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Abstract

We prove the asymptotic stability in the energy space of non-zero speed solitons for the
one-dimensional Landau-Lifshitz equation with an easy-plane anisotropy

O 4+ m X (Ogzm — mseg) =0

for a map m = (m1,ma,m3) : R x R — S2, where e3 = (0,0,1). More precisely, we show
that any solution corresponding to an initial datum close to a soliton with non-zero speed,
is weakly convergent in the energy space as time goes to infinity, to a soliton with a possible
different non-zero speed, up to the invariances of the equation. Our analysis relies on the
ideas developed by Martel and Merle for the generalized Korteweg-de Vries equations. We
use the Madelung transform to study the problem in the hydrodynamical framework. In
this framework, we rely on the orbital stability of the solitons and the weak continuity of
the flow in order to construct a limit profile. We next derive a monotonicity formula for the
momentum, which gives the localization of the limit profile. Its smoothness and exponential
decay then follow from a smoothing result for the localized solutions of the Schrédinger
equations. Finally, we prove a Liouville type theorem, which shows that only the solitons
enjoy these properties in their neighbourhoods.

1 Introduction

We consider the one-dimensional Landau-Lifshitz equation
Om +m X (Opzm + Amges) = 0, (LL)

for a map m = (my,ma,m3) : R x R — S§% where e3 = (0,0,1) and A € R. This equation
was introduced by Landau and Lifshitz in [20]. It describes the dynamics of magnetization in
a one-dimensional ferromagnetic material, for example in CsNiF3 or TMNC (see e.g. [19, 16]
and the references therein). The parameter A accounts for the anisotropy of the material. The
choices A > 0 and A < 0 correspond respectively to an easy-axis and an easy-plane anisotropy. In
the isotropic case A = 0, the equation is exactly the one-dimensional Schrodinger map equation,
which has been intensively studied (see e.g. [15, 17]). In this paper, we study the Landau-
Lifshitz equation with an easy-plane anisotropy (A < 0). Performing, if necessary, a suitable
scaling argument on the map m, we assume from now on that A = —1. Our main goal is to prove
the asymptotic stability for the solitons of this equation (see Theorem 1.1 below).
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The Landau-Lifshitz equation is Hamiltonian. Its Hamiltonian, the so-called Landau-Lifshitz

energy, is given by
1

E(m) :zi/R(yaxmmeg).

In the sequel, we restrict our attention to the Hamiltonian framework in which the solutions m
to (LL) have finite Landau-Lifshitz energy, i.e. belong to the energy space

ER):={v:R—§? st. v € L*(R) and v3 € L*(R)}.
A soliton with speed c¢ is a travelling-wave solution of (LL) having the form
m(x,t) == u(x — ct).
Its profile u is a solution to the ordinary differential equation
u” + |u')Pu + udu — uges + cu x v’ = 0. (TWE)

The solutions of this equation are explicit. When |c| > 1, the only solutions with finite Landau-
Lifshitz energy are the constant vectors in S' x {0}. In contrast, when |¢| < 1, there exist
non-constant solutions u. to (TWE), which are given by the formulae

Uel1 () = ¢ —,  |uc)e(z) = tanh 1—¢?
(o) = Ty uch(a) = anh (1= )

(1—c?)>
cosh ((1 — 02)%3:)

NI

z),  [ucs(z) =

)

up to the invariances of the problem, i.e. translations, rotations around the axis x3 and orthogonal
symmetries with respect to the plane x3 = 0 (see [9] for more details).

Our goal is to study the asymptotic behaviour for solutions of (LL) which are initially close to
a soliton in the energy space. We endow £(R) with the metric structure corresponding to the
distance introduced by de Laire and Gravejat in [10],

de(f.9) = 1£(0) = g0 + 1" = gl r2®) + I1f3 = g3l r2m),

where f = (f1, f2, f3) and f = f1 +ify (respectively for g). The Cauchy problem and the orbital
stability of the travelling waves have been solved by de Laire and Gravejat in [10]. We are
concerned the asymptotic stability of travelling waves. The following theorem is our main result.

Theorem 1.1. Let ¢ € (—=1,1) \ {0}. There exists a positive number o, depending only on c,
such that, if
de (mo’uc) <,

then there exist a number ¢* € (—1,1)\ {0}, and two functions b € C*(R,R) and 0 € C*(R,R)
such that
V() — ¢, and 6'(t) =0,

as t — 400, and for which the map
my := <Cos(9)m1 — sin(@)me, sin(0)my + cos(0)ma, mg),
satisfies the convergences
Qomgy (- +0(t),t) = Opue= in L*(R),  myggy (- +b(t),t) — ue  in LS. (R),

and
mg (- +b(t),t) = [ue], in L*(R),

as t — +oo.



Remarks. (i) Note that the case ¢ = 0, that is black solitons, is excluded from the statement of
Theorem 1.1. In this case, the map iy vanishes and we cannot apply the Madelung transform and
the subsequent arguments. Orbital and asymptotic stability remain open problems for this case.
Note that, to our knowledge, there is currently no available proof of the local well-posedness of
(LL) in the energy space, when ug vanishes and so the hydrodynamical framework can no longer
be used.

(7i) Here, we state a weak convergence result and not a local strong convergence one, like the
results given by Martel and Merle for the Korteweg-de Vries equation [23, 24]. In their situation,
they can use two monotonicity formulae for the L? norm and the energy. This heuristically
originates in the property that dispersion has negative speed in the context of the Korteweg
de Vries equation. In contrast, the possible group velocities for the dispersion of the Landau-

Lifshitz equation are given by vy (k) = i\l/‘ﬁ—]j;, where k is the wave number. Dispersion has

both negative and positive speeds. A monotonicity formula remains for the momentum due to
the existence of a gap in the possible group velocities, which satisfy the condition |vg(k)| > 1.
However, there is no evidence that one can establish a monotonicity formula for the energy.

Similar results were stated by Soffer and Weinstein in [27, 28, 29|. They provided the asymptotic
stability of ground states for the nonlinear Schrédinger equation with a potential in a regime for
which the nonlinear ground-state is a close continuation of the linear one. They rely on dispersive
estimates for the linearized equation around the ground state in suitable weighted spaces, and
they apply a fixed point argument. This strategy was successful extended in particular by
Buslaev, Perelman, C. Sulem and Cuccagna to the nonlinear Schrodinger equations without
potential (see e.g. [4, 5, 6, 7]) and with a potential (see e.g. [12]). We refer to the detailed
historical survey by Cuccagna [8] for more details. In addition, asymptotic stability in spaces of
exponentially localized perturbations was studied by Pego and Weinstein in [26] (see also [25]
for perturbations with algebraic decay).

Our strategy for establishing the asymptotic stability result in Theorem 1.1 is reminiscent
from ideas developed by Martel and Merle for the Korteweg-de Vries equation [22, 23, 24], and
successfully adapted by Béthuel, Gravejat and Smets in [3] for the Gross-Pitaevskii equation.

The main steps of the proof are similar to the ones for the Gross-Pitaevskii equation in [2].
Indeed, the solitons of the Landau-Lifshitz equation share many properties with the solitons of
the Gross-Pitaevskii equation. In fact, the stereographic variable v defined by

_up tiug
w_ 1+U3 9
verifies the following equation
1-pP? 2¢ 2
amm + ¥ - am AT am )
VTR T T T g )

which can be seen as a perturbation of the equation for the travelling waves of the Gross-Pitaevskii

equation, namely
Dpa¥ 4 (1 — [U|2)¥ — icd, ¥ = 0.

However, the analysis of the Landau-Lifshitz equation is much more difficult. Indeed, we rely
on a Hasimoto like transform in order to relate the Landau-Lifshitz equation with a nonlinear
Schrédinger equation. During so, we lose some regularity. We have to deal with a nonlinear
equation at the L?-level and not at the H'-level as in the case of the Gross-Pitaevskii equation.
This leads to important technical difficulties.

Coming back to the proof of Theorem 1.1, we first translate the problem into the hydrodynamical
formulation. Then, we prove the asymptotic stability in that framework. In fact, we begin by



refining the orbital stability. Next, we construct a limit profile, which is smooth and localized. For
the proof of the exponential decay of the limit profile, we cannot rely on the Sobolev embedding
H! into L™ as it was done in [2]. We use instead the results of Kenig, Ponce and Vega in [18],
and the Gagliardo-Niremberg inequality (see the proof of Proposition 2.7 for more details). We
also have to deal with the weak continuity of the flow in order to construct the limit profile.
For the Gross Pitaevskii equation, this property relies on the uniqueness in a weaker space (see
[2]). There is no similar result at the L2-level. Instead, we use the Kato smoothing effect. The
asymptotic stability in the hydrodynamical variables then follows from a Liouville type theorem.
It shows that the only smooth and localized solutions in the neighbourhood of the solitons are
the solitons. Finally, we deduce the asymptotic stability in the original setting from the result
in the hydrodynamical framework.

In Section 2 below, we explain the main tools and different steps for the proof. First, we
introduce the hydrodynamical framework. Then, we state the orbital stability of the solitons
under a new orthogonality condition. Next, we sketch the proof of the asymptotic stability for
the hydrodynamical system and we state the main propositions. We finally complete the proof
of Theorem 1.1.

In Section 3 to 5, we give the proofs of the results stated in Section 2. In Section 3, We deal with
the orbital stability in the hydrodynamical framework. In Section 4, we prove the localization
and the smoothness of the limit profile. In the last section, we prove a Liouville type theorem.
In a separate appendix, we show some facts used in the proofs, in particular, the weak continuity
of the (HLL) flow.

2 Main steps for the proof of Theorem 1.1

2.1 The hydrodynamical framework

We introduce the map 7 := mj + imz. Since m3 belongs to H!(R), it follows from the Sobolev
embedding theorem that

()] = (1 —mi(2))? — 1,

as * — do0o. As a consequence, the Landau-Lifshitz equation shares many properties with
the Gross-Pitaevskii equation (see e.g. [1]). One of these properties is the existence of an
hydrodynamical framework for the Landau-Lifshitz equation. In terms of the maps rh and msg,
this equation may be written as

104 — M30peth + ThOzzms — thimg = 0,
dym3 + Oy (i, Dp1n ) = 0.
When the map 7 does not vanish, one can write it as m = (1 — m%)l/ 2expip. The hydrody-
namical variables v := mg and w := 0,y verify the following system
v = 0, ((v* — Dw),

OV n (0v)?
1—02 "1 —e2)?

(HLL)

8tw:3x( +v(w2—1)).

This system is similar to the hydrodynamical Gross-Pitaevskii equation (see e.g. [2]).! We first
study the asymptotic stability in the hydrodynamical framework.

!The hydrodynamical terminology originates in the fact that the hydrodynamical Gross-Pitaevskii equation is
similar to the Euler equation for an irrotational fluid (see e.g. [3]).



In this framework, the Landau-Lifshitz energy is expressed as

E(v) := /Re(n) = %/R <1(1i/); + (1 —v?)w? —1—1)2), (2.1)

where v := (v, w) denotes the hydrodynamical pair. The momentum P, defined by

P(v) ::/va, (2.2)

is also conserved by the Landau-Lifshitz flow. The momentum P and the Landau-Lifshitz energy
FE play an important role in the study of the asymptotic stability of the solitons. When ¢ # 0,
the function . does not vanish. The hydrodynamical pair Q. := (v, w.) is given by

(1—c?)>
cosh ((1 — 02)%:@

. and  we(z) = cve(z) ol — 02)% cosh ((1 — cz)%:c)

Cl—wv(2)? sinh (11— 62)%$)2 + 2 (23)

ve(x) =

The only invariances of (HLL) are translations and the opposite map (v,w) +— (—v, —w). We
restrict our attention to the translation invariances. All the analysis developed below applies
when the opposite map is also taken into account. For a € R, we denote

Qea(2) == Qclr — a) == (vc(x —a),w.(x — a)),

a non-constant soliton with speed c. We also set
NVR) = {o = (v,w) € H'(R) x L*(R), st. max o] < 1}

This non-vanishing space is endowed in the sequel with the metric structure provided by the

norm )

2
lollancze i= (ol + lwl2:) .

2.2 Orbital stability

A perturbation of a soliton is provided by another soliton with a slightly different speed. This
property follows from the existence of a continuum of solitons with different speeds. A solution
corresponding to such a perturbation at initial time diverges from the soliton due to the different
speeds of propagation, so that the standard notion of stability does not apply to solitons. The
notion of orbital stability is tailored to deal with such situations. The orbital stability theorem
below shows that a perturbation of a soliton at initial time remains a perturbation of the soliton,
up to translations, for all time.

The following theorem is a variant of the result by de Laire and Gravejat [10] concerning sums
of solitons. It is useful for the proof of the asymptotic stability.

Theorem 2.1. Let ¢ € (—1,1) \ {0}. There exists a positive number a., depending only on c,
with the following properties. Given any (vo,wo) € X (R) := H'(R) x L?(R) such that

ap = H(U07w0) - chaHX(]R) < ag, (24)

for some a € R, there exist a unique global solution (v, w) € C°(R, NV(R)) to (HLL) with initial
datum (vo,wo), and two maps ¢ € CL(R, (—1,1)\ {0}) and a € C}(R,R) such that the function e
defined by

e(-,t) == (v(- +at),t), w(- +a(t), 1)) — Qcrr), (2.5)



satisfies the orthogonality conditions

<6('at)a ach(t)>L2(R)2 = <6('at)a Xc(t)>L2(R)2 =0, (26)

for any t € R. Moreover, there exist two positive numbers o. and A., depending only and
continuously on c, such that

mezﬁcv(x,t) <1-o,, (2.7)
HE("t)HX(R) + () — ¢ < Aca?, (2.8)
and
| ()] + |a' () — c(t)] < AcHe(-,t)HX(R), (2.9)
for any t € R.

Remark. In this statement, the function y. is a normalized eigenfunction associated to the
unique negative eigenvalue of the linear operator

He:=E"(Q.) + cP"(Q.).

The operator H.. is self-adjoint on L%(R) x L?(R), with domain Dom(#,.) := H%(R) x L?(R) (see
(A.42) for its explicit formula). It has a unique negative simple eigenvalue —e, and its kernel is
given by

Ker(H.) = Span(9,Q.). (2.10)

Our statement of orbital stability relies on a different decomposition from that proposed by
Grillakis, Shatah and Strauss in [14]. This modification is related to the proof of asymptotic
stability. A key ingredient in the proof is the coercivity of the quadratic form G, which is defined
in (2.46), under a suitable orthogonality condition. In case we use the orthogonality conditions in
[14], the corresponding orthogonality condition for G, is provided by the function v, 1S9.Q. (see
(2.40) for the definition of S), which does not belong to L?(R). In order to by-pass this difficulty,
we use the second orthogonality condition in (2.6) for which the corresponding orthogonality
condition for G. is given by the function v !Sx., which does belong to L?(R) (see the appendix
for more details). This alternative decomposition is inspired from the one used by Martel and
Merle in [23].

Concerning the proof of Theorem 2.1, we first establish an orbital stability theorem with the
classical decomposition of Grillakis, Shatah and Strauss [14]. This appears as a particular case
of the orbital stability theorem in [10] for sum of solitons. We next show that, if we have orbital
stability for some decomposition and orthogonality conditions, then we also have it for different
decomposition and orthogonality conditions (see Section 2 for the detailed proof of Theorem 2.1).

2.3 Asymptotic stability for the hydrodynamical variables

The following theorem shows the asymptotic stability result in the hydrodynamical framework.

Theorem 2.2. Let ¢ € (—1,1) \ {0}. There exists a positive constant B. < o, depending only
on ¢, with the following properties. Given any (vy,wo) € X (R) such that

H(U07w0) - cha”X(R) < /8t7

for some a € R, there exist a number ¢* € (—1,1)\ {0} and a map b € C1(R,R) such that the
unique global solution (v,w) € CO(R,N'V(R)) to (HLL) with initial datum (vo,wq) satisfies

(v(- +b(t), 1), w(- +b(t),t)) = Q= in X(R), (2.11)



and
V(t) —

ast — +oo.

Theorem 2.2 establishes a convergence to some orbit of the soliton. This result is stronger than
the one given by Theorem 2.1 which only shows that the solution stays close to that orbit.

In the next subsections, we explain the main ideas of the proof, which follows the strategy
developed by Martel and Merle for the Korteweg-de Vries equation [23, 24].

2.3.1 Construction of a limit profile

Let ¢ € (—1,1) \ {0}, and (v, wp) € X(R) be any pair satisfying the assumptions of Theorem
2.2. Since B < « in the assumptions of Theorem 2.2, we deduce from Theorem 2.1 that the
unique solution (v, w) to (HLL) with initial datum (vg,wq) is global.

We take an arbitrary sequence of times (t,)nen tending to +oo. In view of (2.8) and (2.9), we
may assume, up to a subsequence, that there exist a limit perturbation ¢f € X(R) and a limit
speed ¢ € [—1,1] such that

(s tn) = (v(- + altn),tn), w(- + a(tn) tn)) — Qe(t) — €6 n X(R), (2.12)

and
c(tn) — ¢g, (2.13)

(see Corollary 2.2). For that, we establish smoothness and rigidity properties for the solution of
(HLL) with the initial datum Q. + €3.

First, we impose the constant f. to be sufficiently small so that, when the number a° which
appears in Theorem 2.1 satisfies a” < 8, then we infer from (2.8) and (2.9) that

[\

2

min {c(t)2, d/(£)2} > % max {c(t)2,a'(£)2} < 1+ % (2.14)
and PR
o) = 0+ a(8), ) ey < min{ T == |- (2.15)

for any ¢ € R. This yields, in particular, that cj € (—1,1)\{0}, and then, that Q.+ is well-defined
and different from the black soliton.

By (2.8), we also have
{CS - C{ < ACIBU (2.16)

and, applying again (2.8), as well as (2.12), and the weak lower semi-continuity of the norm, we
also know that the function

(US,’U)S) = QCS + 6(*)’

satisfies
H(anS) - QCHX(]R) < A + HQc - ch X([R)" (2.17)
We next impose a supplementary smallness assumption on , so that
H(Uék,wé) _QCHX(R) < Q. (218)

7



By Theorem 2.1, there exists a unique global solution (v*,w*) € C°(R, NV(R)) to (HLL) with
initial datum (v, wy), and two maps ¢* € C}(R, (=1,1) \ {0}) and a* € C'(R,R) such that the
function £* defined by

(-, t) = (v*( +a*(t),t),w(- + a*(t),t)) — Q1) (2.19)
satisfies the orthogonality conditions
<€*('7 t)7 ach*(t)>L2(R)2 = <€*('7 t)a Xe* (t)>L2(]R)2 =0, (220)

as well as the estimates
Ha*(.7t)HX(R) + {c*(t) — c{ + {a*'(t) — c*(t){ < AcH(vS,wS) — QCHX(R)’ (2.21)

for any t € R.
We may take f; small enough such that, combining (2.16) with (2.17) and (2.21), we obtain

[\

2

min {c¢*(¢)%, (a*)'(t)*} > %, max {c*(¢)?, (a*)'(¢)*} < 1+ %, (2.22)
and oo
|ve() = v* (- + a*(t),t)HLoo(R) < min {Z’ T }, (2.23)
for any t € R.

Finally, we use the weak continuity of the flow map for the Landau-Lifshitz equation. The proof
relies on Proposition A.1 and follows the lines the proof of Proposition 1 in [2].

Proposition 2.1. Lett € R be fixed. Then,
(’U(' +a(tn)’tn +t)’w(' +a(tn)’tn +t)) - (v*(-,t),w*(-,t)) in X(R)a (224)

while
a(t, +t) —a(t,) = a*(t), and c(t, +1t) — c*(t), (2.25)

as n — +00. In particular, we have
ety +1) —e*(,t) in X(R), (2.26)

as n — 4+00.

2.3.2 Localization and smoothness of the limit profile

Our proof of the localization of the limit profile is based on a monotonicity formula.

Consider a pair (v, w) which satisfies the conclusions of Theorem 2.1 and suppose that (2.14)
and (2.15) are true. Let R and ¢ be two real numbers, and set

v,w 1
In(t) = 109(1) = 5/]& [vw](x + a(t), )®(z — R) dx,
where @ is the function defined on R by
1
() = 3 (1 + th(wx)), (2.27)

with v := /1 — ¢?/8. We have



Proposition 2.2. Let R€ R, t € R, and o € [—0¢, 0], with oc := V1 — ¢2/4. Under the above
assumptions, there exists a positive number B., depending only on ¢, such that

d 1—¢?
—[Tpage(®)] > 0,0)? + 0?2 +w?|(z + a(t),t)®' (xr — R — ot) dx
S lnea)] 225 [ [(000) J(o+ a(t), )2 ) .
_ Bce—Quc‘R-f—O'ﬂ.
In particular, we have
Ir(t1) > Ir(to) — Bee >/, (2.29)

for any real numbers ty < t1.

For the limit profile (v*,w*), we set Ij(t) := I}(%v*’w*)(t) for any R € R and any t € R. We claim

Proposition 2.3 (|2]). Given any positive number §, there ezists a positive number R, depending
only on §, such that we have

[IR(t)| <6, VR > Ry,
|[I5(t) = P(v*,w*)| <0, VR < —Rs,
for any t € R.

The proof of Proposition 2.3 is the same as the one of Proposition 3 in [2].

From Propositions 2.2 and 2.3, we derive as in [2] that

Proposition 2.4 (|2]). Let t € R. There exists a positive constant A, such that
t+1
/ / [(8,0%)? + ()% + (w*)?] (x + a*(s), s)e™ "l dw ds < A..
t R

We next consider the following map which was introduced by de Laire and Gravejat in [10],

1 Opv

U= o (— Y i1 —0?)2w ) expib, 2.30
g Hi ) ) e (2:30)

where
O(x,t) := —/ v(y, t)w(y,t) dy. (2.31)

The map W solves the nonlinear Schrédinger equation

10,0 + OV + 2| W20 + %UQ\II —Re <\11(1 - 2F(v,ﬁ))) (1—2F(v, ¥)) =0, (2.32)
with .
F(v,¥)(z,t) ::/ v(y, t)¥(y,t) dy, (2.33)

while the function v satisfies the two equations

dv = 20, Im <\IJ(2F(UJ) _ 1))7 .
Oyv = 2Re (W(1 - 2F (v, T))). (2.34)

The local Cauchy problem for (2.32)-(2.34) was analyzed by de Laire and Gravejat in [10]. We
recall the following proposition which shows the continuous dependence with respect to the initial
datum of the solutions to the system of equations (2.32)-(2.34) (see [10] for the proof).



Proposition 2.5 ([10]). Let (v°, %) € HY(R) x L*(R) and (3°,¥°) € H'(R) x L*(R) be such
that

O = 2Re (WO(1 = 2F(, 09))), and 9,8° = 2Re (°(1 - 2F (", 99) ) ).

Given two solutions (v, W) and (0,¥) in CO([0,Ty], H'(R) x L*(R)), with (¥, ¥) € L*([0,T.],
L*®(R))?, to (2.32)-(2.34) with initial datum (v°,¥°), resp. (2, V), for some positive time T,
there exist a positive number T, depending only on ||0°|| 12, [|8°]L2, %02 and ||¥°||2, and a
unwversal constant A such that we have

1o = lleogo,rm,zz) + 1% = Clleoqory e HI1¥ = lla o7y, 200)

_ (2.35)
<A([J0" =2 + ([0 = 9 ),

for any T € [0, min{7,T,}]. In addition, there exists a positive number B, depending only on
1000 2, (12°1 2, 90| 2 and || 90| L2, such that

|00 — afﬁ”co([O,T},LQ) = B(HUO — 0 ot [ ¥ - \i'oHH)’ (2.36)
for any T € [0, min{7, T} }|.

This proposition plays an important role in the proof of not only the smoothing of the limit
profile, but also the weak continuity of the hydrodynamical Landau-Lifshitz flow.

In order to prove the smoothness of the limit profile, we rely on the following smoothing type
estimate for localized solutions of the linear Schrédinger equation (see |2, 11| for the proof of
Proposition 2.6).

Proposition 2.6 ([2, 11]). Let A € R and consider a solution u € CO(R, L?(R)) to the linear
Schridinger equation
104U + Ogzu = F, (LS)

with F € L*(R, L2(R)). Then, there exists a positive constant Ky, depending only on X\, such
that

T T+1
>\2/ / 10pu(z, )26 do dt < KA/ / <|u(x,t)|2 + |F(x,t)|2)em dedt,  (2.37)
T JR -T—-1JR
for any positive number T .
We apply Proposition 2.6 to U* as well as all its derivatives, where ¥* is the solution to (2.32)
w

associated to the solution (v*,w*) of (HLL), and then we express the result in terms of (v*, w*)
to obtain

Proposition 2.7. The pair (v*,w*) is indefinitely smooth and exponentially decaying on R x R.
Moreover, given any k € N, there exists a positive constant Ay, depending only on k and ¢, such
that

/ (95 0%)2 4 (@50)? + (k)] (w4 a” (1), )Pl do < Ay, (2.38)
R

for any t € R.
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2.3.3 The Liouville type theorem

We next establish a Liouville type theorem, which guarantees that the limit profile constructed
above is exactly a soliton. In particular, we will show that ¢ = 0.

The pair €* satisfies the equation
0" = JHer (1) (%) + TR (€™ + (0 (t) — ¢ (1)) (02Qer () + 0u™) — ' (£)0eQeriry,  (2.39)

where J is the symplectic operator

0 —20,
J = —258, = <_28$ 5 > , (2.40)

and the remainder term R« ;)€™ is given by
Re)e” = E' Qo) +€%) = E'(Qertr)) — E"(Qer1))(€7)-

We rely on the strategy developed by Martel and Merle in [23] (see also [22]), and then applied
by Béthuel, Gravejat and Smets in 2] to the Gross-Pitaevskii equation. We define the pair

u*(+,t) == SHee(ry (€7 (-, 1)) (2.41)
Since SHex(1)(0xQex(r)) = 0, we deduce from (2.39) that

O™ = SH o) (JSU) 4+ SHer () (TRerye™) — (€°) (1) SHer (1) (0cQex (1))

*\/ * *\/ * * (242)
+ () (1) SOH (1) (€7) + ((@*) (8) — () SHex (1) (Dn™).

Decreasing further the value of S, if necessary, we have

Proposition 2.8. There exist two positive numbers A, and R, depending only on ¢, such that
we have 2

d 4 by 1- C2 * 2 * 2
a(/ﬂ%xm(u’ﬂ,t)uﬂx,t)d:c) > 16 [|u ("t)HX(R) — Allw* (5 D% 0,R0)): (2.43)

for any t € R.

We give a second monotonicity type formula to dispose of the non-positive local term
Hu*(-,t)Hg((B(O R,y I the right-hand side of (2.43). If M is a smooth, bounded, two-by-two
symmetric matrix-valued function, then

d

E<MU*’ u*>L2(R)2 = 2<SMu*, HC*(_QU*)>L2(R)2 + “super-quadratic terms”, (2.44)
where S is the matrix
g (01
=11 o)
For ¢ € (—1,1) \ {0}, let M, be given by
_20vcazz)2¢ _ Oz
M, = ( _(1590_72) Ovc ) . (2.45)
Ve

We have the following lemma.

In (2.43), we use the notation

1Ny = [ (@7 + 1 +42).

in which  denotes a measurable subset of R.

11



Lemma 2.1. Let ¢ € (—1,1) \ {0} and u € X3(R). Then,

Ge(u) :=2(SMcu, Ho(—20,u)) -

(R)?
2 2¢v,0 2 4 o 2 (2.46)
:2/ :u'c<u2 —Ze ur — Lﬂ)gaxul) + 3/ U—c(@cm - ﬂ)cul) )
R e pe(l —v7) R Me Ve
where
tre = 2(8,ve)% + v2(1 — v2) > 0. (2.47)
The functional G, is a non-negative quadratic form, and

Ker(G.) = Span(Q.). (2.48)

We have indeed chosen the matrix M, such that M.Q. = 9,Q. to obtain (2.48). Since Q. does
not vanish, we deduce from standard Sturm-Liouville theory, that G, is non-negative, which is
confirmed by the computation in Lemma 2.1.

By the second orthogonality condition in (2.20) and the fact that Hes(xex) = —Aex Xer, We have

0= <Hc* (XC*), €*>L2 (R)2 = <Hc* (8*), Xc* >L2 (R)2 = (u*, SXC*>L2 (R)2- (249)
On the other hand, we know that
<Qc*, SXC*> = P,(Qc*) (Xc*) # 0, (2.50)

so that the pair u* is not proportional to Q. under the orthogonality condition in (2.49). We
claim the following coercivity property of GG, under this orthogonality condition.

Proposition 2.9. Let ¢ € (—1,1) \ {0}. There exists a positive number A., depending only and
continuously on c, such that

(%m)zAiéK&mﬂl+WQ?+mﬂﬂ@k2xd@ (2.51)

for any pair u € X (R) verifying
(u, SXe)r2(r)2 = 0. (2.52)

Coming back to (2.44), we can prove

Proposition 2.10. There exists a positive number By, depending only on ¢, such that

%<<Mc*(t)u*("t)’u*('7t)>L2(]R)2) >L/R [(agﬁu’{)?+(u>{)2+(u;)2](x7t)e,2‘x‘ du

B 1 (2.53)
* 2 * 2
= Bulle"( 0l Z @ 17D x )
for any t € R.
Using Propositions 2.8 and 2.10, we claim
Corollary 2.1. Set
N = (0 ) LA
( ) = 5 z 0 + A.b.e C*(t)'
There exists a positive constant A, such that we have
d * * * 2
%<<N(t)u ("t)’u ("t)>L2(R)2) > ACHU ("t)HX(R)’ (254)
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for any t € R. Since

+o0
/ Hu*(-,t)“i(R) dt < 400, (2.55)
there exists a sequence (t})gen such that
. w2
Jm [ () | m) = 0. (2.56)

In view of (2.20), (2.41) and the bound for H.- in (A.43), we have
e Ol < Acllw (5] ). (2:57)
Hence, we can apply (2.56) and (2.57) in order to obtain

lim | (- 4) [ @) = O- (2.58)

k——o00
By (2.58) and the orbital stability in Theorem 2.1, this yields

Corollary 2.2. We have
go = 0.

At this stage we obtain (2.11) for some subsequence. We should extend this result for any
sequence. The proof is exactly the same as the one done by Béthuel, Gravejat and Smets in [2]
(see Subsection 1.3.4 in [2| for the details).

2.4 Proof of Theorem 1.1

We choose a positive number d; such that ||(vo, wo) — Qcllx(®) < B¢, whenever deg(mP, uc) < 6.
We next apply Theorem 2.2 to the solution (v,w) € C°(R, NV(R)) to (HLL) corresponding to
the solution m to (LL). This yields the existence of a speed ¢* and a position function b such
that the convergences in Theorem 2.2 hold. In particular, since the weak convergence for mg is
satisfied by Theorem 2.2, it is sufficient to show the existence of a phase function # such that
exp(if(t))0xm (- + b(t),t) is weakly convergent to Ot in L?(R) as t — oo. The locally uniform
convergence of exp(if(t))m(- + b(t),t) towards . then follows from the Sobolev embedding
theorem. We begin by constructing this phase function.

We fix a non-zero function y € C°(R, [0, 1]) such that y is even. Using the explicit formula of
e+, we have

. s x(z) .
/Ruc*(x)x(x) dxr = 2¢ /]Rcosh( = ()% dz # 0. (2.59)

Decreasing the value of S if needed, we deduce from the orbital stability in [10] that

; x(x)
=1l R cosh (/1 — (¢*)2x) dz 70, (2.60)

‘ /R m(z + b(t), ) x(z) dz

for any t € R.
Let T : R? — R be the C' function defined by

Y(t,6):=Im <e*i€ /Rm(m +b(t), t)x(x) dx).

From (2.60) we can find a number 6y such that Y(0,6p) = 0 and 9pY(0,60p) > 0. Then, using
the implicit function theorem, there exists a C! function 6 : R — R such that Y(¢,6(t)) = 0.
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In addition, using (2.60) another time, we can fix the choice of € so that there exists a positive
constant A+ such that

3pT(1.0(1)) = Re (eﬂ-eu) /]R iz + b(t), )x(x) dx) > A > 0, (2.61)

This implies, differentiating the identity Y(¢,6(t)) = 0 with respect to t, that

B 8tT(t,9(t))‘ 1

= 0T @,00)) | = A

16"(1)]

atT(t’ 9(75)) )

(2.62)

for all t € R. Now, we differentiate the function T with respect to t, and we use the equation of
mh to obtain

oY (t,0(t)) =Im (e_w / xX(@) (8zmn(z 4 b(t), )V (t) — imz(x + b(t),t)Dpeir(x + b(t), 1)
R (2.63)

+ im(z + b(t), t)Opams(x + b(t), t) — img(x + b(t), t)m(z + b(t), 1)) dm).

Since b € C{(R,R), and since both 9,7 and dm belong to CP(R, H 1(R)), it follows that the
derivative 0’ is bounded on R.

We denote by ¢ the phase function defined by

o+ b(t). ) = p(blt). 1) + /O “wly + b(t). ) dy,

with ¢(b(t),t) € [0,27], which is associated to the function n(x + b(t),t) for any (x,t) € R? in
the way that
1
m(z +b(t),t) = (1 —m3(z + b(t), 1)) 2 exp (ip(z + b(t),1)).

It is sufficient to prove that

exp (i(gp(b(t),t) - 9(75))) 1, (2.64)

as t — oo to obtain

exp (2((,0( +b(t),t) — 0(t))> — exp (Zﬁﬂc*()) ‘= exp <Z/ wex (y) dy> in Lp;.(R),
0
as t — oo. This implies, using Theorem 2.2 once again, and the Sobolev embedding theorem,
that
e—i&(t)(i)xm(. +b(t),t) — Oyl in L2(R)7
e—ie(t)m(. + b(t),t) > U in LY (R),

loc

(2.65)

as t — oo. Now, let us prove (2.64). We have

e~ /R m(z + b(t), t)x(z) dx

1

= exp (ilp(b(1), £) — 0(1)]) /R (1= m3 (@ +b(t), 1) exp (i /0 “wly + b(1). 1) dy) x(z) e

We use the fact that YT(¢,6(t)) = 0 to obtain
cos (p(b(t),t) — 0(t)) Im </R (1 —mi(x +b(2), t))% exp (i /Ox w(y + b(t),t) dy)x(:v) daz)

+sin (p(b(t), ) — 0(t)) Re ( / (1 —m3(x + b(t), 1)) * exp <z /0 "y + b(t), 1) dy) x() dm)

R
=0.
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On the other hand, by (2.61), we have

cos (p(b(t),t) — 0(t)) Re </R (1 —ma(z + b(t), t))% exp (i /Ozv w(y + b(t),t) dy)x(x) dx)

— sin (¢(b(t),t) — 6(t)) Im (/ (1 —m3(x + b(2), t))% exp (2 /Ox w(y + b(t),t) dy)x(m) dw)

R
> 0.

We derive from Theorem 2.2 and (2.59) that

1

Im </R (1—m§(x+b(t),t))§ exp (2 /Oxw(y—i—b(t),t) dy)x(m) dw) — Im </Rac* (x)x(x) dm) =0,
and

Re (/R (1—m§(x+b(t),t))% exp (z /Oxw(y—i—b(t),t) dy)x(x) dx) — Re </Rac*(m)x(x) dw) > 0.

This is enough to derive (2.64).

Finally, we claim that 6'(t) — 0 as t — co. Indeed, we can introduce (2.65) into (2.63), and
we then obtain, using the equation satisfied by .+, that

Y (t,0(t)) — 0,

as t — oo. By (2.62), this yields 6’(t) — 0 as t — oo, which finishes the proof of Theorem 1.1.
O

3 Proof of the orbital stability

First, we recall the orbital stability theorem, which was established in [10] (see Corollary 2,
Propositions 2 and 4 in [10]).

Theorem 3.1. Let c € (—1,1) \ {0} and (vo,wo) € X(R) satisfying (2.4). There exist a unique
global solution (v,w) € CO(R, NV(R)) to (HLL) with initial datum (vo,wo), and two maps ¢; €
CYR,(=1,1)\ {0}) and a; € C}(R,R) such that the function €1, defined by (2.5), satisfies the
orthogonality conditions

(e1(+1),0:Qc, (1)) L2(R)2 = P (Qeyr))(e1(+1)) =0, (3.1)
for any t € R. Moreover, £1(-,t), c1(t) and a1(t) satisfy (2.7), (2.8) and (2.9) for any t € R.

With Theorem 3.1 at hand, we can provide the proof of Theorem 2.1.

Proof. We consider the following map

2(0,0),0,8) 1= ((0: Qo &) 1212 (Xor )22 )

where we have set € = (v, w) — Qup, and X,p = Xo(- — b) (we recall that x, is the eigenfunction
associated to the unique negative eigenvalue —\, of the operator Hy). The map E is well-defined
for, and depends smoothly on, (v,w) € H(R) x L*(R), o € (—1,1) \ {0}, and b € R.
We fix t € R. In order to simplify the notation, we substitute (c;(t),a1(t)) by (c1,a1). We
check that
E(ch,al ,C1, al) =0,
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and we compute

{ aoEI(ch,apCla al) =0,
BUEZ(ch,apcla al) = _<Xcl7(11780'Q017a1>L2><L2'

Let ¢ € (—=1,1) \ {0} and suppose by contradiction that
<X0a ach>L2 xr2 = 0.

Using the fact that H.(9.Q.) = P'(Q.), it comes

1 1
0= <X07ach>L2><L2 = _5\_<X07Hc(ach)>L2><L2 = _5\_<XCaP/(Qc)>L2><L2-

C C

Since H. is self-adjoint, we also have

<X67 8JJQC>L2><L2 =0.

By Proposition 1 in [10], we infer that

0> _S\C”XCH%2><L2 = <X07HC(XC)>L2><L2 > ACHXCH%QXL2 > O’

which provides the contradiction and shows that

<XC7 BCQC>L2><L2 7é 07 (32)
for all c € (—1,1) \ {0}. In addition, we have

10Qes |72 = 21 = )3 > 0,
0.

abE?(QChal , C1, al)

{ ZE1(Qey a1, C1,01)

Therefore, the matrix

0 , 0,
da,bE(Qchm , C1, al) = < <X01701 UQClﬂl >L2 XL2>

2(1 — )2 0
is an isomorphism from R? to R2.

Then, we can apply the version of the implicit function theorem in [3] in order to find a
neighbourhood V of Q., 4,, a neighbourhood U of (¢1,a1), and a map ¢, 4, : U — V such that

E((v,w),0,b) =0« (c(v,w),a(v,w)) := (0,b) =Y qa(v,w) Y(v,w) €V, Y(o,b)el.
In addition, there exists a positive constant A, depending only on ¢; such that
le@®)llx + le() — er(@®] + la(t) —ar(t)] < Afler(®)]|x < Ae; Acao, (3-3)

where c(t) := c(v(t), w(t)), a(t) := a(v(t),w(t)) and e(t) := (v(t), w(t)) — Qc(t),a(t), for any fixed
t € R. Using the fact that (v(t),w(t)) stays into a neighbourhood of Q. ()4, () for all t € R by
Theorem 3.1, and also the fact that ¢; satisfies (2.8), we are led to the following lemma.

Lemma 3.1. Under the assumptions of Theorem 8.1, there exists a unique pair of functions
(a,c) € C°(R,R?) such that

e(t) = (v(t),w(t)) — Qet),a(e),
verifies the two following orthogonality conditions

(e(t), 02Qcw),a(t)) p2x 2 = Xeyat)sEE)) p2xr2 = 0. (3.4)

Moreover, we have (2.8).
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This completes the proof of orbital stability. Now, let us prove the continuous differentiability
of the functions a and ¢, as well as the inequality

| ()] + |a' () — c(t)| < AcHe(-,t)HX(R), (3.5)

for all t € R. The C! nature of a and ¢ can be derived from a standard density argument as in
[10]. Concerning (3.5), we can write the equation verified by ¢, namely

Oy = <(a'(t) —c(t))@wi—c'(t)@cvc,a) + 0y (((1)67@—1—51,)2 — 1) (Ve,atEw)— (via — 1)wc7a> , (3.6)

and

OtEw = (a'(t) — c(t))amwc,a — c’(t)acwqa

OraVe,a + Orz€o (8atvc at axgv)2
+ 0, e TOEY 4 (4, + ’
T (1 — (Uc,a n 51})2 (Uc,a 61}) (1 _ (Uc,a N 60)2)2
ammvc,a (axvc,a)2 ) (37)
- 2~ Uca 2
1- Uc,a (1 — ’Ug’a)

0, (vea  20) (U + 20" = 1) = tra(ua = 1) ).

We differentiate with respect to time the orthogonality conditions in (2.6) and we invoke equations

(3.6) and (3.7) to write the identity
d Y
(- () o

Here, M refers to the matrix of size 2 given by

Ml,l = <acha Xc>L2><L2 + <8cXc,a,5>L2><L2a
M1,2 = <X0a ach>L2 x[2 — <amXc,aa5>L2><L2a
M2,1 = _<8:BQ0786QC>L2 <12 T <8cach,aa5>L2><L2’

Mo = HachHingz - <axec,a75>L2><L2-

The vectors Y and Z are defined by

Y :<6ch,a, ((vea + e)? — 1) (we,q + €w) — (vaa - 1)wc,a>L2

+ <amvc,aa ((wc,a + 5w)2 - 1) (’Uc,a + €v) - (wg,a - 1)Uc,a>L2
8J:J:Uc,a + Oty 8J:J:Uc,a

B <8mvc’a’ 1— (Vg +e0)? 11— Ug,a>L2 +¢(OaXe.ar€) 2y g2

and

2 =(Bustas (vea-+ 20 = 1)(wea +20) — (0~ Durea) ,
+ <8mmwc,aa ((wc,a + Ew)2 - 1) (Ucﬂ + Ev) - (wz,a - 1)Uc7a>L2
ammvc,a + Opz€y _ a:m:vc,a
1— (Veq+eu)? 1-— vaa

- <ammmwc,aa >L2 + C<amec,a, 6>L2 x L2
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We next decompose the matrix M as M = D 4+ H, where D is the diagonal matrix of size 2
with diagonal coefficients

Dl,l = <acQ67XC>L2><L2 7é 0,
by (3.2), and
1
D2,2 = Haach(t)”%Q = 2(1 - C(t)2)§,

so that D is invertible. Concerning the matrix H, we check that
<P,(Q0)aach>L2xL2 = <a:vQCaach>L2xL2 =0.
Then,

acach,ay 5>L2 xL2 — <8$$Q6,a7 5>L2 x L2

It follows from the exponential decay of Q). , and its derivatives that

H— ( <&:Xc,aa5>L2><L2 _<8:vXc,aa5>L2><L2
< .

[H| < Acllell 2 L2-

We can make a further choice of the positive number «., such that the operator norm of the
matrix D™1H is less than 1/2. In this case, the matrix M is invertible and the operator norm
of its inverse is uniformly bounded with respect to t. Coming back to (3.8), we are led to the
estimate

()] + |d' () — e(t)] < Ac<\Y(t)\ + \zu)\). (3.9)

It remains to estimate the quantities Y and Z. We write

|(Buear (060 + €)% = 1) (e + w) = (1B = 1w )

L2
= ‘<8ch,a, (5% + 20 qEp ) We,q + Ew((z’fv -+ Uc,a)Q — 1)>L2‘ < Aclellrzxre-

Arguing in the same way for the other terms in Y and Z, we obtain
Y1+ 12 = O(llell2xr2),

which is enough to deduce (3.5) from (3.9).
To achieve the proof, we show (2.7). Using the Sobolev embedding theorem of H*(R) into C°(R),
we can write

rfgﬁéw(m’t) = ”vc(t)HL“(R) +{lvC1) - UC(t)@(t)HLw(R) < H”c(t)HLoo(R) + le®) L x(r)-

By (2.3), HUCHLOO(R) < 1, so that by (2.8) there exists a small positive number 7, such that
ch(t) HLOO(R) <1 —r.. We obtain

glgﬂ%w(x’t) <T—ve+[e@lxm 1=+ ae.

For a. small enough, estimate (2.7) follows, with o, := —ae + 7. O
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4 Proofs of localization and smoothness of the limit profile

4.1 Proof of Proposition 2.2

The proof relies on the conservation law for the density of momentum vw. Let R and ¢ be two
real numbers, and recall that

Ir(t) = Ig’w)(t) = %/R [ow](z + a(t),t)®(z — R) d,

where @ is the function defined on R by

O(x) = %(1 + th(u@)),

with v := V1 — ¢2/8. First, we deduce from the conservation law for vw (see Lemma 3.1 in [10]
for more details) the identity

jt Ui (®)] = (@ (1) +0) /R [vw] (@ + a(t), )@ (@ — R — ot) de

3 —v?
(1—2?)?
+ / [In(1— UQ)] (x +a(t),t)®” (x — R — ot) dz.

R

+ / [UQ + w? — 3vw? + (amv)Z] (x +a(t),t)® (x — R—ot)dzx (4.1)
R

Our goal is to provide a lower bound for the integrand in the right-hand side of (4.1).
Notice that the function ® satisfies the inequality

|D"| < 42 (4.2)

In view of the bound (2.14) on &/(t) and the definition of o, we obtain that

9+ 7¢?
@'(t) +of? < 5 (4.3)
Hence, we deduce
d
[Tryot(t)] 2/ [4%2 In(1 — v?) +v* + w? — 3v?w?
dt R
(4.4)
9 94 7¢2 ,
+ (Opv)* — 3 |vw”(:c+a(t),t)‘1> (x = R—ot)dx = J; + Ja.

At this step, we decompose the real line into two domains, [— Ry, Ro| and its complement, where
Ry is to be defined below and we denote J; and Jy the value of the integral in the right-hand
side of (4.4) on each region. On R\ [—Ry, Ry], we bound the integrand pointwise from below
by a positive quadratic form in (v, w). Exponentially small error terms arise from integration on
[—Ro, Rl

For |z| > Ry, using Theorem 2.1, the Sobolev embedding theorem, and choosing o small
enough and Ry large enough, we obtain

1
o+ a(t), )] < lew(w )] + oy (2)] < Aclao +exp(—VT— ERo) < 75, (45)
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for any ¢t € R. Using the fact that In(1 — s) > —2s for all s € [0, 3] and introducing (4.5) in
(4.4), we obtain

2
le1 c

/ ‘ [02 +w? + (8351))2] (x +a(t),t)® (x — R — ot) dx. (4.6)
z|>Ro

We next consider the case x € [— Ry, Ro|. In that region, we have
|t — R —ot| > —Ro+ |R + ot|.
Hence,
@' (x — R — ot) < 2ue?foe=2vellitat], (4.7)

Since the function |In | is decreasing on (0, 1], in view of (2.7) and (4.4),
‘JQ‘ < Ac/ [02 +w? + (835@)2] (x4 a(t),t)®' (x — R — ot) da.
|z[<Ro

Then, by (4.7) and the control on the norm of (v,w) in X (R) provided by the conservation of
the energy, we obtain

12| < Beem2fiset]

This finishes the proof of (2.28). It remains to prove (2.29). For that, we distinguish two cases.
If R > 0, we integrate (2.28) from ¢t =ty to t = (g + t1)/2, choosing 0 = 0. and R = R — oy,
and then from ¢ = (t9+1t1)/2 to t =t choosing 0 = —o. and R = R+ o.t;. If R <0, we use the
same arguments for the reverse choices 0 = —o and o = o,. This implies (2.29), and finishes
the proof of Proposition 2.2. O

4.2 Proof of Proposition 2.7

Let U* and v* be the solutions of (2.32)-(2.34) expressed in terms of the hydrodynamical variables
(v*,w*) as in (2.30). We split the proof into five steps.

Step 1. There exists a positive number A., depending only on ¢, such that

t+1
/ / 0, (z + a*(t), s)|2e”°|$| dx ds < A, (4.8)
t R
for any t € R.

By (2.23) and (2.30),
(0¥ < Ac(|0z0*] + [w*]). (4.9)

In view of Proposition 2.4 and the fact that |a*(¢) —a*(s)| is uniformly bounded for s € [t—1,t+2]
by (2.22), this yields
t+2
/ / |U* (@ + a*(t), s)‘262"‘|m| drds < A.. (4.10)
t-1 JR

We denote 1
F* o= - (070 4 Re (W5 (1 - 2F (7, 8) ) (1 - 2F (7, 0°)).

We recall that [|[v*|| oo (rxr) < 1—0¢ by (2.23). Using the Cauchy-Schwarz inequality, the Sobolev
embedding theorem and the control of the norm in X (R) provided by the conservation of energy,
we have F(v*, U*) € L*°(R x R). Hence,

7] < AJw*), (4.11)
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where A, is a positive number depending only on ¢. Then, by (4.10),

t+2
/ / ‘F*(az—}—a*(t),s)‘Qem""T| drds < A, (4.12)
t

for any t € R. Next, by Proposition 2.5, we have

H\II*HL‘i([t—LHQ},LDO) < A (4'13)
Indeed, we fix t € R and we denote (¥9,09) := (U*(-+a*(t—1),t—1),v*(-+a*(t—1),t—1)) and
(U1(s),v1(s)) :== (¥*(-+a*(t—1),t—14s),v*(-+a*(t—1),t—14s)) the corresponding solution
0 (2.32)-(2.34). Denote also (U9, v9) := (Vpu(_1y, Vert—1)) and (Va(s),v2(s)) := (Pero1)(z —
c*(t = 1)s),ve-u—1y (7 — ¢*(t — 1)s)) the corresponding solution to (2.32)-(2.34), where W () is
the solution to (2.32) associated to the soliton Q.. We have, by (2.35),

9365) = Wa(6) g1y < A8~ 815+ (198 - 98].)

Using (2.21), we obtain

[1(s) S)HL4(O’T¢] L) S A,
where 7. = 7c(|[v9]| 12, |v9]1 22, 199l 12, || ¥Y]|z2) depend only on ¢. Since [0,3] € U  [k7, (k+
0<k<3/7c
1)7], we can infer (4.13) inductively .
In addition, by (4.9), we have
[0 (- +a (t)7')HLoo([t—1,t+2},L2) < A (4.14)

Hence, applying the Cauchy-Schwarz inequality to the integral with respect to the time variable,
(4.10), (4.13) and (4.14),

t+2
/ /|\I’ z+a*(t),s)| fevelel d ds

t+2
/ /|\Il x + a*( )| e”"”C'dxH\I/*(s)H%oo(R)ds

H\I’* (- +a"(t),-)e " HL4 ([t—1,t4+2],L2(R)) H\I/* (- +a*( t)’.)Hi“([t—l,t—f—z],Loo(]R)) (4.15)
<[ O (- +a*(t),)e I |HL2(t 1,6+2],L2(R)) [ ( )">HL°°([t—1,t+2},L2(R))
H\I'*( +a’(1),) HL“([tfl,t+2},L°°(R))
< A,
In order to use Proposition 2.6 on ¥*, it is sufficient to verify
sup / | U™ (z + a* (1), s){zezy‘m drds < A.. (4.16)
s€lt—1,t4+2] JR
Indeed, using (4.16) and (4.13), we can write
t42
/ / |U* (x4 a*(t), )| Oe2velel g ds
t
" 417
<[40, et ‘Hm oy WO Moy
< A,
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which proves that U* satisfies the assumptions of Proposition 2.6. Then, we apply Proposition
2.6 with u := U*(- 4+ a*(t),- + (t +1/2)), T :=1/2, F := |u|?>u + F*(-,t + 1/2) and successively
A := tv, and we use (4.10) and (4.12) to obtain (4.8).

Now let us prove (4.16). First, we recall the next lemma stated by Kenig, Ponce and Vega [18].

Lemma 4.1. Let a € [-2,—1] and b € [2,3]. Assume that u € C%([a,b] : L?(R)) is a solution of
the inhomogeneous Schrodinger equation

104U + Opzu = H, (4.18)
with H € L' ([a,b] : L?(e#*dx)), for some B € R, and
U = u(-, a), up = u(-,b) € L*(e’dx). (4.19)
There exist a positive number K such that

sup Hu(7 t) HL2 (ePrdx)
a<t<b

(4.20)

< K(luall p2(es2azy + [1ubll L2 (eeany + 1 HI L1 (ja,6],22(e87dz)) ) -

In order to apply the lemma, we need to verify the existence of numbers a and b such that (4.19)
holds for u := U*(-+a*(t), - +t) and such that H := |u|?u+F*(-,-+1t) € L*([a,b], L?(e/*dx)), for
B = *v, respectively and any ¢t € R. Our first claim is a consequence of (4.10) and the Markov
inequality. Indeed, there exist sg € [-2, —1] and s; € [2, 3] such that

/|\I/*(x—|—a*(t),sj + )2 gy < A forj = 0,1,
R

For the second claim, by (4.12) and the Cauchy-Schwarz estimate, it is sufficient to show that
lul?>u € LY([~2,3], L?(e**ldz)). To prove this we use the Cauchy-Schwarz inequality for the
time variable, (4.10) and (4.13),

/32 (/R|\I’*(x+a*(t),s—|—t)|6e2”‘x dx)é ds

S H\I]*( + a*(t)a : + t)eyc‘.‘HL2([7273LL2) H\I]*( + a’*(t)’ ' + t)Hi4([,273LLoo)
< A,

Now, we are allowed to apply Lemma 4.1 with a = sg and b = s; to deduce (4.16). This finishes
the proof of this first step.

In the next step, we prove that (4.8) remains true for all the derivatives of ¥* and v*.

Step 2. Let k > 1. There exists a positive number Ay, ., depending only on k and ¢, such that

t+1
/ / |8§\If*(x + a*(t), S)‘Qe”“x‘ drds < Ay, (4.21)
t R

and 1
/ / {83@1}*(% + a*(t), s)|2e"‘|$| dr < Ay, (4.22)
t R

for any t € R.
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The proof of Step 2 is by induction on k > 1. We are going to differentiate (2.32) k times with
respect to the space variable and write the resulting equation as

10y (O5W*) + Oy (OFT*) = Ry, (v*, T¥). (4.23)

where Ry, (v*, U*) = 9F (|U*[2U*) + 95 F*. We are going to prove by induction that (4.21), (4.22)
and

t+1
/ / | Ri(v*, U%)(x + a*(t),s)|2e”‘|m| drds < Ag, (4.24)
t R

hold simultaneously for any ¢ € R. Notice that (4.21) implies that 0*¥* ¢ L2 (R, L?*(R)),

loc

while (4.24) implies that Ry (v*,¥*) € L2 (R, L?(R)). Therefore, if (4.21), (4.22) and (4.24) are

loc

established for some k > 1, then applying Proposition 2.6 to 9*¥* can be justified by a standard
approximation procedure.

For k =1, (4.21) is exactly (4.8). (4.22) holds from Proposition 2.4 and the fact that |a*(t) —
a*(s)| is uniformly bounded for s € [t — 1,¢ + 2]. Next, we write

Ry (0", %) = —0* 00" " — %(v*)Q&B\I’* + Re (axqf*(1 - 2F(v*,w*))) (1-2F (", ¥%))
— 20%| W2 (1 — 2F (v, U%)) — 20" 0" Re (\If*(l —2F(v*, 7)) — Qam(qf*|x11*|2)>.
We will show that
U e Lo°([t — 1,¢ + 2], L (R)), (4.25)

in order to control the derivative of the cubic non-linearity by |0,¥*| and then we will use the
fact that F'(v*, ¥*) € L%(R x R), [[v*|[ 1o rxr) < 1 and the second equation in (2.34) to get

Ry(v*, %) < K (|0,W*| + |0,0%||T*| + |0 ?). (4.26)
Let us prove (4.25). We define the function H on R by

1

Hs) = /R(]@C\I/*(x,s)\Q 0 (a, 5)[4)da.

We differentiate it with respect to s, integrate by part and use (2.32) to obtain

H'(s) = ~Re ( /R O (2, 5) [0 U 1 2], )
= Re (/ OSW*(x,s)F*(x,S)d:U) (4.27)
R

< 1059 () L= ) 17 () | 112 ) -

We have
|0 F*| < K (|0, 0%| + |00 ||9F] + [¥*]?),

using the fact that F'(v*, U*) € L(R x R), |[v*||ecrxr) < 1 and the second equation in (2.34).
Hence, by (4.8), (4.10), (4.15), and the fact that |0;v*| < |¥*| on R x R, we obtain

102 ™ |2 (11,442, L2(R)) < Ac- (4.28)

On the other hand, we infer from (2.32), (4.8), (4.12) and the fact that
U* e LA([t — 1, + 2], L°(R)) N L8([t — 1,t + 2], L*(R)), that

105 W™ | L2 (=142, -1 (R)) < Ae- (4.29)
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Next, we integrate (4.27) between t — 1 and ¢ + 2 and we apply the Cauchy-Schwarz inequality
to obtain H € Whi([t — 1,¢ + 2]) for all t+ € R using (4.28) and (4.29). Notice that all these
computations can be justified by a standard approximation procedure. This yields, by the
Sobolev embedding theorem, that H € L*([t — 1,¢t + 2]). We conclude that the derivative
0, ¥* € L>®([t — 1,t + 2], L>(R)). Indeed, we can use the Gagliardo-Nirenberg inequality and the
fact that U* is uniformly bounded in L?(R) by a positive number to write

1 * * *
H(s) > 5 /R 09" 2, )P — AT (5)][32 gy 100 7 () 122

v

v

1 . .
3 1029 @ o) de = AR 0,90 12gs.

The function x — %xQ — AM3z diverges to +00 when z goes to +00. Since H is bounded,

we infer that [|0;W*(-)||z2(r) is uniformly bounded on [t —1,% + 2] for all ¢ € R. This finishes
the proof of (4.25) by the Sobolev embedding theorem. Then, by (4.26), (4.24) for k = 1 is a
consequence of (4.8), (4.15) and the fact that |0,v*| < |¥*| on R x R.

Assume now that (4.21), (4.22) and (4.24) are satisfied for any integer 1 < k < kg and any
t € R. Let us prove these three estimates for k = kg + 1. We apply Proposition 2.6 with
w = OFOW* (- a*(t), -+ (t+1/2)), T := 1/2 and successively \ := +v,. In view of (4.21), (4.23),
(4.24), and the fact that |a*(t) — a*(s)| is uniformly bounded for s € [t — 1,¢ + 2], this yields

t+1
/ / 5L (2 4+ a* (1), s)|?e” 1l dx ds < A, (4.30)
t R
so that (4.21) is satisfied for k = ko + 1.
Let k € {1,...,ko}. We use the induction hypothesis and (4.30) to infer that
A1 € I3[t + 1], HE(R)).

Also, we have
E=1w € H([t,t + 1], L(R))

using (4.23) and (4.24). This yields, by interpolation,
k10" € Hi([t,t + 1], H3 (R)).
Hence, using the Sobolev embedding theorem, we obtain
P I e L2([t,t + 1], L®(R)) for all teR. (4.31)

On the other hand, since |0,v*| < |U*|, we have, by (4.25), d,v* € L*¥([t,t + 1], L°(R)). For
k e€{2,...,ko}, we differentiate the second equation in (2.34) k times and we use (4.31) to obtain

k—1 k—2
Ok < K (D 105w+ Y [9407]), (4.32)
j=1 j=0

where K is a positive constant. We infer from (4.31) by induction that
v e L®([t,t + 1], L°(R)) for all teR, (4.33)

for all k € {2,...,ko}. Then, we just compute explicitly Ry,+1(v*, ¥*) and we use (4.31) and

(4.33) to obtain
ko+1 ko

|Rk0+1(v*7 \II*)| < Ako+1,c,K( Z ‘(“)%\II*’ + Z ‘3%?)*‘)
j=0 J=1
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Hence, by (4.21) for all k < ko, (4.22) and (4.30), we obtain (4.24) for k = ko + 1. Finally,
we introduce (4.21) for all £ < kg + 1 and (4.22) for all k¥ < k¢ into (4.32) to deduce (4.22) for
k = ko + 1. This finishes the proof of this step.

In order to finish the proof of Proposition 2.7, we now turn these L12OC in time estimates into
L°° in time estimates, and then into uniform estimates.

Step 3. Let k > 0. There exists a positive number Ay, ., depending only on k and ¢, such that
/ |80 (2 + a*(t), )] "I da < Ay, (4.34)
R

for any t € R. In particular, we have
Ky % * Ye |,
[O80* (- +a* (1), )e M| o ) < Ak (4.35)
for any t € R, and a further positive constant Ay, ., depending only on k and c.

Here, we use the Sobolev embedding theorem in time and (4.23) for the proof. By the Sobolev
embedding theorem, we have

05w (- + a*(t)’t)e%cHHi?(R) SK(H‘?S (O W™ (- + a*(t), ) ) HiQ([t—LtHLL?(R))

* * Y02
+ Ha;;qf (- +a*(t),s)e> | ‘HLQ([tfl,tJrlLLQ(R)))’
while, by (4.23),
0,049 +a"(0) )¢ %1

: §2(H8§+2\I/*(- +a*(t),s)e? HiQ([t—l,t—l—1]7L2(R))

2
HL2([t—1,t+1},L2(R)
. . ve |12
+ HRk(\I/ )( +a (t)a 5)6 2 | |HL2([t71,t+1]7L2(R))),

so that we finally deduce (4.34) from (4.21) and (4.24). Estimate (4.35) follows from applying
the Sobolev embedding theorem to (4.34).

Similarly, the function v* satisfies

Step 4. Let k € N. There exists a positive number Ay, ., depending only on k and ¢, such that
/ (00" (z + a*(t), 1)) 2 dw < Ay, (4.36)
R

and )
|05 v*(- + a*(t),t)e%"‘HLm(R) < Ap, (4.37)

for any t € R.

The proof is similar to the proof of Step 3 using the first equation in (2.34) instead of (2.32).
We use the Sobolev embedding theorem to write

[05v* (- + “*(t)’t)BM"HiQ(R) SK(H‘?S (Ohv* (- + a*(1), 5)e!) Hi?([tﬂ,tm,L?(R))

+ [|OFv* (- + a*(t), S)BVCHHi?([tfl,tHLLQ(R)))'

By the first equation in (2.34), (4.21), (4.23) and (4.33), we have

Has (a];’l)*( + a*(t),S)eycH)HiQ([tfl,tqtl],LQ(R)) < A..

This leads to (4.36). The uniform bound in (4.37) is then a consequence of the Sobolev embedding
theorem.

Finally, we provide the estimates for the function w*.
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Step 5. Let k € N. There exists a positive number Ay ., depending only on k and ¢, such that
/ |8§w*(ﬂv + a*(t),t)|2e”‘|$| dr < Ay, (4.38)
R

and )
05w (- +a* (0.5 ) < Are (4.39)

for any t € R.
The proof relies on the last two steps. First, we write
* 3Ty ok 1 12\ & - )k
vt = —58;,3((1 — (v*)*)2 exp b )
Since (1 — v*(z,t)?)/? exp if*(x,t) — 1 as x — —oo for any t € R, we obtain the formula
2F(v*, U*) =1 — (1 — (v*)%)2 expif*. (4.40)

Hence, using (2.30), we have

U* (1 — 2F (v*, U*
w* = 2Im< ( G ))) (4.41)
1— (v*)?
Combining (2.7) and (4.40), we recall that
|1 — 2F (v*, U*)]
< A.. 4.42
1— (U*)2 — ¢ ( )
Hence, we obtain
lw*| < Ac|P¥|.

Then, (4.38) and (4.39) follow from (4.34) and (4.35) for kK = 0. For k > 1, we differentiate (4.41)
k times with respect to the space variable, and using (4.35), (4.37) and (4.42), we are led to

k k—1
Okw| < A (D 10997+ 3 [807]).
j=0 J=1

We finish the proof of this step using Steps 3 and 4. This achieves the proof of Proposition
2.7. O

5 Proof of the Liouville theorem

5.1 Proof of Proposition 2.8

First, by (2.38) and the explicit formula for v, and w, in (2.3), there exists a positive number
Ay, ¢ such that

[ ((@08w.0) + (@keio.0)?) e do < A 1)
R

for any k € N and any ¢t € R. In view of the formulae of H. in (A.42) and for v* in (2.41), a
similar estimate holds for w*, for a further choice of the constant A .. As a consequence, we are
allowed to differentiate with respect to the time variable the quantity

Z*(t) ::/Rﬂ:u’{(x,t)u’g‘(x,t) dzx,
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in the left-hand side of (2.43). Moreover, we can compute

d * * * * *
E(I > :—2/R,u<7-lc*(amu ), u >R2 +/R,u<7-lc*(JRc*e ),u >R2

(@) [ e 0Qe) o + () [ p0He D 652
(@) =€) [ plHe @20

where we have set pu(z) = x for any = € R.

At this stage, we split the proof into five steps. The proof of these steps is similar to the proof
of Proposition 7 in [2|. We first show

Step 1. There exist two positive numbers A1 and R, depending only on ¢, such that

1—¢2

Zi(t) = _Q/RM<HC*(81BU*)’U*>R2 > Hu*("t)Hi((R) - AlHU*("t)Hi((B(O,Rl))’ (5.3)
for any t € R.

We introduce the explicit formulae of the operator H.« in the definition of Zj(t) to obtain

Zl (t) :2/ Max( 1 )ul - 2/ M(l - (C )2 - (5 + (C )2)?}3* + 21}21*) 1 % 2u1
R R )

1— 2 (1— v

1+02 o x wo (140242 N
w2 [ e T i -2 [ e PSS G
R

= Upex R (1 - Uc*)g
1+ v o x N
+ 2/Rluc*ﬁ(6xul)u2 — 2/R,u(1 — ) (Opub)us.
c*

Integrating by parts each term, we obtain

Ti(t) = /R (i, t) d,

with

x 2 OgUer ’Uc*) 2 *(1 +Uz* 4x0pver Uc*) .«
! _(1 — Vg e 1—v2 (Oui)” = 2¢ 1—% (1- vf*)2 UgUy
14+ 2((c*)? — 2 2(c*)2 — 4 _ 9,6
o AT 0
—v2

(uf)”.

((¢*)? = 3) + (2(c*)* — 3)v2 — 3uj.

+ 420,V Ver (1 ~ vg*)4

Let 6 be a small positive number. We next use the exponential decay of the function v, and its
derivatives to guarantee the existence of a radius R, depending only on ¢ and ¢ (in view of the
bound on ¢* — ¢ in (2.21)), such that

2
A1) > (2 8) (0u7) (1) + (= 8) (WD, 1) + (3, 1),

when |z| > R.
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Then, we choose § small enough and fix the number R; according to the value of the corre-
sponding R, to obtain

/ i (z,t)dx >
|z|>R1

On the other hand, it follows from (2.3), and again (2.8), that

1
/ gz, t)dx > (
|| <R1

for a positive number A; depending only on ¢. Combining with (5.4), we obtain (5.3).

1—¢2

/ (@i + et e ) do (5

— 2

. Al) /x§R1 ((Qevi(,1))* +ui(w, 1) + uj(w,1)?) da,

Step 2. There exist two positive numbers As and Rs, depending only on ¢, such that

1-¢ * 2 N 9
< 64 HU (-,t)||X(R)+A2Hu ("t)HX(B(O,Rg))’ (5.5)

‘I;(tﬂ =

[ e (IR ) )
for any t € R.

We refer to the proof of Step 2 in the proof of Proposition 7 in [2| for mare details.
Next, we infer from (2.9), (2.57), the explicit formula of H. in (A.42) and the exponential
decay of the function 9.Q.+ and its derivatives, that

Step 3. There exist two positive numbers As and Rs, depending only on ¢, such that

1—¢?

* * 2 * 2
Zi(0)] = < L gy + A3l oy 5)

(C*)I/R/J'<Hc*(ach*)aU*>R2

for any t € R.

We decompose the real line into two regions [—R, R] and its complement for any R > 0. We
velz] .
use the fact that |z| <e™1 for all |z| > R, to write

|Z5 ()| <RI(c™)'(t)] ‘ KR\Hc*(t)(ach*(t))(wH\u*(watﬂdm

vel|z|

e 4 dx,

+0](c") (1)l [ Her () (0cQer 1)) ()| |u* (, 1)

lz|=R

for any ¢ € R. We deduce from (2.9), the explicit formula of H.+ in (A.42) and the exponential
decay of the function 9.Q. and its derivatives that

IZi 0] < ARl C Dl o m) + 0w G0 Ly ) 17O 2y
for any ¢ € R. Hence, by (2.57),

) R, . ,
|Z5(1)] < AC<7H“ ('vt)Hi((B(o,R)) +20|u ("t)H;(R)>'

We choose § so that 24,0 < (1 — ¢2)/64, and we denote by R, the corresponding number R, we
obtain (5.6), with Ay = A R3/6.

Similarly, we use (2.9), (2.21) and (2.57) to obtain
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Step 4. There exists two positive numbers A4 and R4, depending only on ¢, such that

* * * 1-— C2 % .
(C )I/R,u<ac7-[c*(€ )7u >]R2 S 64 Hu (’t)H;(R) +A4Hu (7t)H§((B(O7R4))7 (57)

‘Z;(t)‘ =

for any t € R.

We argue as in Steps 3 to show
Step 5. There exist two positive numbers As and Ry, depending only on ¢, such that
70| = | (@) = ) [ e 020
R (5.8)

1—c2, «
< 6—4Hu ('vt)Hic(R) + As |u ("t)Hi((B(o,Rg)’

for any t € R.

Finally, combining the estimates in Steps 1 to 5 with the identity (5.2), we obtain

d/_, 1—¢2 . 2 . 2
E(I (t)> > 16 Hu ("t)HX(R) - (Al +A2 + A3 +A4 +A5)Hu ("t)HX(B(O,R*))’

this allow us to conclude the proof of (2.43) with R, = max{R;, R, R3, R4, R5} and A, =
A1+A2+A3—|—A4—|—A5.

5.2 Proof of Lemma 2.1

When u € H3(R) x H'(R), the function d,u is in the space H?(R) x L?(R) which is the domain
of H.. The scalar product in the right-hand side of (2.46) is well-defined in view of (2.45). Next,
we use the formula for H,. in (A.42) to express G.(u) as

<5McU, Hc(—Qa:ru)>L2(R)2

:2/ Opve (1= — (54 2)v2 + 202 n 02(1 + v2)? B 2621)2(1 +v2) Bt
R Ve (1—v2)? (1—v2)? (1—vg)? :
) ) Bpve(l — 02 (5.9)
_ 2/ mvcax( xxu12) + 2/ xUC( UC)UanUQ
R Ve 1- Ve R Ve
VeO0g Ve Opve(1 +02)
2 2 Opug — ————==0 .
+ C/R( 1 —vgul U2 vl — 2) x(u1u2)
We recall that v, solves the equation
Dpave = (1 — 2 — 202w, (5.10)
which leads to P
(0pve)? = (1 — ¢ —v?)v?, and (9;,3( ;;%) = 02, (5.11)
(&
Then, the third integral in the right-hand side of (5.9) can be written as
Dpve(1 — V2
Q/R Muzﬁxm = /R,ucug, (5.12)
C
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with pe := 2(0,vc)? + (1 — v2)v2. Similarly, the last integral is given by

1 2
R R

1—02 ve(1 —v2) 1—v2

Combining (5.12) and (5.13) with (5.9), we obtain the identity

2

cv;

2¢c0.05 0,

uyp —

2
0 ul) 9
He pre(1 —v2) ™"

(SMo, Ho(~20,0)) 1o s = 1 + / pe (2 -
R

where

I:/2(3961)0(1—02_(54-022)2@34—21)3+02 1—1—1)232) 92 03835%2 >u18$u1
R Ve (1 - Uc) (1 - Uc) Mc(l - Uc)

4 2,,2
_/ axvcu1ax<amru12) _02/ v_cu%—4c2/ %(axul)2
R Ve 1 — 02 R fe R feo(l —c)

Cc

Using (5.10) and (5.11), we finally deduce that

3 4 o) 2
I =- / U_c (&Bul — mvcul) s
2 JR He Ve

which finishes the proof of (2.46).

5.3 Proof of Proposition 2.9

We first rely on (2.3) and (2.46) to check that the quadratic form G, is well-defined and continuous
on X (R). Next, setting
v = (veuq, veu2), (5.14)

and using (5.10), we can express it as

2 20, 2 A 19) 2
U—c <<9mv1 — ;UCU1> + / % <U2 + /1,(107622}1 - 2Mamvl> )
R Ye c\+ ™

Gulu) = Kelo) = [

e c Uc) /’[/C(]‘ - Ug)
(5.15)
where we have set A\, := —p. + 4(9,v.)%. From (2.48) and (5.14) we deduce that
Ker(K.) = Span(v.Q.). (5.16)
Let w be the pair defined in the following way
V04V,
(o2
w= (o el —02) !
We compute
K.(v) = <72(w),w>L2(R)2, (5.17)
with
Te(w) =
2 4 2 o 61,2 2 2062 212, 2 2 2
—30; (%81«101) + (SU“(axUC) M‘%?vc(l ve) 4 4(8:;1:6) + < (250(11;%2) Uc>w1 - 76(2&_;;)%)102
2_ 2
_0(26_11;)%)?”1 + Z_§w2
(5.18)
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The operator 7T, in (5.18) is self-adjoint on L?(R)?, with domain Dom(7;) = H2(R) x L?(R). In
addition, combining (5.15) with (5.17) we deduce that 7. is non-negative, with a kernel equal to

Ker(7;) = Span { (Uz’ %) }

At this stage, we divide the proof into three steps.

Step 1. Let c € (—1,1) \ {0}. There exists a positive number A1, depending continuously on c,
such that

(To(w), w) 2@y > A / (w? +w3), (5.19)
R
for any pair w € X' (R) such that
9 2 Ve 2
<w, (vf, M» = 0. (5.20)
te(1 —v2) // L2Rr)2
We claim that the essential spectrum of 7, is given by
Oess(Te) = [Te, +00), (5.21)
with
1 1
Te = Tle— 572‘{6 > 0. (5.22)

Here, we have set
4(1 — ) + 2(2¢2 — 1)? N 3—2c2
2(3 — 2¢?) 2

Tle =

and

4(1 — ) + 2(2¢2 — 1)?
T2e = < 3 — 2¢2 B
In particular, 0 is an isolated eigenvalue in the spectrum of 7. Inequality (5.19) follows with A;
either equal to 7., or to the smallest positive eigenvalue of 7.. In view of the analytic dependence
on ¢ of the operator 7., A; depends continuously on c .

Now, let us prove (5.21). We rely on the Weyl criterion. It follows from (2.47) and (5.10) that

2 2
(0zv¢)% () R 1—c¢ ’
te(z) 3—2c?

(3— 202))2 + 422 — 1)

pe()
vZ(x)

as ¢ — +oo. Coming back to (5.18), we introduce the operator 7o, given by

—3-2¢%, and

4(1—c?)+c2(2¢2—1)2
Too(w) = — 5 O + =EERE ) — (262 — 1wy .
—c(2¢2 — Dwy + (3 — 2¢?)wo

By the Weyl criterion, the essential spectrum of 7. is equal to the spectrum of 7.

We next apply again the Weyl criterion to establish that a real number A belongs to the spectrum
of T if and only if there exists a complex number £ such that

3 4(1 — ) + 2(2¢2 — 1)?
2 _ 2
A < €7+ 3—2¢?

2 2 2\ _
- +3—2C>A+3|5| +4(1—c?) =0.

This is the case if and only if
4(1 — ) + 2(2¢2 — 1) + 3[¢)? N 3—2c2

A:

2(3 —2¢?) 2
1/ /74(1 = ) + (22 — 1)2 + 3|¢[2 , .
i5(( : C)+;(_0202 S+ 3kl —(3—202)) +402(202_1)2) .
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This leads to
Uess(’];) = U(Too) = [Tc, +OO),

with 7, as in (5.22). This completes the proof of Step 1.
Step 2. There exists a positive number Ao, depending continuously on ¢, such that
Ko(v) > A / ((Bav1)? + 02+ 02), (5.23)
R

for any pair v € X (R) such that

<U,U515Xc>L2(R)2 = 0. (5.24)

We start by improving the estimate in (5.19). Given a pair w € X!(R), we observe that
ve 2 2 2
(Tewh o —3 [ E0uon?| < 4 [ (0f +ud)
R

R Hc

Here and in the sequel, A. refers to a positive number, depending continuously on ¢. For
0 <7 <1, we have

2
(ﬁ(w),w>L2(R)z > (1 — T) (72(?1}),?1}>L2(R)2 + 37’/ %(83511)1)2 _ ACT/(U)% + wg)
R Mc R

Since v2/pe > 1/(3 — 2¢?), this yields

3
(ﬂ(w),w>L2(R)2 > ((1 — T)Al — ACT> /(UJ% + w%) + 77-2 / (3xw1)2,
R 3—2c R
under condition (5.20). For 7 small enough, this leads to
(Te(w), w) 2 )2 > Ac/ ((0pw1)? + Wi + w3), (5.25)
R

when w satisfies condition (5.20).

Since the pair w depends on the pair v, we can write (5.25) in terms of v. By (5.17), K.(v) is
equal to the left-hand side of (5.25). We deduce that (5.25) may be expressed as

2¢v. (0, 0c)

Ko(v) > AC/R <(3xv1)2 + v%> + AC/R (vz - maxvl)Q.

We recall that, given two vectors a and b in a Hilbert space H, we have
T
la = b5 = llalls = T bllz:
for any 0 < 7 < 1. Then, we deduce that

Ae Uc(a:vvc) 2
> 2 2 2y T / ‘
K.(v) > Ac/R <((9$1)1) +v] + TU2> [ A (,Uc(l — vg)ﬁxm)

We choose 7 small enough so that we can infer from (2.3) that

K.(v) > AC/R ((0pv1)? + 03 +v3), (5.26)
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when w satisfies condition (5.20), i.e. when v is orthogonal to the pair

oo = (o2 — 0, (22t 2020’y

0 =) ) o) (5.27)

Next, we verify that (5.26) remains true, decreasing possibly the value of A., when we replace
this orthogonality condition by

(0,v:Q¢) r2(ry2 = 0. (5.28)
We remark that

<Uc,chC>L2(R)2 # 0.
Indeed, we would deduce from (5.26) that

0= K.(0.00) > A / ((0a02)? + 0% + (vewe)?) >0,
R

which is impossible. In addition, the number (v.,v.Q.) r2(r)2 depends continuously on ¢ in view
of (5.27). Given a pair v satisfying (5.28), we denote by A the real number such that v = Av.Q.+0
is orthogonal to v.. Since v.Q. belongs to the kernel of K., we obtain using (5.26),

KA@:JQ@)EAﬁé(@wQ2+ﬁ+m@. (5.29)

On the other hand, since v satisfies (5.28), we have

(0,v:Q¢) 12 (R)2

A= .
chQcH%g (R)2

Using the Cauchy-Schwarz inequality, this yields

V§A4Agﬁ+mwf0<AJﬁ+@07

hence, by (2.3) and (5.29),
N < AK(b) = AK (D).

Using (5.29), this leads to

/XQ%%V+6?+ﬁ)SQCV/}€«@MY+4€+w341/(@wﬂz+ﬁ+MQ>
R R R
< AcK (D),

We finish the proof of this step applying again the same argument. We write v = Av.SQ. + 7,
with (0, v.Q¢) 12 ®)2 = 0. Since vcQ. belongs to the kernel of K, we infer from the same argument
that

KJM:JQ@)ZAQ/Q%MV+6?+@. (5.30)
R
Using the orthogonality condition in (5.24), we obtain

<”(7, ’l)c_lsXC>L2 (]R)Q
(Qe» SXe)2(m)2

By the Cauchy-Schwarz inequality, we are led to

vs@%ﬂmmm/@%ﬁ»
R
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Invoking the exponential decay of y. in (A.46), we deduce
lve ' SxellZay 2 < Ae.
As a consequence, we can derive from (5.30) that
M < AK (D) = AK.(v).

Combining again with (5.30), we are led to
/ ((9pv1)? + 5 +03) §2</\2/ V2 ((0pve)? + 2 4+ w2) + / ((0:11) + 05 + @%))
R R R
<A K. (v).

which completes the proof of Step 2.
Step 3. End of the proof.

Since the pair v depends on the pair u as in (5.14), we can write (5.23) in terms of u. The left
hand side of (5.23) is equal to G.(u) by (5.15). Moreover, for the right-hand side, we have

/R ((Opv1)? + 03 +03) = /Rvg((axul)Q + (202 + *)ui + u3).
We deduce that (5.23) may be written as
Ge(u) > Ac/ vg((amul)z + u? + u%), (5.31)
R

when v.u verifies the orthogonality condition (5.24), which means that u verifies the orthogonality
condition (2.52). We recall that
ve(w) > Ace™ 7,

by (2.3), which is sufficient to obtain (2.51). This completes the proof of Proposition 2.9.

5.4 Proof of Proposition 2.10
First we check that we are allowed to differentiate the quantity
j*(t) = <Mc*(t)U*('a t), U*(', t)>L2(R)2'
Indeed, by (2.41), (5.1), and (A.42), there exists a positive number Ay, . such that
/ ((Bﬁu“{(aﬂ,t))z + (8§u§(x,t))2>e”‘|x| de < Ay . (5.32)
R

Next, using (2.42) and (2.45), we obtain

d * * * * *

—(T7) =2(SMe-u”, Her (TSUT)) 2 gy + 2{SMer ", Her (TRe-€7)) o e
+2((a%) = &) (SMeu™ Her (0267)) 12 gy
- 2(6*)/<SMC*U*’ Hes (8CQC*)>L2(R)2

%)/ * % %)/ * *

+ (c ) <BcMc*u LU >L2(R)2 +2(c ) <Mc*u , SO Hex (e )>L2(R)2.

(5.33)

The proof of (2.53) is the same as in [2]. We will give only the main ideas of the proof. We will
estimate all the terms in the right-hand side of (5.33) except the fourth term which vanishes.

For the first one, we infer from Proposition 2.9 the following estimate.

34



Step 1. There exists a positive number By, depending only on ¢, such that
Ji () 1= 2(SMewu”, Hee (JSU")) poye > Ba /R [(0u})? + (u})? + (ub)?] (w,t)e 2l da,
for any t € R.
For the second term, by (2.21), (2.57) and (5.1), we have

Step 2. There exists a positive number By, depending only on ¢, such that

[T (0)] = 2|(SMeetr”, He (JRe-€)) 1 el e 1w D 3y

(R)?
for any t € R.

For the third one, we use (2.21) to obtain

Step 3. There exists a positive number B3, depending only on ¢, such that

1
He*("t)Hg((R)Hu*("t)Hif(R)’

| T3 (t)] = 2[(a

<SMc*U*a7'lc* (axe*»LQ(R)Q
for any t € R.

We now prove the following statement for the fourth term.

Step 4. We have
j4*(t) = 2(0*),<SMC*U*7HC (8 Qc )> R)2 — O

for any t € R.
Since He (0:Qc) = P (Qe+) = SQe+ and MxQ o+ = S, Q.+, we have
(SMeeu™, Her (0cQer )>L2(R 2 = (Mett”, Qcr >L2(R 2 = <u*’SaﬂfQC*>L2(R)2
= < ) C*(ach*)>L2(R)2 =0.

This is the reason why we do not need to establish a quadratic dependence of (¢*)'(t) on *.

Next, we use (2.3), (2.9), (2.21) and (2.45) to bound the fifth term in the following way.

Step 5. There exists a positive number Bs, depending only on ¢, such that

‘j5*(t)| = ‘(c*)/ <8cMc*u*,u*>

for any t € R.

1
e Gt eyl ) ey

L2 (R)2

Finally, we have in the same way.

Step 6. There exists a positive number Bg, depending only on ¢, such that

1
|t76*(t)‘ = ‘(C ' c*u*,Sach*(€*)>L2(R)2 He*(',t)H)Q((R)HU*(',t)Hi(R)a

for any t € R.

We conclude the proof of Proposition 2.10 by combining the six previous steps to obtain (2.53),
with B, = max{l/Bl,B2+B3+B5+BG}. O
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5.5 Proof of Corollary 2.1

Corollary 2.1 is a consequence of Propositions 2.8 and 2.10. We combine the two estimates (2.43)
and (2.53) with the definition of N(¢) to obtain

d 1—¢2

dt

1
= 4B () 2y ) 1 ) [y

for any t € R. In view of (2.21), we fix the parameter . such that

(V@ (0.0 () we) = (

. 1 1—¢?
Hs ("t)HX(R) < 324, B2e2R:”

for any t € R, to obtain (2.54). In view of (2.3), (2.21) and (2.45), we notice that there exists a
positive number A., depending only on ¢, such that

HMC*(t)HLoo(R) < A, (5.34)

for any ¢ € R. Moreover, since the map ¢ — (N (¢)u*(-,t), u*(+,t)) L2(r)2 is uniformly bounded by
(5.32) and (5.34), estimate (2.55) follows by integrating (2.54) from t = —oo to t = +00. Finally,
statement (2.56) is a direct consequence of (2.55).

A Appendix

A.1 Weak continuity of the hydrodynamical flow

In this section, we prove the weak continuity of the hydrodynamical flow which is stated in the
following proposition.

Proposition A.1. We consider a sequence (v, Wn,0)neN € NVR)YN, and a pair (vo,wo) €
NV(R) such that

Uno — v in H'(R), and wpo— wy in L*(R), (A1)

as n — +o00. We denote by (v, wy,) the unique solution to (HLL) with initial datum (v, 0, wn )
and we assume that there exists a positive number T,, such that the solutions (vy,,wy) are defined
on (=T, T,), and satisfy the condition

sup sup maxuv,(z,t) <1-—o0, (A.2)
neN te(=T,,T,) TR

for a given positive number o. Then, the unique solution (v,w) to (HLL) with initial datum
(vo,wp) is defined on (—Tmax, Tmax), with?

Tiax = liminf T,,,
n—4o0o
and for any t € (—Tmax, Tmax), we have
vp(t) = v(t) in HY(R), and w,(t) = w(t) in L*(R), (A.3)

as n — +o00.

3See Theorem 1 in [10] for more details.
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First we prove a weak continuity property of the flow of equations (2.32)—(2.34). Next, we
deduce the weak convergence of w,, from (4.41).

More precisely, we consider now a sequence of initial conditions (¥, 0,v5,0) € L%(R) x H(R),

such that the norms ||V, || 2 and ||v,0||z2 are uniformly bounded with respect to n and we
assume that

sup [[vn,0llpeo(r) < 1. (A.4)
neN

Then, there exist two functions ¥y € L?(R) and vy € H'(R) such that, going possibly to a
subsequence,

U,0— Ty in L*(R), (A.5)

Upo — v in HY(R), (A.6)
and, for any compact subset K of R,

Upo —v9 in L(K), (A.7)

as n — +o0o. We claim that this convergence is conserved along the flow corresponding to
equations (2.32)-(2.34)%.

Proposition A.2. We consider two sequences (¥p 0)nen € L2(R)N and (vn0)neny € HYR)Y,
and two functions Wy € L%(R) and vo € H'(R), such that assumptions (A.4)~(A.7) are satisfied,
and we denote by (V,,,vy,), respectively (¥, v), the unique global solutions to (2.32)-(2.34) with
initial datum (W, 0,vn0), respectively (Wo,vp), which we assume to be defined on [0,T] for a
positive number T'. For any fized t € [0,T], we have

U, (-, t) = V() in L*(R), (A.8)

and
Up(,t) = v(-,t) in Hl(]R), (A.9)

when n — +00.

Proof. We split the proof into four steps.

Step 1. There emist three functions ® € L?([0,T], L>(R)) and v € L*([0,T], H*(R)) such that,
up to a further subsequence,

U,(t) = @) in L*(R), (A.10)
vp(,t) = 0(-,t) in HYR), (A.11)
Un(,t) — o(-,t) in L7.(R), (A.12)
for allt € [0,T], and
|0, 20, — |®?°® in L3*([0,T], L*(R)), (A.13)

when n — +00.

4We only consider here positive time but the proof remains available for negative time.
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Proof. We recall that there exists a constant M such that
[Wnollz <M and  |lvp ol < M,

uniformly on n. Applying Proposition 2.5 to the pairs (¥,,,v,) and (0,0), we obtain

1aleg sz + vallegms + 1¥allzs e < A(IWnollze + lonolln ).
This leads to
[Wnllps poo < 2AM,  |[Wn|lpeerz < 2AM,  and |on|lreem < 24AM. (A.14)

Hence, there exist two functions ® € L>([0, 7], L?(R)) () L*([0,T], L*>°*(R)) and
v € L*([0,T], H'(R)) such that

U, 2@ in L>([0,T], L*(R))
and
v, = v in L>([0,T], H' (R))

Let us prove (A.10) and (A.11). We argue as in [2] and we introduce a cut-off function xy € C2°(R)
in the way that x = 1 on [—1,1] and x = 0 on (—00,2] U [2,400). Denote x,(-) := x(-/p)
for any integer p € N*. By (A.14), the sequences (xp¥y)nen and (xpUn)nen are bounded in
C°([0,T], L3(R)) and C°([0, T], H*(R)) respectively. In view of the Rellich-Kondrachov theorem,
the sets {xp¥n(,t),n € N} and {x,vn(-,t),n € N} are relatively compact in H 2?(R) and
H~(R) respectively, for any fixed ¢ € [0,7]. In addition, since the couple (¥,,,v,) is solution to
(2.32)-(2.34), we have (9;V¥,,, 0;vy,) belongs to C°([0,T], H 2(R) x H~*(R)) and satisfies

1002 Ollr2ge) < Kar - and (9500 () |12y < K.

This leads to the fact that the couple (x,¥n,Xpvn) is equicontinuous in C°([0,T], H %(R) x
H~'(R)). Then, we apply the Arzela-Ascoli theorem and the Cantor diagonal argument, to find
a further subsequence (independent of p), such that, for each p € N*,

Xp¥n — xp® in CO([0,T], H%(R)), (A.15)

and
XpUn — Xpb  in CO([O,T],H_l(R)), (A.16)

as n — +o0o. Combining this with (A.14) we infer that (A.10) and (A.11) hold. By the Sobolev
embedding theorem, (A.12) is a consequence of (A.11).

Now, let us prove (A.13). Using the Holder inequality, we infer that

T
| [ 1wata et < 19, gy 19y

By (A.14), we conclude that
N[22 12 < M. (A17)

Then, there exists a function ®; € L3(R x [0,T]) such that up to a further subsequence,
|0, 20, =~ &, in L3R x [0,T]).
Let us prove that ®; = |®|?®. To obtain this it is sufficient to prove that, up to a subsequence,

¥, — ® in L?([0,T], L*([-R, R])), (A.18)
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for any R > 0, i.e the sequence (¥,,) is relatively compact in L?([—R, R] x [0,T]). Indeed, using
the Holder inequality, we obtain

[T [> Ty — |22 = [[(Tn — 2)(|Tn[* + |@) + T 2(Ty, — D)

L R
< 2|, — BTl + [P ¢ (A.19)

T,R
2 2
<2 - Bl (102, + 212, ),

R

h
Haule
Haue

for any R > 0. By (A.17), (¥,,) is uniformly bounded in L(R x [0,T]) and ® € L(R x [0, 7).
Then )
U, |20, — |®[*® in L5([—R,R] x [0,T)).

So that ®; = |®|?®. Now, let us prove that the sequence (V¥,) is relatively compact in
L?([-R, R] x [0,7]). The main point of the proof is the following claim.

Claim 1. Let \Il be a solution of (2.32) in C°([0,T], L*(R)) (N L*([0,T], L>*(R)). Then,
W e 12(0,T], Hj, (R)).

Proof. The proof relies on the Kato smoothing effect for the linear Schrédinger group (see [21]).
Denote S(t) = €% and

FW,v) = %qﬂxp ~Re (W(1 - 2F (0, 7)) (1 - 2(v, V). (A.20)

We recall that there exists a positive constant M such that

400 1
sup [ |DES(0) (@) Pt < M| (A21)
TE —00

| [ se-topinc.trar

when f € L*(R) and h € L'(R, L3(R)) (see [21] for more details). We prove that there exists a
positive constant M such that

and
, < MLy e, (A.22)

1 1
1D erz < M Dol + MIWllgz (19135 +T% (o35, + 11— 2F (0, 9)[35 ). (A.23)

The claim is a consequence of this estimate, so that it is sufficient to prove (A.23).

We write
U(z,t) = S(t)Vo(z —1—2/ S(t 2(|W|20)(x, ') + F(¥,v)(z, t))dt
for all (z,t) € R. First, using (A.21), we obtain

+o00 1 ) )
sup/ |Dz S(t)Wo(x)|“dt < M|[¥o|72.
z€R J —0c0

For the nonlinear term, we can argue as in [13] to prove that

t 1
| [ su-erpige.enar], ., < Moy (A.24)

L L2,
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Using a duality argument, it is equivalent to prove that for any smooth function h that satisfies
1P/l 12 < 1, we have

1 _
| / S(t — () D g(e, (e, )t dect] < Mgl (A.25)
Rx[0,T]2 e

The left-hand side can be written, using the Cauchy-Schwarz and Stricharz estimates, and (A.22),

‘/ /S /S 7, 1)t ) da
:(/R /0 S(=t")g(x, /S xt)dt)dx‘

gMH/OT S(—tg(z,t')dt’ L

Hml»—t

< MHQHLITLg-
This achieves the proof of (A.24). Similarly, we have

| [ s- ko rar

We next apply (A.24) and (A.26) on the nonlinear terms to obtain, using the Cauchy-Schwarz
and Holder estimates,

< Mlg]l

5
coT2 — 6
Le L2 LS,

(A.26)

< M|

2
s < M|z W2

H/ DIS(t — ) (|UPV) (-, ')t

g
LT,I
and

to1
| [ pise-eyrwocear], < MIF@I
0 z =T

< Mz (ol + 11— 2F (0, 0|3 )

1
< MTHW| gz (ol + 1 2P0, D)l ).

Since v € L*®([0,T], H'(R)) and ¥ € L>([0,T], L?>(R)), we know that ¥ € L>([0,T], L?(R))
and F(¥,v) € L%®(R x [0,T]). Using the fact that ¥ € L5(R x [0,77]), we finish the proof of this
claim. =

Applying this claim to the sequence (V,,) yields that (¥,,) is uniformly bounded in the space
L3([0,T7, H? (R)). On the other hand, we have F(¥,,v,) € L>([0,T], L*(R)), since

loc

v, € L2([0,T), H'(R)), ¥,, € L>([0,T], L*>(R)) and F(¥,,,v,) € LR x [0,T]). Then, using
(2.32) and (A.17), we obtain that (\Iln) is uniformly bounded in H'([0,T], H 2(R)). Hence, by

interpolation (¥,,) € H%([O,T] H4 (R)) so that it converges in L?([~R, R] x [0,T]) for any

loc
R > 0. This finishes the proofs of (A.18) and of Step 1. O
Step 2. We have
F(Up,vp) = F(®,0) in L*R), (A.27)
for any t € [0,T], and
F(Up,v,) — F(®,0) in  LY([0,T], L},.(R)). (A.28)

40



Proof. Let ¢ € L?(R). We compute

Jr (Vi (@, )Wz, t) v2(x, £)®(x,
_f]R(EL (2,t) — 0*(z, )) n(x,t)

The second term in the right-hand side goes to 0 when n goes to 400, since v%(t)¢ € L?(R)
for all ¢ on one hand and using (A.10) on the other hand. For the first term in the right-hand

side, we consider a cut-off function x with support into [~1,1] and denote xr(z) = x(3%) for all
(z,R) € R x (0,4+00). We set

t))p(z)dx
(2)dx + [ (Un(a,t) — P(z,1))0* (2, t)p(x)da. (A.29)

I,(t) == /R (v2(z,t) — 0%(2,t)) Uy (2, t)(x)da,

10(t) = /R (62 (2,1) — (2, 1)) Ul ) x (@) ) e,
and

190 = [ (6ht) = 0% 0) Balo. (1 = xr(a)) ola)de,
so that I,,(t) = L(Ll)(t) + 1% (t). By the Cauchy-Schwarz inequality, we have
IO < 1Wn ()] 2 @) 10l L2y 1o (8) = 02 () | oo (- R.R) - (A.30)
Using (A.12) and (A.14), we infer that
IV(t) -0 forany tel0,7T], (A.31)
as n goes to +o0o0. Next, we write
IO D] < (Ion 12y + 1001w ) 1€ Bl 28) 1L = XR)ll 220

Since ¢ € L?(R), we have
Aim [(1 = xR)9 L2 @) = 0.
—00

In view of (A.14), this is sufficient to prove that
I,(t) =0 (A.32)
as n goes to +oo, for all ¢ € [0,7]. This yields
(V2W,)(t) = (v2®)(t) in L*(R), (A.33)
for any ¢t € [0,7]. Now, we prove
V20, — 02® in  LY([0,T], L}, (R)). (A.34)
We write as in (A.29),
v Wy, — U2(I)HL1TL% [ 02)\I]n||L1TL% + (¥ — ¢)02‘|L%L%'
For the first term in the right-hand side, we infer from the Cauchy-Schwarz inequality, that
vy — UQ)qlnHLlTL% < vz — U2HL2TL%H\I/7LHL2TL°R°

1
< o — UHL“TL‘I‘%(HUHHL“TL% + HUHL4TL;§)T2 1 Wnllza oo
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On the other hand, by (A.14), v, is uniformly bounded on L?([0, T], H! (R)). By the first equation
of (2.34) and (A.14), v, is uniformly bounded in H'([0,7], H~'(R)). We deduce that v, is
uniformly bounded in H3 ([0, 17, Hs (R)) and so that v, converges to v in L*([0, T], L*([~ R, R]))
when n goes to +00. Hence, using (A.14) once again, we obtain

vy — UQ)qlnHLlTL% — 0,

as n goes to +0o. For the second term we have by the Cauchy-Schwarz inequality and the
Sobolev embedding theorem,

1(Wn — (I))UZHLITL% < [[W, — ¢||L§L§||02||L§L%° < MPTV? |0, — @l p2p2-

This yields using (A.18),
(% = ®)02 11 12— 0,
as n goes to +o00, which proves (A.34). Next, we set

G(vp, Uy) = \I/n(l — F(vn,ﬁn)) (1 — F(vp, \I/n))

We have by (2.33),
0. F (v, V) =0, ¥, and 0,F(v,P) =0d.

Using the same arguments as in the proof of (A.32), we obtain
OpF(Un, ) = 0,F(0,®) in L*R)),

for any ¢ € [0,7T]. Hence,
F(op, W) — F(0,®) in LE(R), (A.35)

loc

for any t € [0,T]. Using (A.10), (A.35) and the same arguments as in the proof of (A.33), we

conclude that
G(vn, ¥p) — G(v,®) in L*(R), (A.36)

for any ¢ € [0, 7. Next, we use (A.18) and (A.35) to prove that
G(vn, ¥,) — G(b,®) in  LY[0,T)],L},.(R)). (A.37)

loc

This finishes the proof of this step. ]
Step 3. (®,v) is a weak solution of (2.32)(2.34).
Proof. By (A.18), we have

10, — i0;® in D'(Rx[0,T]), and 02,¥, — d2,® inD'(R x[0,T)),

as n — +oo. It remains to invoke (A.13) and (A.35) and to take the limit n — +oo in the
expression

T
/ / (10T, + 02,9, + 2|V, | 2T, + %v%\lln —Re (¥ (1 —2F (v, ¥p))) (1 = 2F (vy, ¥)) ) = 0,
0 R

where h € C2°(R x [0,7T), in order to establish that (®,v) is solution to (2.32) in the sense of
distributions. In addition, using the same arguments as above and (A.35) we prove that (®,v) is
solution to (2.34) in the sense of distributions. Moreover, we infer from (A.5) that ®(-,0) = ¥q
and from (A.6) that v(-,0) = vp. O
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In order to prove that the function (®,v) coincides with the solution (¥, v) in Proposition A.2,
it is sufficient, in view of the uniqueness result given by Proposition 2.5, to establish that

Step 4. ® € C([0,7T], L*(R)) and v € C([0,T], H'(R)).

Proof. First, we prove that ® € C([0,T], L?(R)). This is a direct consequence of the identity
O (z,t) = S(t)Po + /OtS(t —t)(2(|2[*@) (-, ') + F(2,0)(-,t))dt’. (A.38)
Indeed, let us denote
G(®,0)(t) = /Ot St —t)(2(|2)2@) (-, ') + F(®,0)(-,t"))dt’.

Since S(t)®¢ € C([0,T], L?>(R)), it is enough to show that G(®,v) € C([0,T], L3(R)). We take
(t1,t2) € [0,T])? and we write

G(®,0)(t1) — G(®,0)(t2) = /Otl (St = 1) = S(t2 = 1) (2(|12@)(, ¢') + F(@,0)(, ¢'))dt!

[ St —t)(2(12®)(-, ') + F(®,0)(-,t))dt’.

t1

For the second term in the right-hand side, we use the Stricharz and Cauchy-Schwarz inequalities
to obtain
¢
| 12 st = ) o10Po) ) + F@,0)(,))de| |
< M||2|‘I)|2‘I)1+ F(@,0)|[ 1 ([t1 42, 22(R)) (A.39)
< Mty — a2 [[[ @@l 2+ Mty — t2|[ F(®,0) | 2 12

For the first term, we write
Sty —t") = S(ta —t') = S(t1 — ') (1 = S(t2 — t1)).
Hence,
| [ (st =)= stta ~ ) l10P @It + Fl@ 00t

_ H (1= S(ty — 1)) G(®, U)(tl)‘

L (A.40)

2’

Taking the limit to — ¢; in (A.39) and (A.40), we obtain that ® € C([0,T], L%(R)).

Now, let us prove (A.38). Denote ® the function given by the right-hand side of (A.38). We
will prove that ~
U, (t) = ®(t) in L*R), (A.41)

for all t € R. This yields ® = ® by uniqueness of the weak limit. Let R > 0 and denote by xg
the function defined in Step 2. Set

G (1) = /Ot S(t =) (2(1 W U0) () + F (U, va) (-, 1))t

G1(12)('7t) = /Ot S(t - t/)(l - XR) (2(’\1171’2\Iln)(-,t/) + ]:(\Ilmvn)('vt/))dtlv
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G (1) = /t St —t")xr(2(12®)(-,t') + F(®,0)(-, ")) dt’,
0
and

G (1) :/0 S(t—1)(1 = xr) (2(2PR)(, ) + F(@,0)(,1))dt,

for all t € R, so that G(®,0) = GM+G? and G(V,,,v,) = GV +G?. Since St)Vy0— S(t)Po
in L2(R) as n — +oo for all t € R, it is sufficient to show that G(¥,,,v,)(t) — G(®,v)(t) in
L?(R) as n — +oo for all t € R. We write

400 -
(G(T,00) (1) — G(®,0)(1), 9) 2 = / (6D, t) — GO (2, 1)) p(@)da

+oo
/ — G (z,1)]p(x)da
= I7(t) + JR( t).

For the first integral, using the Cauchy-Schwartz inequality, the Strichartz estimates for the
admissible pairs (6,6) and (o0, 2), the Holder inequality as well as (A.19), there exists a positive
constant M such that for all ¢ € [0,T] we have

L) < 16D (1) = GO @)l 2l 2

< Ml 2 (| @ |* @ — !‘P\Q‘I’H + | F (P, vn) = F(@,0)l 11,12 )

,R

0)llzyrz + 180 — @z (1Wallfg  + 12017 ))-
T,R T,R

\_/ ﬂcnlm

< Mlgllzz (IF(¥n,vn) — F(@,

Then, using (A.18) and (A.28), we obtain for all t € R
IR(t)] — 0 as n — oo.

Next, using the Holder inequality we have

|J

R
<2// 1920, ) — [0 (e,

+/0 </_OO ‘f(\lfn,vn)(x,t) F(®,0)(z,t")

1
/ / t")|8dadt’ ) ¢
|z|>R

daz) dt’ sup </ |S(t—t')gp(m)|2daz)§.
t'€l0,T lz|>R

The terms in the right-hand side are bounded by a constant independent of n. Besides, since
(6,6) and (00, 2) are admissible pairs, we have HS(t)goHLsT < M|p| r2(w) and

SOl Lee 2wy < M|l L2(w), so that, by the dominated convergence theorem and the fact that
t + S(t) is uniformly continuous from [0, 7] to L?(R), we obtain

T 1
lim / / 1S(t)p|®dzdt = lim sup </ ]S(t)cp(x)]de>2 =0
R—o0 Jo Jiz>R R—ooycio 1] N J|z|>R

Hence,

Rhm |JE(#)| =0 uniformly with respect to n € N,
_)

for any ¢t € [0, 7). This completes the proof of (A.41) and then of (A.38). This leads to the fact
that ® € C°([0,T7], L*(R)).
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Now, let us prove that v € C°([0,T], H!(R)). Since (®,v) verifies the first equation in (2.34),
® € L>([0,T], L*(R)) and F(¥,0) € L>([0,T], L>°(R)), we have v € H'([0,T], H~'(R)). This
yields, using the Sobolev embedding theorem, v € C°([0,T], H~*(R)). Let (t1,t2) € [0,T]2. We
can write that

/R lo(ty,z) — U(tg,x)|2dx = <U(t1,x) —v(te,x),0(t1,2) — U(tQ’x)>H—1,H1
< [lo(ty, @) — olta, )| -1 llo(tr, 2) — v(t2, )| -
Since v € C°([0, T), H~Y(R)) N L>=([0, T], H (R)), we obtain v € C°([0, T], L?(R)). Next, we write
|[F(b, ®)(t1) — F(o,®)( HLOO(R
< [lo(tr) — o(t2)ll L2l @ ()l 22 + [[@(t2) — D(t1)l 2 ([0 (t2)l[ 2

Using the fact that @, v € C°([0,T], L?(R)), we infer that F(v,®) € C°([0,T], L>°(R)). Then, by
the second equation in (2.34), v € C°([0,T], H*(R)). This finishes the proof of this step. O
This achieves the proof of Proposition A.2. O

Finally, we give the proof of Proposition A.1.

Proof. In view of Proposition A.2, it is sufficient to prove the convergence of w,. The proof
follows the arguments in the proof of (A.27). Let ¢ € L?(R). We rely on (4.41) to write

/ [w*(t,x) - wn(t,x)]gb(x)da:
R

U*(t,z) (1 = 2F (v*, ) (t,2))  Un(t,x)(1 — 2F (v, ¥y)(t, @)
/le < 1= (v*)2(t, ) - 1— (vp)2(t, ) )‘f’(x)dx

e () At 2) )
=2 [ (s~ T )4
(¢ ) F (v, U)(t @) \I’n( z)F (v, ¥n)(t, 2)
B 4/le < 1— (v*)2(t, ) 1 — (vn)2(t, x)
for all ¢ € [0,T]. Then, we use the same arguments as in the proof of (A.27) to show that the

two last terms in the right-hand side go to 0 when n goes to +o0o. This finishes the proof of the
proposition. O

)o()da,

A.2 Exponential decay of y.

In this subsection, we recall the explicit formula and some useful properties of the operator H..,
and then study its negative eigenfunction .. For ¢ € (—1,1) \ {0}, the operator H,. is given in
explicit terms by

L. +c2 (1+og)” €y — cHU €w
7‘[0(6) _ ( ) 1+v (1—v2)3 1—v2 : (A42)
—c1 26U+(1—vc)sw

where £ = (g4, &), and

OzEy
1— 0?2

Ev

[

a@w:—@(
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In view of (A.42), the operator . is an isomorphism from H?(R) x L?(R) N Span(d,Q.)" onto
Span(9,Q.)*. In addition, there exists a positive number A., depending continuously on ¢, such
that

< Acl[(f,9) (A.43)

17 (19 sy ey 5y
for any (f,g) € H*(R)? N Span(d,Q.)* and any k € N.

The following proposition establishes the coercivity of the quadratic form H,. under suitable
orthogonality conditions.

Proposition A.3. Let c € (—1,1) \ {0}. There exists a positive number A., depending only on
¢, such that
H(e) > Acuemql «I,2) (A.44)

for any pair e € HY(R) x L2(R) satisfying the two orthogonality conditions
<ach,€>L2><L2 = <XC7€>L2><L2 =0. (A45)

Moreover, the map ¢ — A, is uniformly bounded from below on any compact subset of (—1,1)\{0}.

The proof relies on standard Sturm-Liouville theory (see e.g. the proof of Proposition 1 in [10]
for more details).

Now, we turn to the analysis of the pair ..

Lemma A.1. The pair x. belongs to C*°(R) x C*°(R). In addition, there exist two positive
numbers A. and a., depending continuously on c, such that a. > /1 — ¢ and

105 xe| < Ace™l*l on R for ke {0,1,2}. (A.46)

Proof. We denote x. := (¢, &.). Since H(xe) = —XeXe, we have the following system

0rCe 2 2\ 2 4 Ce 5 (1 + o2 )
_535(1_—@3) + <1—c - (b+c )Uc+2vc)(1_vg)2 + (1- )3<c (A.47)

1—|—v
1 2

e = —Aele,

1+v
1

2<c =(1—v2+ )& (A.48)

It follows from standard elliptic theory that y. € H?(R) x L2(R). Since the coefficients in (A.48)
are smooth, bounded from below and above, we infer from a standard bootstrap argument that
Xe € C®(R) x C®°(R). Notice in particular that, by the Sobolev embedding theorem, y. and
Oz Xe are bounded on R. Then, we deduce from the first statement in (5.11) that®

- mcCc (1 + 5‘c)Cc - Cfc = O(Ug), (A'49)

1+ A
Ce =

+ O(v ) (A.50)
Note that, we have

Beexp(—V'1 — 2|z|) <wve(z) < Acexp(—V'1—c?|z|) forall xeR, (A.51)

®The notation O(v?) refers to a quantity, which is bounded by A.v? (pointwisely), where the positive number
A, depends only on c.

46



where B, and A, are two positive numbers.

In order to prove (A.46), we now introduce (A.50) into (A.49) to obtain,

— 0o + bigc = O(exp(—2V1 — 2|z])), (A.52)

b= + e+ Oexp(=2/1 = 2Jal)), (A.53)

1?42+ (Ac)?

with bz = o

> 1 — 2. Next, we set

gc = _8$$CC + szw (A.54)

so that g.(x) = O(exp(—2v'1 — ¢?|z])) for all x € R. Using the variation of constant method, we
obtain, for all z € R,

Ce(x) = A(m)ebcx + Ageb® + B(m)efbcm + Bcefbcm,

with | e
Alx) = — [ e blg.(t)dt
@ =g |
and | e
B(z)= - [ e™g.(t)dt.
@ =g | o
Since (. € L%(R), this leads to

Ce() = (’)(exp ( —2¢/1— 02]36\) + exp(—bc]x\)).

Hence, we can take a, = min{2v/1 — ¢2,b.} and invoke (A.50) to obtain (A.46) for k = 0. Using
(5.10), (5.11), (A.47), (A.48) and (A.51), we extend (A.46) to k € 1,2.

O
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