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ABSTRACT. For a Riemannian manifold (M, g) with strictly convex boundary M,
the lens data consists in the set of lengths of geodesics v with endpoints on OM, to-
gether with their endpoints (z_,z4) € OM x 9M and tangent exit vectors (v_,vy) €
T, M x T, M. We show deformation lens rigidity for manifolds with hyperbolic
trapped set and no conjugate points, a class which contains all manifolds with nega-
tive curvature and strictly convex boundary, including those with non-trivial topology
and trapped geodesics. For the same class of manifolds in dimension 2, we prove that
the set of endpoints and exit vectors of geodesics (ie. the scattering data) determines
the Riemann surface up to conformal diffeomorphism.

1. INTRODUCTION

In this work, we study a geometric inverse problem concerning the recovery of a
Riemannian manifold (M, g) with boundary from informations about its geodesic flow
which can be read at the boundary. Different aspects of this problem have been
extensively studied by [Mu, Mi, Crl, Ot, Sh, PeUh, StUh1, Bulv, CrHe], among others.
It also has applications to applied inverse problems, in geophysics and tomography.
Our results concern the case of negatively curved manifolds with convex boundaries
and more generally manifolds with hyperbolic trapped sets and no conjugate points.
In those settings we resolve the deformation lens rigidity problem in all dimensions
and in dimension 2 we show that the lens data (and actually the scattering data)
determine the Riemann surface up to conformal diffeomorphism. The difference with
most previous works is allowing trapping and non-trivial topology; we obtain the first
general results in that case. With this aim in view, we introduce new methods making a
systematic use of recent analytic methods introduced in hyperbolic dynamical systems
[Li, FaSj, FaTs, DyZw, DyGu2].

1.1. Negative curvature. Let (M,g) be an n-dimensional oriented compact Rie-
mannian manifolds with strictly convex boundary 0M (ie. the second fundamental
form is positive). The incoming (-) and outgoing (+) boundaries of the unit tangent
bundle of M are denoted

0:SM = {(z,v) e TM;x € OM, |v|,, =1, Fg.(v,v) > 0}
1
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where v is the inward pointing unit normal vector field to M. For all (z,v) € 0_SM,
the geodesic 7(; ) with initial point 2 and tangent vector v has either infinite length or
it exits M at a boundary point 2’ € M with tangent vector v’ with (z/,v") € 0, SM.
We call £,(x,v) € [0,00] the length of this geodesic, and if I'_ C 0_SM denotes the
set of (z,v) € _SM with {,(x,v) = oo, we call Sy(x,v) := (2/,v") € 0,SM the exit
pair or scattering image of (x,v) when (z,v) ¢ I'_. This defines the length map and
scattering map

0y 0_SM —[0,00], S,:0_SM\T_ — 0, SM. (1.1)

and the lens data is the pair (¢,, S;). The lens data do not (a priori) contain information
on closed geodesics of M, neither do they on geodesics not intersecting M.

If (M, g) and (M, ¢') are two Riemannian manifolds with the same boundary N and
glrn = ¢'|rw, there is a natural identification between d_SM and 9_SM’ since 0_SM
can be identified with the boundary ball bundle BN := {(x,v) € T'N;|v|, < 1} via
the orthogonal projection 0SM — BN with respect to g (and similarly for (M, ¢")).
The lens rigidity problem consists in showing that, if (M,g) and (M’,¢’) are two
Riemannian manifold metrics with strictly convex boundary and OM = OM’, then

0y =1ly, S, =Sy = 3¢ € Diff(M'; M), ¢*g =g, dlorr = 1d. (1.2)

When (¢,,S,) = ({y,Sy), we say that (M, g) and (M', ¢') are lens equivalent, while if
Sy =S¢ we say that they are scattering equivalent.

Our first result is a deformation lens rigidity statement which holds in any dimension
(this follows from Theorem 4 below):

Theorem 1. For s € (—1,1), let (M, gs) be a smooth 1-parameter family of metrics
with negative curvature on a smooth n-dimensional manifold M with strictly convex
boundary, and assume that gs is lens equivalent to go for all s, then there exists a
family of diffeomorphisms ¢s which are equal to Id at OM and with ¢igo = gs.

In dimension 2, we show that the scattering data determine the conformal structure
(this is a corollary of Theorem 3 below):

Theorem 2. Let (M,g) and (M',q") be two oriented negatively curved Riemannian
surfaces with strictly convex boundary such that OM = OM' and g|lronr = ¢ |romr- If
(M, g) and (M',g") are scattering equivalent, then there is a diffeomorphism ¢ : M —
M’ such that ¢*g' = e**g for some w € C*(M) and ¢|on = Id, wlspy = 0.

In the special case of simple manifolds, these results correspond to the much studied
boundary rigidity problem, which consists in determining a metric (up to a diffeo-
morphism which is the identity on dM) on an n-dimensional Riemannian manifold
(M, g) with boundary OM from the distance function d, : M x M — R restricted to
OM x OM. A simple manifold is a manifold with strictly convex boundary such that
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the exponential map exp, : exp, (M) — M is a diffeomorphism at all points x € M.
Such manifolds have no conjugate points and no trapped geodesics (ie. geodesics en-
tirely contained in M° := M \ OM), and between two boundary points x,z’ € oM
there is a unique geodesic in M with endpoints z,2’. Boundary rigidity for simple
metrics was conjectured by Michel [Mi] and has been proved in some cases:

1) If (M, g) and (M, ¢') are conformal and lens equivalent simple manifolds, they are
isometric; this is shown by Mukhometov-Romanov, Croke [Mu, MuRo, Cr2].

2) If (M, g) and (M', ¢') are lens equivalent simple surfaces (n = 2), they are isometric.
This was proved by Otal [Ot] in negative curvature and by Croke [Crl] in non-positive
curvature. For general simple metrics, Pestov-Uhlmann [PeUh] proved that the scat-
tering data determine the conformal class and, combined with 1), this shows Michel’s
conjecture for n = 2.

3) If g and ¢’ are simple metrics that are close enough to a given simple analytic metric
go, and are lens equivalent, then they are isometric. This was proved by Stefanov-
Uhlmann [StUh1]. All metrics C?-close to a flat metric gy on a smooth domain of R"
is boundary rigid, this was proved by Burago-Ivanov [Bulv].

4) A 1-parameter smooth family of simple non-positive curved metrics with same lens
data are all isometric, this was shown by Croke-Sharafutdinov [CrSh].

Thus, Theorem 2 is similar to Pestov-Uhlmann’s result in 2) for a class of non-simple
surfaces and Theorem 1 extends 4). We emphasize that in our case, there are typi-
cally infinitely many trapped geodesics (and closed geodesics) and this provides the
first general rigidity result in presence of trapping. In fact, when there are trapped
geodesics or when the flow has conjugate points, there exist lens equivalent metrics
which are not isometric, see Croke [Cr2] and Croke-Kleiner [CrKl]. So far, only results
of lens rigidity in very particular cases were proved in case of trapped geodesics:

5) Croke-Herreros [CrHe| proved that a 2-dimensional negatively curved or flat cylinder
with convex boundary is lens rigid. Croke [Cr3] showed that the flat product metric
on B, x St is scattering rigid if B, is the unit ball in R".

6) Stefanov-Uhlmann-Vasy [SUV] proved that the lens data near M determine the
metric near M for metrics in a fixed conformal class, and more generally they recover
the metric outside the convex core of M under convex foliations assumptions.

7) For the flat metric on R™\ O where O is a union of strictly convex domains, Noakes-
Stoyanov [NoSt] show that the lens data for the billiard flow on R™ \ O determine O.

If SM = {(z,v) € TM;|v|,,} is the unit tangent bundle and SM° its interior, the
trapped set K C SM?° of the geodesic flow is the set of points (z,v) € SM° such
that the geodesic passing through x and tangent to v does not intersect the boundary
0SM; K is a closed flow-invariant subset of SM*° which includes all closed geodesics.
In results 5) above, the trapped set has a simple structure, it is either two disjoint
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closed geodesics or an explicit smooth submanifold; in 6), it can be anything but the
result allows only to determine the metric near M, which is the region of M with no
trapped geodesics. In comparison, in our case (in Theorem 1 and 2), the trapped set is
typically a complicated fractal set. For instance, in constant negative curvature they
have Hausdorff dimension given in terms of the convergence exponent of the Poincaré
series for the fundamental group (see [Su]).

1.2. More general results. As mentioned above, the results obtained in negative
curvature are particular cases of more general theorems. For ¢ € R, we denote by ¢;
the geodesic flow at time t on SM, ie. @i(x,v) = (x(t),v(t)) where x(t) is the point
at distance ¢ on the geodesic generated by (x,v) and v(t) = @(t) the tangent vector.
We say that the trapped set K is a hyperbolic set if there exists C' > 0 and v > 0 so
that for all y = (x,v) € K, there is a continuous flow-invariant splitting

T,(SM) = RX(y) @ Eu(y) @ Es(y) (1.3)
where F,(y) and E,(y) are vector subspaces satisfying
ldee(y)wl] < Ce™[[w]], ¥t >0,Yw e Ey(y),

1.4
ldgi(y)w]| < CeMfwl], ¥t <0,Yw € E,(y). -

Here the norm is the Sasaki norm on SM induced by g. This setting is quite natural
and ‘interpolates’ between the simple domain case (open, no trapped set) and the
Anosov case (closed manifolds with hyperbolic geodesic flow). Negative curvature
near the trapped set implies that K is a hyperbolic set, see [KI2, §3.9 and Theorem
3.2.17], but although this is the typical example, negative curvature is a priori not
necessary for that to happen. We show

Theorem 3. Let (M, g) and (M’, ") be two oriented Riemannian surfaces with strictly
convez boundary such that OM = OM' and g|lronr = ' |romr. Assume that the trapped
set of g and g' are hyperbolic and that the metrics have no conjugate points. If (M, g)
and (M',g") are scattering equivalent, then there is a diffeomorphism ¢ : M — M’
such that ¢*g' = e**g for some w € C®(M) and ¢|on = Id, w|snr = 0.

In all dimension we obtain a deformation rigidity result:

Theorem 4. Let M be a smooth compact manifold with boundary, equipped with a
smooth 1-parameter family of lens equivalent metrics g5 for s € (—1,1) and assume
that OM 1is strictly convex for gs for each s. Suppose that, for all s, gs have hyperbolic
trapped set.

1) If for all s, g5 is conformal to go and has no conjugate points, then gs = go.

2) If gs has non-positive curvature, then there exists a family of diffeomorphisms ¢
which are equal to Id at OM and with ¢gy = gs.



LENS RIGIDITY FOR MANIFOLDS WITH HYPERBOLIC TRAPPED SET 5

Theorem 2 and 1 follow from these results: negatively curved metrics satisfy the
assumptions of both theorems since these have no conjugate points. Hyperbolicity of
K is a stable condition by small perturbations of the metric, and there is structural
stability of hyperbolic sets for flows (see [Hal{a, Chapter 18.2] and [Ro]), which justifies
the study of infinitesimal rigidity in that class of metrics. Other natural examples of
such manifolds are strictly convex subset of closed manifold with Anosov geodesic
flows.

1.3. X-ray transform and Livsic type theorem. One of the main tools for proving
the results above is a precise analysis of the X-ray transform on tensors for manifolds
with hyperbolic trapped set and no conjugate points. The X-ray transform of a func-
tion f on M is defined to be the set of integrals of f along all possible geodesics with
endpoints in M, this is described by the operator

Ly (z,v)
Iy : C(M) — C=(0_SM\T_), Iof(x,v):/o F(mo( (e, v)))dt

where my : SM — M is the projection on the base. We prove injectivity of /:

Theorem 5. Let (M, g) be a Riemannian surface with strictly convex boundary, hy-
perbolic trapped set and mo conjugate points. Then for each p > 2, the operator
Io: LP(M) — L*(0_SM) is bounded and injective.

We prove a similar theorem for the X-ray transform on 1-forms, and when the curva-
ture is non-positive, for m-symmetric tensors (see Theorem 6 for a precise statement).
We also obtain surjectivity of I and prove that I, is an elliptic pseudo-differential
operator. An important aspect of our analysis that is somehow surprising is that, even
though the flow has trapped trajectories, the X-ray transform still fits into a Fredholm
type problem like it does for simple domains. The main tool to show injectivity of I is
a Livsic theorem of a new type. Indeed, a Holder Livsic theorem exists on the trapped
set [HaKa, Th. 19.2.4] but this is not very useful for our purpose. The result we need
and prove in Proposition 5.5 is the following: if f € C°°(SM) integrates to 0 along
all geodesics relating boundary points of M, then there exists u € C*°(SM) satisfying
Xu = f and ulgsy = 0. The method to prove this uses strongly the hyperbolicity of
K, and a novelty here is that we make use of the theory of anisotropic Sobolev spaces
adapted to the dynamic, which appeared recently in the field of hyperbolic dynamical
systems (typically on Anosov flows [Buli, FaSj]) and exponential decay of correlations
[Li]. To perform this analysis, we use microlocal tools developed recently in joint
work with Dyatlov [DyGu2] for Axiom A type dynamical systems. Another impor-
tance of this method is that it should give local uniqueness and stability estimates in
any dimension for the boundary distance function in the universal cover (combining
with methods of [StUhl, StUh3]) and allow to deal with more general questions, like
attenuated ray transform.



6 COLIN GUILLARMOU

We also notice that a byproduct of Theorem 5 (using [DKLS, Th. 1.1]) is the
existence of many new examples with non-trivial topology and complicated trapped
set where the Calderén problem can be solved in a conformal class.

1.4. Comments. 1) First, we notice that the assumption g = ¢’ on TOM in Theorem
3 is not a serious one and could be removed by standard arguments since, by [LSU],
the length function near 9pSM := {(z,v) € 0SM; (v,v) = 0} determines the metric
on TOM (we would then have to change slightly the definition of Sy, as in [StUh3]).

2) A part of this work (in particular Section 4.3) deals with very general assumptions
(no hyperbolicity assumption on K and no assumptions on conjugate point) to describe
solutions of the boundary value problems for transport equations in SM.

3) Contrary to the simple metric setting, the lens equivalence between two met-
rics does not induce a conjugation of geodesic flows, which makes the problem more
difficult.

4) As pointed out to me by M. Salo, Theorem 5 is sharp in the sense that if there
exists a flat cylinder C = ((—¢,¢), x (R/aZ)g,dr* + db?) (with a > 0) embedded in
a surface with strictly convex boundary, then it is easy to check that ker I is infinite
dimensional and contains all functions f compactly supported in C, depending only on
T with f; f(r)dT = 0. In this case the trapped is of course not hyperbolic.

5) To prove Theorem 3, we show that the scattering map S, determines the space
of boundary values of holomorphic functions on any surface with hyperbolic trapped
set, no conjugate points. This result was first shown by Pestov-Uhlmann [PeUb] in
the case of simple domains. We use their commutator relation between flow and
fiberwise Hilbert transform, but we emphasize that due to trapping, several important
aspects of their proof relating scattering map and boundary values of holomorphic
functions are much more difficult to implement. To obtain the desired result, we need
to address delicate questions which are absent in the non-trapping case: we need to
solve boundary value problems for the transport equations in low regularity spaces
and understand the wavefront set of solutions, we need to describe boundary values of
invariant distributions in SM with certain regularity only in terms of the scattering
map Sy, we also need to prove injectivity of X-ray transform on 1-forms in certain
negative Sobolev spaces. The use of the recent joint paper with Dyatlov [DyGu2] is
fundamental, and hyperbolicity of the flow on K is very important to address these
problems. The space of boundary values of holomorphic functions allows to recover
(M, g) up to a conformal diffeomorphism by the result of Belishev [Be]. We are not
able to prove that the lens data determine the conformal factor. We think that it does
but it is not an easy matter: indeed, all proofs known in the simple domain case seem
to fail in our setting due to the fact that there is an infinite set of geodesics between
two given boundary points and the problem is that we do not know if the geodesics
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starting at (z,v) € 0_SM for lens equivalent conformal metrics ¢ = ¢*g and g are
homotopic. The difficulty of this question is related to the fact that small perturbations
of the metric induce large perturbations for the geodesics passing through a fixed
(z,v) € 0_SM if £,(z,v) is large, thus allowing for huge changes of the homotopy
class to which the geodesic belongs.

Ackowledgements. We thank particularly S. Dyatlov for the work [DyGu2], which
is fundamentally used here. Thanks also to V. Baladi, S. Gouézel, M. Mazzucchelli,
F. Monard, V. Millot, F. Naud, G. Paternain, S. Tapie, G. Uhlmann, M. Zworski
for useful discussions and comments. The research is partially supported by grants
ANR-13-BS01-0007-01 and ANR-13-JS01-0006.

2. GEOMETRIC SETTING AND DYNAMICAL PROPERTIES

2.1. Extension of SM and the flow into a larger manifold. It is convenient to
view (M, g) as a strictly convex region of a larger smooth manifold (M , §) with strictly
convex boundary, and to extend the geodesic vector field X on SM into a vector field
X, on SM which has complete flow, for instance by making X, vanish at SM.

Let us describe this construction. Near the boundary oM, let (p,z) be normal
coordinates to the boundary, ie. p is the distance function to M satistying |dp|, =1
near OM and z are coordinates on M. The metric then becomes g = dp* + h, in
a collar neighborhood [0, 6], x dM of OM for some smooth 1-parameter family h, of
metrics on M and the strict convexity condition means that the second fundamental
form —0,h,,|,—o is a positive definite symmetric cotensor. We extend smoothly h, from
p € [0,0] to p € [—1,6] as a family of metrics on OM satisfying —d,h, > 0 for all
p € [—1,0]. We can then view M as a strictly convex region inside a larger manifold
M. with strictly convex boundary as follows. First, let £ = 0M x [—1,0], be the
closed cylindrical manifold, and consider the connected sum M := M U E where we
glue the boundary {p = 0} ~ M of E to the boundary OM of M; then we put a
smooth structure of manifold with boundary on M extending the smooth structure of
M, we extend the metric g smoothly from M to M by setting § = dp? + h, in E. Each
hypersurface {p = ¢} with ¢ € [—1,0] is strictly convex. We now set the extension

M, = {yeM; y € M orye Eand p(y) € [—¢,0]}

of M for e > 0 fixed small, so that (M., g) is a manifold with strictly convex boundary
containing M and contained in M. Tt is easily checked that the longest connected
geodesic ray in SM, \ SM° has length bounded by some L < oo. When (M, g) has
no conjugate point and hyperbolic trapped set, it is possible to choose ¢ small enough
so that (M., g) has no conjugate point either (see Section 2.3), and we will do so each
time we shall assume that (M, g) has no conjugate point. We denote by X the geodesic
vector field on the unit tangent bundle S M of M with respect to the extended metric
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g. Let us define py € C®(M) so that near E, py = F(p) is a smooth nondecreasing
function of p satisfying F(p) = p + 1 near p = —1, and so that {py = 1} = M..
Denote by 7 : SM — M the projection on the base, then the rescaled vector field
Xo :=75(po) X on SM has the same integral curves as X, it is complete and Xy = X
in the neighborhood SM, of SM. The flow at time ¢ of X, is denoted ¢;, and by strict
convexity of M (resp. M,) in M, @ is also the flow of X in the sense that for all y in
SM (resp. in SM.) one has 0yp;(y) = X (¢:(y)) for t € [0,%o] as long as ¢y, (y) € SM
(resp. ¢, (y) € SM,).
We shall denote M° and M for the interior of M and M..

2.2. Incoming/outgoing tails and trapped set. We define the incoming (-), out-
going (+) and tangent (0) boundaries of SM and SM,

0+:SM = {(z,v) € 0SM;+dp(X) > 0}, 0:SM, :={(z,v) € 0SM.;+dp(X) > 0},
OoSM = {(z,v) € 0SM;dp(X) =0}, 0SM, = {(x,v) € ISM;dp(X) = 0}.
For each point (z,v) € SM, define the time of escape of SM in positive (+) and

negative (-) time:
Ui (z,v) =sup {t > 0; p(x,v) € SM} C [0, 400],

2.1
(_(x,v) =1inf {t < 0;¢(x,v) € SM} C [—00,0]. (2.1)
Definition 2.1. The incoming (-) and outgoing (+) tail in SM are defined by
Ps = {(z,v) € SM;l+(w,v) = £oo} = () o:(SM)
>0
and the trapped set for the flow on SM is the set
K:=T,NnT_=()@(SM). (2.2)

teR

We note that I'L and K are closed set and that K is globally invariant by the flow.
By the strict convexity of M, the set K is a compact subset of SM® since for all
(x,v) € OSM, p(z,v) € SM \ SM for either all ¢ > 0 or all £ < 0.

Moreover, it is easy to check ([DyGu2, Lemma 2.3]) that 'y are characterized by
yel'y < d(ei(y), K) — 0ast— Foo (2.3)

where d(-,-) is the distance induced by the Sasaki metric. We then extend I'y to
SM by using the characterization (2.3); the sets 'y are closed flow invariant subsets
of the interior SM° of SM. By strict convexity of the hypersurfaces {p = ¢} with
¢ € (—1,0], each point y € SM with p(y) € (—1,0] is such that d(g(y),dSM) — 0
either as t — +o00 or t — —oo, and thus for all ¢ € (0,1)

K= ﬂ oi({po > c}) = ﬂ Pi(SMe).

teR teR
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SM

+ 1

SMe.

FIGURE 1. The manifold SM and SM,

We also remark that the strict convexity of 9M and dM, implies
F-NoSM =T':N0SM, T':NISM,=T+N0xSM,. (2.4)
Using the flow invariance of Liouville measure in SM,, it is direct to check that (see
the proof of Theorem 1 in [DyGul, Section 5.1])
Vol(K) =0 < Vol(SM.Nn(I'_uTly))=0. (2.5)
where the volume is taken with respect to the Liouville measure.

The hyperbolicity of the trapped set K is defined in the Introduction, and there is
a flow-invariant continuous splitting of 75 (SM) dual to (1.3), defined as follows: for
ally € K, T,;(SM) = E;(y) @ Ei(y) © E;;(y) where

EXE,®RX)=0, EE,®RX)=0, FE(E.,®E,)=0.

We note that £f = Ra where « is the Liouville 1-form.

2.3. Stable and unstable manifolds. Let us recall a few properties of flows with
hyperbolic invariant sets, we refer to Hirsch-Palis-Pugh-Shub [HPPS, Sec 5 and 6],
Bowen-Ruelle [BoRu] and Katok-Hasselblatt [Hal{a, Chapters 17.4, 18.4] for details.
For each point y € K, there exist global stable and unstable manifolds W(y) and W, (y)
defined by

Wi(y) == {y' € SM°;d(¢iy), i(y)) — 0, — +00},

Wu(y) == {y' € SM°;d(@i(y), :(y/)) = 0, — —o0}
which are smooth injectively immersed connected manifolds. There are local sta-
ble/unstable manifolds W¢(y) C Ws(y), Wi(y) C Wu(y) which are properly embedded
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disks containing y, defined by
Wily) ={y € Wi(y); Vt = 0, d(ee(y), 22 (y))
We(y) :={y' € Wu(y); ¥t > 0, d(p-i(y), p-(¥)) < €}
for some small € > 0,
e (Wi (y)) € Wile(y)) and o (Wi(y)) € Wile-i(y)),
T,Wi(y) = Edy), and T,Wi(y) = Eu(y),

The regularity of W, (y) and Wy(y) with respect to y is Holder. We also define

Wo(K) i= Uy Waly), WalK) = UpereWa(y),

WEK) == UyexWi(y), Wi(K) :=UyexWi(y).
The incoming/outgoing tails are exactly the global stable/unstable manifolds of K:

Lemma 2.2. If the trapped set K is hyperbolic, then the following equalities hold
I =WyK), TI'y=W.(K).

Proof. By (2.3), Ws(K) C I'_ and W, (K) C I'y. Then W(K)NWS(K) C K, and
thus K has a local product structure in the sense of [Hal{a, Definition p.272 |]. Now
from this local product structure, [HPPS, Lemma 3.2 and Theorem 5.2] show that for
any € > 0 small, there is an open neighbourhood Vx of K such that

{y € SM,; pi(y) € Vi, Vt > 0} C W(K) (2.6)

which means that any trajectory which is close enough to K is on the local stable
manifold for ¢ large enough. The same hold for negative time and unstable manifold.
A point y € T'_ satisfies d(¢:(y), K) — 0 as t — 400, thus for ¢ large enough the orbit
reaches Vi and thus ¢;(y) € WE(K) for ¢ > 1 large. We conclude that y € W,(K).
Similarly I"y € W, (K) and this achieves the proof. O

For each yy € K, we extend the notion of stable susbpace, resp. unstable subspace,
to points on the W¢(yg) submanifold, resp. W¢(yo) submanifold, by

E_(y) :=T,Wi(y) if y € W(yo), Ei(y):=T,Wi(yo) if y € We(wo).

These subbundles can be extended to subbundles F, C Tt SM, over I'y in a flow
invariant way (by using the flow), and we can define the subbundles £} C Ty, SM, by

EiL(ELy ®RX) =0 over I'y. (2.7)

By [DyGu2, Lemma 2.10], these subbundles are continuous, invariant by the flow and
satisfy the following properties (we use Sasaki metric on SM):

1) there exists C' > 0,y > 0 such that for all y € I'y and £ € Ef(y), then
[l (y)Tell < CeMgll,  Ft>0 (2.8)
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2) for (y,&) € Ty, SM, such that £ ¢ E7} and £(X) = 0, then
dey ' (y)"€
lder " ()"l
3) The bundles £} extend E} and E in the sense that E*|x = EY and E7 |[x = E.

ldey ' ()" €]] = oo and — Bk as t — Foo, (2.9)

The dependance of E7 (y) with respect to y is only Holder. The bundles £ can be
thought of as conormal bundles to 'y (this set is a union of smooth leaves parametrized
by the set K which has a fractal nature). The differential of the flow dy, is exponen-
tially contracting on each fiber E_(y), the proof of Klingenberg [KI, Proposition p.6]
shows

¢¢ has no conjugate points = E_ NV = {0} if V := ker dn (2.10)

where 7y : SM — M is the projection on the base. Similarly, £, NV = {0} in that
case. These properties imply

Lemma 2.3. If (M,g) has hyperbolic trapped set, strictly conver boundary, and no
conjugate points, we can choose € > 0 small enough in Section 2.1 so that the extension
(M., g) has not conjugate points.

Proof. Indeed if it were not the case, there would be (by compactness) a sequence of
points (z,,v,) € SM.\ SM converging to (z,v) € 0_-SM UySM and (x,v],) € SM,
converging to (z’,v') € SM, and geodesics 7, passing through (z,,v,) and (z),, ),
with x,, and z!, being conjugate points for the flow of the extension of g. Note that
(x,v) = (a',0") is prevented by strict convexity of OM. By compactness, if the length
of 7, is bounded, we deduce that z, 2" are conjugate points on M, which is not possible
by assumption. There remains the case where the length of v, is not bounded, we can
take a subsequence so that the length ¢, — +o00. Then (z,v) € I'_, and there is
w, € V = kerdmy of unit norm for Sasaki metric such that dyy, (x,,v,).w, € V. We
can argue as in the proof of [DyGu2, Lemma 2.11]: by hyperbolicity of the flow on K,
for n large enough, dyy, (z,,v,).w, will be in an arbitrarily small conic neighborhood
of E, thus it cannot be in the vertical bundle V. This completes the argument. [

Finally, let us denote by
Ly : OLSM — SM,, +:0SM — SM, (2.11)
the inclusion map, and define

E} o= (die)"EL C T*(0+SM). (2.12)
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2.4. Escape rate. An important quantity in the study of open dynamical systems
is the escape rate, which measures the amount of mass not escaping for long time.
This quantity was studied for hyperbolic dynamical systems by Bowen-Ruelle, Young
[BoRu, Yo]. First we define the non-escaping mass function V(t) as follows

V(t) := Vol(T..(t)), with
To(t) :=={y € SM; pu,(y) € SM for s € [0,1]}.

and Vol being the volume with respect to the Liouville measure du. The escape rate
@ < 0 measures the exponential rate of decay of V()

(2.13)

1
Q = limsup;log V(t). (2.14)

t——+o0

Notice that, since ¢; preserves the Liouville measure in SM, we have
Vol(T (1)) = Vol(T_ (1))

since the second set is the image of the first set by ;. Consequently, we also have
Q = limsup,_, , , 1 log Vol(7_(t)). We define J, the unstable Jacobian of the flow

Ju(y) := —0;(det d¢t(?/)|Eu(y))|t:0

where the determinant is defined using the Sasaki metric (to choose orthonormal bases
in F,). The topological pressure of a continuous function f : K — R with respect
to ¢, can be defined by the variational formula P(f) := sup, ey, k) (b (@1) + [ fdv)
where Inv(K) is the set of ¢-invariant Borel probability measures and h,(¢1) is the
measure theoretic entropy of the flow at time 1 with respect to v (e.g. P(0) is just the
topological entropy of the flow).

We gather two results of Young [Yo, Theorem 4] and Bowen-Ruelle [BoRu, Theo-
rem 5| on the escape rate in our setting.

Proposition 2.4. If the trapped set K is hyperbolic, the escape rate () is negative and
given by the formula
Q = P(J.). (2.15)

Proof. Formula (2.15) is proved by Young [Yo, Theorem 4] and follows directly from the
volume lemma of Bowen-Ruelle [BoRu]. The pressure P(.J,) of the unstable Jacobian
Jy, for 1 on K is equal to the pressure P(J,|q) of J, for ¢1 on the non-wandering set
Q) C K of ¢q, see [Wa, Corollary 9.10.1]. By the spectral decomposition of hyperbolic
flows [Hal{a, Theorem 18.3.1 and Exercise 18.3.7], the non-wandering set 2 decom-
poses into finitely many disjoint invariant topologically transitive sets Q = UN Q) for
¢1. By [HaKa, Corollary 6.4.20], the periodic orbits of the flow are dense in 2. By
[HPPS, Proposition 7.2], each component ; of Q has local product structure, and
thus, according to [HaKa, Theorem 18.4.1] (see also [HPPS]), it is locally maximal;
each €; is a basic set in the sense of Bowen-Ruelle [BoRu].
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Then we can use the result of Bowen-Ruelle [BoRu, Theorem 5] which gives the
following equivalence

P(Ju]q,) <0 <= ; is not an attractor for ¢; <= Vol(W,(€;)) =0.  (2.16)

where W(€;) := Uyeq,Ws(y) is the stable manifold of €2;. Suppose that one of the
sets 2; is an attractor, then W(£2;) has positive Liouville measure, implying that
Vol(I'_) > 0, thus Vol(K) > 0 by (2.5). Since Liouville measure is flow invariant on
K, we have Vol(K) = Vol(€2) by [Wa, Theorem 6.15] and thus there is §2; with positive
Liouville measure. Now we can conclude with the argument of [BoRu, Corollary 5.7]:
Vol(W,(€2;)) > 0 and Vol(W,(€2;)) > 0 so that 2, is an attractor for both ¢y and ¢_;
by (2.16), and this implies that W, (92;) = ©Q; (as an attractor of ;) and W, (€;) is
open (as an attractor of ¢_;), thus Q; = K = SM since SM is connected. But under
our geometric assumption (OM is strictly convex) this is not possible. We conclude
that @ = P(J"|q) < 0. O

This of course implies that Vol(I'_ UT'y) = 0. Near 0.SM, we have {px(y) €
SM;t € [0,¢),y € 0SM NTL} C T'y and since for U a small open neighborhood of
0+SM N T4 the map

(t.y) €[0,€) x U pxe(y) € SM

is a smooth diffeomorphism onto its image (the vector field X is transverse to 0.SM
near 'y by (2.4)), we get

VOlaSM(Fi N 8iSM) = 0; (2.17)

where the measure on 0SM is denoted dpgsy and given by dugsa (x,v) = |dvol,(x) A
dS,(v)| with h = gloar and dS,(v) the volume form on the sphere S, M.

The flow on SM, shares the same properties as on SM and the trapped set on SM
and on SM, are the same, the discussion above holds as well for SM,, and in particular

1
@ = limsup i log Vol({y € SM,; ¢1s(y) € SM, for s € [0,t]}) < 0. (2.18)

t—+o00

2.5. Santalo formula. There is a measure on dSM which comes naturally when
considering geodesic flow in SM, we denote it du, and it is given by

dpy, (x,v) = [{(v, V)| duasa (z,v) = |(v,v)] |dvol,(z) A dS.(v)]. (2.19)

where v is the inward unit normal vector field to M in M. This measures is also equal
to [t*(ixp)|. When Vol(I'_ UT'y) = 0, then (2.17) holds and we can apply Santalo
formula [Sa] to integrate functions in SM, this gives us: for all f € L'(SM)

by (z0)
[ fin - / . / F (e, v))dt dpy (2, v) (2.20)
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with ¢, defined in (2.1). Extending f to SM, by 0 in SM \ SM, (2.20) can also be
rewritten

» fdu = /aSM\F/Rf(got(x,v))dtdu,,(x,v). (2.21)

3. THE SCATTERING MAP AND LENS EQUIVALENCE

In the setting of a compact Riemannian manifold (M, g) with strictly convex bound-
ary OM, we define the scattering map by

Sg: 0_SMN\T_ = 0, SM\T;, Sy(z,v):= ¢, (@w(z,v) (3.1)
where ¢, (z,v) is the length of the geodesic mo(Uierpr(z,v))) N M, as defined in (2.1).

Definition 3.1. Let (M, g1) and (Ma, g2) be two Riemannian manifolds with the same
boundary and such that g1 = go on TOM; = TOMs and the boundary is strictly convex
for both metrics. Let v; be the inward pointing unit normal vector field on OM; and let
'Y C SM; the incoming tail of the flow for g;. Let o : SM; — OS My be given by

alz,v+tv) = (z,v+tr), V(v,t) € T,0M; xR, |v|§1 + 12 =1. (3.2)
Then (M, g1) and (Ms, g2) are said scattering equivalent if
a(l)=T?2, and ao S, = Sy, 0a on ISM; \ T .

Finally g1 and go are said lens equivalent if they are scattering equivalent and for any
(z,v) € O_SM; \TL, the length €% (x,v) of the geodesic generated by (x,v) in My for
g1 1s equal to the length (% (a(z,v)) of the geodesic generated by a(z,v) in My for gs.

Let us show that for the case of surfaces, if K is hyperbolic and g has no conjugate
points then S, determines the space Ej ., this will be useful in Theorem 7

Lemma 3.2. Let (M, g) be a surface with strictly convex boundary. Assume that K
is hyperbolic and that the metric has no conjugate points. Then the scattering map Sy
determines Ej .

Proof. All points in I'y N 9SM are in some unstable leaf W, (p) for some p € K. The
unstable leaves are one-dimensional manifolds injectively immersed in SM, and they
intersect dSM in a set of measure 0 in 9SM. Above a point y € W, (p) N O_SM,
the fiber £ 5(y) is exactly one-dimensional since one has T,SM = RX @ V © E,(y)
where V' = ker d is the vertical bundle which is also tangent to 9SM and E* (V) # 0
if there are no conjugate points (we refer the reader to the proof of Proposition 5.7
below for the discussion about that fact). Take a point y € W, (p) N 0.SM and a
sequence ¥y, — y in 0, SM with y,, ¢ 'y, then by compactness (by possibly passing to
a subsequence) z, := S, (yn) is converging to z in I'_NASM with t, := {;(z,) — oc.
We can write Sy(2,) = ¢r,(z,)(2n). By Lemma 2.11 in [DyGu2] (in particular its
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proof), if &, € T SM satisfies &,(X) = 0 and dist(&,/|[&n]], £) > € for some fixed
€ > 0, then (dipy, (2,) )7/ ||(dpr, (20) "1 TEL]| tends to B (y)* N S*(SM). Then we
compute for w,, € T,, (0SM)

dS; (Yn) wn = X (20)dl—(yn) W, + dp_y,, (yn) Wy

and if §, € T} (0SM), we can define uniquely & e T; SM by E(X)=0and ¢ odr =
&, (v is defined in 2.11) so that (dS,(z,)")7¢, = (dyy, (2,)71)TEL. We conclude that

(ng(Zn)_l)T§H/||(ng(Zn>_1)T§n|| — E—T—(y)v n — +00

if &, is such that dist(&/||€8|], E*) > €. We can for instance take &, to be of norm 1
and in the annulator of V' in T*0SM, then the desired condition is satisfied and this
shows that we can recover E* (y) from Sy. The same argument with S instead of S,
shows that S, determines E7%. This ends the proof. O

We can define the scattering operator as the pull-back by the inverse scattering map
Sy CX(0_SMN\T_) = C(0.SM\Ty), Syw_=w_oS; " (3.3)

Lemma 3.3. For any wy € CX(0:SM \ I'y), there exists a unique function w €
Ce(SM\ (I'-uUTy)) satisfying

Xw =0, wlo.sm = ws (3.4)

and this solution satisfies wla, sy = Sgw— (resp. wlo_sy = Sy 'wy ). The function w
extends smoothly to SM, in a way that Xw = 0, this defines a bounded operator

£t O®(02SM\Dy) = C®(SM,), Ex(ws) i=w (3.5)

which satisfies the identity £,.S, = E_.

Proof. The function w = €4 (w<) is simply given by

w(e, v) = £ ()(2,0) = wr(Per o (@, v)) (3.6)

in SM, and is clearly unique in SM since constant on the flow lines. It is smooth
in SM since (4 is smooth when restricted to 0LSM \ 'y, by the strict convexity of
OSM. Then E¢(ws) can be extended in SM, in a way that it is constant on the flow
lines of X, satisfying X&+(wx) = 0. The continuity and linearity of £y is obvious, and
the identity £,S, = £_ comes from uniqueness of w. Notice that supp(Ex(ws)) is at
positive distance from I'_ UT'} since w has support not intersecting I'y NOSM. O

Denoting wy := wlg, su if w € CX(OSM \ (I';y UT'_)), we now define the space

CT(OSM) = {w e CZ(OSM \ (I UT_)): Syw- = w,}. (3.7)
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Using the strict convexity and fold theory, Pestov-Uhlmann [PeUh, Lemma 1.1.] prove'
w€ CF(OSM) < Jwe CF(SM\ (I'-Uly)), Xw=0, wlpsnw =w.  (3.8)
Similarly to (3.7), we define the space
Lég((?SM) = {w € L*(0SM;du,); Syw_ = wy}. (3.9)
We finally show

Lemma 3.4. The map S, extends as a unitary map
L*(0_SM,du,) — L*(0.SM,dpu,)
where du,, is the measure of (2.19).

Proof. Consider w! ,w? € C°(0_SM \ T_) and wy, wy their invariant extension as in
(3.4). Then we have

0= Xwy w5 + wy. Xwy dp = X (wy.w3)dp
SM SM
:—/ WEEKX,N)S‘ d,uaSM—i-/ Sgwl,.SngKX,N)ﬂduagM
0_SM 0+ SM

where (-, -)s is Sasaki metric and N is the unit inward pointing normal vector field to
0SM for S. But N is the horizontal lift of v, and so (X, N)s = (v,v),. This shows
that S, extends as an isometry by a density argument and reversing the role of 0_SM
with ;. SM we see that S, is invertible. O

4. RESOLVENT AND BOUNDARY VALUE PROBLEM

4.1. Sobolev spaces and microlocal material. For a closed manifold Y, the L?-
based Sobolev space of order s € R is denoted H*(Y). If Z is a manifold with a
smooth boundary, it can be extended smoothly across its boundary as a subset of
a closed manifold Y of the same dimension; we denote by H*(Z) for s > 0 the L?
functions on Z which admit an H*® extension to Y. The space HS(Z) is the closure of
C(Z°) for the H® norm on Y and we denote by H*(Y') the dual of Hj(Y'). We refer
to Taylor [Ta, Chap. 3-5] for details and precise definitions. If Z is an open manifold
or a manifold with boundary, we set C~*°(Z) to be the set of distributions, defined
as the dual of C2°(Z°). For a > 0, the Banach space C%(Z) is the space of a-Holder
functions. We will use the notion of wavefront set of a distribution (see [H06, Chap.
8]), the calculus of pseudo-differential operators (VDO in short), we refer the reader to
Grigis-Sjostrand [GrSj] and Zworski [Zw] for a thorough study. In particular, we shall

ITheir result is for simple manifold, but the proof applies here without any problem since this is
just an analysis near 0y SM where the scattering map has the same behavior as on a simple manifold
by the strict convexity of M.
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say that a pseudo-differential operator A on an open manifold Z with dimension n
has support in U C Z if its Schwartz kernel has support in U x U. The microsupport
WF(A) (or wavefront set) of A is defined as the complement to the set of points
(v0,&0) € T*Z such that there is a small neighborhood Uy, of y, and a cutoff function
x € C*(Uy,) equal to 1 near yy such that A, := xAyx can be written under the form
(Uy, is identified to an open set of R"™ using a chart)

Afly) = /U /R oy, €)f (v )dedy’

for some smooth symbol o satisfying \8;8?a(y,f)| < Coapn(&)™ for all N > 0,
a, 5 € N

4.2. Resolvent. We first define the resolvent of the flow in the physical spectral region.

Lemma 4.1. For A > 0, the resolvents Ry(\) : L*(SM,) — L*(SM,) defined by the
following formula

Ry (N f(y) = /Oooe‘”f(cpt(yﬁdt, R_(Nf(y) = — / M fp(y))dt  (4.1)

— 00

are bounded. They satisfy in the distribution sense in SM;
Vf e L*(SM,), (~X £ MR\ f=f,

) (4.2)
Vf € Hy(SMe), Re(AN) (=X £A)f = f,
and we have the adjointness property
R_(\)*=—R,()\) on L*(SM,), (4.3)

The expression (4.1) gives an analytic continuation of RL(\) to A € C as operator
Ri(N): CE(SM2\T5) — C*(SM,) (4.4)

satisfying (—X £ A\)R+(\)f = f in SM,, and an analytic continuation of Ri(\)x+
and x+ R+ () as operators

Ry(N)xs : LP(SM,) — L*(SM.), x+Ri(N): L*(SM.) — L*(SM.) (4.5)
if X+ € C®(SM.,) is supported in SM, \ I'.

Proof. The proof of (4.2) is straightforward. The boundedness on L? follows from the
inequality (using Cauchy-Schwarz)

+oo 2 +o0
[ eisaeona auzon [ [ e ™ e, o) Pt
SMe 0 SMe J0

for some C > 0 depending on Re()\), and a change of variable y = ¢;(x,v) with the
fact that the flow ¢, preserves the measure du in SM, gives the result. The adjoint
property (4.3) is also a consequence of the invariance of du by the flow in SM,. The
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identity (—X £ A)R(A\)f = f holds for any f € C°(SMY?), thus for f € L?(SM,) and
any 1 € C®(SM?) ((-,-) is the distribution pairing)

(X ENRLN,0) = (ReO)f, (XEN)P) = Tim (Re(N) o, (XEN)) = lim ([, 9)

if f, = fin L? with f, € C*(SM.,), thus (=X £ \)Ry(\)f = f in C~>°(SM?). The
other identity in (4.2) is proved similarly. The analytic continuation of Ry () in (4.4)
is direct to check by using that the integrals in (4.1) defining Ry ())f are integrals on
a compact set t € [T, T] with T depending on the distance of support of f to I'.
Similarly, the extension of Ry (A)x+f and x+R+(\)f for f € L*(SM,) comes from the
fact that the support of t — (x+f)(¢i(x,v)) and of t — x+(x,v)f(¢i(x,v)) intersect
R* in a compact set which is uniform with respect to (x,v) € SM,. O

We next show that the resolvent at the parameter A = 0 can be defined if the non-
escaping mass function V' (¢) in (2.13) is decaying enough as t — oo. Let us first define
the maximal Lyapunov exponent of the flow near I'_ UT':

1
Vmax = max(vy,v_), if vy :=limsup—log sup |[|dpi(x,v)]. (4.6)
t—+o00 (z,0)ETx(¢)

where T is defined in (2.13).

Proposition 4.2. Let a € (0,1), let Q be a negative real number and let vy, be the
mazximal Lyapunov exponent defined in (4.6).
1) The family of operators Ri(\) of Lemma 4.1 extends as a continuous family in
Re(\) > 0 of operators bounded on the spaces

Ri(\) : L¥(SM,) — LP(SM,), if /1 TV dt < o with pe o), (47)

Ri()\): LP(SM,) — L*(SM,), if /00 V(t)tp%ldt < oo withp € (1,00),  (4.8)
1
—Q

Ri(\) : CX(SM?) — H*(SM.), if V(t) = O(e?) with s < min <a, ) (4.9)

where V (t) is the function of (2.13). This operator satisfies (—X £ \)RL(N)f = f in
the distribution sense in SM? when f is in one of the spaces where Ry(\)f is well-
defined.

2) If v : OSM — SM, is the inclusion map, then the operator 1*Ri(\) is a bounded
operator on the spaces

L>®(SM,) — LP(OSM), LP(SM,) — L*(0SM), C*(SM?)— H*(OSM) (4.10)
under the respective conditions (4.7), (4.8) and (4.9) on 'V, p and s; the measure used
on OSM is du,, defined in (2.19).

3) If the condition (4.8) is satisfied and f € LP(SM.) has supp(f) C SM°, then
Ri(\)f =0 in a neighborhood of 0+SM U dySM in SM,.
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Proof. Let us denote u4(\) = R+(>\)f the L? function given by (4.1) for Re()\) > 0,
when f € L=(SM,). When [V (¢)tP~'dt < oo, the measure of ', UT_ is 0 and thus
for f € L*(SM,) and A\ € iR, the function w4 (Ao; z,v) = [ e fgy(, v))dt is
finite outside a set of measure 0 since ¢S (x,v), defined as the length of the geodesic
{@i(x,v);t >0} N SM,, is finite on SM, \ I'_. If A, is any sequence with Re(),) > 0
converging to \g, we have uy (A,) — u4 (o) almost everywhere in SM, (using Lebesgue
theorem). Moreover |ui(X,)| < [ |f o ¢i|dt almost everywhere in SM, for all n > 1,
and using Lebesgue theorem, we just need to prove that ||[Ry(0)(|fD|lzr < C||f||L=
to get that |[uy(Xo)||lee < Cl|f]|Le and uy(A,) — us(Ng) in LP. We have for almost

every (z,v)
s 00l = | [ S| < 1511 5 o). (a.11)

Notice that, in view of our assumption on the metric in SM,\SM we have ¢ (x,v)+L >
0% (x,v) > {1 (z,v) for some L > 0 uniform in (z,v) € SM\I'_. Using the definition of
V(t) in (2.13), the volume of the set Sy of points (z,v) € SM, such that ¢ (x,v) > T'is
smaller or equal to 2V (T'— L) with L as above (independent of T"). We apply Cavalieri
principle for the function /¢ (z,v) in SM, \ I'_, this gives

/ (< (@, 0)Pdp < 0(1 + / tp‘lv(t)dt> (4.12)
SM\I 1

which shows (4.7) using (4.11). Notice that the same argument gives the same bound
for the L” norms of ¢¢ in SM, \ T'y. The boundedness L? — L' of (4.8) is a direct
consequence of (4.12) (with ¢_ instead of ¢, ) and the inequality

/ / Fln(,0))|dtdp < /HSMew_t(:c,v>>|f<x,v>|dtdusHﬁeum/ufnm
SM. SM.

for all f € CX(SM?) if 1/p' + 1/p = 1. The fact that t*R.(\)f defines a measurable
function in L'(OSM,du,) when f € L'(SM.) comes directly from Santalo formula
(2.21) and Fubini theorem (note that 9pSM has zero measure in dSM). This shows
the boundedness property of t* Ry () : LP(SM,) — L'(0SM,dp,). Let us now prove
the boundedness of the restriction t*R4(0)f in L? when f € L. Since (% (¢(z,v)) =
(05 (z,v) — t)4 for t > 0, Santalo formula gives

€5 (z,v)
Lo [ gl o) = 0t ) sy, = Vol(S1).
8_SM\T

Ly (zv
/ / Ligooy (€5 (2, 0) — t)dtdn, < Vol(Sr)
O_SM\T

for T large. From this, we get for large T’

/ Ui o0) (€4 (2, 0))dpy < 2V(T = L = 1), (4.13)
0_SM\T'_
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and using Cavalieri principle, for any oo > p > 1 there exists C), > 0 so that

/ 04 (z,0)Pdp, < 0(1 +/ tp‘lv(t)dt), (4.14)
O_SM\T_

1

which shows, from (4.11) that uy|ssanr. € LP for any 1 < p < oo with a bound

Ol fIz==)-

To prove that (=X £ A\)Ry(A\)f = f in C~*°(SM?) when f € LP for p € (1,00) and
the condition [;°V/(t)tr~ dt < oo is satisfied, we take ¢ € C2°(SMg \ I's) and write
(Re(O)F. (X £ A) = lim (Re(\) fo, (X £ A)0) = Tim (£, ) = (£.9)
where f, € C°(SM2\T's) converges in L” to f; to obtain the second identity, we used

(4.4) and the fact that (=X £ A\)RL(\)f, = fr in SM2\ T's.

Finally, we describe the case where the escape rate ) is negative (ie. when V()
decays exponentially fast). We need to prove that u, is in H*(SM,) for some s > 0 if
f e C(SM2). To prove that uy is HS(SM ) it suffices to prove ([Ho, Chap. 7.9])

/ 2
s, Jsn, Ay, y)m2s

if n = dim(SM) and d(y,y’) denote the distance for the Sasaki metric on SM,. Using
that f € C*(SM.), we have that for all & > > 0 small, there exists C' > 0 such that
for all y,1y/ € SM,, v > vpmay and all t € R

1f(ee(y) = fleW)] < CllIfllcse”Md(y, o)

thus for 5 (y) < oo and (5 (y') < o0

[us (y) — ws (y)] < CL(y, ¥ )e PO d(y, ).
where ¢ (y, y) = max(¢ (y),¢5.(y')). We then evaluate for § —s >0 and § < «

2
/ e d(y.y') n+25)‘ dydy <Cj / APy, )2 dydy

SQCB/ 62VBZ+(y)d<y’ y/>2(ﬁfs)fndydy/
Ly (y) >4 (v')

<C., /S ) 2B gy

and from Cavalieri principle the last integral is finite if we choose 5 > 0 small enough so
that 0 < s < f < —Q/2v. Taking v arbitrarily close to Vpyax gives that u, € H*(SM,)
if $ < —Q/2Vmax. The same argument works for u_ and also for the boundary values
Ui‘&SM-

To finish, the proof of part 3) in the statement of the Proposition is a direct conse-

quence of the expression (4.1) for Ry (\)f since the positive (reps. negative) flowout
of supp(f) C SM® intersect 0SM in a compact region of 9, SM (resp. 0_SM). O
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Remark. Reasoning like in the proof Proposition 4.2, it is straightforward by using
Cauchy-Schwarz to check that Ry()) extends continuously to Re(A) > 0 as a family
of bounded operators (restricting R4 (\) to functions supported on SM)

Ri(N\) : (0L) V2L (SM) — (0L)Y?HL2(SM)

for all € > 0 where /. is the escape time function of (2.1). This is comparable to the
limiting absorption principle in scattering theory. The boundedness in Proposition 4.2
are slightly finer and describe the L? boundedness of /4 in terms of V() instead.

The resolvent R.(0) has been defined under decay property of the non-escaping
mass function. In the case where K is hyperbolic, we can actually say more refined
properties of this operator.

Proposition 4.3 (Dyatlov-Guillarmou [DyGu2]). Assume that the trapped set K is
hyperbolic. There exists ¢ > 0 such that for all s > 0:
1) the resolvents R4 () extend meromorphically to the region Re(\) > —cs as a
bounded operator

R:F()‘) : HS(SMC) - H_S<SM6)
with poles of finite multiplicity.
2) There is a neighborhood Uz of E% such that for all pseudo-differential operator A
of order 0 with WF(Az) C Uz and support in SM?, AzR-(\) maps continuously
HE(SM,) to H*(SM.,), when X is not a pole.
3) Assume that g is not a pole of Rx(\), then the Schwartz kernel of Rx(X\o) is a
distribution on SMZ x SM? with wavefront set

WF(R(\o)) € N*A(SM? x SM2)U Qs U (B x EZ%). (4.15)

where N*A(SM? x SM?) is the conormal bundle to the diagonal A(SM? x SM?) of
SM? x SM? and

Q= {(L(y): (dpsely) )&y, =€) € TH(SMZ x SMP); t >0, €(X(y)) = 0}
Proof. Part 1) and 2) are stated in Proposition 6.1 of [DyGu2|, (they actually follow

from Lemma 4.3 and 4.4 of that paper), while part 3) is proved in Lemma 4.5 of
[DyGu2]. O

We can now combine Propositions 4.2 and 4.3 and obtain

Proposition 4.4. Assume that the trapped set K is hyperbolic. Then we get for all
p < oor

1) The resolvent Ry(\) has no pole at A = 0, and it defines for all s € (0,1/2) a
bounded operator R.(0) on the following spaces

R.(0) : HS(SM,) — H5(SM,), Ry(0): L®(SM,) — LP(SM,)
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that satisfies —X Ry (0)f = f in the distribution sense, and for f € C°(SM,) one has

+oo

vy e SMA\Ty, (R(0)f)(y) = i f(pr(y))dt. (4.16)

which is continuous in SM \ T'y and satisfies R1(0)flo,sm = 0 if supp(f) C SM.
2) As a map HS(SM.) — H*(SM,) for s € (0,1/2), we have

R, (0) =—R_(0)". (4.17)
3) If f € C(SM?), the function uy := Ri(0)f has wavefront set
WF(ux) C EZ, (4.18)
the restriction uy|gsny := t*ugx makes sense as a distribution satisfying
utlosy € LP(OSM),  WF(utlosnm) C E% . (4.19)

4) Let o > 0, then for f € C*(SM) extended by 0 on SM, \ SM as an element in
H§(SM,) for s < min(a, 1/2), we have R1(0)f € H*(SM.,) for s < min(a, —Q/2Vmax),
where Vmax 1S the mazimal Lyapunov exponent (4.6). Moreover uy|osy € H*(0+SM)
for such s.

Proof. Recall that for Re(A) > 0 we have for f € C°(SM?) and ¢ € C°(SMY),

(Re (N f. ) = / TN (o o) d

By Proposition 4.2, then as A — 0 along any complex half-line contained in Re(A) > 0,
we get Re(A)f — Ry(0)f in LP (thus in the distribution sense). This implies that the
extended resolvent R.(\) of Proposition 4.3 can not have poles at A = 0 by density of
C*(SM?2) in any HF(SM,). The same argument shows that Ry (\) is holomorphic in
{Re(A\) > @Q}. The expression (4.16) comes from Proposition 4.2, which also implies
the continuity of Ry (0)f outside I'; and its vanishing at 0, SM when supp(f) C SM.

Part 2) and (4.17) follows by continuity by taking A — 0 in (4.3) (and applying on
H(SM,) functions instead of L*(SM.,)).

For part 3), the wavefront set property of uy := Ry (0)f if f € C(SM?) follows
from the wavefront set description (4.15) of the Schwartz kernel of R.(0) and the
composition rule of [H6, Theorem 8.2.13]. The fact that uy restricts to dSM as a
distribution which satisfies (4.19) comes from [HO, Theorem 8.2.4] and the fact that
N*(0SM)N EL =0, if N*(0SM) C T*(SM,) is the conormal bundle to 9SM. The
LY(OSM) boundedness of the restriction follows from (4.10).

For part 4), the fact that the extension of f by 0 is in H§(SM,) for s € (0,1/2) is
proved in [Ta, Proposition 5.3|, and the rest is proved in Proposition 4.2. 0
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In fact, if f € C(SM?) has support in SM, the expression (4.16) vanishes in a
neighborhood of 0, SM (resp. 0_SM) in SM,\ SM°, and thus

R.(0)f vanishes to all order at 0L SM. (4.20)

We also want to make the following observation: the involution A : (z,v) — (z, —v)
on SM, and SM is a diffeomorphism and thus acts by pullback on distributions, it
allows to decompose distributions u on SM; into even and odd parts u = ey + Uoq
where uoq = 3(Id — A*)u. If f € C(SMY) is even, it is direct from the expression
(4.16) that

(Re(0)f)ev = £5(R1(0) = R-(0))f,  (R4(0)f)oa = 3(R4+(0) + R_(0))f  (4:21)
and this extends by continuity to distributions. Similarly if f is odd, (R+(0)f)ey =
LR (0) + R-(0))f and (Re(0)f)oa = £5(R-(0) — B (0)).

4.3. Boundary value problem. First, we extend the boundary value problem of
Lemma 3.3 to the case of L?(0+SM) boundary data.

Lemma 4.5. Assume that [~ tV(t)dt < co if V is the function (2.13). The map Ex
of (3.5) can be extended as a bounded operator L*(0=SM, dp,) — L*(SM,), satisfying
XE+(ws) = 0 in the distribution sense for ws € L*(0+SM,du,).

Proof. Using the expression (3.6), Santalo formula and Cauchy-Schwarz inequality, we
see that there is C' > 0 such that for all wy € C°(0:5M)

1€+ (W)l nsm) < Cllwsllr20-smdu) + 1L L2 0o smap) Wz 220 sa,dp))

where we used that there is " > 0 such that |[(5(z,v)| < C" on 0zSM. Using (4.14),
we deduce the announced boundedness. The fact that X = 0 on L? follows from
the same identity on C°(0+SM). O

In the case of a hyperbolic trapped set, using the resolvents R.(0), we are able to
construct invariant distributions in SM with prescribed value on d_SM and we can
describe (partly) its singularities.

Proposition 4.6. Assume that K 1is hyperbolic, then:
1) For w_ € L*(0_SM,dp,) satisfying supp(w_) C 0_SM and

WF(w_) C B, WF(S,w_) C Ej .. (4.22)
the function €_(w_) € L'(SM,) has wave-front set which satisfies
WF(E_(w_))NT*(SM. \ K) C E* UEY, (4.23)

the restriction € (w_)|a_sy makes sense as a distribution in L*(0_SM) and is equal
to E_(w_)|o_spm = w_.
2) If w_ € H*(0_SM) for some s > 0 with supp(w_) C 0_SM, if (4.22) holds and
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Sgw_ € H*(04SM), then E_(w_) € H*(SM,). If 7o : SM. — M, is the projection on
the base and my, the pushforward defined in (5.9) then
s+l
7o (E-(w-)) € Hy,, 2

loc

(M,). (4.24)

Proof. Let U' C 0_SM be an open neighborhood of supp(w_) whose closure does not
intersect dpSM and let U be the open neighborhood of supp(w_) in SM, defined by
U = U_gocrecpr(U)NSM? for some small € > 0 so that U does not intersect I',. Then
U is diffeomorphic to an open subset V' of (—o00, €) x U’ by the map 6 : (t,y) — ¢:(y).
Assume that w_ € H*(0_SM) for some s € [0,1/2). Using this parametrization, let
_ € H*(U) be given by
- (t,y) == x(t)w-(y)

for some x € C*(R) equal to 1 near R~ and equal to 0 in (¢/2,00). Then, extend
Y- by 0 in SM, \ U, we still call it ¢p_. We first claim that WF(¢)_) C E*. In the
decomposition V' C (—oo,€) x U’ of U induced by the flow, the wavefront set of _
is {0} x E;_ C T*V. The map df(0,y)" maps the annulator of RX,, to {0} x T*U’
and since df(0,y).(u,v) = uX(y) + di(y).v where ¢ is the inclusion map, we have
(d9(0,5)~")"E5 _(y) = E*(y). And since the bundle E* is invariant by the flow,
do(t,y)"E* = {0} x Ej_ thus we deduce that WF(¢_) C E* and 7(WF(y_)) is at
positive distance from I'y if = : T*(SM,) — SM, is the canonical projection. The
restriction of ¢»_ on 0_SM makes sense by [HO, Theorem 8.2.4] since any element £ €
T*(SM.) conormal to SM and in WF () must satisfies {(X) = 0 and &|p@sar = 0,
thus £ = 0. We also obviously have ¢_|s_sy = w_, moreover X _ is supported in
SM° and X+_ € H$(SM,). Using (4.8), we obtain R_(0)(X¢_) € L'(SM,), and by
part 3) in Proposition 4.2, we also deduce that R_(0)(Xv¢_) = 0 in a neighborhood
of O_SM U 9ySM. Therefore, setting w :=1_ — R_(0)(X_), we have w € L'(SM,)
and

Xw=01in SM, and w|s_sy = w_.

Assume for the moment that w € C*(SM, \ (I's UT'_)) (we shall prove it below).
Then we claim that w = £_(w_) since both w and £_(w_) are smooth flow invariant
functions in SM, \ (I'y UT'_) agreeing on 0_SM \ I'_ and vanishing in the set {y €
SMe; (Ureripi(y)) N SM = 0}.
Let us now prove (4.23). Just as for the wave-front set analysis of v, WF(Xvy_) C E*
and m(WF(X1_)) C SM° is at positive distance from I',. We recall the propagation
of singularities for real principal type operator (see for instance [DyZw, Proposition
2.5]): let @, : T*(SM) — T*(SM) be the symplectic lift of @, if Xu = f then for each
T>0

T

Sor(y,€) & WE(w), |J®xi(y, ) NWF(f) =0 = (y,€) ¢ WF(u).  (4.25)

t=0
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Putting w = R_(0)(Xv_), we have u = 0 near 0_SM and thus all point (y,¢) ¢ E*
with y ¢ I'; is not in WF(u) by (4.25). This implies that

WF(w) NT*(SM,\T,) C E* (4.26)

and in particular w is smooth in SM, \ (I'_UT'; ), which implies that £_(w_) = w, as
mentioned above. By ellipticity and the equation Xw = 0, we have

WF(w) € {§ € T*(SM,); {(X) = 0} (4.27)

and w smooth near 0; SM\I', then as above we can use [H6, Theorem 8.2.4] to deduce
that the restriction wy := wls, sar makes sense as a distribution. Moreover it can be
obtained as limits of restrictions £_ (w(_n))|a . sm Where w™ e C(0-SM) is a sequence
converging in L? to w_ (since also &_ (w(_”)) has wave-front set contained in a uniform
region not intersecting the conormal to ;. SM). Then, as £_ (w(_n))]a+5M = Sgw(_n),
we deduce from Lemma 3.4 that Sqw_ = w;. By our assumptions on w_, we thus
have w, € H*(0;SM) and WF(w,) C Ej . Notice also that supp(w;) C 9, SM.
Then proceeding as above, but using the flow in backward direction, we can write
E (w-) =& (wy) =1y — R(0)(Xey) where ¢y € H*(SM,) is defined similarly to
Y_ but has support near supp(w;) and WF(¢»,.) C E%. Then using similar arguments
as above , WF(E_(w_))NT*(SM.\I'_) C E% and combining with (4.26) this gives

WF(E_(w_)) NT*(SM.\ K) C E* UE".

Let us now prove that w € H*(SM,) if s > 0. By point 2) in Proposition 4.3 applied
to R+(0)(Xv4), we obtain that Arw € H*(SM,) for some s > 0 if AL is any 0-th
order YDO with WF(AL) contained in a small enough neighborhood Vi of E%. Then
if By is any 0-th order YDO with WEF(B;) contained outside an open neighborhood
Vi of TH(SM,), Byw € H*(SM,). By (4.27), we have Bow € C*(SM,) if By is any
0-th order YDO with WF(By) contained outside a small conic neighborhood V; of
the characteristic set {£ € T*(SM,);£(X) = 0}. Therefore, it remains to prove that
Byw € H*(SM,) if By is any 0-th order DO with wave-front set contained in the
region Vo := (Vo n'Vy) \ (V2 U V,). But this property will follow from propagation of
singularities. Indeed, let (y,&) € V4, then the following alternative holds:

1) if y ¢ K, there is T' > 0 such that either ®7(y,&) ¢ Vi or @_1(y,&) ¢ V3

2) if y € K, by (2.9) there is T' > 0 such that either ®_r(y,&) € V_ or &r(y, &) € V.
We can apply [DyZw, Proposition 2.5] (recall that Xw = 0), we obtain Byw €
H?*(SM,) and this concludes the proof of w € H*(SM,).

To conclude, the 1/2 gain in Sobolev regularity in (4.24) follows from the averaging
lemma of Gérard-Golse [GeGo, Theorem 2.1]: indeed, the geodesic flow vector field,
viewed as a first order differential operator satisfies the transversality assumption of
Theorem 2.1 in [GeGo] and thus, after extending slightly w in an open neighborhood
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W of SM, so that Xw = 0 in W and w € H*(W), the averaging lemma implies that
its average in the fibers my,w restricts to M, as an HEII/ ? function. O

Combining Proposition 4.6 with (3.8), we obtain (using notation (3.9)) the following
existence result for invariant distributions on SM with prescribed boundary values.
This will be fundamental for the resolution of the lens rigidity for surfaces.

Corollary 4.7. Assume that the trapped set K is hyperbolic. There exists an open
neighborhood U of OSM N (I~ UTy) in SM such that for any w € L% (0SM),

satisfying WF(w) C Ej U Ej ,, there exists w € L'(SM.) such that the restriction
wlosy makes sense as a distribution and

Xw=0imSMUU, w|lssy =w,

WF(w) N T*(SM. \ K) C E* U E".

If we H*(0SM) for s >0, then w € H*(SM.) and m,w € Hs+1/2(Me).

loc

Proof. We decompose w = wy + wy where wy € CF(9SM) with supp(wi) C 9SM \
(I_url';) and wy supported near 9SMN(I'_UT'}). We apply (3.8) to wy, this produces
wy € C*°(SM) which is flow invariant and with boundary value w;. Then, we apply
Proposition 4.6 to wa|s_sas, this produces wy = E_(wa|s_sur) satisfying Xwy = 0 in
SM, and ws|g_sy = walo_sy- Then set w = wy + wy. The wavefront set property of
w and the regularity of my,w follows from Proposition 4.6. ([l

5. X-RAY TRANSFORM AND THE OPERATOR II
We start by defining the X -ray transform as the map
I:CX(SM\T_) = CX(0_-SM\T_), If(x,v):= / floe(z,v))dt.
0

From the expression (4.16), we observe that

If = (R+(0)f)o_sanr_- (5.1)

Then [ can be extended to more general space. For instance, Santalo formula implies
directly that as long as Vol(K) = 0 (and no other assumption on K),

I:LY(SM) — LY0_SM;dpu,).

For our purposes, as we shall see later, there is an important condition on the non-
escaping mass function which allows to use TT* type arguments and relate I*I to the
spectral measure at 0 of the flow. This condition is

Ip € (2, 00], / tr2V(t)dt < oo, (5.2)

1
if V' is the function defined in (2.13). It is always satisfied if K is hyperbolic. We have
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Lemma 5.1. Assume that (5.2) holds for some p > 2, then the X-ray transform I
extends boundedly as an operator

[:LP(SM) — L*(0_SM, du,).

Proof. Let f € LP(SM), then using Hélder with &; + L =1 and & = =5 > 1,

" eyt du ) < Y ePa) " e ) duy)
0_SM 0 0_SM 0

L1 (y
2/
([ e adn ) Ve )

< HfHLp SM) H£+‘|L2r/p (0_SM,dy,,)
where we have used Santalo formula to obtain the last line. Since ¢, € LY(0_SM,du,)
when [[©t97 'V (¢)dt by (4.14), we deduce the result. O

Assume that [ ?/P=2V (¢)dt < oo for some p € (2,00). Note that by Sobolev
embedding I : H§(SM) — L*(0-SM, dp,) is bounded if s = 2 — o for the p € (2, 00)
of Lemma 5.1. Since H*(SM) is defined as the dual of Hg(SM) and L is dual to L?
for p € (2,00) if 1/p+ 1/p’ = 1, the adjoint of I, denoted I*, is bounded as operators
(for s as above)

I* - L20_SM,du,) — L¥ (SM), I*:L*(0_SM,du,) — H*(SM). (5.3)
In fact, a short computation gives

Lemma 5.2. If (5.2) holds true, then I* = &_.

Proof. Let w_ € C*(0_-SM \T_), then £ (w_) € C*(SM) and its support does not
intersect I'_ UT';. By Green’s formula, we have for f € C>(SM°)

FE (w)dp = [ ~X(Ry(0)).E (w )y /8 1o N)ldosw

SM SM

where S is Sasaki metric and N the inward pointing unit normal to 0SM in SM. Like
in the proof of Lemma 3.4, |(X, N)g| = |(v,v)|. Using density of C°(SM°) in LP(SM)
and of C®(0_SM \T_) in L*(0_SM,du,), we get the desired result. O

To describe the properties of I and I*, it is convenient to define the operator
I:=[*]: LP(SM) — L” (SM), when / t 2V (t)dt < oo. (5.4)
1
for p € (2,00). We prove the following relation between I and the resolvents:

Lemma 5.3. Assuming (5.2), the operator Il = I*I of (5.4) is equal on LP(SM) to
II= R (0) = R_(0)
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Proof. Since (R(0)f, f) = —(f, R—(0)f) by (4.17), it suffices to prove the identity

<I*If? f>L2(8_SM,d,u,,) - 2<R+<0)f7 f>

forall f € C*(SM\ (I'_UT})) real valued. We write v = R (0) f and compute, using
Green’s formula,

/ u. fdp = —/ wXudp=—5 [ X(w?)du = %/ u?(v, v)|dposar
SM SM SM o_SM
and this achieves the proof. 0
With the assumption of Lemma 5.3, the operator II can also be extended as a
bounded operator I1¢ on SM,
I° := R, (0) — R_(0) : L»(SM,) — L'(SM,), (5.5)

satisfying I1¢ f|gp = I1f for all f € LP(SM) extended by 0 on SM,\ SM. As above,
one directly sees that I1¢ = I°*I¢ if we call I¢: LP(SM,.) — L*(0_SM,; |(v,v)|duass.)
the X-ray transform on SM,, defined just as on SM and satisfying the same properties.
In particular this shows that II¢ : LP(SM,) — L¥ (SM,) is bounded. We summarize
the discussion by the following:

Proposition 5.4. Assume that (5.2) holds for p € (2,00). Then we obtain
1) the operator 11¢ is bounded and self-adjoint as a map

I : LP(SM,) — L¥ (SM,), 1/p+1/p =1,
it satisfies for each f € LP(SM,)

XTI°f =0 (5.6)
in the distribution sense and I1°f is given, outside a set of measure 0, by the formula
e f(x,v) = / flpi(x,v))dt. (5.7)

2) If the trapped set K is hyperbolic, the operator 11° : H§(SM,) — H™°(SM,) is
bounded for all s € (0,1/2). For each f € CX(SM?), the expression (5.7) holds in
SM,\ (I'y UT_), we have WE(II®f) € E* U E%, the restriction wy = (II°f)|a,sm
makes sense as a distribution, is in L*(0+SM,du,) with wave-front set

WF(ws) C Ej ., (5.8)

and Sqw_ = wy where S, is the scattering map (3.3). Finally wy € H*(0LSM) for all
§ < —Q/2Vmax With Vyax defined in (4.6).

Proof. The boundedness and the self-adjoint property have already been proved. The
property (5.6) is clear from the properties of R4 (0) given in 1) of Proposition 4.4.
The expression of I1°f follows from (4.16) (and the proof of Proposition 4.2 for the
extension to L? functions). The wavefront set property of w follows from (4.18), and the
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wavefront set and regularity properties (5.8) of the restrictions w. are consequences of
Proposition 4.4. The fact that w_ € L?(0_SM, du,) comes from Lemma 5.1. Finally,
Syw_ = wy since, by (5.7), wy =w_ oS, on 9, SM \ 'y, this also implies that w, €
L*(0SM,du,) by Lemma 3.4. The last statement in the Proposition is a consequence
of 3) in Proposition 4.2. O

Next, we describe the kernel of 11 restricted to smooth functions supported in SM.

Proposition 5.5. Assume that K is hyperbolic. Let f € C*(SM) extended by 0 in
SMN\SM, if 1I°f =0 in SM, there exists u € C*°(SM) vanishing at 0SM such that
Xu = f. If f vanishes to infinite order at OM, then u also does so.

Proof. First, the extension of f by 0 can be viewed as an element in H{(SM,) for
s < 1/2 with WF(f) € N*(0SM) where N*(0SM) is the conormal bundle of 9SM
in SM,. By the composition law of wave-front set in [H6, Theorem 8.2.13] and (4.15),
we deduce that

WF(R.(0)f) € N*9SM U E U B+
By = Upso{(0x:(y), (dpsi(y) ™)' €) € T*SMZ5y € SM, & € N*(9SM)}

Clearly, by strict convexity, By projects down to M, \ M°. Now, the function /. is
smooth in SM \ (0pSM UT'_UTI'}) and from the expression (4.16) and the smoothness
of f, we then get that R+(0)f is smooth in SM\ (0pSM UT'y) and (R+(0)f)|o. s = 0.
To analyze the regularity at dyS M, we decompose f = foy + fod, We get by (4.21) that
(R(0) foy)ev = i%Hef = 0 and similarly (R+(0)fod)oa = 0. Now the argument of
[SaUh, Lemma 2.3] shows that (R4 (0) fev)od|sar and (R+(0) fod)ev|sas are both smooth
near JySM, which implies that R4 (0)f is smooth near 9pSM in SM. Since R, (0)f =
R_(0)f if II°f = 0, we deduce that (R+(0)f)|sp € C°(SM\ K) and (R+(0)f)|osn =
0. From the wavefront set description above and the fact that £ N E* = {0} over
K, we conclude that (R+(0)f)|sym € C*(SM). It just suffices to set u = R, (0)f to
conclude the proof. The fact that f vanishes to all order at 0SM implies that R.(0)f
vanishes to all order at 0. SM by (4.20), and thus u vanishes to all order at 0SM. O

5.1. The operators [, and Il,. Here we deal with the analysis of X-ray transform
acting on functions on M. The projection 7y : SM, — M, on the base induces a
pull-back map

Mo G (Mg) = CZ(SMZ), 7 f == fomo
and a push-forward map 7, defined by duality
o, 1 CTF(SMZ) = C7=(M;),  (mo.u, f) = (u, w5 f). (5.9)

Push-forward corresponds to integration in the fibers of SM, when acting on smooth
functions. The pull-back by m; also makes sense on M and gives a bounded operator
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wg s LP(M) — LP(SM) for all p € (1,00). When (5.2) holds for some p € (2,00), we
define the X-ray transform on functions as the bounded operator (see Lemma (5.1))

Iy =17} : LP(M) — L*(0_SM,du,). (5.10)

The adjoint I3 : L*(0_SM,dyu,) — LP (M) is bounded if 1/p’ +1/p = 1 and it is given
by I} = mo.[*. The operator Il is simply defined as the bounded self-adjoint operator
for p e (2,00) and 1/p' +1/p=1

Iy := I Iy = mo, I} : LP(M) — LP (M). (5.11)
Similarly, we define the self-adjoint bounded operator
11§ = 7o, I17; = (I¢my)*I°m; « LP(M,) — L¥'(M,). (5.12)

We first want to mention some boundedness result which holds in a general setting (no
condition on conjugate points are required) and says that Il is always regularizing if
V(t) decays sufficiently.

Lemma 5.6. Assume that (5.2) holds for p > 2, then I and Iy are bounded as maps

n—1,n n—1_n

I LXO_SM,du,) — H_ = *(M°), Ip: Huhp * (M°) — LXO_SM,du,).

loc

and the same property holds for I§ with M, replacing M.

Proof. It suffices to prove the boundedness for Ij. By Sobolev embedding, I* :
L*(0_SM,du,) — H_EJF;(MO) is bounded, and using Lemma 5.2, we have XI* =0

loc
as operators. Then applying [GeGo, Theorem 2.1] as in the proof of Proposition 4.4,
we gain 1/2 derivative in the Sobolev scale by applying m,, this ends the proof. [
If V(t) = O(t=>), the Sobolev exponents are Heop (M°) and H\/>™(M°) for all

loc

e >0, and if K =0 we get I3y : Hco}r{g(Mo) — Hl/Z(MO). Following the method of

loc
[Gu], we prove

Proposition 5.7. Assume that the geodesic flow on SM has no conjugate points and
that the trapped set K is hyperbolic. The operator II§ = my, I1°7(; is an elliptic pseudo-
differential operator of order —1 in Mg, with principal symbol o(I1§)(x,&) = Cyl¢];!
for some constant C,, # 0 depending only on n.

Proof. First we choose the extension (M., g) so that the geodesic flow on M, has
non-conjugate points. Once we know the wavefront set of the Schwartz kernels of
the resolvent Ry (0), the proof is very similar to Theorem 3.1 and Theorem 3.4 in
[Gu], therefore we do not write all details but refer to that paper where this is done
carefully for Anosov flows. It suffices to analyze yII§x’ where x,x" € C°(M?) are
arbitrary functions. Its Schwartz kernel is given by x(z)x'(2')((mo ® mo).I1¢)(x, 2')
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where II° = R, (0) — R_(0) is identified with its Schwartz kernel. We write for ¢ > 0
small

R.(0) = / X dt + X R (0)
0

where X is the pull-back by the flow at time ¢. Using (4.15) and the computation
of WF(eX) which follows from [Ho, Theorem 8.2.4], the composition law of wavefront
set [HO, Theorem 8.2.14] can be used like in the proof of [Gu, Theorem 3.1]: we obtain

WE (5 (e Ry (0)m3(x')) < ({(ely). (douly) ™)y, —n); £ < —e n(X () = 0}
U{(o-e(y):n,y: —dp—c(y) n); (y.m) € T*(SM)\ {0}}
U (B x BY)) 1 {(y,m,/s0') (mo(y), mo(y)) € U x U

where U := supp(y) and U’ = supp(x’); here the wave-front set of an operator means
the wave-front set of the Schwartz kernel of the operator. By applying the rule of
pushforward of wave-front sets (given for example in [FrJo, Proposition 11.3.3.]), we
get WF(mo,e“* Romg) C S1 U Sy U S3 where

Sy = {(mo(y), & mo(y'), &) € Ty (U x U); (y,dwo(y)Tﬁ,y’,dwo(y’)Tg’) e E* x Ei}

Sy = {(moln(y)), €, molw),€) € To(U x U); 3t < —e,3m,n(X(y)) =0,
dmo(y)'€' = —n, dro(en(y))"€ = (dee(y) ™) n}

Sz 1= {(mo(-e(9)): & m0(y), &) € Ty (U x U)s (d(mo 0 p-e)(y)) € = —dmo(y) €'}

if we set T§(U x U) :=T*(U x U)\ {0}. We let V' = kerdny C T(SM.) be the vertical
bundle, and H be the horizontal bundle (cf. [Pa, Chapter 1.3]), and V*, H* C T*(SM.)
their dual defined by H*(V) =0 and V*(H) = 0 (V* is dual to V and H* is dual to H
for the Sasaki metric). By (2.10), the absence of conjugate points for the flow in M,
implies that T'(SM.) = RX @ V @& EL at I'y and thus EX N H* = {0}. This implies
that S; = (. Similarly, it is direct to see that Sy = () is equivalent to the absence
of conjugate points for the flow (see the proof of [Gu, Theorem 3.1] for details). The
last part is S3. The proof is exactly the same as in [Gu, Theorem 3.1] thus we do not
repeat it but simply summarize the argument: the projection of S5 on M is contained
in Ad(M2 x M?) = {(x,2") € M2 x M?2;dy(x,x') = €} where d, is the Riemannian
distance. The operator L, = foe T X midt is explicit for small € > 0 and given by

Lf@) = [ y . Fadm )

This operator has singular support A (M x M2)UA(M? x M?) and thus, € > 0 being
chosen arbitrary (but small), the kernel of Il has singular support on the diagonal
Ag(M?2 x M?). Now the kernel ¢ (z, 2") L (x, z') is that of an elliptic pseudo-differential
operator of order —1 if ¢p € C2°(M? x M?) is supported close enough to the diagonal
{z = 2’} and equal to 1 in a neighborhood of the diagonal: the analysis is purely local
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and exactly the same as in [PeUh, Lemma 3.1], which also shows that the symbol of
this WDO is C,|¢|,* for some C,, > 0. It is direct to see (from R, (0)* = —R_(0)) that
11§ = 2mp, R4 (0)mg, and we have then proved the claim. O

Since the Schwartz kernel of II§ on M° is the restriction of the kernel of II¢ to
M° x M°, we deduce that in the case of hyperbolic trapped set and no conjugate
points, Lemma 5.6 gives that II§ : H(;}n/g(Mo) — Hﬁ)/CQ(MO) and the 77" argument

shows that for any compact domain O C M° with non-empty interior and smooth
boundary, we have

Io: HY2(0) = L*(0_SM;dp,), I} : L*(0_SM;du,) — HY?*(O). (5.13)
We can use Proposition 5.7 to prove the regularity property on elements in ker /.

Corollary 5.8. Assume that the trapped set K is hyperbolic, the metric has no con-
Jugate points. Let fo € LP(M) + HC_O%I{S(MO) for some p > 2 satisfying Iofo = 0. Then
fo € C°(M) and fy vanishes to all order at OM.

Proof. First, Iyfo = 0in L?*(0_SM;du,) implies that IS f = 0 if I¢ = I°7} is the X-ray
transform on functions on M, and fy is extended by 0 in M, \ M. Thus II§f, = 0 in
M?. This implies, by ellipticity of II{ in M_ that fy is smooth, and since it is equal to
0 in M2\ M, we deduce that fy vanishes to all order at OM. O

5.2. X-ray on symmetric tensors. For any m € N, symmetric cotensors of order
m on M can be viewed as functions on SM; via the map

T O (M, QST MZ) — C(SME), (. f)(x,0) = f(z)(@™0).
The dual operator is defined by
Tms 2 CTC(SM) — CT°(MJ,@TT*M?), (mm.u, f) = (u, 7 f)

Next, we define the operator D := SoV : C°(M?, ET*M,) — C=(M?, @FT*M?)
by composing the Levi-Civita connection V with the symmetrization of tensors S :
@MHT*M? — @TT'T*M?. The divergence of m-cotensors is the adjoint differential
operator, which is given by D*f := —T (V f) where T : @2T*M — ®7%*T*M denotes
the trace map defined by contracting with the Riemannian metric:

n

T(@)(v1, . 0m2) = Z q(€is €, V1, -+, Un2) (5.14)

i=1
if (e1,...,e,) is a local orthonormal basis of TM,. Each u € L?(SM,) function can

be decomposed using the spectral decomposition of the vertical Laplacian A, in the
fibers of SM, (which are spheres)

u:Zuk, Ayuy = k(k+n—2). (5.15)

k=0
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where uy are L? sections of a vector bundle over M,; see [Gula2, PSU].

When (5.2) holds for some p € (2,00), we define just as for m = 0 the X-ray
transform on ®ET*M as the bounded operator for all p € (2, 00)

Lpi=1I75  IP(M; QFT*M) — L*(0_SM,du,). (5.16)

The adjoint I, : L*(0_SM,du,) — L (M;®%T*M) is bounded if 1/p/ +1/p = 1

and it is given by I = m,,[*. The operator II,, is simply defined as the bounded
self-adjoint operator for p € (2,00) and 1/p' +1/p =1

1L, := I* I, = mo, J1 7%, : LP(M; @5T*M) — LP (M; @%T*M). (5.17)

*

*, which can also be seen as (I,)*I5, on if
Ic = I°m;, is the X-ray transform on m cotensors on M,. Repeating the arguments of
[Gu, Theorem 3.5] but adapted to our case we get directly

As for m = 0, we set II¢, = mp,lI°7

Proposition 5.9. Assume that the geodesic flow on M has no conjugate points and
that the trapped K is hyperbolic. For m > 1, the operator 11¢, is a pseudo-differential
operator of order —1 on the bundle @TT*M?, which is elliptic on ker D* in the sense
that for all g € C(SMY) there exist pseudo-differential operators Q,S, R on M?
with respective order 1, —2, —o00 so that

QoIS o = 1§ + Do StoD* + R (5.18)

The only difference with [Gu, Theorem 3.5] is that the flow is not hyperbolic every-
where anymore, but using that the bundle E7} are transverse to the annihilator H* of
the vertical bundle V' = ker dmg, the proof reduces to be the same, just as we explained
in the proof of Proposition 5.7 for m = 0. We do not repeat the arguments, as it does
not bring anything new. The same result as (5.13) also holds for I,,, and I7, since II,,
is a UDO of order —1: if O C M° is any compact domain (with non-empty interior)
with smooth boundary,

Ly : HY2(O,@0T*M) — L*(0_SM; duw,). (5.19)

5.3. Injectivity of X-ray transform on symmetric tensors. In this section, we
use the Pestov identity and the smoothness property in Corollary 5.8 to prove injec-
tivity of X-ray transform on functions and 1-forms in case of hyperbolic trapping. The
proof is basically the same as in the simple domain setting, once we have proved the
smoothness of elements in ker I,,, N ker D*.

Theorem 6. Let (M, g) be a compact Riemannian manifold with strictly convex bound-
ary. Assume that the geodesic flow has no conjugate points, that the trapped set K is
hyperbolic.

1) Let fy € LP(M) + H(;}I{I%(MO) with p > 2 such that Iyfy = 0, then fy = 0.

2) Let fy € C*(M;T*M) + H(;}I{IQ,(MO;T*M) such that Iy fy = 0, then there exists
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e C®(M)+ Hcl(ﬁp(MO) vanishing at OM such that f1 = di.

3) Assume that the sectional curvatures of g are mon-positive, then if for m > 1,
fm € C®(M;®TT*M) satisfies I fm = 0, then f, = Dpm,_1 for some pn,_1 €
C*(M; @ ~'T* M) which vanishes at OM.

Proof. Let us first show 1) and 2). Using Hodge decomposition we write f; = di) + f]
with f/ € C°(M,T*M) + Heode(M°,T* M) satisfying D*f| = 0 and ¢ € C®(M) +
Hclcﬁp(Mo) satisfying 1|apr = 0. This can be done by taking ¢ := AL'5f; where AL}
is the inverse of the Dirichlet Laplacian on (M, g) and § := d* = D* on 1-forms. Notice
that f] is smooth near OM since f; is (using ellipticity of Ap). Since I1dy = 0 we
get IT; f{ = 0 and II§ f{ = 0. By applying (5.18) to f; with o = 1 on M, we get that
f1 € C(M?°) thus f] € C*°(M). Since also Il fy = 0, Corollary 5.8 then implies that
fo and f] are smooth. By Proposition 5.5, we see that there exists u; € C*(SM)
for j = 0,1 such that Xuy = 7§ fo and Xuy; = « f{, with u; vanishing to all order
on OSM. Now since the functions u; are smooth and vanish at the boundary 0SM,
Pestov’s identity [PSU, Proposition 2.2. and Remark 2.3| holds here in the same way
as it does for simple manifolds with boundary or for closed manifolds:

IV Xyl = XVl 32— (RVuy, Vus) 4 (0 — D] [ X, 2 (5.20)

where V" is the covariant derivative in the vertical direction of SM, mapping functions
on SM to sections of the bundle £ — SM with fibers

E(x,v) = {UJ € Ta:Mvgz(wa U) = 0}7

R is the curvature tensor acting on E by Ry ,w = R(w,v)v € Eg,.), and X acts
on sections of E by differentiating parallel transport along the geodesic (see Section
2 of [PSU]). Then the proof of Lemma 11.2 of [PSU] and Proposition 7.2 of [DKSU]
is based on Santalo’s formula (2.20) and thus applies as well in our setting (ie. the
boundary is strictly convex, there is no conjugate points and I'y U I'_ has Liouville
measure 0), then for all Z € C*(SM, E)

1X 2|2 — (RZ.Z) 2 0

with equality if and only if Z = 0. In particular, since V¥ Xuy = V" fy = 0, we deduce
from (5.20) that fy = 0, and since ||V'Xus|[2, = (n—1)|| f1]|22, we deduce from (5.20)
that VVu; = 0 and thus u; = 79’ for some smooth function ¢’ on M which vanishes
to all order at OM; this implies that Xu; = 7wfdy’. Notice that if D*f] = 0, then
D* fi = Ay’ = 0 and therefore ¢’ = 0 since ¢’ vanishes at M. Thus f] = 0.

Finally, the case with m > 1 when the curvature of g is non-positive uses the proof
of [CrSh] (in the closed case) and [PSU, Section 11] (in the case of simple domains).
If I,,f =0, we also have I¢, f,, = 0 and thus II°7}, f,, = 0. By Proposition 5.5, there
exists u = =R, (0)7}, frn = —R_(0)7}, fr, smooth in SM such that Xu = 7}, f,, and
u|asar = 0. Non-positive curvature implies that the flow is 1-controlled in the sense of
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[PSU] and once we know that Xu = 7, f,,, with « smooth and vanishing at 9M, the
proof of Theorem 11.8 in [PSU] (that proof is detailed in Section 9 and 11) based on
Pestov identity applies verbatim in our case . We do not repeat it here as it does not
bring anything new. U

We get Theorem 4 and Theorem 1 as a direct corollary:

Proof of Theorem J. We only prove 2) since the conformal case 1) is easier and
a direct consequence of point 1) in Theorem 6. If the metrics are lens equivalent,
'y N0LSM are the same for all metrics, and for a fixed y := (z,v) € 0_SM \I'_, the
geodesic v5(y; t) with t € [0, ¢4 (y)] depends smoothly on s (by general ODE arguments)
and by differentiating 9,¢, (y)* = 0, we obtain that ¢, := d,g, is a smooth symmetric
2-tensors satisfying I5q, = 0 if I§ is the X-ray for g, on symmetric 2 cotensors. The
argument is standard and detailed in [Sh, Section 1.1]. Applying Theorem 6 with
m = 2 in non-positive curvature shows that ¢, = D,p, for some smooth 1-form p;
vanishing at OM. The tensor p, can be written as p, = (Ap,) ' D?qs if Ap, := D! D,
with Dirichlet condition at M (this is invertible, see [Sh]). Then we argue like in the
proof of [GuKal, Theorem 1]: by ellipticity of Ap, and smootness in s, p, is smooth
in s. Then one can construct a smooth family of diffeomorphisms ¢, which are the
identity on M so that ¢ 0,0, = ps and ¢y = Id (here we view p, as a vector field).
This concludes the proof. 0

Proof of Theorem 1. A negatively curved manifold with strictly convex boundary
has hyperbolic trapped set K (see [K12, §3.9 and Theorem 3.2.17]), no conjugate points
(see [K1]). Thus, combining Theorem 4 with Proposition 2.4, we obtain Theorem 1. [

5.4. Invariant distributions with prescribed push-forward. We will show the
existence of invariant distributions on SM with prescribed push-forward. This corre-
sponds essentially to surjectivity of I and of I on ker D*.

Proposition 5.10. We make the same assumptions as in Theorem 0.

1) For any fo € H*(M) for s > 1, there exists w € (Ny<oH"(SM,)) N L*(SM.) such
that Xw = 0 in SM? and mo,w = fo in M. Moreover, if fo € C*(M), w has wavefront
set satisfying WF(w) C EX UE* and its boundary value w = w|agar satisfies (5.8) and
w € L (0SM), and w € H*(SM,) for some s > 0.

2) Let fi € C®(M;T*M) satisfying D* fi = 0, then there exists w € LP (SM,) such
that Xw = 0 in SM? and m,w = fi in M, with WF(w) C E U E* and w = w|psm
satisfies (5.8) and is in L (OSM).

Proof. Let Y be a closed manifold extending smoothly M, across its boundary, extend
the metric smoothly to Y (and still call the extension g¢). Let ¢y € C*(Y) with
support in M, which is equal to 1 on a neighborhood of M and write ¥ := 7§(¢)0) its
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lift to SY. Using Proposition 5.7, define the elliptic ¥DO of order —1 on Y
Py = ollgho + (1 = o) (1 + Ag) 21 = 4g) : H*(Y) — H*FH(Y)

bounded for all s > 0; here A, is the Laplacian on (Y, g). Thus there exists C' > 0 and
K :H*(Y)— H*"(Y) a bounded ¥DO (of order —1) such that for all f € H*(Y)

Pl e—svy = Cllf a0y = [ K fll-sr1(v)

and thus the range of F, is closed. Consequently, by Banach closed range theorem,
Py« HYY) — H*(Y) has closed range. Note that P; has the same form as Py,
and to prove its surjectivity, it suffices to prove injectivity of Fy. If FPyf = 0, then
f € C=(Y) by ellipticity of Py, and (1 — ) f = 0 since (1 + A,)~/? is injective, and
(IT5 (Yo f), o f)r2 = 0. This implies that I§(¢of) = 0 and by Theorem 6 applied with
M, instead of M, we get ¢ f = 0, thus f = 0. We deduce that if fy € H*(M), taking
an extension fo € H *(Y') supported in the region where 1)y = 1, there exists a unique
u € H¥1(Y) such that Pju = fo. Note that if f, is smooth, u is smooth by ellipticity
of P. In particular, we get oII¢(You) = fo and taking w := II¢(1ou), we get Xw = 0
in SM,, mg,w = fo in M, and by Proposition 5.4, we obtain the desired regularity for
w and the properties of its restriction w|spsa and (5.8). This proves 1).

The proof of 2) is essentially the same as in [DaUh, Lemma 2.2] once we know
Proposition 5.9 and the kernel of I;. We just recall very briefly the argument and
refer to [DaUh, Lemma 2.2] for details. First, by [KMPT, Corollary 3.3] (see also
the last remark of that paper for the manifold case) there is a bounded extension op-
erator I : ker D*| 2+ ar) — ker D*|r2(pge 7+ 0r,) Which restricts continuously to E :
ker D*|coo (v, 1+ a1y — ket D*| oo (age e, then if 7y o L2(M., T*M,) — L*(M,T*M) is
the restriction to M, we get from Proposition 5.9 that ry/[1{1Q*E = Id 4+ ryy R*E as
a map on ker D*| 2(pr+p) With R smoothing on M. This implies that the range of
Id+7y R*E is closed with finite codimension, and the same holds on ker D*|ceo (ar,7+ 1)
Then 7y 11$40Q* E(ker D*| oo (ar,r+ar)) has closed range in ker D*|ceo(as,7- a1y With finite
codimension and thus 7 II§eQ*(C° (M2, T*M,.)) has closed range with finite codi-
mension in ker D*| o (ar,r<ary- The kernel of the adjoint is trivial by using Theorem 6
just as in [DaUh, Lemma 2.2.]. This shows that there is u € C*°(M,, T*M,) such that
ryll§u = f1, and thus setting w := II°7fu we get the result. O

6. DETERMINATION OF THE CONFORMAL STRUCTURE FOR SURFACES

In this Section, we will study the lens rigidity for surfaces with strictly convex
boundary, no conjugate points and hyperbolic trapped set. To recover the conformal
structure from the scattering map, we shall use most of the results proved above
together with the approach of Pestov-Uhlmann [PeUh] which reduces the scattering
rigidity to the Calderén problem on surfaces.
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For the oriented Riemannian surface M, with boundary, the unit tangent bundle
SM, is a principal circle bundle, with an action

St x SM, — SM,, ¢“.(x,v) = (2, Rev)

where Ry is the rotation of angle +86. This induces a vector field V' generating this
action, defined by Vf(z,v) = 9p(f(e?.(z,v))|p=o. We then define the vector field
X, :=[X, V] and the basis (X, X,,V) is an orthonormal basis of SM, for the Sasaki
metric. The space SM, splits into SM, = V & H where V = RV = kerdn is the
vertical space, and H = span(X, X ) the horizontal space which can also be defined
using the Levi-Civita connection (see for example [Pa]). Following Guillemin-Kazhdan
[GuKal], there is an orthogonal decomposition (Fourier series in the fibers)

L*(SM?) = P, with Vg, = ikwy if wy € (6.1)
keZ

where ), is the space of L? sections of a complex line bundle over M?. Similarly, one
has a decomposition on 9SM

L*(0SM) = P, with Vi, = ikwy if wy, € (6.2)
kEZ
using Fourier analysis in the fibers of the circle bundle.

6.1. Hilbert transform and Pestov-Uhlmann commutator relation. The Hilbert
transform in the fibers is defined by using the decomposition (6.1):

H:L*(SMg) — L*(SMg), H(> wy)=—iY _sign(k)wy
keZ kEZ
with sign(0) := 0 by convention. It is skew-adjoint and Hu = H7, thus we can extend
continuously H to C~*°(SM?) — C~>°(SM?) by the expression
(HU,TM = _<U7H¢>7 wECEO<SMeO)

where the distribution pairing is (u,¢) = [q,, udp when w € L*(SM?). Similarly,
we define the Hilbert transform in the fibers on 0SM
Hy : C¥(0SM) — C®(0SM), Hy(D wy) = —i Y _ sign(k)wy
keZ keZ

and its extension to distributions as for SM,. For smooth w € C°(SM?) we have that

(Hw)|psyr = Hyw,  with w = w|asns (6.3)
thus the identity extends by continuity to the space of distributions in SM?S with
wave-front set disjoint from N*(9SM) since, by [H6, Theorem 8.2.4], the restriction
map C®(SM?) — C*°(0SM) obtained by pull-back through the inclusion map ¢ of

(2.11) extends continuously to the space of distributions on SM? with wavefront set
not intersecting N*(0SM). By [Gu, Lemma 3.5, we see that WF(Hu) C WF(u) for
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all u € C~*°(SM,) and the same holds for Hy and u € C~*°(0SM). The following
commutator relation between Hilbert transform and flow follows easily from the Fourier
decomposition and was proved by Pestov-Uhlmann [PeUh, Theorem 1.5]:

if w GCOO(SM(S), [H,X]’UJ:XLU)()+(XLU))O (64)

27
w € C®(SM2) — wy € C*(SM?) extends continuously to C~>°(SM?) since mp is a

submersion (the pullback 7§ extends to distributions), then the relation (6.4) extends
continuously to C~*°(SM?). We also have, for any w € C~*(SM?)

where wy = =7 (7, w) and mp,w(x) = Js.ap, w(w,v)dS,(v) for smooth w. Notice that

1
Xywg = o= (sl(mo,w)). (6.5)

where x : T*M, — T* M, is the Hodge-star operator on 1-forms. We use the odd/even
decomposition of distributions with respect to the involution A(x,v) = (z,—v) on
SM,., SM and 0SM, as explained in the end of Section 4.2. The operator X maps
odd distributions to even distributions and conversely. The operator H maps odd
(resp. even) distributions to odd (resp. even) distributions, we set Heyw 1= H(wWey)
and Hoqw := H(woq). We write similarly Hp e, and Hpoq for the Hilbert transform on
(open sets of) 9SM and the relation (6.3) also holds with Hy ., replacing Hy if w is
even. Taking the odd part of (6.4), we have for any w € C~>°(SM?)

1
HogXw — XHow = Q—ﬂ(*d(ﬂo*w)) = X wy. (6.6)
T

6.2. Determination of the conformal structure from scattering map. For func-
tions w € C*(9SM), the function mp,w is smooth on OM, given by the expression
Tosw(x,v) = %fsmMew(x,v)de(v) and thus if w € C*(SM?) and w = wl|gsnr, one
has mp,w = (mo,w)|ons. As above, the restriction map C*°(SM?) — C*(0SM), ex-
tends continuously to the space of distributions on SM; with wavefront set included
in £% U E* (since this does not intersect N*(0SM)). Therefore, for w € C7°(SM;)
with WF(w) C E U E*, we have

0w = (To,w)|onr,  With w = wlgsn (6.7)

in the distribution sense (in fact, as in the proof of Proposition 5.10, it is easily checked
that mo,w € C°(M?)).

For an oriented Riemannian surface (M, g) with boundary, the space of holomorphic
functions can be described as follows: f = f; + ¢f5 is holomorphic if xdf; = df, where
« is the Hodge star operator. We use the notation P(f) € C*°(M) for the unique
solution of A,P(f) =0 with P(f) = f on OM.

Theorem 7. Let (M, g) and (M',g') be two oriented Riemannian surfaces with the
same boundary N, and g|lry = ¢'|rn. For both surfaces, assume that the boundary is
strictly convex, the trapped set are hyperbolic, that (5.2) holds, and the metrics have



LENS RIGIDITY FOR MANIFOLDS WITH HYPERBOLIC TRAPPED SET 39

no conjugate points. If (M, g) and (M’ g') are scattering equivalent, then there exists
a diffeomorphism ¢ : M — M’ with ¢|aops = Id and such that ¢*g' = €*'g for some
n € C®(M) satisfying n|sn = 0.

Proof. We shall follow the method of Pestov-Uhlmann [PeUh] and we will need to
use most of the results from the previous sections. We work on (M, g) but all the
results below apply as well on (M, ¢'). For f € C*°(N), the harmonic extension P(f)
admits a harmonic conjugate P(f*) if *dP(f) = dP(f*) or equivalently P(f + if*) is
holomorphic. We are going to prove the following statement: let f* € C*°(N), then

21(S; — 1d)(Hoevw) = (S, — Id) 7y f* (6.8)
holds for some w € L%g (0SM) satisfying WF(w_) C B and WF(wy) C Ej ,, if and
only if

Iiw_ ="P(f) with P(f — ¢f*) holomorphic (6.9)
where m,E_ = I} (see Lemma 5.2) and w4 = wlg, sn-

Let us prove the first sense. Let f € C*(N) so that P(f) admits a harmonic
conjugate. Using Proposition 5.10, there exists w € LY(SM,) N C>®(SM,\ (I'y UT_))
satisfying Xw = 0 in M? in the distribution sense with mo,w = P(f) in M and

w:=wlpsy € Lg (OSM), WF(w) C B}, UE; (6.10)

w_ = Wlo_sm, where Ef 5, C T}, (0SM) are the bundles defined by (2.12) for the
manifold M and 7, is the pushforward defined by (5.9) on SM. From (6.6) and using
that Heyw is smooth in SM \ (I'_ UT,), we get

1
XHo,w = —2—7r1‘(*d73(f)) (6.11)
7r
as smooth functions on SM \ (I'_UTy). Now, for any ¢» € C°(SM \ (T UT_)),

IXy = (5 — Id)(lasanr_ury))
as a function on d_SM \ I'_. Applying I to (6.11) and using that P(f — if*) is
holomorphic then gives (1; is the X-ray transform on 1-forms)
2 (S —1d) ((Hevw)losnr) = —Li(xdP(f)) = Li(dP(f*)) = IX75(P(f7)) = (Sy—1d)mg f*
as smooth functions on 9_SM \ I'_ which are globally in L*(0_SM,du,). Using (6.3)
we thus obtain the identity (6.8).

Next, we prove the converse. Conversely, let f* € C*°(N), let ¢ € C*°(M) with
qlonr = f* and let x € C°(SM°) which is equal to 1 in {p > €} with € > 0 small
(using p as in Section 2.1), thus on K. We write w; := x&_w_ and wy := (1 — x)E_w_
and by (6.6), we get for j = 1,2
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By Proposition 4.6, WF(w,) C E* UE* thus mo,wy € C*(M) (using (E* UEY )NH* =
{0} if H* C T*(SM?) is the annulator of the vertical bundle V' = kerdm), and
oWy € H&cﬁp(SMj) with support containing K. We claim that we can apply I to
(6.12) and view the result as a measurable function in 9_SM \ T'_: for j = 2 we can
apply I since all terms are smooth in SM \ (I'_UTI';) and we get a smooth function on
O_SM\T_ that is in L?(0_SM) and for j = 1 the only possible trouble is I (xdmg,w:)
but this makes sense since I : H(;%g(MO, T*M) — L*(0_SM,dpu,) is bounded just as
Iy in (5.13) (see the remark after Proposition 5.9). Therefore, applying I to (6.12) and
summing for j = 1,2, we obtain almost everywhere on 0_SM

1
(S; —1d)(Hpevw) = IXHE (w_) = —%]1(*d7r0*w1 + xdmp,ws),

this term is in L2(0_SM, dy,) and equal to 3=(S; —Id)m; f* = 5-11(dg) by our assump-
tion. Since we know that this term is smooth on d_SM we obtain in L?(0_SM, dpu,)

I (xdIjw_ + dq) = 0.

By Theorem 6 one has *dIjw_+dg = di for some 1 € C>°(M) + Hol2 o (M°) satisfying
¥|ap = 0. Applying first d and then dx to that equation and using ellipticity, we get
v —q € C®°(M) and Ijw_ € C*(M) and both functions are harmonic conjugate,
which means that (6.9) holds with f := (Ifw_)|an.

We can finally finish the proof. All that we said above applies also on (M’, ¢’) and we
shall put prime for objects related to ¢’. Let av: SM’ — SM be the map (3.2), so that
aoSy, = S,0a by assumption. Remark that for each w € C*°(0SM), (woa), = wyo
in the Fourier decomposition (6.2), and thus

@ (Hyeyw) = Héﬂev(oz*w). (6.13)

This identity extends to w € L?(OSM) by continuity. Let f* € C°°(N) and assume
that there exists f € C°°(N) so that P(f + if*) is holomorphic in (M, g), then we
have proved that there is w € Lg (0SM) satistying (6.8), mo,w = f and (6.10). Using
aoSy =S5,0aand moa = m, together with (6.13), we get

(5% — 1) (Hp ') = (S5 — Td)ms f*. (6.14)

with w' := a*w. We can use Lemma 3.2 which implies that WF(w') C Ey" U Ey*_,
and since ' € L (SM"), we get by (6.9) applied with (M’, ¢') that Ig"(w') — iP'(f*)
is holomorphic in (M’,¢'). Since I)*(w')lony = mouw = f, we have shown that all
boundary value of a holomorphic function on (M, g) is also the boundary value of one
on (M’ ¢"). Exchanging the role of (M,g) and (M’,g’'), we show that the space of
boundary values of holomorphic functions on (M, g) and (M, g’) are the same. The
existence of the conformal diffeomorphism ¢ : M — M’ then follows from the work of
Belishev [Be]. O
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