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Abstract The paper is devoted to mathematical modelling of clot growth in
blood flow. We investigate the interaction of platelet aggregation with chemical
reactions of blood coagulation in plasma. We develop a hybrid DPD-PDE
model where Dissipative Particle Dynamics (DPD) is used to model plasma
flow and platelets, while the protein regulatory network is described by a
system of partial differential equations. We propose a mechanism of clot growth
where at the first stage of clot formation platelets form an aggregate due to
weak inter-platelet connections and then due to their activation. This enables
the formation of the fibrin net in the centre of the platelet aggregate where
the flow velocity is significantly reduced. The fibrin net reinforces the clot and
allows its further growth. When the clot becomes sufficiently large, it stops
growing due to the narrowed vessel and the increase of flow shear rate at the
surface of the clot. Its outer part is detached by the flow revealing the inner
part covered by fibrin. It does not allow new platelets to attach, and the clot
stops growing. Dependence of the final clot size on wall shear rate and on other
parameters is studied.
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1 Introduction

1.1 Biological background

Haemostasis is a physiological process in higher animals by which blood loss is
minimized in a case of a vessel injury. As such it is one of the most important
survival mechanisms in an individual. The process of haemostasis is based on a
complex interaction between four different systems: the vascular system, blood
cells, coagulation pathways, and fibrinolysis. In a case of an injury platelets
adhere to the injury site and form a primary plug which reduces the blood
loss. The plug is reinforced in the process of blood coagulation, in which a
network of complex reactions is initiated between proteins in blood. Blood
coagulation results in a transformation of plasma into a solid fibrin polymer
network which strengthens the platelet plug and completely stops the bleeding.
Once the wound is healed, the clot is unnecessary and can obstruct the flow
in the vessel. Thus the process of blood coagulation is followed by the process
called fibrinolysis during which the clot is decomposed. Haemostasis rests on
a sensitive balance between the involved systems and is driven by both pro-
thrombotic and anti-thrombotic factors. A malfunction of any of the systems
can cause an imbalance in the haemostatic process. The imbalance can result
in a severe blood loss, or it can also lead to the initiation of blood coagulation
inside of an uninjured vessel and consequently to the formation of blood clots
and the obstruction of the flow. Both cases can have lethal consequences, while
the latter case, thrombosis, is the leading immediate cause of mortality and
morbidity in the modern society and a major cause of complications in people
admitted to hospitals [1].

Due to its importance, haemostasis has been in a focus of research interest
since the early beginnings of the medicine. The extensive research in the last
century led to precise descriptions of the blood coagulation process in vitro.
Two models of the coagulation pathways have emerged - the intrinsic and the
extrinsic pathway. Both pathways converge to the so called common pathway,
which describes prothrombin to thrombin activation and the process of for-
mation of fibrin polymers. Although the intrinsic and extrinsic pathways are
crucial in explaining the observations made using the standard in vitro screen-
ing tests, the two pathways do not exist separately in vivo. This has led a to
description of the coagulation process in vivo consisting of two phases: the initi-
ation phase, in which a small amount of thrombin is produced due to a presence
of tissue factor, and the amplification phase, in which thrombin is produced
in a self-accelerated reaction, enabling the formation of fibrin polymers. Al-
though, the key factors in blood coagulation are well investigated and known,
due to the immense complexity of the whole haemostatic process, the involved
systems and their interactions, the regulation of haemostatic mechanism in
vivo still remains poorly understood. One of the most important questions is
which mechanisms differentiate haemostasis from thrombosis. The existing an-
ticoagulants cannot tell them apart and target indiscriminately (that is why it
is impossible to prevent coronary artery thrombosis simply by putting all high
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risk patients on an anticoagulation therapy: the possibility of death caused by
external bleeding or cerebral haemorrhaging would become too high). Answer-
ing this question would enable a development of drugs which could prevent
development of thrombi and, at the same time, would not influence so much
the normal process of haemostasis. The answer lies in a better understand-
ing of underlying mechanisms of haemostasis. One of these mechanisms is the
process by which the platelet clot and the blood clot stop growing before they
obstruct the blood flow through the vessel. While mechanisms of clot growth
became well understood during the last decade [2], the process of regulation
of clot size remains unclear. Numerous hypotheses have been proposed in the
attempt to explain how clot stops growing (e.g. the role of thrombomodulin
[3]). One of them is based on the interaction between the platelet and the
fibrin clot. The hypothesis states that the formation of a fibrin cap on the
surface of the clot is responsible for preventing a further platelet accumulation
[4]. However, the formation of fibrin on the surface of a clot is unlikely because
of high shear rates that remove active coagulation factors [5]. So far none of
these hypothesis has given a satisfactory answer, nor any of them has been
experimentally confirmed. Hence, in the focus of this work is to give a possible
explanation of the mechanisms of the clot growth arrest by development of a
hybrid mathematical model describing the problem on multiple scales.

1.2 Methods of modelling

The previous works on modelling of blood coagulation in flow used different
approaches. The models can be divided in three main subgroups: continuous,
discrete and hybrid models. The first group, continuous models, is based on
the mathematical knowledge of partial differential equations and numerical
schemes to solve them [6,7,8,9,10,11]. In such models PDEs are used either
to describe the blood as a homogeneous fluid with non-Newtonian properties,
or to describe blood plasma as a Newtonian fluid (Navier-Stokes equations)
with blood cells described in terms of concentrations. Although such models
can accurately describe the flow properties together with the diffusion and
reactions of protein concentrations in blood flow, they fail to account for indi-
vidual cell behaviour and cell interactions. Discrete models, on the other hand,
make modelling of individual cells feasible, and by use of simulation methods
like Smoothed-Particle Hydrodynamics (SPH), Lattice Gas Automata (LGA),
Lattice Boltzmann (LB) and Dissipative Particle Dynamics (DPD) the hy-
drodynamic behaviour can be correctly reproduced. Where discrete methods
come short is in the description of protein concentrations, and their diffusion
and reactions in flow. The third group, hybrid models, tries to avoid pit-
falls of both continuous and discrete approaches by combining them together.
Such methods are suitable for modelling of blood flow, individual blood cells,
protein concentrations and reactions. Therefore, in the last decade several dif-
ferent hybrid approaches have been developed to study blood coagulation in
flow. A number of them uses the continuous concept to model blood flow and
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propagation of blood factors in it, while the discrete concept is used to model
blood cells and their interactions. In [12,14,15,16,17,18,19] blood flow is de-
scribed by Navier-Stokes equations. The motion of blood cells in blood flow
then follows from the calculated velocity field. As the flow simulation domain
changes because of clot growth, the Immersed Boundary (IB) method is often
used. The protein cascade is described with a system of differential equations,
each describing a concentration of a single blood factor. Blood cells and their
interactions are modelled with a discrete method like Cellular Potts Method
(CPM) or Subcellular Element Method (SCE).

A DPD-PDE hybrid method was considered in [22]. The DPD method
was used to model blood plasma flow and platelets, while concentrations of
proteins were described by convection-diffusion equations in order to model
agonists which induce platelet activation. It is supposed that these agonists
are produced by platelets in flow or in the platelet aggregate at the injury site.
The agonists then diffuse in flow and activate platelets if their concentration
around those platelets reaches a certain threshold. Once activated, the platelets
can aggregate to each other or adhere to the vessel wall at the injury site. The
main goal in [22] was to develop a model of platelet aggregation based on the
assumption that platelet activation precedes platelet aggregation. However,
this model was not used to study the mechanisms of clot growth and growth
arrest.

In our work we develop a new DPD-PDE hybrid model of clot growth
in blood flow. DPD is a well-established simulation method for modelling of
hydrodynamics. Whereas there are more computationally efficient methods
than DPD for simulating simple fluids, the advantage of DPD is that it is
also suitable for modelling of complex fluids, such as blood [23,37,44,45]. In
our model we use DPD to simulate blood plasma flow and platelets. The DPD
method is coupled with a system of partial differential equations which describe
concentrations of blood factors (thrombin, fibrinogen, and fibrin polymer),
their diffusion and reactions in flow. Blood factors are assumed either to be
constantly present in the flow (fibrinogen produced in liver circulates in blood)
or to be produced or activated at the injury site (thrombin activation at the
injury site initiated by tissue factor).

The model developed in this paper is based on the approach described in
the previous works of the authors: purely discrete models of platelet aggrega-
tion in a blood plasma flow [20] and a simplified hybrid model of clot formation
in flow where fibrin concentration is modelled with a single advection-reaction-
diffusion equation [21]. In [21] we have introduced a DPD-PDE method on
model examples and showed that it can be used in modelling of blood coagu-
lation and clot growth. Here we suggest a more complete and biologically more
realistic model of blood coagulation then it was done in [21] and we use it to
study the mechanism of clot growth in flow. The main difference with [22] is
that we consider different blood factors in order to study blood coagulation
and we do not assume that platelet activation precedes their aggregation. This
is an important assumption which will be discussed below.
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1.3 Main assumptions and results of this work

Biological assumptions. An important aspect of the blood coagulation mod-
elling concerns the biological assumptions of the model. In most of previ-
ous works it was assumed that platelet activation precedes platelet aggrega-
tion [2,23,12,14,15,16,17,22,24,25]. Platelet activation can occur because of
platelet’s interaction with other activated platelets [23,12] or with biochem-
ical substances in blood plasma [14,15,16,17,22,25]. However, recent results
show that activation may not precede aggregation [24,26,27,28,29,30,31]. This
new understanding of platelet aggregation is based on several observations.
Firstly, platelet activation is not instantaneous (by some estimates it can take
from several seconds up to one minute [32]), while platelet aggregation begins
right after the injury. Secondly, if activation would precede aggregation, then
platelets would need to be activated at a certain distance before arriving to
the injury site. As platelets are activated by blood factors, the previous as-
sumption would imply that concentrations of blood proteins diffuse from the
injury site in the direction against the flow. If the flow speed is sufficiently
high, this assumption becomes unrealistic. Thus we come to the conclusion
that platelets can aggregate in the clot without activation. This is confirmed
by biological observations [24,26,27,28,29,30,31]. Therefore, in the model de-
scribed in this paper it is assumed that platelet aggregation precedes platelet
activation. Another biological assumption on which the model is based on is
that the fibrin polymer net reinforces the structure of the platelet clot, but
at the same time makes platelets which are covered by it resistant to further
platelet adhesion. Although platelets from the flow can bind directly to fibrin
[27,28,30], instead to platelets covered by it, such bonding is rather weak and
does not leat to platellet activation, thus it cannot sustain high shear rates.
The non-adhesive effect of fibrin polymers has been observed experimentally
[4].

Main results. The main goal of this work is to suggest a possible explanation
of the mechanisms of clot growth and growth arrest. Our results allow us to
propose the following mechanisms. At first, a weak platelet aggregate forms at
the injury site. Platelets are not yet activated but they can still aggregate due
to GPIb receptors. After a short time delay, their activation begins and rein-
forces their connections. Flow velocity decreases inside the platelet aggregate.
Because of this, thrombin produced at the injury site accumulates inside the
platelet aggregate and initiates the formation of a fibrin net. The fibrin net
reinforces the platelet aggregate even more, making the clot more stable and
allowing its further growth. The clot growth leads to a narrowing of the vessel
and the increase of the flow shear rate at the surface of the clot. It results in
eliminating of the outer parts of the platelet aggregate which are not covered
by fibrin polymer. The remaining clot is covered by fibrin and it cannot grow
further. There are two possible situations. In the first case the remaining clot
is completely covered by the fibrin net, which makes the platelets that are cap-
tured within, non-adhesive. Thus they cannot aggregate with platelets from
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the flow. In the second case the remaining clot is almost completely covered
by the fibrin net. Due to high shear rate at the clot surface, and the fact that
newly aggregated platelets need some time to activate or become covered by
the fibrin net, the newly aggregated platelets are not able to establish stronger
bonds and are thus taken by the flow.

It is important to emphasize that there exist biochemical mechanisms
which stop coagulation cascade in a quiescent plasma without platelets. How-
ever, there are additional mechanisms which stop clot growth in flow. Indeed
the clot size depends on the acute rate of clot growth and on the duration
of the acute phase [59], thus it implicitly depends on the vessel diameter, the
flow velocity and other parameters. This cannot be explained only by the bio-
chemical reactions in plasma, such as protein C pathway [57,58]. We discuss
the mechanisms specific for clot growth and arrest in flow. They are based
on the interaction between the platelet aggregation and the formation of the
fibrin net. We will study how the final clot size depends on various parameters.
We will see in particular how wall shear rate and vessel diameter can play an
important role in the clot formation.

2 DPD-PDE hybrid model

In this work we use the DPD-PDE approach to describe clot growth in blood
flow. Dissipative particle dynamics (DPD) is used to model blood plasma and
platelets. Platelets are considered as small soft spheres which can interact with
fluid particles and with each other. They can aggregate in the flow or in the
clot and can also detach if the force pulling them away is greater than a certain
limit. Partial differential equations are used in order to describe concentrations
of biochemical substances in plasma, such as fibrin. Interaction of fibrin with
platelets plays an important role in biology of clot growth and in the model
studied below.

2.1 Flow model

We use the Dissipative Particle Dynamics (DPD) method in the form described
in literature [33,34,35]. It is a mesoscale method, meaning that each DPD
particle describes some small volume of a simulated medium rather than an
individual molecule. The method is governed by three equations describing the
conservative, dissipative and random force acting between each two particles:

FCij = FCij (rij)r̂ij , (1)

FDij = −γωD(rij)(vij · r̂ij)r̂ij , (2)

FRij = σωR(rij)
ξij√
dt

r̂ij , (3)
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where ri is the vector of position of the particle i, rij = ri−rj , rij = |rij |, r̂ij =
rij/rij , and vij = vi − vj is the difference between velocities of two particles,
γ and σ are coefficients which determine the strength of the dissipative and
the random force respectively, while ωD and ωR are weight functions; ξij is
a normally distributed random variable with zero mean, unit variance, and
ξij = ξji. The conservative force is given by the equality

FCij (rij) =

aij (1− rij/rc) for rij ≤ rc,

0 for rij > rc,

(4)

where aij is the conservative force coefficient between particles i and j, and rc
is the cut-off radius.

The random and dissipative forces form a thermostat. If the following two
relations are satisfied, the system will preserve its energy and maintain the
equilibrium temperature:

ωD(rij) =
[
ωR(rij)

]2
,σ
2 = 2γkBT, (5)

where kB is the Boltzmann constant and T is the temperature. The weight
functions are determined by:

ωR(rij) =

(1− rij/rc)k for rij ≤ rc,

0 for rij > rc,

(6)

where k = 1 for the original DPD method, but it can be also varied in order
to change the dynamic viscosity of the simulated fluid [33]. The motion of
particles is determined by Newton’s second law of motion:

dri = vidt, dvi =
dt

mi

∑
j 6=i

(
FCij + FDij + FRij

)
, (7)

where mi is the mass of the particle i.
The simplest way to integrate the equations of motion (7) is by use of Euler

method:

vn+1
i = vni +

1

mi
Fi (rni ,v

n
i ) dt, (8)

rn+1
i = rni + vn+1

i dt, (9)

where indices n and n+ 1 denote time steps, and

Fi =
∑
j 6=i

(
FCij + FDij + FRij

)
. (10)

Instead of the conventional Euler method, a more refined method, called
modified velocity-Verlet method, can be used [34,36]. First described by Groot
and Warren in 1997, it is more accurate and it allows a certain increase in time
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step dt, thus reducing the computational cost of a simulation. The discretiza-
tion of the equations (7) by modified velocity-Verlet scheme is given by:

rn+1
i = rni + vni dt+

1

2
ani dt

2, (11)

v
n+ 1

2
i = vni +

1

2
ani dt, (12)

an+1
i =

1

mi
Fi

(
rn+1
i ,v

n+ 1
2

i

)
, (13)

vn+1
i = v

n+ 1
2

i +
1

2
an+1
i dt, (14)

where ani denotes the acceleration of the particle i at the nth time step. Both
methods give close results.

In scope of this work a new method was also used. The method can be
considered as a semi-implicit in the context of the dissipative force, as it takes
implicitly a part of the velocity term in the calculation of the dissipative force.
Let us write a sum of DPD forces on some particle i:

Fi =
∑
j

(
FCij(ri, rj) + FDij(ri, rj ,vi,vj) + FRij(ri, rj)

)
. (15)

where the conservative and the random force depend only of positions of
particles i and j, while the dissipative force depends additionally of particles’
velocities. Let us take the velocity of the particle i in the implicit form and
the remaining variables in the explicit form:

Fi =
∑
j

(
FCij(r

n
i , r

n
j ) + FDij(r

n
i , r

n
j ,v

n+1
i ,vnj ) + FRij(r

n
i , r

n
j )
)
. (16)

By including it in the first step of Euler integration method (equation (8))
the following equation is obtained :

vn+1
i = vni +

dt

mi

∑
j

(
FCij(r

n
i , r

n
j ) + FDij(r

n
i , r

n
j ,v

n+1
i ,vnj ) + FRij(r

n
i , r

n
j )
)
. (17)

After expanding the dissipative force to its full form given by the equation
(2) and placing all of the expressions multiplying vn+1

i on the left side one
obtains:

vn+1
i +

dt

m

∑
j

γωD(rnij)(v
n+1
i · r̂nij)r̂nij = (18)

= vni +
dt

mi

∑
j

(
FCij(r

n
i , r

n
j ) + γωD(rnij)(v

n
j · r̂nij)r̂nij + FRij(r

n
i , r

n
j )
)
,

where rij = ri − rj , rij = |rij | and r̂ij = rij/rij . Now the left side of the
equation (18) can be written as:
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vn+1
i

I +
dt

m

∑
j

γωD(rnij)(r̂
n
ij ⊗ r̂nij)

 = (19)

= vni +
dt

mi

∑
j

(
FCij(r

n
i , r

n
j ) + γωD(rnij)(v

n
j · r̂nij)r̂nij + FRij(r

n
i , r

n
j )
)
.

Set

A = I +
dt

m

∑
j

γωD(rnij)(r̂
n
ij ⊗ r̂nij). (20)

Lemma 1 If vi ∈ Rn for i = 1, . . . , k and αi ∈ R , i = 1, . . . , k, such that

αi ≥ 0, ∀i, then the matrix A = I +
k∑
j=1

αj (vj ⊗ vj) is invertible.

Proof Let us first define matrices Ai as

Ai = αi (vi ⊗ vi) , for i = 1, . . . k. (21)

Let us first note that matrices Ai, i = 1, . . . , k, are symmetric and positive
semi-definite as for any vector x ∈ Rn we have:

xτAix = αi (x1 ... xn)

 v2
1 ... v1vn
...

. . .
...

vnv1 ... v2
n


 x1

...
xn

 (22)

= αi

(
v1

n∑
i=1

xivi ... vn

n∑
i=1

xivi

) x1

...
xn

 (23)

= αi

n∑
j=1

(
xjvj

n∑
i=1

xivi

)
= αi (x1v1 + . . . xnvn)

2 ≥ 0. (24)

As the identity matrix is positive definite and as the sum A+B of a positive
definite matrix A and a positive semi-definite matrix B is positive definite:

xτAx > 0, ∀x ∈ Rn, x 6= 0,

xτBx ≥ 0, ∀x ∈ Rn, (25)

xτ (A+B)x = (xτA+ xτB)x = xτAx+ xτBx > 0,∀x ∈ Rn, x 6= 0,

it follows that I+
n∑
i=1

Ai is a positive definite matrix, and as such is invertible.
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From Lemma 1 it follows that the matrix A is invertible, so from the
equation (19) we can write:

vn+1
i =

[
vni +

dt

mi

∑
j

(
FCij(r

n
i , r

n
j )+ (26)

+ γωD(rnij)(v
n
j · r̂nij)r̂nij + FRij(r

n
i , r

n
j )

)]
A−1.

Once the new velocity of particle i is obtained, its new position can be
calculated by the second step of Euler integration method (the equation (9)).

On the one hand the previously described method is not symmetrical as
one part of the velocity difference vi−vj is taken implicitly and the other part
explicitly. As a result the particle system does not preserve its total momen-
tum. On the other hand, for a small time step the error does not significantly
influence the behaviour of the whole system, and it allows an increase of time
step for the DPD method for several orders of magnitude. Because of the loss
of symmetry, the method should be used cautiously and results should be
verified by comparison to a more precise integration scheme.

The behaviour of DPD method, as well as its suitability for the problem of
fluid simulation is well described in literature [33,34,35,37,38]. In [33,37] DPD
simulation results are compared with the results obtained by using continuous
methods (Navier-Stokes and Stokes equations) for Couette, Poiseuille, square-
cavity and triangular-cavity flow.

2.2 Coagulation pathway model

Fig. 1 Blood coagulation pathway, as described in the model. The model takes into ac-
count the local production of thrombin due to presence of tissue factor, the self-accelerated
thrombin production, and the fibrin polymer production from fibrinogen in the presence of
thrombin.

At the next stage of modelling a simplified phenomenological model, shown
in Figure 1, was used to describe the protein regulatory network of blood co-
agulation. The model consists of the self-accelerated production of thrombin
from prothrombin, and the fibrin cascade which is influenced by the thrombin
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concentration. Instead of a simplest reaction-diffusion-advection equation from
the model described in [21], a system of partial differential equations is devel-
oped in order to account for the main characteristics of the blood coagulation
pathway.

Thrombin reaction. We use the following equation for thrombin concentration
Th:

∂Th
∂t

= k1(Th)(C0 − Th)− s1Th, (27)

where the first term in the right-hand side describes self-accelerating pro-
duction of thrombin from prothombin and the second right hand term de-
scribes thrombin degradation. C0 is the initial concentration of prothrombin,
k1(Th) is a reaction rate function depending on concentration of thrombin Th
(it will be specified bellow), and s1 is the degradation constant. In order to
study blood coagulation in flow (in vivo), diffusion and advection terms are
added to the equation (27):

∂Th
∂t

+∇ · (v · Th) = DTh
∆Th + k1(Th)(C0 − Th)− s1Th, (28)

where DTh
is the thrombin diffusion coefficient, v is the velocity field. As

blood plasma is considered to be incompressible, i.e. with zero divergence, the
advection term can be simplified, thus obtaining the following equation for
thrombin concentration:

∂Th
∂t

+ v · ∇Th = DTh
∆Th + k1(Th)(C0 − Th)− s1Th, (29)

Fibrin reactions. Consider, next, the reactions

Fg → Fn → Fp, (30)

where Fp is fibrin polymer. Unlike thrombin which is produced locally at
the injury site and inside the the clot, fibrinogen is synthesized in the liver
and constantly circulates in the blood stream. The availability of thrombin,
as an enzyme, is necessary to produce fibrin from fibrinogen. Therefore, it
is important to take into account the flow influence on both concentrations
- thrombin and fibrinogen. We omit fibrin in the reaction scheme (30) and
consider instead a simplified reaction Fg → Fp. Then, the reaction can be
represented by the following model:

∂Fg
∂t

+ v · ∇Fg = DFg
∆Fg − k3(Th)Fg, (31)

∂Fp
∂t

= k3(Th)Fg, (32)

where DFg is the fibrinogen diffusion coefficient, and k3(Th) is the reaction
constant which depends on the concentration of thrombin. The equation (31)
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describes fibrinogen diffusion in flow, and the equation (32) describes the con-
centration of fibrin polymers which form an insoluble network and thus do not
diffuse or flow.

Coagulation pathway model. By combining the equation(29) for thrombin con-
centration, and equations (31) and (32) for fibrinogen and fibrin polymer con-
centrations respectively, one obtains the following model:

∂Th
∂t

+ v · ∇Th = DTh
∆Th + k1(Th)(C0 − Th)− s1Th,

∂Fg
∂t

+ v · ∇Fg = DFg∆Fg − k3(Th)Fg, (33)

∂Fp
∂t

= k3(Th)Fg.

In order to model self-amplifying thrombin reaction, the reaction function
k1(Th) is defined as follows:

k1(Th) = k0
1

T 2
h

T0 + Th
, (34)

where k0
1 and T0 are constants. The function (34) is based on the Michaelis–

Menten equation, but at low thrombin concentration it has a lower gradient
than the Michaelis-Menten equation. While the thrombin equation from equa-
tions (33) with a Michaelis-Menten term would be a monostable problem,
with the term from equation (34) is becomes a bistable problem. Thus, if the
thrombin concentration is too low, with time it will converge to zero.

The fibrin reaction rate coefficient k3(Th) is for simplicity taken to be
linear:

k3(Th) = k0
3Th. (35)

In both the initiation and the amplification phase of blood coagulation in
vivo a complex pathway precedes the prothrombin-thrombin reaction. In the
initiation phase this part of the pathway is initiated by tissue factor which
is normally present in sub-endothelial fibroblasts, injured vascular endothe-
lium and activated monocytes. Once vessel wall is injured tissue factor enters
the blood flow nearby and starts the coagulation cascade. In the amplifica-
tion phase thrombin concentration acts as enzyme in activation of cofactors
which accelerate prothrombin-thrombin reaction, thus causing explosive in-
crease in thrombin concentration. The self-amplification effect of thrombin
reaction is modelled by equation (34). In order to model the localized gener-
ation of thrombin near the vessel injury site, in the model the initial value of
the thrombin concentration is set to zero in the whole domain except on the
part of boundary where injury site is located and where the concentration is
set to a non-zero value (equation (37)). This corresponds to the initial con-
centration of thrombin, produced due to the presence of tissue factor at the
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injury site. As thrombin concentration equation (equation (29)) is bistable,
the initial non-zero concentration at the boundary has to be high enough to
start thrombin accumulation, otherwise concentration will quickly decrease to
zero. At all domain boundaries Neumann boundary conditions are used:

∂Th
∂x

(x, y, t)

∣∣∣∣
x=0,L

=
∂Th
∂y

(x, y, t)

∣∣∣∣
y=0,D

= 0 (36)

Th(x, y, t)

∣∣∣∣
t=0

=

1, if x ∈ [wB , wE ] and y = 0,

0, if x /∈ [wB , wE ] or y 6= 0,
(37)

where [0, L]× [0, D] is the simulation domain, i.e. a part of blood vessel of
the length L and diameter D, and where [wB , wE ]×{0} is the part of domain
representing the vessel injury site.

The primary function of thrombin is conversion of fibrinogen to fibrin.
Fibrinogen, being synthesised in liver by hepatocytes, is constantly present in
a healthy bloodstream. Therefore, in the model, the initial concentration of
fibrinogen is set to some value F 0

g in the whole domain and Dirichlet boundary
conditions are used at the inflow boundary, while the remaining boundaries
are described with zero Neumann boundary conditions:

∂Fg
∂x

(x, y, t)

∣∣∣∣
x=L

=
∂Fg
∂y

(x, y, t)

∣∣∣∣
y=0,D

= 0, (38)

Fg(x, y, t)

∣∣∣∣
x=0

= F 0
g , (39)

Fg(x, y, t)

∣∣∣∣
t=0

= F 0
g . (40)

2.3 Platelet aggregation

Platelets are modelled as soft spherical particles similar to the particles of fluid
in DPD. The radius of all particles (fluid and platelets) and their mass are
chosen to correspond to the radius and the mass of platelets. In our simulation
the physical radius is set to 1µm and the mass is chosen in such a way that
particle density corresponds to the physiological density of the blood plasma
(≈ 103kg/m3). Interactions between all particles are then governed by DPD
as described in the previous section with an additional adhesion force acting
between platelets. By the virtue of the mechanical properties of the clot [39,
40], the adhesion force is modelled as a pairwise force between two platelets
expressed in the form of Hooke’s law:
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FAij = fA(tij)

(
1− rij

dC

)
r̂ij , (41)

where fA is the force strength coefficient and dC is the force relaxation dis-
tance which is equal to two times the physical radius of the platelets. As
platelet binding occurs due to their surface adhesion receptors, two platelets
in flow connect when they come in physical contact, i.e. rij ≤ dC (connection
criterium). Platelets remain connected for as long as their distance does not
exceed some critical value dD (disconnection criterium) which is greater than
dC . We set dD equal to 1.3 times of the platelet diameter. The force strength
coefficient fA in equation (41) is modelled in the following way to describe
three strengths of different inter-platelet bonds:

fA(tij) =


fA1 if Fp(i) or Fp(j) < cFp , and tij < tc,

fA2 if Fp(i) or Fp(j) < cFp
, and tij ≥ tc,

fA3 if Fp(i) and Fp(j) ≥ cFp
,

(42)

where fA1 < fA2 < fA3 are the three strengths of inter-platelet connections,
representing respectively a weak bond due to GPIb receptors, a medium bond
due to platelet activation and a strong bond due to reinforcement by fibrin
polymer net. tc is the time needed for platelet activation measured from the
moment of the connection establishing. As the platelet activation process is
not at the focus of this study, activation period serves as a basic approximation
of the platelet activation process due to the contact and proximity of other
activated platelets (ex. activation due to secretion of ADP). Fp(i) and Fp(j)
are levels of fibrin polymer Fp at the positions of particles i and j respectively.
cFp is the critical level of fibrin polymer. A platelet is considered to be a part
of the clot core if it is in the clot and the fibrin concentration has been larger
than cFp

at the position of that platelet. Therefore, the clot core is a part of
clot covered by a concentration of Fp larger than cFp

. As the platelets that
are coated in fibrin are adhesion resistant [4], the same condition is applied
in the model in a way that the platelets of the clot core cannot establish
new connections with the platelets in the flow. In the case of physical contact
between two platelets that are not connected, one of which is non-adhesive,
an additional repulsing force has to be introduced between them in order to
prevent them from occupying the same space.

3 Results

A typical clot structure is shown in Figure 2. There are three types of platelet
connections, weak (light red lines between their centres), medium (dark red
lines) and strong (black lines). Medium connections appear if platelets are
weakly connected during the time period tc. Hence we model platelet activation
and emergence of medium connections as a time delay. Platelets covered by
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fibrin are shown with dark green colour, platelets not covered by fibrin with
light green.

Fig. 2 A scheme of clot structure (snapshot from simulation presented in Figure 3). Con-
nections between platelets are shown as red intervals between their centres. Light red lines
correspond to weak GPIb connections, dark red to medium connections between activated
platelets, and black to strong connections between platelets covered by a fibrin net. Dark
green platelets are covered by fibrin net, which is marked by blue color.

In the basic simulation the values of parameters were chosen in such a way
that they correspond to the vessel of 50µm in diameter and 200 to 300 µm long.
The density and the viscosity of the simulated medium were chosen to corre-
spond to the density and the viscosity of blood plasma [41] (≈ 1.24mPa·s). The
average velocity of the flow is chosen to be 18.75 mm/s, which in a vessel of
50µm in diameter produces a wall shear rate of 1500 s−1. To initiate clotting,
at the beginning of the simulation, several stationary platelets are positioned
at the injury site next to the lower vessel wall. Table 1 (see Appendix) lists
all the values of parameters chosen for the basic simulation. The values are
considered in the following system of physical units: 10−6m (=1µm), 10−14kg
(=10pg), and 10−2s (=10ms). As the model of coagulation pathways is phe-
nomenological, the concentration scale is left in the non-dimensional form. In
the table, the values of all parameters are expressed in both forms - as used
in the simulations and interpreted in the standard SI units system.

Depending on the values of parameters of concentration equations, for any
given flow properties there exist two limiting scenarios of the propagation of
the thrombin concentration. In the first scenario the thrombin concentration
decreases due to diffusion, degradation and outflow until it rests at zero value
in the whole domain. As the ending result the fibrin net does not form. In
the second scenario thrombin generation is too high, resulting in thrombin
propagation outside of the platelet aggregate and finally in a rapid formation of
fibrin net outside of the platelet clot. Values of some parameters, like diffusion
coefficients, were taken from the continuous model of blood coagulation by
Krasotkina et al. [42], where they were related to experimental data. Values
of the remaining parameters were varied in order to account for all possible
model behaviours which lie between the two limiting scenarios.
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Fig. 3 Example of clot growth with the indicated concentration of fibrin polymer. Sim-
ulation snapshots show the following stages of the clot growth: a) a clot begins to grow
by formation of a platelet aggregate, b) some of the aggregated platelets activate allowing
the clot to grow larger, c) fibrin begins to cover the growing clot allowing the clot to grow
further, d) the clot reaches its critical size, e,f,g) parts of clot not covered by the fibrin net
rupture and are taken by the flow, h) the last rupture leaves only the adhesion resistant clot
core, which prevents the clot from growing further. The snapshots are obtained for values of
parameters as presented in Table 1, except for the following values: fA1 = 0.5 nN, fA2 = 0.8
nN, tc = 0.4 s.

3.1 Model behaviour

Several stages of clot growth and the evolution of thrombin, fibrinogen and
fibrin polymer concentration profiles protected by the clot are shown in Figure
3 and Figure 4. In the beginning of clot growth, platelets aggregate at the
injury site due to weak connections. The injury site is modelled as several
platelets attached to the vessel wall. They initiate platelet clot growth. The
platelets gradually become activated enabling the aggregate to grow further.
The flow velocity inside the newly formed platelet aggregate decreases, and
becomes insignificant compared to the bulk flow velocity. It makes possible
for the coagulation reactions to commence, hence the thrombin concentration
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gradually increases due to the self-accelerated reaction (equations (33) and
(34)). With thrombin being present, the production of fibrin polymer from
fibrinogen (and implicitly fibrin) begins, and fibrin polymer accumulates inside
the platelet clot. When Fp concentration exceeds the critical level cFp

, it is
considered that the fibrin net, and with it the clot core have been formed at
that place. By this mechanism, the fibrin net forms inside the platelet clot and
reinforces the inter-platelet bonds, creating the clot core and allowing a further
growth of the clot. The growing clot narrows the blood vessel. As a result, the
shear stress on on the top of the clot increases. The platelet aggregates, which
are on the outer part of the clot and are not yet covered by the fibrin net, come
under much larger stress and are taken by the flow one by one. This leaves
only the part of the clot which is either completely or mostly covered by fibrin
net. The remaining clot is stable due to being reinforced by the fibrin net, but
at the same time it cannot grow any further, thus the clot growth is stopped.
In the case when the remaining clot is completely covered by the fibrin net,
platelets in the clot cannot attach new platelets from the flow due to the non-
adhesive effect of fibrin-polymers [4]. In the case when the remaining clot is
almost completely covered by the fibrin net, the new platelets from flow can
aggregate at the surface of the clot which is not yet covered by the fibrin net.
However, the platelet activation takes some time and the shear stress at the
clot surface is high. Because of that the newly aggregated platelets are being
taken by the flow before they can activate and form more stable bonds.

Fig. 4 Velocity and concentration profiles for two stages of clot growth: clot in growth (left)
and after the growth arrest (right). From top to bottom: the component of velocity tangen-
tial to the vessel wall, the component of velocity orthogonal to the vessel wall, thrombin
concentration, fibrinogen concentration, fibrin polymer concentration.

The platelet concentration in simulations is set to 3.672 · 1012 L−1 which is
9.17 to 24.48 times higher than the experimentally observed concentration [43].
This is done to obtain a full clot evolution in less simulation time. However, in
the model platelets are uniformly distributed in the vessel cross-section, while
in vivo they are concentrated closer to the vessel wall because they are pushed
there by erythrocytes [44,45]. Hence, the acceleration of clot growth in simu-
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lations is much lower than the nominal increase in the platelet concentration.
All this does not change qualitatively the clot evolution, but affects all mea-
surements expressed in time that are related to platelets. The most important
values that are affected are the core growth rate (expressed in platelets per
second) and the platelet activation time tc.

Fig. 5 Left: Platelet clot (blue) and clot core (red) growth in time obtained in simulation.
Oscillations in the platelet clot size occur because some part of the clot or individual platelets
can be detached by the flow. Right: experimental results for course of incorporation of
platelets (A) and fibrin (B) into arterial thrombi for three separate cases (denoted by 1, 2,
3). Reprinted and adapted by permission from Macmillan Publishers Ltd: Nature Medicine
(Falati et al., Nature Medicine 8: 11751180, 2002, 2002. www.nature.com).

3.2 PDE parameters

As mentioned previously, the values of parameters of the concentration equa-
tions for the basic simulation were chosen following several criteria. Firstly,
the diffusion coefficients were set to correspond to the values used in the con-
tinuous coagulation pathways model by Krasotkina et al. [42]. Secondly, the
model takes into the account only the effect the fibrin polymer concentration
has on platelets, while its influence on blood plasma is not modelled. Because
of that the model cannot describe correctly the evolution of fibrin net without
the platelet aggregate. Therefore, the remaining parameters were set in such
a way that thrombin concentration does not propagate counter flow, as the
counter flow propagation would result in a formation of fibrin net outside of
the platelet clot. Thirdly, the values were adjusted so that the fibrin net gen-
eration and the formation of the clot core occur in a time frame which is close
to the experimentally observed clot growth times [46]. The values are listed in
the Table 1 (see Appendix).

Taking the chosen values as a starting point, a study was carried out to
see the influence of each parameter on clot growth and fibrin net formation.
Figure 6 and Figure 7 show the final clot core size and the clot core thickness
for different values of each of the parameters of the concentration equations.
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The clot core thickness is measured at the place where the stenosis is the
most severe, and the value is normalized by the vessel diameter. The diffusion
coefficient study (Figure 6 a)), where both the thrombin and the fibrinogen
coefficient were varied together, shows that the clot core size decreases as the
rate of diffusion increases. For a higher diffusion rate more thrombin is taken
away by the flow, while the thrombin concentration protected by the platelet
aggregate rises more slowly due to loss of the diffused part. As a result the
fibrin polymer production is slower, and finally the final core size is lower at
the moment when the weakly aggregated part of the clot ruptures leaving
only the non-adhesive part. On the other hand, too small diffusion coefficients
enable the more rapid generation of thrombin and, eventually, its counter flow
propagation, leading to a formation of fibrin net in the flow.

The variation of the thrombin reaction term coefficient k0
1 (Figure 6 b))

shows that, for the low values, the clot core is unable to develop as the thrombin
concentration quickly goes to zero due to the degradation factor s1. For the
two highest values of k0

1 shown on the graph the core size is similar to the
basic case, but the thrombin propagates counter flow, again resulting in the
formation of fibrin net outside of the clot.

The graph for fibrin production coefficient k0
3 (Figure 6 c)) shows that in

the case of too low production rate the size of core decreases. This is due to
slow fibrin net formation which results in the smaller core size at the moment
when the weakly bound part of the clot is detached by the flow. The higher
values of k0

3 result in approximately constant core size since the reaction is
rapid enough to consume all the available fibrinogen quickly at places where
thrombin level is high.

The study of the influence of the thrombin degradation coefficient s1 (Fig-
ure 7 a)) shows that too high rate of degradation results in a rapid reduction
of thrombin concentration to the zero value, thus disabling the core develop-
ment. On the other hand, the lower values result in a thrombin propagation
counter the flow. The rapid thrombin degradation effect is also present in the
case of higher T0 values.

Figure 7 b) shows the effect of the variation of initial fibrinogen concen-
tration, which is also the normal fibrinogen concentration in the undisturbed
flow. The graph shows that the core size increases with the increase of value
of F 0

g . This is a result of a more rapid core development, which is still slower
than the growth of the platelet aggregate. For too low value of F 0

g the fibrin
clot is unable to develop as the whole platelet aggregate breaks off before the
fibrin net is able to form. It is notable that in all of the parameter variations
the core height graph is similar to the corresponding core size graph. This
indicates that the clot core thickness and length ratio remains similar in all
cases and it is not strongly affected by the underlying coagulation pathways
model.
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Fig. 6 Variation of values of PDE parameters: a) diffusion coefficients of thrombin DTh

and fibrinogen DFg (varied together), b) thrombin reaction rate coefficient k01 and c) fibrin

polymer reaction rate coefficient k03 . Graphs on the left side show final clot size expressed
in number of platelets, while the graphs on the right side show the maximal height of the
final clot, normalized by the vessel diameter. Empty points denote the result of the single
basic simulation with values of parameters given in Table 1 (see Appendix).

3.3 Platelet bond strength

A series of simulations was done to investigate the influence of inter-platelet
bond strengths on clot growth. As fA3 represents a bond between platelets situ-
ated in the clot core, covered by fibrin net, it is considered almost unbreakable.
Therefore, it was kept at a large constant value of 10nN(= 1 · 10−8N) in all
simulations. Strength coefficients of the other two types of bonds, fA1 and fA2 ,
were varied in ranges of 0.3 to 0.6, and 0.8 to 1 nN respectively. For each
combination of values of fA1 and fA2 the activation period tc was varied in
order to find the minimal and the maximal activation time for which clot core
successfully develops. Taking into account the experimental studies [47,48] the
ratio of a single GPIb bond and a single bond between activated platelets was
set to 3 : 8. This ratio can serve as a point of reference, but it is subject to
a change because the strength of GPIb bonds depends on the shear rate at
the moment of contact [47,48]. Another reason is that the number of bonds
established between two platelets is not known. Some attempts were made to
establish an estimate of the number of bonds [49,50,51], however they were
not experimentally confirmed.
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Fig. 7 Variation of values of PDE parameters (continuation): a) thrombin degradation
coefficient s1 , b) initial fibrinogen concentration F 0

g . Graphs on the left side show final clot
size expressed in number of platelets, while the graphs on the right side show the maximal
height of the final clot, normalized by the vessel diameter. Empty points denote the result
of the single basic simulation with values of parameters given in Table 1 (see Appendix).

Fig. 8 Variation of strength of platelet forces. The graph on the left side shows clot core
sizes for fA2 = 0.8 nN, while the right one shows results for fA2 = 1 nN. In each case fA1
was varied for values of 0.3, 0.4, 0.5 and 0.6 nN and the activation time was varied between
0.1 and 1 s.

Two graphs in Figure 8 show sizes of the clot core for fA2 of 0.8 and 1 nN
respectively. The four curves on each graph present the results for fA1 of 0.3,
0.4, 0.5 and 0.6 nN for different activation times tc. Three types of behaviour
were observed for the each combination of values of parameters fA1 and fA2 .
The first type corresponds to the case when the activation period tc is too
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low. In this case newly aggregated platelets are activated too quickly and the
“activated” part of the clot grows too fast. This leads to a breaking of the
platelet aggregate before the fibrin net can form and stabilise the clot. The
results show that the minimal activation time for which the clot core forms
increases significantly as the value of fA1 increases. Additionally, the higher
value of fA2 decreases the minimal activation time as it allows the “activated”
part of the platelet aggregate to grow larger before breaking.

Fig. 9 Clot core growth in first 40 s for values of fA1 and fA2 of 0.5 and 1 nN respectively.
Each graph corresponds to a different value of activation time tc - from 0.01 to 0.7 seconds.

The second type of behaviour corresponds to the case where the activation
time is in the range of values for which the clot core is able to normally
develop. The results show that the higher value of fA2 allows a higher core size
maximum for the same fA1 value. However, maxima for different values of fA2
are not achieved for the same activation times.

The third type of behaviour occurs when the activation time is too long,
which again results is the inability of clot core to develop. As the activation
time is too long, the weakly bound platelet aggregates grow too quickly and
break off before any consisting platelets can activate. Hence no activation
occurs, and clot cannot sustain the increased shear rate.

Figure 9 shows the growth of the clot core in first 40 seconds for fA1 = 0.4
nN, fA2 = 1 nN, and activation times from 0.01 to 0.7 seconds. For values of
the activation time 0.01s and 0.7s the clot was unable to develop. In the case of
a too rapid activation the adhering platelets get activated almost immediately
after the adhesion, hence the platelet aggregate rapidly grows and breaks off
while the clot core is still too small. In the case of the long activation time,
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aggregated platelets cannot sustain the increase of the flow shear rate at the
surface of the growing clot - they are taken by the flow before they can get
activated. Generally speaking, a shorter activation time will have for an effect
a faster growth of the platelet aggregate. The growth rate of the fibrin net is
bounded by the growth rate of the platelet aggregate, but also by the values of
parameters of the system (33). Thus, if the growth of the platelet aggregate is
too rapid, the growth rate of the fibrin net becomes bounded by the underlying
regulatory network, and the weaker parts of the clot break-off sooner, leaving
an undeveloped clot core. This effect is visible in Figure 9 for activation times of
0.1 and 0.2 seconds, while tc of 0.01 represents a critical case. At the activation
time of 0.3 seconds the clot core reaches its maximal value. At longer activation
times the clot core growth rate follows more closely the growth rate of the
platelet aggregate. As teh fibrin net has also the role of reinforcing the inter-
platelet bonds, and thus of supporting the clot growth, the clot and core are
able to grow to a larger size. However, if the activation time is longer the
weakly bound aggregates at the surface need more time to activate and are
thus less prone to the increase of the flow shear rate in the narrowing vessel.
Hence, the core growth rate decreases as the activation time increases from
the value of 0.3 seconds, where the maximum is achieved.

Fig. 10 Variation of flow shear rate (i.e. flow mean velocity) from 250 to 2500 s−1 for vessel
diameters of 25 (blue), 50 (red), and 75 µm (green). The graph on the left shows the final
clot size expressed in number of platelets, while the graph on the right shows the maximal
height of the final clot, normalized by the vessel diameter.

3.4 Flow velocity influence

The behaviour of the model was tested in flows of different speeds and in three
vessels of different diameters - 25, 50 and 75 µm. In order to have comparable
conditions in the near wall region, for all three vessels diameters the flow
velocity were varied to correspond to wall shear rates of 250, 500, 1000, 1500,
2000 and 2500 s−1. Furthermore, to avoid that in faster flows the initial level
of thrombin concentration at the injury site is immediately taken away by the
flow, the level of thrombin at the injury site was kept at value of 1 for the first
5 seconds of the simulation. Figure 10 shows the clot core size and the clot
core thickness for each vessel diameter and each wall shear rate.
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Fig. 11 Final clot size at wall shear rate of 1500 s−1 for different vessel diameters. The
figure presents an exponential fit with the function y = 14.046e0.055D, where y is the final
clot size, expressed in the number of platelets, and D is the vessel diameter in micrometres.

The graph of clot core sizes shows that a larger vessel at the same wall
shear rate enables development of a larger core. For wall shear rates of 1000,
1500 and 2000 s−1 clot and its core were able to fully develop and grow to a
larger size. For the chosen values of parameters the shear rate of 2500 s−1 was
too high for clot to form - platelet aggregates would break-off too soon and the
concentration of thrombin was completely washed away. At the wall shear rate
of 500 s−1 the clot core was able to develop, however its size was smaller in all
three vessels. Finally, for the wall shear rate of 250 s−1, the low flow velocity
has allowed the counter flow propagation of thrombin, and thus the formation
of a fibrin net in the bulk flow, outside of the clot. As mentioned before the
model does not describe well the clot formation in the case of counter flow
thrombin propagation. Figure 11 shows the relation of the final clot core size
and the vessel diameter at the wall shear rate of 1500 s−1, with the exponential
function fit.

Fig. 12 Final stages of clot growth in the vessel of 50 µm in diameter for different wall
shear rates: a) 250 s−1, b) 500 s−1, c) 1000 s−1, d) 1500 s−1, e) 2000 s−1 and f) 2500 s−1.
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The results for the thickness of the core (Figure 10 right) show that in cases
when clot was able to develop, i.e. at wall shear rates of 1000, 1500 and 2000
s−1, the core height has decreased as the flow speed has increased. At the same
time the sizes of clot core at the same wall shear rates remained approximately
the same for each vessel diameter. This shows that the clot core becomes
narrower and more elongated as the flow velocity increases. This behaviour is
demonstrated in Figure 12 showing the final clot stages for different wall shear
rates in a vessel of 50 µm in diameter. Furthermore, in Figure 10 right, we
can see that the ratio of clot core height and diameter of the vessel remains
similar for different vessel diameters at the same wall shear rate. This is also
demonstrated in Figure 13 where final clot stages are shown for the different
vessel diameters at the wall shear rate of 1500 s−1.

Fig. 13 Final stages of clot growth for wall shear rate of 1500 s−1 in a vessel of: a) 25, b)
50 and c) 75µm in diameter.

4 Discussion

The model presented in this paper is based on the biological assumptions
which have been experimentally observed. The first premise is that platelet ag-
gregation may precede platelet activation [24,26,27,28,29,30,31]. The second
premise is that net of fibrin polymers which forms inside of the clot reinforces
the clot structure but also has anti-adhesive properties, which disable further
aggregation of platelets [4]. The model based on these assumptions was used to
investigate how blood clot stops growing in flow. This is one of the most impor-
tant problems in the field of haemostasis and thrombosis. Various mechanisms
have been previously suggested to act under different conditions, including
thrombomodulin-dependent pathway [52], action of flow [53], or fibrin “cap”
formation [54]. However, all these mechanisms require fibrin formation, and it
is known to be strongly inhibited by the flow [55]. The hereby described model
supports the hypothesis that clot stops growing when flow tears of its softer
outer part, and leaves only the non-adhesive clot core covered by the fibrin
net.

The model shows the following clot growth process. At first an early platelet
aggregate forms at the injury site, which is necessary to protect the concen-
trations of blood factors (especially thrombin) not to be taken by the flow.
In that way blood coagulation can occur inside of the platelet clot. As a final
product of blood coagulation, fibrin polymer is produced, reinforcing the in-
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ner part of the clot, thus forming the clot core. The clot core, which is more
stable, can support further clot growth. As the clot grows, the blood vessel
becomes narrower and the flow shear rate increases at the top of the clot. Due
to the increased shear stress the softer outer parts of the clot, which are not
covered by fibrin polymer, are one by one detached and taken by the flow.
This process continues until clot stops growing. Two scenarios can occur: a)
only non-adhesive clot core remains, unable to adhere new platelets, and b)
clot core is covered by a thin layer of activated platelets which can attach new
platelets, but the newly aggregated platelets are taken by the flow, due to the
increased flow shear rate, before they can be activated.

The model developed in this work is based on the hybrid model described
in a previous work [21]. There we have introduced a DPD-PDE method on
a model example, containing a single concentration description (fibrin) de-
scribed by an advection-reaction-diffusion equation. In this work we consider
a biologically more realistic DPD-PDE model of blood coagulation and use it
to study the mechanism of clot growth. We have introduced a system of partial
differential equations, which serves as the minimal model of blood coagulation
pathways. The PDE system takes into account the initial activation of pro-
thrombin to thrombin due to presence of tissue factor at the injury site, and
the self-accelerated thrombin production (which occurs inside of the clot). Fur-
thermore it models the concentration of fibrinogen which is normally present
in blood. Fibrinogen is transformed to fibrin polymer in presence of thrombin,
which acts as an enzyme in the reaction. While other blood factors can diffuse
in flow, the fibrin polymer concentration is considered to be solid, and thus
does not diffuse.

Although this model shows a possible mechanism of clot growth arrest, it
is important to note that the hypothesis is tested only for vessels with faster
flows (like arterioles and venules), and not for capillaries. Furthermore, in this
work we consider two parts of haemostasis, platelet and fibrin clot, and study
their interaction. Platelet clot consists of the platelet aggregate, while fibrin
clot is a result of biochemical reactions which occur in blood plasma. Together
they form a haemostatic plug (blood clot, or simply clot). The model shows
how the growth of a platelet clot, supported by a fibrin clot, is limited by
flow and the anti-adhesive effect of the fibrin net. However, the model does
not take into account the chemical processes which in normal conditions stop
the further formation of the fibrin clot, like fibrinolysis and the activation of
protein C. These are some of the topics that we plan to pursue in the future
works.

Blood cells. At this stage the described model does not take into account
other blood cells except platelets. Erythrocytes occupy the bulk flow and push
platelets towards the vessel wall. Hence the concentration of platelets is in-
creased in the near wall region. In [44,45] we have studied cell distribution in
flow with a 3D model based on DPD. In future we intend to bring together the
coagulation and the 3D cell model and to study the influence of erythrocytes
on the clot formation in flow.
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Inter-clot flow. One of the important questions is how the intra-clot flow in-
fluences the clot growth. In the current 2D model the intra-clot flow is strongly
reduced as the aggregated platelets (circles in 2D) form a closed spatial area.
However, due to the finite conservative force in DPD the interaction between
plasma and platelet particles allows plasma particles to pass through the
platelet aggregate. The flow speed inside of the clot is still strongly reduced
as clot grows larger. In order to investigate more precisely the effects of the
intra-clot flow on the biochemical reactions inside of the clot it is necessary to
implement the model in 3D as, in that case, the aggregated platelets (spheres
in 3D) will form a porous-like medium.

Dissipative Particle Dynamics. DPD is not a deterministic method due to
the random force (equation (3)). Hence each simulation may give different
results. However, the extent of the variations of results for simulations with
the same values of parameters is limited. It depends on the coefficient of the
random force σ compared to strengths of coefficients of other two DPD forces,
especially the coefficient of dissipative force γ. The basic simulation (Table 1)
and some of the limiting case simulations were repeated several times in order
to verify that significant changes in the model behaviour is not coincidental.

Computing performance. DPD as a particle method is quite computationally
demanding. Hence we have developed a highly optimised implementation of
the described model and adjusted the algorithm for asynchronous parallel
computing. With such implementation a single simulation of 30 second clot
growth with the values of parameters presented in Table 1 takes about 8
hours to compute on a high-end general purpose PC. Although the model is
computationally limited to smaller domains (vessel sizes), larger domains can
be efficiently simulated on systems with higher number of processors.
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5 Appendix

5.1 Boundary conditions for DPD

As with other particle methods, an important and delicate question is how to
define boundary conditions. To simulate a part of blood vessel in our 2D model,
three types of boundaries are used - solid, inflow and outflow. Depending on
the choice of solid boundary conditions, problems like density oscillations and
errors in the velocity profile can occur [37,56,13]. Figure 14 shows correct
density and velocity profiles for Poiseuille flow obtained with the use of the
solid boundary conditions described below.

Fig. 14 Density and velocity profiles in Poiseuille flow obtained by DPD with the described
no-slip boundary conditions. Reprinted by permission from Journal of Theoretical Biology
(Tosenberger et al. 2012 [21]).

The no-slip solid boundary model, which represents the blood vessel wall,
is modelled in the following way: if a particle p is on a distance r < rc from
the solid boundary, there exists an mirror image p′ of the particle p on the
other side of the boundary with the velocity opposite to velocity of particle
p (vp′ ≡ −vp). This can seem like adding a fair number of new particles,
which can decrease the simulation performance. However, combined with the
above described method for the separation of the simulation area on boxes, it
can be efficiently implemented without any real addition of new particles. All
the mirrored particles are mirror images of particles which are in the boxes
connected to the solid boundaries. Therefore, when we calculate forces between
two particles in the simulation domain, p1 and p2, if they are positioned in the
boxes which are connected to the same solid boundary, we can calculate the
force of the imaginary particle p′1 on the particle p2 and p′2 on p1. Additionally,
if particle p is on r < 1

2rc distance from the boundary, the force from p′ on p
is calculated. The described boundary conditions act as no-slip boundary for
DPD, and ensure that both, density and velocity, profiles are correct.
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In the simulation of clot growth in flow the numbers of platelets which enter
the domain at inflow boundary and those which exit the domain at outflow
boundary are not equal as some platelets will become part of the clot and
be contained in the domain. Hence, the constant inflow of platelets cannot
be simulated by periodic boundary conditions, and more complex methods
have to be used. One approach is to define a particle generation area (GA)
at the inflow part of the domain, as shown in Figure 15. The generation area
(GA) works independently of the remaining part of the simulation domain -
simulation area (SA). The solid boundaries in GA are modelled in the same
way as in SA, but the inflow and outflow boundaries are modelled as periodic
boundaries, meaning that the particle that exits GA on the outflow boundary
reappears on the GA inflow boundary, creating an infinite flow loop. Also
particles from SA do not influence the particles from GA, but the particles
from GA can influence the particles from SA. For each particle which crosses
the GA outflow boundary an exactly same copy is made at the SA inflow
boundary, and that new particle is being joined to SA. Once the particle has
been joined to SA, it can return for a short time in GA, but it remains assigned
to SA and does not influence particles from GA. Furthermore, when it crosses
back from GA to SA, it does not generate a new particle. All this insures the
integrity and correctness of GA and also the non-biased creation of particles
for SA.

Fig. 15 Particle Generation Area (GA) and Simulation Area (SA). Reprinted by permission
from Journal of Theoretical Biology (Tosenberger et al. 2012 [21]).

On the SA outflow boundary particles which exit the simulation domain
are being deleted. In order to keep the balance of DPD forces near the outflow
boundary, one way periodic boundary conditions are used. The GA inflow
and SA outflow boundaries are paired, as it is normally done when using
the periodic boundary conditions. However, only the particles form the inflow
boundary layer can influence the particles in the outflow boundary layer, while
in the opposite direction particles do not influence each other. This way, at
the outflow boundary a correct velocity and density profiles are enforced, while
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the generation area remains a closed system. Figure 15 shows a scheme of the
simulation and generation areas. The method is similar to a method used in
[23].

5.2 Values of parameters for the basic simulation

DOMAIN Value Physical Description
L 200 200 µm length of the simulated blood vessel
LGA 50 50 µm length of the Particle Generation Area (GA)
D 50 50 µm diameter of the simulated blood vessel
Gx 7200 72 m/s2 external force in x direction used to induce flow
v̄x 187.5 18.75 mm/s average flow velocity

wx 1500 s−1 wall shear rate

DPD Value Physical Description
aij 600000 conservative force coefficient
γ 3550 dissipative force coefficient
σ 20000 random force coefficient
rc 5 force cut-off radius
k 1 exponent in the equation (6)
kBT 1 the Boltzmann constant times temperature
n 0.36 particle number density
m 0.463 particle mass
dtDPD 0.001 DPD time step

PDE Value Physical Description
dx 0.5 0.5 µm spatial step
dtPDE 0.01 0.1 ms PDE time step
DTh

0.5 0.003 mm/min thrombin diffusion coefficient

k01 5.5 3.3 · 104 min−1 thrombin reaction term coefficient
T0 0.1 thrombin reaction term coefficient
C0 1 thrombin reaction term coefficient

s1 2 1.2 · 104 min−1 thrombin degradation coefficient
DFg 0.5 0.003 mm/min fibrinogen diffusion coefficient

k03 0.001 6 min−1 fibrinogen reaction term coefficient
cFp 0.8 critical fibrin polymer level

OTHER Value Physical Description

fA
1 3 · 106 0.3 nN weak inter-platelet bond coefficient

fA
2 8 · 106 0.8 nN activated inter-platelet bond coefficient

fA
3 1 · 108 10 nN fibrin net reinforced bond coefficient
tc 10 0.1 s platelet activation period
τ 10 0.1 s DPD-PDE data exchange period

p 0.017 3.672 · 1012 L−1 platelet frequency

Table 1 Values of all parameters in the basic simulation.
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