |v| — +o0, we have
1 -
(212)  O0) ~ L]~ )7 and L) = (3 +3) (1) +O((0)*/?).

Step 1. Polynomial weight. Consider m = (v)*. From definition (2.1)-(2.4) and Lemma 2.1, we
obtain

0ij _ _ _ _
aij ;m = (6ijaij) k()% + (@ijvivg) k(k — 2)(v)~*
= 205(v) k()72 + £1(v) k(W) 72 4 L1 (v) k(k — 2)|v]*(v) 74,
Moreover,
_ &-m 0 _ _ _
dij — JW = (@ijvivg) K> ()~ = b (v) K [of* (v) 74,

and also, using the fact that b;(v) = —¢;(v)v; from Lemma 2.1,

- &m _
b - = —01(v) k[v]?(v) 2.
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It follows that
Gm (V) = 2ka(v)(0) 7% + Kty (v)(v) 72 + k(k = 2) &) [o]* () T
+ k2 0y (0) [ (0) =" = 2k G () [u] (0) 72+ (0),
as well as
Cn(v) = K20 (0)[o]*(0) ™" = ko (0) o] (0) 72 + T, (v).
Thanks to (2.12), the dominant terms are of order (v)?. We then obtain

lim sup ¢ (v) = limsup G (v) (0) 7 < 2{(y +3)/2 — k},

|[v| =400 |[v] =400

from which we conclude the proof of point (1).
Step 2. Exponential weight. For m = e*(")" | we have

(V) = 265 La(v) (V)* % + ks €1(0)(0)° 72 + k(s — 2) €1 (v)|v]* (v)**

+ 26252 01 (0)|v)? ()2 — 2k 01 (V)02 (V)52 + T - (v)
and also
Cn(v) = —hsti (v)[o* (0)* 2 + K21 (v) 0]} (0)** 7" + T, (v).

In any cases 0 < s < 2, the dominant terms are of order (v)7+¢ and we easily conclude. O

We conclude this section with a remark about the weighted spaces we have defined in (1.6).
For any admissible weight function m we easily obtain

(2.13) )= mf | 2a + [Vu(mf)Ze ~ Imfl7e + [mVo fZe,
so that in particular || f[13 . ~ [1fl|Z20m) + Vo fll72() When o € [0, 1].
2.4. Dissipative properties of B. We prove in this section weakly dissipative properties for

the operator B. These estimates are similar to the estimates established in [12, 14] for —2 <
v <1, in which case it is proven that the operator B — « is dissipative for some o < 0.

Lemma 2.3. Let m be an admissible weight function such that m = (v)F3)/2. There erists
M, R > 0 large enough such that B is weakly dissipative in L?(m) in the sense:

o If m < pu~ /2, there holds

(2.14) (BF, F)raimy S =002 Vo sy — 1) Vo(m)|3z - Il(v) "
o If =12 <m < p~t, there holds
(2.15) (BF, £z S —I10)F Va(mf)[13z = [(v)*F

Proof. From the definition (2.7)-(2.8) of B, we have
[ £t = [asosp = [erm = [ M s
= T1 —|— T2 —|— Tg.

Let us compute the term Ty. Writing g = m f and thus 9;; f fm? = 9;;(m~1g) gm, an integration
by parts yields

- / {bjgm + a;;0,9m + a;;90;m} 9;(m™'g).

Using that 9;(m~'g) = m™'9;9 — m~29;myg in the last equation, we first get

_ _ O;mo;m Bm _
Ty = _/aijaigaj9+/{aij = :n - }92—/%93;‘9,
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and thanks to another integration by parts for the last term, we finally obtain

/(Bf)fm2 = —/dijai(mf)aj(mf) + /{ém ~ Mg} fPm?

In a similar (and even simpler) way, we can also obtain

[ s == [asogosm? + [(6n— My
Thanks to Lemma 2.2, we may choose M, R > 0 large enough such that
Gn(v) = Mxg(v) S =), Gu(v) = Mxg(v) S ()7, ifm < p '/,

and
Cn(0) = Mxa(v) S ()47, i g2 <m <7,

and we then conclude using the coercivity of a;; from Lemma 2.1. g

For any admissible weight function m, we define the operator B,,g = mB(m~'g), which
writes

oim 0im o;m Oiim
Bmg = 60559 — 2aij— (%g—i—{?aij?— ij 7;1 _C_MXR}g

m

(2.16)
=:a4;0;;9 + B;0;9 + (6 — MxR)g-

We then define its formal adjoint operator 5}, that verifies

(2.17) Bié = ;06 + 2{aijai7m +b; b0+ {ai dym g, 0 bo.

Observe that if f satisfies the equation 0;f = Bf then g = mf satlsﬁes 0:g = Bing, and also
that (Bf, f)r2(m) = (Bmg, g)r>. Moreover there holds by duality

Vi 2 07 <SBm (t)g7 ¢>L2 = <gu Slgfn (t)¢>L27

where we recall that Sp, (t) is the semigroup generated by B, and Sp: (f) the semigroup
generated by B,.

We now prove weakly dissipative properties of the adjoint B}, .

Lemma 2.4. Let m be an admissible weight functions such that m = (v)(7+3)/2. We can choose
M, R > 0, large enough, such that B, is weakly dissipative in L? in the following sense:

(2.18) (B¢ 92 S H¢||L2( vy(rte) /2y T |\€U¢IIQL2(<U>7/2)-

Proof. We compute

JEoo= [ (@27 425,22 - ar) o+ [ (0,22 45) 06 + [a0500

Using that ;¢ ¢ = £0;;(¢%) — 0;00;¢, it follows

I3 = —/aijai¢aj¢+ %/aij(aij)qs? = —/aijai¢aj¢+ %/aqs?.
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Finally, we get

[Br00=- [as0000+ [1Gn - Mxa)e®

Y+o

< =) 2 VodlZe = Il(w) = lI7a,
by using the coercivity of a;; from Lemma 2.1 and choosing M, R > 0 large enough such that
Cm(v) = Mxgr(v) < —(v)7*7 thanks to Lemma 2.2. That completes the proof. O

2.5. Estimates on the operator A. We prove boundedness properties for the operator A.
Lemma 2.5. For any 6 € (0,1), £ =0,1 and p € [1, 00|, there holds A € BW P WhP(u~?)).

Proof. We only prove the case £ = 0, the case £ = 1 being similar. We only investigate Aj since
A = Ayg+ Mxg, and we recall that Agg = (a;; * g)0i;p+ (¢* g)u. We decompose a and ¢ into a
bounded part and a singular part. More precisly, we split a;;(2) = ai;(2)1)2)>1 + i (2)1)zj<1 =:
a;rj(z) + a;;(2), and similarly for ¢(2).
Assume first v € (=3, —2). For the bounded parts at and ¢, we easily have
(@ * 9) ()] + (" *g)()] < llgllee,
and therefore
I(ad * 9)ull Lo u-oy + 1™ * g)pll Lo gu-oy < llgllze-

We now turn to the singular terms. We first have

e+l S [ lotw.) ( JE 1v_v*g1u”<v>) < gl

and similarly,
e % @ullorguo < / l9(0.)] ( / v oV Lt ul-%)) < llgllze.

As a consequence, we already obtain that A is a bounded operator from L' — L'(u~%). More-
over, we can estimate

[(ai; * 9)(V)] S llgllze (/Iv ST AR TP dv*) S llgllze

and in a similar way

(e * )W) S lglli~ ( I —Wlquv*) < ligllom.
which imply
lag il e S lglles N * @illmgu-ry S gl

These estimates prove that A is bounded from L> — L>(u~%). We can then conclude to the
boundedness of A for any p € [1, 00] by Riesz-Thorin interpolation theorem.

Assume now v = —3. In that case the term (a;; * g)u can be treated exactly in the same way
as above, but now we have ¢ = —dg and then ¢ x g = —g. Therefore,

(e * @)l ooy = llgn' Cller < llgllLe,
which completes the proof. 0
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3. SEMIGROUP DECAY
This section is devoted to the proof of decay and regularity estimates for the linearized

semigroup S,. Given two admissible weight functions mg < mq, we define

(log t)Q(klfko)/\’ﬂ
eml,mo (t) = <t>(k1—k0)/|7‘ ’

if my; = (v)*' and mgy = (v)ko

and

s

Oy mo(t) = e M "1 for some A >0, if my = ("),

Observe that when m > (v)3=7/2 we can choose mq such that m = mq = (v)(7*3)/2 and then
Om.my € LY (RY).

Here and below, we define the time convolution product S % So of two functions S; defined
on the half real line Ry by

Sl*SQ /Slt_SSQ )

and we also define S = I and S*™ = §« SC(=1) for any n > 1.

3.1. Decay estimates for Si. We first prove decay estimates for the semigroup Sg.

For any admissible weight function m, we define the space H}!(m) associated to the norm
(3.1) ||f||%—[i(m) = Hf”%z(m(v)(wwm) + ||Vv(mf)||%2(<v>7/2),

and we easily observe that H'(m) C H!(m) C H'((v)?"/?m). We then define the negative
Sobolev space H, '(m) in duality with H!(m) with respect to the duality product on L?(m),
more precisely

(32) ”f”H;l(m) = sup <f7 ¢>L2(m) = sup <mf7 m¢>L27
161l 21y <1 161l £1 (my <1

and observe that || f[| -1, = [|mfll -1

Lemma 3.1. Let mg,my be two admissible weight functions such that my = mg = (v)(7F3)/2,
For any t > 0, there holds

(3.3) 158 L2(m1)—L2(me) S Omy,mo (t)-

Moreover, for any admissible polynomial weight function m = (v)VT3)/2  the following regularity
estimate holds

> 2
(3.4) | 1S800 1 ygmy  <

Proof. We denote X (m) = L?(m). We observe that for /g := mo(v)7F7)/2 < mg < my (where
we recall that 0 = 0 if my is a polynomial function and o = s if mg is an exponential function)
and for any R € (0, 00), we have

M2
m2
—3 (B f 13 (o) < N5 15 () + 3( I -
mo mj
We write that estimate as
(3.5) Rl o) < I gy + ORI 5 )
with ) )
7 7 0
€R = m—g(R), Or = m—g(R), €R, B 0 asR— .
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Let us denote fg(t) = Si(t)fo for any ¢ > 0. Thanks to (2.14) for the weight m;, we have

I8 xmy < I follxmy, Yt >0.

Writing now (2.14) for mg, using the interpolation (3.5) and the above estimate, for any R > 0,
we get

d
dt ||fB||§((m0) S _”fBH%((mO(U)(ww)/?)

— gl /8% (o) + ORI Bl ()

IZANRAN

— Rl /8% (o) + ORI foll 5 (my )
with eg = (R)7"° and 0r/er = m3(R)/m3(R). Integrating that last differential inequality, we
obtain

e Or
18 X (mey S € 1 foll X (o) + ;||f0||§<(m1)

5 F?nl,mo (t) ||f0||§((m1)7

with

0
2 s —ept R
Loy o () = ér;fo (e Y4 _6R> .

We can complete the proof of (3.3) by establishing 'y, mo(t) S Oumyme (t) for the different
choices of weights mg < mj.

Case 1: mg = (v)* and my = (v)¥* with ko < k1. We have

T2 o) = Inf (=704 (R)2h0=k))

ma;mo R>0
We take (R) = (()0(t))"/1"l with 6(t) := [log(1 +t)]~2 and we get

T2, o (t) < €700 4 [log(1 + ¢)]kr =ho)/In () =2(ka =ko) /7],

mi,mo

which behaves just as ©2 (t) as t — .

may,mo

Case 2: mg = e ()" and my = e ) with Ko < k1. We have

2 (t) = inf (67<R>W+St + 62(“0*'@1)<R>3) )

ma,Mmo R>0
We take (R) = t'/17l and we get

F2 (t) < eits”‘” + 672(517’{0))55/\’7\

mi,mo Y

which is nothing but ©2, . (). The general case m; > mg follows from that estimate.

We turn now to the proof of the regularity estimate (3.4) for a fixed admissible weight function
m = (v)("F3)/2 Thanks to (2.18) and denoting ¢g- (t) = Sg: (t)¢o, we have

d
o, 132 < ~liés, I3
which readily implies
[e ]
| 185, Ol it < .

We then deduce (3.4) by duality. O
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3.2. Decay estimates for S,.. We first prove decay estimates in a family of small reference
spaces included in L2(p~1/2).

Proposition 3.2. For any admissible weight w such that p='/% < w < p~*, there holds

2
Vit > 0, HSﬁ(t)HHL2(w)~>L2(,u*1/2) < €_>\tw‘ .

~

Proof. Let us denote for simplicity £ = L?(u~'/?) D Ey = L?(w). We already know from (2.6)
and (2.14) that

t= 1S e—e, (1980 2i— 8 € L (Ry).
We then write, thanks to Duhamel’s formula,
SeIl = S+ S A * SeI,
and using Lemma 2.5 and Lemma 3.1, we obtain that ||Sg.A(t)|| -, € L}(R,), whence
3.6)  [1ScO g —»E, S S8 Ei—E + [|198AM) | BBy * 1S (O] By BB € LT (R4).

Finally, we conclude the proof by writing (2.6) and using an interpolation argument (as in the
proof of Lemma 3.1) together with (3.6). O

As an immediate consequence, we prove uniform in time bounds for the semigroup S, in
large spaces.

Lemma 3.3. For any admissible weight function m > (v}wTH, there holds
t = (1S L2(my—r2(m) € L (R4).
Proof. Let us denote E = L?(u~1/?), By = L*(w) and X = L?*(m), with p=/2 <w < pu~*. We

only need to treat the case <v>WT+3 < m < pu~? so that E C X (the other cases have already
been treated in (3.6)). We first write

S,II =11SE + S.I0 + ASg,

and observe that ||Sg(t)||x—x € L(Ry) from (2.14) and [|Se ()| g, € Li(Ry) from
Proposition 3.2. Moreover, Lemma 2.5 and Lemma 3.1 yield || ASg(t)|| x— g, € L{°(R4), so that

S| x-x S [198(1)Ix—x + (SO B, B-x * | ASB(1) || x~E, € LiT(R4),
and the proof is complete. 0

We can now prove that S inherits the decay and regularity estimates already established for
the semigroup Sp.

Theorem 3.4. Let mg,m; be two admissible weight functions such that (v)+3)/2 < mg < my
and mg < ;fl/Q. There hold

(3.7) ST L2ms ) L2(mo) S Oy (t)y ¥t > 0.
and
(38) /0 ||S£(t)H”§{;1(mo)%L2(m0) dt < oo.

Proof. We fix an admissible weight function w such that w = p~/2

the proof into two steps.
Step 1. We denote Xo = L?(mqg), X1 = L*(m1), By = L*(p~/?) and By = L?(w). We write
the factorization identity

and w = my, and we split

SpIl =11SE + SeIT + ASp.
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Thanks to Lemma 3.1, Proposition 3.2 and Lemma 2.5, we have
”Sﬁ(t)H”X1—>X0 < HSB(t)HHX1—>X0 + HHSﬁ(t)”E1—>E0 * HASB(t)HX1—>X0—>E1
S Omuma () + (€77 5 Oy ) (1),

which concludes the proof of (3.7).
Step 2. Denote Zg = H, '(mg). Writing the factorization identity as in step 1, we have

SO zy—x0 S 158D 20—x0 + 1S 5y x0 * [ ASB({)| 2y— B: -
Thanks to Lemma 2.5, (3.4) in Lemma 3.1, and Proposition 3.2, we deduce
HSB(t)HZ0—>X0 € L?(R-i')? ||Sﬁ(t)HHE1—>E0—>X0 € L%(Rﬁ-)? HASB(t)”Zo—)El € L?(Rﬁ-)?
which implies (3.8). O

3.3. Weak dissipativity of L. As a final step, we establish that £ is weakly dissipative in
some appropriate spaces. In order to do that, we define the spaces
(3.9) X :=1L*m), Y:=H!m), Z:=H'm), X,:=L?

where we recall that H!(m) and H_!(m) have been introduced in (3.1) and (3.2). For any
n > 0, we also define the norm || - || x by

(3.10) I =l + [ 15e(m) 1, o
and we denote by (-, ) x the associated duality product.
Proposition 3.5. Let m be an admissible weight function such that m = (v)%. The norm ||-||x
is equivalent to || - || x, and, moreover, there exists n > 0 small enough such that
d
(3.11) ZSe@fl% S =1Sc®fI5, vV feTlX.

As a consequence, the following regularity estimate holds
(3.12) 1S (O] xoy € L (Ry).
Proof. We easily observe that, thanks to Theorem 3.4,

| 1sesi, ar <11 [ €% ar
0 0

for some decay function © € L?(R,) under the condition m = (v)3/2, thus || - || x is equivalent
to || - |l x. Now denote fr(t) = Sc(t)fo, fo € IIX, so that fr(t) € ILX for any ¢ > 0, recall that
L = A+ B and write

3 el = n(Ble(o). Fe(hx + nlASe(o) fe(O)x +3 [ TS elolfs, dr.

Thanks to Lemma 2.3 and Lemma 2.5, we have
n(Bfe(), fe(t)x < —nK'|feOF,  n(Afc(t), fe(®)x <nCllf(b)]%, -
Moreover, for the last term, we have
/0 TS fe@l, dr = tim |[Se(r)fe(®)%, — 12O, = =1f2Ol,

where we have used

V620, ISe(r)fe)llx, < COM()follx with lim ©,,(7) =0,
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thanks to Lemma 3.3 and Theorem 3.4. We conclude the proof of (3.11) gathering previous
estimates and taking n > 0 small enough. We finally obtain (3.12) by integrating (3.11) in the
time variable. O

3.4. Summarizing the decay and dissipativity estimates. We summarize the set of in-
formation we have established in this section and that we will use in order to get our main
existence, uniqueness and stability result for the nonlinear equation in Section 5 (in the spa-
tially homogeneous case).

Corollary 3.6. Consider an admissible weight function m such that m = (v)>¥3/2. With the

above assumptions and notation, there exists n > 0 such that the norm || - ||x defined in (3.10)
1s equivalent to the initial norm on X and

(3.13) (cfmf)x S -IIfI3, ¥ fe Xt

(3.14) 1S (OTly—x, € L7 (Ry),

(3.15) 1S (Ol z-x, € L7 (R+).

Proof. Estimate (3.13) is just a reformulation of (3.11) in Proposition 3.5. We now prove
estimate (3.14). We fix an admissible polynomial weight m; such that (v)3/% < m; < (v)7/?m.
Thanks to the embeddings H!(m1) C Xo and Y C L2?(m;), and to the estimate (3.12) in
Theorem 3.4, we deduce

1S Oy S x0 SISO L2(my)— m1 (my) € L7 (Ry).
Finally, estimate (3.15) follows directly from (3.8) in Theorem 3.4 and the embedding X C
Xo. 0
4. NONLINEAR ESTIMATES

In this section, we present some estimates on the nonlinear Landau operator Q. We start
with two auxiliary results.

Lemma 4.1. ([14, Lemma 3.2]) Let —3 < a < 0 and 0 > 3. Then

Ay (v) = . v — v.]® (v) 7 dv, < (0)°.

Lemma 4.2. There holds
(i) For any3/(3+~v+2)<p<oo and § >2+3(1—1/p)

[(aij * £)() vivs] + |(aij * £)(©) vil + [(asz * £) (@) S @2 Fll Lo (oye)-
(i1) For any 3/(3+~v+1) <p < oo and any 0’ > 3(1 —1/p)

(b5 % OIS @ 1 | oy

Proof. (i) Recall that 0 is an eigenvalue of the matrix a;;(z) so that a;;(v—v.)v; = a;;(v—vs)vss
and a;; (v — v4)viv; = @45 (v — V)Vs0s;. Thanks to Holder’s inequality and using Lemma 4.1,
we obtain for any 3/(3+ v +2) < p < oo and any 6 > 3(1 —1/p),

[(aij * f)(v) vivi| = |/ @i (V = Vi) VUi Vs f

S [ o= ot )70 @)
U

o 5 (p—1)/p
< < lv — v, O ()" P1> £l Lo oyo+2)

S <’U>’Y+2HfHLP((v>§+2)'
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We can get the estimates for (a;; * f)(v)v; and (a;; * f)(v) in a similar way. Remark that we
can choose p = 2 since v € [—3, —2).

(ii) For the term (b * f) we recall that b;(z) = —2|z|7z;. Thanks to Holder’s inequality and
Lemma 4.1, we obtain for any 3/(3+~ + 1) < p < oo and any 6’ > 3(1 —1/p),

(i )(v)] < / o= v (0 ()7 I

Vs

NN
s( o — v DT (1) ) TP

SO Lo oyery-

Remark now that we have 3/(3 +~ + 1) € (3/2,3], thus we can choose p = 4 for any v €
[-3,-2). a

We establish our main estimate on the Landau collision operator.

Lemma 4.3. Consider any admissible weight function m = 1. Then, for any 0 > 2+ 3/2 and
0" > 9/4, there holds

(A1) QU e S (12w Nl om + 1 1oy Nglzzm ) 17

Proof. Let us denote G = mg and H = mh. We write

(QUF9). 1) 120y = / 0, {(aiy * [)dig — (b; = f)g} hm?

H(m)-

- /aj{(aij ¢ P)O(m~1G)} Hm — /aj{(bj « Yym~1G} Hm —: A+ B.

Performing an integration by parts and developing terms, we easily get A = A; + As + As + Ay
and B = By + By, with

A1 = —/(aij *f) 81G8JH, AQ = —/(aij *f)@%alGH,

oym o;ym 0;m
Ag = /(au*f)WGajH, A4 = /(a”*f) m JWGH,
By = /(bj*f)GajH, By = /(bj*f) om G,
m

We then estimate each term separately.

Step 1. Term A;. We only consider the case |v| > 1, since the estimate for |v| < 1 is evident.
We decompose ;G = P,0;,G+ (I — P,)0;G =: 81”G+8Z—lG, and similarly for 0; H = 8}|H+8J¥H.
We write

A = / (a; + £){OVG OV H + 8l GO H + -G H + 4G o+ H}
[v|>1
= T1+T2+T3+T4.
Using Lemma 4.2-(i) with p = 2, for any § > 2 4+ 3/2, we have
(v-V,G) (v-V,H)
T1 = / (ai- * f)’Ui’U'
pl>1 e |v]?

< 1Lz / (o) 20| 2 |V G| [V, H]

[v|>1

Sl 2oy 102 Vi (mg) | £z [|(0) % Vo (mh)]| 2.
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On the other hand, we have

T2 = / (aij * f)’Ul w 8]lh
[v|>1 |U|

<l /| RSl
v >

2 42
S llez gy 1(0) 2 Vo(mg) | 22 [|(0) = Vi (mh)|| 2,

and similarly

’Y+2 o
2V

Ts S | Fllzzqoe) 1(0) 2 Vi (mg)|lz2 1) 2V

For the term Ty, we have

o(mh)|| 2.

Ty <111l ooy / ()2 VLG VA

S U F ooy 140) % VE(mg)z2 |(0) % Vi (mh)]| 2.

All in all, we obtain
A S 2wy 19l E2 (my 1R E2 (-

Step 2. Term As. Recall that 9;m? = Cwv;(v)°2m?. The case |v| < 1 is evident so we only
consider |v| > 1. The same argument as for A; gives us

Ay :c/ (aij * o) =2{o)G +ora} H
[v]>1

S Wlewer [ {<v>7+0*1|vva| + yreivier ) |l

ok ’Y+2
Sl zzwye {||<U> 2 Vy(mg)|lp2 + [[(v) 2 VL(mg)HL?} [[(v)
Sz oyey gl ez omy |

+2<7 2

|| £2(m)

+(m)-
Step 3. Term As. In a similar way as for the term Ay, we also have

1m) S 1fllz2wyey 19l

yto

Az S llzcwyey [[{v) "2 g 1(m) [Pl E1(m)

Step 4. Term A4. Arguing as before, we easily get
Ay = C/(aij * fuiv;(v)? G H
S Wfllsqu [ 07727216l A

SN 22wy 1 (v) = 9||L2 (m) [[{v)
Sz wyey Nlglle

'y+2<7 2

h||L2(m

+(m)
Step 5. Term B;. Thanks to Lemma 4.2-(ii) with p = 4, for any 6’ > 9/4, it follows
By S sy [ @) IGIVLH

242 2
S e oyery I(v) ™ gllL2(m) [(v)* Vo (mh)] 2
242
S e qwyery [(v) ™ gllz2(m) |
where we have used the embedding H'((v)?") ¢ L*((v)?").
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Step 6. Term Bs. Using 9;m = Cv;{v)° ~?m, we have
Ba £ sy [ 07161 1A

yto

S ||f||H1((v>9') (v)" 2 gllL2(m) [|{v) 2
yto

S ||f||H1((v>9') (v} 2 gllrz(

’Y+a

hllL2(m

Step 7. Conclusion. Gathering previous estimates and using that || (v) *z* QHL2(m and ||(v)*=" gHLz
can be controlled by ||g|z2(m), we obtain, for any 6 > 2 +3/2 and 6’ > 9/4,

(Q(f,9), By r2my S I fll2wyo) N9l my IRl my + 1 F e yery 191 220my RN 2 0m) s
which concludes the proof of (4.1). O

Corollary 4.4. Consider an admissible weight function m such that m > <’U>2+3/2. With the
notation (3.9), there holds

(4.2) @(fs9): ) x 5 (IF1x lglly + 11 £l gl ) Il

and in particular

(4.3) 1R 9z < I fllx llglly + 11y llgllx-

Proof. The proof of (4.2) easily follows from (4.1) observing that H!(m) < H'((v)?") (see (3.1)).
The proof of (4.3) is then straightforward by the definition of Z = H_1(m) (see (3.2)). O

5. NONLINEAR STABILITY
This section is devoted to the proof of the spatially homogeneous version of Theorem 1.1.

Consider a solution F' to the homogeneous Landau equation (1.2) and define the variation
f = F — u, which satisfies,

(5.1) {3tf—ﬁf+Q(f,f)

flt=0 = fo=Fo —p
We observe that, Iy fo = 0 and therefore, thanks to the conservation laws,

o f(t) = TQ(f(1), f(£) =0 for any ¢ > 0.

Hereafter in this section, we fix an admissible weight function m satisfying m = (v)2+3/2 and
consider the spaces X,Y, Z and X defined in (3.9). We also recall the norm || - ||x defined in
(3.10), which is equivalent to || - || x.

We first prove a stability estimate.

Proposition 5.1. There exist some constants C, K € (0,00) such that any solution f to (5.1)
satisfies, at least formally, the following differential inequality

|||f|||x Cllfllx = E) 13-
Proof. We write

SEUSIR = 045, Fhx + QU 1) Pix+ [ (Sc(IQUE D), Serlgh, dr
0
=T+ T+ Ts.

m)
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On the one hand, thanks to (3.13) in Corollary 3.6 and to Corollary 4.4, there exist K,C’ > 0
such that

T+ Ty < =K|IfI5 + I lx 115
On the other hand, we have

/O T (S2(DQU 1) Se(m) ) x, dr
</ T USemQU Dllxo I152(r) flx, dr
0

5 </0°° 1Sc(m)Q(f, N, dr>l/2 (/OOO 1561, dT) 1/2

SIQU NIz Iy S IFllx IFI3

where we have used (3.14) and (3.15) in Corollary 3.6 as well as Corollary 4.4 again in the last
line. We conclude the proof by gathering theses two estimates. O

A consequence of the stability estimate in Proposition 5.1 we obtain the spatially homoge-
neous version of Theorem 1.1.

Proof of Theorem 1.1. The spatially homogeneous case. We split the proof into three steps.

Step 1. FExistence. At least formally, if €9 > 0 is small enough, we easily obtain (1.12) thanks
to Proposition 5.1. The rigorous proof of existence of solutions such that (1.12) holds follows a
classical argument based on an iterative scheme that approximates (5.1), see e.g. [20, Proof of
Theorem 5.3].

Step 2. Uniqueness. Consider two solutions fi and f2 to (5.1) with same initial data || fol|x < €o
and such that

| fill Lo (j0,00):x) + N9ill L2(j0,00):v) < €1
The difference f; — fo satisfies

A(f1 — fo) = L(f1 — f2) + Q(f1, fr — f2) + Q(f1 — f2, f2),

hence

d
Eﬂfl — follX = (A(fr = fa), f1 = fo)x + (B(f1 — f2), f1 — fa)x
QU fr = f2), fr = fa) x QU1 — fas f2), fr = f2) x.
Thanks to Lemmas 2.3, 2.5 and 4.3, we easily obtain
d
Zilfi= Pl +[1fv = L2035 S A= F0% + (Al + 1 £20x) 1 = foll3
+ Al + If2lly) Ly = follx Iy = fally
<C 4+ (A1 + 1 L00]11A = fI%
+ O [l Allx + I follx +n] 11 = fall3
for any 1 > 0. Choosing £; > 0 small enough and next n > 0 small enough, we deduce that
d
Pt Fllx S [T+ AT + 1)1 A = a0l

and we conclude to the uniqueness thanks to Gronwall’s lemma.

Sltep 3. Decay. Le~t m be an admissible weight function such that <’U>2+3/ 2<m < m, and denote
X = L?(m) and Y = H}(m). Thanks to Proposition 5.1 in both spaces X and X, it follows

d d
ZIF% < (Ceo = KNI <0, =Ifl% < (Ceo = KIS —IF13-



LANDAU EQUATION NEAR MAXWELLIANS 23

These two estimates together imply (see the proof of Lemma 3.1) the decay

IF@l % S Omm (O folllx-
We hence obtain

1F Ol x0 < Om (Bl follx,
where we recall that ©,, is defined in (1.9), and that completes the proof. O

We conclude the section by presenting a proof of our improvement of the speed of conver-
gence to the equilibrium for solutions to the spatially homogenous Landau equation in a non
perturbative framework.

Proof of Corollary 1.3. We claim that for some time ¢y > 0 (smaller than some explicit constant
T > 0) we have

(52) ||f(t0)HLg(m1) < €0,

where we denote m; = m!/?(v)=%/% and ¢y > 0 is given in Theorem 1.1. Indeed, thanks to [16]
there holds

t+T
Vt,T>O, / ||f( )HLS S)dT,Sl—FT,
t

and from [13, Theorem 2] we have the convergence

=57 _ L
Hf(t)HLl(m) <O(t), 0(t) ~ o= At TP (log(1+¢)) =¥ T

~

Thanks to the interpolation inequality

1/4 3/4
1722y < sy 1175y )
we obtain, for any ¢ > 0,

t+1

t+ t+1
b(t) 1/t / 1) 2y 7 < / 0 (D) 2 (o d + / £ ooy dr < 1,

which proves (5.2). Therefore we can apply Theorem 1.1 starting from ¢y > 0 and we deduce
the convergence

IF Ol Lz(m1) S Oma (B)-

The proof is then complete by remarking that ©,,,(t) ~ ©,,(t), since m is an exponential
weight. ([

6. THE SPATIALLY INHOMOGENEOUS CASE

In this section, we explain how we may adapt to the spatially inhomogeneous case the argu-
ments presented in the previous sections. The novelties come from the facts that:

(1) We establish a first weak hypocoercivity estimate in the (small) space Hj, ,(u~") (see
(6.3) below);

(2) We prove a set, of weak dissipativity estimates on an appropriate operator B and of regu-
larization results on the time functions (ASz)*™ and (Sz.A)*") in order to transfer the above
information to the space H2L2(m), which is suitable for establishing our existence, uniqueness
and stability results.
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6.1. The linearized inhomogeneous operator. We denote by £ the inhomogeneous lin-
earized Landau operator given by

(6.1) L:=L—v V,,
where we recall that £ is defined in (2.3). We have

ker(L) = span{y, vi s, vaps, vape, [0}
and the projection IIy onto ker(£) is given by

3
ﬁo(f)z (/fdfﬁ'dv)ﬂ‘f'Z(/Ujfdxdv) Vi + (/WT_gfdxdv> |’U|2T_3M'
Jj=1

Hereafter we denote II := I — Iy the projection onto the orthogonal of ker(£). Recall the
factorization for the homogeneous operator £ = A+ B in (2.8), then we write

L=A+B, B:=B-v-V,.
6.2. Functional spaces. We denote by L? , = L2 (T3 x R?) the standard Lebesgue space on

T3 x R3. For a velocity weight function m = m(v) : R2 — R+, we then define the weighted
Lebesgue spaces Liyv(m) and weighted Sobolev spaces HL2(m), n € N, associated to the norm

Al = Iz s 1z = 3 IV500f)2s
0<j<n
We similarly define the weighted Sobolev space H',(m), n € N, through the norm
(6.2) 1 a2 my = Imfllag

where H}! , = H} (T3 x R}) denotes the usual Sobolev space on T3 x R}. We also define the
space 1}, (m) associated to the norm defined by

(63) 112 oy = Imf 122 + 192z + [0)° Volmf)IEs
with
(6.4) a = a(m) := max {’y + o, % + %} < 0.

We easily observe that
(6.5) Hg ,(m) C Hy,(m) C Hy ,\((v)*m),
and also that, for any v € [-3, —2),

a=%+% if o€[0,4/3], a=7+2 if o=2.
We remark that we shall use the spaces H}, ,(m) (instead of H} ,(m)) in order to obtain weakly

dissipative estimates for 3, and the reason for that will be explained in Lemma 6.4.
Recall the space H, ,(m) defined in (3.1), then we define the space HZ(H, ,(m)) associated
to the norm

(6.6) ||f||§{g(Hg,*(m)) = |‘vif|‘%§(H%’*(m)) = / ||vif||%{3,*(m)'

0<j<2 0<j<2”/ T8
We also define the negative weighted Sobolev space HZ(H, (m)) in duality with HZ(H, .(m))
with respect to the H”L?(m) duality product, more precisely

||f||Hg(H;1(m)) = sup (f,d)mzr2(m)

”¢“H§(H,})’*(m))§1

= sup Z <V;(mf), Vi (m¢)>L§,v’

Iellm2 g, m) =T 0<j<2
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and observe that HfHHg(H;i(m)) = ||mf|\H£(H;1).

6.3. Weak coercivity estimate of L. Starting from the weak coercivity estimate (2.6) for
the homogeneous linearized operator £ in L2(u~'/?), we can exhibit an equivalent norm to the
usual norm in 7—[1 (1712 such that £ is weakly coercive related to that norm. Our method
of proof follows the method developed in [34] for proving (strong) coercivity estimate and then
spectral gap estimate in the case of the linearized Landau equation for harder potentials. We
also refer to [21, 43] where related arguments have been introduced.

Lemma 6.1. There exists a Hilbert norm || - |5, (u-1/2) (which associated scalar product is
denoted by <"'>ﬁi,v(ufl/2)) equivalent to || - |ly1  (-1/2) such that, for any f € HL(n=1?),
there holds

(6'7) <£fvf>ﬁ;,u(ufl/2 ~ ||HfH’H1 L(oy(r2)/2 =172y

Proof. We only sketch the proof presenting the main steps, and we refer to [34] for more details.
We define
Lh = Y2 L(u?h).
Observe that f = p'/?h satisties Lh = p~'/2Lf and (Lh,h)pz = (Lf, f)12(,-1/2). Following
[21, Section 2] we can decompose L = A + K such that the following properties holds:
(1) Generalized coercivity estimate (see (2.6))
(Lhyh)pz S —|h =TLhl
where Iy, is the projection onto ker(L) in L2 and we denote
”h”Hl**(w) = [l{v)*%" hHLQ(w) +[1{v)? Vohl[Z2 )
(i7) [21, Lemma 5]: For # € R and ¢ > 0, there holds
() Kh,h)2 < 5||h||§11}1**(<v>9) +C©)llgll7

and also
() Lha, ha)rz S 1hallay oy 1h2lla . (wpo)-

(447) [21, Lemma 6]: For § € R and § > 0, there holds
((0)*'Vo(AR), Voh) 2 S =Vl oy + nllbllz oy + 07 ke,
and also

()Y (KR), T iz S (nllhllmy ey + Vbl

1}** 1}**

ooy + 07 bl 22 ) 9Bl ey oy

We now consider the inhomogeneous operator L := L — v -V, we denote II; the projection

onto ker(L) in L2, and we consider a solution h to the evolution equation d;h = Lh with

initial datum h(0) = hg € ker(L)*. Thanks to (i) and the fact that V, commutes with L, we
immediately have

1d
s (103, +1Vahl3s ) S —lh=TehlZagm ) — IV = Ta(Vah) 30y .
We next look to the v-derivative. For n > 0 small enough, we may similarly obtain
1d
SO VehllTe S —IVehlTzan ey +77”h”%2,u<<v>3~/2+3>

kB, + IVahlie s,
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where we mainly use (i74) and the Cauchy-Schwarz inequality. We also compute the evolution
of the mixed term
1d

5 OV, ok ra | = — (o) Vahl3s |+ (o) VaLh, Vabirs
Thanks to (i) and V,Lh = L(Vzh — IIL(V3h)), for any n > 0, it follows that
<<U>7+2 Vi Lh, Vvh>L§,v S 77_1 ||th_HL(th)||%§(H3,**((v>(w+2>/2))+77||VvhH%g(Hi’**(@)(wz)/z))-
We finally introduce the norm
1812 = )22 +aal Vahl2e  +as|(0)*2 VohlZ: +as((v)*2 Voh, Voh)ps .
for positive constants a; with az < 2./a7 ag, so that [|h]|? is equivalent to
IBIZ |+ IVahlZs |+ [0) 2 Vohl[T, .
Gathering the previous estimates, we get
d 2 2 2
AP S =llh = Mehlza gy | — allVoh = HL(Vah) L2y )
- a2||vvh||2Lg(H1 L((yr+2y) T Qe “Min - HLhH L ((v)37/2+3)
+ 0427771||Vzh||i§w vysv/2+3y @2 ||Vy h||L2 (oY F2/2y = 3|V h||L2 L (u)y(r+2)/2)
+agn | Vah — HL(Vzh)”Lg(Hg,**((v><v+2>/2)) + a377||vvh||Lg(H3,**((v><v+2>/2))-
We choose the constants «;,n > 0 small enough, and we get
d
RIS =l1h = Tkl s ) = aallVah =T (Va2 o
- 0‘3”thnig’v((v)(w%)/a - OQ||Vvh||%§(Hg’**(<v)w+2))-
Because II;h = 0, the function Iz A has zero mean on the torus TS and Poincaré’s inequality
implies
@
1RlZs ooz S IR =TLhlTs (ormrm + 5 IVahlTs (o)
20 ((v) ) »({) )+ 2 2.0((v) )

We put together the two last estimates and we get

EIIIhIIF S _||h||%iyu(<y>(’v+2)/2) - ||th||igyu(<v><w+2)/2) - ||Vvh||%gm(<v>3<w+z)/2)
< =)0,

Coming back to the function f = p!/2h and defining [|f] 5 (u-1/2) = Il 2 f||, we have
O.f = Lf and

- d
<‘Cf7 f>7-7;,v(,rl/2) = EH]BH%; N 71/2) ||f||’H1 Lyt /2 =172y
from which (6.7) immediately follows. O

6.4. Weak dissipativity properties on B. We prove in this section weak dissipativity proper-
ties of B using the analogous results already proven in Lemmas 2.3 and 2.4 for the homogeneous
operator B.

Lemma 6.2. Let m be an admissible weight function such that m - () +3)/2 gndn € N. There
exist M, R > 0 large enough such that B is weakly dissipative in H*L2(m) in the following sense:

o If m < pu~'/2, there holds
] jaliad jalgiad yto
(68) (Bf. fluyprzomy) S —10)2 Vo fllzip2im) — 1002 Vo) re = 110) = fllFe L2 m)-
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o If p=12 <m < ', there holds

(6.9) (BF, Pz raom S —10)F Vo(mf)ll 2 — [(0)72

Proof. Since the operator B commutes with V, we only need to treat the case n = 0. The proof
follows the same argument as for the homogeneous case in Lemma 2.3 thanks to the divergence
structure of the transport operator. 0

2L (m):

We define the operator
(6.10) Bng=mB(m 'g) = Bng —v- Vg,

where we recall that B,, is defined in (2.16), as well as its formal adjoint operator B, that
verifies

(6.11) B¢ =B +v-Vio,

with B;, defined in (2.17). Observe that if f satisfies 0; f = Bf, then g = mf satisfies 9,9 = Bpng
and (Bf, f)u1  (m) = (Bmg, g)n1 . Moreover, we have by duality

Vi > 07 <Sl§m (t)g7 ¢>H§L% = <gu Slg;‘n (t)¢>H;ng

Lemma 6.3. Let m be an admissible weight function such that m - () +3/2 and n € N. We
can choose M, R large enough such that Bz, is weakly dissipative in H*L? in the sense

(B, O rp 2 S = 11(0) 2 Vol 12 — [I(0) 2

Proof. The proof follows the same arguments as in the proof of Lemma 2.4, thanks to the
divergence structure of the transport operator and since V, commutes with B,. g

+a
2 Bl

We turn now to weakly dissipative properties of B in the spaces H}, ,(m) defined in (6.3).

Lemma 6.4. Let m be an admissible weight function such that m = (v)(7+3)/2. For anyn >0,
we define the norm

112 gy = 17125, + IValmhIBs +nll0)* Tulmf)I3s

and its associated scalar product (-, ")z, ( which is equivalent to the standard ’Hi_rv(m)-norm

m)’
defined in (6.3). There exist M, R,n > 0 such that B is weakly dissipative in H. ,(m) in the
sense

<va f>ﬁ;y ”f”;l.[l L(m(v)(rFer/2) T ||<U>%%v(mf)”%§v
YT (Ve lm)IRs . — (@) e Fo(Tulm )2

Proof. We remark that we have introduced the spaces (6.3), in which the term V,(mf) has a
weight (v)® with a < 0, in order to treat the terms coming from the derivative in the v-variable
of the transport operator.

For the sake of simplicity, we shall equivalently prove that
d
= (95,132, + V295,122 +nll©)*Vugs, |13 )
yto yto
—(||<> P32, + 105 Vags, s +all0) 5+ Vugs, 132 )

— 10} Vogs, 172, = 1(0) 2 Vo(Vags, Ize | =1l 0) 2 Vo(Vogs, )iz s

for any solution gz = to the equation d;g5 = E’mggm, so that, with g5 = mfg, fz is a solution
to 0y fg = Bf. We now use the shorthand g = gz and split the proof into three steps.

'v+c'
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Step 1. We first obtain from Lemma 6.2 (for M, R > 0 large enough)

d Y= ~y+o
(6.12) Slals, < N0 FTuglls 105 gl
and
d L~ .
(6.13) allvxgl\%gw S )2 Vo (Vag)llzz , = (0) = Vagliz -

Step 2. We write
1d
2dt

where the equation satisfied by V,g is

0:Vog = Bin(Vaug) + (Voaij)0ijg + (Vo f)059 + (Vb — MV yxR)g — Vag.
We first compute

[0 Vaglts, = [ VulBug)-Tog 0 = [ VagVag o)

k) I)U

/ Vo(Bmg) - Vog (0)** = Ty + To + T + Ty,

where

T = /(Bvag) : vvg <U>2a7 Ty = /(vvdij) 6ijg vvg <U>2au

TS = /(VUB]) ajg vvg <U>2au T4 = /(VU(S - MVUXR)Q vvg <U>2a'
From Lemma 6.2, we have

Ty < —K|[|(v)2 Y, (Vog) |7 + /{C:m(v) — Mxr(v)} [Vogl (v)*.
Terms T3 and Ty are easy to estimate. As in the proof of Lemma 2.2, we can compute explicitly
Bj(v) and d(v), thus we easily deduce

VB ()| + Vs ()] S (0)7F7 71
Therefore
T T < y+o—1 %1 v 2 2c y+o—1 %1 2 2a
s+ Ty < [{(v) + g 1r<pli<er} [Vogl™ (07 + [ {(v) + g 1r<pl<ert g~ ()™

Thanks to Lemma 2.2, for M, R > 0 large enough, we have

yto

v ~ +o—1
Tt T+ T S =03 VolVag)l | = I0) 54 Vogliy, +160) 5 gl -

Thanks to an integration by parts, we first obtain

T =— /(Vvl_)j> 09 Vug (v)** — /(vam) ;9 0iV g (0)** — /(Vv&ij)ajg Vg 95 (v)*
=U+V+W
Thanks to Lemma 2.1, we easily have
U+W S Il0)3+° VagllZs .
We make another integration by parts for V' (now with respect to V), we get
V= /(Av&ij) g 059 (v)** + /(vv&ij) 819 9;V g (v)** + /(vv&ij) 919939 V. (v)*,

and we recognize that the middle term is equal to —V/, so that

1 B o 1 - . e
V= 5/(Avaij)5z‘93jg<v>2 + 5/(Vvaij)aigajgvv<v>2 Sy F+e Vagl2, .
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We finally obtain (for M, R > 0 large enough)

feY Ita o 19 1o
/ Vo(Bimg) - Vg (0)** S _||<v>;+ Vu(va)llig . ||<U>w2 * va”%g .
(6.14) z,v ’ ’
yto—1 a o Ip e
) g2+ ) gl

By Cauchy-Schwarz inequality, we also get

yto

Vmg|\ig,v+n”2|\<v>2a* 7 Vuglizz,

o _ 2t
(6.15) Veg- Vg (0)°* S 2 (0) 72

x,v

Remark that the first term in the right-hand side of (6.15) can be controlled by the second term
in the right-hand side of (6.13), as well as

yto _ 7

e 7,0
20 — =1 g 142>
T Ty M atiETe
yto _v+to 3 B
200 — = - g2
a 5 5 T 2(74—0) i 2+4<”y+0

As a consequence, the last term in (6.15) can be controlled by the first term in the right-hand
side of (6.12) or by the second term in the right-hand-side of (6.14).

Step 3. Putting together previous estimates, it follows, for any n > 0,

d
ol S S —lw)™

yto—1
“glZs ol ) F g2,

¥ =
2

—l(v)® Voglizz  +nll(0)2+* Vogll7s |
— 1) Vgl +0"1(0) " Vaglia
— [{0)% Vugll3e | = nll(w) 2 Vaglle 4+ 02 (0)22 775 Vol
— )2 Vo(Veg)llzz | —nll ()3T Vu(Vog)l72 .
and we conclude the proof by taking n > 0 small enough. ]

Corollary 6.5. Let mqg, m1 be admissible weight functions such that my = mg > <U>(7+3)/2.
There hold

(6.16) ”Sg(t)HHng(ml)—»HgL%(mo) S eml,mo(t)a Vi >0,

(6.17) 1S5 13 mo) 21 (o) S Omrama)s ¥ > 0.

Moreover, the following regularity estimate holds

(6.18) /0 HSB(t)”i]g(H;i(mo))—»HﬁL%(mo) dt < oo.

Proof. The proof follows the same arguments of Lemma 3.1, using the weakly dissipative esti-
mates of Lemmas 6.2, 6.3 and 6.4. g

6.5. Regularisation properties of Sz and (ASB)(*”). We start proving regularisation prop-
erties of the semigroup Sz in some large weighted Lebesgue and Sobolev spaces in the spirit
of Hérau’s quantitative version [22] of the Hormander hypoellipticity property of the kinetic
Fokker-Planck equation.

Lemma 6.6. Let m,mq be admissible polynomial weight functions such that (v)3/2 <mp<m
with my < p~'/2. For any n € N*, there holds

Om,m, (1)
(6.19) vt >0, 1S 22, omy—Hp  (ma (w)r/2) S m
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Proof. We prove (6.19) in the case n = 1. Let us denote mg := my(v)?/? and f; = Sz(t)f.
Define g9 = mof; and gi = my f;, which verify ¢¥ = SB,, (t)g" and g = S, (t)g'. We define
the functional
F(t) = i+t 9,603 +azt? (Vagl, Vug)rz, +aat® [Vagll2s
and choose «;, i = 1,2,3 such that 0 < ag < as < a1 <1 and oz% < 2ajasz. Then, there holds
Vte 0.1, F(t) 2 ast [Vanddl2s -

‘We have moreover

d

d d
S F(W) = a3, +on Vg3, +ont I Vugfls

d
+ 29t <vmg?u vvg?>L§,v + a t? i <vmg?u vvg?>L§,u

d
+ 303 8% | Vagill7z | +ast® —IIVag?lTz -

Recall that B,, is defined in (6.10), so that we compute

d _
at <VCE907 vv90>L§,u = /aijaij (VCEQO) vvgo + ﬁj 6j(vw90) vvgo + (5 - MXR)VIQO vvgo

+ /aijaij(vvgo) Vag? + B 0;(Vug?) Vag® + (6 — MxR)Vog® Vaig®

+ /(Vvaij)aijgo Vzgo + (Vvﬂj) 8jgo Vzgo + VU((S — MXR)QO Vzgo.

Integrating by parts in last expression, we obtain (with the same type of arguments as in
Lemma 6.4)

d _ ~
7 (Vad’, Vog®)pz = =2 / @50i(V2g") 0;(Vugy) + / {058 + ¢ +26 — 2Mxg} Vag” Vog”

_ 1 B
+ / Vo(Bj = b)) 959" Vaug® + 5 /(Av@ij) 9ig° 059° = IV2g" 122 .
From that equation, we deduce
d 1 1S
Eng?vva?hg,u S W) 2 Vo (Vag)llizz , 1(0)2 Vo (Vog)llzz ,
y+o y+o
(6.20) + 1) T Vagflzz, 140} 7 Vagllzz,,

x
+ ()2 Vgl Lz, — Vet llZs -

x,v

Recall that from Lemma 6.2, we already have

d faled ol i ol
621  Zladls, S 10Vt~ 10 Emufils — 1) el
Moreover, thanks to the proof of Lemma 6.4, we get
d 5~ v+oq
CNVuflz, S N FTu(TugdlEs , — 1) 5 Voglllss,
Y+opg—1 1=
(6.22) +10)F T G2+ 1) FVagl3s

+IVagillzz , IVog? Iz, -

Using Lemma 6.2 and the fact that V, commutes with B, we also have

y+oo

d s
(6.23) SIVagfl2, S I Tu(Vagdlz = 1) F Vagll3s
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Let us denote by D; the absolute value of the dissipative terms in (6.21), by D2 the absolute
value of the dissipative terms in (6.22), by D3 the absolute value of the dissipative terms in
(6.20), and finally by D4 the absolute value of the dissipative terms in (6.23). Observe that

IVog?lzz , + 1) 2 Vgt lzz , S Di
Gathering estimates (6.20), (6.21), (6.22) and (6.23), we obtain, for any ¢ € (0, 1],
%f(t) S (=14 a1 + art + agt®) Dy + (ant + ast + ast?) Dy/? D3/
— a1tDsy — aot® D3 + ant? Dy* DY? + ast? Dy — ast® Dy
S(=1+a1+a2)Dy + (a1 + a2)t Di/Q D;’/2
— a1tDs — aot® Dy + ant® DY? DY/? + ast? Dy — ast® Dy.
Using Cauchy-Schwarz inequality it follows, for ¢ € (0, 1],

d 2 ol o2

dtf( ) S (— 1+a1+a2+—+ - 2YDy 4 t(—a + 5/4)D2+t2( a2+a3)D3+t3(_a3+a§/4)D4,
3

and choosing a1 = €, ag = €7/4, and a3 = €*/3, we easily conclude to, for € > 0 small enough,

d
Vte (0,1 —F(t) <0.
€01, FF)<
This implies, coming back to the function f; = Sz(¢)f,
Ve (0,1, £[Vau(mofols < F ) < F(0)=lfollz m)-
From that inequality together with (6.16) from Corollary 6.5, we deduce

Vi€ (0,1], ISa0) s, omiwrry S22 1 ez m)s
which already gives (6.19) for small times ¢ € (0,1]. For ¢ > 1 and m > my (recall that
my ()% = (v)7F3)/2) we write, using again (6.16),
IS5 fllmr , (my w2y = 1S5 SE = D)2 (mawyrr2)
SIS =1 flzz, (m)
S Omm, (t )||f||Lg,U(m),

which completes the proof of (6.19) when n = 1. The proof of the general case (6.19) follows by
differentiating the equation and applying the same arguments as above. O

As a consequence of Lemma 2.5, we also obtain an analogous result for high-order Sobolev
spaces.

Corollary 6.7. For any 6 € (0,1) and n € N, there hold A € B(H'L?, H*L2(1~?)) and
A€ B, H (1)),

z,v?

We finally obtain the following regularity properties, as a consequence of Corollary 6.5,
Lemma 6.6 and Corollary 6.7.

Corollary 6.8. Let m,w be admissible weight functions such that <’U>3/2 172 <

w = p~t. There hold
(6.24) 1(ASgz)2) Lz @) -2, (w) € L;(Ry).

and

(6.25) 1S54 Oz, (my— b2, (m) € Lt (Ry).

<m<w and p~
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Proof. Observe that with the choice of the weight w we have Oy, (t) ~ e ¢ Li(Ry).
Step 1. Thanks to Corollary 6.5 and Corollary 6.7, we already have,

[ASz( 22, ) -1z @) S N ALz )12 @) 198O |2 ()12, (m) S Owm(t)

and

1S8AB 22, (my~12 ,(m) S 1582 (@) —12 , (m) IAllL2  (m)> 12, (0) S Owm(t)

so that, for any j € N*,
||(ASB)(*j)(t)HLiyu(w)%L%m(wﬁ H(SB'A)(*J) (t)HLiyu(m)%Liyu(m) S Gw,m(t)a

and similarly
I(ASE) D W)l )z, s 158D Dl m)21, (m) S Ouw,(t).
Step 2. We prove (6.24). We first write
”(ASB)(*Q)(t)HLﬁ’v(w)—ﬂ{;,v(w)

/2
S [ 1At = 9 ASsO12 e o
0
t
b [ 1ASs(t = ) ASu(5)l 2 rooms o ds = T+
t/2 ' '
Using Corollary 6.5, (6.19) of Lemma 6.6, Corollary 6.7 and Step 1, we have

t)2
L < /O [All s | (miwyr/2ysmz @) 1S5(E = 9Lz @)y mL , (mwyrrz) IASES) L2 @) -2, ) ds

Y2 0y m(t — s) Y2 Qm(s) Ou.m(t)
< [ 2eml =) g (5)ds < Opm(t)2 wmd) s < Demll) ¢ pLR,),
N/O (t 8)3/2/\1 , (S) S ) (/ )/0 (t 8)3/2/\1 S t1/2/\1 S t( +)

where in the last line the decay function O, m,,(t) is defined with another positive constant

N <A Le. Oy, (t) ~ e~ For the other term I, we use again Corollary 6.5, (6.19) of
Lemma 6.6, Corollary 6.7 and Step 1, but in a different order, to obtain

t
IEBS / , [ASE(E = s)lln , @)=z, IAllEL  (myr72)sme @) 198() L2 | @)= a1, (mewyrr2) ds
t

t/
Ou.m(s) b Oum(t —s) Ou.m(t)
< Oum(t —8) —=r—>ds < O, (t/2 : ds < ==
i T (t=3) $3/2 A1 $ > B, (/)/t/g s3/2 A1 SNt1/2A1

€ L%(R‘i‘)u

where again ©, ,,,(t) in the last line is defined with a different choice of constants, and the proof
of (6.24) is complete.

Step 3. We now turn to the proof of (6.25). We claim that, for any j € N, there holds
< Ou.m(t)
* 1 w,m
(6.26) 1(SgA T D)2y mz (m) S Fnfe— \ 1

so that we can conclude to (6.25) by choosing j = 3 when n = 2.
The case j = 0 follows directly from Lemma 6.6 and Corollary 6.7, and we prove the claim by
induction. Suppose that (6.26) holds for some j then we compute, splitting again the integral
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into two parts,

_ t)2
(S5 A) T2 (1)]| 2 | m)—»HnL2(m)§/O (S AT (= $)SA(s)l| L2 (m)—s 7 L2,(m) d

t
+ / [S5A(t — 5)(SgA) T (s MLz, (my—s 7 L2 (m) ds
t
= Tl + TQ.

In a similar way as in Step 2, using Corollary 6.5, (6.19) of Lemma 6.6, Corollary 6.7 and Step 1,
we obtain

/2
1S [ USSA O = 5z om0 [S5AG 2z 12,

29, m(t— Ow.mlt
5/ M%m@)dss%.
0 (t _ S)Bn/ij Al ’ t3n/27(J+1) Al

Moreover,
t
T < //2 1S5AGE — )z o2, 1(SEA T ($)l1 12y (g s
t
t
Oy m(S) O m(t)
< —g) —=m < ZwmA
- /t/2 Oum(t =) s3n/2=3 A 1 ds S 13n/2=(G+) A 17
which completes the proof. 0

6.6. Decay of the semigroup Sz. With the results above we obtain the decay of the semigroup
S7IIin large spaces as considered in the statement of Theorem 1.1.

~ We first write a semigroup factorization. Recall that L = A+ B and that II commutes with
L. For any ¢,n € N*, we can write the iterated Duhamel formulas

= ) IISp* (AS) ") + 108 * (ASy) ™Y

0<j<l—1
SAll= Y (SgA)*) x SpIl + (SA) ™ x ST
0<i<n—1
and then deduce
Sell= Y TSz (ASg)™) + Z (SgA) D % SEIT % (ASz) 0
(6.27) 0<j<e-1 0<i<n—1
+ (SpA) ™ % SATT % (ASz) ™

Theorem 6.9. Let mg, m; be two admissible weight functions such that (v)3/? < mg < my and

mo =< p~ 2. Then we have the uniform in time bound

(6.28) 1Sz (O 212 (ma)— B2 L2 (ma) € LE° (R4,

as well as the decay estimate

(6.29) SO b2 2 oy 222 m) S Oy () VL= 0.

Moreover, for any admissible weight function mq > <’U>3/2, there holds

(6.30) /0 12T 1 oy 3y 9 <
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Proof. We split the proof into five steps.

Step 1. Decay in the small functions space. Let us denote Ey = Hglcyv(/fl/z) and By = H, ,(w),

for some admissible weight p= /2 < w < p~ L

Lemma 6.1 and Lemma 6.4 we obtain

Arguing exactly as in Proposition 3.2, using

2

Vt20, [S:0Ols-m Se ™ € LRy).

Step 2. Factorization and bounds. Let us denote Xo = HZ2L2(mg), X1 = H2L?(my), X2 =
H2L3(w) and Z; = HZ(H,, }(my)). We first write the factorization identity, thanks to (6.27),
Sell= )" TSz x (ASg)") + >~ (SgA)) x Sl « (ASz) ")
0<j<2 0<i<3
(6.31) + (S A) Y # SZIT+ (ASg) Y
= Y S+ > Si+Ss
0<j<2 0<i<3

Let us now gather several bounds that are immediate consequences of previous results for A
and Sz. Thanks to Corollary 6.8, we already have

(6.32) 1(ASE) " ()| xom, € Li(Ry) and | (Sg A (6)]lmo-x, € Ly (R).
From Corollary 6.5 and Corollary 6.7, it also holds, for any 4,7 > 1,

(6.33) 1S5 x2-x15 1(ASE) ) ()] xa-x2, [(S5A) ™ (@)l x1-5x, € Li (Ry),
moreover

(6.34) 1950l x, %15 IASElx,-x, € L7 (Ry),

and also

(635) |‘Sg(t)”X1—>X0 S Gml,mo(t)v ”ASB”Xl—)Xz S Gml,mo(t)v

Finally, thanks to (6.18) in Corollary 6.5 and Corollary 6.7, it follows

(6.36) 18501 zi—x1+ [ASB(H)]| 21— x. € LF(R4).

Step 3. Proof of (6.28). Using the factorization (6.31) together with the bounds (6.32), (6.33)
and (6.34), we first get

1Y (®)llx, —x, € L (Ry),
Moreover, for 1 < j <2 and 0 <7 < 3, we also have
157 ()1, xS 155010 % [1(ASE) "I (0[], x * [ASE (1) [|x, -5 x
€ LAR:)  LL(Ry) * LE(Ry) C LE(Ry),

and
15511 x: S (S5 A) ) (@)l 5x, # S50 xa-x: * [[(AS5) 2 ()| xa- 5, * [AS5(E)]| x5

€ Ly(Ry) * Ly(Ry) * Ly(Ry) % L°(Ry) C L®(R+).
Finally, using Step 1, it follows
1S3l x1-x1 S NS5(EA) " g x, * 1S (O 2,550 * [[(ASE) "D ()]s 0 * AT ()] x1-x:

€ LIRy) + LE(Ry) * L (Ry) « LP(Ry) € LE(Ry),
which completes the proof of (6.28).

Step 4. Proof of (6.29). The proof of (6.29) can be obtained using the factorization (6.31), the
bounds (6.32), (6.33) and (6.35), and arguing as in Step 3.
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Step 5. Proof of (6.30). The proof of (6.30) follows using the factorization (6.31), the bounds
(6.32), (6.33) and (6.36), and arguing as in Step 3. O

6.7. Summary of the decay and dissipativity results for £. We introduce the appropriate
functional spaces and we summarize the decay and dissipativity properties of the semigroup Sz
which will be useful in the next section.

From now on, for a given admissible weight function m such that m = (v)2¥3/2 we define

(6.37) X:=HZL)m), Y:=HH) . m), Z:=H.H,(m), Xo:=HIL..
We also define the norm || - ||+ on X, and its associated scalar product ((-,-)) x, given by
(6.38) llgll% = nllgll% + /0 1S2(1)gl%, dr,

for n > 0 small enough.

Theorem 6.10. Consider an admissible weight function m such that m = (v)>*3/2. With the

above assumptions and notations, the norm || - || x is equivalent to the initial norm || -||x on X,
and moreover, there exists n > 0 small enough such that

(6.39) (CILfOfha S —ITFIS, Y f e xf,

(6.40) ISz lly—x, € LE(Ry),

(6.41) ISz(OT z—x, € L (R4).

Proof. The proof follows exactly the same arguments as in Proposition 3.5 and Corollary 3.6.
First of all, the equivalence of the norms follows as in Proposition 3.5 since m = (v)3/2. Moreover,
for any admissible weight m; > (v)3/2, inequality (6.39) can be proven as in the proof of estimate
(3.11) in Proposition 3.5, by using Lemma 6.2, Corollary 6.7 and Theorem 6.9. As a consequence,
arguing as in the proof of (3.12) in Proposition 3.5, we obtain the regularity estimate

(6.42) ISz 12 (o) bz (213 (mo)) € L7 (R+).

Then, fixing a polynomial weight function m; so that (v)3/2 < m; < (v)?/?m, estimate (6.40)
follows from (6.42) and the embeddings HJ'(H, ,(m1)) C Xy and Y C HPLZ(my). Finally,
estimate (6.41) is an easy consequence of (6.30) in Theorem 6.9 together with X C Xj. O

6.8. Nonlinear estimate. From the nonlinear estimate for the homogeneous case established
in Lemma 4.3 and Corollary 4.4, we deduce the following estimate.

Lemma 6.11. Let m be an admissible weight function such that m = (v)>¥3/2. Then

(6.43) (Q(f:9). 1 5 (I llglly + 1711y gl ) 121l
AS a consequence
(6.44) 1. 9)llz S 1£ 12 lglly + £y gl

Proof. We proceed similarly as in [14, Lemma 3.5] and thus only sketch the proof. For the most
difficult term, we have thanks to Lemma 4.3,

(V2Q(f,9), Vih) 12 (m) = (Q(V3S,9) +2Q(Vaf,Vag) + Q(f, V2g), Vah) L2 (m)

S [ (I3 2o I
T3

HIVafllzon) 1Veglla i) + 11 Vaf]

12y 929 13y + 151 2 12 220 ) (721130

Him) + IV 2 (m) 1191 £2(m)

a1 (m) [VagllL2m)
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Using first the Cauchy-Schwarz inequality in the z variable and next the two Sobolev embeddings
L C H? and L? C H}, we straightforwardly obtain that the above RHS term is bounded by

x

the RHS term in (6.43). The proof of (6.44) is then straightforward. O

6.9. Proof of the main result. For a solution F to the inhomogeneous Landau equation (1.1),
we consider the perturbation f = F' — p that verifies

Of = Lf+Q(f. f)

Jo=Fo—p

Observe that, thanks to the conservation laws, there holds o f(t) = My fo = 0 and also that
MoQ(f(t), f(t)) =0 for any ¢ > 0.

Proof of Theorem 1.1. Consider the spaces and norms defined in (6.37) and (6.38). The proof
then follows the same arguments as in the proof of the spatially homogeneous version of The-
orem 1.1 presented in Section 5, by using the dissipative, decay and regularity estimates of
Theorem 6.10 and the nonlinear estimates in Lemma 6.11. g

(6.45)

We conclude the section by presenting a proof of our improvement of the speed of conver-
gence to the equilibrium for solutions to the spatially inhomogeneous Landau equation in a non
perturbative framework.

Proof of Corollary 1.4. Under the assumptions (1.15) and (1.16), [17, Theorem 2 & Section 1.5]
implies that

LFOllzy, S @677
for some explicit constant 8 > 0. We then write the interpolation inequality
1— —
1z, ey S NIV ||f||§ R e
where «, 81, B2 € (0,1) are explicit constants. We conclude taking to > 0 large enough so that
£ (to)ll 2122 (me) < €0, applying Theorem 1.1 and observing that ©,,a (t) =~ O, (t). O
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