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CONTINUITY OF THE TIME AND ISOPERIMETRIC
CONSTANTS IN SUPERCRITICAL PERCOLATION

OLIVIER GARET, REGINE MARCHAND, EVIATAR B. PROCACCIA,
AND MARIE THERET

ABSTRACT. We consider two different objects on super-critical Bernoulli per-
colation on Z% : the time constant for i.i.d. first-passage percolation (for
d > 2) and the isoperimetric constant (for d = 2). We prove that both objects
are continuous with respect to the law of the environment. More precisely
we prove that the isoperimetric constant of supercritical percolation in Z? is
continuous in the percolation parameter. As a corollary we prove that nor-
malized sets achieving the isoperimetric constant are continuous with respect
to the Hausdroff metric. Concerning first-passage percolation, equivalently we
consider the model of i.i.d. first-passage percolation on Z% with possibly infi-
nite passage times: we associate with each edge e of the graph a passage time
t(e) taking values in [0, +00], such that P[t(e) < 4+o00] > pc(d). We prove the
continuity of the time constant with respect to the law of the passage times.
This extends the continuity property previously proved by Cox and Kesten
[8, 10, 18] for first passage percolation with finite passage times.

1. INTRODUCTION

We first introduce briefly the studied objects, then state the corresponding re-
sults, and finally say a few words about the proofs. We consider super-critical bond
percolation on Z4, with parameter p > p.(d), the critical parameter for this per-
colation. The a.s. existence of a unique infinite cluster C, is well known in this
model. We study two different objects defined on C.,: the time constant for an
independent first passage percolation and the isoperimetric (or Cheeger) constant.

1.1. First passage percolation. First-passage percolation on Z? was introduced
by Hammersley and Welsh [16] as a model for the spread of a fluid in a porous
medium. To each edge of the Z? lattice is attached a nonnegative random vari-
able t(e) which corresponds to the travel time needed by the fluid to cross the
edge. When the passage times are independent identically distributed variables
with common distribution F, Cox and Durrett [9] showed that, under some mo-
ment conditions, the time that is needed to travel from 0 to nz is nur(z) + o(n),
where pp is a semi-norm associated to F.

A natural extension is to replace the Z? lattice by a random environment given
by the infinite cluster Co, of a super-critical Bernoulli percolation model. This is
equivalent to allow t(e) to be equal to +oo.

The existence of a time constant in first-passage percolation on the Z? lattice was
first proved by Garet and Marchand in [12], in the case where ((€)l(e)<yo0) is a
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stationary integrable ergodic field. Recently, Cerf and Théret [6] focused of the case
where (t(e)1¢(e)<4o0) is an independent field, and managed to prove the existence
of an appropriate time constant u(z), without any assumption of integrability.

In the following, we adopt the settings of Cerf and Théret: the passage times
are independent random variables with a common distribution F' taking its values
in [0, +o0].

1.2. Isoperimetric constant. Isoperimetry in super critical percolation is also a
well studied subject. For a finite graph 1 = (V(J), E(J)), the isoperimetric constant
is defined as

1 min{% tACV(I),0< |4 < @},
where 0A is the edge boundary of A, 04 = {e = (z,y) € EQ) : = € Ay ¢
A orz¢ Aye A}

We consider the isoperimetric constant ¢, (p) of Co N [—n,n]¢, the intersection
of the infinite component of super-critical percolation of parameter p with the box
[-n,n]?. In several papers (e.g. [2],[20], [21],[3]) it was shown that there exist
constants ¢,C' > 0 such that ¢ < ny,(p) < C, with probability tending rapidly
to 1. This led Benjamini to conjecture the existence of lim,_,o ne,(p). In [23],
Rosenthal and Procaccia prove that the variance of ny,, (p) is smaller than Cn?~9,
which implies ny,(p) is concentrated around it’s mean for d > 3. In [4], Biskup,
Louidor, Procaccia and Rosenthal prove the existence of lim,,_,~ ny,(p) for d = 2.
In addition a shape theorem is obtained: any set yielding the isoperimetric constant
converges in the Hausdorff metric to the normalized Wulff shape Wp, with respect
to a specific norm given in an implicit form. For additional background and a wider
introduction on Wulff construction in this context the reader is referred to [4].

1.3. Main results. The goal of this paper is to prove that the objects we have
just defined are continuous with respect to the law of the environment. Concerning
the isoperimetric constant, we restrict ourselves to the case d = 2, and we prove
the continuity of the Wulff shape.

Theorem 1.1. Ford =2,
p € (pe(2),1] = lim nepn(p)

n—oo
is continuous. Moreover -
p € (pe(2),1] = W,

is continuous for the Hausdorff distance between non-empty compact sets of R<.

Concerning first passage percolation, we consider a general dimension d > 2 and
we prove the continuity of the map F — pp. More precisely, let (G, )neny and G
be probability measures on [0,+0c0]. We say that G, converges weakly towards
G when n goes to infinity, and we write G, & G, if for any continuous bounded
function f : [0, +00] — [0, +00) we have

lim fdG, :/ fdG.
n=20 J10,4] [0,400]

It is well known that G, -5 G if and only if lim,_uc Gn([t,+0]) = G([t, +0])
for all t € [0,+00) such that G is continuous at ¢. Our main result concerning
first-passage percolation is the continuity of the time constants pug with respect
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to the law G of the passage time of an edge, uniformly in the direction. Let
St ={reR?: |z =1}

Theorem 1.2. Let G,(Gp)nen be probability measures on [0,+00] such that for
every n € N, G, ([0, +00)) > p.(d) and G([0,+00)) > pc(d) . If Gp 4 @, then

lim sup |ug,(z) — pa(z)| = 0.

N0 pegd—1

This result extends the continuity of the time constant in classical first-passage
percolation proved by Cox and Kesten [8, 10, 18] to first-passage percolation with
possibly infinite passage times. We can quite easily deduce from Theorem 1.2 the
following continuity of the asymptotic shapes when they exist, i.e., when ug is a
norm:

Corollary 1.3. Let G, (Gy)nen be probability measures on [0, +00] such that for
every n € N, G,([0,+0)) > p(d), G([0,40)) > p.(d) and G({0}) < pc(d). If
d
G, — G, then
lim dH(BucnaBMc) =0,

n—o0
where By, is the unit ball for the norm p and dg s the Hausdorff distance between
non-empty compact sets of R4,

Particularly, when Gj, = pd1 + (1 — p)d4, the functional ug, governs the as-
ymptotic distance in the infinite cluster of a supercritical Bernoulli percolation (see
[12, 13, 14]). We get the following corollary:

Corollary 1.4. For p > p.(d), let us denote by B, the unit ball for the norm that
is associated to the cheminal distance in supercritical bond percolation. Then,

p € (pc(d)a 1] = BP
is continuous for the Hausdorff distance between non-empty compact sets of RY.

As a key step of the proof of Theorem 1.2, we study the effect of truncations of
the passage time on the time constant. Let G be a probability measure on [0, 4+00]
such that G([0,+00)) > p.(d). For every K > 0, we set

GF = 110,5)G + G([K, +0])dk ,

i.e., G is the law of the truncated passage time t5 (e) = min(tg(e), K). We have
the following control on the effect of these truncations on the time constants:

Theorem 1.5. Let G be a probability measure on [0, 4+00] such that G([0, +00)) >
pe(d). Then

VeeZ?  lim pex(z) = palz).
K—oo
We even have the finer uniform control:

Theorem 1.6. Let Gy be a probability measure on [0, +00] and po € [0,1] such
that Go({0}) < pc(d) < po. Then there exists a function U, that depends on
(Go,po, My), such that limy . ¥ = 0 and for every K > My and every probability
measure G with G = Go and G([0, Myp]) > po we have

Ve e Z' 0 < pox(x) — po(r) < (pa(e) + ||zlh) U (K).
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As a consequence of these results, we can approximate the time constants for
the chemical distance in supercritical percolation on Z? by the time constants for
some finite passage times:

Corollary 1.7. Let p > p.(d), and consider G = pdy + (1 — p)di0o. Then GK =
pd1 + (1 —p)dk for all K > 1 and

VreZ!  lim pgr(r) = po(w).

1.4. Idea of the proofs. Obviously, the two main theorems of the paper, Theo-
rems 1.1 and 1.2, state results of the same nature. Beyond this similarity, they are
linked by their proofs, that share a common structure and a common renormali-
sation step. The idea of the delicate part of both proofs is inspired by Cox and
Kesten’s method in [10]. Consider that some edges of Z? are "good" (i.e. open, or of
passage time smaller than some constant), and the others are bad, for a given law
of the environment (a parameter p for the percolation, or a given law G of passage
times), and look at a path of good edges in this setting. Then change a little bit
your environment : decrease p to p — €, or increase the passage times of the edges.
Some edges of the chosen path become bad. To recover a path of good edges, you
have to bypass these edges. The most intuitive idea is to consider the cluster of bad
edges around each one of them, and to bypass the edge by a short path along the
boundary of this cluster. This idea works successfully in Cox and Kesten’s paper.
Unfortunately in our setting the control we have on these boundaries, or on the
number of new bad edges we create, is not good enough. This is the reason why we
cannot perform our construction of a modified good path at the scale of the edges.
Thus we need to use a coarse graining argument to construct the bypasses at the
scale of good blocks.

In section 2, we give more precise definitions of the studied objects and state
some preliminary results. In Section 3, we present the renormalization process
and the construction of modified paths that will be useful to study both the time
constant and the isoperimetric constant. Sections 4 and 5 are devoted to the study
of first-passage percolation. In Section 4, we use the renormalization argument to
study the effect of truncating the passage times on the time constant. We then use
it in Section 5 to prove the continuity of the time constant. Finally Section 6 is
devoted to the proof of the continuity of the isoperimetric constant, using again the
renormalization argument.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section we give a formal definition of the objects we briefly presented in
the introduction. We also present the coupling that will be useful in the rest of the
paper, and prove the monotonicity of the time constant.

2.1. Lattice and passage times. Let d > 2. We consider the graph whose
vertices are the points of Z¢, and we put an edge between two vertices z and
y if and only if the Euclidean distance between = and y is equal to 1. We de-
note this set of edges by E?. We denote by 0 the origin of the graph. For

x = (z1,...,24) € R% we define |jz]i = S0, |z, |zl = /20, 22 and
[lx]|co = max{|z;| : i€ {1,...,d}}.

Let (t(e),e € E?) be a family of i.i.d. random variables taking values in [0, +o0]
with common distribution G. We emphasize that +o0o is a possible value for the
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passage times, on the contrary to what is assumed in classical first-passage perco-
lation. The random variable t(e) is called the passage time of e, i.e., it is the time
needed to cross the edge e. If z, y are vertices in Z¢, a path from z to ¥ is a sequence
r = (vo,€1,...,6En,Uy,) of vertices (v;)i=o,...n and edges (e;);=1,... n for some n € N
such that vo = z, v, = y and for all i € {1,...,n}, e; is the edge of endpoints v;_1
and v;. We define the length |r| of a path r as its number of edges and we define
the passage time of r by T'(r) = >_ ., t(e). We obtain a random pseudo-metric T’
on Z? in the following way (the only possibly missing property is the separation of
distinct points):

Ve,y € 2%, T(xz,y) = inf{T(r) : 7 is a path from z to y} € [0, +o0].

Since different laws appear in this article, we put subscript G on our notations to
emphasize the dependance with respect to the probability measure G : tg(e), Ta(r)
and Tg(x,y).

As we are interested in the asymptotic behavior of the pseudo-metric T, we will
only consider laws G on [0, +00] such that G([0,+00)) > pc(d). Here and in the
following, p.(d) denotes the critical parameter for bond Bernoulli percolation on
(Z3,E4). Thus there a.s. exists a unique infinite cluster Cg, in the super-critical
percolation (1, (e)<oc}s€ € E) that only keeps edges with finite passage times.
Our generalized first-passage percolation model with time distribution G is then
equivalent to standard i.i.d. first-passage percolation (where the passage time of
an edge e is the law of t¢(e) conditioned to be finite) on a super-critical Bernoulli
percolation performed independently (where the parameter for an edge to be closed
is G({+00})).

For instance, if we take G = pd1+ (1 —p)d400 With p > p.(d), the pseudo-distance
Te is the chemical distance in supercrtitical bond percolation with parameter p.

2.2. Definition of the time constant. As announced in the introduction, we
follow the approach by Cerf and Théret in [6], which requires no integrability con-
dition on the restriction of G to [0, +00). We collect in this subsection the definition
and properties of the time constants obtained in their paper.

To get round the fact that the times T¢; can take infinite values, we introduce
some regularized times Tg, for well chosen sets C. These regularized passage times
have better integrability properties.

Let C be a subgraph of (Z4, E?). Typically, C will be the infinite cluster of an
embedded supercritical Bernoulli bond percolation. For every « € Z%, we define the
random vertex 7€ as the vertex of C which minimizes ||z —€||;, with a deterministic
rule to break ties. We then define the passages times Tvg by

Yoy e, TE(r.y) = Ta(@,§°).

Let G be a probability measure on [0, +00] such that G(]0, +00)) > p.(d), and let
M > 0 be such that G([0, M]) > p.(d). We denote by Cg, a the a.s. unique infinite
cluster of the percolation (1, e)<ary,e € E4), i.e. the percolation obtained by
keeping only edges with passage times less than M. For any z,y € Z<, the (level

G,M(

M) regularized passage time fg x,y) is then
e (w,y) = Ta(Eon, %),

The parameter M only plays a role in the choice of ¢¢-¥ and 3¢ . Once these
points are chosen, the optimization in TCC;G’M (x,y) is on all paths between o.M
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and y°¢ M, paths using edges with passage time larger than M included. But as
o ¢ Ca,m and gl ¢ Ca,m, we know that exists a path using only edges with
passage time less than M between these two points. To be more precise, we denote
by D¢ (x,%) the chemical distance (or graph distance) between two vertices z and
y on C:

Ve,y € 24, DC(z,y) = inf{|r| : r is a path from z to y, r C C},
where inf @ = qzoo. The event that the vertices x and y are connected in C is
denoted by {z +— y}. Then, for any z,y € Z¢,
TVCC;G’M (.T, y) < MDCG,M (ZC'CG,M , @'CG,]M) )

The regularized passage time ng’M enjoys then the same good integrability prop-
erties as the chemical distance on a supercritical percolation cluster (see [1]):

Proposition 2.1 (Moments of T, [6]). Let G be a probability measure on [0, 400
such that G([0,400)) > p.(d). For every M € [0,400) such that G([0, M]) > p.(d),
there exist positive constants C1,Cs and C3 such that

Ve e Z4, VI > Callzll, P [TgG’M(o,x) > l} < Cre=Cel,

This result implies in particular that the times ng’M (0,z) are integrable. A
classical application of a subadditive ergodic theorem gives the existence of a time
constant:

Proposition 2.2 (Convergence to the time constant, [6]). Let G be a probability
measure on [0,+00] such that G([0,+00)) > pc(d). There exists a deterministic
function pg : Z¢ — [0, 4+00) such that for every M € [0, +00) satisfying G([0, M]) >
pe(d), we have the following properties:

. E TVCC;G’M(O,n:E) E TVCC;G’M(O,n:E)
(1) VzeZ® pglx) = inlg = 113_1 ,
neN n n—r+oo n
TCa,m
T (0
(2) Vvzezd 1i_>m Tg" " (0nz) = pg(z) a.s. andin L',
n—o00 n
7Ca 00
770
(3) VaezZ® lim Tg""(0,nz) = pg(x) in probability,
n—00 n

T,
4) veezd pm 1e0no)

Jim " = Qééuc(z) +(1- 9%})6+oo in distribution,

where g = P[0 € Cq,00)-

Note that even if the definition (1) of the time constants pg(x) requires to intro-
duce a parameter M in the definition of the regularized passage times ng’M (0, nzx),
these time constants pg(x) do not depend on M. Note also that if instead of tak-
ing the oM in the infinite cluster Ca,m of edges with passage time less than M,
we take the 7°G> in the infinite cluster Cg o, of edges with finite passage time,
the almost sure convergence is weakened into the convergence in probability (3).
Without any regularization, the convergence in (4) is only in law.

As in the classical first-passage percolation model, the function pg can be ex-
tended, by homogeneity, into a pseudo-norm on R? (the only possibly missing prop-
erty of ug is the strict positivity):
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Proposition 2.3 (Properties of g, [6]). Let G be a probability measure on [0, +00]
such that G([0,+00)) > p.(d). Then either ug is identically equal to 0 or ug(z) > 0
for all x #£ 0, and we know that

¢ =0 < G{0}) = pe(d) .

Proposition 2.1 gives strong enough integrability properties of TVCC;G’M (0,z) to
ensure that the convergence to the time constants is uniform in the direction:

Proposition 2.4 (Uniform convergence, [6]). Let G be a probability measure on
[0,4+00] such that G([0,4+00)) > p.(d). Then for every M € [0,400) such that
G([0, M]) > p.(d), we have

~Ca,m
T ’ 0

=0 a.s.
N0 pezd ||z >n (|1

When pe > 0, this uniform convergence is equivalent to the so called shape
theorem, that we briefly present now. We define B¢ ¢ (resp. BGGt M BCG ,>°) as the
set of all points reached from the origin within a time ¢ :

Bg: = {z ¢ 7e Tc(0,2) < t},

(resp. TCG M TCG ), and when p¢ is a norm we denote by B, its closed unit

ball. Roughly Speakmg, the shape theorem states that the rescaled set Bg ./t
(respectively B CG M/, BCG * /t) converges towards B,,,. The convergence holds in

a sense that depends on the regularity of times considered (see [6] for more precise
results).

2.3. Definition of the Cheeger constant. We collect in this subsection the
definitions and properties of the Cheeger constant obtained in [4]. The connection
in this paper between the time constant and the Cheeger constant is made possible
due to the representation of the Cheeger as the solution of a continuous isoperimetric
problem with respect to some norm. To define this norm we first require some
definitions. For uniformity of notations we remark that Bernoulli percolation can
be viewed as a special case of FPP, with law G, = pd1 + (1 —p)doc. We denote by C,
the infinite cluster Cg, 1. For a path r = (v, e1,...,en,v,), and i € {2,...,n—1},
an edge e = (x4, 2) is said to be a right-boundary edge if z is a neighbor of x; between
x;41 and z;_1 in the clockwise direction. The right boundary &+ of r is the set of
right-boundary edges. A path is called right-most if it uses every edge at most once
in every orientation and it doesn’t contain right-boundary edges. See Figure 1; the
solid lines represent the path, dashed lines represent the right-boundary edges, and
the curly line is a path in the medial graph which shows the orientation (See [4] for a
thorough discussion). For z,y € Z?, let R(z,y) be the set of right-most paths from
x to y. For a path r € R(x,y), define b(r) = |{e € 9%r : e is open}|. For z,y € C,
we define the right boundary distance, b(z, y) = inf{b(r) : r € R(z,y), open}. The
next result yields uniform convergence of the right boundary distance to a norm on
R2.

Theorem 2.5 ([4] Theorem 2.1). For any p > p.(2) and any x € R?, the limit

. b(0%, nzr)
Bp() = lim ==
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FIGURE 1. A right most path

is a Py-a.s. constant, 0 i Bp(x) < oo. The limit also exists in L' and the
#0
convergence is uniform on {x € R*: ||z||2 = 1}. Moreover, B3, is a norm on R?.

We will require an integrability condition for the right boundary distance, similar
to the one cited in Proposition 2.1.

Lemma 2.6 ([4] Lemma 3.2). There exist constants C,C’,«a > 0 such that Vz,y €
72, if t > ally — z||1, then

P,[3y € R(2%,§%) : open, |y] > 1] < Ce ",

The connection between the Cheeger constant and the norm f, goes through a
continuous isoperimetric problem. For a continuous curve \ : [0,1] — R2, and a
norm p, let the p-length of A be

N

len,(\) = sup sup Zp()\(ti) — Ati=1))-
N>10<to<..<tn<1%={

A curve X is said to be rectifiable if len,(\) < oo for any norm p. A curve X is
called a Jordan curve if A is rectifiable, A(0) = A(1) and X is injective on [0,1). For
any Jordan curve A, we can define its interior int(\) as the unique finite component
of R%\ \. Denote by Leb the Lebesgue measure on R2.

Theorem 2.7 ([4] Theorem 1.6). For every p > p.(2),
lim nep, (p) = (V20,)7! inf{leng, (A) : A is a Jordan curve, Leb(int()\)) = 1}.
n—roo

Moreover one obtains a limiting shape for the sets that achieve the minimum in
the definition of ¢, (p). This limiting shape is given by the Wulff construction [24].
Denote by
(5) Wy= (] {zeR’:a-2<B,(R)},

Azl f2=1
where - denotes the Euclidean inner product, and let
W, = ——2

P /Leb(W,)’
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The set Wp is a minimizer for the isoperimetric problem associated with the norm
Bp. By Theorem 2.7 and (5) both parts of Theorem 1.1 follow the continuity of
p — Bp. Denote by U(n) be the set of minimizers of ¢, (p).

Theorem 2.8 ([4] Theorem 1.7). For every p > p.(2),

max inf du(n~'U, £+/V[7p/\/§) — 0,
Uel(n) N ¢£eR?: n—o0o
£+W,/V2C B(1)
and
U]
max |[——————1 — 0,
Uel(n) (9p|B(TL)|/2> n—00

hold for P, almost every realization of w, where 6, =P,(0 € C,).

2.4. Coupling. To understand how pg depends on G, it is useful to consider pas-
sage times (tg(e)) with common distribution G, that also have good coupling prop-
erties. For any probability measure G on [0, 4+00], we denote by & the function

& : [0, +00) — [0,1]
t > G([t, +00)),

which characterizes G. For two probability measures G1, G2 on [0, +00], we define
the following stochastic domination relation:

Gi=Gy & Vte [0, +OO) 61(t) > @2(t).

This is to have this equivalence that we choose to characterize a probability measure
G by & instead of the more standard distribution function ¢ — G([0,]).

Given a probability measure G on [0, +00], we define the two following pseudo-
inverse functions for &:

~

Vt € [0,1], &(t) = sup{s € [0,+00) : B(s) >1—t} and
B(t) = sup{s € [0,+00) : &(s) > 1 —t}.

These pseudo-inverse functions can be used to simulate random variable with dis-
tribution G:

Lemma 2.9. Let U be a random variable with uniform law on (0,1). If G is a
probability measure on [0, 400], then &(U) and &(U) are random variables taking
values in [0, +o00] with distribution G, and &(U) = &(U) a.s.

Proof. The function & has the following property

(6) Ve [0,1], Vs €[0,400), &(t)>s = &(s)>1—t.

Then for all s € [0,+00), we have P[B(U) > s] = P[U > 1 — &(s)] = &(s),
thus &(U) has distribution G. The function & does not satisfy the property (6).
However, &(t) # &(t) only for t € [0,1] such that &~1({1 — ¢}) contains an open
interval, thus the set {t € [0,1] : &(t) # ()} is at most countable. This implies
that &(U) = &(U) a.s., thus &(U) has the same law as &(U). O

In the following, we will always build the passage times of the edges with this
lemma. Let then (u(e),e € E%) be a family of i.i.d. random variables with uniform
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law on (0,1). For any given probability measure G on [0, +00], the family of i.i.d
passage times with distribution G will always be

(7) Ve e B4, tg(e) = B(ule)).

Of course the main interest of this construction is to obtain couplings between laws.
In particular, if G; and G2 are probability measures on [0, +00],

G12XGy = tg,(e) <tg,(e) for all edges e.

In particular in the case of Bernoulli percolation, if p < ¢, G4 = ¢d1 + (1 — ¢)doo <
Gp = pd1 + (1 — p)dss thus C, C C,. Moreover, we have the following pleasant
property:

Lemma 2.10. Let G, (Gp)nen be probability measures on [0, +o00]. We define the
passage times tg(e) and tg, (€) as in equation (7). If Gy, 4 G, then

a.s.,Ye ¢ B¢, lim tg, (e) = tg(e).
n—o0

Proof.

(1) Let us prove that if G,, = G for all n, then
(8) vt €10,1] lim G,(t) = &(1).

Consider ¢ € [0,1], let # = &(¢) and z,, = &, (t). Since G,, = G, we have &, > &

thus 2, > x. Suppose that ITim =z, := T > x. Up to extraction, we suppose
n—-+oo

that lim, 4 x, = T. Choose 8 € (z,T) such that & is continuous at 3, thus
lim,, 00 ,(8) = B(8). On one hand, by the definition of ® and the monotonicity
of &, we have &(8) < 1 —t. On the other hand, 8 < x,, for all n large enough, thus
&, (B) > 1—t for all n large enough, and we conclude that &(3) = lim, o0 &, (5) >
1 — ¢, which is a contradiction, and (8) is proved.

(i6) Similarly, if G, < G for all n, then V¢ € [0,1] lim_ &, (t) = &(1).

(iii) We define &, = min{®,&,} (resp. &, = max{®,®,}), and we denote

by G,, (resp. G,,) the corresponding probability measure on [0, +00]. Notice that
G, % G and G, 4 G. Fix an edge e. Then G,, = G for all n, and (i) implies that

a.s. lin;o tg (e) = tale).

n—

As G, < G for all n and tg(e) = &(u(e)) almost surely, (i) implies that
as.  lim ta (e) = ta(e).

Finally, as G,, < Gy, < G,, for all n, we know by coupling that ta. (e) <tg,(e) <
tz. (e), which gives the desired convergence.
(I

2.5. Stabilization of the point z. We need to establish the monotonicity of the
time constant in first-passage percolation. Since we work with different probability
measures, the fact that, in the regularization process, the point z¢¢™ depends on
G may be disturbing. We get round this problem by considering an alternative
probability measure H:
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Lemma 2.11. Let G and H be probability measures on [0,+0o0] such that G < H.
For all M € [0, +00) satisfying H([0, M]) > p.(d), we have

E ng’NI (0, nx) TCH M (0, nz)

pe(x) = inf = lim —¢
neN* n n—00 n

a.s. and in L.

Proof. Since G < H we get by coupling that tg(e) < tg(e) for all e € EL. Let M €
[0, 4+00) satisfying H ([0, M]) > p.(d), then G([0, M]) > p.(d) and Cynm C Ca M-
The proof of the convergence of TGH M (0,nz)/n is a straightforward adaptation of
the proof of the convergence of TSG'M (0, nx)/n: by the subadditive ergodic theorem,
there exists a function pg g : R? — [0, +00) such that for all x € Z¢ we have

E [TCC:H'M (O’Rzﬂ oM (0, nz)
y(x) = inf = lim -&—2"7
: neN- n n—ro0 n

/

e a.s. and in L'.

It remains to prove that u’G,H = pg. For any z € Z%, for any € > 0, we have
FCH, M FCa, M
P HTG (0,nz) — T (0, nw)‘ > ne}

<P |:TG(6CG,A4’6CH,J\4) + TG(%CG,M,%CH,M) > n&_}

A

9) < oP [Tg(ﬁcG’M,acH’M) > ns/z} .

Since 0¢¢M ¢ CG,M C CG,oo and 0€#M ¢ CH,M C CG,M C CG,oo, the time
Tg(0Ce: (CHa1) s finite a.s. thus the right hand side of inequality (9) goes to
0 as n goes to infinity. This concludes the proof of Lemma 2.11. (I

2.6. Monotonicity of the time constant in first-passage percolation. As
a simple consequence of the coupling built in section 2.4 and the stabilization of
the points Z proposed in section 2.5, we obtain the monotonicity of the function
G— HaG-

Lemma 2.12. Let G, H be probability measures on [0, +0o0]. we have
G=2H= pc < pm-.

Proof. By construction of pug and pg, it suffices to prove that ug(z) < pg(x) for
all z € Z%. By coupling, since G < H, we have tg(e) < tg(e) for every edge e.
Using Lemma 2.11 the conclusion is immediate, since we have a.s.

FCr, M FCH, M
T~ (0 T (0
o) = tim L& Om) oy T On) )

n— 00 n n—00

3. RENORMALIZATION

In this section we present the renormalization process and the construction of
modified paths that will be useful to study both the time constant and the isoperi-
metric constant.
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3.1. Definition of the renormalization process. Let G be a probability mea-
sure on [0, +00], and fix My such that G([0, My]) > p.(d). Denote as before by Ce. a,
the a.s. unique infinite cluster of the supercritical Bernoulli field {1;,)<n, : € €
E?}. We call this field the Mp-percolation and its clusters the My-clusters.

We use a renormalization process in the spirit of the work of Antal and Pisz-
tora [1]. For a large integer N, that will be apropriately chosen later, we chop Z%
into disjoint N-boxes as follows: we set By to be the box [~ N, N]?NZ? and define
the family of N-boxes by setting, for i € Z¢,

By (i) = Ti(2N+1) (Bn),

where 7, stands for the shift in Z¢ with vector b € Z?*. We will also refer to the
box By (i) as the N-box with coordinate i. The coordinates of N-boxes will be
denoted in bold and considered as macroscopic sites, to distinghish them from the
microscopic sites in the initial graph Z¢. We also introduce larger boxes: for i € Z<,

By (i) = Tien+1)(Bsn).
As in [1], we say that a connected cluster C' is a crossing cluster for a box B, if
for all d directions there is an open path contained in C' N B joining the the two
opposite faces of the box B.
Let C; pp, = (2%, {e € E? : t4(e) < Mp}) be the graph whose edges are opened
for the Bernoulli percolation (1tG(e)§MO ,e € Ed). We recall that Cg, , is the infinite
cluster of Cg; 5, , and we have Do (g, ) = DF.q (z,y) for every vertices z and

y in Cq,m,, and DFfc.mo (xz,y) = 400 if z or y are not in Cq,ar,. Let us recall the
following result, obtained by Antal and Pisztora [1, Theorem 1.1], that says that

the chemical distance DG.Mo can’t be too large when compared to Il or || - [loo
(or any other equivalent norm): there exist positive constants A, B, § such that
(10) Vo e 74 P(Bl|z|i < D6m0(0,x) < +00) < Aexp(—B|z|1),

and

(11) Vo eZ? P(B|z)o < D20 (0,2) < +00) < Aexp(—B|z| o) -

In fact Antal and Pisztora proved (10), but different norms being equivalent in R¢,
we can obtain (11) by changing the constants.

Definition 3.1. We say that the macroscopic site i is good (or that the box By (i)
is good) if the following events occur:
(i) There exists a unique Mo-cluster C in Bl (i) which has more than N ver-
tices;
(ii) This Mo-cluster C is crossing for each of the 3¢ N-bozes included in B’y (i);
(iiif) For allz,y € Biy(), if |t —y|loo = N and x and y belong to this My-cluster
C, then DCc.mo (x,y) < 3BN.
We call this cluster C the crossing My-cluster of the good box By (i).

Otherwise, By (i) is said to be bad.

On the macroscopic grid Z¢, we consider the same standard nearest neighbour
graph structure as on the microscopic initial grid Z¢. Moreover we say that two
macroscopic sites i and j are s-neighbors if and only if i — jllcc = 1. If C' is a
connected set of macroscopic sites, we define its exterior vertex boundary

9,C = {i € Z°\C : i has a neighbour in C}.
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For a bad macroscopic site i, denote by C(i) the connected cluster of bad macro-
scopic sites containing i: the set 9,C(i) is then a x-connected set of good macro-
scopic sites. For a good macroscopic site i, we define 9,C(i) to be {i}.

3.2. Modification of a path. Let K > M, and N be fixed. Let now - be a path
in Z4, starting from the origin. To v, we associate the connected set I' C Z? of
N-boxes it visits: this is a lattice animal containing the origin, i.e. a connected
finite set of Z¢ containing the origin.We decompose « into two parts, namely 7, =
{e € v :tgle) < K} and v, = {e € v : tg(e) > K}. We denote by Bad the
(random) set of bad connected components of the macroscopic percolation given
by the states of the N-boxes.The idea is to remove from ~ the edges with passage
time larger than K, and to look for bypasses for these edges using only edges with
passage time less than M.

Lemma 3.2. Assume that 0 € Cq m,, that © € Ca p,, that the N-boxes containing
0 and x are good and let v be a path between 0 and x. Then there exists in Cq nm,a
path v between 0 and x that has the following properties :

(1) ~"\ v is a collection of disjoint self avoiding paths that intersect v' N~y only
at their endpoints;

(2) W' \7v| <pa| N Z |IC| + N y| |, where pa is a constant de-
CeBad: CNT'#2
pending only on the dimension d.

See Figure 2.

l-| "
J LH‘ i
EEEEE i | \ i |
1 I L._|
I i i
'E t E = ma RN HH
1§ Tt ? I ]_ r'a
AT T T “ L 111 (1t —
]\ Il ‘\ L i inl [
| N NN N
) T
J/‘)/, 1 I I I
T [
EEEEEE i | U u
I Ll Ll

T
I I
NEEEE i

I
i
T T T i
i
T ‘\
I I

FIGURE 2. The paths v and +" (bad blocks are colored in dark gray).

Before proving Lemma 3.2, we need a simpler estimate on the cardinality of a
path inside a set of good blocks.

Lemma 3.3. There exists a constant pq, depending only on d, such that for every
fized N, for every n € N*, if (By(i))iez is a x-connected set of n good N-blocks, if
x € By(j) forj € T and x is in the crossing My-cluster of Bn(j), if y € By (k) for
k € 7 and y is in the crossing My-cluster of By (k), then there exists a path from
x toy in Cq py, of length at most equal to pa(Nn + N9).
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Proof of Lemma 3.3. Since (By(i))iez is a x-connected set of good blocks, the def-
inition of good boxes ensures that there exists a My-cluster C in C’QMO NUiez{e €
By (i)} which is crossing for every N-box included in Ujez Bl (i) (see Proposi-
tion 2.1 in Antal and Pisztora [1]). Since z and y are in C, there exists a path
Y= (71,--,%) from z to y in Cg 5, N Uier{e € By(i)}. Let (pi)i<i<r be the
path of macroscopic sites corresponding to the path of good blocks visited by -~y
(¢ may not be injective). Notice that r < 3%n. We now extract a sequence of
points along v. Let ¥(1) = 1 and j(1) = 1. If ¥(1),...,¥(k) and j(1),...,5(k)
are defined, if the set {i > W(k) : [l¢i — Yw@k)llcoc > 2} is non empty we define
U(k+1) =inf{i > (k) : |l¢i — Pwk)llco > 2} and we choose j(k+1) > j(k) such
that V(1) € Br(Pw(r+1)); if the set {i > (k) : [l¢; — ol > 2} is empty

we stop the process. We obtain a sequence (v;x),k = 1,...,7") of points, with
r" < r. By construction, for all k € {1,...,7" — 1}, we have ||Vr+1) — Vi) lloo = NV
and

lewkr) — Pukr)-1lloo = lPwri-1 — Pumllc = 1,

thus Wj(k) S BEV(LP\II(]C+1)71) and ’Yj(k+1) S B;V(‘p‘ll(k+1)fl)' For all k£ € {1, . ,T/ —
1}, BN(cpg,(kH),l) is a good box, and ;1) and ¥;(x+1) belong to the crossing Mpy-
cluster of By (¢w(k+1)-1), thus there exists a path from ;) to yjr+1) in Co
of length at most 38N. By glueing these paths, we obtain a path from z = 7;()
t0 ¥j(rry in Cgy py,0f length at most 33Nr" < 37 fNn. Finally, since y and ;)
belong to the crossing Mo-cluster of By (¢w(r)) there exists a path from ;¢ to
y in Cg y, of length at most [{e € By (pw())} < 2d 3IN©, O

Proof of Lemma 8.2. To the path -y, we associate the sequence ¢y = (¢0(j))1<j<ro
of N-boxes it visits. Note that ¢ is not necessarily injective, and that the previously
defined lattice animal I" is equal to ¢o({1,...,70}).

From the sequence g, we extract the subsequence (¢1(j))1<j<r, , with r1 < ro,
of N-boxes B such that v N B contains at least one edge with passage time larger
than K (more precisely, we keep the indices of the boxes B that contain the smallest
extremity, for the lexicographic order, of an edge of v with passage time larger than
K). Notice that r1 < |y3|. The idea is the following:

(1) If ¢1(y) is good, we add to ~ all the edges in B with passage time less than
My: there will be enough such edges in the good N-box to find a by-pass
for the edge of v with too large passage time.

(2) If 1 (j) is bad, we will look for such a by-pass in the exterior vertex bound-
ary 0,C(p1(j))) of the connected component of bad boxes of ¢1(j).

In both cases, we use Lemma 3.3. We recall that if i is good, then 9,C(i) =
{i}. Note that some 9,C(v1(j))) may coincide or be nested one in another or
overlap. In order to define properly the modification of our path, we need thus to
extract a subsequence once again. We first consider the x-connected components
(Sga(j))1<j<rss With 72 < 71, of the union of the (9,C(¢1(j)))1<j<r,, by keeping
only the smallest index for each connected component. Next, in case of nesting,
we only keep the largest connected component. We denote by (S, (;))1<j<rs, With
r3 < ro, the remaining hypersurfaces of good N-boxes. Finally it may happen that
7 visits several times the same S, ;) for some j: in this situation we can and must
remove the loops that v makes between its different visits in Sy, ;). Thus by a
last extraction we obtain (S,,(j))1<j<r,, Where S, 1y = Sy, (1) and for all k£ > 1,
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@4(k +1) is the infimum of the indices (©3(j))1<j<rs such that y visits S, ;) after
it exits Sy, (k) for the last time (if such a j exists).

Note that the path v must visit each (S,,(;))i1<j<r,- We now cut ~ in several
pieces. Let ¥, (1) = min{k > 1 : v € Uies,, o) By (i)} and P,u4(1) = max{k >
Uin(l) + %% € Uies,, o) By(i)}. By recurrence, for all 2 < j < ry, we define
Uin(j) = min{k > Upe(j — 1) : v € Uiesm(j)BN(i)} and W,u1(j) = max{k >
Win(4) * k€ Uies,,;, Bn()}. Forall 1 <j <7y —1, let 7; be the part of vy from
N ous () $O Y0, (j+1)- By construction v; contains no edge with passage time larger
than K, and has at least IV vertices in B (i) for some i € S, ;) (resp. in By (k) for
some k € S, (j4+1)), thus v; N By (i) (resp. v; N By (k)) is included in the crossing
Mo-cluster of By (i) (resp. Bjy(k)). This implies that for all 2 < j < ry — 1, we
can apply Lemma 3.3 to state that there exists a path 73- from vy, () t0 Yw,..(5)
in Cg py, of length at most pa(N% + N|S,,hl)- To do the same in S, (1), we
have to study more carefully the beginning of the path . If 0 is in S, (1), then
Uin(1) =1 and vy,,1) = 0. As 0 € Cg,m, and By(0) is good, 0 is in the crossing
My-cluster of By(0), and applying Lemma 3.3 we obtain the existence of a path
71 from z = vy, 1) to Yw,,,(1) in Cg py, of length at most pa(N%+ N|Sp,1y])- In
this case we define v = . If 0 is not in Se.(1), denote by v the portion of v
from 0 to yy,,(1)- The same reasoning as before ensures that vy, (1) belongs to the
crossing Mo-cluster of By (i) for some i € S, (1), and we can again apply Lemma
3.3 to obtain the existence of a path v; from vg,, (1) to yg,,,(1) in C’G,M0 of length
at most pa(N? + N|S,,(1)|). This reasoning can be readily transposed for the end
of the path v, thus we obtain the existence of a path 7, from vy, (r) t0 Yw,.,(rs)
in Cg py, of length at most pa(N%+ N|[S,,()]), and we denote by ~,, the portion
of  from vy, (ry) t0 & (Yr, =0 if Yo, (ry) = ).

We can glue together the paths ¥o,71, 71,75, - - -, ¥y, Vrs in this order to obtain a
path 4/ from 0 to z in C/G,Mo- Up to cutting parts of these paths, we can suppose that
each 4/ is a self-avoiding path, that the 4/ are disjoint and that each 7, intersects
only v;—1 and +;, and only with its endpoints.

Finally we need an estimate on |y’ \ v|. Obviously 7' \ v C Uj%,~}, thus

1=

W Nl <) haN + NIS,, )

1=1
< rapaN? + ﬁdNZ 1Sp.()]
=1
< 20aN%ml +paN Y 10.C).

CeBad: CNT'#£&

To conclude, we just have to remark that |0,C| < 2d|C]|.

4. TRUNCATED PASSAGE TIMES

This section is devoted to the proof of Theorems 1.5 and 1.6.

Let us denote by M(Gy, po, My) the set of probability measure on [0, +00] such
that G = G and G([0, My]) > po for a fixed py > p.(d). For G € M(Gy,po, M),
denote as before by Cg s, the a.s. unique infinite cluster of the supercritical
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Bernoulli field {1;, )<, : € € E?}. We call this field the My-percolation and its
clusters the Mjy-clusters.

4.1. Estimation for the passage time of the modified path.

Lemma 4.1. Let G be in M(Go,po, Mo). There exists a positive constant p,
(depending only on d and My ) such that the following holds: Assume that 0 € Ca,my,,
that x € Cq,m, and that the N-boxes containing O and = are good, then

/Nd
Te(0,z) < Tex (0, ) (1+de )—i—pfiN > lejp
C€eBad: CNI'#£@

where T is the lattice animal of N-boxes visited by an optimal path between 0 and
x for the passage times with distribution G¥.

Proof. As 0 € Ca,m, and = € Cg,m,, the quantities T¢(0,z) and Tgx(0,x) are
bounded by My times the chemical distance in Cq g, between 0 and z, and are
thus finite. Let v be an optimal path between 0 and z for Tk (0, ), and consider
the modification + given by Lemma 3.2. Since 7 is a path between 0 and z, we

have
To(0,2) <Y tale)= Y tale)+ Y tale)

e€y’ e€yNy’ e€y’\y
<Y tale) + Moy \ ]
e€Ya

On one hand, since v is an optimal path between 0 and = for Tgx (0, x), we have

D tale) =D tax(e) <D tar(e) = Tar(0,7).

e€Ya eE€EYq ecy

On the other hand, using the estimate on the cardinality of 4\ v given in Lemma
3.2, and noticing that the number of edges in 7, is less than Tox (7)/ K, we obtain

NTgx (7)
'\ < pa K( +N Y C
CeBad: CNT'#£@

O

Lemma 4.2. For every p < 1, there exists an integer N(pg) such that for each
G € M(Go, po, My), the field (1{By (i) good})icza Stochastically dominates a family
of independent Bernoulli random variables with parameter p.

Proof. Obviously, the states of (By(i));cze have a finite range of dependance and
are identically distributed. Then, by the Liggett—Schonmann—Stacey Theorem [19],
it is sufficient to check that limy_, oo P(Bx good) = 1.

Consider first the properties (i) and (ii) of the Definition 3.1. When d > 3, the
fact that limy_, oo P(By satisfies (i) and (ii)) = 1 follows from the Pisztora coarse
graining argument (see Pisztora [22] or the coarse graining section in Cerf [5]).
When d = 2, see Couronné and Messikh [7]. It remains to study the property (iii)
in the Definition 3.1. Using Antal and Pisztora’s estimate (10), we have for all N
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and i

P[By (i) does not satisfy (iii)]

IN

c! ,
Y D Lje-ylexnP [w &y, Do (z,y) > 3ﬁN}
x€B§V(i) yeBgv(i)

Cl ’
S % Ueiean® [r 8y D) 2 Bl

z€B) (i) ye B, (i)

Z Z 1||z,y||OOZNAe*B”CE*y||DO

z€B), (i) yeBy (i)

(3N)4.(3N)4Ae BN

IN

IN

IN

that goes to 0 when N goes to infinity. O

Lemma 4.3. There exists a constant Cy, depending only on d, such that for every
path v of Z¢, for every N € N*, if I is the animal of N-blocks that vy visits, then

. 1
D) < Cd<1+|7|]:; >1.

Proof. Let v = (7i)i=1,...n be a path of Z¢ for a n € N* (v; is the i-th vertex of v,
n=|y|+1), and fix N € N*. Let I" be the animal of N-blocks that v visits. We will
include T in a bigger set of blocks whose size can be controlled. Let p(1) =1 and iy
be the macroscopic site such that v1 € By (i1). If p(1),...,p(k) and iy,...,i; are
constructed, define p(k + 1) = inf{j € {p(k),...,n} : v; ¢ Bi(ix)} if this set is
not empty and let ir; be the macroscopic site such that v,41) € By (ix+1), and
stop the process if for every j € {p(k),...,n} , v; € By (ix). We obtain two finite
sequences (p(1),...,p(r)) and (i1,...,1,). First notice that

re (i
k=1
by construction, thus |T'| < 3%r—1. Moreover for every k € {1,...,7r—1}, 1Vp(t1) —
Yptkyllt = N, thus p(k1) —p(k) > N. This implies that N(r —1) < p(r) —p(1) < n,
and we conclude that

r<s3(1+4)-1.
re st (142

(I
Lemma 4.4. Suppose that Go({0}) < pc(d). For every e > 0 there exists p1() > 0

and A(g) > 0 such that for every K > My, for each G € M(Go,po, My), for all x
large enough,

. ~ A
P (76 00) < 70,0 (14 52 ) 4 el ) 2 G

Proof. Let € > 0 be fixed. Let p5i*(d) be the critical parameter for independent

(&

Bernoulli site percolation on Z?. Choose a = a(¢) > 0 and then p = p(e) €
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(pSite(d), 1), such that

(12) " exp(-ac) < 3,

e@74(1 — p) 3
1 _ < -
(13) +1—ea7d(1—p)_2

Let finally N = N (e) be large enough to have the stochastic comparison of Lemma 4.2
with this parameter p.

Since G ({0}) = Go({0}) < p.(d), there exist positive constants A’, B, 3’ such
that for all ¥ € N* (see Proposition 5.8 in Kesten [18]):
(14)

P {37‘ s.a. path starting at 0 s.t. |r| > k and T (r) < ﬁ’k} < A’ exp(—B'k).

Obviously, for each G € M (G, po, M), we also have
(15) P[3r s.a. path starting at 0 s.t. |r| > k and Tgx (r) < B'k] < A’ exp(—B'k).

Let K > My. Fix a large . Let E, be the following good event: 0 € Cgq, s,
and z € Cg g, and D60 (0, x) < B||z|; and the N-boxes containing 0 and z are
good. Note that the FKG inequality and Antal and Pisztora’s estimate (10) ensure
that

(16) Pi(x) € P(E,) > P(0 € Cany) (1 — Aexp(—Bl|z|1))p?

From now on, we only work on the event E,. As 0 € Cq m, and = € Cq my,
we have TVCCJG’M“ (0,z) = Te(0,2) and fgi’Mo (0,2) = T (0,2) < MyDCe0 (0, 2).
Equation (15) implies the existence of a geodesic ~y, for Tgx (0, 2). Note that

BMy
ﬂ/

M,
{Ez, el ﬁﬂ,onxnl} SR Ton(v2) < BMoll]n}
U{Ea, Tax(ve) > BMolalls}

BM

0
C el = —=llzlh Tax (v2) < BMoljz]l1}

U{Bllz]s < Dm0 (0,2) < 400}

Then, (10) and (15) imply the existence of positive constants A”, B” such that all

x € 7%
( s Vel >

2 > 0 and if E/, denotes the event E, N{|v.| < 8”||z|l1}, then

) < A" exp(—B"|z])

Thus we set 3" =

B
(17) Py(x) € P(EL) > P(E,) — A" exp(~B"||z]1)

Denote by I';, the lattice animal of the N-boxes visited by this geodesic. Note
that by construction, on the event F,, we have |T';| > ||z||1/N. On the other hand
Lemma 4.3 implies that [T;| < Cyq(1 + (|72] + 1)/N) — 1 < 2Cq4|y|/N at least
for x large enough (remember that |v,| > ||z||1). Denote by Animals the set of
lattice animals containing 0, and Animals,, the subset of those having size n. Using
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Lemma 4.1, we have for x large enough

/

_ N(e) ~
Cc 1\40 ) > TCC;?(,MO (0,1,> (1 4 %) —+ 2€Cdp:i ﬂ//|$”1)

Cl = el
CEBad CNl,#9

:e]P’

o € nimals, (1> 120 ST o) s epn) | & By
CeBad: CNT'#£&

Z > P >, [0z

€ Animals,, CeBad: CNI'#&
Z P > 0l zer|
Animals,, CeBad: CNI'#&

For the last mequahty, we use the coupling Lemma 4.2 to replace the locally de-
pendent states of our N-boxes by an independent Bernoulli site percolation with
parameter p chosen in (13). From now on, we work with this Bernoulli site perco-
lation with parameter p. Denote by C(0) the connected component of closed sites
containing 0 (with the convention that if 0 is open, then C(0) = @). Let (C(i));ezq
be independent and identically distributed random sets of Z¢ with the same law as
C(0). Fix a set I' = (T'(4))1<i<n of sites; we first prove that, for the independent
Bernoulli site percolation, the following stochastic comparison holds:

(19) > =i

CeBad: CNT'#2

The idea is to build algorithmically the real clusters from the sequence of pre-
clusters (C(i));ez4, as in the work of Fontes and Newman [11], proof of Theorem 4.
Note however that in our sum (19), each visited cluster is only counted once, while
they count each cluster the number of times it is visited, which explains the differ-
ence between our stochatic domination and their one. We proceed by induction on
j€{1,...,n} to build a new family (C())1<i<n such that

A U d?O@ch@@+mm

CeBad: CN{T(i): 1<i<j}#@
Set C(1) = T'(1) + C(1). Assume now that (C(i))1<i<; are built for some j < n:
o if I'(j +1) € Aj, then A;11 = Aj, so we set C(j + 1) =
o if I'(j + 1) € 9,4, (the exterior vertex boundary of Aj), then it is a good
site, so we set C(j +1) = @
e otherwise, the conditional distribution of the bad cluster C' containing the
site I'(j + 1), given A;, is that of the percolation cluster of I'(j + 1) in a

site percolation model where Z¢ is replaced by Z%\(A4; U8, A;); thus, it has
the same law as the connected component of I'(j + 1) in

CH+D=(CG+1)+C0+1))\(4;U84;),
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which ends the construction and proves (19). As the number of lattice animals
containing 0 with size n is bounded from above by (79)" (see Kesten [17], p 82. or
Grimmett [15], p.85), we have, by the Markov inequality,

Pi(lzl) < ) (79" exp(—aen) (Ey(exp(]C(0)])" -

n> Izl
But

Ey(exp(a]C(0)]) = p+ D _ exp(ak)P(IC(0)| = k) <p+ Y exp(ak)P,(|C(0)] > k)
k>1 k>1

o d _
<p+ Zexp(akz)(?d)k(l —P)k =p-+ %'
E>1

With the choices (12) and (13) we made for o and p, this ensures that
(20) Plal) < 7 2T 2T R

nz g
To conclude, note that with (16), (17), (18) and (20), we get

~ ~ /N ()4 N
P (TgGvMo (0,2) > T (0, ) (1 g B K(E) ) +2eCap) ﬁ”|x||1)

<1— Poo) + Po(a) < 1— Po(x) + Prlllall) < 1— p(e),
for a well-chosen p;(¢) > 0 and every z large enough. O

4.2. Proof of Theorem 1.5 and Theorem 1.6. Suppose that Go({0}) < p.(d).
For any e > 0, consider p;(¢) and A(e) as given by Lemma 4.4, and define, for
K > My, V(K) = inf.~g % +e. It is easy to see that limg 400 ¥(K) = 0. Fix
£>0,8>0, K> Mand z € Z%. Now consider G € M(Gy, po, Mp).

With the convergence (2) in Proposition 2.2 and Lemma 4.4, we can choose n

large enough such that

Ca,m
T °(0
P(MG<$>5§ = ﬂm) >1- 2,
n 3
+Ca,m
TEeMo (),
IP<7GK (O,na) SMGK($)+5> > n)
n 3
+Ca, Mg +Ca, Mg A(E)
P(Te" "0 (0,nr) < T " (0,nz) ( 1+ a +enlz|1 | = pi(e).

For every € > 0, for every 6 > 0, on the intersection of these 3 events, that has
positive probability, we obtain

VG € M(GOaPOaMO)vK > MO,:C € Zd
Ale
pea) =3 < (naw(o) +6) (14 202 )+ el

and by letting § going to 0 we get

A
Ve > 0,G € M(Go,po, My), K > My, z € 2%  pg(x) < pex (x) (1 + %)—i—dx”l.
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It follows that for every ¢ > 0,

Afe)

0 < pgr () — pa(z) < por— ellz(l1

A(e
< (uolo) + ol (G2 +¢)
thus, by optimizing e,

0 < pex () = pa(z) < (pa(z) + (=) (K),
so Theorem 1.6 is proved.

Let us prove Theorem 1.5. If G({0}) > p.(d), then pgr(x) = pg(x) = 0, so
there is nothing to prove. Otherwise, take G = G and simply consider M, large
enough so that G([0, My]) > p.(d) and take py = G([|0, My]). Now, since G €
M(Go, po, M), we can apply Theorem 1.5 and use the fact that limg_, oo U(K) =
0.

5. CONTINUITY OF THE TIME CONSTANT, THEOREM 1.2
We state now two properties that will be proved in the next sections.

Lemma 5.1. Suppose that G, (Gp)nen are probability measures on [0,400] such

that G([0, +00)) > p.(d) and G, ([0,400)) > pc(d) for alln € N. If Gy, %4 G and
G, = G for all n, then

Ve ez,  Tim e, (z) < pe(r).
n—+o0o

Lemma 5.2. Suppose that G, (G, )nen are probability measures on [0, R] for some
common and finite R € [0,+00). If G, 4 G, then

Ve € 24, nh_{r;oMG" () = pe(z).

5.1. Proof of Theorem 1.2. We follow the general structure of Cox and Kesten’s
proof of the continuity of the time constant in first-passage percolation with fi-
nite passage times in [10]. We first deduce Theorem 1.2 from Theorem 1.5 and
Lemmas 5.1 and 5.2.

Proof of Theorem 1.2. Let G, (G, )nen be probability measures on [0,400]. We
first prove that for all fixed 2 € Z¢, we have

(21) Jimpg,, () = pa(z).

We define ®, = min{®,®,} (resp. &, = max{®,&,}), and we denote by G,
(resp. G,,) the corresponding probability measure on [0, +-0c]. Then &, < & < &,
(resp. G,, < Gy, < G,,), thus by Lemma 2.12 we have pe, (2) < pa(z) < pg (2).
To conclude that (21) holds, it is sufficient to prove that

() lm g (¢) > pa(e) and (@) Tm g (2) < pole).
n—r00 n——+oo

Notice that G, 2 G and G, <4 q. Inequality (i¢) is obtained by a straightforward

application of Lemma 5.1. For any K € [0,+0oc), we define GK = Lo, )G +

G([K,+00])0k (resp. GE = lio,;)G,, + G, ([K,+c])dk), the distribution of
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t&(e) = min(tg(e), K) (resp. tg& (e) = min(tg (e), K)). Using Lemmas 2.12 and
5.2, since GX % GK | we obtain for all K

lim g () > lim pgr(r) = pex (),

n—oo " n—oo  —n
and by Theorem 1.5 we have limg _, pgx () = pe(x). This concludes the proof
of (i), and of (21).

By homogeneity, (21) also holds for all x € Q% We know that |ug, (z) —
ve, (W) < pa, (e1)||x — yll1, where ey = (1,0,...,0). Moreover lim,,_,o i, (€1) =
ua(e1), thus for all n > ng large enough we have |ug, () — pa, (¥)| < 2uc(er)|x—
y||1 for all z,y € R This implies that for any fixed € > 0, there exists n > 0 such
that for all z,y € R? such that ||z — y||; < n, we have

sup{|pc () — pa)l lne, () — pe, (y)|,n = ne} < e.

There exists a finite set (yi,...,ym) of rational points of R? such that

st c (J{z e Rty —alh <}

=1

Thus  Tim  sup |ug,(2)—pe(z)| < 2e+ lim - max |ug, (yi)—ne(yi)| = 2.

n—+oo geSd—1 —+o01=1,...,
Since € was arbitrary, Theorem 1.2 is proved. (I

We prove Lemmas 5.1 and 5.2 in the next sections, using a bound on sequences
of probability measures.

5.2. Bound on sequences of probability measures.

Lemma 5.3. Suppose that G and (Gp)nen are probability measures on [0, +00]
d
such that G,, — G.

(1) If G([0,400)) > pe(d) and G, ([0, +00)) > p.(d) for all n € N, then there
exists a probability measure H™ on [0, +00] such that G, < HT for all n
and H*([0,4+00)) > pe(d).

(i7) If G({0}) < pe(d) and G, ({0}) < pe(d) for all n € N, then there exists
a probability measure H~ on [0,+00] such that G, = H~ for all n and
H=({0}) < pe(d).

Proof. (i) We define H = sup,,cy &,, and H1(z) = inf{H(y) : y < x} for all
z € [0,+00). Then H* and HT are non-increasing functions defined on [0, 400)
and they take values in [0, 1]. By construction $7 is left continuous and H+ > &,
for all n € N. Moreover we have 5%"’(:1:) = Nt (z) =1 for all z < 0. Thus there
exists a probability measure H' on [0, +oc] such that H1(t) = HT([t, +o0]) for all
t € [0,+00). It remains to prove that H*([0,+00)) > p.(d). Since G([0,+00)) >
pe(d), ie. limyoe & < 1 — po(d), there exist A € [0,400) and £ > 0 such that & is
continuous at A and &(A) < 1—p.(d) —2e. Moreover Gy, % G and & is continuous
at A, thus there exists ng such that for all n > ng we have &,(4) < B(A) +¢e <
1 —pe(d) —e. Forany i € {1,...,n9 — 1}, G;([0,4+00)) > p.(d) thus there exists
A; < 400 such that &;(4;) < 1 —p.(d). Fix A = max(A, Ao, ..., Apny—1) < +00.
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We conclude that

HT(A) = max <G§0(A’),...,G§n01(A’), sup 6n(A’))

n>ngp

< max (@0(140), ceey ano—l(Ano—l); S;J.p an(A)) <1 —pc(d) ,
n>ngo

thus HT([0,+00)) =1 — limy o HT > pe(d).

(73) We define $~ = inf,,eny &,,. Then $~ is non-increasing, defined on [0, +00) and
it takes values in [0, 1]. Fix ¢y € [0, +00). Let us prove that £~ is left continuous at
to. By definition of $, for any & > 0, there exists ng such that 9~ (tg) > &, (to)—¢.
Since &, is left continuous, there exists n > 0 such that for all t € (to — 0, to] we
have &,,,(t) < &, (to) + . Thus for all ¢ € (to — 7, to], we obtain

ﬁi(t) S ®n0(t) S ®n0(t0) +5 S 537(750) +25,

thus ™ is right continuous. By construction = < &,,, for all n € N. Moreover
H7(t) =1 for all ¢ < 0. Thus there exists a probability measure H~ on [0, +o0]
such that H=(t) = H ([t,+o0]) for all ¢ € [0,+00). It remains to prove that
H~({0}) < pc(d). Since G({0}) < pc(d), there exists n > 0 such that G([0,7)) <
pe(d), ie., &(n) > 1 —pc(d). Let € > 0 such that &(n) > 1 — p.(d) + 2¢. There
exists § € [0,7n) such that & is continuous at 6. Then lim,_, o &,(0) = &(0), thus
there exists ng such that for all n > ng, 8,(0) > &(J) —e > 1 — p.(d) + €. For
any i € {1,...,n9 — 1}, there exists §; > 0 such that &;(0;) > 1 — p.(d). Fix
§" = min(4, dg, . . ., Ong—1) > 0. We conclude that

H7(6') = min (@0(5'),...,6,,0_1(5'), inf Qﬁn(é’))
> min <®0(50),...,®n01(5n01), inf eﬁn(é)) > 1—pe(d),

and

H(0}) = 1= lim 57() < 1-9() < peld).

O

5.3. Upper bound on lim,,_,« ftc,, . This section is devoted to the proof of Lemma 5.1.
We follow the structure of Cox and Kesten’s proof of Lemma 1 in [10].

Proof of Lemma 5.1. We take H™ as given in Lemma 5.3 (i), and we fix M €
[0, +00) such that H* ([0, M]) > p.(d). We work with the stabilized pointsng#M,
We consider a point z € Z%, and k € N*. For any path r from 0€#+.M to kx H+,M7

using Lemma 2.10 we have a.s.

To(r) = tale) = lim S tg () > Tm To" " (0,ka).

n—-+o0o
ecr eer n—+oo

Taking the infimum over any such path r, we obtain

T (0 ke) > Tm Tg™ ™ (0, ka).

n—-+o0o
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~C
Conversely, since G < Gy, thanks to the coupling of the laws we get T." o (0, kx) <
T (0, k) for all n, thus

Wk e N, as, lim Tg" " (0,ka) = To" (0, ka).

n—oo

~C ~C
Since for all n we have T,;" M0, k) < Tt (0, k) that is integrable by Propo-
sition 2.1, the dominated convergence theorem implies that, for all £ € N*,

(22) lim E {fggw (o,m)} - E [ng*vM (o,kx)} .

n—roo

By Lemma 2.11, we know that pg(z) = infren E [fglﬁ’M (O,k:x)} /k. For any
e > 0, there exists K (G, ¢) such that

E [TgH*’M (0, K:c)]
(23) pe(z) > %

and using (22) we know that there exists ng(e, K) such that for all n > ng we have

—€,

E [TvéH+,A4 (O, K.T):| E [TVCCFZIJr’M (0, K.T):|
24 > —€.
(24) K = K c
Since pg, (r) = infren- E {fgf+’M (0, kx)} /k, combining equations (23) and (24),

we obtain that for any € > 0, for all n large enough,

pe(x) > pe,(x) — 2.
This concludes the proof of Lemma 5.1. (|

Remark 5.4. The domination we use to prove (22) is free, since whatever the prob-

ability measure H on [0, +0c] we consider, the reqularized times f;jf'M (0,z) are
always integrable. In [8], Cox considered the (non regularized) times Tg, (0, x) for
probability measures Gy, on [0,+00). By Lemma 5.3 it is easy to obtain Tg, (0,z) <
Ty (0,z) for some probability measure H on [0,400). However, without further as-
sumption, Ty (0,x) may not be integrable. This is the reason why Cox supposed
that the family (G,,n € N) was uniformly integrable. In [9], Cox and Kesten cir-
cumuvent this problem by considering some regularized passage times that are always
integrable. There is no straigthtforward generalization of their reqularized passage
times to the case of possibly infinite passage times, but the T introduced in [6] plays
the same role.

5.4. Compact case. This section is devoted to the proof of Lemma 5.2. Of course,
Lemma 5.2 can be seen as a particular case of the continuity result by Cox and
Kesten. But, as noted by Kesten in his Saint-Flour course [18], the Cox—Kesten way
makes use of former results by Cox in [9] and is not the shortest path to a proof in
the compact case. In [18] Kesten also gave a sketch of a shorter proof in the compact
case. We thought the reader would be pleased to have a self-contained proof, so we
present a short but full proof of Lemma 5.2, quite inspired by Kesten [18].

Proof of Lemma 5.2. Let G,(Gr)nen be probability measures on [0, R], and con-
sider € Z%. As in the proof of Theorem 1.2, we have G, < G,, where &, =
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max(®, ®,,), thus ug, < 1, - Applying Lemma 5.1, we know that

lim pg, () < pe().
n—-+oo
If pe(xz) = 0, then lim, o0 g, () = limp 00 1g, () = pe(z) = 0 and the proof
is complete. We suppose from now on that ug(z) > 0, thus z # 0. Since the
passage times t;(e) are finite, it is well known that pg(x) > 0 for 2 # 0 if and only
it G({0}) < pc(d) (see Theorem 6.1 in [18], or Proposition 2.3 in a more general
setting). We want to prove that lim,,,  uc () > pc(z), where ,, = min(®, &,,).
Notice that 7€M = 7¢e.M = g for any M > R, thus we do not need to introduce

regularized times T. In what follows we note s.a. for self avoiding. Since G, 4 G,
we have lim,,_,» G,,({0}) < G({0}) < p.(d), thus we consider only n large enough
so that G,,({0}) < pc(d). Applying Lemma 5.3 (ii) to the sequence of functions G,,,
we obtain the existence of a probability measure H~ on [0, +00] (in fact on [0, R])
such that H~ < G,, for all n and H~ ({0}) < p.(d). Thanks to the coupling, we
know that t-(e) < tg, (e) < tg(e) for every edge e, thus we obtain that for all
A e N*, for all C € [0, +00),

P[Tg (0,kx) <Tg(0,kx) — k]
< P [3r s.a. path starting at 0 s.t. |r| > Ak and Tg (r) < ACK]

+P[Tg (0,kz) > ACK| + Z [Z ta(e) —tg (e) > Ek‘|
7 s.a. path from 0 eer
s.t. |r] < Ak
< P[3r s.a. path starting at 0 s.t. || > Ak and Ty- (r) < ACKk]
Ak
+ P[T¢(0, kx) > ACEk] + (2d) Ak [Z ta(e;) — tG (e;) > ek
=1

where (e;,7 = 1,..., Ak) is a collection of distinct edges. Since H~ ({0}) < p.(d),
we know that we can choose C' € (0,400) (depending on d and H) such that there
exist finite and positive constants D, E' (depending also on d and H) satisfying, for
all k € N*,

P [3r s.a. path starting at 0 s.t. || > k and Ty (r) < Ck] < De EF

(see Proposition 5.8 in [18]). Since the support of G is included in [0, R] for some
finite R, we know that T¢(0,kz) < Rkl||z||1, thus we choose A large enough (de-
pending on F', d and C) so that

P[Te(0, kx) > ACK] = 0.

If we prove that there exists no(G, (G,,),€) such that for all n > ng,

Ak
(25) S RDMP D tale) —tg, (er) > k| < 400,
k>0 i=1

then for all n > ng we have >, P[Tg (0,kz) < Tg(0, kx) — ek] < +o00. By Borel-
Cantelli’s lemma we obtain that for all n > ng, a.s., for all k& > ko(n) large enough,

Tg (0,kx) > T (0, kx) — ek,
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thus for all n > ng we get
ne, (z) > pe(x) —¢.

We conclude that lim,,_,..puc () > pc(z). It remains to prove (25). For any
a > 0, by Markov’s inequality we have

Ak
(2d) 4 P lz tale) —ta (ei) > gk]

i=1

< (Qdexp (‘TO‘E) E [exp (alta(e) — ta, (e)))})Ak .

By Lemma 2.10 we have lim,, o tg (e) = tg(e) a.s. Since tg (e),tc(e) < R we
obtain by a dominated convergence theorem that

nILII;OE [exp (a(tg(e) —ta, (e)))} =1.
We choose a(e) large enough so that

2d < exp (%) ,

and then ng(G, (G,,),€) large enough so that for all n > ng, we have

E [exp (a(ta(e) —tg (e)))] < exp (%) .

Thus for all n > ng, we have

Ak
2d)A*P ) — ) > < _2e
(2d) L;zeg(ez) tg, (e) _Ek] <ep(-55),
so (25) is proved. O

6. ISOPERIMETRY OF PLANAR PERCOLATION

This section is devoted to the proof of Theorem 1.1. The definition of the objects
used in this section are given in section 2.3. The main step in the proof of Theorem
1.1 is the following lemma.

Lemma 6.1. For every p > p.(2),

lim sup |Bp () — Bp(z)] = 0.
P =P peSt
Proof. Right continuity:

First we couple P, and P,,s by sprinkling i.e. first sample P,, then add edges
with an independent probability ¢/(1—p), abbreviate the coupling @, s. We extend
the definition of §¢ to any y € R?. By Lemma 2.6 there exist C,C’,a > 0 such
that Vo € S, if t > an, then

(26) P,[3y € R(0C,nz") : open, |y| > t] < Ce .

For any path « open in Py, 7y is also open in P, 5. However some additional right-
boundary edges may be open. To bound the difference, note that if |y| < an by [4,
Lemma 2.5] |07 ~| < 3an. For a path r € R(x,y), let us define b, (r) = [{e € 9Tr :
e is P, — open}|. By the independence of the extra edges in the coupling @, s, we
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can bound by,45(y) — bp(y) by Cramér’s theorem. For every fixed path v such that
|v] < an, for every € > 0,

(27) Qp5 [bpis(7) = bp(7) > 3ean] < e~den(los $+(1-0)log 1=5),

Since there are at most 4" paths of length smaller than an containing 0, by
choosing § small enough we obtain for every z € S!

(28)
Qps Pv € R(0,mzr) : P, — open, by45(7) — by(y) > 3zan

< Qps [Elfy € R((N)Cp,ﬁiCp) : P, —open, || < an, bpis(y) —bp(y) > 3can
+P,[3y € R(0%,nz) : open, |y| > an]

< Z Qp.s [Ty : v starts at y, |y < an, bpts(y) — bp(y) > 3ean)
yE€LL:[|0—yll2<n

+P,[[|0°% — 0[]z > n] 4+ Ce=C"on
< Knd40m673am(s log £ +(1—¢) log %) 4 éeé/n + Ce—clan
S ée_é/n

where K is a constant depending only on the dimension and C', c’ ,C,C" are con-
stants depending also on p. Thus for every € > 0 there exists a § > 0 such that for
every 6 < &g, for every x € St,

Bp+s(z) < Bp(z) + 3ae.

Left continuity: We couple P, and P,_s by reverse sprinkling i.e. first sample
P, and then remove each open edge independently with probability %, abbreviate

the coupling @}, 5. Given a P,-open path v € R(0C»-s, ﬁ:icp";), ~ may not be open
in P,_s. Thus we use the results of Section 3 to modify the path to an open path
in P,_s which does not gain too many extra right-boundary edges. We have to
change a little bit our point of view, since we are not dealing with passage times
and truncated passage times anymore, but with edges that are open for IP, or IP,_s
respectively. The definition of good and bad boxes (see Definition 3.1) is now
associated to the IP,_s-open clusters, i.e., we say that a macroscopic site i is good
(or that the box By(i) is good) if the following events occur:

e There exists a unique P,_s-open cluster in B/ (i) which has more than N
vertices;

e This P,_s-open cluster is crossing for each of the 3¢ N-boxes included in
By (i);

e Forall z,y € By (i), if ||t —yllcc > N and x and y belong to this P,_s-open,
then D5 (xz,y) < 38N,

where Czl)—5 is the subgraph of Z¢ whose edges are P,_s-open. Otherwise, By (i)
is said to be bad. In order to use the notations of Lemma 3.2, define G,_5 =
(p—0)61+ (1 —p+6)dse and choose any 1 < K = My < co. Let x € S, we denote
by |nz| the point y of Z? which minimizes ||nx — y||1 (with a deterministic rule to
break ties). For every path 7 from 0 to |nx], let T' = I'() be the lattice animal of
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N-boxes it visits. Thus we define
Yo ={e€v:tg,_;(e) <oo} ={ecy:eisopeninlP, s}

29
(29) W =1{e€y:tg, s(e) =00} ={ecy:eisclosed in P, 5} .

We now mimic the proof of Lemma 4.4. Fix ¢ > 0, and choose N = N(¢)
as in this proof (see bellow (13)). Let E be the following good event: 0 € Cp_s,
|[nz] € Cp—s and the N-boxes containing 0 and |nz] are good. Let v € R(0, [nz])
such that 7 is P,-open. By Lemma 3.2, on the event E, there exists a path ' with
the following properties:

(1) ~' is a path from 0 to [nz] which is Pp_s-open;
(2) 4"\ v is a collection of simple paths (and also right-most) that intersect
~' N~ only at their endpoints thus v’ is a right-most path (see [4, Lemma

2.6]);
(3) 7\ < pa (Nl + N Soepa: cnrpaC1)
Note that
(30) bp—é('V/) < bp('yl) < bp(’Y) + 3|’Y/ \ vl

For z,y € Cp (resp. z,y € Cp_s), we define by(z,y) = inf{b,(r) : r €
R(z,y),Pp — open} (resp. by_s(z,y) = inf{b,_s(r) : r € R(x,y),Pp—s — open}).
For a fixed « (to be chosen later), abbreviate

A. = EN{3y € R(0, [nz]) : P, — open, b,_5(7") > b,(7) + 12aCypaen},
S, = {VV € R(0% -, nz ) : P, — open, |y| < an} ,

o 20
B = { € RO, T) By — open, ] < 25 |

A8Cp_s —~=Cp—s\ . QC'daEn
C. = (¢ 3y e R(0°%, nz*°): P, — open, 2d E |C| > N

CEBad: CNI(7)£@

We have
Q)5 (|bp(ﬁcp,ﬁ§ccp> — by_5(0%4, 7z’ > 12aédpdsn)

< Pp-s(E°) + Q) 5(Ac)

<Py 5(E) +Q,s(ENSS) +Q,s(BENS: N E) 4+ Q) 5(B- NS N A)
(31)

<Pps(EY) + Qps(ENSH) +Qps(BENS:NE)+Q,s(ENB-NS-NC)
where the last inequality is due to (30). By the FKG inequality, we have

Pps(E°) <1-02_5p(e)?,

where p(g) is the probability that a box is good (as chosen in (13)). When & goes
to 0, p(g) goes to one, so for € small enough we can suppose that p(e) > 1/2, and
we get

(32) Pp—s(E®) <1—6>_5/4 < 1.

By Lemma 2.6 there exist C,C’,a > 0 (we choose this « in the definition of the
previous events), depending on p but not on 4, such that for every x € St if t > an,
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e Qy_s[EN{3ye R(0%,nz ") : P, — open, |y| > t}] < Ce™ ",
Thus
Qps(BNSE) = @ s[E N {3y € RO, 77) : Py — open, 7] > t}]
(33) < Ce=Clom
If v is a path from 0 to |nz|, then |T'| > n/N and by Lemma 4.3 we have |T'| <

Ca(1+ (Iy] +1)/N) — 1 < 2C4]7|/N, at least for n large enough, thus by (20) we
have

Q,s(ENB:NS-NC;)

def
= Py(n)

) n
< Qs | 3T € Animals, 7| > . > |C| > €|T|
CeBad: CNI'#@
(34) <omwtl
Finally, by the independence of the inverse sprinkling and again Cramér’s theorem
(see (27)), for every € > 0,

Qs [BENS.NE]

2C 0
< Qs <37 : P, — open, v starts at 0, |y < an, || > ]C\l;z n>

ZC_‘ds
sNd

28,

—3an
(35) < 4%m¢ ( e

S log

28 1-2C,e/N4
12040 og 1245/ )

For a fixed e, and thus a fixed large N(g), we can choose § < dy small enough to
control this term. Combining (31), (32), (33), (35) and (34), we deduce that for
every € > 0 there exists do(e) > 0 and pa(e) > 0 such that for every § < dg, for
every x € S, for every n large enough,

Qs (Ibp (0%, 75%) — b, 5(0%=2,75% )| > 12aCapaen) < 1= pale),
thus for every ¢ > 0 there exists dg(e) > 0 such that for every § < 4o, for every
x €S, }
Bp—s(z) < Bp(x) + 12aCqpqe.
This ends the proof of Lemma 6.1. O

We can now prove the main theorem of this section
Proof of Theorem 1.1. First consider the limit lim,,—, o np,(p). Let p > p.(2). For

any rectifiable Jordan curve A, with Leb(int(\)) = 1,
N

leng, (\) = sup sup Zﬂp(/\(ti) = Ati—1)),

N>1  0<to<..<tn<1i
and

Ba0(8) — A1) = By (I ) I = M-

By Lemma 6.1 for every ¢ > 0 there exists a § > 0 such that for every ¢ > p.(2)
satisfying [p — ¢| < 0 we have sup,cs1 |B4(2) — Bp(x)| < €, thus

(36) |1en5p ()\) — 1611[3(1 ()\)| S ElenH,”z()\).
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The infimum in Theorem 2.7 is achieved (by compactess of the set of Lipschitz
curves), so let us denote by A, (resp. Aq) a Jordan curve such that Leb(int(),)) =1
and leng (\p) = V20, lim,, o0 npn(p) (vesp. Leb(int(\;)) = 1 and leng, (\;) =
\/ieq lim,, 500 N (q)). All norms in R? are equivalent thus we know that len )., (Ap) <
oo and lenj.|, (Ag) < co. From (36) we deduce that for every ¢ > 0 there exists an

d > 0 such that if |p — ¢| < ¢ then

V26, Jim ng,(p) = leng, ()
> leng, (Ap) — eleny ), (Ap)

(37) > V20, lim ngy(q) — eleny, (Ap)
and
V26, lim ng,(p) < leng, (Aq)
< leng, (Ag) + €leny. i, (Ag)
(38) < V26, 7}1—{20 non(q) + eleny. |, (Ag) -

Let ﬂf]nin = inf es1 fg(x), for all q- By Lemma 6.1 again we know that for every ¢
satisfying |p — ¢| < 0 we have By = By — €, which is positive for € small enough
(8™ is not zero since f, is a norm), thus

leng, (Ag) < leng, (Aq)

leny.,(Ag) < : < - .
” ” ( q> ﬁ(l]nm ﬁ]lgnm —¢
Thanks to Equation (38) we obtain
. , €
(39) V26, nh_}n;o nen(p) < V26, nh_>ngo nn(q) (1 + W) .

Combining (37) and (39) we obtain that
lim V260, lim np,(q) = V26, lim np,(p).
q—p n—oo n—r00

Since p — 6, is continuous on (p.(2), 1], this conludes the first part of the proof.
Next we prove that p — W), is continuous for the Hausdorff distance. Fix n > 0
and p > p.(2) and let € = £(n,p) > 0 be small enough such that

(40) e < p2 min (n,1) .

As previously let 6 > 0 satisfy sup,cg1 |8q(x) — Bp(x)| < € for all ¢ > p.(2) such
that |p — ¢q| < ¢. For every x € W, we have by definition of W, that for every
n €S A-x < By(). Thus for all ¢ > p.(2) such that [p—¢| < 9,

ft-x < () < By(f) +e < (1+n)By(0),

where the last inequality comes from (40), thus = € (1 + n)W,. We obtain that
for all p > p.(2), for all n > 0, there exists § > 0 such that for every q > p.(2)
satisfying |[p — q| < 4,

(41) Wy C (14 n)Wp.
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For every q > p.(2) satisfying |p —q| < d, we also have ﬁg‘i“ > ﬁg‘i“ —e> ﬁ;“i“/Q >
e/n by (40), thus by the same method we obtain that for every x € W, for every
nest,

f-x < By(f) < By(h) +e < (14 n)Bq(R),
thus
(42) W, C (1 +n)W,.
For every x € Wy, ||z[l2 = z-x/[|z|l2 < By(z) < B, where B = sup,cq1 Bp(7) <
oo, thus [|(1+n)z — x| < nBy**. Similarly, for all ¢ > p.(2) satisfying |p —q| <9,
lz|l2 < B < 287 and 1+ n)x — x|z < 2nB,*. With (41) and (42), we
conclude that for every p > p.(2), for every n > 0, there exists § > 0 such that for
every q > p.(2) satisfying |p — q| < 9,

dua(Wp, Wy) < 277ﬂznax )

thus limg,—,, dg (W), W) = 0. This implies that lim,_,, Leb(W,) = Leb(W,), and

since W, = \/% we deduce from (41) and (42) by a similar argument that

limg_sp dH(/Wp, /Wq) = 0. This concludes the proof of Theorem 1.1. (]

Remark 6.2. To deduce the continuity of the Wulff crystal from Lemma 6.1, we
can also consider a more general setting. Consider B, the dual norm of B,, defined

by

Vr € RY, B,(x) = sup{x -y : Byp(y) < 1}.
Then B is a norm, and what we did is equivalent to deduce from Lemma 6.1 the
same result concerning B3, :

(43) tim sup |55 (x) ~ B5(x)| = 0.

d—P St

Notice that W, the Wulff crystal associated to By, is in fact the unit ball associated
to By, then (43) implies the continuity of p — W), according to the Hausdorff
distance.
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