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LIMITING MOTION FOR THE PARABOLIC GINZBURG-LANDAU EQUATION WITH INFINITE
ENERGY DATA

DELPHINE COTE AND RAPHAEL COTE

ABSTRACT. We study a class of solutions to the parabolic Ginzburg-Landau equation in dimension 2
or higher, with ill-prepared infinite energy initial data. We show that, asymptotically, vorticity evolves
according to motion by mean curvature in Brakke’s weak formulation. Then, we prove that in the plane,
point vortices do not move in the original time scale. These results extend the work of Bethuel, Orlandi
and Smets [8] 9] for infinite energy data; they allow to consider the point vortices on a lattice (in
dimension 2), or filament vortices of infinite length (in dimension 3).

1. INTRODUCTION

We consider the parabolic Ginzburg-Landau equation for complex functions u, : R? x [0, +00) — C

du 1
(PGL,) 5, Aue = Gu(l- lue 1) on R? x (0,+00),
HE(X,O):US(X) fOI'XERd,

and its associated energy

E,(w) = /R e (W(x)dx = /R d(mwg(w(x)))dx for w:R!>C,

where V, denotes the non-convex double well potential and e, is the energy density:

1— 2\2 v 2
(oWER g =12
€

It is a classical result that an initial data u, € L° N H! yields a global in time solution u(t) €
%([0,00),L°° NnHY).
The Ginzburg-Landau equation (PGL,) in the plane (d = 2) admits vortex solutions of the form

U(x,t)=¥(x)=U,(r)exp(ilB), L €Z*, U,(0) =0, Uy(+o0) =1

Ve(w) =

+ V. (w).

where (r, 8) corresponds to the polar coordinates in R? (by scaling, admits stationary vortex
solutions as well). Such functions ¥ define complex planar vector fields whose zeros are called
vortices (of order £, also called ¢-vortices). Vortices solutions arise naturally in Physics applications,
and it is an important question to study the asymptotic analysis, as the parameter ¢ goes to zero, of
solutions to (PGL,).

We must stress out the fact that a single vortex does not belong to H'(R?) (for d = 2, |[V¥|(r,0) ~
d/r, ¥ ¢ L?(R?) either). To overcome this problem, an easy way out is to consider configurations of
multiple vortices where the sum of degrees of the vortices is equal to zero. In that case, the initial
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data belongs to the space of energy L°° NH', and we talk about well-prepared data, see for example
Jerrard and Soner [[20]], Lin [23]], Sandier and Serfaty [[29]], and Spirn [I33]].

One way to relax this condition was done in the seminal works by Bethuel, Orlandi and Smets [[8, [9]
10| [11]]: they consider (PGL,) with u, : R? x [0,+00) — C and assume that the initial data ug is in
the energy space and verifies the bound

(1.1 E.(u?) < My|Ine]

where M, is a fixed positive constant. Observe that this condition encompasses large data, and
almost gets rid of any well preparedness assumption. This only limitation can be seen as follows
in dimension d = 2 (where vortices are points): (I.I) allows general sum of vortices, which are
balanced by adding “vortices at infinity” (where the center of the vortices goes to spatial infinity as
¢ — 0): in that case, for each ¢ > 0, the initial data is of finite energy, but the limiting configuration
can be any configuration of finitely many vortices.

The main emphasis of [8]], valid in any dimension, is placed on the asymptotic limits of the Radon
measures u, defined on RY x [0,400), and their time slices u; defined on RY x {t}, by
_ ee(u)(x, 1)

(1.2) pe(x,t) = ———"—=dxdt, and pi(x)=

()00
[In €|

|In €|

>

so that u, = u.dt.
The bound on the energy gives that, up to a subsequence ¢,, — 0, there exists a Radon measure
w, = pidt defined on R? x [0, +00) such that

Me =Wy, and  py — g

as measures on R x[0, +00) and R? x {t} for all t > 0, respectively (see [8, Lemma 1] and [[19]). The
purpose of [18]] is to describe the properties of the measures u_: the main result is that asymptotically,
the vorticity u| evolves according to motion by mean curvature in Brakke’s weak formulation.

In dimension d = 2, though, the vorticity u_ is supported on a finite set of points (the vortices).
One can actually compute that the energy of a {-vortex is roughly 7¢|In¢|: the above bound (L.I)
implies that only a finite number of vortices can be created (at most M,/7). However the mean
curvature flow for discrete points is trivial, they do not move. Therefore, in order to see the vortices
evolve, one needs to consider a different regime, where time is adequately rescaled by a factor |In g|.
This is done by Bethuel, Orlandi and Smets in [[9} 10, [11]]: they describe completely the asymptotics,
and analyze precisely the dissipation times where collision or splitting of vortices occur. Again, the
only assumption is the bound (I.I)) on the initial data ug (and thus ug is in the energy space).

Our goal in this paper is to extend the results in [8]], by relaxing the global energy bound (I.I) to a
local one. More precisely, we study families of solutions to (PGL,) whose initial data u(g’ satisfy the
following assumptions, for some constant M, > 0:

Ve>0, uleL™(RY),

(H1(Mo)) Ye >0, Vx eRY, / eg(ug)(y)dy < My|lne|.

B(x,1)
Observe that [15, Theorem 2] shows the existence of a unique solution u,(t) to with initial
data u? which is globally well defined for positive times. The crucial point is that is a
property which propagates along time, if one allows M, to depend on time. We also refer to [[2]] where
the Ginzburg-Landau functional is studied under a local energy bound in |In¢| (and a I'-convergence
result is obtained).

Let us emphasize that the analysis here is done in the original time scale and not in the accelerated
time scale (which is relevant for dimension d = 2 only).
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Our main results are the following. We define limiting energy u! and construct the vorticity set X}L
(and prove some regularity properties). Then we consider the concentrated energy v. on ZL and
show that it evolves under the mean curvature flow in a weak formulation. Finally we focus in
dimension d = 2, and show that in this case ZL is made of a finite set of points which do not move.
We start with the description of the vorticity set and the decomposition of the asymptotic energy
density.

Theorem 1.1. Let (u,).c,1) be a family of solutions of (PGL.)) such that their initial conditions u®

satisfy (FL(Mp)). ’

Then there exist a subset %, in R x (0,400), and a smooth real-valued function ®, defined on RY x
(0,+00) such that the following properties hold.

(1) %, is closed in R? x (0,+00) and for any compact subset K € R? x (0,+00) \ Ty
lug(x, t)] = 1 uniformly on K as € — 0.
d _ d .
(2) Forany t>0and x € RY, ZL =%, NR? x {t} verifies
31”‘1_2(2; NB(x,1)) < CM,.

(3) The function ®, verifies the heat equation on R? x (0,+00).
(4) For each t > 0, the measure . can be exactly decomposed as

(1.3) pt = v, 0)# + 0,(x, t)%d—ZLZL

p,(B(x,r))

where ©,(.,t) :=lim is a bounded function.

r—0 wd*Z I"d_z
(5) There exists a positive function 7 defined on (0, +00) such that, for almost every t > 0, the set
Z; is (d — 2)-rectifiable and

0.(x,t)=n(t), for #% % ae xe ZL.
In view of the decomposition (L3), u. can be split into two parts: a diffuse part |V®,|?, and a
concentrated part
(1.4 v i=0,(x, t)g%’d*ZLZ:L.

By (3), the diffuse part is governed by the heat equation. Our next theorem focuses on the evolution
of the concentrated part »'.

Theorem 1.2. The family (v'),~, is a mean curvature flow in the sense of Brakke (see Section {1l for
definitions).

For our last result, we focus on dimension d = 2, where vortices are points. We show that these
vortex points do not move in the original time scale.

Theorem 1.3. Let d = 2. Then ZL is a (countable) discrete set of R2?, which we can enumerate ZL =
{b;(t) | i € N}. Also, for all x € R?,

Card(ZL NB(x,1)) < CM,,

and the points b; do not move, i.e.
Vt>0, bi(t):bi’
+00
and v, (t) = Z 0(t)5y,, where the functions o;(t) are non-increasing.
i=1
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Local bounds on the energy, that is, assumption (H;(M,)), make the set of admissible initial data more
natural. We can consider general vortex configurations in dimension 2, without adding a vortex at
infinity to balance it (so as make the total sum of the vortices’ degrees equal to O for each ¢ > 0);
important physically relevant examples encompass point vortices on a infinite lattice (dimension 2)
or general vortex filament families (with possibly infinite length) in dimension 3.

Another striking difference betwen the global bound and is the following. In dimen-
sion d = 3, (I.I) implies that after some finite time, the vorticity vanishes, that is X}L cRYx[0,T]
for some T depending on M, (see [18 Proposition 3]). This is now longer the case under (H;(M,)),
which we believe is a more physically accurate phenomenon.

The assumption that u(g’ IS L°°(Rd) seems technical (because it comes without bounds in term of &),
but uneasy to get rid of: the main reason being the lack of a suitable local well posedness in the space
of functions with uniformly locally finite energy. Indeed, the closest result in this respect (besides
[15] in the L°° setting), is the work by Ginibre and Velo [[17]], whose results do not apply to the
Ginzburg-Landau nonlinearity, and and even then, their control of the solution at time 0 seems too
weak.

These results are an extension of the works of Bethuel, Orlandi and Smets [[8],[9]], and the proofs are
strongly inspired by these: Theorems and by Theorems A and B in [8]] and Theorem [1.3] by
Theorem 3.1 in [[9]]. Our main contribution will be to systematically improve their estimates, in order
to solve the new problems raised by our dealing with infinite energy solutions of (PGL.); especially
to make sense of a monotonicity property, which is at the heart of the proofs in [[8] [9]]. We will also
need to derive pointwise estimates on u, and L? space time estimates on d,u,: in the finite energy
setting, it appears as the flux of the energy, but this is no longer the case in our context. A leitmotiv
of this paper is that, although many of the bounds in [8} 9] are global in time and/or space, their
arguments are in fact local in nature, and so can be adapted under the hypothesis (H; (M,)).

In the proofs, we will focus on the differences brought by our change of context, and only sketch the
arguments when they are similar to that of 8], [9]].

A natural question is now to focus on dimension d = 2 and to study the dynamics of vortices in the
accelerated time frame, as it is done in [9, [10} [11]]. We believe that the arguments in these works
could be extended under the hypothesis (H;(M,)). However one has to make a meaningful sense of
the limiting equation, (a pseudo gradient flow of the Kirchoff-Onsager functional involved), as it is
not obviously well posed for a countable infinite number of points. We leave these perspectives to
subsequent research.

This paper is organized as follows. In Section 2, we study and prove our main PDE tool,
namely the clearing-out (stated in Theorem [2.I). In Section 3, we define the limiting measure and
the vorticity set X,: we prove in particular regularity properties of X}L and complete the proof of
Theorem [Tl In Section 4, we show Theorem [1.2] that is, the singular part vi follows the mean
curvature flow in Brakke’s weak formulation. Finally, in Section 5, we focus on dimension d = 2 and
prove Theorem [1.3]

2. PDE ANALysIs OF (PGL,)

2.1. Statement of the main results on (PGL.)). In this section, we work on (PGL,), that is with
smooth solutions u,, where the parameter ¢, although small, is positive. We derive a number of
properties on u,, which enter directly in the proof of the clearing- out Theorem [3.14] at the limit
¢ — 0. Heuristically, the clearing-out means that if there is not enough energy in some region of
space, then at a later time, vortices can not be created in that region.
Let us first state the main results which will be proved in this section.
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2.1.1. Clearing-out and annihilation for vorticity. The two main ingredients in the proof of the clearing-
out are a clearing-out theorem for vorticity, as well as some precise pointwise energy bounds. Through-
out this section, we suppose that 0 < £ < 1. We define the vorticity set ¥, as

v, = {(x, t) e RY x (0,+00) : lu,(x,t)] < %}

Here is the precise statement.

Theorem 2.1. Let 0 < ¢ < 1, u® € L°°(R?) and u, be the associated solution of (PGL,). Let o > 0 be
given. There exists 1, = 1,(0) > 0 depending only on the dimension n and on o such that if

0 |x|2
(2.1) e.(u))exp| ——— | < my|lneg|,
Rd € 4

then
lu.(0,1)| =2 1—o0.

Notice that we only assume that u? € L°°, whereas in [8, Theorem 1] the assumption was E,(u,) <
+00; of course this latter bound will not be available for Theorem [I.Tl Observe that L°° prevents
us to use a density argument, and even more so as we are interested in non zero degree initial data.
Also, the asumption (2.I) is not enough by itself to ensure existence and uniqueness of the solution
to (PGL.), but L*° is suitable (see [[I5]).

Nonetheless the proof follows closely that of [[8 Part I], and we will only emphasizes the differences.

The proof of Theorem [2. Tl requires a number of tools, in particular

o the monotonicity formula, first derived by Struwe [[35]] in the case of the heat-flow for har-

monic maps

e alocalizing property for the energy inspired by Lin and Riviere [26]]

e refined Jacobian estimates due to Jerrard and Soner [[22]]

o techniques first developed for the stationary equation (for example [4}, 5] [6]]).
Equation has standard scaling properties. If u, is a solution to (PGL,)), then for R > 0 the
function (x, t) — u,(Rx,R?t) is a solution to (PGL)z-1,, to which we may then apply Theorem 21
As an immediate consequence of Theorem [2.T] and scaling, we have the following result.

Proposition 2.2. Let T > 0, x; € RY, and set z; = (xp, T). Let ug € L°°(RY) and u, be the associated
solution of (PGL,). Let R > +/2¢. Assume moreover

L[ ) Texp (—

|X_XT|2
Ri—2 [y

<
= )dx <m()linel,
then
lu,(x7, T+R?))|>1—0.
The condition in Proposition2-Zinvolves an integral on the whole of R¢. In some situations, it will be
convenient to integrate on finite domains. Here is how one should localize in space the conditions.

Proposition 2.3. Let u, be a solution of (PGL,)) satisfying the initial data (H{(My)). Let o > 0 be
given. Let T > 0, x; € R, and R € [v/2¢,1]. There exists a positive continuous function A defined on
(0,+00) such that if

. 1 n1(o)
N(x7, T,R) = IT,

_ e.(u)(x, T)dx <
R2|Ine| Jpee,amm)

then R
lu.(x,t)|=21—0 forte[T+T,T+T;]and x € B(xy, E)’

where T, = max (23, (mz(i))éﬁ) (To = 2¢ in dimension d = 2), and T, =R?.
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Furthermore, A is non increasing on (0, 1], and non decreasing on [1,+00), and there exists an absolute
constant C (not depending on T) such that

YT >0,YV7t€(T/2,2T), Al(t)<CA(T).
Remark 1. Recall that in dimension d = 3, a bound on the initial energy on the whole space (1.1}
implies that in finite time, the vorticity vanishes (i.e Z}; c RY x [0, T]). It is an easy consequence of

the monotonicity formula combined with Theorem 211 (&, (x, t, +/t) — 0 uniformly in x).

In the case of uniform local bound on the energy H;(M,), this result does not persist, because the
monotonity formula does not imply the vanishing of &, . for large times. This is one striking differ-
ence with the finite energy case.

2.1.2. Improved pointwise energy bounds. The following result reminds of a result of Chen and Struwe
[[14]] developped in the context of the heat flow for harmonic maps.

Theorem 2.4. Let u, be a solution of (PGL.]) whose initial data satisfies (H;(M,)). Let B(x,,R) be a
ball in RY and T > 0, AT > 0 be given. Consider the cylinder

A=B(xo,R) X [T, T + AT].

There exist two constants 0 < o < % and 3 > 0 depending only on d such that the following holds.
Assume that

lu;|=1—0on A.
Then

22) e.(u)(x, ) < C(A) /A e.(u,),

R AT
for any (x,t) € A% := B(x,, E) x [T+ = T + AT]. Moreover,

e(u,)= |V<I>€|2 +Kk, in A%,

where the functions ®, and k, are defined on A%, and verify

0, .
—A®, =0 inA;,
at 2
(2.3) Kellpoo(a,) < CLAIMeP,  [IV@,lleo(a,) < C(AMplInel.
2 2

On A one can write u, = p,e'¥s where ¢, is smooth (and p, = |u,|), and we have the bound
(2.4) Vo, = V&l eo(n,) < C(A)EP.
2

Combining Proposition 2.3] and Theorem [2.4] we obtain the following immediate consequence.

Proposition 2.5. Let u, be a solution of (PGL,)) satisfying whose initial data satisfies (H;(M,)). There
exist an absolute constant m, > 0 and a positive function A defined on (0, +00) such that, if for x €

RY, t > 0and r € [v2¢,1], we have

/ e.(u,) < 1or 2 Ine,
B(x,A(t)r)

then
ee(ue) = |V<I>e|2 + K,

in A%(x, t,r)=B(x,7) x [t + }—grz, t +r2], where ®, and «, are as in Theorem [2.4]

In particular,

_ee(u,)

"~ |lne]

Ue < C(t,r) on A%(x, t,r).

(The constant 7, is actually defined as 1, = n,(c) where ¢ is the constant in Theorem 2:4] and 1),
is the function defined in Proposition 2.3).
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2.1.3. Identifying the sources of non compactness. We identified in the previous arguments a possible
source of non compactness, due to oscillations in the phase. But this analysis was carried out on the
complement of the vorticity set. Now u, is likely to vanish on ¥,, which leads to a new contribution
to the energy: however, this new contribution does not correspond to a source of non compactness,
as it is stated in the following theorem.

Theorem 2.6. Let u, be a solution of (PGL.) whose initial data satisfies (H;(M)). Let K € R? x

(0,+00) be any compact set. There exist a real-valued function ®, and a complex-valued function w,,
both defined on a neighborhood of K, such that

(1) u, =w,exp(id,) on K,

(2) @, verifies the heat equation on K,

3) Ve, (x,t)| < C(A )V Myllneg| for all (x,t) €K,
d+1
@ [[VWellpoxy < Cp, X)), for any 1< p < 4

Here, C(K) and C(p,K) are constants depending only on K, and K, p respectively.
The proof relies on the refined Jacobian estimates of [20]].
We stress out the fact that Theorem provides an exact splitting of the energy in two different

modes, that is the topological mode (the energy related to w,), and the linear mode (the energy of
®_): in some sense, the lack of compactness is completely locked in &,.

The remainder of this section is to provide proofs for the results described above, which will be done
in section [2.4} we need some preliminary considerations before.

2.2. Pointwise estimates. In this section, we provide pointwise parabolic estimates for u, solution
of (PGL,]), which rely ultimately on a supersolution argument, i.e a variant of the maximum principle.

Proposition 2.7. Let ug € L°°(R%) and u, be the associated solution of (PGL.). Then for all t > 0,
u,(t), Vu,(t) and 8,u,(t) are in L°(R?). More precisely, there exists a (universal) constant K, > 0
such that for all t > 2 and x € RY,

K, K,
(2.5) lu, (e, I <2, [Vu(x, 0] < =2, [8u(x, 0)] < =
€ €

Also, for all t > 0 and x € R%, |u,(x, t)| < max(1, ||u2||Loo ).

Remark 2. We emphasize that, past the time layer t > &2, ||u.(t)||, is bounded independently of
ul.
Proof. We make a change of variable, setting
v(x,t) =u.(ex, et),

so that the function v satisfies
(2.6) dv—Av=v(1—|v[*) onR? x[0,+00).
We have to prove that, for t > 1 and x € RY,

v(x, )| <2, |Vv(x,t)| <K, 16,v(x,t)] <Ky,

and that for t > 0 and x € RY, |v(x, t) < maX(IIuSIILw, 1).
Recall that v € 6,((0, +00), L°°(R%)), and that limsup,_,. ||[v(t)||;e < ||u2||Loo (see [[I5]]). We begin
with the L®° estimates for v. Set
o(x,t) = |v(x,t)?—1.
Multiplying equation by U, we are led to the equation for o,

2.7 Z—(:—Aa+2|w|2+20(1+a):o.
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Consider next the EDO

(2.8) y'(®)+2y(O)(y(®)+1) =0,
and notice that (2.8) possesses the explicit solution defined for t > 0 by
exp(—(t —t0)/2) . 1
(2.9) (t) = , with tp=2In{1—-—— ],
Yo T T exp(—(t— £0)/2) ’ max(L, (2]l 2

so that y, (0) = max(1, |[u?||,~)*>—1 and as consequence

sup o(x,0) <y, (0).

xeRd
We claim that
(2.10) Ve>0, VxeR?Y, o(x,t) <y, (t)
Indeed, set 5 (x,t) = y,(t). Then
(2.11) 8,6 —AG +25(1+6)=0,
and therefore by (2.7)),
(2.12) 0(6—0)—A(6—0)+2(6—0)1+6+0)=0.

Note that 1+ 6 +o0 = |[v|> +6 = 0 and 6(0) — o(0) > 0. The maximum principle implies that
Vt>0, VxeRY, &(x,t)—o(x,t)=0,

which proves the claim (2.10). Then observe that t, < 0 and that y, is decreasing on (0,+00), so
that

Ve>0, VxeR?, o(t,x) <y, (t) < yo(t).

Observe that the first bound give |v(x, t)| < max(1, ||ug||Loo forall t >0 and x € R%. Also for t > 1

and x € RY, [v(x, )] < v/1+ yo(1) < 2.
We next turn to the space and time derivatives. Since |v(x,t)| < 4/1+ yy(1/2) for t = 1/2, there
exists K; = 1 (independent of ¢) such that

1
(2.13) Vt = > VxeRY,  |v(x, O) + |v(x, t)| < K.

Let t = 1. Now, differentiating in space the Duhamel formula between times t —1/2 > 1/2 and t
gives

vv(t) =(VG)(1/2)xv(t—1/2)+ /tl/Z(VG)(t — ) (v(s)(1 — [v(s)[*)ds,

where G(x,t) = @) e~*"/4 is the heat kernel. Recall that ||V, G(t)||;: < C/+/T. Also, ast—1/2 >
T
1/2, there holds ||v(t —1/2)||,~ <2 and @.I3) for alls € [t —1/2, t]: hence

IVv(Ollpee <IIVGA/2)p llv(e =172l

" / IVG(E =), V()1 = () P)ds o ds
0

<Soick /t ¢ <k
V2 ! t—=1/2 Vt—S v

Similarly, we can differentiate the Duhamel formula twice:

V(1) = (V26)(1/2) x v(t —1/2) + /tl/Z(VG)(t —5)* V((v(s)(1 = v(s)*)ds,
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Using that |[V(v(s, x)(1—|v(s,x)|?)| < CK;|Vv(s, x)| and ||[V2G(t)|| < C/t, we can differentiate once
Vv (D)l e < NIVEG(/2)lI 2 lIv(E—1/2)l] o0

t
" / TG =9l 6~ sl ds
t—1/2
t CK
<c¢§+/ L ds < CK;.
t=1/2 V=S

Finally,
18,v] = |Av +v(1—|v|])| < |V?v| +K; < CKj. O

We have the following variant of Proposition

Proposition 2.8. Let ug € L°°(R%) and u, be the associated solution of (PGL.)). Assume that for some
constants Cy = 1, C; = 0and C, = 0,

C C
Vx eRY, |u2(x)| < Gy, |Vug(x)| <2, |V2u2(x)| < —;
£ £

Then for any t > 0 and x € RY, we have

|u€(x, t)| < CO: |vu£(x: t)| <

» |0

C
5 |atus(x: t)| < >

&2
where C depends only on C,,, C; and C,.

Proposition provides an upper bound for |u.|. The next lemma provides a local lower bound
on |u,|, when we know it is away from zero on some region. Since we have to deal with parabolic
problems, it is natural to consider parabolic cylinders of the type

(2.14) Ay(xo, T,R,AT) = B(xg,aR) x [T + (1 — a*)AT, T + AT].

Sometimes, it will be convenient to choose AT = R and write A,(x,, T,R). Finally if there is no
ambiguity, we will simply write A,, and even A if a = 1.

Lemma 2.9 ([8]]). Let u® € L*°(R?) satisfying and u, be the associated solution of (PGL.).

Let x, € RY, R>0, T > 0and AT > 0 be given. Assume that
1
|us| > 5 on A(XO’ T:R; AT);
then

1—u,| < C(a, Ne? (IV@ellpoony +Inel)  on Ag,
where ¢, is defined on A, up to a multiple of 27, by u, = |u,|exp(i¢,).

Proof. We refer to [8, Lemma 1.1, p. 52]. O

2.3. The monotonicity formula and some consequences. In this section, we provide various tools
which will be required in the proof of Theorem 2.1

2.3.1. The monotonicity formula. For (x,,t,) € R? x [0,4+00) we set
Z* = (X*, t*)'
For t, > 0 and 0 < R < /T, we defined the weighted energy, scaled and time shifted, by
1 |x —x, |
(2.15) E,(u,2,R)=E,(2,R) = Rz /Rd es(u)(x, t, —R*)exp (_T) dx.
Also it will be convenient to use the multiplier

1

R — _ 2
4|t_t*|[(x x,).Vu, (x, £) +2(t — t,)d,u.(x, )]

(2.16) Eug,2,)(x, t) =
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We stress out that in the integral defining E,,, we introduced a time shift 5t = —R2. The following
monotonicity formula was first derived by Struwe [35]], and used in his study of the heat flow for
harmonic maps.

Proposition 2.10. Let u® € L>°(R?) satisfying and denote u, the associated solution of

€

(PGL,). We have, for 0 <r < /T,

dE 1 1 |x —x,?
d—;(z*, r)= g B ((x —x,) - Vu(x, t, —r?) —2r20,u,(x, t, — r*))* exp (_T dx
(2.17) +L 2V, (u,)(x, t, —r?)exp —M dx
rd71 ]Rd € € > Tk 4r2
d/2
= O [ 2l B, 06—~ 24X x(0)
r Rd+1 )

+Am [ 2V 06—t~ ()X, (1),
Rd+1 )

where G(x, t) denotes the heat kernel

1 ( |x|2)
—exp| ——— | fort>0,
(2.18) G(t,x) =1 (4nt)? 4t
0 fort <0.

In particular,

dE
2.19 —(z,,r)=0.
(2.19) dR (z,.,7)
As a consequence, R — E, (z,,R) can be extended to a non-decreasing, continuous function of R on

[0, 4/T,], with E,(2*,0) = 0.

|X — Xy
4R?

parabolic regularization), and satisfies domination bounds due to (2.5) and the gaussian weight.
Therefore R — E,(z,,R) is smooth on (0, ,/t,) and we can perform the same computations as in
Proposition 2.1 in [8]]; integrations by parts are allowed for the same reasons. This proves formula
(217D, and the monotonicity property follows immediately. It remains to study the continuity at the
endpoints.

For the limit R — 0, the bounds (2.5) show that |e, (u, )(x, t,—R?)| < C(t,)/e? uniformly forR < t, /2,
so that in that range

Proof For 0 < R < /T, the map (R,x) — e.(u,)(x,t, —R*)exp (— is smooth (due to

1 lx — x,|?
EW(z*,R):RZ/eE(uE)(x, t*—RZ)E exp (—W)dx

<R%C(t,)/e*(4m)¥? 50 asR—0.

For the limit R — ,/T,, let us recall that for any p < +o0, u,(:,t) — ug strongly in Lﬁ)c(Rd) (see [15]
Theorem 2]), and as |u,(x, t)| < max(lluglle, 1), we infer that

/V(ug)(x, t.—R)exp (_M;T);*'z) = /V(ug)(x)exp (_b(;itx*'z) dx.

For the derivative term, we use the Duhamel formula:

Vu,(t) = G(t) * Vug + /t VG(t —s) % (u,(1—|u*))(s)ds = G(t) * Vug + D(x, t).
0
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The Duhamel term D(x, t) is harmless, indeed

t
IDCx, )] < / IVG(t =)l g (1 — e Pl oo s
0

ds
VJt—s

t
< Cmax(t, =) | —E < Cmax(t Il Ve,
0

Therefore
|

D(x, t, —R%)]? (—lx_x
J e =

The linear term requires to recall Claim 13 of [[15]]. Due to assumption H;(M,), for any a > O,
vl e L%(e=**Pdx). From [[15] Claim 13], we infer that for > 2a,

)dx<C(t*—R2)—>O asR— +/t,.

||ThVu2 — VuSIILz(efmx‘zdx) —0 ash—0
(where 75,¢(x) = ¢ (x —h)), and satisfies
||ThVu2 - Vu?HLz(efmx\zdx) < CeCPIn?,
As a consequence, we can apply Lebesgue’s dominated convergence theorem and conclude that
[|G(t) * Vug — VuSIILz(efmx‘zdx) —0 ast—0.

Choose 3 =1/(8t,) and a = 1/(17t,). Then it follows, using Cauchy-Schwarz inequality, that

P 2
‘/(G(t*—Rz)*Vug)(xNz exp (_%)—/|Vug(x)|zexp(—|x 4t3:*| )dx

< / |G(t, —R?) % Vug)(x) - Vug(x)l

4R>

2 2
+/|Vu(s’(x)|2 (exp (—lx;Tz*l)—exp(—bC;—:*l))dx
< “G(t*_RZ) *vug)(x)_vug(x)“Lz(E—ﬁ\x\de)
x [|G(t, —R?) 5 Vud)(x) + Vud ()| 2(ppier ) + 0(1)
—0 asR— +/t,.

(The o(1) on the second last line comes from Vug € Lz(e_ﬁ‘x‘zdx) and Lebesgue’s dominated conver-
gence theorem.) Hence, summing up, we proved thatR — E, (z,,R) is (left-)continuousatR =t,. [

2 0 0 ( |x—x*|2)
x (|G(t, —R*) * Vu,)(x) + Vu (x)])exp | ———— |dx

2.3.2. Bounds on the energy.

Lemma 2.11. There exists a constant C (not depending on the dimension) such that the following holds.

Let (V)0 be a family of functions satisfying H,(M,), then for any R > 0,

lx—yP?
R2

Ye>0, Yy eRY, /ee(ve)(x)exp (— )dx < C(d)(1+R)My|lnel.

Reciprocally, if (w,),>o is a family of functions such that for some R > 0,

P
Ye >0, Yy € RY, /eg(wg)(x)exp(—lszy| )dx<M0|1n8|,

then (w,),= satisfies H;(C(1 +R™1) M,).



12 DELPHINE COTE AND RAPHAEL COTE

Proof. By translation invariance, we can assume y = 0. We consider the case R 2 1 (the case R< 1
is dealt with R = 1). For k in Z¢, denote Q; the cube in R?, of length R and centered at Rk € R?.
Then

Vx€Q;, |x|=>Rlk|—RVd.
Also there exists a constant C(d) such that any cube Q, is covered by C(d)R? balls of radius 1.

Therefore,
/es(vs)(x)ef‘zxz_gdx < Z exp (—M)/ e.(v.)(x)dx

kEZd R2 Qk
< C(AR M| Ing| D e (KD,
kezd

The series is clearly convergent, which gives the first result claimed.
For the second, we clearly have

2
/es(we)(x)eXp (_lx R2y| )dx > %/B( R)eE(Wg)(X)dX.
Y

This means that the energy on balls of radius R is at most eM,|In ¢|. If R > 1, then this is enough. If
R < 1, then any ball of radius 1 can be covered by at most C(d)/R? balls of radius R, so that for all
y €RY,

d
/ e.(w,)(x)dx < C(d)eM0|lns|. O
B(y.R) R

The first consequence of the monotonicity formula is that (H;) is a condition which propagates in
time in the following way.

Proposition 2.12. Let u, be a solution of (PGL.) satisfying the initial condition (H{(M,)). Then
forany T > 0, (x,t) — u(x,T + t) is still a solution of (PGL,), whose initial condition satisfies
H,(C(d)(1 + T)M,). More precisely there holds

(2.20) Vs>{LVy€R%VR>O,./ e.(u,)(x, t)dx < C(d)(1 +R)(1+ t)M,|Inel.
B(y,R)

1 1
Proof. Let R = 1, then applying the monotonicity formula at the point (y, t+ é_l) between — and

2
1 ¢ ].
IJ we gEt

2‘1_2/ ee(ug)(x,t)exp(—|x—y|2)dx<L/ e.(u®)exp —M dx.
R4 (4t+1)% Rd € 4t +1

Hence,
2 —£2 d/2
/ e.(u)(x, t)exp (—Ix—yl )dx <(1+4t)) 2 Cc(d)(2+4t)"" My|lneg|
Rd
< C(d)(1 + t)My|Ing|.

Using Lemma [2.1T]we have the result for R = 1 and so for R < 1. Finally, for R > 1, we cover B(y,R)
by balls of radius 1, which can be done with at most C(d)R? balls. O

As an immediate consequence, we infer an upper bound on the energy on compact sets. The bound
(22T) below will be very useful in order to prove Theorem 2.6]in the same way as in [8]].
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Corollary 2.13. Let u, be a solution of (PGL,) satisfying the initial data (H,(M,)). Then for any

compact K ¢ R x [0, +00), we have

(2.21) / e.(u)(x,t)dxdt < C(K)My|Ine|.
K

Proof. Being compact, K is bounded: K c B(0,R) x [0, T]. Therefore,

/eE(uE)(x, t)dxdt < / e (u,)(x, t)dxdt
K

B(0,R)x[0,T]

T
< / C(d)(1 +R)(1+ t)My|Ineldt < C(d)(1+R)4(1+ T)TM,|lne].
0
Whence (2.27). O

2.3.3. Space-time estimates. One crucial lack in relaxing (H,) to (H;) is that the energy no longer
provides a bound on |[5,u,l|;2, < E.(u,). To remedy this, we make use of the E multiplier.

Lemma 2.14. Let u) € L°°(R?) and u = u, be the associated solution of (PGL.).
For any z, = (x,,t,) € R? x [0, +00), the following equality holds, for R, = /T,.

(2.22) / (Vo(u,) +E(ug,z))(x, t) G(x —x,, t —t,) dxdt
R4x[0,t,]
1 |X - X*|2
= i ee(u)(x, 0) eEXp| ———— dx = EW(Z*:R*)y
(4m)d/2¢.2 JRIx(0} 4t,
where Z is defined in (2.16).
Proof. Integrating equality from O to R, (recall that E,, (2*,0) = 0), we obtain

R,
(2.23) (4m)Y2E,(2,,R,) = / 2rdr / V. (u(x,t))G(x —x,,t —t,) dx
0 RIx{t,—r2}
R, 1 2
+/ 2rdr/ —[(x—x*)-VuE—Zrzatu] G(x—x,,t—t,)dx.
0 Rdx{t,—r2} 4r2

Expressing the integral on the right-hand side of (2.23) in the variable t = t, — r? (so that dt =
—2rdr) yields

0
2B, G R) == [ de [ e 0)60 - x, e -1 dx
t, Rdx{t}
0 1
—/ 2rdr / ——((x—x,).Vu—2r?8,u)®*G(x — x,, t —t,) dx. (I
t, Rdx{t} 4|t_t*|

Proposition 2.15. For any compact K € R? x [0,400), there exist a constant C(K) such that
(2.24) / 18,1, (x, t)[*dxdt < C(K)M,|In¢|

K

Proof It suffices to prove the bound on the compacts K; = B(0,+/T) x [0,T] for all T > 1. Let
t, =2T and x, = 0, then for (x,t) € B(0,+/T) x[0,T], we have t —t, > T > |x — x,|? so that

G(x—x,,t—t,)=> ;exp - e —x, [ > et
* T (4m(t—t,))d/? 4(t —t,)? (4nT)d/2
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and

1

0 AP —=——
8, OF < 5

(2(t —t,)8,u.(x, 1))

< =E(u,,2,)(x, t) + ((x —x,).Vu,(x, t))?

t—t,

< ZE(w,,2,)(x, t) + Vi, (x, £

Sl e

Therefore, using V,(u,) = 0, (2.22) and (2.21), we get

T
/ / 18,1, (x, t)[*dxdt < C(T) =(u,,2,)(x, t)G(x —x,, t —t,)dxdt
0 JB(0,vT) Réx[0,¢,]

+/ |Vu, (x, t)|>dxdt
B(0,y/T,)x[0,t,]

< C(T) (Vs(ue) + E(UE,Z*))(X, t)G(X — Xy t— t*)dth
Rdx[0,t,]
+/ e.(u.)(x, t)dxdt
B(0,yT,)x[0,t,]
< C(T)E,(z,,/t.)+C(t,)My|Ine| < C(T)M,|Ine|. O

2.3.4. Localizing the energy. In some of the proofs of the main results, it will be convenient to work
on bounded domains for fixed time slices. But since the integral in the definition of E,, is computed
on the whole space, we will have to use two kinds of localization methods.

The first one results from the monotonicity formula.

Proposition 2.16. Let u, be a solution of (PGL,) satisfying the initial bound (H,(M,)).
Let T >0 x; € R and r, A > 0. There holds

x —xq|?

(2.25) / e.(u.)(x, T)exp (—;) dx < / e.(u.)(x, T)dx
Rd 4r2 B(xp,Ar)

Var 7 A2 od
+C(d)(ﬁ exp —E (1+T+2r ) M0|1n8|.

Proof. We split the integral between B(x, Ar) and its complement. Now for x such that |[x—x| = Ar,

we have
|X_XT|2 A2 |X_XT|2
eXP(‘T sep( g )P )

2
/ e.(u.)(x, T)exp (—M)dx
Rd 41‘2

—22/8 |x —XT|2
< e.(u)(x,T)dx +e e.(u)(x, T)exp| ————— |dx.
B(xp,Ar) Rd

Therefore

8r2
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Now, we apply the monotonicity formula to the second integral term of the right hand side, at the
point (xp, T +2r?), and between +/2r and v T + 2r2. We get

— 2
ﬁ/w es(ug)(x,T)exp(_%)dx

2
< —(T N 21r2)d72 / e.(u2)(x)exp (_4|(XT +x2Tr|2) ) dx
(1+T+ 2r2)d
(T +2r2)%F
and the conclusion follows. O

<c(d) My|Inel,

The second localization method, inspired by Lin and Riviere [26] is based on a Pohozaev type in-
equality.

Proposition 2.17. Let ug € L°°(R%), u, be the associated solution of (PGL,) satisfying the initial bound

(H,(My)), and = as in 2.16).

Let 0 < t < T. The following inequality holds, for any x; € R%:
|x —xr|? |x —xr[?
t ———|d
[ ecudon 0 enp( B
d lx —xq|?
<= Ly
5 /d eg(ug)(x,t)exp( -0 dx

= | XT|2
(V (u,) +32(u,,27)) exp AT—0) dx.

As a consequence,

|x —xr|? |x —xr|?
es(u,)ex (—7)dx</ e (u.)ex (—7)dx
/]Rdx{t} Par—n B(xr,r)x{T} A -
|x

: 2
d /Rdx{t}(vg(u) +385(wzr)) eXp(_“(TiTl)) dx

where ry = 24/d(T —t).

2.4. End of the proof of clearing-out. In this paragraph, we complete the proofs of Theorems[2.]

R24land 2.6

Outline of the proof of Theorem 21l The proof follows word for word that of Theorem 1 in 8] Sec-
tions 3, p. 67-99]. Indeed, either calculations are made on bounded domains K x [Ty, T;] (where K
is a compact of R? and T; > T, > 0), on which we have the same kind of bounds

o for the energy: for any t € [Ty, T;]: /leg(ue)l(x,t)dx < C(K,Ty)My|Ing| (obtained in
K
2.20)),
e for the kinetic energy, in L?(dxdt): [8,u,|(x, t)dx < C(K,T)M,y|lne| (obtained in
Kx[0,T,]
2.29))
e pointwise: |u,|+ &|Vu,| + &2|0,u,|(x, t) < C for (x,t) € K x [¢2, T;] (obtained in (2.5) and
useful as soon as ¢ is so small that T; > e?),

2
or we multiply the energy by a weight of the form exp (—lT) for which we have the monotonicity

formula and bounds (2.25).
For the convenience of the reader, we remind the main steps of the argument.
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Letr, = 1—‘/%8 and t, =1—r2>0. As |d,u,| <K/e* (in view of (Z35)),

K o
(2.26) [1—u, (0, DI <1—u (0, + 8—2(1 —t.) S 1 —u (0, t)l[ + 7

Now, as |V, u,| < K/e (again (2.5)), one easily deduces (see [|5, Lemma 3.3 p.458]) that

. &
(2.27) 11— u. (0, )l < C (—d/ (1—Ju,(x, t€)|)2dx) .
2 B(0,¢)

This bound can be related to the weighted energy as follows:

1 C 2
(228) d / (1_|u£(x: ts)|)2dx < ~d—2 Vs(ue)(x; te)exp(_%)dx <EW£((O;1); re)'
& ra— r s
B(0,¢) © BOe )

Let 6 € (0,1/2) to be fixed at the end of the proof. By considering the variations of the weighted
energy on time intervals of the form [1—6%*,1—6%*"D]for 0 < k < |Ine|/4 (so that 1—5% < 1—r2
and E, .((0,1),r.) < E,((0,1), 5%) by monotonicity), at least one of these intervals (say for k)
shows a decay less than 87|In&| (we gained a |In ¢| factor). One can actually perform a time shift
and rescaling (as k < |In¢|/4), so that we can furthermore assume k, = 0:

(2.29) E,(,(0,1),1) = E,,(4,(0,1),6) < 8n|Iné|, E,.((0,1),r.) < E,,((0,1),1).
Gathering ([2.26), 2.27), and (2.28),
11— Ju.(0, DIl < % +CE,,.((0,1),1)7.

The crux of the argument is therefore to bound E,, .((0, 1), 1) solely in terms of 7 and more precisely,
(2.30) E,.((0,1),1) < C(8)yT.
To prove (2.30), the starting point is the observation that

lue PV ? = |u, A Vgl + ugP Vw1,
(which can be derived easily writing u, = |u,|e'?). As |Vu,| < C/e from (Z.5),

(A P)IVu P < SV +CV,w)
and we get the pointwise bound

e.(u,) < 2lu, |V, || + CV,(u,) + u, A Vi, |?.

It is not so hard to obtain improved bounds on |u,| and its derivative. Indeed, write the parabolic
equation for 1 — |u,|?: using (2.22) (in particular to treat the 3,u, terms) and an averaging in time
argument, one can infer that the set of times t such that

/B(O 5 (|V|UE||2 + Vg(uE)) (x,t)dx < C(6)ﬁ(EW((O: 1),1)+1)

is of large relative measure in [1—452,1— 62] (for some explicit C(5)).
It follows that the crucial term to estimate is u, A Vu,. For this term, one has the following Hodge-de
Rham decomposition

u, AVu, =d¢(t)+d*yp(t)+&(t) on B(0,3/2) x {t}

where d is the exterior derivative on R? (d* is its adjoint).

It is constructed as follows: define the Jacobian Ju, := d(u, A du,), and let 1(t) be such that
—AY(t) = yJu, where y is a cut-off function on B(0,2). Observe that d*di(t) is closed on
B(0,3/2) x {t}; invoking the Poincaré lemma, there exists £(t) such that d§(t) = d*dy(t), d*E(t) =
0. Then ¢(t) is obtained by invoking once again the Poincaré lemma.

Direct elliptic estimates show that ||£(t)||;2(5(0.3/2)) < CIIVY ()l 12(8(0,2))-
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Noticing that u, A o,u, = —d*(u, A du,), we have the elliptic equation for ¢ (t): for any small 6 > 0,
A+—) t)= ( ) d*Y()+E(t) —
(~a+ 55 ) e =un (55 (@ PO+ E) 55
One can obtain weighted elliptic estimates for the operator — A+i —ex l * V| ex |x|2 v
& P P 252 TP\ 452 P\ 452

and from there obtain the bound

/|V¢(t)|2exp( |4|2)dx < 59E,((0,1),5) + €(8) (R(t) + v/R(DE,((0,1),8)),

where R(t) only involves £(t) (already bounded), Z(u,) and V,(u,) (taken care of by (2.22)) and
P(t):

2
R(t) = /Rd(a(ug, (0,1))(x, 6) + Ve(“e))exp( |45|2 ) o

2 _u)
[ e or et ofe (2 ax.

The remaining task is to estimate 1(t), which is the most involved. A first ingredient is a refined
estimate on the Jacobian due to Jerrard and Soner [22]]: there exist 8, C > 0 such that for any smooth
w and test function ¢,

Cc
/ <JW: <P>dx < —“SOHLCX’ / es(W)dx
R4 |1n8| Supp ¢

(2.31) + CeP oo (1 +/ eg(w)dx) (14 74 (Supp ¢)?).
Supp ¢

(Observe the |Ing| gain). A second ingredient is to compare v with the solution 1[1 to the analoguous
heat equation

8p — AY(t) = yJu,.
One can get bounds on ) by the use of the monotonicity formula on u,, and then relate to v by

treating 8t1,5 as a perturbation. After an averaging in time argument, one can choose a right time
slice t € [1—462,1— 52] such that, using the bounds from (2.22) and (2.24)),

P ) gy < /I =0)
4(1—1t) t2

nlne,

o (B 0,100 )+ Ve t)exp(
(a bound suitable for (t) and &£(t)) and

/ V(0)2dx < C(8)eV/°E, ((0,1), 5)
B(0,2)

2
+C(8)(E,((0,1), 5)+1)/ V(ug)(t)exp( |45|2)dx

Combining all the above (and the monotonicity formula), one can choose 6 > 0 small enough (in-
dependent of 0 or u,) so that

1
Then using the first part of (2:29), this proves (2.30) and the proof is complete. O

From Theorem [2.1] Proposition [2.2] follows immediately. We now provide a proof of Proposition 2.3
which also is a consequence of Theorem 2.71
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R
Proof of Proposition 2.3t Let x, be any given point in B (xT, 5) The crux of the argument is the
following claim.
Claim 2.18. We can find A(T) > 0 such that, for every /Ty <1 < 4/Tj,

X — Xo|?

2 )dx < my|lnel,

L e Texp (—'

rd=2 Jo
provided that 7} < % (recall that A enters in the definition of 7j).

To prove the claim, we use (2.25). Let A > 0 and /T, < r < 4/T; =R, we have

1 lx — xo|? 1
2 y e.(u.)(x, T)exp (_Tzo) dx < 2 / e.(u.)(x, T)dx
B(xg,Ar)
var 77 A2
2.32 +C(d)| —— —= (1 + T +2r?)*My|Inel.
(2.32) ()(m exp| - | ( r2) My Ine|
As r < 1, it follows that
d-2
2 1+T)
(%) (1+T+2r2) < o) 32D
+2r T=
We first choose a function A, continuous such that for T > 0, A,(T) = 1 is so large that
1+T) A5(T
(2.33) c(d)’ +d;2) exp (— ol ))MO < Mmlo)
Tz 8 2

Observe this can be done with furthermore requiring that there exists an absolute constant ¢ > 0

such that
VT >0, cy/In(2+1/T)<Ay(T) < 1\/ln(z +1/T).
c

VT >0,Y7 €(T/2,2T), Ao(1) < Ao(T).

Then it follows that

Finally define
AMT) = SUPer7,17220(t) %f T<1,
SUPtel1,T] 210(0 ifT>1.
Then the function A is positive, continuous and satisfies the conditions of Proposition 2.3
Furthermore, since x, belongs to B(x,R/2) and r <R, it follows that
B(x, Ao(T)r) € B(x7, A(T)R).
Therefore,

1 R\? 1
— e.(u)(x, T)dx < | = - e (u.)(x, T)dx
r B(xg,A0R) r R4™2 JB(xy,A(TIR)

d—2

R)d_2~ ( R ) y
<| - Ine| < | — Inegl.
(r 7ilIne] T 7| Ine|

2 \2 o
Choosing T, = (—) 7j72R?, we obtain

(2.34) - e.(u)(x,T)dx < m| Inegl.

972 JB(xo.A0(TR) 2
We finally combine (2.32)), (2.33) and (2.34), and the claim is proved. The conclusion then follows
from Proposition [2.2] O



LIMITING MOTION FOR THE PARABOLIC GINZBURG-LANDAU EQUATION WITH INFINITE ENERGY DATA 19

The proofs of both Theorems[2:4]and [2.6]are now exactly the same as in [8]] (see sections 5.2 to 5.4)
since computations are made on compact domains Q C R? x (0,+00), where the bounds (2.20),
and (2.5) hold. As in the proof of Theorem 2.1] (and explained at its beginning), these are the
only bounds which are made use of, along with the monotonicity formula and the identity (2.22).
For the convenience of the reader, we remind a few elements of the proofs.

Outline of the proof of Theorem[2.4] One writes u, = |u,|e'¥s, and starts with the equation for the
phase ¢,. As |u,| = 1/2, it is a uniformly parabolic equation. After performing a spatial cut-off in
order to get rid of boundary conditions on A, one splits ¢, = ¢, o + @, 1, Where ¢, , is a solution
to the linear heat equation (which turns out to be the desired phase ¢,) and ¢, ; is a solution to a
nonlinear equation with 0 initial data.

¢,0 admits improved bounds due to parabolic regularity

1900002+ 190l < COO) [ el
A

¢, is shown to be essentially a perturbation (via a fixed point argument), and so ¢, enjoys integra-
bility bounds in L2LI(A, /4) for some q > 2 (depending on d).
Plugging this information in the equation for |u,|, one infers that

1
(2.35) e.(u,) < E|V<p€’0|2 +K,, Wwhere / K, < C(A)M,ye?,
Az/4

for some a depending only on d.

An extra ingredient is provided by a result by Chen and Struwe [[14]] where the bound (2.2)) is proved
under an extra assumption of small energy. Together with (2.35) and a scaling argument, one can
relax the small energy assumption, and prove (2.2)).

Finally, inserting (2.2)) in the equation for |u,|, Lemma [2.9] allows to improve the estimates to

IVlug || + Ve (ue) < C(A)e",

and from there, obtain L°® bounds on ¢, ;: this yields the bounds (2.3) and (2.4), and completes
the proof of Theorem O

Outline of the proof of Theorem2.6] It suffices to prove the estimates on any cylinder of the form
A =B x[T,, T;] where B is a ball and T; > T, > 0. Up to increasing slightly the cylinder (and due
to (2.21)), one can assume that

(2.36) / e.(u.)dxdt + / e.(u)do(x,t) < M;lne.
A aA
Denote now & and &* the (space time) exterior derivatives on R?*!. The main step is a Hodge-de
Rham type decomposition with estimates:
(2.37) u, Aou, =69 +56"U +¢,
where a key feature is to prove that in addition to the expected bound

IV@Ilz2ca) + IVl 2(a) < C(A)[Ingl,

1
one also has for any p € [1, 1+ 5)

(2.38) IV®l00) < Cp, My, and  [Illecn < C(p, A)VE.

In other words, ® completely accounts for the lack of compactness.
The argument for (2.37) is as follows: one starts with the usual Hodge-de Rham decomposition on
9 A (which is simply connected: here we use that (d + 1) — 1 = 2) so that

ug A 51,[8 = daAéaA +d;A\IIaA'
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Then on 9A, —Ay,¥s, = 2J5,u,: the Jerrard and Soner estimate on the Jacobian (2.3T)) gives the
1/Ine gain
ITaatellcoaany < C(A),
from where a similar gain is derived on ¥, ,.
Let ®, be the harmonic extension of ®;, on A: we gauge away by considering on A
= uee_i%.
One now considers on A the Hodge-de Rham decomposition v, A 6v, = 6®; + 6™, so that
U, AU, = 5B, + 5" + 58 + (1 — [u,[*)5®,.

Define { := (1—|u,|?)5®,: it satisfies using the bound on the energy (2.36)), and (|, , as well.
For ¥, one has again —A¥ = 2Jw,, now with boundary conditions involving ¥,, and {|;,. A
Jacobian estimate similar to (and proven in [[7, Proposition I1.1]) thus yields the bound
on V. Finally defining ® := &, + ®; completes the decomposition.

With and (2.38) at hand, we now define ®, by writing & = &, + &,, where
atq)z_Aq)z = 8tq)_Aq) on A,

with the boundary condition &, = 0 on B x {Ty} U B x (T,, T;). In particular, ¢, solves the (homo-
geneous) heat equation on A.
From parabolic estimates,
V@, [l eo(a) < ClIV, @l 2T juanx(r,, ) S C(A)Ine,
which is the first estimate (iii). It remains to bound w, := uee’i‘l’f in WHP(A). First we separate
between A, = {((x,t) € A | |1 —|w,(x,t)|| < €/#} and B, = A\ A,. On B,, the rough estimate
|[Vw,(x,t)| < C/¢ inherited from (2.5) yields
1 [ (A =w(x, 0P

p < il ~- e A7

||VWs||Lp(BA) < C(A) - /A 172 dxdt

1— t 232
< C(A)sz_p_l/z/ dedt < C(A)e**Plneg -0
A &

d+1 _3
(observe that |u,| = |w,|and p < 4 < E). We now work on A, . Then (with the same computation

as in the proof of Theorem [2.7]), we have
IVw,[* < 2|w, [Vw, > = 2lw,[|VIw,|[? + 2w, A Vw,[> < 2|V (Ju[*)* + 2(w, A Vw,[>.

It follows from (2.38) (writing w, in terms of u,) that ||[w, A Vw,||,(n) < C(A). Then one actually
bounds ||V (Ju,|*)lI;»cy: for this, one writes the (uniformly) parabolic equation for p = |u,|?, from
which we get

/|Vp|2x </(1—p)|wg|2x+/(|Vp||w|+atp|x)|1—p|,

(where y is a suitable non negative cut-off function, y = 1 on A). To bound the right-hand side,
we split again between A, and B,: B, has small measure (arguing as before) and on A, one uses
smallness of |1 — p|. Gathering all gets a final bound

NV (e P, ) < AP Ine — 0.

This gives estimate (iv).
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3. DESCRIPTION OF THE LIMITING MEASURE AND CONCENTRATION SET

Let u, be a solution of (PGL,) satisfying the initial data (H;(M,)).

Our goal in this section is to study the asymptotic limit, as ¢ — 0, of the Radon measures u, defined
on R? x [0, +00) by
e.(u:)(x, t)
ue(x,t) = —""—""—= dxdt.
[In €|

To that purpose, we will study their time slices u_ defined on RY x {t} by

e.(u.)(x, t)

dx.
ne|

pl(x) =

When ¢ — 0, these measures converge to u, and u respectively (up to a subsequence), as it is shown
in the next paragraph.

Then we will study the evolution of u!, and show that it follows Brakke’s weak formulation of the
mean curvature flow. For this, we will of course heavily rely on the properties of u! obtained in the
previous section.

3.1. Absolute continuity with respect to time of the limiting measure. According to inequality
(2.20) , we have forallR> 0 and T > 0,

(3.1) / du,(x,t) < C(d)T(1 + T)(1+R)M,.
B(0,R)x[0,T]

The bound (B.1) yields a limiting measure via a diagonal extraction argument. This can also be done
simultaneously for the time sliced measures: more precisely, following the proof in Brakke [[13]] word
for word, we have the following.

Theorem 3.1. There exist a sequence €,, — 0, a Radon measure . defined on R¢ x [0, 400), bounded
on compact sets and, for each t 2 0, a Radon measure ,ui on R? x {t} such that:

(3.2) Ue — M, asm— 0o, andforallt>0, ,u;m —u! asm— oo.
Moreover, the (u) enjoy the bound
(3.3) VR>0,Yt>0, u'(B(O,R)) < C(d)(1+t)(1+R) M.
and
w, = pide.

For the proof of Theorem 3.1} we will need a few classical identites for the evolution of u;.
Before we dive into the study of the singular measure u!, let us state two useful following identities.

Lemma 3.2. Let u® € L°°(R?) and u, be the associated solution of (PGL)). Then, for all y € 2(R?)
and for all t 2 0, we have

du,|? —d,u,.V
(3.9 i/ 2 (x)dul :—/ x(x)ﬂ dx+/ V)((x)M dx.
dt Jpe RIx{t} |1n8| Rix{t} |1n8|

We usually choose y = 0, and this choice makes the first term of the right-hand side non positive. To
handle the second term, we provide another identity which involves the stress-energy tensor.

Lemma 3.3. Let X € 2(R?,RY). Then for all t > 0,

! (es(ug)5ij_3iueajus)3jxi :_/

|Ing| RIx{¢} Rdx{t} ‘ |Ingl

o —0,u,.Vu, dx

(3.5

(Here we use Einstein’s convention of implicit sommation over repeated indices.)
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The proof of Lemma [3.3]is given in [9]], and involves the stress-energy matrix A, given by

(3.6) A=A (u,) =e.(u)ld—Vu, ® Vu, = T(u,) + V,(u,)1d,
where the matrix T (u) and the potential V, are given by

1 1—[uf?)?
3.7) T(u)= §|Vu|21d—Vu ®vVu, V,(u)= %

Combining Lemma [3.2]and Lemma [3:3]with the choice X = Vy, we get rid of the time derivative of
the right hand side of (3.4). More precisely

du|? D%y Vu,.Vu, — A
| xGdug = / 2oyt dx+/ AL Ly {ECH PN
RIx{t} [Ing] Réx{t} |In ¢

Proof of Theorem[3.1] It boils down to the following claim.

Lemma 3.4.

at

Claim 3.5. Let T > 0. We consider a sequence ¢,, — 0. Then there exists a subsequence &,y such
that for every s € [0, T],

uw, —u; asm— oo, in the sense of measures.

€(m)

Indeed let us proof Theorem [3.T]assuming this claim holds. With T, = n, the claim let us dispose of
sequences &, , — 0 as m — +00 such that u; enjoys the desired convergence ons € [0, T, ]. By an

argument of diagonal extraction, we deduce that there exist a sequence ¢,, = 0 and, for each s = 0,
a measure U on R? x {s} such that for every s > 0, W, — U asm — oo,

We now prove the claim. We use the following lemma, which is an easy variant of Helly’s selection
principle.

Lemma 3.6. Let I be an at most countable set, and let (f,™),en ier be a collection of real-valued functions
defined on some interval (a,b). Assume that for each i € I, the family (f)ney is equibounded and
satisfies the following semi-decreasing property

For all 6 > 0, there exist T > 0 and m; € N such that, if s1,s, € (a, b)
(3.8) and s, — T < §; < Sq, then for all m < my, frfl(sz) < f,,i(sl) +6.

Then there exist a subsequence o(m) and a family (f!),c; of real-valued functions on (a, b) such that
foralls € (a,b)andi€l,

Flom®) = £16).

Let (¥;);c; be a countable family of compactly supported non-negative smooth functions on R¢; as-
sume that forall i €I, 0 < y; < 1, and that Span(y,);c; is dense in 6°(R?). Let m, be such that if

1
m = m,, then ¢, 2 . We define for m €N, i €I the function f! defined on [0, T] by

fi(s)= / du
R4 mn

Step 1. We first show that (f™),>n, satisfies (3.8).
Let i € I. Recalling Lemma [3.4] we have

d
dué
ds Xl
| t emlz 1 9
=— 20— dx + —— (D*y;Vu, .Vu, —Ay;e. (u, ))dx.
Réx{s} |1 ml |ln€ | Rdx{s} m m m m
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Therefore
& L, < [ 0o, vu, - Ayie, () ax
Let R > 0 such that Supp(y;) € B(0,R). We have, fors € [0, T]
Lro=2 [ naw <smle [ e
(3.9 < 3llxill42MoC(T,R),
by Proposition 2,131 5

Let 6 > 0. We set 7 = .
3|1 xillc2MoC(T,R)

Ifs1,5, €[0,T] and s, — T < 51 < 55, the inequality (3:9) leads to

) ) 4]
f,:l(sz)_fnz(sl) < 3| ¥ille2(s2 —51)MoC(T,R) < (s _51); <6.

Therefore
Vm<mg, fi(s:)<fi(s1)+6.

Now, we prove that Vi € I, the family ( frfl)m>m0 is equibounded.
Let i € I. Let R > 0 such that Supp(y;) € B(O,R) and t € [0, T]. We have

/ 2idut </ du. < MyC(T,R).
Rd " B(O,R) "

Therefore,

Vm>mg, ||f,lle < C(T,R),
i.e. the family ( f,,l;)m>m0 is equibounded. According to Lemma there exist a subsequence o(m)
and for all i € I, a Radon measure f' such that for alli € I, and s € (a, b)

Flm®) = £i(6).

Hence, for all s € [0, T ], u; ( )(xl-) converges as m — +00.

Step 2.

Let s, € [0, T] be arbitrary but fixed, and y € C‘CO(]Rd). Let us show that (u7* (m)( X men is a Cauchy
sequence in R.

Let a > 0. Since Span(y;) is dense in CCO(Rd), there exist a finite subset J C I, and real numbers
(Aj)jej such that

<—2
3M,C(T,R)
LOO

D Axi—x

jeJ

Let m = k be two integers, we have

()l < +

So — 15
e GO =

TNCOEDS A ()

Eo(k)
jeJ

Do G- ()

jel

+ (x)

Z?\jus" () — :

Eo(m) €o(k)
jeJ

Recall that

:uf?(;(k)(x) N ];J Ajnl’Lse(jr(k)()(j) = /]Rd (x _le)(j)d”?;(k)-

jeJ



24 DELPHINE COTE AND RAPHAEL COTE

Let R > 0 such that Supp(y) € B(0,R) and for all j € J, Supp(y;) € B(0,R). We can bound

A / duso
Z JXJ B(O.R) Eo(k)

e Q=D e ()| <

jeJ jeJ
2= 2.22|  MoC(TR).
jeJ Lo
Therefore we have
< @
B =2 A ()| < 5
jeJ
and
a
u 0= 2 Ame ()| < 5.
jeJ

Since the sequence ,usgﬂ( )( x;) converges for all j € J, we have, for k large enough,

D G —w, ()| <

jeJ

W_l Q

Therefore, for k large enough,
(<o
This proves that the family (MSEO( )( X nen is a Cauchy sequence in R, thus it converges. This de-

e (x)—w?

o (m) Ea(k)

termines the measure u° and establishes the convergence for s = s4. Since s, was arbitrary, the
conclusion of Theorem [3.7] follows. O

3.2. The monotonicity formula on .. The following result transfers the monotonicity formula on
! to its singular limit u!. In the case where the initial energy on the whole space is bounded by
M,|In ¢, it is just an easy consequence of the monotonicity formula for u, ([8]). In our case, with
our initial condition (H;(M,)), it requires some more elaborate computations.

Proposition 3.7. Foreach t >0, x € R? and 0 < r < +/t, we have

|X_.y|2 t—r2 |X _J’|2 t—r2
/RdeXp(— oo du, " (y)— e e du,"(y) ase—0.

Proof ofProposition[ﬂ: Let t >0, x € R? and 0 < r < /7 fixed.
Since ‘ug_ — u:~"" as measures, we have for all ¢ € 6> (RY)

- 2 2 - 2 2
/Rd<¢>(y)exp(—b/87x|)du§r (y)—>/Rd¢(y)exp(—|y8rfl )duir )

ly —xP?
8r2
independently of ¢: indeed, we apply the monotonicity formula at the point (x, t +r2) between +/2r

and vt +r2.

2
[ ewde=rress =g,
Rd 8r2

d—2
21‘2 2 0 |y_x|2
< (t+r2) /Rd ee(u;)(y)exp (—m dy < C(t,r)Mo|Inel,

For x € RY, t > 0, and 0 < r < 4/t fixed, the measures exp (— )d,uz_rz(y) are bounded
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by Lemma 2.11] Therefore,

A )
(3.10) / exp (_Iy x| )d,utr (y) < cC(t,r).
Rd 8r2 €

ly —x|?
8r2

Hence, the measures exp( )dut r* () are bounded independently of . On the other

ly —x|?
8r2

. _ 2
hand, they converge in measure to exp (— )dui "(y). As a consequence, the measure

— |2 )
exp (— |y8r§| ) du!™" (y) is bounded on RY and for all ¢ € 6’ (RY), there holds

— |2 )
/qb(y)exp( = ')d ”(y)e/ ¢>(y)exp( %)dui‘f ).

. _ ly —x/?
In particular, for ¢ (y) =exp| — 8 , we have
r

|.y_x|2 tfrz / |y_x|2 tfrz
/Rdexp( promll AN C by LS propll LA DS O

Then, we can get an analogous of the monotonicity formula on p!.

Proposition 3.8. For each t > 0 and x € RY, the function &((x,t),.) defined on (0,+00) by

1 X — 2 2
r— &,((x,t), r)—ﬁ exp(—%)dui ()

is non-decreasing for 0 < r < +/t.
Proof. It is a direct consequence of Proposition [3.7]and of the monotonicity formula for u,. O

From there, we can get the following energy bound.

Proposition 3.9. For all x € RY and T > 0, we have

12
3.11) Vee(0,T], s€[0,T], /exp(—%)duiSC(T)Mo.
]Rd

Proof. Due to the monotonicity formula (2.19) and Lemma [2.17]

d—2

ly —x* £ \7 ly —x*
[ oo (-2 ey < () 7 [ enp( 2525 ety

< C(t* +s)Mp|Ine].

Thus,
_vl2
/ exp (—u)du C(t? +s)M, < C(T)M,.
Rd 4t
Letting ¢ — 0, the conclusion follows by Proposition O

The remainder of this section is devoted to prove Theorem [1.T]
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3.3. Densities and concentration set. In order to analyse geometric properties of the measures u,
and u!, a key point is the concept of densities. For a given Radon measure v on RY, we have the
classical definition:

Definition 3.10. For m € N, the m-dimensional lower density of v at the point x is defined by

B
O, ,(v,x)= liminfw,
’ r—0 [
where w,, denotes the volume of the unit ball B™. Similarly, the m- dimensional upper density
©r (v, x) is given by
B(x,
©; (v,x) = limsup M
r—0 WM
When both quantities coincide, v admits a m-dimensional density ©,,(v, x) at the point x, defined
as the common value.

Since the energy measure is expected to concentrate on points, our main efforts will be devoted to
the study of the density ©, o(u.,-). Invoking the monotonicity formula once more, we have

Lemma 3.11. For all x € R¢ and for all t > 0,

(1+ )

d=2
t=2

0, 42U, x) <O _,(ul,x) < C(d)M, < 400

Proof. Only the middle inequality is relevant. It is a consequence the bounds on u. derived from
Lemma [2.11] and Proposition 2.2} Indeed fix t > 0 and x € R%; for r > 0, there holds

ul(B(x,r)) 1 Pl N 5 T P
rd=2 pd=2 fpo o He™ = P 4r2 K

e!/t x—yP?
< lim —— - 3

Now, for any & > 0, the mononicity formula yields

1/4 o2 1/4 o2\ e uO
e eXp(_lx M )dw<67 exp(_lx ¥l ) {CHIEONN

rd-2 4r2 e~ (t+r2)5 4(t+r2 Ine

el/4
< mC(d)(l +t+ rz)dMO.
r2)z

As this does not depend on ¢, we infer that

J(B(x,1)) 1/4
s’ <—° —C(d)(1 +t +r2)iM,.
ri=2 (t+r2)7

Taking the limsup in r — 0, we get

1+t)
O, (ul,x) < et Ty O

=

The previous lemma provides an upper bound. For regularity properties (of the concentration set) it is
well known that lower bounds play a key role. However, it seems difficult to work with ©, 4_,(u’,-)
directly (since the equation depends on time); instead, we will first consider parabolic densities
(which involve space-time measures), whose definition is recalled below, and which is more natural

in view of the monotonicity for u, (Proposition [3.8).
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Definition 3.12. Let ¥ be a Radon measure on R? x [0,400) such that v = ¥'dt. For t > 0 and
m € N, the parabolic m-dimensional lower density of v at the point (x, t) is defined by

o1 lx —y|? 2
p _ t—r
@*,m(”, (x,t) = hrrnlglf g /Rd exp (— 2 dv'T" (y).

The parabolic upper density and parabolic density are defined accordingly, and denoted respectively
©F* and ©F.

It clearly follows from the monotonicity formula that for v = u, and m = d —2, the limit in definition
[B.12lis decreasing, so that 6572 (u*, (x, t)) exists everywhere in R? x (0, 4+00). Another consequence,
is that the parabolic measure dominates the d — 2-dimensional density for u, (see Proposition
for a precise statement). Motivated by this fact, we define

(3.12) %, = {(x,t) € R? x (0, +00) such that ©_, (u,, (x,t)) > 0},
and for t > 0,
(3.13) =50 (RY x {t}).

We now state the properties we need on X, to conclude the proof of Theorem [T, and postpone
their proofs to the end of this subsection.

3.4. Properties and regularity of %,,.

3.4.1. Diffuse part of u' outside of the vorticity. Let us first state an important consequence of the
analysis carried out above in Section [2

Theorem 3.13. There exist an absolute constant m, > 0 and a positive continuous function A defined
on (0,+00) such that, if for x € RY, t > 0 and r > 0 we have

(3.14) pt(B(x, A(6)r)) < myr 2,

then for every s € [t + %rz, t+1r2], ! is absolutely continuous with respect to the Lebesgue measure on

the ball B(x, %r). More precisely
1
u = |V<I>T|2 dx onB (x, Zr),
15

where ®.. satisfies the heat equation in A% =B(x, 1r) x [t + l—rz, t+ rz].

Note that the constant 7), and the function A are the same as in Proposition [2.5] of the previous part.
Notice also that u, = |[V®;[*dxdt on Ay, and that |[V®.|? is a smooth function.

Proof. We briefly sketch the proof of Theorem [3.13] which is a direct consequence of Theorems [2.1]
and [2.4] of the previous Section.
Let x € RY, t > 0,r > 0 be fixed such that (3:14) is verified, then for & small enough, we have

/ e.(u,) < 1or* 2 Ine,
B(x,A(t)r)

so that we may invoke Proposition [2.5] This yields
ec(u) = Ve > +x, inAy,
where &, verifies the heat equation in A% and we have the bounds
Ve, < C(A)|Ing|, and |k,|<C(A)eP in A%.
Extracting possibly a further subsequence, we may assume that

&

v |Ing|

— &;  uniformly on As .
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Since $, verifies the heat equation, it follows that for every k € N,
q)b'
V|Ing|

and &, verifies the heat equation on A%. On the other hand,

> &, in ‘6"(/\%),

K, — 0 uniformly on Ai,

so that
ee(u,)
|In €|

3.4.2. Clearing-out. Following Brakke [13]] and Ilmanen [[18]], the main tool in the study of geometric
properties of 33, is the following result.

O

— |V®.|*  uniformly on As

Theorem 3.14 (Clearing-out). There exists a positive continuous function 14 defined on (0,+00) such
that, for any (x,t) € R? x (0,+00) and any 0 < r < +/t, if

lx —yI?
7‘)/)

o) AT () <mae—r?),

&, ((x,t),r) = % g exp(—
then
(x,t) €3,
An immediate corollary is
Corollary 3.15. For any (x,t) € X, we have
05 _, (1., (x, 1)) = m3(t).

The remainder of this paragraph is devoted to the proof of Theorem which is essentially a
consequence of Theorem [3.13] We first need two preliminary lemmas.

Lemma 3.16. Let (x,t) € ¥, and 0 < r < /t. Then, we have

P (B A —12)r) 2 1,
where 1, is the constant in Theorem[3.13]
Proof. Indeed, assume by contradiction that

P u (B A= 1)r) < 7.
Then, by Theorem 313} for every 7 € [t — 1=12, t |

r
M: = |V‘I’I|2 dx onB (X, Z),

where &, is smooth. We are going to show that

o2
(3.15) szfd/ exp _|x Y| d,qu —0 ass—0.
]Rd 452 *

Indeed, we write and compute

2 2
2 =yl t—s?  2—d / lx =yl
s ex d <s V.l o ) ex dx
/B(x,g) p( 452 ) u, " s Ve, (B(x,31) - Pl — 452

(3.16) <KIIV®ill oo (g, 175> = 0 ass — 0.
On the other hand,

2
(3.17) s> / exp (_Ix 3,| )d‘ui_sz —0 ass—O0.
]Rd\B(x,g) 4s
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P, o122
Sz—d/ exp (_|X Yl )d,ui_sz — Sz—d/ (exp (_|X Yl )) d,ui_sz
Rd\B(X’é) 452 ]Rd\B(X’%) 8s2
2 2
- r lx — y| e
< g2 / exp| ——— Jexp| — dut™
RI\B(x, ) P 8 x 64s2 P 8s2 K
r Ix -yl 2
<s¥dexpl — / exp| — dut=s
p( 51252 ) Joa P\ a5z )M
d—2
2 \* r? e =y
< exp| — exp| ——— |du®
(t+52) p( 51282)/]Rd p( 4(t +s2) M
by monotonicity formula at (x, t +s2) between v2s and vt + s2 (we can assume s < /t).

Since )
lx —yl 0
exp| ———— |du) < M,
/Rd P ( 4t +52) ) HHe Mo
by inequality (B.11)), we have

2 42 2
— 2 2
sz_d/ exp(—u)dui_sz < (—) Moexp(— L )—>0 ass— 0.
RI\B(x,§) 452 t 512s2

Combining (3.16) and B:17), (B.I5) follows and hence 95_2(,“*: (x,t)) =0, ie. (x,t) &€ X,, which
is a contradiction. O

Indeed,

Lemma 3.17. The function (x,t) — @g_z(u*, (x, t)) is upper semi-continuous on the set R x (0, +00).
Proof. Let (x,t) € R? x (0,+00), and let (x,,, t,,)men D€ a sequence such that (x,,, t,,) — (x,t). We
are going to show that
(3.18) limsup ©)_, (.., (X, t)) < OF_, (., (x, 1)).

m—+00

Llet0<r < %ﬁ be fixed for the moment. For m sufficiently large, let r,, = /12 +t,, —t, so that

t —r*=t, —r2. By the monotonicity formula, we have

|y - xm|2
4r2

1 |.y_xm|2 —r2

1 2
O (W, (s t)) < — [ exp(— ) du" " (y)
rt‘i 2 Rd

We assert that, as m — +00,

1 ly = xl? e 1 ly —xJ? 2
— [ exp| —— |du'™" - — exp| — dut™" (y).
2 o p( a2 LR G0 R g s - EXP o w, ()

Indeed, since the sequence (x,,),, is bounded by a constant M > 0, we write

1 =%l o 1 y—xul?)
_ d t—r — _ m d t—r
2 o exp ( 4r2 w, () r2 oo exp 4r2 p, ()

1 |y_xm|2) —r?
o exp| —2X=Xml ) gy,
2 JBo2my p( 4r? -

Passing to the limit in the integral on B(0,2M) does not raise any difficulty. For the second integral,
we have

1
y = xnl Z ¥l =lxnl = Iyl =M > Sy,
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so, if y € R? \ B(0,2M),

| _Xml2 —r? 2 —r2
exp(—y? du, " (y) <exp b du,”" (y),

r2 1612

and by the monotonicity formula at point (0, t + 3r2) between r; = 2r and r, = V't + 312,

/exp P duf‘rz(yK(L)H/ exp b dud(y) < CM,,
R¢ 16r2 ) Vt+3r2 Re 4(t+3r2))

by (3.11I). We then get the result as a consequence of Lebesgue’s dominated convergence Theorem.
So if we let m — + 00, we obtain

2
limsup©? (11, G ) < / exp[ X=X ) qperyn,
m—+00 Rd 47‘2 *

Now, let r — 0, and (3.18) follows. O

Proposition 3.18. There exists an explicit constant K such that for all x € RY and t > 0,
(3.19) O (1, (x, 1)) Z KO, 4 5, x).

In particular,

0,42, x)=0 onR? \ZL.

Proof Let (x,t) € RY x (0,4+00) be given. Let 0 < r < t be fixed for the moment. We write, for
every 0 <s < +/t,

1 1 1 ly —x|? .
EM*(B(X,’”))<EXP(Z)E/W eXP(—T du,(y)

! 1 |y—x|2 2
<ex - | — ex J— d t—s ,
p(4) (r2 +82)d%2 ]Rd p( 4(r2+82) ,u/* (y)

where we have used the monotonicity formula at the point (x, t + r?) between r and vr2 +s2 for
the last inequality. Next, we choose s = 4/r. This yields

1 1 1 ly=xP ),
3.20 — ul(B < < T = — o du ’
( ) rd—2 ‘u*( (x, r)) <P (4) (1”2 + r)d%z R4 exp( 4(7‘2 + ’") s (}’)

In the last integral, we decompose

RY =B(x,1) U(R? \ B(x, 1)).

ly — x| ly = x|
—— _— _|LK A
exp( 2021 ) exp ar s

for some absolute constant K. On the other hand, on R? \ B(x, 1), we have

d—2
1 e : (2) 2 ( 1 )
3.21 _ exp| —————— |dut "< | = Myexp| — .
32D (r2 + )7 Jras) p( 4(r2+r) = t 0€XP 8(r2+r)

On B(x, 1), observe that
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Indeed,
e
(3.22) ﬁ & ( 7 (rz i L))
2
S eXp( 8(r21+ r)) (r2+ r) o / ( 8(r? +| ))duirz(y)
(323 < exp (_ 8(r21+ r)) (2r2 +r+ t) / ( 4(;%{'10) )
@20 o T (L Y . P

where we have used the monotonicity formula at point (x,2r% + r + t) between 4/2(r2 + r) and

V2r2 +r+t for inequality (3.23). Then, combining (3.11) and leads to inequality (3.21).
Going back to ([3.20), we infer

d—2

K lx =yl _ (2) 2 ( 1 )
2 dur+(2) M — .
5 /]Rd exp( 4r Ha t 0 €XP 8(r2+r)

Letting r go to zero, the conclusion follows. O

1
EMQ(B(X, r)) <

We can now complete the proof of Theorem

Proof of Theorem[3.14) Let (x,t) € R? x (0,+00) and 0 < r < /t. We have

(3.25) P Blx, A —12)r) < exp(@)@((x,t),r).

2
13(s) = exp (—A f) ) N2,

and assume next that, for some 0 < r < /¢,

E,((x,0),1) <zt —12).

Consider therefore the function

Then, by (3.25),
P (Bl A =) < g
and the conclusion follows by Lemma [3.16] O

3.4.3. Consequences: regularity of ¥,, and decomposition of .. At this stage, we are in position to
derive the following conclusions, without invoking any further property of the equation (PGL,).

Proposition 3.19. (1) The set 3, is closed in R? x (0,+00).
(2) Forany t>0and x € R,
#12(B(x,1)N %) <K(d)M, < +00.
(3) For any t > 0, the measure u., can be decomposed as
pt=glx, )2 + 0,(x, t)g%’dle_Zl;,
where g is some smooth function defined on R x (0,4+00)\ %, and ©, verifies the bound

©,(x,t) < KMy(1+ )1t .
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The function ©, is the Radon-Nikodym derivative of uiLZL with respect to #972; at this stage we
may just assert that it lies between the lower and upper densities.

Concerning g, it can be locally defined as |[V®;|* for some smooth &, verifying the heat equation.
The function &, however is not yet globally defined.

Proof. (1) In view of Corollary[3.15] we have

5, ={(x,t) e RY x (0,+00) | ©F_, (1., (x, 1)) = n3(t)} .
Since m5(+) is continuous and since @g_z(u*, -) is upper semi-continuous by Lemma [3.17] we deduce

that @572(,11*, -)—n3(+) is upper semi-continuous as well and the conclusion follows.

(2) Let us first observe that the proof of in [|8]], which uses a scaling argument, does not yield the
result. Instead, we will crucially rely on the fact that the function A which appears in Lemma

t
has actually slow variations. Let 0 < 6 < \/; . Consider a standard covering of R? such that
d g 5 .
RY | JB(xj,A(t)5), and B x, M(0)5 |NB(x,A(0)5 | =@ fori#].
jeJ
Define
Iy ={i: B(x, A()8) NB(x,1)N ! £o}.

For i € I, there exists some y; € 2; N B(x;, A(t)5). Hence, by Lemma [3.16]

u 2 By, At — 62)8)) > 1,597,
and in particular
L (BOxi, (At — 8%+ A(1))5)) > 1,642,
Recall that there exists an absolute constant C (not depending on t or §) such that
Vte(t/2,2t), A(t)<CA(t).
(See Proposition [2.3]where the function was first defined.) It follows that
At —82)+ A1) < (C + DA(¢).

13}
Since the balls B (xi, Mt)i) are disjoint, the balls B(x;, (C + 1)A(t)d) cover at most K(d) times the
ball B(x, 1) (where the constant K(d) only depends on d). Therefore, using inequality (3.3)),

52 Z ul =% (B(x;, (C + DA(1)8)) < K(d)52ut" (B(x,1)) < C(d)KMy5> .
iely
This implies that
M, Card I5 < K(d)M,6%74.

Now by definition, we have

#972(B(x,1)N EL) < limsup(Card I5)6972 < K(d)M,.
6—0

(3) As ZL is closed, we have the decomposition

pt=pt (R E;) + ,uil_E;.
On the one hand, on ZL, and due to the bound (2), we can use the Radon-Nikodym theorem, which
provides a function ©, € L} (#4"2(R%)) such that

loc

,bLiI_Z; = 6*%‘1‘%2;.
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Due to Lemma [3.17] we also have the bound

(1+ )

d=2
t2

On the other hand, for x, ¢ ZLO, @g_z(u*(x, t)) — 0 as (x;, ty) — (x,t) by Lemma[3:17} From there,
and using the bound (3.19), there exists 6 > 0 small enough such that

0,(x,t) < C(d)M,

Ul (Bx, A(t —62)8)) < m, 5972,
Then Theorem [3.13] applies and shows that
w;, = |V®,(x,s)?dx on B(xg,8,/4) x [t —&52/16,t],
where ®, solves the heat equation and is smooth: this allows to define g locally. O
3.4.4. Lower bounds for ©, 4_,(u.). As already mentioned, lower bounds for ©, 4_, will play an im-

portant role for regularity issues: however, up to now we have only lower bounds for @572 (see
Corollary [3.15). The next result provides the reverse inequality to (3-19)).

Proposition 3.20. For almost every t > 0, the following inequality holds
(3.26) O, 4-2(1l, X) = KOy y(p,, (x, 1))
for #972 almost every x € RY.
Combining Corollary [3.15] and Proposition we are led to
Corollary 3.21. For almost every t > 0,
0,4 o(ut,x) = Kns(t) for #%% ae x €R%.

Our goal in this subsection is to prove Proposition [3.20] but we need some preliminary tools first.
Our starting point is the estimate for the time derivative J,u, provided by Proposition [4.2] namely

1
YT >0,YR>0, —— |6,u,|*> < C(T,R).
|Ine| Jao,r)x[0,7]

Therefore, by a diagonal extraction argument, we may assume that there exists some non negative
Radon measure w, defined on R? x [0, +00) such that

1
——13,u,|* = w, as measures,
[Ing|

so that w,(B(0,R) x [0,T]) < C(T,R).
In [8]], it is known at this point that %3, C R? x (0, Ty +1) for some constant T;. In our case, we don’t

have the same result, and since we want to work on compact domains in R? x [0, +00), we will fix
T > 0, and then intersect our sets of R? with balls B(0,R).

Step 1. We fix T > 0.
We want to prove that for almost t € (0, T'], inequality (3.26) holds for every x € R?.
We define, for £ € N, and q > 0 to be fixed later, the set

1
Ae(w*):{(x,t)ERdX(O,T]: limsup — w*>1}
r=0 T JBx,tr)x[t—r2,t]
and its intersection with B(0,R)
A,_;(a)f) ={(x,t) € Ay(w,) : |x| SR}.

The following shows that A,(w, ) is small in some appropriate sense.
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Lemma 3.22. For each { € N* and R > 0,
H) (A (")) < +o0,

where %”Pq denotes the q-dimensional Hausdorff measure with respect to the parabolic distance dp((x, t), (x’, t')) =
1
max(|x —x’|, |t — t'|2).

Proof. Let 0 < & < 1 be given, and fixed for the moment. For (x,t) € Ae(cof), there exists r =

r(x,t) < & such that
/ w, =i
B(x,lr)x[t—r2,t]

I/ (x,t,r(x,t)) =B(x,br(x, ) x [t —r(x, t)%,t],

clearly, the union of parabolic balls U(x’t)eA[(wR) I/ (x,t,r(x,t)) covers A, (wR). Notice that diam(I;) <

If we denote

2¢r. Since A[(Q)f:) c B(0,R) x [0, T], we may apply the Besicovitch covering theorem (see for exam-
ple [16]]). There exists an integer m(¢,d) depending only on d and ¢, and there exists a sub-covering

of the form
m(¢,

d)
A[((Of:) C U U ng(xj: ti,ri(x;, t)),
=l jej?
where for fixed i, the sets T} = I‘ZP (xj,tj,ri(x;,t;)) are disjoint. Consequently, it follows that for each
i€[1,m(¢,n)],

Zr(xj,tj)q<2/r‘ a)*</B w, < C(T,R, ().

(0O,R+£)x[0,T]

jes? jesg i
Therefore,
m(€,d)
> > diam(T))? < m(¢,d)IC(T,R, ).
J=1 jessd

Observe that the constant on the right hand side is independent of 6. Hence, letting 6 — 0, we
obtain

m(€,d)
A (A(wP) <limsup( Y > diam(T})?) < m(¢()IC(T,R, L),
020 =1 jegs
and the proof is complete. O

3
We fixqg=d— 5 This choice has no specific geometrical meaning, but is convenient as the following
shows.

Corollary 3.23. We have

1 ( U A,_;(co*)) =0.

(eN*
Hence, for almost every t > 0,

H ( U A;(w*)) =0,

{eN*
where A} (w,) = Ag(w,) N (RY x {t}).

_3
Proof Since, by Lemma [3.22] %Pd 2(Ay(wh)) < o0, it follows that
A A (™)) =0.
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On the other hand, parabolic balls are smaller than euclidian balls of the same radius, so that the
parabolic Hausdorff measure dominates the euclidian Hausdorff measure. It follows that

{EN* REN*

Since U A(w,)) =A(w,), we obtain that

ReN*
- ( U A((CO*)) =

(eN*

and the proof is complete. (|

Next, we introduce the set

0 =R %[0, T\ | A(w,).

{eN*

Lemma 3.24. Let y € <€C°°(Rd). Then, for (x,t) € Q,,

1 y—x 1 y—x 2
=y () auon- / () au ):
= zrg%(/mx g LUHCD bl S Gy LU G

Proof. We need to go back to the level of the function u,. For 0 < r < +/t, by Lemma[3.2] we have

/ es(us) y—x es(us) y—x
)(( )dx— )(( )dx
Rix{r} |Iné€] r Rix{t—r2} |InE| r

|atus|2 Y —X
527 S S e
( ) /Rdx[t—rz,t] |1n8| x r *
1 —
(3.28) — atuEVu€~Vx(y x)dxdt.
r|lns| Rdx[t—r2,t] r

Let £ € N* such that Supp(y) C B(£). We set A = B(x,{r) x [t —r?, t], and estimate the last term in
the previous identity by the Cauchy-Schwarz inequality ,

1 1
. au 22 vu 2)?
[ vy (225)) < [ 12 MLE T
A r A |Ineg| AT2|Ineg|

We now let ¢ — 0 in ([3.28)), therefore obtaining the inequality for measures
—x B
[ (5 —aut )
Rd r
1 1 201 2
< (W/ACO* + (E/Aw*) (r_d/,\du*) ) izl
Lety € Cgcw(]Rd x [0,+00)) such that y) = 1 in A, and 1 = 0 out of B(x,2{r) x [t —2r2, t]. We have

t
ld//lpd‘ll/e < dlz/ / eS(uE)
r = Jt—2r2 JB(x,2tr) | In 6‘|

<[ 0 g,
Rd

t— 2r2 |11'1€|

1
< ) / e
re Je—orz

1
r|lneg|

1

rd—2

ENT

irar) o Tme© g
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where we used the monotonicity formula applied at point (x,s+4¢2r?) between 2¢r and +/s + 4£2r2.
From there, we infer

-J-\-I'—‘

/¢ <e (2€)d2 (M0+C1(Vt+4£2r2)).
(t—2r2)F

[Ing|

Letting ¢ — 0, we get

. d-2
i/l/)du* < Mye® L

rd (t—2r2)F

Recall that

1
(3.29) if (x,t)e,, then limsup d—§/ w, < 1.
r—0 1r°"2 JB(xlr)x[t—r2,t]

1 1 101 2
rd_2 Aw*+ rd—2 Aw* r_d Ad‘u,*
1 1 101 2
“(mrfe) et o) (5 on)
1 1 1 g2t 1 2
< w, | r2+ricOMy(t—2r)2 | —5 [ w,] .
rd=3 Ja rd=3 Ja

According to ([3:29), and letting r — 0, we deduce that

fors (o) (& o)

and the proof is complete. O

Now we have

1
+r3

I

In Lemma we assumed that y has compact support. The following shows that the result still

2
holds for y = exp( Ix 4| ) which is of special interest in view of the monotonicity formula.

Corollary 3.25. We have, for any (x,t) € ,,

. 1 | —}’|2 t |X—y|2 t—r? _
115'% ( rd—2 /]Rd eXp( 4r2 w(y) /]Rd Zp 4r2 du, " () | =0.

In particular, for (x,t) € X, UQ,, the following limit exists and verifies the inequality

1 |X—y|2 t
1{%@/}1@ exp (—T du,(y)=n3

Proof. Let ¢ be a smooth cut-off function such that 0 < { <1, { =1 on B(1) and ¢ = 0 outside B(2).
For £ € N*, consider the function ¢, defined by {,(y) = {(y/{), and denote y, the function defined
on R? by

2
2(y) = exp (—'yT')g(y).

We apply Lemma [3:24] to y,, so that
1 y—x 1 y—x _

(3.30) i (5 [ 05— [ ;) =o
rd=2 Jpa r rd=2 Jpa r

On the other hand, we claim that, for every s € [t —r?, t],

1 ly — x| y—x s 2=d 0?
(3.31) =l (exp(— a2 —x4( - ) |dul(y) <KMgys 2 exp -5 )
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Indeed, notice first that
ly — x| (y—x) ly —x[? ( y—x
o) (555 e -0 ()
exp( | () = (1 (=
ly — x| e
<exp(— ) exp ~3 )
Second, due to the monotonicity formula and to (3.10), we have

1 ly —xI*\ ,
e Lot o

|.)’_X|2 ) 0 1
< —— | exp[ -2 Nauo<—
(s+2r2)F Jre p( 4(s +2r2) s (s +2r2)% 0

and the claim (3.31)) follows. Observe that the right hand side of (3.31) does not depend on r, for
r< %ﬁ Combining and (3.37)), we conclude that

1 —v|? g 2
lim sup —/ exp _bx=yl (dp! —du)(y) <KM0t%exp _E .
r—0 rdiz Rd 47‘2 * * 8

Since { was arbitrary, the conclusion follows. O

We are now in position to prove Proposition [3.20

Proof of Proposition[3.20} For (x,t) € Q,,, define

. o1 lx —y|?
t — t
O (p,, x) = lim = /Rd exp (— o du,(y)).
In view of Corollary B.25] 6, ,(u’, x) exists on ,, and

(3.32) 04 o(ut,x)=0F ,(u,,(x,t)).

If (x,t) ¢ X, then 65_2(u*, (x,t)) = 0 so that ([3.26)) is obviously verified. Therefore, we assume in
the following that (x, t) € ¥, UQ,,. Arguing as for the claim in Corollary [3.25] we obtain

1 K 1 lx — y|? 24 2
—— dut > ——— - dut — KMyt 2 — .
(fr)i=2 /B(x,ér) o £d=2 rd=2 fg eXP( 4r2 o ° P 8

Hence, letting r — 0, and by (3.32),

K 2 2-d
(333) e*,d*Z(.u'i: X) > Zd—_z (eg_z(lbl’*’ (X, t)) _K£d72 €Xp (_E) MOt zd ) .

In order to obtain (3.26), we invoke the fact that on %, 65_2 = n4(t). We choose £ sufficiently large
so that

2 a1 1
K£d72 €xXp (_%) M0t¥ < EnB(t) < 565_2(,“*, (X, t))'
Going back to (3.33), with this choice of £, we obtain
©,42(UX) > s —0F (1, (x, 1))
*,d—2 lu*5 = Zéd—z d—2 U, 5

so that inequality (3.26)) is true for almost t € (0, T]. O
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3.4.5. ZL is (d — 2)-rectifiable. Now, we have to deal with the diffuse part, and different kinds of
arguments could then lead to regularity for ZL. One way is to prove the existence of the density
©4_, and then to invoke Preiss’ regularity Theorem [27]]. More precisely, we have:
Proposition 3.26. For almost every t > 0,

0, -2, x) = O, (ul,x) > Kns(t) #P-aexex,
As a consequence, for almost every t > 0, the set ZL is (d — 2)-rectifiable.

Proof. The proof is as in [|8, Proof of Proposition 8, p.155]. For the convenience of the reader, we
provide a brief sketch.

Fix (x,t) € Q,. Denote L °([0,+00),R) the set of bounded, real valued functions with compact
support; for r > 0 and g € L°([0, +00),R), we define

I(g)= rdl,z /g(|yle)dui(y).

F= {g € L°([0,400),R) : I(g) := lirr(l)Ir(g) exists and is ﬁnite}.

Consider the set

Then F is a vector space, and the equality of upper and lower (d —2)-dimensional densities is equiv-
alent to 1y 17 € F.
Observe that F is stable by scaling g — g, where g,(x) = g(ax) for a > 0 and that

(3.34) I(g) =I1(g)a’".

The starting point is Corollary [3.25] It shows that x — e belongs to F. By repetitively differenti-
ating with respect to a, one can then infer that for any k € N, ¢, : x — P belongs to F.
Denote V,, = Span(v;,k =0,...,m), and P,, the L? projection on V,,.

Using the Hermite polynomials, one can prove that for f € %CZ (R),

Cc
Jm
From there, if g € %52([0, +00)) satisfies g’(0) = 0, we can symmetrize it into § € %CZ(IR), and an
approximation argument shows that g € F.

Then one approximates 1 by the sequence of functions g, € C602([0, +00)) defined as follows.
Let y € ¥°°(R) be non increasing, and such that y(x) =1 for x < —=1/2 and y(x) = 0 for x = 0;
we set for x > 0, g,(x) = y(n(x —1)). This allows to prove that 1f, ;) € F, as desired.

Finally, we invoke Corollary 3.21] for the lower bound. O

If =Pl < —=CUF "Nz + 12 £ ]2

3.5. Convergence in modulus outside %,.

End of the proof of Theorem[L.I] We can now complete the proof of Theorem [I.Il We gather the
results obtained in Propositions and Only two points are left to clarify.

The first point is that the function ®, which appears in Theorem[T.T]is global, whereas up to now the
function ®. constructed in Theorem 3.13] was only locally defined. Let us sketch how to overcome
this problem, we refer to [[8], Part II, Section 4, p. 131] for more details.

Fix (xo, to) ¢ X,. Recall that &, is defined on a neighborhood A(x,, to)% of (xg,ty) as the limit of

@,

v |Ing|
Now denote <f>€’m the phase provided be Theorem 2.6 on the compact K,,, = B(0,m) x [1/m,m]. Up
to changing @E’m by a constant, we can also assume that

, where &, is the phase provided by Theorem [2.4]

(3.35) Ve>0, Vm, &, (xo,to)=2,(x0,to).
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The bounds given in Theorem (and parabolic regularization) show the existence of ®,, such that

é
e,m = q)m
V|1Ineg|
so that ®,, also satisfies the heat equation on K,,_;.
On the other hand, using the bounds in Theorem (and also in the remark that follows) on the
gradient, one can prove that

in Km—l >

Ve, ., vé,

Jinel  [ne]

Therefore, for m so large that A(x,, to)% C K1)

—0 ase—0.

Lp (A(Xo,to)% )

V&, =V&; on A(xo, o).

It follows from there and (3.35) that for m large enough, all the &,, coincide on A(x, to)%. By
analyticity, for all m, large enough, the (®,,),>p, coincide on K,, _;. Letting my; — +00, we denote
®* their common value. By construction, it satisfies all the requirements of Theorem [T.1l

The second and last remaining point is to show that |u,(x, t)| — 1 uniformly on every compact subset
K cRYx(0,400)\ %,. As X, is closed, up to doing finite reunions, it suffices to prove it for a family
of cylinders (which cover RY x (0, +00)\ & ). Therefore, we can furthermore assume that there exist
5 >0, K; c R convex and K, C (0,4+00) a compact interval such that

{(x,t) :d((x,£),K) < 8} CK; x Ky CR? x (0,+00) \ I,

We have, for every t € K,

t
/ Md,{:/ Ve, 2dAt < C(K).
K, &

[Ing|
Hence

(1—ue[*)2(x, t)dx < C(#)e*|Inel,

Ky
and
|Vu,|2(x, t)dx < C()|Inel.
Ky

Let

A= {(x, tyeH :Ve>0, 1—|u(x,t)?*=> K(E)},

where k(&) > 0 will be determined later.
We want to show that A is empty, and argue by contradiction. If not, let (x,t) € A. We try to find
y(¢€) such that
o K(€)
VyEB(X,Y(E)), |1_|u£(y)| |> T
We have

Y
lue (x, t) —ue(y, 0] </ IVu ()] < Ve (Ol 2 v/ [y — x| < C(A)/ [Ine|y/y(e),

and

|u£(ya t)lz —-1= (|u£(ya t)l - 1)(|us(ya t)l + 1) < 2(|u£(y: t)| - 1)
< 2(|us(x; t)_ue(ya t))| + |u€(x, t)| - 1)

<2(C()V/nel 7+ lu (x, 0 —1).
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Since )
k(e 1

1— )z == s

lug(x, t)] 1+ u,0x, 0] 2K(s)

we deduce that

lue(y, )I* =1 < 2C(A) 4/ | Inelyy —x(e).
k(&) V1
4C(K)) [lne|’

So we choose y(¢) = ( Then, assuming that B(x,y) C K;, we have

_ 2y2 K(e))? 29d,  \d
/B A, 0PFdy> /B M( . ) > (e 22y (6)

)2d+2 1 Wy
|Ingld 42d+2 C()d”

Thus,
1 [OF]
[Ingld 42d+2 C(x)d”

(3.36) C(K)e?|Ing| = k(e)?d*?

This inequality leads us to define

1
2d+2 d+1 2d+2
V4
K(s):2(¢52|1n5|d“) .
Wy

Observe that in this case, y(¢) — 0 as ¢ — 0.

Let £, > 0 be so small that for ¢ € (0, &y), v(¢) < 6. Then B(x,y(¢)) C Ky, so that the computation
(3.36) above holds: this is a contradiction. This proves that for ¢ < g,, the set A is empty. Arguing
similarly, we obtain that the set

B= {(x, t)EK:Ve>0, 1—|u(x,t)?< —K(s)}
is also empty. Therefore, for € < g,

11— Jue Pll oo () < x(€) < C(K)ey/|Inel,

which means that |u,(x, t)] = 1 uniformly on K.

The proof of Theorem [1.1]is complete. O
4. EVOLUTION OF THE LIMITING DENSITY

Our goal in this section is to provide a proof for Theorem [T.2

4.1. Mean curvature flows. Let us start by recalling some definitions on the mean curvature flow.

4.1.1. The classical notion. Let ¥ be a smooth compact manifold of dimension k, and v, : ¥ — R4
(n = k) be a smooth embedding, so that =° = y,(X) is a smooth k-dimensional submanifold of RY.
The mean curvature vector at the point x of ¥:° is the vector of the orthogonal space (T, =°)* given
by

d—k k d—k

" av® . -

(4.1) Hyo(x) == (Z(Tj e )v“) == (divy g v,
a=1 \_j=1 J a=1

where (74, ..., T) is an orthonormal moving frame on T,,%°, (v,, ..., ¥" ) is an orthonormal moving
frame on (T, x°)*, and divy 5 denotes the tangential divergence at point x. The integral formulation
of (41) is given by

(4.2) divy o Xdo#* =— | Hgo-Xdotk,
%0 * 0
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for all X € 2(RY,RY).

Next, we introduce a time dependance, and consider a smooth family {y,},c; of smooth embeddings
of  in RY, where I denotes some open interval containing 0. We set X* = y,(Z). If y is a smooth
compactly supported function on R?, a standard computation shows that

4.3) o / () = / (1O () + PV (x) - (),

. d
where Y(x) = —ys(yt_l (x)) is the velocity vector at point x, and P denotes the orthogonal projection

ds
on (T, =)t
The family (X¢),; is moved by mean curvature in the classical sense if and only if, for all m € ¥ and
tel,

d "
(4.4) 7o) = Fy (r (m).
In particular, if (3°),; is moved by mean curvature, (£.3) becomes
(4.5) % 2 (x)dA* =— / 3 (O Hsy ()|2d ¢ + / Vy(x) - Hyy (x)d #%.
e e e

Now, y can be chosen arbitrarily, so that (4.5) is actually equivalent to (4.4).

4.1.2. Brakke’s flows. In the attempt to extend (4.4) or (4.5) to a larger class of (less regular) objects,
and in particular to extend the flow past singularities, Brakke [[13]] relaxed equality in (4.5), and
considered instead sub-solutions, i.e. verifying the inequality

(4.6) %/ x (x)dx* <—/ x(x)lﬁzr(x)|2dﬁfk+/ V() - Hy (x)d K,
e %t nt

for all non-negative y € 2(R?). Following Brakke [[13]], we are thus going to extend to less
regular objects than smooth embedded manifolds. Actually, we adopt the point of view of Ilmanen
[[18]], which is slightly different from Brakke’s original one.

Recall that a Radon measure v on RY is said to be k-rectifiable if there exists a k-rectifiable set ¥,
and a density function © € Llloc(%kl_il) such that

y=0 3.

Since ¥ is rectifiable, for ##*-a.e. x € %, there exist a unique tangent space T, % belonging to the
Grassmanian G, ;. The distributional first variation of v is the vector-valued distribution & v defined
by

4.7) sv(X) = / div; zXdv forall X € D(R?,R%).
z

In the case when the measure |§v| is absolutely continuous with respect to v, we say that v has a
first variation and we may write

Sv=Hv,

where H is the Radon-Nikodym derivative of & v with respect to v. In this case, formula (@.7) becomes

(4.8) divTxZdez—/ﬁ~de.
%0 by
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We are now in position to give the precise definition of a Brakke flow. Let (v,),>o be a family of
Radon measures on R?. For y € 62(R%,[0,+00)), we define

t _ ~to
4.9) QWWFmMmﬂﬁguﬂ,
t—to t—tg

If v'L{y > 0} is a k-rectifiable measure which has a first variation verifying y |H|? € LY(»"), then we
set

%Uﬂm=—/ﬂm%¢+/vxpmmw.

(Here P denotes #*-a.e. the orthogonal projection onto the tangent space to »'.)
Otherwise we set

%(Vt,l):_oo-

Definition 4.1. (Brakke flow) Let (v,),s, be a family of k-rectifiable Radon measures on R%. We say
that (v,);>¢ is a k-dimensional Brakke flow if and only if

(4.10) DV (1) < BO', 1),
for every ¥ € 2(R%,[0,+00)) and for all t > 0.

4.2. Mean curvature flow in Brakke’s formulation for vi.

4.2.1. Relating (PGL,]) to mean curvature flow. The starting point of the analysis is the formal analogy
of equality (4.5), namely

d . .
o x(x)d%”k:—/ x(x)lHZr(x)|2d%k+/ Vy(x) - Hy (x)d 5%,
%t %t %t

with the evolution of local energies for (PGL,) (see equation (3.5))

d 18,u, |* —d,u, - Vu,
(4.11) —/ (x)d ;:-/ (o) dx+/ Vy(x)—e e
dt ]Rdx ® ]Rdx{t}x |1n£| Rix{t} x |1n£|

We already know that as ¢ — 0, u} — u'. Therefore, the comparison of the two formulas suggests,
at least formally, that in the limit

_ 19w,

(4.12) w! = m(x)dx — |H[*du!,
and

—o,u,.V _
(4.13) ol = %(x)dx — Hdu!.

Actually, this is a little over optimistic for two reasons. First, we have to deal with the diffuse part of
the energy (this will be handled thanks to Theorem[I.T]). Second, since involves the quadratic
term |H|?, only lower semi-continuity can be expected at first sight.

4.2.2. Convergence of o and decomposition of the limit. In this section, we use the following estimate
of the time derivative ,u,, which requires some calculations, whereas it was straightforward in [8]].

Proposition 4.2. For all T > 0 and R > 0, there holds
1

|8,u,|> < C(T,R).
IIne| Jpeo,r)x[0,7]
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Proof By Lemma[3.4] we have for all y € C*°(R?),

i )((x)dut :—/ M dx+/ szvus 'vué‘_Axes(us)
’ R x{t}

dx.
ot Jra R x{t} [Ing| |Ing|

Integrating the last equality between 0 and T, we get

(4.14) /x(x)duf—/ x(x)du?
Rd Rd

d,u,|? D?yVu,-Vu,—A
RIx[0,T] |Ineg RIX[0,T] |Ineg

We choose y such that y(x)=1if |x| <R, y =0, Supp(x) € B(0,R+ 1) and ||[D?y oo < 1.
Then

/ szvus 'VUE—AXGE(UE) dxdt < C/ ee(ue)
RIx[0,T] [Ineg] B(0,R+1)x[0,T] [Ineg|

(4.15) < C(T,R),
due to inequality (3.I). Plugging (4.15) into (4.14), we get

K 2

/ ﬂmLﬂidx<anm+/"ﬂmméj/xumdl
RIx[0,T] [Ineg| R4 R4

Let’s deal with the two last terms. Due to H;(M,), we have

/ X(x)d,ug < / dug < C(R).

Rd B(O,R+1)
Finally,
/ x(x)du! >o0.
Rd

So
1 |0, |?

oul< [
IIne| Jporxror] & RIX[0,T] |Ingl

dx < C(T,R). O

Consider the measure o, = oldt defined on R? x [0,4+00). By Cauchy-Schwarz inequality, for
every T > 0, o, is locally bounded on R¢ x [0, T] uniformly in ¢ > 0. Hence, passing to a further
subsequence, we may assume that o, — o, as measures. The Radon-Nikodym derivative of o, with
respect to u, verifies

dlo,| _ 12,

du, h ve(u,) ’

Now, let T > 0 and R > 0 be fixed. We have

(416) |atus| :/ |31tus|2 < C(T’R)’
\% ee(ue) L2(B(0,R)x[0,T1,du,) B(0,R)x[0,T] | Il8|
d
so that lLE' is bounded in L2(B(0,R) x [0, T],du,) uniformly in & > 0. Since it is true for all T > 0

€
and R > 0, it follows that o, is absolutely continuous with respect to u, (see [[1, Remark 2.2] for
further details). Therefore, we may write

o, = ?luid t,
where fr € LIZOC(Rd x [0,T],u.dt) and satisfies the bound

7Nl z2a0.R)x[0, 71 ae) S C(T,R).
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Arguing as in Theorem [T.Tland its proof, we infer
Lemma 4.3. The measure o, can be decomposed as o, = o'dt, where for a.e. t =0,

ol =—0,9, Vo, dx + ?wi.
4.2.3. Mean curvature of v'. The next step will be to identify the restriction of hon ZL with the mean
curvature defined by (4.8), that is:
Proposition 4.4. For t >0 a.e., v has a first variation and

5V, = fzvi,

i.e. I is the mean curvature of vL.

Proof. Notice that we already know by Theorem [I.I]that v is (d — 2)-rectifiable for a.e. t > 0.
The starting point is formula (3.5). Indeed, let X € 2(R?,R?). Then for all t > 0,

1 du, du, \ dX; N
5;i———= Ld =—/ X-ot.
|11’1€| Rdx{t} (ee(ue) Y 3xi 8xj) axj X Rdx{t} O.g

Formula (4.17) is already very close to (4.8, in particular the right hand side. In order to handle
the diffuse energy, as well as to interpret the left-hand side as a tangential divergence, we need to
analyse the weak-limit of the stress-energy density tensor

Vu, ® Vu, )

ee(ue)
(Recall that the stress-energy matrix A, was defined in (3.6).) Clearly, |a!| < Kdu!, and we may
assume that

4.17)

t
e

al =Adx = (Id—

t_ ot . t
a, —a, =:Adu,,
where A is a d x d symmetric matrix. Since the symmetric matrix Vu, ® Vu, is non-negative, we

have
A<Id.

On the other hand,
Tr(e,(u,)Id—Vu, ® Vu,) = (d — 2)e,(u,) + dV,.(u,).
Therefore, as the trace is a linear operation, we may take the limit £ — 0 and obtain
dv,
du,’
where the non-negative measure V, is the limit (up to a possibly further subsequence) of V,(u,)/|In¢|.
Going to the limit in (4.17), and using the decomposition in Theorem [I.1] we obtain for t = 0 a.e.,

L OX; Vo, |? 9%, 0d, )\ 0X;
AT —1d f+/ 5 ———=|=—4d
/]Rd 3XJ v* ]Rd( 2 Y 3Xl- aXJ aXJ X

(4.19) =—/ X«iidv;—/ X -v®,0,8,dx.
]Rd ]Rd

(4.18) Tr(A) = (d —2) +d

*

On the other hand, ®, verifies the heat equation

(4.20) 9% pe.=0
' at o
Multiplying (@.20) by X.V®,, we obtain
v, |2 0%, 3%, \ 9X; S
4.21) / Q(SU ——2 = | —dx= —/ X -Vd 0,®, dx.
Rd 2 3xi 3XJ axj Rd

Combining and we have therefore proved
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Lemma 4.5. For t 2 0 a.e., and for every)_f € 9(RY, R,

L O0X; .
(4.22) /A”—ldvi=—/ X -hd©:.
R4 3x1 R4

Recall that we already know that ZL is rectifiable for a.e. t > 0. Comparing (4.22)) with (4.8) in order

to identify h with the mean curvature of »', we merely have to prove that the matrix A corresponds
to the orthogonal projection P onto the tangent space T, ZL. We first have

Lemma 4.6 ([|8, Lemma 6]). For t =0 a.e.,
(4.23) A(x) (/ Vx(y)d%’dz(y)) =0 for #% %ae xe ZL R
T3

and for all X € 2(R,R).
A straightforward consequence is
Corollary 4.7. For t and x as in Lemma [4.6]
L
(TXE;) C kerA(x).
With a little more elementary linear algebra, we further deduce

Corollary 4.8 ([, Corollary 4]). For t and x as in Lemma[4.6] A= P is the orthogonal projection onto
the tangent space T, EL.

Gathering (4.22) and Corollary (4.8) proves the proposition. O
Remark 3. Corollaries and have many important consequences.

dv,
(1) Using (4.18), we deduce that 7 * =0, i.e. there is only kinetic energy in the limit.
Vy

(2) Let (t4,...,T,) be an orthonormal frame such that TXX}L = Span(ts,...,T,). In view of
the expression of the stress-energy tensor in these coordinates, we infer that the energy
concentrates in the (74, 7,) plane (i.e. (T, ZL)L) and uniformly with respect to the direction.

In particular, since o is colinear to Vu,, this suggests strongly that R is perpendicular to
T, ZL. Such an argument is made rigorous in [[I}, Proposition 6.2].

4.2.4. Semi-continuity of w!. It solely remains to show (#.10) to complete the proof of Theorem [I.2]
We now prove that for a.e. t = 0,

du,|? >
liminf/ )(M >/ x|h|2dvi+/ 210,®,|* dx.
e=0 Jrixy |Ineg] RIx{t} RIx{t}

We recast the problem in the framework of Young measures, which turns out to be an appropri-

. s o Vu
ate concept to analyse the energies of the oscillations. In this direction, denote p, = — v 8| , and
uS
consider the measure (defined on RY x R%)
o,u,.p.|?
~t | t s'ps
W, =0p (x) |Ine| dx.

Extracting possibly a further subsequence, we may assume that @.dt — @, as measures. Arguing as
in Theorem [I.1]and its proof once more,

Lemma 4.9. The measure &, decomposes as &, = &'dt, and for t = 0 a.e.

oL =1 (p)|3,®,* dx + .4,
where TI. (p) is a measure on R (with support on the unit ball) and A' = (Z)iLZL. Moreover,
I (p)®R*) =1
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The main ingredient that we will borrow directly from the analysis by Ambrosio and Soner [[1]] can
be formulated as follows.

Proposition 4.10 ([[1} Section 6]). For t =0 a.e., and every y € 2(R?),

[ xwaimn [ e
Rd xR2n R
At this stage, we are in position to complete the proof of Theorem [1.2]

Proof of Theorem[L.2] In view of Theorem 4.4 in [[]], it suffices to establish the integral version of
(@I0). Let 0 < Ty < T;. We integrate (4.I1) on [Ty, T;], and let £ go to zero. Combining the
results of Lemma [4.3] Proposition [4.4] Lemma Proposition [4.10} Theorem [I.1] and the Remark,
we obtain

vfl(x)—vfo(xw/

RIx{T;}

x|V, |? dx—/ 2IV®,|? dx

Rax{Ty}

<—/ lellzdv*—i-/ VxP(fl)dv*

Rdx[ T, Ty ] RAx[ Ty, Ty ]

(4.24) —/ x10,®, > dxdt+/ VyV®,0,®,.
RIx[Ty,T;] RAx[To,T;]

Since &, verifies the heat equation, we have the identity

(4.25) / 2 IVe,|? dx—/ 2|V, |1* dx
RIx{T,} RIx{To}

:/ x10,®,* dxdt+/ VyV®,0,9,.
R x[To,T;] Rdx[To,T;]
Combining (4.24) and (4.25) we obtain
v1(x)—v(x) < —/ xIhld v*+/ VyP(h)dv,.
RAX[ Ty, Ty ] Rex[Ty, Ty ]

As mentioned above, this integral formulation implies (4.10), under suitable assumptions which are
fulfilled here, namely rectifiability of ZL, lower bounds on the density ©,, and orthogonality of the

mean curvature h with (T, ZL )*. The proof of Theorem [I.2]is complete. O

5. POINT VORTICES IN TWO SPACE DIMENSIONS

Our goal in this last section is to prove Theorem[T.3]l We start with the derivation of some pointwise
estimates, which actually hold in any dimension d > 2, and refine the estimates of Theorem
Indeed, we need a careful analysis on the set where |u,| is far from zero. For this purpose, we
consider, for T > 0, AT > 0, R > 0 given, the cylinder

A =B(xo,R)x [T, T + AT] C R? x [0, +00),
and we assume that for some constant 0 < o < %,
(5.1 lu,|=1—0c onA.
In particular, we may write

u. =p.exp(ig,) onA,

where p, = |u,| and where ¢, is a smooth real-valued map on A. Set

Ay =B(xg,aR) x [T + (1 —a?)AT,T + AT].
The following higher-order regularity for u, holds.
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1
Theorem 5.1. Assume that (5.1) holds. There exist constants 0 < oy < > and 0 < a, 3 < 1 depending

only on the dimension d, such that if 0 < o, then

(5.2 196 llin, ) < CA)Y Myl el
7
(5.3) L= Py < Ce (14196, By ).
(5.4) 184 lgnn, ) + IV Pellgnon, ) < CIMEP
2 2

In addition, there exists a real-valued function ®, defined on A 1 and satisfying the heat equation, such
that

(5.5) ”at¢5 - attpe”%‘l“(/\l) + ||v¢s - vq)sllcgo'”‘(/\l) < C(A)Mosﬁ
2 2

Proof. The proof is similar to the one given in [[9, Theorem 2.1] since we have on A the same bounds

on the energy / e.(u,) < C(A)My|Ine|. It relies in particular (and improves) on Theorem[2.4 [
A

From now on and throughout the rest of this section, we work in dimension d = 2. In order to prove
Theorem [1.3] let us first recall Theorem [I.1] In dimension 2, it asserts that ZL has locally finite s#°

measure, i.e. 2; is a discrete set. In particular, we can write
ZL ={b;,(t):i €I}, where]I is finite or I =N.

The bound on #°(B(x, 1)2;) translates to Card(B(x,1) N {b;(t) :i € I} < KM,.
Also, %, = U0 ZL is a closed set in R? x (0, +00) and |u,| — 1 locally uniformly on R? x (0, +00)\
%.,- Moreover, a.e. t = 0,

 _ Ive,?

wl 3 (,t)dx+ v, where = Zai(t)‘sbl(t)’

iel
where the function &, satisfies the heat equation on R? x (0,+00) and we have the dichotomy:
(5.6) Viel,Vt =0, either o;(t)=mn; or o;(t)=0.

Off the singular set ZL, the main contribution to the time derivative J,u, stems from the phase &,.
In this direction, the following proposition is motivated by Lemma [3.21

Proposition 5.2. We have, as ¢ — O,

|0,u, > .

Tinel {M —10,2,1* in 6J(R*x (0,+00)\ ),
dyu,.Vu, . 0 1o
W - Bttﬁ*VdJ* mn (gloc(]R X (O, +OO) \ ZH)

Proof. As %, is open, it suffices to show uniform convergence on small cylinders (which cover R? x
(0,+00)\ ). This is then an immediate consequence of Theorem 5.1}, which shows that

du, =iexp(i¢,)d,®, +0(eP), and Vu, =iexp(ip,)Ve, +0(eh). O

We now need to establish some asymptotics for the measures

dpu,? du,.V

19l 4 e and 2oV gy,

[Ineg| [Ineg|
For the first one, it suffices to have the inequality

) 2
(5.7) liminf/ ﬂx(x) dxdt = / 18,8, >y (x) dxdt,
20 JR2x[0,400) |11'1€| R2x[0,+00)
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which is a straightforward consequence of Proposition [5.2] For the second one, we need to care a
little bit more. We have

Lemma 5.3. Extracting possibly a further subsequence,

du,..Vu

(5.8) o, = £ dxdt — o, =:—0,9,.Vd, dxdt +hv,,

[Ing|

weakly as measures on R? x [0, +00), where v, = vidt = p, %, and h € L%(v,).

Proof. LetR> 0, and T > 0. We have

1 1
au 23\ 2 Yu 23 2
(5.9) / da€<(/ 1O ) (/ Vi | ) < C(T,R).
B(O,R)[0,T] BO.R)x[0,7] |Ineé] BoR)x[0,7] |1In€]

In view of (5.9), and by an argument of diagonal extraction, we see that there exists a Radon measure,
defined on R? x [0, +00), bounded on compacts, such that, up to a subsequence,

o, — o, as measures in R? x [0, +00).

We claim that o, is absolutely continuous with respect to u,. In order to prove this, we compute the
Radon-Nikodym derivative of o, with respect to u,, obtaining

(510) dae < |atue|~|vu5|,
dpe e.(u,)
and therefore for all T >0 and R > 0,
do, * B, |2
(5.11) / Iel < / 0tel” de < C(1,R).
BO,R)x[0,T] | d e BO,R)x[0,r] |1In €]

Invoking a result of Reshetnyak [[28]] as in [9]], the claim is proved.
It follows from Proposition[5.2that on R* x [0, +00)\ &, 0, = —5,9,.V®,dxdt and the conclusion
follows. O

In the same spirit, we have

Lemma 5.4. Extracting possibly a further subsequence,

A
(5.12) *— dxdt — A, =: T(®,)dxdt +Bv,,
[Ineg|

weakly as measures on R? x [0, +00), where T is defined in (3.7) and B € L*°(v,).

The proof is identical to the proof of Lemma The next result expresses the fact that the points
have "zero mean curvature".

Proposition 5.5. The vector h and the matrix B given above are identically equal to zero.

Proof We rely again on equation (3.5): given a smooth (time independent) vector field X € 2(R?, R?),
integrate (3.5) on the time interval [Ty, T,] for 0 < T; < T,. Taking the limit ¢ — 0, we get

/ (A,)ij9X; :/ X0,
R2x[T;,T5] R2x[T;,T,]

From (5.12)), and as &, verifies the heat equation, we infer

R2x[T;,T5] R2x[Ty,T,]
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Therefore letting T;, T, — t, we infer that a.e t = 0,

R2 R2

Now the support of v is a discrete set: by using cut-off vector fields, we see that h = 0, and from
there, B =0. [l

Proof of Theorem We claim that for any function y = 0 compactly supported on R?, we have for
ae. t>0,

d

dt R2x{t}

Indeed, passing to the limit in (3-4) and using (5.7), Lemma [5.3] Lemma [5.4] and Proposition [5.5]
we obtain

d vo,|? d
(5.14) —/ Q)((x)dx+ —/ xd v, <—/ 10,8, >y — 0,8,.V®,.Vydx.
dt R2x{t} 2 dt R2x{t} R2x{t}
On the other hand, since &, solves the heat equation, we have
d Ve, |2

L VoL (dx = / V(8,9,).V0.y
dt R2x{t} 2 R2x{t}

:—/ (6t<1>*.A<1>*x—ath*.VdJ*.Vx):—/
R2x{t}

R2x{t

(5.13) dvt <0.

t
*

}

so that (5.13) follows. We deduce that
(5.15) Vit < vlo forany 0 < to < t;.

It then follows as an easy consequence that: first, the b; do not move; and second, the ¢;(t) are non
increasing. (I
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