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INVARIANT DISTRIBUTIONS AND X-RAY TRANSFORM FOR
ANOSOV FLOWS

COLIN GUILLARMOU

Abstract

For Anosov flows preserving a smooth measure on a closed manifold M, we define a
natural self-adjoint operator II which maps into the space of flow invariant distributions
in Np<oH"(M) and whose kernel is made of coboundaries in UgsoH*(M). We describe
relations to the Livsic theorem and recover regularity properties of cohomological equa-
tions using this operator. For Anosov geodesic flows on the unit tangent bundle M = SM
of a compact manifold M, we apply this theory to study X-ray transform on symmetric
tensors on M. In particular we prove existence of flow invariant distributions on SM with
prescribed push-forward on M and a similar version for tensors. This allows us to show
injectivity of the X-ray transform on an Anosov surface: any divergence-free symmetric
tensor on M which integrates to 0 along all closed geodesics is zero.

1. Introduction

In this work, we develop new approaches and tools coming from the theory of anisotropic
Sobolev spaces for studying cohomological equations, invariant distributions and X-ray trans-
form for Anosov flows preserving a Lebesgue type measure.

FErgodicity of the geodesic flow on a closed manifold M can be described by saying that the
only invariant L?(SM) functions are the constants. By contrast, if the flow is Anosov, there
exist infinitely many invariant distributions, as one can take Dirac measures supported on
closed geodesic. These distributions are not very regular in terms of Sobolev regularity, and
it is natural to ask if there exist invariant distributions which are in Sobolev spaces H" (SM)
for small r < 0. In connection to tensor tomography, it was recently shown by Paternain-
Salo-Uhlmann [PSU1, PSU2]| that there exist infinitely many invariant distributions which
are in H—1(SM) for Anosov geodesic flows. More precisely, if one fixes f € L?(M) with
[is fdvg = 0, then they show that there is an invariant distribution w € H~!(SM) such that
mo,w = f if mg : SM — M is the projection on the base. Their work is based on Fourier
decomposition in the fibers of SM as initiated by Guillemin-Kazhdan [GK1, GK2]. For
hyperbolic surfaces, certain invariant distributions in H—1/ 2=¢(SM) for all € > 0 are studied
by Anantharaman-Zelditch [AnZe] in connection with quantum ergodicity.

In the present work, we address several related questions. Recall that a flow generated
by a vector field X on a compact manifold M is Anosov if there is a continuous splitting
TM =RX @ E, ® E, where Es and E,, are stable and unstable spaces (see (2.1)). The dual
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2 COLIN GUILLARMOU

bundles E; and E7 are defined by E}(E, ®RX) =0 and E}(Es ®RX) = 0. Our first result
is

Theorem 1.1. Let M be a compact manifold and X be a smooth vector field generating
an Anosov flow preserving a smooth invariant probability measure du, and assume the flow
1s mizing for this measure. Then there exists a bounded operator

II: H5(M) - H" (M), Vs> 0, ¥r <0,

with infinite dimensional range, dense in the space I = {w € C7°(M), Xw = 0} of in-
variant distributions, that is self-adjoint as a map H*(M) — H~5(M) for any s > 0 and
satisfies"
XIf =0, Vfe H (M), and IXf =0, Vf e H (M),
feC®M)= WF(IIf) C EXUE:.

If f € H¥ (M) with (f,1);2 = 0, then f € kerIl if and only if there exists 0 < s’ < s and
a solution u € H¥ (M) to Xu = f, in which case u is actually in H*(M) and is the only
solution in L? modulo constants.

The result also holds with a weaker assumption than mixing, see Theorem 2.6. This result
shows that the ergodicity statement in terms of unique L?-invariant distribution cannot be
extended to less regular Sobolev spaces, and that the space of invariant distributions in
Nr<oH"(M) is infinite dimensional. To define the operator II, we use the recent work of
Faure-Sjostrand [FaSj] on the Ruelle spectrum of Anosov flows, which involves anisotropic
Sobolev spaces associated to the hyperbolic dynamic; such spaces appeared first in [BKL,
Li, GoLi, BaTs, BulLi| to study speed of mixing of Anosov diffeomorphisms and flows. In
fact, the operator can also be defined as a weak limit of damped correlations

(1.1) Wf.0) = lim [ eMfop i fve O M)
A—=01 Jr

if [ s fdip = 0. The microlocal structure (wave front set) of I follows directly from the
recent work of Dyatlov-Zworski [DyZw1], see Proposition 2.3 below. As a corollary, we also
recover smoothness result for the Livsic cohomological equation in our setting:

Corollary 1.2. With the same assumptions as in Theorem 1.1, for all s > dim(M)/2
and f € H¥(M) satisfying f7 f =0 for all closed orbit v of X, there exist w € H*(M) such
that Xu = f. In particular if f € C*°(M) then u € C>*(M).

De la Llave-Marco-Moriyon [DIMM], Journé [Jo] or Hurder-Katok [HukKa] proved a ver-
sion of Corollary 1.2 with a regularity statement in Holder spaces C*® (the case of geodesic
flows with negative curvature was done previously in [GK1, GK2]), but Theorem 1.1 gives a
Sobolev regularity version of Livsic theorem, which did not seem to be known. In particular,
here we even get a characterization of coboundaries in H® for any s > 0, including cases of
unbounded functions (if 0 < s < n/2), which is not possible by the usual Livsic theorem.

Next, we focus on the setting of Anosov geodesic flows, where there is an additional
structure. In this case, M = SM is the unit tangent bundle of a compact manifold, which

'WF denotes wave front set of distributions, cf. [F62, Chapter 8.1]
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is a sphere bundle with natural projection mg : SM — M. In the case of manifolds with
boundary, we can define the X-ray transform Iy on functions when the metric is simple (i.e.
the boundary is strictly convex boundary and the exponential map is a diffeomorphism at
any point): this is defined as a map Iy : C*°(M) — C*°(0_-SM) where 0_SM is the inward
pointing boundary of SM, and Iy f(z,v) = f(f(x,v) f(mo(pe(x,v)))dt is the integral of f along
the geodesic in M with starting point z and tangent vector v and £(x, v) is the length of that
geodesic. The question of injectivity of Iy and surjectivity of I are important in the study
of inverse problems and tomography, and the description of the operator I;Iy as an elliptic
pseudo-differential operator has been fundamental to solve these questions, see for instance
[PeUh, UhVal. In the Anosov setting (the manifold does not have boundary), we define

Iy = mp, Il 7y : C°(M) — C~°(M).
This operator will play the role of I;Iy when there is no boundary. We show

Theorem 1.3. Let (M, g) be a compact manifold with Anosov geodesic flow. Then
1) The operator Iy is an elliptic pseudo-differential operator of order —1, with principal
symbol o(I1p)(z, &) = C'n|£|g_1 for some C,, # 0 depending only on n.
2) The operator I is well-defined on H*(M) for all s € R and is injective.
3) Let s < 1, then for any f € H*(M), there ezists w € C~°(SM) so that Xw = 0 and
mow = f and w has the regularity

w e ﬂHT(SM) ifs=1 and w e H Y (SM), if s < 1.
r<0

If we were working in the setting of simple manifolds (case with boundary), 3) would
provide surjectivity for the operator I§. The result in 3) improves the recent work [PSU2]
in terms of regularity and gives in addition a precise description of the singularities of the
invariant distribution (through the wave front set). Finally we describe tomography for
m-cotensors: symmetric cotensors f € C°°(M,®%T*M) can be mapped to smooth func-
tions on SM via the map (7}, f)(z,v) := (f(z),®™v), and denote by 7, : C~°(SM) —
C™°(M,®%T*M) its adjoint acting on distributions. The divergence of m-cotensors is de-
fined by D* f := =T (Vf) where V is the Levi-Civita connection and 7 is the trace defined in
(3.4). As for m = 0, we show in Theorem 3.5 and Corollary 3.8 a result similar to Theorem
1.3 for the operator I, := m,,, Il 7} ; for instance it is a pseudo-differential operator of order
—1 which is elliptic on the space of divergence-free cotensors. We also show the existence
of invariant distributions w with regularity as in 3) with prescribed divergence-free value
TmsW, assuming injectivity of II 7} |ker p+. We remark that this injectivity follows from the
work of Croke-Sharafutdinov [CrSh] if the sectional curvatures of (M, g) are non-positive;
in the Anosov setting, the kernel is trivial for m = 0,1 as a consequence of the work of
Dairbekov-Sharafutdinov [DaSh)].

To conclude, we give applications to the injectivity of the X-ray transform on Anosov
surfaces. Let (M, g) be a Riemannian surface and let ¢, : SM — SM be its geodesic flow
on the unit tangent bundle SM of M. A closed geodesic is a curve v on M such that there
exists £ > 0 and v := {mo(p¢(x,v)) € M;t € [0,4], pe(x,v) = (x,v)}; the smallest such ¢ is
denoted ¢, and called the length of 7. A parametrization of + is given by v(t) = mo(¢:(x,v))
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if t € [0,£,] and x € v and v € S, M is tangent to . The set of closed geodesics of M is
countable and denoted by G. We define the X-ray transform on symmetric m-cotensors as
the linear map

Ly
I 2 CF(M,@gT"M) = (G = R),  In(f)(7) ::/0 (f(v()), ®™4(t))dt

where dot denotes the time derivative. If D denotes symmetrized covariant derivative, we
remark that any f which is written under the form f = Dh for some h € C*°(M, ®?_1T*M )
satisfies Ip,(f)(y) = 0 for all v € G and thus the kernel ker I, is infinite dimensional for m >
1. It is then natural to consider I,,, acting on divergence-free cotensors. In negative curvature,
it has been proved in [CrSh] that ker I,,, N ker D* = 0 (this was first shown by [GK1] for
negatively curved surfaces), then the proof that Iy is injective and that ker I; N ker D* = 0
for Anosov manifolds appeared in [DaSh]. More recently, Paternain-Salo-Uhlmann [PSU1]
proved that ker Iy N ker D* = 0 for Anosov surfaces. Here, we prove injectivity of X-ray
transform on all divergence-free symmetric cotensors for Anosov surfaces, which has been an
important open problem in the field (see for example [DaSh, Problem 1.7]).

Theorem 1.4. On a Riemannian surface with Anosov geodesic flow, then for all m > 0
we have ker I, Nker D* = 0 and ker Il 7, Nker D* = 0.

This is the exact analogue in the Anosov case of the recent result of Paternain-Salo-
Uhlmann [PSU3] for simple domains in dimension 2, but both the proof and the geometric
setting are very different; it is clear that the method of [PSU3] uses strongly that the man-
ifold is open and non-trapping. To prove Theorem 1.4, we use the existence of invariant
distributions with prescribed push-forward for m = 1, we apply a Szegt projector in the
fibers of SM to these distributions, which allows us to multiply them using their wave front
set property. The obtained set of distributions produce a large enough vector space of invari-
ant distributions orthogonal to ker I,,, Nker D* to force this space being trivial. The properties
of our operator II allows to solve the problem encountered in Remark 9.4 of [PSU1]|, which
was why they had to assume m < 2.

To motivate even more this new way of analyzing X-ray transform, we mention that using
tools of similar nature, we are able to prove in [Gu] the injectivity of X-ray transform for all
negatively curved manifold with strictly convex boundary, and that the scattering map for
the flow on negatively curved surfaces determines the Riemannian metric up to conformal
diffeomorphism.

Ackowledgement. We thank N. Anantharaman, V. Baladi, S. Dyatlov, F. Naud, G. Pa-
ternain, M. Salo, G. Uhlmann, M. Zworski for useful discussions. The research is partially
supported by grants ANR-13-BS01-0007-01 and ANR-13-JS01-0006.
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2. The resolvent of the flow and the operator II

In what follows, the manifold M will be connected. Before we start, we point out that we
shall use pseudo-differential operators (¥DO) and the notion of wave front set of distribu-
tions and of ¥YDOs. We refer to Hérmander [H62, Chap. VIII] for wave front sets, and to
Grigis-Sjostrand [GrSj| for standard pseudo-differential calculus and Zworski [Zw] for the
semiclassical version. We shall say that a pseudo-differential operator A on M is microsup-
ported in a conic set U C T* M if its wave front set is contained in U, ie. its full symbol
a(y, &) in local coordinates and all its derivatives vanish to all order as |{| — oo outside the
conic set U. We will write ¥ (M) for the class of classical pseudo-differential operators of
order m € R. We say that A € ¥ (M) is elliptic at (xg, &) if there is a conical neighborhood
U of (zg,&o) and C > 0 such that its principal symbol o(A) satisfies |o(A)(z, €)|/|{|™ > 1/C
in UNn{|g| > C}.

2.1. The resolvent of the flow. First, we recall that a smooth vector field X on a compact
manifold M without boundary is Anosov if its flow ¢, has the following property: there exists
a continuous flow-invariant splitting

TM=RX®E,DE,
where Ey, F, are the stable/unstable bundles, which are defined as follows: there exists
C > 0,v > 0 such that
£€ Bs(y),y e M = [ldpi(y)(€)|l < Ce™[|¢]|  for t >0

2.1
> £€Buly)y eM = |dpu(y)(©)ll < CeM¢|| fort <0

where || - || is the norm induced by any fixed metric on M. The flow will be said to be a
contact Anosov flow if the Anosov form «, defined by

a(X)=1, kera=FE,® FEs,

is a smooth contact form (i.e. da is symplectic on ker ). This is for instance the case for
Anosov geodesic flows on M = SM with (M, g) a Riemannian compact manifold, as « is
simply the Liouville 1-form. Notice that for contact Anosov flow, there is a natural invariant
measure given by du = a A (da)? where d is the dimension of E, (and F,). We shall also
define the dual stable and unstable bundles E} C T*M and E;, C T*M by

(2.2) EX(E,®RX) =0, E'E,®RX)=0.

When the flow ¢; has a smooth invariant measure du on M, the generating vector field can
be viewed as an (formally) anti self-adjoint operator on C*°(M), that is (Xu,v) = —(u, Xv)
for all u,v € C°°(M) where the pairing is the L?(M) pairing using the invariant measure
du. By Stone’s theorem, the generator —iX of the unitary operator

e LAM) = L2(M), (€ f)(y) = fleny))

is self-adjoint on L?(M) = L?(M,dp). In this case, the spectral theorem for self-adjoint
operators tells us that Spec;2(—iX) C R. The resolvents R_(\) = (=X —\)"!and Ry (\) =
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(=X 4+ A)~! are well-defined on L?(M) for Re(\) > 0 by

[e%) 0
(23)  RyWf(y) = / N F(py))dt, RN f(y) = - / A f(aly) .

0 —0o0
Moreover, Stone’s formula gives the spectral measure of —iX in terms of the resolvents
R4 (i)\) by the strong limit

b
(2.4) sy (—iX) + 1apy (—iX)) = (2m) ™" Im [ (Re(iA+€) — R_(—iX + €))dA

e—01 Jq

for a,b € R. Then we recall the result of Faure-Sjostrand [FaSj, Th. 1.4]:

Theorem 2.1 (Faure-Sjostrand). Assume that X is a smooth vector field generating an
Anosov flow and let dp be a smooth invariant measure. There exists ¢ > 0 such that for
all s > 0 and r < 0, there is a Hilbert space H™* such that H5(M) C H™® C H"(M) and
—X — X is Fredholm with index 0 as an operator

~X — X:Dom(X)NH"™ — H", if Re(\) > —cmin(|r],s)

depending analytically on . Moreover —X — X is invertible for Re(\) large enough on these
spaces, the inverse coincides with R_(\) when acting on H*(M) and it extends meromor-
phically to the half-plane Re(\) > —cmin(|r|, s), with poles of finite multiplicity as a bounded
operator on H™®.

The assumption about the invariant smooth measure du is not necessary in [FaSj|, but
without it, the Fredholm property is true only in Re(A) > —cmin(|r|, s) + A¢ for some g so
that —X — \ be invertible on L?(M) (defined with respect to some fixed smooth measure) for
Re(A) > Ao. If the flow is contact, there is an invariant smooth measure making X anti-self
adjoint and thus one can take Ao = 0, with inverse given by (2.3). For what follows, we shall
assume, without loss of generality, that the invariant measure is a probability measure.

The fact that the inverse (—X — ) ™! for Re()) large coincides with R_(\) when acting on
H?#(M) is not explicitly stated in [FaSj] but it is straightforward to check, since by formula
(2.3), R_(\) maps H*(M) to itself for Re(A\) > C|s| for some C' > 0 depending only on
the Lyapunov exponents of ¢; (see [DyZw1, Prop. 3.2] for details). As operator mapping
C*®(M) — C~°°(M), the resolvent R_()\) does not depend on 7, s; the Schwartz kernel of
R_(\) admits a meromorphic extension to C as an element in C~°°(M x M). Since moreover
(=X = A)*= (X —=X) = —(—=X + ) on C%®(M), we have that for Re(\) > 0
(2.5

) R_(A\)*=—R,:(\) on L*(M).
The anisotropic Sobolev spaces. In [FaSj, Sec. 1.1.2], the spaces H"*® are defined

by H"® = flr_ H(L*(M)) where A, = Op(A,;) is an invertible pseudo-differential opera-
tor in an anisotropic class which quantizes a symbol function A, € C*°(T*M). We re-

2.

call the construction of A, following [FaSj]. The symbol is defined by A, = exp(Gy,)
where Gy, is a smooth function on 7%M constructed in Lemma 1.2 of [FaSj]: Gy, (y,§) =
m(y, &) log(\/1+ f(y,£)?) with m and f smooth, homogeneous in |{| > 1 with respective
degree 0 and 1, f is positive and does not depend on r,s. Fix € > 0 small, the function m is
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given in {|£] > 1} by? m = s(1—ma—e(m1—ma))+rmg where m; € C°°(S*M;|[0,1]) is such
that ml_l(O) is a small conic neighborhood of E} and ml_l(l) is a small conic neighborhood
of EX @ E3, and my € C*(S*M; [0, 1]) is such that m; (1) is a small conic neighborhood of
E# and m; '(0) is a small conic neighborhood of E} @ E3. The conic neighborhoods can be
taken as small as we like in the construction. From the construction, we have

(2.6) H (M) CH™ cH™ c ™ c H (M)

if  <r<0<s <s Wealso see that m = s in a small conic neighborhood of E¥ and
m = r in a small conic neighborhood of E}, which implies that the space H"* is microlocally
equivalent to H*(M) in a small conic open neighborhood Vs of E? in the following sense:
if B € WO(M) has wave front set contained in Vs, then there is C' > 0 such that for all
feld>M)

B fllas vy < Cllifllagrs,  1Bfllars < Clfll s -

If we choose € > 0 small, we get that in the region W¢ := {mg <1 — 2¢}, m > se +r. Thus
for any B € W9(M) with wave front set contained in W,

(2.7) feH™ = Bf € H™"(M).

The complement of Wy is a small conic neighborhood of £ if € is small, which means that if
we choose s and 7 so that se + 7 > 0, functions in H™® are microlocally in a positive Sobolev
space outside a small conic neighborhood of E}, which can be made as small as we want in the
construction. The dual space (H™*)* to H"* (with respect to L2-pairing) is identified with
A, s(L*(M)) and the symbol of fl; ! being exp(—G,y,), this space is microlocally equivalent
to H~"(M) in an small conic neighborhood of E; and is microlocally equivalent to H*(M)
in a small conic neighborhood of E7.

Considering the flow in backward time, which amounts to consider the generator —X
instead of X, the roles of E; and E, are exchanged and we can define the space H*" for
r < 0 < s just as H"® but exchanging E} and E}: H*" is microlocally equivalent to H*(M)
in a small conic neighborhood of EZ, and is microlocally equivalent to H"(M) in a small
conic neighborhood of E¥. Like (2.6), we have for ’ <r <0< s <s

(2.8) H¥(M) C 1" C H*" Cc HS" < H (M).

We then deduce from Theorem 2.1 applied with —X that X — A is Fredholm with index 0
as an operator

X — A :Dom(X)NH> — H>, if Re(A) > —cmin(|r], s)

depending analytically on A. Moreover X — A is invertible for Re(\) large enough on these
spaces, the inverse coincides with —Ry(\) when acting on H*(M) and it extends mero-
morphically to the half-plane Re(\) > —cmin(|r|, s), with poles of finite multiplicity as a
bounded operator

Ro(N) : 1o — .

*We choose no := (1 — €)s in the notation of [FaSj, Lemma 1.2].
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Notice that the formula (2.5) relating R4 () with R_(\) then extends meromorphically to
the half-plane Re(\) > —cmin(|r|, s) as an operator H*(M) — H~5(M), and shows that

(2.9) R_(A): (R")" = (H™")", Ry(A) : (H™%)" = (H™)"
are bounded for X in the same half-plane. As above in (2.7), there is a small conic neigh-

borhood (that can be made as small as we like) with complement W such that for any
B € U9(M) with wave front set contained in W,

(2.10) feH> = Bf € H*"(M).
By choosing € > 0 small enough so that WS U W¢ contains {|¢| > 1}, we deduce from (2.7)
and (2.10), the following regularity statement:

Lemma 2.2. For s > 0 and r < 0, we have H"* N H>" C H*T"(M) for some € > 0
independent of s,r.

Wave front set of the resolvent. The wave front set of the Schwartz kernel of the
resolvent is analyzed by Dyatlov-Zworski [DyZw1, Prop. 3.3|.

Proposition 2.3 (Dyatlov-Zworski). Let A\g € C, and assume that the meromorphically
extended resolvent R_(\) has a pole of order k at \g with Laurent expansion

hol 4
R_(\) = R™()) +;()\—>\0)j

where RMY(\) is holomorphic near Ao, then the wave front set of the Schwartz kernel of
RPN satisfies
WE(R™(\)) € N*AM x M)UQ, U (E: x EY).
with N*A(M x M) the conormal bundle to the diagonal A(M x M) of M x M and
Qp = {(®1(y,£),y, =§) € T"(M X M); t 20 (X (y)) = 0}

where @y is the symplectic lift of py on T*M, or equivalently the Hamilton flow of the
Hamiltonian p(y,&) = &(X(y)). A similar result holds for Ri()), where the wave front
set of the reqular part lef’l()\) satisfies

WF(REI(N) € N*AM x M)UQ_U (B x EF)
where Q) is defined like Q1 but with ®_; instead of Dy.

We recall that the symplectic lift ®; acts by ®:(y, &) = (p¢(y), (dp; ' ())7E).

Poles on the critical line. To end this section, we describe the poles of Ry (\) on the
imaginary line.

Lemma 2.4. The resolvent Ry (\) have poles of order at most 1 on the line iR, and we
have for all A\g € R

5((Resxy Ry (N) 4 (Resyg Ry (N)*) = Hgig(ny)
where Tlgig(ny) 18 the orthogonal projector on the eigenspace Eig(\og) = kerp2(—iX — Ao).
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Proof. First we notice that from the spectral theorem, if i\g € iR is a pole of Ry ()), it is
a first order pole since there is C' > 0 such that for all u,v € C*°(M)
[{Re(Nu, v)| < CIA = ido| "l 2lollz  if Re(A) > 0.

We write the Laurent expansion of Ry (\) at iAo using (2.5): for A\, \g € R and € > 0

| A | e 4
Ry (iX+€) i +0(1), —R_(—iA+¢€)=Ri(iA+¢€) T T etin +O(1)

for some operator Ay as A — Ao (the O(1) is in the weak sense when applying the identity
to f € C*°(M) and pairing with ¢» € C*>°(M)). Thus we get from (2.4)

3 (Lno—s.00+0) (—1X) + Lng—s.2040) (—iX)) =

Ao+ Af S| L
——— lim = 5(Ao + 4;
o e—1>0+/_5’i)\+6d)\+0(5) 5(Aog + Ag) + O(6)

where the O(9) was independent of € (and as above is in weak sense). Then letting 6 — 0
we get the result. q.e.d.

2.2. Mixing. We say that a flow ¢; is mixing with respect to an invariant probability
measure dy if for all u,v € L?(M)

qmw:ﬂﬂwmm@ww—ﬁﬂ@wwﬂf@ww
tends to 0 as t — oo.

Lemma 2.5. Let X be a smooth Anosov vector field on a compact manifold M and let du
be an invariant measure with respect to the flow of X. Then the flow is mizing if and only if
the only pole of Ry (\) on the line iR is A =0 and it is a simple pole with residue £(1® 1).

Proof. Assume that the flow is mixing. Let u,v € C°°(M), then for all € > 0 small, there
is T, such that for |t| > T¢, |C¢(u,v)| < e. Using (2.3) we have for A > 0

AR (N)u, v) /T/ AeMu(r(y))o(y)dt duly) + / Ae M (u, 1) (v, 1)dt

+/ e MCy(u, v)dt.
The first term has norm bounded by (1 — e=*¢)||u|;2||v|| 2, the second term is equal to
e Me(u,1)(v,1) and the last term has norm bounded by ee~**<. Therefore letting A — 0 we
obtain

i V(R (Vo)) = (1) (0, 1) + O

and since e is arbitrarily small we deduce that the residue of Ry (\) at A = 0 is the rank-1
operator 1 ® 1. The same argument shows that the residue of R_(A) at A\=01is —(1® 1)
and for all Ao € iR\ {0}

lm (A = X)) (Re(N)u,v)) =0

)\—))\0

where the limit is understood as a limit from the right half-plane Re(\) > 0.
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Conversely, we can use the formula (2.4) and the meromorphy of R4 (A) to deduce that
the L2-spectrum of iX is made of absolutely continuous spectrum and pure point spectrum.
Moreover if 0 is the only pole on the imaginary line and if it is simple with residue 1 ® 1,
then it means that the spectrum on {1} is absolutely continuous and it is a classical fact
that this implies that the flow is mixing (see [ReSi, Theorem VIIL.15]). q.e.d.

For Anosov geodesic flows, mixing was proved by Anosov [An], and this was extended
to contact Anosov flows by Burns-Katok [BuKal; in that last case, the rate of mixing is
Ci(u,v) = O(e~M) for some € > 0 if u,v € C®(M) by Liverani [Li].

2.3. The operator II. When the Anosov flow is mixing then by Lemma 2.5, we know that
the resolvents R4 (\) have a simple pole at A = 0 and using Laurent expansion at A = 0 of

R ()\) together with (2.5), we see that there exists an operator Ry : H®" — H*>" such that
11 ol .
(2.11) R.(\) = T+Ro+(’)(/\), R_(\) = 5 — Ry +0O(N)

and therefore as operators C*°(M) — C~>°(M)
(2.12) ~XRy=Id—1®1=-ReX, XRj=Id-1®1=RX.

This identity extends to those Sobolev spaces on which the operators are bounded (as given
by Theorem 2.1). In particular, by the Fredholm property of X on H®" and H"*, we deduce
that the kernel of X on H*" and H"* is simply made of constants. The operator Ry is simply
obtained as the limit

(2.13) Ro = lim (Ry(A) — A1 e1)).

When the flow is not mixing, the same exact properties hold as long as RespR+(\) = 1® 1,
which is equivalent to say that RespR4(A) is self-adjoint and the flow is ergodic (so the
projector Ilgi,(o) on the L2-kernel is 1 ® 1).

We can now show

Theorem 2.6. Let M compact and X be a smooth vector field generating an Anosov
flow preserving a smooth invariant probability measure du. Assume that ResoR+(A) =1® 1
(this is in particular true if the flow is mizing). For all s > 0 and r < 0, the operator
Il:= Ry+ R} : H*(M) — H"(M) is bounded and satisfies

XIf =0, Vf € H* (M), and IXf =0, Vf € H (M),
feC®M)= WF(IIf) C E; UE?.
Let f € H¥(M) with (f,1) =0 and set uy := —Rof € H®", u_ := R;f € H"® so that
Xup =Xu_=f

by (2.12). Then f € kerIl N H5(M) if and only if there exists s > 0 and a solution
u € H¥ (M) to Xu = f; in this case the solution u is actually in H*(M) and is unique
modulo constants, given by u = uy = u_.



INVARIANT DISTRIBUTIONS AND X-RAY TRANSFORM FOR ANOSOV FLOWS 11

Proof. The first part follows from the boundedness of the operator Ry and Rfj in Theorem
2.1 and the relations (2.12). The wave front set description of IIf is a consequence of
Proposition 2.3 and [H62, Theorem 8.2.12]. If f € H*(M) is in kerII then uy = u_ and
Xuy = f, moreover by Lemma 2.2 and taking r = —es/2 for some € > 0 small independent
of s, one has u, € H*/?(M). If there is another solution in L?(M) for some € > 0, there is
a flow invariant L? function and so it is constant. In fact, we can prove better regularity of
uy using propagation of singularities, namely that

(2.14) uy € H(M).

We know that uy € H®" NH™® and thus, from the definition of the spaces H*" and H"?,
we have that Aqu, € H5(M) if Ag € UY(M) is microsupported in a sufficiently small conic
neighborhood of E}; U E and elliptic in a conic neighbourhood Wy of E;; U E}. By classical
elliptic estimates, we also have that Aju, € H%(M) if A; € WO(M) has wave front set not
intersecting the characteristic region E! @ E! = {(y,¢) € T*M;&(X(y)) = 0}, and we can
assume A; elliptic outside a small conic neighborhood of E? & E}, we call W) the region of
ellipticity of Ay. Moreover, for all (y,&) ¢ Wy U Wh, the trajectory ®;(y, &) of the Hamilton
flow of the principal symbol of —iX (ie. the symplectic lift of ;) reach W7 U W, in either
forward or backward finite time: this is a consequence of the fact that for all (y,§) ¢ E¥,
D4 (y,8)/|Pe(y,€)| tend to Ef & E as t — +oo and for all (y,&) ¢ E, ®:(y,€)/|P(y,&)]
tend to Ef @ E} as t — —oo (see [FaSj, Section 2] for example). We are going to apply the
propagation of singularities for real principal type differential operators given in [DyZw1,
Proposition 2.5] that we recall now (see [HO1, Section 3] for the original argument in the
case of constant coefficients operators): assume that u € H=" (M) for some N > 0, and
let A,B,B; € WO(M) that are elliptic in respective conic subsets A,B,B; C T*M such
that Bu € H¥(M), BiXu € H*(M) for some s > —N; if for all (y,£) in the microsupport
(wave front set) of A there is T" > 0 such that ®_7(y,&) € B and ®.(y,{) € By for all
t € [-T,0], then Au € H¥(M). Applied to our case, we thus deduce that (2.14) holds since
—i1Xuy € HS<M)

We now prove the converse. If there is u € H* (M) so that Xu = f with 0 < s’ < s, then
u — u, is constant since u € H*", uy € H" by (2.8) and —X is Fredholm on H*" with
kernel given by constants. Similarly, u — u_ is constant, and thus u € H*" N H"™®. Then
uy —u_ = C for some C € C and IIf = C. Since X Ry(1) = X Rj(1) = 0 we have that Ry(1)
and R{(1) are constants and thus II(1) is constant. We obtain (IIf,1) = (f,II(1)) = 0 and
thus C' = 0, showing IIf = 0. We also have that uy € H*(M) by the arguments leading to
(2.14). This completes the proof. q.e.d.

Taking r = —s for s > 0 fixed, II is self-adjoint as a map H*(M) — H~5(M) if we identify
H~%(M) with the dual of H*(M), in the sense (ILf, f') = (f,ILf’) for all f, f' € H*(M).
Moreover it maps any H®(M) to the space of invariant distributions defined by
(2.15) T:=(\Z, I :={weH M) Xw=0}.

r<0
We claim that the image of II is infinite dimensional for Anosov flows satisfying the assump-
tions of Theorem 2.6. Indeed, for each closed orbit « of X, there is a smooth function f
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supported in an arbitrarily small tubular neighbourhood which equals 1 on v and (f,1) = 0,
and f ¢ kerlII since, if we had IIf = 0, by Theorem 2.6 this would imply that there exists
u € C®°(M) such that Xu = f, and thus fv f = 0, contradicting the fact that f = 1 near
7. By [An, Theorem 3], there are countably infinitely many (disjoint) periodic orbits -y, and
thus for any N € N we can construct smooth functions (fx)r=1,.. v with disjoint supports,
so that fﬂyj fr = 61, for j,k < N. We deduce that dimspan{llf;;k < N} = N since if

H(Zszl ar fr) = 0 for some aj € C, there exists u € C*>°(M) such that Xu = Zivzl a fx,
thus 0 = f%_ Xu = aj for each j < N. Letting N — oo, we see that the range of II has
infinite dimension.

The alternative expression (1.1) for (ILf, ) if (f,1) = 0 is a direct consequence of (2.3)
and (2.11). We now give a direct corollary of Theorem 2.6, which proves the density of the
range of II in the space of invariant distributions for the flow.

Corollary 2.7. Let M and X satisfy the same assumptions as in Theorem 2.6. For
each s > 0, the space T_s of invariant distributions in H—°(M) is the closure in H*(M) of
Ran(Il|ys) := {I1f € H=*(M); f € H*(M)}, which in turn is the orthogonal of ker (I1| s (aq))-

Proof. If f € H*(M) is orthogonal to Z_g, then using that Ran(Il|gs) C Z_g, we have
0 = (TMu, f) = (u,I1f) for allu € H*(M) thus IIf = 0. Conversely, if Ilf = 0, by Theorem 2.6
we get Xu = f for some u € H¥(M), we want to show that (Xu,w) =0 for all w € Z_s: by
[DyZw2, Lemma E.41] there is a sequence u; € C°°(M) such that u; — u in H~%(M) and
Xuj = Xuin H¥(M) as j — oo, thus (w, Xu) = limj_oo(w, Xuj) = —limj_ oo (Xw, uj) =
0. We deduce that the space Zt, := {f € H*(M);Yw € T_g, (w, f) = 0} is equal to
ker I s (n)-  On the other hand (Ran(Il|gs))* = (Ran(II|gs))* where the closure is in
H=%(M) and kerII|gs = (Ran(II|gs))* thus kerII|gs = T+, ¢ (Ran(II|gs))* = ker | gs
and we deduce that Ran(Il|pgs) = Z_,. q.e.d.

Using the operator II, we also recover the smoothness result of [DIVIM, Jo] for the solution
of the cohomological equation and, indeed, we get a Sobolev version which does not seem to
be available in the literature:

Corollary 2.8. With the same assumptions as in Theorem 2.6, if the flow is topologically
transitive (which is the case for mizing flows), then for all s > dim M /2 and all f € H*(M)
satisfying f7 f =0 for all closed orbits v of X, there exists w € H*(M) such that Xu = f.
In particular if f € C>°(M) then u € C*°(M).

Proof. Let n = dimM. If f € HY?>*"(M) for v € (0,1), then f € C¥(M) and since
the flow is assumed topologically transitive, by Livsic theorem for Hélder function [KaHa,
Theorem 19.2.4], we know that there exist u € C”(M) so that Xu = f. Then we get
u e HY (M) for all v/ < v since M is compact and so by Theorem 2.6 we see that f € kerII,
which implies that there is u € H*(M) so that Xu = f and u is unique modulo constants.
q.e.d.

Remark 2.9. The three results above hold as well if instead of assuming that the residue
ResoR+(\) is 1 ® 1, we only assume that ResgR4 () is self-adjoint (which is equivalent to
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assuming that the residue is equal to the spectral projector on the L? kernel of X, by Lemma
2.4), but then we need to take f orthogonal to the L?-kernel of X and uniqueness modulo
constants needs to be replaced by uniqueness modulo the L2-kernel.

3. Anosov Geodesic flows

In this section, we consider the special case of M = SM being the unit tangent bundle
of a compact Riemannian manifold (M, g) such that the geodesic flow ¢; : SM — SM of
the metric g is Anosov. We shall denote 7y : SM — M the natural projection my(z,v) = z
where x € M is the base point of the element (x,v) € SM.

3.1. X-ray transform on functions. In this section, we study the operator II acting on
pull-back of functions on M. Recall that the geodesic flow is mixing [An]. The pull-back
operator 7 : C*°(M) — C*°(SM) induces a push-forward map mg, : C~*°(SM) — C~>(M)
on distributions by

(mosu, ¥) = (u, m5¢), Vo € CF(M).
We then define the operator

(3.1) Iy := mp, Il mg : C°(M) — C™°(M).

This operator corresponds exactly to the operator Iy which appears in the setting metric
on manifolds with boundary, with Iy being the X-ray transform on functions (see Section 5.1
in [Gu] for explanations). The goal of this section is to prove

Theorem 3.1. If (M,g) has Anosov geodesic flow, the operator 11y is an elliptic self-
adjoint pseudo-differential operator of order —1, with principal symbol

a(Io)(x, &) = Culé]y,!

where Cy, is a non-zero constant depending only on n. As a consequence, the kernel ker Il :=
{f € C~(M); lyf =0} is finite dimensional and its elements are smooth.

Proof. Let us first show the first statement using Proposition 2.3. We will first show that
the wave front set of the Schwartz kernel of Il is conormal to the diagonal, and then reduce
the computation of the symbol to the case dealt with by Pestov-Uhlmann [PeUh]. We write
if Re(A) >0

€
Ri(\) = / e MeXdt + e e X R (N).
0
where € > 0 is small and this extends meromorphically to C when acting on smooth functions.

At A =0, we deduce from (2.11) that the finite part of R4 (\) is
Ry = / e Xdt + X Ry — e(1®1).
0

The last term is smoothing, we now describe the wave front set of the Schwartz kernel of
o €X Rom§. By [H62, Theorem 8.2.4], the wave front set of the Schwartz kernel of eX is

WF(eex) - {<90—6(y)7777 Y, _d(P—e(y)Tn); Y€ SM,T/ € T;_e(y) (SM) \ {0}}
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and Proposition 2.3 gives the wave front set of Ry, thus by [H62, Theorem 8.2.14], we deduce
WE (e Ro) C{(e(y), (deu(y) )y, —m); t < —e, n(X(y)) = 0} U (B} x EY)

U{(p-cy),ny, —do_c(y) n); (y,m) € T*(SM)\ {0}}

using that E, E are invariant by the lifted flow ®; : T*(SM) — T*(SM). Then, we notice
that the Schwartz kernel of g, e Rom is given by the push forward (mg & m). K if K is
the kernel of e“X Ry. Since by [FrJo, Proposition 11.3.3.]

WE((m0 ® m0)w Ke) € {(mo(y), & m0(y), €)s (, dmo(y)”&, v/, dmo(y')"€") € WF(Ko)}
we deduce that WF (mg,.e“X Ro7g) C S1 U S U S5 with
S1 = {(mo(y), & m0(y'), &) € Tg (M x M); (y,dmo(y)" ¢,y dmo(y')€') € Ef x Ej}
Sz := {(mo(ee(y)), &, mo(y), €') € Tg (M x M); 3t < —€,3n,n(X(y)) =0,
drmo(y)"¢ = —n, dmo(pi(y))" € = (depr(y) ™) n}

S3 = {(mo(p-e(¥)), &, (), €) € Ty (M x M); (d(mo 0 p-c)(y)" € = —dmo(y)" ¢}
where Tj (M x M) = T*(M xM)\{0}. Denote by V' = ker dmy C T'(SM) the vertical bundle,
and H the horizontal bundle (cf. [Pa, Chapter 1.3]), these are orthogonal for the Sasaki
metric (-,-)s and X € H. Let V*, H* C T*(SM) defined by H*(V) =0 and V*(H) =0; V*
is dual to V and H* is dual to H using this metric. We have EX N H* = {0} = E; N H*
since RX @ E, ®V = RX @ E; ®V = T(SM) (see for instance [Pa, Theorem 2.50]),
therefore S; = (). Now take a point (x,&,2',¢") € Sz, then write 2/ = m(y) and y = (2/,v)
with v € Sz M, so ¢i(2',v) = (x,v") for some v/, there exists n = dmg(y)T¢ € H* so that
(dee(y)~H)Tn € H* for some t < —¢, and 7(X) = 0. Taking the dual vector ¢ € T,(SM) to
n € T,;(SM) using the Sasaki metric, we have ¢ € H and (¢, X)s = 0. Now, let J be the
almost complex structure on T'(T'M) so that (J-,-)g is the Liouville symplectic form on T'M
(see [Pa, Chapter 1.3.2]), then J maps ¢ to J¢ € V. Since the flow preserves the symplectic
form, one has (dy;)” Jdp; = J where the transpose is with respect to the Sasaki metric, and
then we see that dp;(y)J¢ = J(dei(y)~1)T¢ € V since (dpi(y)~1)T¢ € H. We deduce that
the points x and z’ are conjugate points, which is not possible if the flow is Anosov, by a
result of Klingenberg [KI, Theorem p.2]. As a conclusion, Sy = (). Using finally the formula
of S3, we have shown that for € > 0 smaller than the injectivity radius, mp,.eX Rymg has
smooth Schwartz kernel except at Ac(M x M) := {(z,2') € M x M;dy(x,2") = €}, where d,
is the Riemannian distance.

We finally have to study the operator L. := foe Tox€!X mdt, and we take € smaller than the
injectivity radius. This operator L. can be written as

(3.2) L f(x) = /O6 g Mf(got(a:,v))dvdt

and it is a straightforward computation to check that its Schwartz kernel L.(x, z) is smooth
outside A(M x M) U A(M x M) with a conormal singularity of the form dg(z,2") "1 at
A(M x M) if the dimension of M is n. Since € > 0 is arbitrary (in a small interval), this
implies that o, Rom has wave front set given by the conormal bundle N*A(M x M). In
fact, the analysis of the singularity at A(M x M) follows directly from Pestov-Uhlmann



INVARIANT DISTRIBUTIONS AND X-RAY TRANSFORM FOR ANOSOV FLOWS 15

[PeUh, Lemma 3.1]: let 9 € M and multiply the kernel of m, Rom with a smooth cut-off
function v which is 1 near a point (zg,z) € A(M x M) and supported in a neighborhood
{(z,2") € M x M;dg(z,z0) + dg(z', x0) < €/2}, it is then equal, up to a smooth function, to
the kernel L¢(x,2)1(x,2"). This distribution is the Schwartz kernel of a pseudo-differential
operator of order —1 with principal symbol Cp,|¢ ]g;l: indeed from the formula (3.2), we
see that the Schwartz kernel of 2L, coincides near (xg,xg) with the Schwartz kernel of the
operator Ijj Iy considered in [PeUh] where Ij is the X-ray transform on functions on a geodesic
ball of center zy and radius e (which is a simple domain); the detailed computation of the
symbol at z( is thus exactly the same as in [PeUh, Lemma 3.1]. To conclude the proof of
the structure of Iy, we argue that the same exact argument applies for mp, Rimg (in fact this
is just the adjoint mo,Rom and its Schwartz kernel has the exact same property as mo, Ro7g).
The statement about ker Il is a direct consequence of ellipticity. q.e.d.

Remark 3.2. In constant negative curvature, we can use representation theory to give an
expression of the operator Il in term of the Laplacian: it turns out to be an explicit function
of the Laplacian on the manifold. We refer to [GulMo, Appendix] for the computation.

We remark that for f € C7°°(M), then by [H62, Theorem 8.2.4])

(3.3) WE(m5f) € {(y. dmo(y)™n); (moly),n) € WF(f)} C H*

and so, using Theorem 8.2.13 in [H62] and the fact that H* N E} = 0= H* N E} as in the
proof of Theorem 3.1, the operator Ry and Rimg acts on C~°°(M) continuously, so that

Mry: C™°(M) — C>°(SM)
is continuous. In fact, we can say more:

Lemma 3.3. 1) For all s > 0, the following operator is bounded
MMry: H (M) — H *(SM).

and the kernel of Il w§ : C~°(M) — C~>°(SM) is trivial.
2) Assume that there exists u € H*(SM) with Xu = n}f for some f € H (M) satisfying
(f,1) =0 and with s € (0,1), then u is constant.

Proof. For f € H™*(M) with s > 0, we have n5f € H™*(SM) and, by (3.3), Bryf €
C>(SM) for any pseudo-differential operator B € W°(M) microsupported in any open conic
neighborhood of E} U E; not intersecting H*. Using (2.10), [((1 = B)wg f, f)| < C|f3s/er
and thus 75 f € (H*/¢")* for any r < 0. Similarly using (2.7), 75 f € (H"¥/€)* for any 7 < 0
and some e > 0 small independent of s (using the notation of Theorem 2.1). Therefore
by (2.9), we obtain boundedness of Rom : H=5(M) — (H"™*/¢)* and Rin} : H=5(M) —
(7—[5/677’)*. To show that in fact they map to H *(SM), we will use propagation of singular-
ities. First, like in (2.7), we notice that for any r < 0, ARoyn§ : H*(M) — H™"(SM) is
bounded if A € WO(SM) is microsupported in a small conic neighborhood of E%. Then, by el-
lipticity and propagation of singularities [DyZw1, Propositions 2.4 and 2.5] as in the proof of
Theorem 2.6, we obtain that BRy7 : H=%(M) — H~*(SM) is bounded for any B € W°(SM)
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whose microsupport does not intersect E}. To conclude the argument, we use the propaga-
tion estimate with radial sink® [DyZw1, Proposition 2.7]: for any s > 0, N > s and any
By € UY(SM) elliptic near E¥, there exist A € WY(SM) elliptic near E*, B € ¥°(SM) with
WF(B) N Ef = () and microsupported in the region where B is elliptic and C' > 0 such that
for any u € C*°(SM),

Aul[g-s(sary < CUIBullg-s(san) + [1BiXull s sy + [[ull -~ (sar))-

Applying this with v = Rongf for f € H™*(M), we deduce that ARgmg : H (M) —
H~%(SM) is bounded for some A € WO(SM) elliptic near E, and therefore Ror : H%(M) —
H~%(SM) is bounded. The same argument works with Rjmj and we obtain the bounded-
ness statement in 1). To prove that the kernel is trivial, we remark that, by Theorem 3.1,
if IIngf = 0 then f is smooth, and by Theorem 2.6 there exists u € C*°(SM) so that
Xu = w5 f. By the result of Dairbekov-Sharafutdinov [DaSh] one has f = 0 (this follows
directly from the so-called Pestov identity - see [PSUZ2, Proposition 2.2.]).

Let u € H*(SM) with Xu = njf for some s > 0 and f € H* }(M). Recall from
Theorem 2.1 that X is Fredholm on (H*"")* and (H™*)* for any r < 0 and §' > 0, with
kernel the constants and respective inverse operator Ry and Rj. So using the fact that
mif € (HU=9)/erys n (Hm(1=9)/)* for some small € > 0 and all r < 0, and u € H*(SM) C
(H(I=9) ey  (1r(=9)/€)* if |r| < s, then we deduce by the Fredholm property of X that
u = —Romyf = Rimy f. As a consequence, we have that f € ker Il g, thus Xu = f =0 and
w is constant since u € L?. q.e.d.

It is not clear if injectivity holds for Ily, at least we do not see why Ilyf = 0 would imply
II7;f = 0. Another corollary of Theorem 3.1 is the existence of invariant distributions with
prescribed push-forward on M.

Corollary 3.4. Let s € R and r < 0, then there exists C' > 0 such that for each [ €
H*(M), there exists w € CT°(SM) so that Xw = 0 and mo,w = f and
wll zrs=—1(sary < CN sy if s <1,
\wl|grsary < Cllfllgrany i s > 1

Ifs > 1, for any A € WO(SM) with wave front set not intersecting EXUE?*, there is C > 0 such
that for each f € H*(M), the invariant distribution w satisfies ||Aw||gs—1(sary < Cl|f || s (ar)-

Proof. If f is constant the result is obvious, so we can assume that (f,1) = 0. For s # 0,
define the sesquilinear product Bs; on C°°(M)

Bs(u,u’) := <HF8U,H7T8U/>H7\5\(SM) + (Tow, ou') gri-s (ar).-

Using the boundedness 1) in Lemma 3.3, and the fact that Il is an elliptic pseudo-differential
operator of order —1, we have that there exists C' > 0 and K : H=*(M) — H~*(M) a compact
operator such that for all u € H=5(M)

By(uw) 2 |[Moula-s gy = Cllulfwqary = 1l

31t can be checked that, since X* = —X, the mo > 0 parameter in Proposition 2.7 of [DyZw1] can be
taken as small as we like.
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Since II 7§ is injective by Lemma 3.3, it is easy to see from the compactness of K that there
is C" > 0 such that

By(u, w) = C'llull s ar)

and thus the completion of C°°(M) for the product By is H*(M). Using Riesz representation
theorem, for all f € H*(M) there exists u € H™*(M) such that Bs(u,u’) = (f,u') 2 for all
u' € H=*(M), with ||u||p, < C||f||gsr) for some C independent of f. We use the norm
[ull s vy = [|[ANul[L2(ny if N = M or N SM and Ay € UL(N) is a fixed positive elliptic
operator on N. This implies that w := Il with @ := (Ag); 21s |H71'0u + i Ay P u) satisfies
Xw =0 and mo,w = f and w € H*"Y(SM) if s —1 <0 Whlle w E H’"(SM) if s > 1: indeed
Ag 21s ‘Hﬁou € HPI(SM) and 75A 7 P Tlou € H*~1(SM) thus the regularity of w follows
from Lemma 3.3 and Theorem 2.6.

The fact that [|Aw||gs—1(say < Cllf|lgsry if A € WO(SM) has microsupport not in-
tersecting E% U E7 follows from an argument as in the proof of Lemma 3.3: if s > 1, the
boundedness of Ry on #*~" for any r < 0 implies that ||[BRot||gs—1(sary < ClIflms(ar)
if B € WY(SM) is microsupported in a small enough conic neighborhood of E}, then by
ellipticity and propagation of singularities, for any A with microsupport not intersecting E7
there is C' > 0 so that |[ARot||gs—1(sar) < C||f|#s(ar)> and then the same argument applies
with ARju by exchanging E with E;, this gives the desired result. q.e.d.

This statement gives a more precise result than that of Paternain-Salo-Uhlmann [PSU2,
Theorem 1.2] when f has some regularity (using Pestov identity and Fourier decomposition
a la Guillemin-Kazhdan, they obtain the same existence result but only for s = 0).

3.2. X-ray transform on symmetric tensors. Consider the space of symmetric m-
cotensors C°(M, ®¢T*M). Then there is a natural map

T+ OF(M, QT M) = C=(SM), (7, f)(z,v) = (f(2), @"v).

The vertical Laplacian A, : C*®(SM) — C*°(SM) can be defined using the Riemannian
metric on each fiber S, M, and its spectral decomposition induces an isomorphism

M) = é H,,
m=0

where H,, are L? sections of a smooth vector bundle over M corresponding to the decompo-
sition of a function into spherical harmonics of degree m in the fibers S, M ~ S"~!. Notice
that spherical harmonics of degree m correspond to restrictions of harmonic homogeneous
polynomials on R” and H,, identifies via 7%, to the space of L? sections of the bundle

Ep = {q € ®2T*M;T(q) = 0}

where T : @T*M — ®?_2T*M is the trace defined by contracting with the Riemannian
metric:

n

(3.4) T(q)(v1,...,0m—2) = Z q(ei, €01, .. Um—2)

=1
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if (e1,...,ey) is an orthonormal basis of TM. Consider the operator D : C*°(M,@¥T*M) —
C=(M, @2 T*M) defined by D = S o V where V is the Levi-Civita covariant derivative
and S is the orthogonal projection on symmetric tensors. Each section of ®T*M can be
decomposed as a sum of sections of E; for j < m. The adjoint of D is given by D* = =T oD
and is called the divergence. Then the flow X acting on smooth sections of F,,, viewed as
elements of C*°(SM) through 77, satisfies

X : C®(M, Ep) — C°(M, Ep—1 & Epmai1),

where it decomposed as X = X +X_ with Xy : C®(M, E,,) = C®°(M, E;p11) and X1 = D
while X_ = X% = ——%—D*. We refer to [GK2] and [PSU2, Section 3] for further
details and dicussions about this decomposition.

The map 7y, : C°(M,TT*M) — C>(SM) induces a push-forward on distributions
Ty : CTC(SM) — CT(M,Q¢T*M), (Tmsu,v) := (u, 1)
where the pairing uses the metric g. We now show

Theorem 3.5. The operator 11, := mp, L7, is a self-adjoint pseudo-differential operator
of order —1 on the bundle @ZT*M, which is elliptic on ker D* in the sense that there exist
pseudo-differential operators P, S, R with respective order 1,—2,—0c0 so that

(3.5) PIL,, =1d + DSD* + R.

Proof. We follow the proof to Theorem 3.1. Take two points zg, z(, in M, then we want to
analyze the Schwartz kernel of II,,, near (zo,xz() € M x M. Take two cutoff functions x;, x’
supported in small neighborhood V,, of z¢ and V% of x(, so that the bundle @FT*M has
a smooth orthonormal basis (e1(%),...,en@m) (7)) on Vi, and (€} (x),.. '769\7(m) (z)) on Vyr
with N(m) = rank @ZT*M. A smooth section 1) of @TT*M can be written near zo

N(m)
U(x) = Y (¥(x),e(x))ge;(@)
j=1

and a similar decomposition for ¢’ supported near z(. The Schwartz kernel K, of II,,, near
(x0,xH) € M x M can be analyzed by considering xII,,,x’, which in turn is given by: for all
Y, € C(M,®YT*M)

O X', ) = S (Tl ms (€ )), esxma (1 e5),) )
3.3’
The Schwartz kernel x(z)x'(z) K, (x,2') of xII, X" can be viewed as a matrix valued distri-
bution on Vi, x V,, using the local bases (e;); and (e}); and its (j,j’) component is given
by
K" = (mo @ mo) (x (@)X (@' )(K (w, ')y ('), e5()))
where K is the Schwartz kernel of II. Since multiplying by a smooth function does not make

the wave front set larger, we are reduced to the exact same analysis we did in the proof of
Theorem 3.1. Then we deduce that the operator II,,, has smooth kernel outside the diagonal
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A(M x M), the wave front set is contained in the conormal bundle to the diagonal and II,,
can be written as

m

€

II,, = / Tme€ ST dt + e (Ro + RE) 7, + smoothing
—€

for small e with m,,,eX(Ro + R§)m), having a smooth Schwartz kernel outside the set

{dg(x,2") = €}. Then, just as in the proof of Theorem 3.1, we are reduced to analyze

the integral kernel of

€
/ ﬂ'm*etXTr;‘ndt
0

close to A(M x M). It follows from Sharafutdinov-Skokan-Uhlmann [SSU, Theorem 2.1]
that, after multiplying by a smooth cutoff function equal to 1 near A(M x M) and supported
in {dy(z,2") < €/2}, this is a pseudo-differential operator of order —1 if € > 0 is chosen
smaller than the radius of injectivity. It is also shown in [SSU, Theorem 3.1] that there
exists pseudo-differential operator P, S, R as announced above. We notice that, even though
[SSU] deal with the case of simple manifolds, all their computations are local, and near a
point (zo,z0) € A(M x M), the operator [; Tm.e™™ w5, dt has the same conormal singularity

as the operator I*I acting on symmetric m-tensors on a small disk centered at xy (which is
the case considered in [SSU]). q.e.d.

Just as for m = 0, using the wave front set of II, we see that
Oy : CT°(M,QFT*M) — C™°(SM)
is well-defined. The operator D is elliptic on sections of ®¢T*M and thus the range of
D: H*(M,@%3T*M) — H*"Y(M,®%T'T*M) is closed for any s € R, and we have ker D* =
Ran(D)* where Ran(D) is the range of D. We set the Hilbert space norm
1 s mreany = (1 + D*D>S/2f||L2(M,®TS”T*M)-
Then H*(M,®FT*M)Nker D* is a Hilbert space with this norm, and by Riesz representation
theorem, we can describe the dual with respect to L? (ie. distributional) pairing as
(H*(M,%T*M) Nker D*)* = H*(M,¢T*M) Nker D*(1+ D*D)~*.
We then get

Lemma 3.6. 1) There exists € > 0 so that for all s > 0, the following operator is bounded
Mry, : H*(M,¢T*M) — H *(SM).

and the kernel of Il 7y, : C~°(M,@TT*M) Nker D* — C~*°(SM) is finite dimensional.

2) The kernel of IL 7}, on ker D* consists of those f € C°(M,®TT*M) Nker D* such that
there exists u € C*>°(SM) with Xu =7, f.

3) Assume that there is u € H*(SM) with Xu = 7k, f for some f € H"Y(M,@3T*M) N
ker D* with s € (0,1), then uw € C*°(SM).

Proof. The proof of the first boundedness result is exactly the same as for the case m = 0.
To prove that the kernel is finite dimensional, we remark that by Theorem 3.5, if II7}, f = 0
and D*f = 0, then IL,, f = 0 and so f is smooth by applying (3.5) to f. Then by Theorem
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2.6 there exists u € C*°(SM) so that Xu = x, f. Conversely, elements f so that Xu = 7, f
for some u smooth satisfy 7, f € ker IT by Theorem 2.6 (in particular, note that f integrates
to 0 along closed geodesics). The proof of the last statement is the same as for m = 0 thus
we do not repeat it. q.e.d.

Remark 3.7. This gives an alternative (microlocal) proof of the result of Dairbekov-
Sharafutdinov [DaSh, Theorem 1.5.] on the finite dimensionality of the kernel of the X-ray
transform on m-cotensors on Anosov manifolds. By results of Croke-Sharafutdinov [CrSh]
and Lemma 3.6, we deduce that the kernel of II 7}, on ker D* is trivial if (M, g) is Anosov
with non-positive curvature, and is always trivial when m = 1 for Anosov manifolds by
[DaSh, Theorem 1.3].

Finally we get existence of invariant distributions with prescribed push-forward ..

Corollary 3.8. Let m > 1, s € R and r < 0, then there exists C' > 0 such that for each
fe H (M, %T*M) Nker D* with (f,k)r2 = 0 for all k € kerIlxny), Nker D*, there exists
w € C™®(SM) so that Xw =0, mpm,w = f and

lwll zs-1sar) < Clflgsary  if s <1,
\wllgrsary < Clfllery  if s> 1.

Ifs > 1, for any A € WO(SM) with wave front set not intersecting EXUE*, there is C > 0 such
that for each f as above, the invariant distribution w satisfies ||Aw||gs—1(sary < Cl|f|[ s (ar)-

Proof. The proof is essentially the same as Corollary 3.4, thus we just focus on the differ-
ences. Take s # 0 and define the sesquilinear form on C*°(SM)

Bs(u,u') := (Ilr}: u, HW;u'>H7|S|(SM) + (I, u, HmU,>H1—S(M,®gLT*M)~

The H*-norm on @§T*M is defined by ||u||gs = ||A®u||r2 where A := (1+ D*D)'/2. Then
we conjugate (3.5) by A% on the left so that

AP, A% =1d+ A¥*DSD*A" > + R

where R is smoothing. The left-hand side can be written as PII,, + Q with Q € U~1(SM),
thus there exists C' > 0 and T : H™*(M,@%T*M) — H™*(M,®%T*M) compact such that
for all u € H*(M,®%T*M) Nker D*A~%

By (u,u) = HHmuH%—Il—S(M@gLT*M) 2 CHUH}%[—S(M,@?;“LT*M) - ||TUH§LI—S(M,®gLT*M)-

By Lemma 3.6, the kernel K, of II7}, in C~°°(M, ®¢T*M) Nker D* is a finite dimensional
space included in C*°(M,®FT*M), and we claim that if u € ker Iz}, N ker D*A™%% is in
H™*(M,®¢T*M) and (u,k);2 = 0 for all k € K,,, then u = 0: indeed we can decompose
u = ug + Du’ with D*up = 0 and v’ € H~**Y (M, @ 'T*M) and we get IIr},ug = 0 since
Ir}, Du' = IX 7, —qu’ = 0; then ug € Ky, and 0 = (u, k)2 = (ug+ Du/, k) 12 = (ug, k)2 for
each k € K,,, and we get ug = 0. Since D*A~?*u = 0, we have D*A=2*Du’ = 0, which gives
Du' =0 (by pairing with «’), and thus u = 0. We conclude that there is C' > 0 such that

Bg(u,u) > CHUH%{*S(M,@’S"T*M)
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for each u € By := H*(M,®%T*M) Nker D*A~2 N (A?*K,,)* (the orthogonal is with
respect to H~® product). Then Bj is a Hilbert space with the By scalar product. Using Riesz
representation theorem, for all f € H*(M,®%T*M)Nker D* satisfying (f, k)2 = 0forall k €
K, there exists u € By such that Bs(u,u') = (f,u') 2 for all ' € Bg, with ||u||p, < C||f||us
for some C' independent of f. From this, there is w := IIA~2I8IIIx* u 4 IIr¥ A2~ 211, u such
that Xw = 0, T (w) = f+k-+A"2Dq for some ¢ € H*TH(M; @77 'T*M) and k € K,,,. We
apply D* to this identity and since D*m,,, Il = 0, we get D*A~2*Dg = 0 and thus Dg = 0.
Now we use that (f, k)r2 = 0 and (7w, k)2 = 0 to deduce that k& = 0. The regularity of
w is just as in the case m = 0. q.e.d.

Remark 3.9. An analysis similar to what is done in Theorem 3.1 and 3.5 shows that the

operators 7 Il ) are pseudo-differential of order —1 for all m, ¢. In particular, this implies
that the components wy := mp,w of w in Corollaries 3.4 and 3.8 are H*"'(M, E,) if f €
H*(M,®%T*M). In particular if f € C°°(M,®FT*M) then the distribution v in Corollaries
3.4 and 3.8 has smooth coefficients in the vertical Fourier decomposition (matching with the
work [PSU2| for m = 0). This also follows from the wave front set property of w and
applying mp,.
3.3. Injectivity of X-ray transform on tensors for Anosov surfaces. Consider an
oriented compact Riemannian surface (M, g) with Anosov geodesic flow ¢, : SM — SM. As
before, let X be the smooth vector field generating the flow. The manifold SM is a circle
bundle over M, equipped with a natural action

St s SM — SM, €Y (x,v) = (x, Ry(v))

where Ry is the rotation of an angle 46 in the fiber. The action is generated by a vector field
V defined by V f(z,v) = 0, f(e®.(z,v))|t=0. We let X | := [X, V], and it can be checked that
(X, X,,V) form a basis of T'(SM), which is orthonormal for the Sasaki metric. The tangent
space T'(SM) splits as T(SM) =V @ H where V = RV = ker dny is the vertical space and
H is the horizontal space defined using Levi-Civita connection (cf [Pal). In particular, one
has H = span(X, X ). Let a be the Liouville 1-form defined by a(z,v).n = g(dmo(x,v).n,v)
which satisfies a(X) = 1, txda = 0 and is a contact form. One has ker « = E,, @ F. Near a
point xg of M, one can find isothermal coordinates z = (z1,z2) so that the metric is of the
form g = €2*(®)(dz? 4 dx3) for some smooth function w. Using the action generated by V,
#) near the fiber 771 (z0), and in these coordinates

V = 0,
X = e “(cos(0)0y, + sin(0)0y, + (—0y,wsinf + Oy,w cos §)dy),
X | = —e “(—sin(0)0z, + cos(0)0z, — (Op,w cos O + Op,wsinB)0p).

this induces coordinates (x1,z2,e

Fourier decomposition in the fibers. Each smooth function v € C*°(SM) can be
decomposed as

(3.6) U= Zuk, Vuy, = ikuy
keZ

using the Fourier decomposition in the fibers with ||ug| 2 = O(|k|7>°) (see [GK1]) . This
decomposition extends to L2(SM) and induces a splitting L?(SM) = @pez Hy, where elements
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in Hj, correspond to ker(V — ik) and can be represented as L2-sections of k-th power of a
complex line bundle over M. The geodesic vector field X acts as a first order differential
operator on C*°(SM) and can be decomposed as

X=nr+n, ne=3(X+iXy),

where in the decomposition (3.6), ny : Hy — Hyyq for all k € Z. Symmetric cotensors of
order m are embedded as functions in SM by the map 7, : C°(M,QFT*M) — C>*(SM)
as before. The map 7}, is an isomorphism

(3.7) m, CO(M,QFT*M) = (Hp, @ Hyp2 @ -+ ® H_yyyyo ® H_p,) NC(SM),

with sections of S(dz"™ 7 ®dz’) mapped to Hy,_o; by m,. If ¢ € Hy,, we have 7}, T,.q = cing
for some ¢, # 0 depending only on m. The operator X has a splitting

X=X,+X_

where, using (3.7), the action on each H,, is given by X4 = D and X_ = —%D*. We define
the antipodal map A : SM — SM by A(z,v) := (z,—v). In terms of coordinates (z,6),
this is simply the translation of 7 in the 8 component. The action by pull-back on functions
becomes, in the decomposition (3.6),

A*: C®(SM) — C®(SM),  A'u=> (~DFup =D uge = Y ugpyr.

keZ keZ keZ

The kernel of %(Id — A*) consists of functions with even Fourier coefficients in the fibers, the
map 5(Id — A*) has range the set of functions with odd Fourier coefficients. These operator
extend continuously to C~*°(SM) by duality since A is a diffeomorphism, and we shall say
that a distribution is odd (resp. even) if it is in the range (resp. kernel) of (Id — A*). We
can write in general u = Uey + uog for distributions, where u,q := %(Id — A*)u. The operator
X maps odd distributions to even distributions and conversely. Therefore one has

(3.8) weC ®(SM), Xw=0= Xw,q =0 and Xwe, =0.

Szeg6 projector. We now define the Szegd projection in the fibers using decomposition
(3.6)
S:C™(SM) — C™®(SM), Su=» w
k>1
which is the projector on the positive Fourier coefficients. This extends as a self-adjoint
bounded operator on L?(SM), and as a bounded operator on H*(SM) for all s € R. Moreover
an easy computation using X = n, + n_ gives

(3.9) XSu=SXu—mnyup+n_uj.

Let py € C*>(T*SM) be the principal symbol of —iV, it is given by py(y,§) = £(V,). We
first recall a standard result.

Lemma 3.10. The operator S has Schwartz kernel with wave front set contained in

{(y,8,y, =€) € TH(SM) x T*(SM); py (§) = 0}
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Proof. First we notice that the distribution kernel is supported on {my(y) = mo(y)}. Then
it suffices to work locally near a point (zo, 6y, zo,0)) € SM x SM and we use isothermal
coordinates there. The operator S acting on functions supported in a neighborhood of
771 (xg) can be viewed as an operator with a compactly supported distributional kernel on
(R? x S1) x (R% x S1); moreover, this is a convolution operator and the convolution kernel
is given by

. 1 .
S(xz,e?) = 6p(2) ® o Z ekt
k>1

The singular support of S is contained in {0} x S*. Notice that >, e’ = (1 — )~
is smooth outside e = 1, then for any smooth function x on S! which vanishes near 1, the
wave front set of x(e??)S is contained in the conormal bundle N*({0} x S'), and since this
was a convolution kernel, when returning to SM x SM this part has wave front set contained
in the subset {(y,&,y, —£);pv(§) = 0} of the conormal bundle to the diagonal. Now we are
left to analyse the remaining part of the convolution kernel (1—y(e?))S. If 1—y is supported
close enough to 1, we can view this as a distribution on R2 x Ry with Fourier transform

(& 80) = Y (& — k)
k>1
where 1 € C§°(R) is a function equal to 1 near 0 and v (#) = 0 for [#] > m/2. Since
pv(€z,&0) = &p, the Fourier transform decays to all order in all directions & = (£;,&p) so
that py(§) < 0. Coming back to SM x SM, this part has wave front set contained in

{(y7 ga Y, _f);pv (5) Z 0} qed
As a corollary of this, we obtain

Corollary 3.11. Let B € VY(SM) such that Id — B is microsupported outside a conic
neighborhood of {py(¢) = 0}. Let u,v € C~>°(SM) be odd so that Bu, Bv € H>(SM). Then
the multiplication w := S(u).S(v) makes sense as a distribution on SM, w = S(w), and w =
w' +w” for some w' € H*(SM) and some w” with wave front set WF(w") C {py(£) > 0}.
Let uy = S(mimu) and vy = S(nimi,v), then if Xu = Xv =0 and n-u; = n_v; = 0, we
have Xw = 0.

Proof. We write v = v/ + " and v = v +v” with v/ := Bu and v' := Bv. Then
S(u'),S(v") € H*(SM) so that the product w’ := S(u').S(v') make sense as an element in
H2(SM) (recall that H?(SM) C L*(SM)). We have WF(u") C {(y,£);|pv(£)| > 0} by
the microsupport property of B, thus we can use [H62, Theorem 8.2.13] and Lemma 3.10
to deduce that WF(S(u")) C {(y, £);pv(€) > 0} and WF(S(w')) C {(y,€); pv(€) > O}; the
same property holds for S(v') and S(v”). Then by [H62, Theorem 8.2.10], we see that the
multiplication S(u”).S(v) and S(u').S(v"”) make sense as distributions and have wave front
set in {(y,&);pv(§) > 0}. This shows that S(u).S(v) make sense as a distribution and we
have the desired result with w” := S(u”).S(v) + S(u).S(v"). The fact that S(u).S(v) =
S(S(u).S(v)) is straightforward to check by taking sequences uy, v, € C*°(SM) converging
to u,v € C~°(SM) as n — oo and using that the equality S(S(u,)S(v,)) holds for all
n. Moreover, if u,v are odd, in ker X and n_u; = n_v; = 0, we deduce from (3.9) that
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XS(u) = XS(v) = 0 and thus X(S(u).S(v)) = 0, again by approximating by smooth
functions in the distribution topology. This completes the proof. q.e.d.

Proof of Injectivity of X-ray on tensors. We can now prove

Theorem 3.12. On a Riemannian surface with Anosov geodesic flow, then for all m >0
we have ker I,,, Nker D* = 0.

Proof. First we claim that for f; € Hy N C°°(SM) which satisfies n_ f; = 0, then Vs > 0
Jw e C™°(SM) odd , Xw =0, m,w = m1,[1,
3B € ¥9(SM), WF(Id — B) N {py(£) =0} = 0, Bw € H*(SM).

Indeed, the condition D*(m1,f) = 0 becomes n4f_1 +n-f1 = 0if f € C°(M,T*M) and
i f = fi+ f-1,s0if f_; =0, the condition n_ f; = 0 and Corollary 3.8 insure that for each
s > 0 there is w € Ny<oH"(SM) so that Xw = 0 and 71, w = 71, f1, and such that for any
B’ € ¥9(SM) with microsupport not intersecting E U E¥, B'w € H*(SM). We have that
pv(€) #0on (E:UEY)\{0} since {py(§) = 0} is the conormal to the fibers of SM — M (ie.
the annihilator of the vertical space of SM) and E; U E? intersect it only at £ = 0, therefore
we can choose B’ so that WF(Id — B')N{py(§) = 0} = 0 and WF(B")N(E}UE¥) = (). Next
we take the odd part weq of w, then Xwoq = 0 and 71, (woq) = m14f1. If A is the antipodal
map, we get A*(B'w) € H*(SM) and if w' := w — B'w we have WF(w") N {py(§) =0} =0
and by [H62, Theorem 8.2.4],

WE(A"w') € {(y, (dA)7€); (A(y),€) € WF(w')}
(

But since dA,.V, = Vy,) we have py(y, (dATf)) = py(A(y),€) and thus WF(A*w') C
{pv(€) # 0} (in fact A = €™ and py(€) is constant under the Hamilton flow of py). Now
since woq = 3 (w' — A*w') + 3 (B'w — A* B'w), we have shown (3.10) by choosing B € \IIO(SM)
so that WF(Id—B)N{pv(§) =0} =0, B(Id—B’) € ¥=>°(SM) and WF(B)NWF(4A*w’) = 0.
Next we show

(3.10)

Proposition 3.13. Assume that M is a non hyperelliptic surface with Anosov geodesic
flow. Let f € C°(M,FT*M) for some m, and assume that there exists u € C*°(SM) with
Xu=mn}f. Then u=m} _,q for some q € C*(M, ®?_1T*M), or equivalently f = Dq.

Proof. We follow the proof of Theorem 9.3 in [PSU1]. We will do the proof by induction
on m: let m > 2 and assume that we have shown that for all ¢ < m, if Xu = f for some
fe @gon[_Qj and u € C*°(SM) then u € @?;(1)]’]4_1_2]'. This is true for m = 2 by the
result of [PSU1]. Without loss of generality, let f € C°°(M,®%T*M) be real valued, that
we decompose into irreducible components

Mo f = fm 4 fm—2+ -+ foom + fm with f; € Hj.

Assume that there exists u € C*°(SM) real so that Xu = f. We have the orthogonal
decomposition

fm =0+ (hm—1) + Gm with hy,—1 € Hyoy NC(SM), g € Hp Nkern_.
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Then we have X(u — hypm—1) = Gm — N—(hm-1) + fm—2 + -+ + fom + fom. We use Max
Noether’s theorem as in [PSU1, Theorem 9.3], this implies that ¢, is a finite sum ¢, =
> kenm Ok - - - Ok, for some ay, € H1 N C®(SM) and n_ay; = 0. By (3.10), there exists
wy; € C°°(SM) so that Xwy, = 0, m1,wg; = ax; and there is B € WO(M) so that WF(Id —
B) C {pv(§) # 0} and Bwy, € H*(SM) for all j. By Corollary 3.11 applied inductively, one
can define the product w := Y, cxm S(wg,) ... S(wg,,) which satisfies Xw = 0. By viewing
each wy; as limit of smooth functions, ng when n — oo we also see that, since the product
of m elements S (w}gj) satisfies

T (S(wg, ) - S(wy, ) = i (wy,) - . T (wg,)
then we have by taking the limit n — oo that m,,,w = T4qm, and similarly 7y, w = 0 for
¢ < m. We then have, using 7, T «@m = C¢m@m and myw = 0 for £ < m,

CmllgmlTz = (T (Tmat0), gm) = (w, X (u = hin-1)) = ~(Xw,u — hyp-1) =0

and the last equality makes sense since % — h,,_1 is smooth. Since f is real, f_,, = fmn =
N—(hm-1), and we get

m—2
X(u - hm—l - hm—l) - _77+(hm—1) - n—(hm—l) + fm—2 + -+ f2—m S @ Hm—2—2j-
§=0
By the induction assumption, v — b1 — A1 € 69;”:_03Hm,3,2j and we have proved the
induction. This achieves the proof of the Proposition by using the description (3.7) of sym-
metric tensors in terms of elements in Hy N C*°(SM). q.e.d.

To conclude the proof of Theorem 1.4, it suffices to use the argument of the proof of
Theorem 1.1. in [PSU1]: M has a normal cover N which is non hyperelliptic and lifting
the problem to N, we reduce the proof to the case of non hyperelliptic surfaces. Take
feC®(M,x%T*M) with I,(f) = 0, then Livsic theorem tells us that there is u € C*°(SM)
such that Xu = 7, f. Then Proposition 3.13 ends the proof. q.e.d.
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