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UPSCALING A MODEL FOR THE THERMALLY-DRIVEN MOTION OF
SCREW DISLOCATIONS

T. HUDSON

ABSTRACT. We formulate and study a Markovian model for the thermally—driven motion of screw
dislocations. Waiting times for transitions from state to state are assumed to be exponentially dis-
tributed with rates expressed in terms of the energy barrier between the states. By using a form of
duality, asymptotic descriptions of the energy barriers are computed, and two dimensionless parame-
ters are identified. In a certain parameter regime, the process satisfies a Large Deviations Principle.
This gives a description of the most probable path as a gradient flow with non—quadratic dissipation:
by then considering a further parameter regime, we recover the usual quadratic dissipation used in
discrete dislocation dynamics simulations.

1. INTRODUCTION

Dislocations are topological line defects whose motion is a key factor in the plastic behaviour of
crystalline solids. Originally hypothesised in order to explain a discrepancy between predicted and
observed yield stress in metals [32, 33, 37|, they were subsequently experimentally identified in the
1950s via electron microscopy |22, 7]. Although the discovery of dislocations is now more than 80
years distant, the study of these objects remains of significant interest to Materials Scientists and
Engineers today. In particular, a cubic centimetre of a metallic solid may contain between 10° and
10°m of dislocation lines [26], leading to a dense networked geometry and inducing complex stress
fields in the material which are relatively poorly understood. Accurately modelling the behaviour of
dislocations therefore remains a major hurdle to obtaining predictive models of plasticity on a single
crystal scale.

In this work, we propose and study a discrete stochastic model for the thermally—driven motion
of straight screw dislocations in a cylindrical crystal. The basic thermodynamic assumption of the
model is that the motion of dislocations proceeds by random jumps between “adjacent” equilibria,
with the rate of jumps being governed by the temperature and the energy barrier between states,
i.e. the minimal additional energy the configuration must gain in order to pass to from one state
to another. The energy we prescribe to describe the system is a discrete anti—plane lattice model,
variants of which have been extensively studied in recent literature [34, 25, 2, 24, 1].

By rescaling the model in space and time, we identify two dimensionless parameters. With a
specific family of scalings corresponding to the regime where dislocations are well-spaced relative to
the lattice spacing, the time over which the system is observed is long and the system temperature is
low, we find we may apply the theory of Large Deviations in the spirit of |8 to obtain a mesoscopic
evolution law for the most probable trajectory of a configuration of discrete dislocations.

The major contribution of this work is to demonstrate that in the regime we consider, the correct
mobility for dislocations is non-linear, and exhibits anisotropy depending upon the underlying lattice,
contrary to the linear isotropic mobility often assumed in discrete dislocation dynamics simulations
[3, 11, 10].

1.1. Kinetic Monte Carlo models. We consider a model for dislocation motion which is based
on the observation that at low temperatures, thermally—driven systems spend long periods of time
close to local equilibria, before transitioning to an adjacent state. It is a classical assertion that
such transitions are approximately exponentially distributed, with a rate which depends upon the
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UPSCALING THERMALLY-DRIVEN DISLOCATION MOTION 2

temperature and energy barrier which must be overcome to pass into a new state [27]. The rate of
transition from state p to state v is approximately

B — v) =L (p — v)e PPu=), (1.1)
where

e 3:= (kgT)!is the inverse of the thermodynamic temperature of the system, with kp being
Boltzmann’s constant and 7' is the absolute temperature;

e #(n — v) is the additional energy relative to the energy at state p that the system must
acquire in order to pass to the state v; and

e /(1 — v) is an entropic term corresponding to the “size” of the pathway by which p may
pass to v with close to minimal additional energy.

We may generate a simple random model of such a system by listing the local equilibria p, and
prescribing a set of equilibria .4/, which may be accessed from p, as well as the rates Z(u — v).
Given that the system is in a state p at time 0, it jumps at a time ¢t = 7 to a state v’ € .4}, where

/ %(:u — Vl)
T ~ Exp E X — v and Plp—1v|t=r71|= .
(3 #e=0) S S =y

This defines a Markov process: such processes are sometimes called Kinetic Monte Carlo (KMC)
models, and are highly computationally efficient [38]. KMC models have recently been particularly
successful in the study of pattern formation during epitaxial growth |6, 36].

A major hurdle to the study of a KMC model is the prescription of the rates Z(n — v). In
practice, these must be derived or precomputed by some means, normally from a more costly ab
initio or molecular dynamics computation. Likewise, the majority of the analysis below is devoted
to rigorously deriving an asymptotic expression for energy barrier #(u — v), which then informs
our choice of Z(u — v) using (1.1).

1.2. Modeling screw dislocations. To define #&(y — v), we must prescribe an energy for a
configuration of dislocations. In several recent works, variants of an anti—plane lattice model have
been studied in which the notion of the energy per unit length of a configuration of straight screw
dislocations can be made mathematically precise using the topological framework described in [4].
We follow |25, 24| in considering the energy difference

E(y;9) = Y [v(dy(e) — v(dij(e))],

eenDy

where nD C R? is a scaled convex lattice polygon in either the square, triangular or hexagonal lattice,
nD; denotes a set of pairs of interacting lines of atoms, d is a finite difference operator, y and y
are anti—plane displacement fields, and ¥(s) := %)\dist(s, Z)2. A locally stable equilibrium is then a
displacement y such that « = 0 minimises E,(y -+ u;y) among all perturbations which are sufficiently
small in the energy norm.

Configurations containing dislocations are identified by considering bond-length 1-forms associated
with dy, which we define in §2.5. In analogy with the procedure described in §1.3 of [23], we then
define the Burgers vector in a region of the crystal as the integral of the bond-length 1-form around
the boundary of the region. This defines a field u, which is the dislocation configuration, and we say
that the displacement field y contains the dislocations .

The results of [24], [2] and [1] demonstrate that there are many locally stable equilibria of this
energy containing dislocations for a variety of lattice structures. In Theorem 3.1 we give a precise
construction of these equilibria with the particular choice of 1) we study here in the particular cases
where . For two dislocation densities ;1 and v, we define the energy barrier from p to v as

. ] o M
Bp—v) = Lofhin | max E(y(t);u?),
where u*, u” are locally stable equilibria containing dislocation configurations p and v respectively
and T, (u — v) is the space of continuous paths connecting these equilibria.
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Theorem 3.2 gives an asymptotic expansion of the energy barrier between adjacent configurations
of dislocations, which we use to define Z(u — v).

1.3. Upscaling via a Large Deviations Principle. The theory of Large Deviations has been
developed in order to derive asymptotics for the probability of rare events in random processes;
major treatises on the subject include [16, 14, 12, 15].

A sequence of random variables X" taking values on a metric space M is said to satisfy a Large
Deviations Principle if there exists a lower semicontinuous functional I : M — [0, +00] such that for
any open set A C M,

liminf P[X" € A] > — inf I(x),

n—00 r€A

and for any closed set B C M, we have that
limsup 2P[X" € B] < — inf I(z).

n—o0 zeB
The function [ is called the rate function of the Large Deviations Principle, and is called good if each
of the sets
{z|I(z) <a} withaeR
is compact in M. The existence of a Large Deviations Principle may be interpreted as saying that

PX" € A] :exp(—n;relgl(x)), as n — 0o,

i.e. sets which do not contain 7~1(0) have exponentially small probability as n — oo.

In our case, the random variables X" will correspond to trajectories of the dislocation configuration
through space. In §6.1, we rescale these trajectories in time and space, and identify two dimensionless
parameters governing the behaviour of the system. Passing to a limit in which these parameters
remain fixed allows us to state Theorem 6.1, which asserts that a Large Deviations principle holds
for the processes in the cases where the underlying lattice is either the square or hexagonal lattice,
and to conjecture such a principle in the case of the triangular lattice.

In each case, we may identify an explicit rate functional, as in [8]: this demonstrates that the “most
probable” trajectory of the dislocation configuration is the solution of a nonlinear gradient flow.

In §6.3, we discuss the interpretation of this result, and show that the additional regimes identified
in [8] also apply here: in particular, we recover the linear gradient flow structure normally used in
Discrete Dislocation Dynamics simulations [3, 11, 10].

1.4. Notation. Since we use a significant amount of notation throughout this paper, Table 1 is
provided for the reader’s convenience below.

2. PRELIMINARIES

2.1. Lattice complex. We begin by recalling some facts about lattice complexes, which provide
the correct tools to study dislocations in the model we consider. The basic definitions and results
given in this section are those of [4]; for further details on the definition of a CW complex, we refer
the reader to Section 2 of |4], and for more background on the topology of such constructions in a
general setting, either the Appendix of [21], or [31].

2.1.1. Construction of a lattice complez. Given a Hausdorff topological space S, a O—cell is simply
a member of some subset of points in S. Higher-dimensional cells are then defined iteratively with
increasing dimension: for p > 1, a p—dimensional cell (or p—cell) is e C S for which there exists a
homeomorphism mapping the interior of the p—dimensional closed ball in R? for some p € N onto e,
and mapping the boundary of the ball onto a finite union of cells with dimension less than p.

A CW complex is a Hausdorff topological space along with a collection of cells as defined above,
such that S is the disjoint union of all cells, and having the property that A C S is closed if and only
if ANeisopen in e for every cell e in the CW complex.

The CW complex is m—dimensional if the maximum dimension of any cell is m, and S is referred
to as the underlying space of the complex. The set of all p—cells is denoted S,.
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Symbol Description
A An m—dimensional multilattice identified with a lattice complex
Tr, Sq, Hx The triangular, square and hexagonal lattices in R?
K, N, N* Constants depending on A.
D A convex lattice polygon
Ay, A5 The set of p—cells in the primal and dual lattice complexes induced by A
D,,D, The set of p—cells in the primal and dual lattice subcomplexes induced by D
Ext(D,) The set of p—cells in D, at the “edge” of the complex induced by D.
Int(D,) The set of p—cells in D, which lie “away from the edge of D”.
0,0 The boundary and coboundary operators
d,é The differential and codifferential on forms defined on the lattice complex
A The Hodge Laplacian on forms
W (N,), % (D,) | The set of pforms on A and D
Z2(A,) The Hilbert space of square—integrable p—forms on A
#o(Dy) The set of p—forms on D which vanish on Ext(D,).
() The duality mapping on p—cells and p—forms
E.(y;9) Energy difference between deformations y and y
P Potential giving energy per unit length of interaction between columns of atoms
[du] The set of bond-length 1-forms corresponding to du
ut A locally stable equilibrium containing dislocations u
B — v) Energy barrier to pass from u* to u”
Co(p —v) The space of paths in deformation space connecting u* and u”.
1. The p—form which is =1 on +e and 0 otherwise
G The Green’s function for the full lattice A
A A polygonal set of radius r in the lattice A
w? The harmonic measure for Q) evaluated at e € Ext(Q} ()
e Solution to A*G*" = u* in #,(nDp)
M (br, ... by) | A set of “well-separated” dislocation positions
M oo(b, .-, by) | A set of macroscale “well-separated” dislocation positions
R (o — V) The rate of transitions from y — v
I — V) Entropic contribution to rate of transition
15} Inverse thermodynamic temperature per unit area
T Characteristic timescale of observation
D([0,T]; M) | The Skorokhod space of cadlag functions from [0, 7] to a metric space M
Q,, H, The infinitesimal and nonlinear generators of the KMC process
SN, LN Hamiltonian and Lagrangian for KMC process.
Ul 5 Dissipation potential
1;/1\7 B Rate functional

TABLE 1. Notation conventions used throughout the paper.

p—cells may be assigned an orientation consistent with the usual notion, and we write —e to mean
the p—cell with opposite orientation to that of e.

We may define an operator 0, called the boundary operator, which maps oriented p—cells to
consistently oriented (p—1)—cells, which intuitively are “the boundary” of the original cell. Similarly, a
coboundary operator, 0 may be defined, which maps an oriented p—cell, e, to all consistently oriented
p + 1-cells in the boundary of which e lies.

We now recall from [4] that a lattice complex is a CW complex such that:

e the underlying space is all of R™,
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e the set of O—cells forms an m—dimensional lattice, and
e the cell set is translation and symmetry invariant.

Throughout, we will denote such a lattice complex A, and the set of p—cells of the corresponding
complex will be A,,.

Later, it will be particularly convenient to consider translations of lattice p—cells, so for e € A,
and a € R™, we define

eta={zeR"|z=y+ayce}.

It will also frequently be convenient later to represent a 1—cell by identifying it through its boundary.
We write

e =|a,b] tomean e € Ay suchthat Jde=aU —b.

2.1.2. Spaces of p—forms and calculus on lattices. # (A,) denotes the space of real-valued p—forms,
that is

W (Ay) :={f: A, = R|f(e) =—f(—e), forany e € A, }.

It is straightforward to see that this is a vector space under pointwise addition. We also define the
set of compactly—supported p—forms,

WD) = {f € #(A,)|U{e]| f(e) # 0} is compact in R™}.
Let A C A, be finite; then for f € #/(A,), we define the integral

[1=X 10

e€cA

The differential and codifferential are respectively defined to be the linear operators d : #'(A,) —
W (N,—1) and 6 : W' (A,) — W (Ap41), where

df(e) := ) f and df(e) = i f.
The bilinear form
(f,9) = X fg

is well-defined whenever f € #.(A,) or g € #.(A\,). Moreover, if f € #.(A,) and g € #.(Ap11), we
have the integration by parts formula

(df.g) = (f,d9). (2.1)
Furthermore, by defining

22N) = {Fer )

> 1f(e) < +oo},

e€,

this bilinear form defines an inner product on this Z%(A,): it is straightforward to show that this is
then a Hilbert space with the induced norm, which we denote ||ul|y := (u,u)"2.
We also recall the definition of the Hodge Laplacian as the operator

AW (N,) = #(A,) with Af:=(6d+dd)f. (2.2)

when p # 0 and p # m, and in the cases where p =0 and p = m, A = dd and A = dJ respectively.
Any function satisfying Af =0 on A C A, is said to be harmonic on A.
Throughout the paper, 1. will always denote the p—form

+1 a= *e,
Le(a) '—{ 0 otherwise.



UPSCALING THERMALLY-DRIVEN DISLOCATION MOTION 6

2.2. Dual complex. The common notion of duality which occurs in algebraic topology is that of
the cohomology. This is usually presented as an abstract algebraic structure, since the algebraic
structure is usually all which is needed to deduce topological information about a CW complex. In
some cases it may also be given a more concrete identification; this identification will be particularly
important for the subsequent analysis.

Given an m—dimensional lattice complex, when possible, we define the dual complex as follows:

e For any e € A, let e* := fexdx, the barycentre of set e in R™, and let
Ay ={e"|e e A}

e For a collection of elementary m—cells A € A,,, let

A* = U e. (2.3)
ecA
e Now, iterate over p =m — 1,m — 2,...,0: for each p, let e € A, 11, and identify de € A, as
a sum of elementary p—cells. Find the corresponding cells in AJ,,. Define e* € A}, to be
the convex hull of (Oe)* with (Je)* removed, assigning e* the same orientation as e. For A, a
sum of elementary p—cells, we again define A* via (2.3).

We now define boundary and coboundary operators on the dual lattice complex, 0* and §*, so that
0e* = (de)*, and d§"e" = (de)". (2.4)

By construction, * : A, — A}, defines an isomorphism of the additive group structure usually
defined on lattice complexes (see §2.2 of [4]). (2.4) may then be interpreted as the statement of the
Poincaré duality theorem (see for example Section 3.3 of [21]).

The construction described above, is succinctly represented in the following commutation diagram.

Ap+1 Ap Apfl
0 0
h * * % *
A* R Y.
m—p—1 T m—p T m—p+1

Since the differential and codifferential inherit features from the structure of the CW complex on
p—forms are defined, we now show that similar duality properties hold for the differential complexes
on A and A*. For any f € #'(A,), we define f* € #'(A,,_,) via

fr(e?) = fle).
Again, it may be checked that = : #(A,) — #(A},_,) is an isomorphism; in fact, * defines an

m—p

isometry of the spaces £(A,) and Z?(A,_ ). The differential, denoted d* : #/(A%) — # (A%_,(A*)),
and codifferential, denoted 6 : #'(A;_,) — # (A}), are then

d*fo(e") = = i f=0f(e), and &7f*(e") := = ; f=df(e).

o*e* o*e*

Again, this relationship is concisely expressed in the following diagram.

W(Ny) == W (Ap1)

)
6" 6"

) = V(A ) = W (N pi1)

d
W (DNpia) —

*

V(A

m—p—1
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\ 4 \

FIGURE 1. The square, triangular and hexagonal lattices respectively, and their duals.
Primal lattices are shown in grey, dual lattices in red; 2—cells are left uncoloured.
Particular primal cells are highlighted in black, and their respective dual cells are
given in blue.

2.3. Examples: the square, triangular and hexagonal lattices. In the analysis which follows,
we focus exclusively on 2-dimensional lattice complexes, and in particular the triangular, square and
hexagonal lattices denoted Tr, Sq and Hx respectively. Let R, and Ry be the rotation matrices

For convenience, we define e; := (1,0)7, a; := (1,0)7, and
- -
e, = RZ 161 and aj = R'é aj

fori=1,...,4and j = 1,...,6. The triangular, square and hexagonal lattices are then defined to
be

Tr := [ay, a9] - Z7, Sq:=72 and Hx:=+3Tru [\/§Tr +e).

The nearest neighbour directions in Sq are then e;, and a; in Tr or Hx. We may define lattice
complexes based on these sets (see §2.3.2 and §2.3.3 of [4] and [5]), and moreover

Sq* =Sq+ j(e1 +e), Tr'=gHx+3(az+a3), and Hx = V3Tr + \/?g(al + as).

Figure 2.3 illustrate the three lattices and the duality mapping between A and A*.
Throughout the paper, K, N and N* will denote constants which depends upon the lattice consid-
ered:

2 if A = Hx, 3 if A = Hx, 6 if A = Hx,
K=< 4 if A=Sq, N=<¢ 4 ifA=Sq, and N*=< 4 if A =9q,
6 if A="Tr, 6 if A="Tr, 3 if A=Tr.

We remark that N and N* are the number of nearest neighbours in the primal and dual lattice
respectively.

2.4. Finite lattice subcomplexes. For the particular application we will consider, we will make
use of finite subcomplexes of the full lattice complex, and so we now make precise the notation we
use as well as the particular assumptions made throughout our analysis.

2.4.1. Induced subcompleres. Given a finite subset Ay C A, we define the induced lattice subcomplex
by inductively defining

Ap = {6 € Ap } de C Apfl}.
This is a well-defined CW complex when the corresponding boundary 64 and coboundary 6 oper-
ators are defined by restriction, i.e.

e :=0enA, 1, and &'e=(de)N A, forallec A,
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FIGURE 2. On the left, an example of primal (in black) and dual (in red) induced
subcomplexes for a general subset of the triangular lattice: Ap is the set of black
points. On the right, a lattice polygon D, and the corresponding primal and dual
subcomplexes, which are both path— and simply—connected .

The induced differential and codifferential operators d# and 6 are then defined in the same way as
d and §, using 4 and 6 in place of d and §, and we may define the spaces #(A,) and £?(A,).

It will be convenient to distinguish what we term the exterior and interior p—cells of the CW
complex A, respectively defined to be

Ext(A,) := {e € A,|de # 67}, and Int(A,):= A, \ Ext(A)).

The former set may be thought of as the ‘edge’ of the lattice subcomplex, and the latter as the
‘interior’ of the lattice subcomplex.

We now define a subcomplex of the dual lattice complex which we call the dual subcomplex induced
by Ap. Let Af :={e* € A}, |e € Ay}, and inductively define

A, = {e* € A,

for p > 1. We remark that this definition is not equivalent to defining sets of sets of dual p—cells by
directly taking the dual of the primal p—cells; however, we do have the inclusion

4] C A;

m—p

* * ok * *
e’ € 0%a” for some a* € A7, .}

for each p,

where equality always holds when p = m by definition. The other inclusions follow by induction
on p: note that e € A, with p > 1 implies that e € 6a for some a € A,_;, §*a C da, and hence
e* € 0%a* for some a* € A}, .. As before, we may define 04" and 84" by restriction, which in turn
leads us to define operators dA” and 64" analogously.

Similarly, let

Ext(A) := {e* € A7 | 5% # 07 e}, and Int(A}) := A5\ Ext(AY).

By construction, Ext(A3) = (), and e € Ext(A;;_,
(see Figure 2.4.1 for an illustration).

From now on, it will always be clear from the context whether we are referring to the relevant

operators on A and A*, or on A and A*, so for the sake of concision, we will suppress A from our
notation.

) if and only if there exists no a € A, with e = a*

2.4.2. Subcomplezes induced by a domain. We will say that an induced lattice subcomplex is path—
connected if for any e, e’ € Ay, there exists v C A; such that

0y =eU—¢,
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and call such v C A; a path which connects e and e/. We will say a lattice subcomplex is simply—
connected if for any v C A; such that 0y = (), v = 0A for some A € As.

Throughout our analysis, D will always denote a closed convex lattice polygon, i.e. a non—empty
compact convex subset of R? which has corners ¢; € A, and internal angles w; where [ = 1,..., L,
ordered with clockwise orientation as in [19]. We will later consider the scaled domain nD, n € N:
note that nD remains a lattice polygon.

We then denote nD to be the largest induced lattice subcomplex with respect to inclusion such
that

e nD, C nD for all p,
e nD; C nD for all p,
e nD and nD* are both path connected and simply connected.

It can be shown that such a complex always exists as long as n is sufficiently large, since D is convex:
we give one example in Figure 2.4.1.

2.4.3. Counting and distances. For a collection of p-cells C' C D,, we write #C to designate the

smallest number of elementary p—cells e; such that C' = Ufg €;.
We define diam(D) to be

diam(D) := max {|z — y| | z,y € D},

and we note that there exists a constant Cy > 0 which depends only on the underlying lattice A
such that

max { min {#v |y CnDy, 0y =e—¢€'}|e,e€ Ext(nDo)} < Cyndiam(D).

We write dist(A, B) to mean the shortest distance between two sets A, B C R™, i.e.
dist(A, B) :=inf {|z — y| |z € A,y € B}.

2.4.4. Spaces of p—forms on lattice subcomplexes. The space of p—forms on the lattice subcomplex
induced by Ag C Ag is denoted

W (A,) = {u: A, = R|u(e) = —u(—e)}.
As for A, we define the inner product
(u,v) := / uv,
A

denoting the induced norm ||ull, := (u,u)'?; since A, is finite, this is always well-defined. We will

also occasionally make use of the norm
o = max fule)].

We denote the subspace of p—forms vanishing on Ext(.A,)
Wo(Ap) == {u e #(A,)|u=0onExt(A,)},

which is clearly a vector space, and the bilinear form

(u,v)) == /nDdudv

1
is a well-defined inner product on #4(Ao). #4(Ap) is thus a Hilbert space with the corresponding
norm, denoted |ul|12 := (v, u))'/2. We now demonstrate positive-definiteness of the inner product,
since we will use the resulting version of Poincaré inequality below.
Since nD is path—connected, for any e € Int(nDy), there exists v C D; such that 0y = e U —¢/,
with ¢ € Ext(nDy) and #v < Cyndiam(D). For any u € #4(Dy), we then have u(e) = f7 du, so
applying the Cauchy-Schwarz inequality, we have

2
/ du| < #+ / dul? < #7 / duf*.
v v nDy

u(e)? =
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Integrating over nDy, and noting that there exists a constant C'y > 0 which depends only on the
underlying lattice A such that #nD, < C'yn*diam(D)?, we have

/ lul? < CXn?’diam(D)?’/ dul?, (2.5)
nDyg nDy

where C{ = C\C'\. We note that the same inequality also holds for u € #4(nDj) by a similar
argument.

2.4.5. Duality for p—forms on lattice subcomplexes. We define the duality mapping * : #'(nD,) —
#o(nD;_,) as follows:

c_ J ule) a=e*€lnt(nD; ),
w(a) = { 0 a€ Ext(nDj_,).

We note that this mapping is well-defined since as noted in §2.4.1, a € Ext(nD;_,) if and only if
there exists no e € nD, with a = e¢*. This duality mapping defines an isomorphism from W (D,) to
#o(D;,_,) as vector spaces; since in addition

)= [ =[P [P = ),
nD Int(nDj,) nD}

p

it follows that * defines an isometry of the spaces Z*(nD,) to £*(nDj_,).
Moreover, for any e € nD,, by using this definition, we verify that

:/u:/ /u—é***,and dule /u—/ /u—d***). (2.6)
Oe (0e)* o*e* de (de)* *ex

2.5. Dislocation configurations. We now recall some definitions from [24]. Given u € #'(nDy),
we define the associated set of bond-length 1-forms

[du] := {a € #(nDy) | |lalle < 3,0 — du € Z}.

A dislocation core is any positively—oriented 2—cell e € nDy such that
da(e) = [ a#0.
Oe

Let u € # (nDy), with u: nDy — {—1,0,+1}. We will say that u is a deformation containing the
dislocation configuration p if

Ja € [du] such that da=p

For the purposes of our analysis, we define sets of admissible dislocation configurations. For ¢ > 0,
n €N, and b; € {£1} for i = 1,...,m, we define the set M., (b1, ...,by,) of 2-forms

Me,n(bh . 7bm) = {,U, = Z bi]lei

i=1

e; € nDy positively oriented, dist(e;, Ext(nDy)) > ne,

dist(e;, e;) > en,for all 4,5 € {1,...,m},i # j}.

Each 2-form in this set represents a collection of m dislocations with respective Burgers vectors
bi,...,b, and cores eq,...,e,. These dislocations are separated from each other and from the
boundary by a distance of at least en.
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3. MAIN RESULTS: ENERGY BARRIERS

3.1. Energy difference functional and equilibria. As in [25] and [24], we consider a nearest—
neighbour anti—plane lattice model for a crystal. Let ¢ : R — R be given by o(z) := i \dist(x, Z)%.

-2
We consider the energy difference functional

Eulyii) = | [w(dy) — v(d)].

This functional is a model for potential energy per unit height of a long cylindrical crystal, and points
nDy correspond to columns of atoms which are assumed to be periodic in the direction perpendicular
to the plane considered. For further motivation of this model, we refer the reader to §1 of [1].

We briefly remark that in general ¢ should be expected to be smooth; however, our results here
rely heavily on the definition of ¢, which permits us to give precise analytical results.

Following Definition 1 of [24], we will say that y € # (nDy) is a locally stable equilibrium if there
exists € > 0 such that

E.(y+u;y) >0 whenever ||ul|;2 <e.

Due to the periodicity of ¢/, we note that any locally stable equilibrium generates an entire family
of equilibria: letting z € #'(nD,) taking values in H + Z for some H € R, if y is a locally stable
equilibrium, then so is y + z. These equilibria are physically indistinguishable, since they correspond
to a vertical ‘shifts’ of columns by an integer number of lattice spacings, and a rigid vertical translation
of the entire crystal by H. We therefore define the equivalence relation

u~wv ifandonlyif w=wv+2 where z:nDy— Z+ H forsome H € R, (3.1)

and denote the equivalence classes of this relation as [y].

We recall that Theorem 3.3 in [24] gives sufficient conditions such that locally stable equilibra
containing dislocations exist in the case of a more general choice of ¢ than we choose here. Our
first main result is similar, but gives a very precise representation of the corresponding bond-length
1-form in this case.

Theorem 3.1. Fiz e > 0 and D to be a convex lattice polygon. If n is sufficiently large, then for
each p € M., (by,...,by,) there exists a corresponding locally stable equilibrium ut which contains
the dislocation configuration p. Moreover, this set is unique up to the equivalence relation defined in
(3.1), and for any u € [u"], o € [du] satisfies a* = d*G*", where G** € #y(Dy) is the solution to

A*G" = p* in Int(nD}), with G* =0 on Ext(nD}). (3.2)

Strategy of proof. To prove this result, we begin by showing that if u is a locally stable equilibrium
containing dislocations p, then a € [du] must satisfy

oo < 2 do =y on nDs, and da =0 on nDy. (3.3)

29

We show that these conditions are satisfied by at most one o € #(nD;), and using the duality
transformation described in §2.2, we verify that o € # (nD;) satisfying a* = d*G* verifies the latter
two conditions. Showing that [|or||ec = [|[d*G* || < 5 is the most technical aspect, and requires us
to develop a theory which is analogous to interior estimates for continuum elliptic problems. To
conclude, we obtain the class [u”] by ‘integrating’ o. The development of these tools and the proof
of this theorem is the main focus of §4.

3.2. Energy barriers. Let C([O, 1];7/(nD0)) denote the space of continuous paths from [0, 1] to
W (nDy). For pand v € M, ,(by,...,by), we define the set of continuous paths which move any
local equilibrium in [u*] to any other local equilibrium in [u”] to be

Lo — v) = {7y € C([0,1]; # (nDy)) | 7(0) € [u*],7(1) € [v],a € [dy(t)] = da = p or v}.
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We define the energy barrier for the transition from p to v for p,v € M, (b1,...,by,) to be
PBp(p—v):= min max E,(v(t);u"). (3.4)

Y€l (u—v) t€[0,1]
Our second result concerns an asymptotic representation of this quantity.

Theorem 3.2. Suppose that p,v € M., (b, ..., by) such that p—v = b;[1, —1,] for some i, where

¢ =p*+a. Fori=1,...,m, let ; € D be such that dist(z;, %ej) < % Then there exist constants

co and ¢, which depends only on the underlying lattice A such that
B — v) = Ao + Aeyn ' |V, (Z,) -a+ Z b;biVGz,(Z;) -a| +o(n™h),
i

where

(1) X is given in the definition of 1,

(2) g; solves the boundary value problem

—Ay;=0inD,  y()) = g;log(| - —,]) on D,
(3) G, is the solution to
—-AG, = géy in D, with G=0 ondD.
(4) o(n™1) satisfies no(n™') = 0 as n — oo, uniformly for all p € M, (b1,...,by).

Strategy of proof. The proof of this result is the main focus of §5. Our main task is the explicit
construction of a transition state, i.e. u € # (nDy) such that

Ca ) — : -
E,(uu*) = 'yEFril(l,unﬁu) tgl[oa,}f] B, (y(t); ut).
This may be seen as a generalisation of the notion of a critical point, but is not a true critical point,
since E, is not smooth at u. Nevertheless, we show that a € [du] has a dual which is closely related
to the interpolation of d*G*" and d*G*" which arise from (3.2). This dual representation, combined
with the precise asymptotics obtained for d*G*" in order to prove Theorem 3.1, allow us to derive
the expression of B(u — v).

4. PROOF OF THEOREM 3.1: DISCRETE ELLIPTIC REGULARITY

In this section, we develop discrete elliptic estimates which will allow us to prove Theorem 3.1:
many the tools used are analogous to those used in the regularity theory of scalar elliptic partial
differential equations (see for example [18]).

4.1. Existence of solution to the Poisson problem. We begin by proving existence of solutions
to the Poisson boundary value problem in a general path—connected subcomplex A.

Lemma 4.1. Suppose A is a path—connected lattice subcomplex; Let g : Ext(Dy) — R, and
f:Int(Dy) — R: then there erists a unique solution uw € # (Dy) to the problem
Au = f in Int(Dy) with u =g on Ext(Dy).

Proof. We employ a discrete version of the Dirichlet principle: extend g to a 0-form by defining
g(e) :==0 for all e € Int(Dy), and let I : #,(Dy) — R be given by

I(v) := 3(d(v +g).d(v+g)) — fv.
Int(Do)
It is straightforward to verify that this functional is twice Gateau-differentiable, with

(DI(v),u) = (d(v+ g),du) —/ fu, and (D*I(v)u,u) = ((u,u)).

Int(Do)
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It follows that I is strictly convex, so has a unique minimiser. By setting u = 1, for any e € Int(Dy),
this minimiser v satisfies

A(v+g) = f in Int(Dy),
and v+ g = g on Ext(Dy) by definition. O

4.2. Maximum principle for harmonic 0—forms. Our next auxiliary result is to prove the fol-
lowing discrete maximum principle.

Lemma 4.2. Suppose that uw € # (nDy). Then

Proof. We prove only the former statement, the proof of the latter being almost identical. Suppose
that u satisfies Au > 0 on Int(nDy). Suppose that there exists e € Int(nDy) such that

— 3 !
u(e) = min u(e).

Either e € Ext(nDy), so there is nothing to prove, or else e € Int(nDy). Since
Au(e) = Z [u(e) —u(e")] >0,

e'enDy
dist(e’,e)=1

it follows that u(e) = wu(e’) for all ¢’ with dist(e,e’) = 1. Iterating, and using the fact that nD is
compact, we find that min.c,p, u(€) = minccpxtmn,) u(e), as required. O

4.3. Lattice Green’s functions. We next assert the following lemma, concerning the existence of
a full lattice Green’s function G.

Lemma 4.3. Suppose that A = Sq, Tr, or Hx. Then there exists a lattice Green’s function
Ga € W' (No) such that

GA(O) = 0, AGA = ]10.
In addition:

(1) Gy is invariant under the group of lattice point symmetries, i.e. if R : R* — R? is a linear
transformation such that R(Ag) = Ao, then

Gr(R(e)) = Ga(e).
(2) sup |dGa(e)| = N~', where N is the connectivity of the lattice A.

ec\
(3) There exists a constant Cy € R such that if u(e) := Ga(e) + C + = log(dist(0,€)), then
lu(e)| < [dist(e, 0)| " log |dist(e, 0)] (4.1)
and |du(e)| < |dist(e, 0)| 2 log|dist(e, 0)|. (4.2)

The usual way to construct GG, is via the Fourier transform, and the existence of such a Green’s
function in the case of Bravais lattices is a classical assertion, as is the symmetry (1). The bounds
(4.1) and (4.2) are proved in Theorem 3.5 of [13] for Bravais lattices, covering the cases where A = Sq
and A = Tr. Tt therefore remains to prove (2), and the other results in the A = Hx case; we postpone
these proofs until §A.1. The main fact used in proving the results for Hx is that Hx may be viewed
as a subset of Tr.
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4.4. The harmonic measure and interior differential estimates. We now assert the existence
of the harmonic measure, which allows us to express functions which are harmonic in a region in
terms of their boundary values. In order to do so, we introduce

—r,r?NA A=Sq,

. [,
o |
A {.Z‘ € R? | |ZE ) (\/737 %>T|7 |‘T ’ (_\/757 %)T|7 ’I ) (O, _1)T| < \/737“} NA A=TrHx

(4.3)

Lemma 4.4. Let Q) be as defined in (4.3). Then for each e € Ext(Q} o), there exists w] € W (Q} )
satisfying

1
Aw! =0 in Int(Qh ), with w] =—————— on Ext(Q},).
( A,O) #EXt( 7/‘\70) ( A,O)

wl additionally satisfies the following properties:
(1) Ifue W (QL,) is harmonic in QY o, then for any e € Dy,
u(a) = Z we (a)u(e).
e€Ext(Q} )
(2) There exists a constant Cy > 0 depending only on A such that
|dw? ()] < Cplog(r)r~—2 where b= [0, al. (4.4)
for any nearest—neighbour direction a.

The function w] is called the harmonic measure, and enjoys a variety of interpretations, both
probabilistic and and analytic: for further detail, we refer the reader to [17]. The existence of w]
and statement (1) follow directly from Lemma 4.1. In the case where A = Sq, a proof of (4.4) with
the improved upper bound Cy7~2 is given in Lemma 3 of [20] using an explicit construction of w’.
Further results on the harmonic measure in the square lattice may also be found in Chapter 8 of [28].

Proof. To prove this result, we use the discrete analogue of Green’s formula:
/ uAv—vAu:/ uAv — vAu = Z [u(e)(/ dv) —v(e)(/ dv)],
Int(Q2,) Ext(Q2) c€Ext(QA,) de de

which follows by applying (2.1) to the extension of u,v,du and dv by 0 to the full lattice complex.
Consider v which is the solution to

Av =0, v(e) = Ga(e+a) — Ga(e) on Ext(Q,{\’O).

Such v clearly exists by Theorem 4.1, and by applying Lemma 4.2 and then Lemma 4.3, we obtain
that

sup |do(e')| <2 sup [u(¢)]| <2 sup  |u(e))] < Car'log(r). (4.5)
e'eQh, e'eQ?, e’EExt(QﬁO)
Defining u € #/(Q2,) by u(e) := Ga(e+a) — Ga(e) — v(e), we have that Au = 1.4, — L., and hence
A
dw!([0,0 +a]) = / wi Au — uAw! = / Wl Au — uAwW! = u—(e)A.
(@A) Ext(@2,) #Ext(Qr)
Now, applying Lemma 4.3 and (4.5), we obtain
|Au(e)] < Cyr~2log(r)
which completes the proof. O

Lemma 4.5.  Suppose that w € # (nDy) satisfies Au = 0 and and v = g on Ext(nDy) with
g : Ext(nDy) — R. Then there exists a constant Cy > 0 depending only on A such that

log(dist (e, Ext(nDy)) sup  |g(e)] for any e € Dy

du(e)| < C -
| ( )l = YA dlSt(G, Ext(nDo)) e’ €Ext(nDo)
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Proof. Suppose that e = [a,b] € nD;. Let Q) be as defined in (4.3), where r = |dist(a, Ext(nDy))];
then a + Q) C nDy, and statement (1) in Lemma 4.4 implies that

we) = Z whe)w(e), so dw(e) = Z dw’, (e)w(e).
e'€Ext(a+Q} ) e/€Bxt(a+Q} o)

Applying statement (2) of Lemma 4.4 and Lemma 4.2, it follows that

dw)[ < s @) Y dep@l < B s @) 0

EIEEXt(a+QR,0) e’EExt(a—&-QR 0) T e/EEXt(nD())

4.5. Green’s functions on finite subcomplexes. We have now collected the necessary tools with
which we will prove Theorem 3.1. The final auxiliary result which we require is the following precise
description of the differential of solutions to (3.2).

Theorem 4.6.  Suppose that = Y7 bl., € Mcn(b1,...,by). Then let G¥ € # (nD}) be the
solution to (3.2). Letting x € nDy with [z, x + a] € nD§, we have

d*G* ([z,r +a]) = b;d*Gp-([x — €/, o +a—¢€]) +n [blvgz(%x) ca+ Z ijgjj(%x) -a
J#i
+ O(n’l"s log(n)),

(1) G~ is the full lattice Green’s function for A*, whose erxistence was asserted in Theorem 4.3,
(2) ef minimises dist(x,ef) over all i =1,...,m,
(3) for each i, T; € D satisfies dist(z;, zef) < <,
(4) G, is the continuum Dirichlet Green’s function on D corresponding to the point y, i.e. the
solution to
AG,(-) =56(-—y) inD, with G, =0 on dD,
(5) y; solves
Ay =01inD, with yi(s)= =log(|s — z;|) on OD,
(6) 6 > 0 is an exponent which depends only on wy, the interior angles at the corners of D, and
(7) O(n=1"%log(n)) denotes an error term which is uniform for all p € M., (by, ..., by).

Strategy of the proof The proof of this result is technical, so we postpone it to §A.2. The main
strategy is similar in spirit to that taken in the proof of Theorem 3.3 in [24]: we decompose G*°
as a sum of full lattice Green’s functions restricted to nD{, continuum boundary correctors y; and
discrete correctors. We then treat each of these components separately, applying Lemma 4.3, the
regularity theory of [19], the maximum principle proved in Lemma 4.2 and the interior estimates
Lemma 4.5 to analyse each piece in turn.

Theorem 4.6 now implies the following corollary.

Corollary 4.7. Given € > 0 and a conver lattice polygon D C R2, for all n sufficiently large,

sup |[d*G* (e)| < 5 for any p € Mcy(by, ... bn,).
eenDy

Proof. Let e € nDy, and let ¢ € argmin {dist(e,¢}) | e; € supp{p}}. Applying Theorem 4.6, and
splitting Gz, () = <= log(|z — Z;|) + 7;(x), we obtain the estimate

4G ()] < sup |d" G- ()| + 7! [% +3 Hyf,-ux} +0(n " log(n)),
ecA} i—1

where we recall the definition of the norm | .| x from (A.3). Further, from §A.2.2 we have that

15| is uniformly bounded for z; € {z € D |dist(z,0D) > €}, and so applying statement (2) of

Theorem 4.3, we have the result. O
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4.6. Proof of Theorem 3.1. We now complete the proof of Theorem 3.1. First, we prove the
necessity of the equilibrium conditions given in (3.3).

Let u be a locally stable equilibrium containing the dislocation configuration € M, (b1, ..., by).
By inspecting the proof of Lemma 5.1 in |2, it follows that if du(e) € § + Z for some e € nDy, then
there exist lower energy states abitrarily close to u, and so any a € [du] has [lafl. < 3. By
definition, we have that da = p. Finally, let v € #/(nDy) be arbitrary; then for ¢ sufficiently small,

|a + tdv||s < 3, hence
E,(u+tv;u) = / Y(a+tdv) — Y(a) = / Atadv + A% |dol.
nDy nD1

It follows that (a,dv) = 0 for any v € #'(nDy), hence da = 0.

Next, we show that if « satisfies the equilibrium conditions (3.3), then it is unique. Suppose that
a and o satisfy (3.3). We define f = o — o/, and note that g* € #,(nDy) satisfies d*4* = 0 and
0*f* = 0. Since nD* is simply connected, the former condition implies that §* = d*w for some
w € #y(nDy), which must satisfy A*w = 0: by Lemma 4.1, it follows that w = 0, hence § = 0, and
thus a = o/.

Since * is a bijection between # (nD;) and #4(nDy), there exists a € #(nD;) such that o* =
d*G*". Furthermore, by using (2.6), we have that

da(e) = §*d*G* (e*) = p*(e*) = u(e), for e € nDy,
and da(e) = (d*)’G* (e*) =0 for e € nDy.

Finally, we note that ||| = ||dG*" ||, hence applying Corollary 4.7, it follows that « satisfies (3.3).
To demonstrate that o € [du”| for some ut € # (nDy), fix ¢ € nDy, and define u(e’) = 0. Using
the fact that nD is path—connected, let ¢ be the path such that 9v¢ = ¢’ U —e, and define

Letting b = [c,d] € nDy, we find that

du(b):/a—/a,:/ a+/a.
~d ~e ~yeU—ycU—b b

Noting that 9(y% U —v° U —b) = (), we apply the fact that nD is simply connected to assert that
74 —~¢ —b = QA, for some A € nD,, hence

du(b):a(b)—i-/Aoz:a(b)—l—/AuGa(b)—i—Z.

0

It follows that a € [du*]. To prove that u* is unique up to the equivalence (3.1), we note that if
a € [du] and « € [dv], then by the definition of a bond-length 1-form (see §2.5), it follows that

du(e) = dv(e) + Z(e) forall e € nDy, with Z:nDy — Z.

Moreover, dZ = 0, so Z = dz, and it is straightforward to check that z : nDy — H + Z for some
H € R, completing the proof of Theorem 3.1.

5. COMPUTING THE ENERGY BARRIERS TO DISLOCATION MOTION

This section is devoted to the proof of Theorem 3.2. We proceed in several steps. We first
demonstrate that there exists u “solving” the min-max problem used to define Z(u — v). We
then identify necessary conditions for such a solution, and show that these necessary conditions
identify a pair of bond-length 1-forms. We then construct bond-length 1-forms corresponding to
the transition state via duality using an interpolation of dual Green’s functions, and verify that the
necessary conditions are satisfied.

5.1. Solving the min—max problem. We will prove existence by using an equivalent formulation
of the problem, which we describe here.
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5.1.1. Quotient space. Recall that in (3.1) we defined ~ be an equivalence relation on u € #/(nDy)
given by

u~ v whenever u=v+2z+C for some z:nDy— Z and some C € R.

We define the quotient space 2 := #'(nDy)/~. of equivalence classes [u]. We claim that this is a
metric space when endowed with the metric

do([u], [v]) = |||l where « € [du — dv], for any u € [u] and v € [v].

If u~ v, then du € dv + Z, and hence [du] = [dv]. Symmetry is immediate, and 0 € [du — dv]
implies that u — v ~ 0, hence dg(u,v) = 0 implies that u ~ v. Finally, for the triangle inequality, by
checking cases it may be shown that

S € [du|, # € [dv] and a € [du+ dv] imply that |a(e)| < |B(e)| + |8'(e)] for all e € nDy,

and the triangle inequality follows, so the metric is well- defined. Moreover, the space is complete
and totally bounded, hence the Heine—Borel theorem applies, and 2 is compact. We recall that the
mapping u — [u] is the natural embedding of # (nDy) in 2.

5.1.2. Redefining the energy. As remarked in §3.1, if u, v, v € # (nDy) with u ~ o/, then E(u,v) =
E(u',v). Tt follows that the mapping

E([u]) := E(u,v) where u € [u] is well-defined.
Suppose that u € [u], and v’ € [u'], and that « € [du — du/]. Then

|6 ([u]) = €([WDI = ‘/D Y(du' +a) = P(du)| S C/D o] < llellz = deo([u], [V]),

where we use the fact that ¢ is uniformly Lipschitz, and then apply the Cauchy-Schwarz inequality.
It follows that & is uniformly Lipschitz on 2.

5.1.3. Path space. Next define the metric space C([0, 1]; 2) of continuous functions from [0, 1] to 2,
with the usual metric

d%(7,7') == sup do(v(1),7(t)).
te(0,1]

The mapping v — maxcp1] & ((t)) is continuous with respect to this metric, since & is uniformly
continuous on 2.

We suppose that n is large enough for the conclusion of Theorem 3.1 to hold, and write [u”] to
mean the equivalence class containing u*, the locally stable equilibria corresponding to the dislocation
positions p € M., (b1, ..., by). This permits us to define the sets of paths

Lo — v) = {r € C([0,1]; 2) | 7(0) = [u*],7(1) = [u"], o € [d(¢)] has dev € {u, v}, Vt € 0,1]}.

This should be thought of as the set of paths through phase space which move dislocations from g
to v without visiting any intermediate states.

5.1.4. Fxistence. We recall that the energy barrier was defined to be

PBn(p—v)= inf sup E,(y(t);u").
YELR (1) te[0,1]

The following lemma now demonstrates the existence of a transition state.
Lemma 5.1.  If n is sufficiently large, for any p,v € Mcn(by, ... by) such that T'y(p — v) is
non—empty, there exists u € #' (nDy) such that

E,(u;u") = Bn(n — v).

We will call such u a transition state for the transition from p to v.



UPSCALING THERMALLY-DRIVEN DISLOCATION MOTION 18

Proof. We first note that since 2 is compact, C([0, 1]; 2) is compact. By assumption, I',,(u — v) is

non—empty, and so the space fn(,u — v) is non—empty by applying the natural embedding ~(¢) —
[v(t)]: by definition, this is surjective. Moreover, we have that

max F(vy(t);u") = max 5([[7( )H)

te[0,1] te0,1]

Since ¥ — maxyep,1] &' (7(t)) is continuous, there exists a minimiser

ﬁeargmin{maxéavt "yef‘ (u—)u)}
te[0,1]

where T, (1 — v) denotes the closure of Ty(u — v) in 2. As t — &(7(t)) is also continuous, it
follows that there exists u € [u] with Ju] = v(t*) € I',(x — v) for some t* € [0, 1] realising
E(u;u")= min max&(3(t)) = min max E(y(t);u"). O

€T (u—v) t€[0,1] ~ET, (p—v) t€[0,1]

5.2. Necessary conditions. We now identify necessary conditions on the transition state u identi-
fied in Lemma 5.1.

Lemma 5.2. Suppose that uw € # (nDy) is a transition state for the transition from p to v, where
p—v="b[l, — 1] and p and q are adjacent. Then u € {u € # (nDy) |a € [du] has o(l) = £1},
where 6l = qU —p, and moreover there exist exactly two oy, € [dul, with

day = p, day = v,

(1)

(2) (SaT( ) =0a(a) =0 for all ax ¢ OI,

(3) 0oy (b) + dar(c) =0 and da) (b) + dayy(c) =0 for b—c=0l, and
() —anl) = ay i) = .

Proof. We begin by proving that there exist transition states in the set
B :={u € #(nDy) | a € [du] has a(b) = +3 for some b € nD; }.

We remark that any v € T',,(# — v) must pass through B, since it is only on this set that we may
have o, o’ € [dy(t)] with

da(p) =b;, da(q) =0, and dd/(p)=0, do'(q)=b;.
Suppose that v € I',,(u — v) solves the minimisation problem (3.4), and attains a transition state

u =y(t*) at t = t*. Suppose further that v ¢ B.
Taking an interval with t* € [t1, t5] such that v(¢) ¢ B for all t € [ty,ts], and v(t1), v(t2) # ~v(t¥),

we define
| 3(0) 1 (1t
ﬁ(t) a { tt22—_tt1ﬁy(t1) T t2 t17(t2) te [t17t2]'

This is a valid competitor for the minimum problem, and moreover by using strict convexity of ¢ (x)
for x € [n — 4, n + 3] for any n € Z, we obtain

E(y(t);u") < sup E(B(t);u") <max {E(y(t);u"), E(y(t2);u") } < E(y(t");u"),

te(tl,tg)

which is a contradiction.

Suppose once more that + is a minimal path, and max;cp 1] E[y(t); u*] attaining a transition state
at t = t*. Suppose also that o € [dv(t*)] has a(e) = £3 for some e # +l. Let a € de such that
e ¢ £0l. Then by considering v(t*) + s1,, and following the strategy of proof of Lemma 5.1 in 2],
it may be checked that there exists 0 > 0 such that for all s € [0,4) or for all s € (—9,0],

(1) o € [d(y(t*) + s1,)] satisfies da € {p, v}, and
(2) E[y(t*) + slg;v(t*)] < 0if s # 0.
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By redefining 7 to pass through ~(¢*) + s1, in a neighbourhood of ¢*, it follows that ~v(¢*) cannot be
a transition state, and hence if u is a transition state with o € [du], a(e) = +1 if and only if e = £,
By considering paths 8 which have §(t*) = v(t*) + s1, with a ¢ 0l, we obtain that

E(y(t);u) < E(y(t*) + s1q;u)
for all s sufficiently small. If a € [d7y(t*)], we have that

/ adl, = da(a) = 0.
nDq

By considering v(t*) + s[1, + 1.], where 0l = b — ¢, we obtain that
da(b) + da(c) =0,

hence we have proved that a transition state must satisfy conditions (1)—(4).

Next, we prove that day = p, a4(l) = 1 and conditions (2) and (3) define a unique 1-form, which
is an elastic strain at the transition state. Suppose that a4 and o/T satisfy these conditions. Defining
0 := ay — o, we have that df = 0, hence 0 = dv for some 0-form v since nD is simply connected.
Furthermore, dv(l) = 0, Av(b) = s and Av(c) = —s for some s € R. Then we have

(0,0) = (dv,dv) = (Av,v) = sdv(l) =0,

implying that 0 = 0, and hence o4 is unique. It may be similarly verified that « exists and is unique,
completing the proof. [l

5.3. Construction of the transition state. In Theorem 3.1, we found that the bond length 1-
forms corresponding to local equilibria containing dislocations are related to dual Green’s functions.
By considering this relationship, it is natural to consider strains dual to interpolations of these Green’s
functions as possible candidates for the transition state u. We therefore define G* := (1—#)G* +tG"",
where ¢t € [0,1], G*" and G”" solve (3.2). We note that

A*GHp)=bj(1—t) and A*G'(q) = b;t.

We also expect that the transition state should occur when the 1-cell between the 2—cells p and ¢ is
‘twisted’ the most. As in Lemma 5.2, set [ € nD; with 0*1* = ¢* — p*. We will choose t € [0, 1] such
that

A*G (p") + d* G (") = 3b;, < (1 —1t)b; +d*"G(I")
and A*G'(¢") —d*'G'(I") = 1b;, & th; — d*G*(I*)
Solving, we find that

1
30

1
§bj'

b + d*G* (1)
T b+ d*GE(I7) — d* G (1)
Noting that d*G* (I*) = £b; +0(1) and d*G”" (I*) = —=+b; + 0(1) as n — oo by Theorem 4.6, we see
that t € [0, 1].
We now define a4 and o via
kYt (% * * * Y (% * *
i) ={ TG SR aa e = { TG CEAT

where ¢t is given by (5.1). Letting o* € [du*|, for any e € nDy with e # p, ¢, by duality we have
dloy — a*](e) = A*Gi(e*) — A*G" (e*) = t[A*G”*(e*) - A*G“*(e*)} =0.
Again, by duality we also have
dlas — a)(p) = A*G'(p*) + d°G'(I") + Lb; — ATGH (p") =0,
dlay — a”](q) = A*G'(¢") — d*G'(I") — 3b; — A*G* (p") = 0.

Similarly, dja; — o] = 0. It follows therefore that there exist vy and v, such that a4 € [du* + dvy],
and a4 € [du* 4 dv].

t (5.1)
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We also note that if a ¢ 00 and 9l = b — ¢, then
8lay — o”(a) = (d)*(G"' = G")(a") = 0,
8lar — ] (b) + dlar — ](c) = (A)*[G" = G*](b) + (d")?[G" — G*](c") = 0.

It follows that oy and o satisfy conditions (1)—(4) of Lemma 5.2, and hence we have constructed
the bond-length one forms corresponding to the transition state.
Finally, we define v € I',(u — v) via

o u' + 2tvy te0,3],
() = { ut vy + (26— 1)uy te(3,1],
(

which demonstrates that I',, (4 — v) is non—empty, and hence %, (u — v) exists.

5.4. Conclusion of the proof of Theorem 3.2. We now use the dual representation of as, o
and o to give an asymptotic expression for Z(u — v) as n — co. We use duality to compute

B —v) = B! +upub),
- %)‘ [(aTv aT) - (O“uv O‘#)] )
= IA[(d*G* +Hd"G” —d"G"),d"G* +t(d*'G” —d*G*)) — (d*G*",d*G")],
= A(Ad*G” —d*GM A" G*) + I QTG — d*GM, A G — dG"),
= M(A*GY — A*G*,G") + I (A'GY — A'GY GV - G,
= Atb;[G* () — G*" (p)] + 52°0;([G™ (¢%) = G (p7)] = [G* (¢*) — G* (p")])
= Atb;d*G" (I*) + IA%0; [d*G* (I*) — dG” (1")]. (5.2)

We now use the result of Theorem 4.6 to derive an asymptotic description of the above quantity.
Suppose that ¢* — p* = a for some nearest neighbour lattice direction a, then

b;d*G" (1) = dGy-(0,a) +n~" [ng(:fj) ca+ Z b;b:V Gz, (7;) - a} +O(n™"’log(n)) (5.3)
i#]
and b [d*G*(I") — d*G” (I")] = 2dGa-(0,a) + O(n~' " log(n)). (5.4)
It follows that
1b; 4+ b;dGa-(0,a) +n! [ijgj(@-) a6V, (Ti) - a] +O(n"'?log(n))
b; +2b;dG+(0,a) + O(n='=%log(n)) ’

Vi () -a+> ... b;b;VG:. (T;) - a
1 I\ i#£j v j _1-4§
O 1 9.5
14 2dGy+(0,a) + 0l og(n)). (5:5)
where we use that b; = 1/b; since b; = £1. Substituting (5.3), (5.4) and (5.5) into (5.2), we obtain

t =

_ 1 -
=5+n

L1y 5 +3dGA-(0,a)
3 1y 2
Bo(i— v) = 2AdG- (0, a) + n A1+2dGA*(Oa) V() a+ Y b VG, (z:) }

G

+ O(n_l_‘s log(n)),
completing the proof of Theorem 3.2.

6. KMC MODEL AND LARGE DEVIATIONS PRINCIPLE

6.1. Modeling. We now formulate the KMC model for dislocation motion which we consider, as
well as the spatial and temporal scaling regime which we consider. We make several modeling
assumptions, which we discuss in detail here.

First, we make the assumption that the only possible transitions are from u € M, (b1, ..., by) to
ve Mcn(by,. .. by) with

p—v=">bl, — 1] forsomeie{1,...,m}, where e = (¢;)"+n,
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where n is a dual lattice direction. This assumption is made since the coherent movement of multiple
dislocations at the same time is likely to be an event with very small probability in a large system,
and we expect dislocations to only move to “adjacent” core positions.

As explained in the introduction, we then assume that the transition time for a dislocation yu to v
is exponentially distributed with rate

Rl = v) = (Ll = )| exp (= 5B (p— v)). (6.1)

where:

(1) #,(u — v) is the energy barrier for the transition from p to v defined by (3.4),

(2) B = (kgT)™! is the inverse thermodynamic temperature, and

(3) Sn(u — v) is the pre—exponential rate factor which is related to the entropic “width” of the
pathways connecting p and v, and hence also depends on the inverse temperature f3.

In common with many KMC models for crystalline materials, we make the assumption that
(g —v) =S +o0(l) as § — oo, uniformly in n. Here, we justify this assumption by noting that
Lemma 5.2 shows that there is essentially only one path which realises the optimal transition path
to move from p to v, and moreover the width of this path in phase space should be approximately
the same for each transition as dislocations become very far apart.

6.1.1. Setup. We now make a choice of rescaling. Since we are interested in the physically interesting

case of observing a large system over a long timescale, we let .7, > 1 be the timescale of observation,

which will be taken relative to the typical timescale on which a dislocation configuration changes.
First, we denote what we term the boundary of M, (by,..., by)

OMepn(bis. - by) = { =3 bile, € Men(b, .., b)
=1

b4 bi[Lein — 1o] & Men(by, ..., by) for some z}

Since we expect our modelling assumptions to break down as dislocations approach one another and
the boundary, we will stop the evolution if it reaches this set.
Now define the set of admissible (macroscale) dislocation positions to be

M oo(bry ., by, —{ eDmmeD ’xl—$]|>6dlSt($1,8D)>EVZ]WIch7£]}

and identify M., (b1, ..., bm) with a subset of this space by the mapping
by Men(bry .o b)) = Meoo(br, ... by), where (Z b, Ilel) = (Lef,..., 2eh).

It is clear that this map is well-defined, and by endowing M. (b1, ..., b,,) with the metric

o, v i% 1st £ (€) *) where = ibiﬂei and v = ibﬂle;,
i—1 i—1 i—1

and M. (b1, ..., b,) with the metric

Too(pt, v Zdlst (z;,7;) where p=(71,...,Zy) and v =(7},...,7,,),

Ly 18 an isometric embedding. Moreover, the spaces are compact.

Let D([0,T]; M (b1, ..., b)) denote the Skorokhod space of cadlag maps from [0,7] C R with
values in M, ,,(b1,...,by), and denote the space of continuous bounded real-valued functions from
M (b, ..., by) to be Gy (Me,n(b1, . ,bm)): this is in fact the space of all real-valued functions on
M (b1, ..., by), since the metric r, induces the discrete topology.



UPSCALING THERMALLY-DRIVEN DISLOCATION MOTION 22

Now consider the sequence of Markov processes Y™ € D([O,T]; Men(by, ..., bm)) which is killed
on the boundary OM., (b1, ..., b,), and has the infinitesimal generator Q,, : C, (./\/le,n(bl, . ,bm)) —
Cy (Me,n(bl, . bm)) defined via

Qfl() = > FuZnlp— v)[f(v) = F()],
V\rn(zz,u)—n 1
where Z,,(u — v) is defined in (6.1).
We note that since %Z,,(u — v) is positive and bounded away from 0 and +oo uniformly in p, v €
Men(b1, ..., by) and n € N, we have that €2, is a bounded linear operator. Defining X}* := ¢, (Y;"),
we have that X' is a Markov process on the space M, oo (b1, ..., bn).

6.1.2. The nonlinear generator and choice of scaling. Asin Lemma 5.8 of [15], the nonlinear generator
H,, is defined to be

Hof =t [0,0]
Suppose that f € C? (Me,oo(bl, . bm)), and and let 2™ = (%é{, . %efn). Then asymptotically, we
have that

H,(fot,)(a™) = ZZ Tnonlpt = V>( exp [0if(z") -nij+o(n”")] —1) asn — oo,

i=1 j=1
where n; ; are the nearest neighbour directions in A* at e}, and N* is the number of nearest neighbours

in A*. Now, by applying Theorem 3.2 and the assumption that .7, (u — v) = S + o(1), we have
that

TR — V)  Tpe P ( BAcy
= exp [ —

[Vy( gt Y b VG () nw])+o(1),

n - n
i|iF£]
We identify two parameters in this expression, which we now argue should be seen as dimensionless:
T e BAco
A="""__ and B:=pgn"
nfo 6

Since our domain is viewed as a cross—section of a long cylinder of material, we have that

(1) 7, has units of time,

(2) n is a measure of the diameter of the domain relative to the interatomic spacing, and hence
has units of length,

(3) B8 = (kgT)~' is the inverse thermodynamic temperature of the system per unit area with
units of [energy per unit area|™!, and

(4) X has units of energy per unit height of the cylinder.

Dimensionally, we expect ., to be the ‘number’ of exits from p to the state v, i.e. the amount of
surface “area” in phase space through which states pass from p to v, divided by the volume in the
state. Since the dividing surface between states is an (#nDy — 1)-dimensional set in phase space, it
follows that ., should have units which are the inverse of those for a single degree of freedom, i.e.
here, length L.

Additionally, we note that e’ can be seen as the mean time for a single dislocation to jump in
the full lattice, and hence is interpreted as having units of time.

We may think of .7,e=#*% as being the mean number of times at which sufficient potential energy
is attained to cause a jump of one lattice spacing in unit “observed” time, .7,e=#*% /.7, the number of
successful jumps of one lattice spacing, and hence the total lattice distance travelled: when divided
by the macroscopic lengthscale n, A therefore become the proportion of the body crossed during the
time which the system is observed.

To interpret B, we think of A as being a measure of the energy per unit length required to move
the system from one state to another, and nS~! as being the thermal energy per unit length available
to the system in order to achieve such movement. B is therefore viewed as comparing the energy
required for dislocation motion and the thermal energy available.
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In the following, we will consider a scaling regime where n — oo with A and B are held constant:
assuming that A and .7 remain constant, this is the regime in which a large system is observed at
low temperature for a long time.

6.2. Large Deviations Principle. We now follow the method summarised in [8] and exposed in
detail in [15] to formally derive a rate functional for a Large Deviations principle.

6.2.1. The cases A = Hx and A =Sq. When A = Hx or A = Sq, the dual lattice is isomorphic to Tr
or Sq respectively, and hence the set of nearest neighbour directions in the dual lattice is always the
same.

Asn — oo in the parameter regime we have prescribed above and dist(z", ) = O(n™') as n — oo,
we have

Ho(f 01)(z") — Hf(z) ZZA %55 _ 1) exp ( - B[V@ji(@) + Zbibkvg@(zi)] : nj>,
i=1 j=1 k#j
where n; are the nearest neighbour directions in A*. Note that the operator H is well-defined for
any f € C'(Meoo(br,...,bn)).
Recall the definition of y; as the solution to
—Ay; =01in D, and Yi(s) = &= log(|s — z;]) on OD.

Following the approach of [2] and [1]|, we define the renormalised energy for & € M, (b1, ..., by) to
be

_ bib;
W(z) = — E QK;rl g (|z; — z5]) g bib;yi ().
i,j=1 i,j=1
i#]

Recalling the definition of G from Theorem 3.2, we have that
OW(E) = Vii(Z;) + Y bib; VG5, ().

JF
This allows us to express
7) = Zm: iA(cosh [(&:f(2) = BOW(@)) - ny] — cosh [~ BOW(&) -ny] ).
i1 =1
This leads us to define tjhe Hamiltonian, % : D™ x (R?)™, as
ANz, p) = i Nf 2A(cosh [(pi — BOW(Z)) - n;] — cosh [ — BOW(z) - njD,
i1 =1

where p = (py,...,pm) With p; € R? for each 7. The Lagrangian is the Legendre—Fenchel transform
(for further details on this topic, see §8.10 in [35]) of the Hamiltonian of J#*, i.e.

LMNE,8) = sup {(&p)— H(z,p)},

pe(R2)m

where (-, -) is the inner product on (R*)™ given by (£, p) := >_7", & - pi- We now follow [8] in defining
i, xp?fB (R2)™ — R via

V() = 33 Hleosh(Bfi-2;) — 1],

W) =D D pleosh(Bfi-e;) — 1),

which permits us to write

AN ,p) = B[V} p(5p — YW(@)) = U4 5(— YW(@))].
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\11/),7 p is (strictly) convex, and hence has a convex dual, given by its Legendre—Fenchel transform,
denoted @ﬁ’ - Moreover, by properties of the Legendre-Fenchel transform, we have that

VoL 5(6) =50 - VW(@) & &=VUg(5p— VW(D))

& p€argmax{(§,p) — A z,p)}.

Using this fact, we have that
LMNE,6) = (BVP] 5(6) + BYW(2),€) — A (2, BYPY 5(€) + BVW())
— (BV®A 4(6) + BYW(@),€) — BUA 5 (VO4 4(6)) + BW 5(— YW(@))
Using the property that (u,v) = U 5(u) + 4 5(v), we then have
LN(5,€) = BOA 4(€) + BY 5 — YW(@) + BIYW(),8).
which leads us to define the rate functional #3 5 : D([0,T]) — R with

B/T¢373(i) + UL 5(=VW()) + (VW(2),2)dt & € AC([0,T]; Meoo(br, ..., b)),

+00 otherwise;

S ap(7) =

here AC([0,T]; Mco(b1, ..., bn)) denotes the set of absolutely continuous functions from [0, T tak-
ing values in D™,

We may now state the following theorem, the proof of which is given in Chapter 5, §2 of [16], or
§10.3 of [15]; see [9] for related results concerning a discrete—time model on a lattice.

Theorem 6.1. Suppose that A = Hx or A = Sq, and that X' = 1,(x") where 2" — Ty €
M oo(b1y .. by) as n — oo with § > €. Then for T = T(5) small enough, the processes X[ satisfy
a Large Deviations principle with good rate function /fx\,B-

The requirement that the initial condition lies in M, prevents the process from immediately
hitting the boundary OM by, ..., by).

6.2.2. The case A = Tr. Here the situation is more complicated. Since Tr* is isomorphic to Hx, which
not a Bravais lattice, the value of Q, f(z") depends strongly upon the specific sublattice on which
each of the dislocations lies. This suggest more sophisticated averaging techniques beyond the scope
of this paper would need to be developed in order to demonstrate a Large Deviations Principle for
the motion of dislocations on Tr*.

However, since H,, f converges uniformly to a well-defined limit if we fix z} to be on a specific
sublattice, it seems natural to conjecture that the Hamiltonian converges “weakly—" to the average
of these limits, i.e.

HV(Z,p) = Z Z %A(cosh [(pi — BOW(%)) - aj] — cosh [ — BOW(T) - aj]>.

Defining U ; in a similar way as

m

6
VN p(f) =) s5lcosh(Bf; - a;) — 1],

i=1 j=1
we may define the action functional ¢4 p : D([O, T); Meoo(by, ... ,bm)) — R with
T
(@) = B/ T LT (3) + U 5 (= YW(&@)) + (YW(@),5) dt & € AC([0, T]; D™),
0

+00 otherwise.

We therefore propose the following conjecture for the processes X™ when A = Tr.
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Conjecture 6.2. Suppose that A = Tr, and that X§ = (™) where 2" — To € M oo(b1, ..., bm)
asn — oo with § > €. Then for T = T(5) small enough, the processes X' satisfy a Large Deviations
principle with good rate function /EB

6.3. Interpretation. The Large Deviations Principles discussed above entail that, for large n, the
most probable trajectory of the system is the minimiser of /}}73. As has been noted in [29, 8], there
is a close link between minimisers of Large Deviations rate functionals and gradient flows: we also
observe this phenomenon here.

Using properties of the Legendre—Fenchel transform, we see that the integrand of the rate functional
is postive, and is zero if and only if z satisfies (see |35] or [30])

T=VUg(—VW(@) with z(0)= .

The latter expression can be expressed analytically as a combination of sinh functions, and could
easily be implemented in currently available discrete dislocation dynamics codes.

Furthermore, as in Theorem 3.1 of [8], we may recover a quadratic dissipation in the limit where
A — ooand B — 0.

Theorem 6.3. Suppose that A — oo and B — 0 with AB — w. Then

wN*

VW(@)|* + (VW(z), &) dt = € H'([0,T]; D™),

+o00 otherwise.

x]Q

T
I lim %/3/3,3(1‘) — /o 2wN*

B—0

The proof of this result is essentially identical to that given in [8], upon noting that

m  N* m

U s(f) =D D (f _ng\? if A = Hx or Sq,
i=1 j=1 i=1
m 6 *
w/BB %ZZ% —ZN—|fZ|2 if A =Tr,
i=1 j=1 i=1

uniformly on compact sets, and monotonically everywhere. This convergence then entails the con-
vergence of @g/ByB(ﬁ) — %;N £|? by properties of the Legendre—Fenchel transform.

Recalling the interpretation of A and B given in §6.1.2, this could be viewed as corresponding to
passing to the regime where the thermal energy is much larger than the energy barrier to disloca-
tion motion, but where the proportion of the cylinder crossed by a dislocation during the observed
time is small. However, raising the temperature inevitably has an effect upon the entropy which is
unaccounted for in this model: moreover, the rate functional degenerates as B — 0, so the physical
interpretation of this limit is unclear.

Finally, we remark that is also possible to consider the other scaling regime analysed in [8], in
which B — oo with

log(A) = —co B for some cs.

In terms of the dimensional parameters described in §6.1, this becomes

log (;ZZ) — o\ = —cz¥.

Assuming that A and .# remain fixed, the only way in which this scaling regime can be attained is
if n remains fixed, with 8 — oo and 7, — oo. However, since our analysis relied upon the fact that
n — 0o to ensure that lower—order terms vanish in %, (1 — v), we cannot be certain that this limit
corresponds to a physically—relevant limit, and so we do not study it here.
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APPENDIX A. GREEN’S FUNCTIONS: PROOFS
A.l. Proof of Lemma 4.3 (2) and the case A = Hx. We first prove (2) for A = Sq and A = Tr.

Let a be a nearest neighbour direction in the lattice, and by the symmetry of G, from (1), for any
b = [0,a] we have
1= AGA(O) = NGA(()) — NGA(a) = —NGA(a).
Hence dG(b) = N71. Consider v € # (A\y) defined to be
v(e) :=Gr(e+a) — Gale).
It follows that Av =1_, — 1. Applying the maximum principle on the set
B, = {e S ’ dist(e,0) < r,e # 0, —a},

we note that the maximum and minimum of v are attained on Ext(B] ), since G is harmonic on
Int(B,,). Now, applying (3) and letting r tend to infinity implies the desired result, noting that
v(0) = —v(—a) = N1

We next prove the theorem for the case where A = Hx. Recall that Hx is a multilattice, and may
be written as

Hx = v/3Tru (\/§Tr + eg).
We define Gy € # (Hxg) to be
3Gt (e/V3) e e 3Tr,
Gux(e) :== Z GT,(e’/\/g) ec \/§(Tr + eQ),

e’|dist(e’,e)=1

where G, is the lattice Green’s function for A = Tr. We note that AGuy(e) = 0 by definition for
e e V3Tr+ €9, and for e € \/§Tr7 we have that

AGu(0) =9Gr(e VD - Y (X Gu/Va)
aldist(a,e)=1 " bldist(b,a)=1

=6GT(e/V3) = ) Grula/Vv3),
a|dist(a,e)=v/3
= To(e).

Moreover Guyx(0) = G1,(0) = 0. The symmetry of G, also implies (1) for Gpy.
Furthermore, let Ct, be the constant in statement (3) for the case where A = Tr, and define

unx(e) == Gux(e) + 5= log ‘dist(e/\/i 0)| + 3Ct = Ghx(e) + 5= log |dist(e, 0)| + 3Ct — £ log(3).
we see that for e € v/3Tr, up, satisfies (4.1) by the assertion for the case where A = Tr. For e € v/3Tr,
define vr,(e) := Gi(e/V/3) + & log |dist(e/v/3,0)|; then for e € v/3Tr + e;, we have
unx(€) = 5= log|dist (e/v3,0)| + > (UT,(ef) — Llog|dist(e'/v/3,0) ]).
e/|dist(e,e’)=1

Since log |z| is harmonic away from 0, Taylor expanding to third—order about e and using the sym-
metry of Hx implies that

o log !dist(e/\/g, 0)| - Z o log ‘dist(e'/\/g, 0)| < |dist(e, 0)] 7. (A.1)
¢/ |dist(e,e') =1
Applying this estimate and (4.1) for A = Tr, we obtain that
lu(e)| < |dist(e, 0)| " log |dist(e, 0)]
for all e € Hx.
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To demonstrate (4.2), we suppose that b = [e,e + a], where without loss of generality, we take
e € 3Trand e +a € /3Tr +e,. Then

’dUHX(b)| = ‘UTr (6 + \/§ai+1) + Ut (6 + \/§al) — 2’U'|'r<€)‘
+ 5= log [dist([e + a]/v/3,0)| — Z Llog|dist(e'/v/3,0)|
e’|dist(e+a,e’)=1

for some i. Now using the definition of v, then applying statement (3) in the case A = Tr and (A.1)
gives the result.

A.2. Proof of Theorem 4.6. We will prove this in several steps: we first decompose G**, then
obtain estimates on the differential of each component of the decomposition in turn. Since the entire
proof takes place in the nD*, for conciseness we drop * from our notation throughout.

A.2.1. Decomposition of G*. We begin by decomposing

ZbGA e—e; +Zyl e) +v(e), (A.2)

where:
(1) G, is the full (dual) lattice Green’s function,
(2) 77 (x) == yi(2x), where g; solves Ay; = 0 on D with boundary values
vi(x) = gzbilog(|z — i),
(3) w is the solution to the discrete Poisson problem
Au=0 with u(e)=— Z [6:Gale — e;) + 7 (e)] on  Ext(nDy), and
i=1

(4) v is the solution to the discrete Poisson problem

Av = — Z Ay with wv(e) =0 on Ext(nDy).
i=1
In combination, Lemma 4.3, the theory of boundary value problems on polygons in [19], and
Lemma 4.1 allow us to conclude that each of the terms in this decomposition is well-defined. Fur-
thermore, equality follows since solutions to the Poisson problem are unique by Lemma 4.1.

A.2.2. Regularity of y;. We now recall some facts concerning the regularity of 7; from [19]. There
exists o € (0,1) such that, applying Theorem 6.4.2.6 in [19], g; lies in the space
X :=C* (D) +span{&,,,, |m € N,0 <m < (4 + o)w;/7},

where &, is given in polar coordinates (1, 6;) about the ¢;, the Ith corner of D as

7™ sin (mwﬁl) (r), mm/w, ¢ N,
" /1 log(r;) [ sin (m’rﬁl) + 6, cos (””’9;)} (r)), mn/w, € N.
)

where we recall that w; is the interior angle at ¢; and we set n € CP(R) to be a cutoff function so
that n(z) = 1 for |z| sufficiently small, and supp{&,,,} Nsupp{S; , } = 0 for any n,m € N and any
L£1.

We note that ¢; only fails to be C* at the corners of the domain D, and since D is convex,
m/w; > 1, which implies that &;,, € C**(D): hence y; € C**(D) with § := min/{m/w, — 1} € (0, 3].
X is a Banach space when endowed with the norm

vt Y ClnGim _\|UHC4J(D+ > [Craml- (A.3)

0<m< (4+0o)w; /7 0<m< (4+0o)w; /7

Sim(ri, 6) =
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Furthermore, it can be checked that the mapping
S:{z € D|dist(z,0D) > ¢/2} - X where S(z;):= 7y

is continuous, and is hence bounded, since the domain of S is compact.

A.2.3. Estimating dG, and dy}. Applying (4.2) for any e; which is not the closest point to e in the
support of p, we have that

1 e+ta—e log e — ¢}

1
dGA(e—ej,e+a—ej)—/ — . qdt| <
0

K le + ta — e;|? - O(n_2 log(n)),

e —e;?
which holds uniformly for 1 € M, (b1, ..., b,,) since dist(e,e;) >

using the homogeneity and regularity of (z,y) — ﬁ to Taylor expand under the integral, we have

1dist(e;, ;) > fen. Furthermore,

dGp(e —ej,e+a—ej) =n —1— a+ O(n~?log(n)). (A4)

Using the representation of ¢; € X and Taylor expanding, we have

L
|yt (e,e +a) —n'Vy;(te) - a| <n? Z |dist(Le, c)| ™ 72|71 (A.5)

=1

A.2.4. Estimating du. We now use Lemma 4.5 to estimate du. Defining g : Ext(nDy) — R to be

)= biGale—a7) + 77 (e). (A.6)

J=1

By applying (4.1) and again invoking the definition and regularity of §j to Taylor expand near the
boundary, we have that

19lle=s @xi(poy) S 7 7l + O(n~" log(n)),
where the latter term is uniform in n for fixed €. Lemma 4.5 now implies that

[du(e)| < n"log(n)|dist (e, Ext(nDy)) |~

-1

(A7)

A.2.5. Estimating Ay;. For the purpose of estimating dv, we now obtain bounds on Ay?. For any
e enDy\ Ext(nDo), we use the regularity of y; to Taylor expand, obtaining

Ayi(e / Vy;(E(e +tay)) - +a; dt,

:Z / L33 (Le)an an al + bn 4 (1 — 0PV (L (e + ta)fanananaldt,  (A.8)
. 0

where a; are nearest neighbour directions in the dual lattice, and the terms involving Vy; and V2,
cancel respectively by lattice symmetry and the fact that y; is harmonic. If the dual lattice is Sq or
Tr, then the terms involving V?y; also cancel, which entails that

N 1
}Ayy(e)\gén‘*Z/( PV (Le + ta)) | dt.
i=1 70

By using the description of §; as a sum of v € C*°(D) and &,,,, it can be seen that each of the
integrands in the estimate above is bounded any e € nD and a;, and moreover

A7 ()] < N gl S |dist (Le, o) (A.9)
l
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Returning to the case where the dual lattice is Hx, we first Taylor expand to third-order to obtain
that

[Agj(e)] < g7 ) dist(ke, c)™ gl (A.10)

Taylor expanding to fourth—order, we may apply an identical analysis to that made when A = Tr or
A = Sq to estimate those terms involving V*y; in (A.8). Define
A= {e € Int(nDy) | e, e + ey € Int(nDy)}. (A.11)

For all e € A, we have

5N “Z<V3y] )[asi, az;, az] — V2 (2 (e+ez))[ai,ai,ai]>‘

3 1

= %n‘A‘Z/O V4§j(%(6+tez))[ez7ai,ai,az‘]7
i=1

nt Y dist (e ) gl

l

l\DIOJ

Using this estimate, and the argument used above in the case where the dual lattice was Tr, for any
e € A, we deduce that

|AJ} (e) + A (e + e2)| < 2n~ 4Zdlst Lo )™ =47l 2 (A.12)

A.2.6. FEstimating dv. It remains to bound dv. We proceed by constructing upper and lower bounds
on v by using estimates (A.9), (A.10) and (A.12) and the full lattice Green’s function. Recalling the
result of Lemma 4.3, for any e € D, we note that

A[Gy(- =€) + L log [ndiam(D)|] = 1. in Int(nDy), and
Ga(- — e) + &= log [n diam(D)| > 0 on Ext(nDy).

Next, we define neighbourhoods of each corner of the domain
By .= {e € Int(nDy) | dist(Le, ¢;) < €}.

Recalling that ¢ := min{Z- — 1} € (0, 1], estimate (A.9) implies that

A7 (e)] S n ' *|lg;llx - on Int(nDo) \ | Bie. (A.13)
l

We now define
[ZAy] GAe—e)}icn,
e’enDy

where ¢, is a small constant depending upon n that we will choose later. We note that Afv—v*] =0,
so choosing ¢, such that v* > 0 and v~ < 0 on Ext(nDy), Lemma 4.2 would imply that

v (e) <wvle) <wvt(e) forall e € Int(nDy).
When the dual lattice is either Tr or Sq, applying estimate (A.13), and summing,
v=(e)] S ||y||X[ Z n1e?|Gale—€) | +n "0 Z dist(e', ne;)’ |G (e — €) || + cun®

e’€Int(nDy) ec; Bi,e
6/¢L.Jl Bl,e
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Treating each sum separately, we see that

Z |Ga(e—¢€)| S { Z log |dist(e, e')—|—1|] < n?log(n),

e’ €Int(nDp) e’€Int(nDy)
e/¢Ul B, eléul By .
Z |dist(e/, ne,)|""?|Ga (e — €')| < log(n) Z |dist(e’, ne)|° 2 < log(n),
E/GUL Bl,e 6GLJZ Bl,T'

recalling that statement (3) of Theorem 4.3 implies that |G (e)| < log [dist(e, 0)], diam(nD) = O(n),
and the sum on the second line converges since § < % < 1.
These estimates imply that

[v=(e)] S l7llan™" " log(n) + can?,
so choosing ¢, = O(n~3"°log(n)) gives
lv(e)| = O(n '’log(n)), and hence |dv(e)|=0(n"""’log(n)) (A.14)

for all e € Cy(nD).
When the dual lattice is Hx, recall the definition of A from (A.11), and set

A" :={e € Int(nDy) |e — ey ¢ Int(nDy)}.
For any € € A, we apply (A.10), (A.12), and the conclusions of Theorem 4.3 to deduce that

|Gr(e — €)AZ (€) + Guxle + &2 — € ) Ay} (e + )|
< |Grxle — &) n~dist(Le, )7 + |dGux(e — €/, e + ey — €/)[n~?|dist(Le, ) [/ ~*
log |dist(e, €')|

< log |dist(e, ') [n~*|dist(Ze, ¢;)|/“ ~* + dist(e, ¢)

n~°|dist (e, ) |[/e3,

By summing over ¢’ € A, we obtain

Z ‘GHX(€—€/)Ag§L<€/)+GHX(€+e2—€I)Ag§b(€/+e2)’ < ngHX[log(n)n_265_3+n_l_5 log(n)}. (A.15)
e'cA

Next, we sum (A.10) over A’, noting that #A” = O(n), to obtain

Z|GA<e—e'>HAg;<e'>|5||gj||xlog<n>[ 3 n—se“-%n—l—éZdist<e',ncz>5—2],

e'cA’ e'cA’ e'cA’
e/¢Ul Bl,e e/GUl Bl,e
< gilla [65_2 log(n)n_2 +n10 log(n)] . (A.16)

Putting (A.15) and (A.16) together, and applying similar arguments to that made for the other cases
above, we deduce that (A.14) also holds in the case where the dual lattice is Hx.

A.2.7. Conclusion. Combining (A.4), (A.5), (A.7) and (A.14) and noting that

1 x—ux

V(@) + ————"5 = VG, (v),
we now obtain the desired result.
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