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Abstract

We consider a unifying framework for stochastic control problem including the following
features: partial observation, path-dependence (both with respect to the state and the control),
and without any non-degeneracy condition on the stochastic differential equation (SDE) for the
controlled state process, driven by a Wiener process. In this context, we develop a general
methodology, refereed to as the randomization method, studied in [23] for classical Markovian
control under full observation, and consisting basically in replacing the control by an exogenous
process independent of the driving noise of the SDE. Our first main result is to prove the
equivalence between the primal control problem and the randomized control problem where
optimization is performed over change of equivalent probability measures affecting the cha-
racteristics of the exogenous process. The randomized problem turns out to be associated by
duality and separation argument to a backward SDE, which leads to the so-called randomized
dynamic programming principle and randomized equation in terms of the path-dependent filter,
and then characterizes the value function of the primal problem. In particular, classical optimal
control problems with partial observation affected by non-degenerate Gaussian noise fall within
the scope of our framework, and are treated by means of an associated backward SDE.
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1 Introduction

Let us start with the classical stochastic optimal control problem with full observation, characterized
by the gain functional and value function

T
v(t,z) = supJ(t,x, ), J(t,x,a) = E[/ f(s,Xz’m’a,as)ds—|—g(X§lm’a) , (1.1)
« t

where the supremum is taken over the set of progressive processes « valued in a Borel space A, and
Xb%a evolves according to the controlled stochastic differential equation (SDE)

dXE5 = b(s, XE5 o) ds + o(s, XE5%, ay) dW, t<s<T, (1.2)

with Xf’m’a =2 € R". Here W = (W})¢>0 is a d-dimensional Brownian motion on a probability
space (£, F,P) with a filtration F = (F;);>0 and the coefficients b: [0,T]xR" x A — R", o: [0,T] x
R?"x A — R™4 .0, T|xR"xA — R, g: R" — R satisfy standard assumptions to be precised later
on. The dynamic programming method then consists in proving the dynamic programming principle,
which allows to relate the value function v to the Hamilton-Jacobi-Bellman (HJB) equation (or
dynamic programming equation):

v “ B "
E(t,x) —|—2161§ {E u(t,z) + f(t,:v,a)} =0, (t,z) € [0,T) x R™, 13
o(T,z) = g(x), z € R",

where (we denote by - the scalar product between two vectors in R™ and by T the transpose operator)
1
L(t,x) = b(t,z,a) Dyv(t,x) + §tr (oo™ (t,z, a)Div(t,x)].

In general, v turns out to be the unique viscosity solution to the HJB equation (1.3), see e.g. [12] or
[28]. One key feature of the dynamic programming method is that the knowledge of v allows, at least
in principle, to find an optimal control for problem (1.1), although in practice this can be done only
in some special cases. Alternatively, the Pontryagin maximum principle provides a set of necessary,
and sometimes sufficient, conditions in terms of a system of adjoint backward stochastic differential
equations for an optimal control, see [31]. These very powerful and well-known methodologies break
down (in the sense that at least one of them can not be directly implemented as sketched above)
when we face control problems which present the following additional features:

e partial observation: « is required to be adapted to a smaller filtration than F, typically the
one generated by an observation process;

e path-dependence in the state: the coefficients b, o, f, g depend (in a non-anticipative way) on
the entire trajectory of X»*® not only on its present value;

e path-dependence in the control: the coefficients b, o, f depend on the past values of the control
process «, not only on its present value.

We refer to the last two features also as memory effects, and in this case (1.2) becomes a path-
dependent (or hereditary) stochastic differential equation.
The reason for studying the above generalizations comes from the applications (e.g. to mathe-

matical economics and finance or control engineering), which demand increasingly realistic models.



From a theoretical point of view, they represent very challenging problems with still many open
questions. In the literature, an effective approach consists in reformulating the control problem
in a new setting, where the dynamic programming method or maximum principle can then be
implemented. For example, stochastic control problems with partial observation are shown to be
equivalent, via a separation principle (see e.g. [11], [7], [17] or [3]) relying on results from nonlinear
filtering, to full observation problems formulated on a different filtered probability space, with the
filtration generated by the observation process; the conditional distribution of the state process,
solution to a filtering equation, becomes a new state variable. On the other hand, stochastic con-
trol problems with delay in the state (a particular case of path-dependence) are embedded in an
artificial infinite-dimensional space hosting the new state variable, comprising the present value
of the state process and its past trajectory (moving window); the recovered Markovianity allows
then to implement the dynamic programming method. Control problems with delay in the control
are dealt with in a similar way, usually with additional difficulties. We refer for instance to [14],
[15]. However, these reformulations of the original problem are strongly dependent on the specific
features of the control problem at hand and often involve delicate and somewhat arbitrary choices,
such as the function spaces that become the state space for the reformulated problem. More-
over, they generally require additional and sometimes artificial assumptions on the coefficients.
Finally all these reformulations share the common feature that eventually the state variable has an
infinite-dimensional component. This makes more difficult the rigorous derivation of a “dynamic
programming equation” satisfied by the value function, or even providing a well-defined notion of
solution to this equation, a difficult task that can in general be accomplished only under specific
set of assumptions: we refer for example to [26], [25], [3], [16] for the optimal control of Zakai
equation and the related dynamic programming equation and Pontryagin maximum principle in
infinite dimensions, and to the book [10] for a recent overview of stochastic control problem with
delay in state and control.

The aim of this paper is to develop a general methodology in a unifying framework for the
study of stochastic optimal control problems as those mentioned above, which we refer to as the
randomization method, introduced in [23] for the classical Markovian model (1.1), but earlier con-
sidered in [22] in connection with impulse control and in [5], [8], [9] on optimal switching problems.
In the present paper we consider a quite general control problem where all the features introduced
above, i.e. partial observation and path-dependence on the state and the control, are considered
simultaneously, namely

dXt = bt(X, O[) dt + O't(X, Oé) dBt, X(] = Xy, (14)

for t € [0,T], with gain functional and value defined by

T
J(@) = E[ /0 X, @)di +9(X)], vy =supJ(a) (1.5)

where the coefficients b, o, f, g depend on the whole trajectories of X and « in an non-anticipative
way. The partial observation character is modeled as follows: in the Wiener process B we distinguish
two components (possibly multidimensional) and write it in the form B = (V,W). We suppose
that the controller chooses the control actions at any time on the bases of the past observations
of the component W alone. Thus, the control process « is required to be adapted to the filtration
generated by W and the supremum in (1.5) is taken over such controls. This formulation of a



partial observation problem is general enough to include large classes of optimization models with
latent factors of interest in mathematical finance: see section 2.3.1 below. Moreover, the classical
optimal control problem with partial observation, as presented for instance in the book [3], also
falls under the scope of our results after a standard reformulation based on the so-called reference
probability method, in which the observation process W is turned into a Wiener process by a change
of measure: see subsection 2.3.2 where a typical observation process, perturbed by a non-degenerate
Gaussian noise, is introduced.

In order to present the randomization method applied to the problem (1.4)-(1.5), we assume
for simplicity that A is a subset of a Euclidean space and we take a finite measure A on A with full
support. Then, enlarging the original probability space if needed, we introduce a Poisson random
measure g on Ry x A with intensity A(da) and independent of the Brownian motion B. Then
we consider the stepwise process I associated with p and replace the control process « by I, thus
arriving at the following dynamics:

dXt _bt(X I dt+0t(X I) dBt,

t:ao—l—//a— w(ds da).

Next we consider an auxiliary optimization problem, called randomized or dual problem (in contrast
to the starting optimal control problem with partial observation which we refer to also as primal
problem), which consists in optimizing among equivalent changes of probability measures which only
affect the intensity measure of p but not the law of W. In the randomized problem, an admissible
control is a bounded positive map v defined on Q x Ry x A, which is predictable with respect to
the filtration FW*# generated by W and p. Given v, by means of an absolutely continuous change
of measure of Girsanov type we construct a probability measure P¥ such that the compensator of
w is given by v¢(a)A\(da)dt and W remains a Brownian motion under P¥. Then we introduce the
gain and the value as

T
e =& | [ Axndaceex]. o s R)

where [E¥ denotes the expectation under P”.
One of our main results states that the two control problems presented above are equivalent, in

the sense that they share the same value:
Vo = V. (1.6)

See Theorem 3.1, where some additional comments can be found.

Such equivalence result has important implications that will be addressed in Section 5. Indeed,
it will be shown that the randomized control problem is associated by duality to the following back-
ward stochastic differential equation (BSDE), with nonpositive jumps, which then also characterizes
the value function of the initial control problem (1.5). For any bounded measurable functional ¢
on the space of continuous paths define

pe(p) = Elp(Xne) | F,



and consider the BSDE

(1.7)

In Theorem 5.1, which is another of our main results, we prove that there exists a unique minimal
solution (Y, Z,U, K) to (1.7) (i.e. among all solutions we take the minimal one in terms of the Y-
component) in a suitable space of stochastic processes adapted to the filtration F"#, and moreover

T
Yy = 0%, and more generally Y; = esssupE” [/ ps(fs(- 1)) ds + pr(g) | f;’v’“}. (1.8)
v t

The BSDE (1.7) is called the randomized equation, and corresponds to the HJB equation (1.3)
of the classical Markovian framework. Note that the introduction of the measure-valued process
p and its occurrence in the generator and the terminal condition of the BSDE is reminiscent of
the so-called separation principle in classical optimal control with partial observation. We shall
study in a companion paper [2] how one can also derive such kind of HJB equation in the context
of partial observation Markovian control problems. An important feature of our randomization
approach is that it does not rely on dynamic programming principle, thus circumventing delicate
issues of measurable selection arguments, especially when dealing with path-dependence in state
and control. Moreover, our BSDE representation opens perspective to build a new probabilistic
numerical scheme for solving optimal control of partially observed SDE. Finally, we would like
to point out that Theorems 3.1 and 5.1 are stated in quite a general framework, since no non-
degeneracy condition is required on the diffusion coefficient o. In particular when ¢ = 0, this
includes the case of deterministic control problem with a path-dependent state dynamics and delay
on control. When the diffusion coefficient of the Brownian motion V is zero, meaning that the
dynamics of X is driven only by W, we are reduced to the case of full observation control problem.
Therefore, we have provided a general equivalence and representation result in a unifying framework
embedding classical cases in stochastic control theory.

In Section 5 we also prove a verification theorem (Theorem 5.2) in the context of the ran-
domization method. Namely we formulate, in terms of the randomized equation (1.7), a sufficient
condition for the existence of an optimal feedback control for our primal problem. In the classical
Markovian framework (1.1) this result reduces to the standard verification theorem (see subsection
5.3 for more details).

The equality Yy = Vg, which follows from (1.6) and (1.8), provides a BSDE representation of the
value function of a stochastic optimization problem, which includes as a special case the classical
optimal control problem with partial observation. As far as we know, this is the first time that
BSDE techniques allow such a probabilistic representation in a general framework. The reason
is that, even for the simplest case when only the drift of the state equation is controlled, after
the usual reformulation as a full observation control problem for a filtering equation (for instance,
for a controlled Zakai equation) the corresponding semilinear HJB equation (see [3] or [16]) does
not fall into the class of semilinear equations addressed by the standard theory of BSDEs (see
e.g. [27]) where the generator has a particular structure condition, namely the dependence on the
gradient has to have a particular form which involves the diffusion coefficient. The randomization
method allows us to represent the solution to semilinear HJB equation with quadratic growth on



the gradient (see [6]) and to fully non-linear equations without any structure condition and without
any non degeneracy condition on the diffusion coefficient, using a BSDE, in our present case the
equation (1.7).

We conclude with a comparison of two related papers and one final comment.

An equivalence result similar to (1.6) and a corresponding BSDE representation can also be
found in [23]. However, in that paper the equality (1.6) was proved only in the Markovian case
with full observation and by a completely different method, namely by viscosity solution techniques
applied to the HIB equation. Indeed the interest in [23] was focused on providing a nonlinear
Feynman-Kac formula for the HJB equation (which was much more general and included also
nonlocal terms) in order to design probabilistic numerical methods, that were later developed in
[20] and [21]. It is our hope that similar numerical schemes may be adapted to the study of partially
observable control problems, and this will be the focus of future works.

We also mention the article [13] where an equivalence result like (1.6) was proved, by purely
probabilistic arguments, for an optimal control problem in the presence of path-dependence in the
state variable. In [13] only the case of full observation was addressed and there was no memory
effect with respect to the control. However, the main difference with respect to our setting is that
in [13] the primal problem was formulated in a weak form, i.e. taking the supremum of the gain
functional (1.5) also over all possible choices of the probability space (€2, F,P). This simplifies many
arguments, and in particular makes the inequality Uy > Uz)a trivial. We have chosen in the present
paper a strong formulation, i.e. with a fixed probability space, of our control problem, at the expense
of additional technical difficulties. This is probably a more natural setting, especially in connection
with modeling applications. Moreover, it is the customary setting for the Pontryagin maximum
principle and for other classes of optimization problems like optimal stopping and switching.

The rest of the paper is organized as follows. In Section 2 we formulate the general optimal
control problem (1.4)-(1.5) (the primal problem) with partial observation and path-dependence in
the state and the control. We then present two motivating particular cases: in subsection 2.3.1 a
general optimization model with latent factors and uncontrolled observation process, which finds
usual applications in mathematical finance; in subsection 2.3.2 a classical optimal control problem
with partial observation (but including also path-dependence). Then, in Section 3 we implement
the randomization method in order to derive the randomized stochastic optimal control problem
(or simply randomized problem) associated with the primal problem. We state in Theorem 3.1 the
fundamental equivalence result between the primal and randomized problem. Section 4 is entirely
devoted to the proof of Theorem 3.1, which requires for both inequalities sharp approximation
results and suitable constructions with marked point processes. In Section 5 we show a separation
principle for the randomized control problem using nonlinear filtering arguments, and then relate
by duality the separated randomized problem to a constrained BSDE, which may be viewed conse-
quently as the randomized equation for the primal control problem. We finally present a verification
theorem for our primal problem using the randomized equation, which gives sufficient conditions

for the existence of an optimal feedback control for the partial observation problem.



2 General formulation and applications

2.1 Basic notation and assumptions

In the following we will consider controlled stochastic equations of the form
dXta = bt(Xa,Oé) dt—FO't(Xa,Oé) dBt, (21)

for t € [0,T], where T' > 0 is a fixed deterministic and finite terminal time, and gain functionals

J(@) = E[/OTft(X“,a)dtJrg(X“‘).

The initial condition in (2.1) is X§ = zo, a given random variable with law denoted py. Before
formulating precise assumptions let us explain informally the meaning of several terms occurring
in these expressions. The controlled process X takes values in R™ while B is a Wiener process in
R™+, We write B = (V, W) when we need to distinguish the first m components of B from the
other d components. The control process, denoted by «, takes values in a set A of control actions.
The partial observation available to the controller will be described by imposing that the control
process should be adapted to the filtration generated by the process W alone. Our formulation
includes path-dependent (or hereditary) systems, i.e. it allows for the presence of memory effects
both on the state and the control. Indeed, the coefficients b, o, f, g depend on the whole trajectory
of X% and «. The dependence will be non-anticipative, in the sense that their values at time ¢
depend on the values X& and ay for s € [0,¢]: this is expressed below in a standard way by requiring
that they should be progressive with respect to some canonical filtration on spaces of paths.

Now let us come to precise assumptions and notations. Let us denote by C,, the space of
continuous paths from [0,7] to R", equipped with the usual supremum norm ||z = z%, where
we set 2} 1= supge(oq [2(s)], for t € [0,T] and z € C,,. We define the filtration (C}')e[o,r), where

7' is the o-algebra generated by the canonical coordinate maps C,, — R", z(-) — z(s) up to time
t, namely

C = o{z(:)—x(s) : s€]0,t]},

and we denote Prog(C,,) the progressive o-algebra on [0,7] x C,, with respect to (Cf*).

We will require that the space of control actions A is a Borel space. We recall that a Borel
space A is a topological space homeomorphic to a Borel subset of a Polish space (some authors use
the terminology Lusin space). When needed, A will be endowed with its Borel o-algebra B(A).
We denote by M4 the space of Borel measurable paths a : [0,7] — A, we introduce the filtration
(M{M)iefo.r], where M is the o-algebra

MA = o{a(’) — a(s) : se 0,8}

and we denote Prog(C,, x M 4) the progressive o-algebra on [0, T] x C,, with respect to the filtration
CF® MtA)te[o,T]-

(A1)

(i) A is a Borel space.



(ii) The functions b, o, f are defined on [0,7] x C, x My with values in R™, R**(m+d) and R
respectively, are assumed to be Prog(C,, x M 4)-measurable (see also Remark 2.1 below).

(iii) The function g is continuous on C,,, with respect to the supremum norm. The functions
b, o and f are assumed to satisfy the following sequential continuity condition: whenever
T, x € Cp, ag,a € My, ||zp — zljec = 0, ax(t) = «a(t) for dt-a.e. t € [0,T] as k — oo we
have

bi(xg, ar) — bi(x,a), ok, ax) — oy(2',a), fi(zk,ar) = fi(z,a) for dt-a.e. t € [0,T).

(iv) There exist nonnegative constants L and r such that
bi(z,a) — be(2',a)| + |or(z,a) — (2, a)] L(x — 2')f, (2.2)
16:(0,a)| +[04(0,0)] < L,
[fe(z,a)| + |g(=)] < L(1+]z]7,), (2.4)
for all (t,z,2/,a) € [0,T] x C,, x C,, x M 4.

AN

(v) po is a probability measure on the Borel subsets of R™.

Remark 2.1 The measurability condition (A1)-(ii) is assumed because it guarantees the following
property, which is easily deduced:

(ii)” Whenever (Q, F,P) is a probability space with a filtration F, and o and X* are F-progressive
processes with values in A and R™ respectively, then the process (b (X%, ), o(X?, ),
Jt(XY, a))iejo,r 1 also F-progressive.

All the results in this paper still hold, with the same proofs, if property (ii)’ is assumed to hold
instead of (ii). There are cases when (ii)’ is easy to be checked directly.
We finally note that the function g, being continuous, is also C-measurable. |

Remark 2.2 Assumption (A1) allows us to model various memory effects of the control on the
state process, including important and usual cases of delay in the control. For instance suppose
that A is a bounded Borel subset of a Banach space and b : A — R” is Lipschitz continuous. Then
we may consider a weighted combination of pure delays:

by(z,a) = b (Z mi(t)a(t — 5,)) :

i=1
where 0 < 01 < ... < §; < T, m; are bounded measurable real-valued functions and we use the
convention that oy = @ (a fixed element of A) if ¢ < 0. We may also allow the delays d; to depend
on t in an appropriate way. Alternatively, we may have

bi(z, @) = b (/Ot w(t, s) a(s) d5> ,

with 7 bounded measurable and real-valued. Note that in the latter case the measurability condition
(A1)-(i) fails in general, since the o-algebras M;! are determined by a countable number of times,
but the property (i)’ in the previous remark is easy to verify.

Clearly, we may address more complicated situations which are combinations of the two previous
cases and may also include a dependence on the path x. O



Remark 2.3 We mention that no non-degeneracy assumption on the diffusion coefficient o is im-
posed, and in particular, some lines or columns of ¢ may be equal to zero. We can then consider
a priori more general model than (2.1) by adding dependence of the coefficients b, o on another
diffusion process M, for example an unobserved and uncontrolled factor (see Application in sub-
section 2.3.1). This generality is only apparent since it can be embedded in a standard way in our
framework by considering the enlarged state process (X, M). O

2.2 Formulation of the partially observed control problem

We assume that A, b, 0, f, g, po are given and satisfy the assumptions (A1). We formulate a control
problem fixing a setting (2, F,P,F,V, W, zg), where (2, F,P) is a complete probability space with
a right-continuous and P-complete filtration F = (F;);>0, V and W are processes with values in
R™ and R? respectively, such that B = (V,W) is an R™*%valued standard Wiener process with
respect to F and P, and x( is an R™-valued random variable, with law pg under P, which is assumed
to be Fyp-measurable and to satisfy E|xg|P < oo for some p € [1,00), p > 2r with r as in (2.4). Note
that V and W are also standard Wiener processes and that V', W, x( are all independent.

Let us denote FW = (ftw)tzo the right-continuous and P-complete filtration generated by
W. An admissible control process is any F"W-progressive process a with values in A. The set of
admissible control processes is denoted by A". The controlled equation has the form

dX7 = b(XY a)dt + 04(X*, ) dBy (2.5)
on the interval [0, 7] with initial condition X§ = ¢, and the gain functional is
T
J(a) = E [/ fir( X% a)dt +g(XO‘)} . (2.6)
0
Since we assume that (A1) holds, by standard results (see e.g. [29] Thm V. 11.2; or [19]

(XM)o<i<r to (2.5) with
continuous trajectories and such that (with the same p for which E|z|P < o0)

Theorem 14.23), there exists a unique F-adapted strong solution X

IE[ sup |Xf‘|p} < 00.
t€[0,7]

The stochastic optimal control problem under partial observation consists in maximizing J(«) over
all « € AW

Vo = aér;lfw J(a). (2.7)
Remark 2.4 Let FP = (FP )t>0 be the right-continuous and P-complete filtration generated by
B. Then B is clearly an FB-Brownian motion, the processes o and X are FP-progressive and
the filtration F does not play any role in determining J(«) and Uy. So we might assume from the
beginning that F = F? and even that 7 = F2 whenever convenient, but in the sequel we keep the
previous framework unless explicitly mentioned. O

2.3 Two basic applications

In this paragraph, we address two classical optimal control problems with partial observation, and
we show that they can be recast in the form outlined in the previous subsection.



2.3.1 Model with latent factors and uncontrolled observation process

Let (9, F,P) be a complete probability space with a right-continuous and P-complete filtration
F = (F)i>0. Let V, W be independent standard Wiener processes with respect to F, with values
in R™ and R? respectively. We assume that a controller, for instance a financial agent, wants to
optimize her/his position, described by an f-dimensional stochastic process X< solution on the

interval [0, 7] to an equation of the form
dX? = b(X* M,0,0)dt + 5 (XY M,0,a)dV; +62(X*, M,0,a)dW; (2.8)

with coefficients b, &', 5% defined on [0, T] X Cpimia X M4 valued in R?, R?*™ R™ 4 respectively,
and Prog(Cr imiq X M 4)-measurable. Here, the process M valued in R™ represents a latent factor
that can influence the dynamics of X¢, and is governed by a dynamics in the form:

dM; = By(M)dt + v (M)dV; + v (M)dWy, (2.9)

for some coefficients 3, 4!, 42 defined on [0,7] x Cy, valued in R™, R™X™ R™Xd respectively,
and Prog(Cy,)-measurable. The process M is not directly observed, and actually the agent takes
her /his decisions based on a noisy observation represented by a process O in R? solution to an

equation of the form

dO; = hy(M, O) dt + k(O) dWy, t€10,T), (2.10)

for some coefficients h and k defined on [0,7] x Cj44 and [0,T] x Cg4, Prog(Cp,1q)-measurable

R4 respectively. For instance, O; may be related to

and Prog(Cg)-measurable, valued in R? and
the market price of financial risky assets at time t. We denote FO = (]:tO )t>0 the right-continuous
and P-complete filtration generated by O. An admissible control process, representing for instance
the agent’s investment strategy, is any FO-progressive process o with values in the Borel space A.

The agent wishes to maximize, among all admissible control processes, a gain functional of the

form
— T_ - -
J(@) = E[/ ft(Xa,M,O,a)dt+§(X°‘,M,O)],
0

where E denotes expectation with respect to P, for real-valued coefficients f, g defined on [0, T x
Critm+d X M4 and Ciymtd, Prog(Crimtd X Ma)-measurable and C?+m+d—measurable, respec-
tively.

In order to put this problem in the form addressed in the previous subsection we make a
change of probability measure and pass from the “physical” probability P to a “reference” prob-
ability P. Assuming that k:(y) is invertible for all ¢ € [0,7] and y € Cy, and that the process
{71 (O)hs(M,0),0 <t < T} is bounded, we define a process Z setting

t B 1 t
771 = exp <_/ ks(O)lhs(M,O)dWs—§/ |ks(0)1hs(M,O)|2ds>, te[0,7).
0 0

The process Z~! is a martingale under P, and by the Girsanov theorem, under the probability
P(dw) = Z7(w) 'P(dw) the pair (V, W) is a standard Wiener process in R with respect to F,
where W; = W; + f(f ks(O)~thy(M,0)ds, t € [0,T]. We denote by FW = (FV),ci0.7] the right-
continuous and P-complete filtration generated by W, and see that the observation process O is a
solution under P to the equation:

d0; = ky(0) dWy. (2.11)

10



Assuming a Lipschitz condition on k, i.e. there exists a constant K such that

ke(y) — k()] < K(y—y")5,

for all (t,y,y') € [0,T] x Cq x Cq, we deduce that O must be F"-adapted and therefore that
FO c FV for t € [0,T]. On the other hand, since W; = fg ks(O)~1dOs, the opposite inclusion
also holds and we conclude that FO = FW. Moreover, it is easily checked that Z is a P-martingale
satisfying the equation

dZ; = Zik(0) " hy(M, Q) dW;, (2.12)
and that the equation (2.8)-(2.9) for (X%, M) can be re-written under P as
X9 = [b(X* M,0,0) — 6} (X* M,0,a)k(0) " hy(M,0)] dt
+6H(XY M, 0,0)dV; + 67 (X, M,0,a) dWy, (2.13)
dMy = [Bi(M) = 7 (M)ke(0) ™ ha(M, O))dt + v (M)dV; + 7 (M)W, (2.14)

while the gain functional is re-written as an expectation under P from the Bayes formula:
T
J(a) = E[/ Z,J/(X°, M.0,0) dt + Zrg(X°, M,0)|. (2.15)
0

Now let us define the four-component process X* = (X, M, O, Z) and note that the equations
(2.11)-(2.12)-(2.13)-(2.14) specify a controlled stochastic equation for X of the form (2.5) (with
the obvious choice of b and ¢ in that equation). Similarly, the gain functional (2.15) can be put in
the form (2.6) (with the obvious choice of f and g). Moreover, one easily checks that requirements
in (A1) are satisfied for suitable assumptions on b, &', 6%, k, h, 3, v%, 42, f and g.

Example 2.1 As an example of financial application, let us mention the case of a risky asset whose

price S; satisfies
dSt == St(p(Mt) dt + O't(S) th)

for a scalar Brownian motion W, a volatility which is a functional of the past values of S, and an
unobserved return process M governed by (2.9). We assume that p, o(.) and o; (.) are bounded
functions. The wealth X{ of an investor that invests a fraction oy of her/his wealth in this asset
(and the rest in a risk-free asset with interest rate r) evolves according to the self-financing equation:

dX) = o X d?st + (1 — ) X rdt (2.16)
t
= XPr+ a(p(My) — r)]dt + X ooy (S)dW,y

The investor typically observes the risky price process or equivalently the log-price process O; :=

log St that solves the equation

04(5)?
2

which can be put in the form (2.10) setting k¢(y) = o¢(exp(y)) and hi(z,y) = p(z) — ki(y)?/2.
Notice that the wealth process is FP-adapted, since it is solution to equation (2.16). Therefore,

dOy = (p(My) — )dt + o¢(S) dWr,

when choosing the investment strategy « the investor gains no additional information by observing
the wealth process, and so it is reasonable to impose the condition that o should be adapted to the
filtration F© alone, rather than to the one generated by O and X°. O

11



2.3.2 A classical partially observed control problem

In the previous example the observed process O was not affected by the choice of the control.
We next remove this restriction, adopting a classical approach which consists in starting with the
“reference” probability P and introducing the “physical” probability later, as presented e.g. in the
book [3].

Let (Q, F,P) be a complete probability space with a right-continuous and P-complete filtration
F = (Ft)i>0. Let V,W be independent standard Wiener processes with respect to F, with values
in R™ and R? respectively, and consider the observation process solution to the equation in R%

A0, = k(0)dW,, (2.17)

where k;(y) is defined on [0,7] x Cg4, Prog(Cg)-measurable, Lipschitz in y, and invertible with
bounded inverse. Similarly as in the previous paragraph, we see that F" = FO and an admissible
control process is any FW-progressive process o with values in a Borel space A.

We are given coefficients b, h, ', 2 defined on [0, T] x Cpq X My, valued in in R?, R% R?*™

R™*4 respectively, and Prog(Cr1q x M 4)-measurable. Then, for any admissible control process «,

let the process X be defined as the solution to the equation in R™:

dX? = [b(X* 0,a) — 2 (X% 0,a)k:(0) ' h( XY, 0, )] dt (2.18)
+ (X% 0,a)dV; + 72(X*,0,a)dW;.

We introduce the gain functional J(«) associated to a control a by means of a change of
probability in the following way. Assuming that the function k= 'k is bounded, let us define for any
admissible control process «, the P-martingale:

zp = exp(/otkS(O)1hS(X'°‘,O,a)dWS— %/Ot\ks(O)1h5()_(°‘,0,a)\2ds),
solution to the equation
dZ® = Z2k(0) ' hi(X,0, ) dWy, (2.19)
and introduce the “physical” probability P* setting P*(dw) = Z$(w)P(dw). Given real-valued

coefficients f, g defined on [0,7] x Cpiq x M4 and Cpiq, Prog(Cpniq x My)-measurable and
C?er—measurable, respectively, the gain functional is then defined as

J(a) = Ea[/oTﬁ(Xa,o,a)dt+g(Xa,0)].
The interpretation of this formulation is the following. By defining the process W< as
W = W;— /0 ks(O) L he(X,0,a)ds, te0,T],
for any admissible control process a, we see, by the Girsanov theorem, that the pair (V,W?) is a

standard Wiener process in R™¢ under the probability P* and with respect to F. Moreover, the
dynamics of (X, 0) is written under P* as:

dX? = (XY 0,0)dt +51(X* 0,a)dV; +62(X*, 0,a)dW?,
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dO, = h(X% 0,a)dt+ k(0)dW.

We then obtain a classical controlled state equation, and an observation process perturbed by noise
and also affected by the choice of the control.

Finally, we notice that this problem is recast in the framework of subsection 2.2 by rewriting
from Bayes formula and the P-martingale property of Z¢, the gain functional as an expectation
under P:

T
J(a) = E[/O Z2fi(X*,0,a)dt + Z3g(X“,0)]. (2.20)

Thus, by defining the three-component process X = (X%, Z% 0), we see that the equations
(2.17)-(2.18)-(2.19) specify a controlled stochastic equation for X¢ of the form (2.5), and the gain
functional (2.20) can be put in the form (2.6).

3 The randomized stochastic optimal control problem

We still assume that A, b, 0, f, g, po are given and satisfy the assumptions (A1). We implement the
randomization method and formulate the randomized stochastic optimal control problem associated
with the control problem of subsection 2.2. To this end we assume we are also given A, ag satisfying

the following conditions, which are assumed to hold from now on:
(A2)
(i) A is a finite positive measure on (A4, B(A)) with full topological support.

(ii) ag is a fixed, deterministic point in A.

We anticipate that A will play the role of an intensity measure and ag will be the starting point
of some auxiliary process introduced later. Notice that the initial problem (2.7) does not depend
on A\, ag, which only appear in order to give a randomized representation of the partially observed
control problem. In this sense, (A2) is not a restriction imposed on the original problem and we
have the choice to fix ag € A and an intensity measure \ satisfying this condition.

3.1 Formulation of the randomized control problem

The randomized control problem is formulated fixing a setting (Q, F.B.V,W,p, Z0), where (Q, F, ]f”)
is an arbitrary complete probability space with independent random elements V, W, i, g. The
random variable Zg is R"-valued, with law pg under I@’, and it is assumed to satisfy E|£o|p < oo for
some p € [1,00), p > 2r with r as in (2.4). The process B:= (V, W) is a standard Wiener process
in R™*4 under P. /i is a Poisson random measure on A with intensity A(da) under P; thus, /i is
a sum of Dirac measures of the form =3 -, 6(

i) where (7, )n>1 is a sequence of A-valued
random variables and (S,,),>1 is a strictly increasing sequence of random variables with values in
(0,00), and for any C' € B(A) the process ji((0,t] x C) —tA(C), t > 0, is a P-martingale. We also

define the A-valued process

I =Y g, 5.0, t>0, (3.1)

n>0
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where we use the convention that Sy = 0 and Iy = ag, the point in assumption (A2)-(ii). Notice
that the sum in (3.1) is formal and that, when A is a subset of a linear space, formula (3.1) can be
written as

t
I, = a0+/ /(a—IS_)ﬂ(dsda), t>0.
0 JA
Let X be the solution to the equation
dX; = b(X,I)dt +oy(X,1)dB;, (3.2)

for t € [0,T), starting from Xy = #. We define two filtrations FWit = (FV")50 and Féo.Bit —
(ffO’B’ﬂ)tZQ setting

FUE = (W, jl(0,5] x C) : s € [0,], C € B(A) VN,

FROBE 530, By, i((0,8] x O) : s € [0,8], C € B(A)) VA, (3.3)
where N denotes the family of P-null sets of . We denote P(FW’[‘), P(FQO’B ) the corresponding
predictable o-algebras. )

Under (A1) it is well-known (see e.g. Theorem 14.23 in [19]) that there exists a unique F¥o-B:.
adapted strong solution X = (Xt)ogth to (3.2), satisfying Xy = &0, with continuous trajectories
and such that (with the same p for which E|Z[P < co)

E { sup \Xt\p] < o0. (3.4)
t€[0,T

We can now define the randomized optimal control problem as follows: the set V of admissible
controls consists of all o = 7,(@,a) : @ x Ry x A — (0,00), which are P(FW#) @ B(A)-measurable
and bounded. Then the Doléans exponential process

kY = 6}(/0-/14(198((1) — 1) (u(ds da) — \(da) ds)>
~ e (/Ot/Au _ by(a))\(da) ds> I ve (i), >0, (3.5)

Sy <t

is a martingale with respect to P and IF'W’[‘, and we can define a new probability setting P? (dw) =
K2.(0) P(dw). From the Girsanov theorem for multivariate point processes ([18]) it follows that
under P” the vaﬂ—compensator of /i on the set [0,7] x A is the random measure ;(a)A(da)dt.
Notice that B remains a Brownian motion under P?, and using (2.2)-(2.3) we can generalize estimate
(3.4) as follows

sup Eﬁ[ sup ]Xt]p} < 00, (3.6)
vey t€[0,T]

where E? denotes the expectation with respect to P?. We finally introduce the gain functional of
the randomized control problem

JR(D) = E” [ /OT ft(X,f)ng(X)} (3.7)

The randomized stochastic optimal control problem consists in maximizing J® () over all & € V.
Its value is defined as
vl = sup JR(). (3.8)
Y%
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Remark 3.1 Let us define Vigs o = {ve Vo ianX[O T)x A v > 0}. Then

vl = sup JR(@D). (3.9)

DE€Vint >0

Indeed, given © € V and € > 0, define 7¢ = &V € € Vinr ¢ and write the gain (3.7) in the form

JR(0°) [KT (/ f(X, Ddt + g(X ))] :
5 JR(9) < sup

It is casy to see that J®(0) — J®(0) as € — 0, which implies U} = sup,_y; Vs~ o JR().
The other inequality being obvious, we obtain (3.9). O

Remark 3.2 We end this section noting that a randomized control problem can be constructed
starting from the initial control problem with partial observation. Indeed, let (2, F,P,F, V, W, x()
be the setting for the stochastic optimal control problem formulated in subsection 2.2. Suppose
that (', F/,P") is another probability space where a Poisson random measure p with intensity A
is defined. Then we define Q = Q x @/, we denote by F the completion of F ® F’ with respect to
P ® P’ and by P the extension of P® P’ to F. The random elements V, W, 2o in  and the random
measure  in €' have obvious extensions to €2, that will be denoted by the same symbols. Clearly,
(Q,F,P,V,W, i, x0) is a setting for a randomized control problem as formulated before, that we
call product extension of the setting (Q, F, P, V, W, x() for the initial control problem (2.7).

We note that the initial formulation of a randomized setting (Q,]} , IAP),V,W, fi,To) was more
general, since it was not required that Q) should be a product space Q x €' and, even if it were
the case, it was not required that the process B= (V, W) should depend only on w € 2 while the
random measure [ should depend only on ' € . O

3.2 The value of the randomized control problem

In this section it is our purpose to show that the value Uz)a of the randomized control problem
defined in (3.8) does not depend on the specific setting (Q,]:", PV, W,,&,@o), so that it is just a
functional of the (deterministic) elements A,b, o, f, g, po, A, ag. Later on, in Theorem 3.1, we will
prove that in fact Uz)z does not depend on the choice of A and aq either.

So let now (Q,f, P,V, W,ﬂ,i“o) be another setting for the randomized control problem, as in
Section 3.1, and let FW’[‘, Fi"’é’ﬂ, X, I,V be defined in analogy with what was done before. So,
for any admissible control 7 € V, we also define x” and the probability dP” = Ii% dP as well as the
gain and the value

_ [/ LEDdt+gX)|, 07 = supR@).
vey

We recall that the gain functional and value for the setting (Q F.PV.W, i, &o) was defined in
(3.7) and (3.8) and denoted by J® and U rather than J® and @Z]a
following sections.

to simplify the notation in the

Proposition 3.1 With the previous notation, we have UZ)Q = @Z)a. In other words, UZ)Q only depends
on the objects A,b,o, f, g, po, A, ag appearing in the assumptions (A1) and (A2).
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Proof. It is enough to prove that Uz)a < @Z)a, since the opposite inequality is established by the
same arguments. Writing the gain J® () defined in (3.7) in the form

JR(0) =K [ﬂ% (/OT fi(X, 1) dt + g(X'))] ,

recalling the definition (3.5) of the process x” and noting that the process Iis completely determined
by /i, we see that J™(¥) only depends on the (joint) law of (X,ﬂ, V) under P. Since, however, X
is the solution to equation (3.2) with initial condition Xy = Zo, it is easy to check that under
our assumptions the law of (X, i, v) only depends on the law of (&, VW, V). Since I, V and
(W, i, v) are all independent, and the laws of Zy and V are fixed (since V is a standard Wiener
process and &y has law po) we conclude that J®(2) only depends on the law of (W, fi, #) under P.
Similarly, J®(#) only depends on the law of (W, fi, 7) under P.

Next we claim that, given € V there exists 7 € V such that the law of (W, i, 2) under P is
the same as the law of (W, i, 7) under P. Assuming the claim for a moment, it follows from the
previous discussion that for this choice of 7 we have

JR(w) = JRw) < 0Oy,

and taking the supremum over o € V we deduce that Ug]z < @Z)z, which proves the result.

It only remains to prove the claim. By a monotone class argument we may suppose that
(a) = k(a) pr by, where k is a B(A)-measurable, ¢ is FW—predictable and ¢ is Ff-predictable
(where these filtrations are the ones generated by W and fi respectively). We may further suppose
that

A

¢ = Ligg,) (D0 Wy, -, W)

for an integer h and deterministic times 0 < s; < ...sp < tg < t; and a Borel function ¢y on R",
since this class of processes generates the predictable o-algebra of F' | and that

Py = 1(§n,§n+1}(7f)¢0(§1a SRR gn’ My s t)

for an integer n > 1 and a Borel function 1y on R?"*1, since this class of processes generates the
predictable o-algebra of F# (see [18], Lemma (3.3)). It is immediate to verify that the required
process ¥ can be defined setting

ﬂt(a) = k:(a) 1(t0,t1](t)¢0(W81, ey Wsh) 1(§n7§n+1](t)’(/}0(51, e 7Sn7 771, e ,ﬁn, t),

where (S, 7, )n>1 are associated to the measure fi, ie. =73 - 5(3" i) |

3.3 Equivalence of the partially observed and the randomized control problem

We can now state one of the main results of the paper.

Theorem 3.1 Assume that (A1) and (A2) are satisfied. Then the values of the partially observed
control problem and of the randomized control problem are equal:

vy = UK, (3.10)

where Vg and VI are defined by (2.7) and (3.8) respectively. This common value only depends on
the objects A,b,o, f,g,po appearing in assumption (Al).
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The last sentence follows immediately from Proposition 3.1, from the equality Vg = Uz)z and
from the obvious fact that Vg cannot depend on A, ag introduced in assumption (A2). The proof
of the equality is contained in the next section.

Before giving the proof of Theorem 3.1, let us discuss the significance of this equivalence result.
The randomized control problem involves an uncontrolled state process (X, I) solution to (3.1)-(3.2),
and the optimization is done over a set of equivalent probability measures whose effect is to change
the characteristics (the intensity) of the auxiliary randomized process I without impacting on the
Brownian motion B driving X. Therefore, the equivalence result (3.10) means that by achieving
such optimization in the randomized problem, we perform the same value as in the original control
problem where controls affect directly the drift and diffusion of the state process. As explained
in the Introduction, such equivalence result has important implications that will be addressed
in Section 5 where it is shown that the randomized control problem is associated by duality to a
backward stochastic differential equation (with nonpositive jumps), called the randomized equation,
which then characterizes the value function of the initial control problem (2.7).

4 Proof of Theorem 3.1

The proof is split into two parts, corresponding to the inequalities Uz)z < Vg and Vg < Uz)z. In the
sequel, (A1) and (A2) are always assumed to hold.
Before starting with the rigorous proof, let us have a look at the main points.

° Uz)z < V. First, we prove that the value of the primal problem Vg does not change if
we reformulate it on the enlarged probability space where the randomized problem lives,
taking the supremum over AW+ which is the set of controls & progressively measurable
with respect to the filtration generated by W and the Poisson random measure p' (Lemma
4.1; actually, we take & progressively measurable with respect to an even larger filtration,
denoted IF'W’%O). Second, we prove that for every v € Vi there exists @ € A"# such
that Zpv(xg, B,I) = Z(xo, B,&") (Proposition 4.1). This result is a direct consequence of
the key Lemma 4.3. From Zv(z0, B,1) = Z(x9, B,a") we obtain that J®(v) = J(a"),

namely
vl = sup JR() = sup J(@").
v€Vint>0 Vggé”f .
inf>

Since Vg = supg e qwu’ J(@) by Lemma 4.1, and every & belongs to AWH e ecasily obtain
the inequality Uz)z < Vy.

o Uy < Uz)z. The proof of this inequality is based on a “density” result (which corresponds to
the key Proposition A.1) in the spirit of Lemma 3.2.6 in [24]. Roughly speaking, we prove
that the class {&”: v € Vips~o} is dense in AW with respect to the metric p defined in
(4.17) (the same metric used in Lemma 3.2.6 in [24]). Then, the inequality Vo < U follows
from the stability Lemma 4.4, which states that, under Assumption (A1), the gain functional
is continuous with respect to the metric p.

4.1 Proof of the inequality v} < v

We note at the outset that the requirement that A has full support will not be used in the proof of
the inequality V¥ < Vy.
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Let (Q,F,P,F,V,W,xq) be a setting for the stochastic optimal control problem with partial
observation formulated in subsection 2.2. We construct a setting for a randomized control problem
in the form of a product extension as described at the end of Section 3.1.

Let A\ be a Borel measure on A satisfying (A2). As a first step, we need to construct a suitable
surjective measurable map 7 : R — A and to introduce a properly chosen measure A’ on the Borel
subsets of the real line such that in particular A = M o7~!. We also recall that the space of control
actions A is assumed to be a Borel space and it is known that any such space is either finite or
countable (with the discrete topology) or isomorphic, as a measurable space, to the real line (or
equivalently to the half line (0,00)): see e.g. [4], Corollary 7.16.1.

Let us denote by A, the subset of A consisting of all points a € A such that A({a}) > 0, and let
Ape = A\ A.. Since A is finite, the set A, is either empty or countable, and it follows in particular
that both A. and A, are also Borel spaces.

In the construction of X' we distinguish the following three cases.

1. A. = 0, so that A = A, is uncountable. Then, as recalled above, there exists a bijection
m: R — A such that 7 and its inverse are both Borel measurable. We define a measure \’ on
(R, B(R)) setting X'(B) = A(w(B)) for B € B(R). Even if we cannot guarantee that A" has
full support, it clearly holds that X'({r}) = 0 for every r € R. Basically, in this case we are
identifying A with R and A\ with its image measure \.

2. Ape = 0, so that A = A, is countable, with the discrete topology. For every j € A choose a
(nontrivial) interval Z; C R in such a way that {Z;, j € A} is a partition of R. Choose an
arbitrary nonatomic finite measure on (R, B(R)) with full support (say, the standard Gaussian
measure, denoted by 7) and denote by X' the unique positive measure on (R, B(R)) such that

N(B) = X{iHv(B)/v(Z;), for every B C Z;, B € B(R), j € A.
Notice that X is a finite measure (N'(R) = A(A4)), satisfying X' (Z;) = A({j}) for every j € A
and X ({r}) =0 for every r € R. We also define the projection 7: R — A given by
m(r) =7, if r € Z; for some j € A. (4.1)
Clearly, A\ = M on~ 1.

3. Ac # 0 and A, # 0. For every j € A, choose a (nontrivial) interval Z; C (—o00,0] in
such a way that {Z;, j € A.} is a partition of (—oo,0]. Moreover, there exists a bijection
71 : (0,00) = Aje such that m and its inverse are both Borel measurable. Denote by A the
unique positive measure on (R, B(R)) such that

N(B) = N{jhv(B)/v(Z;), forevery BCZ;, B e B(R),je€ A,
N(B) = Xm1(B))  for every B C (0,00), B € B(R).

Again, X is a finite measure satisfying X' (Z;) = A({j}) for every j € A. and X'({r}) = 0 for
every r € R. We also define the projection 7: R — A given by

(r) = {j, it r € Z; for some j € A, (4.2)

mi(r), if r € (0,00),

so that in particular A = M o7~ L.
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Now let (Q', F',P") denote the canonical probability space of a non-explosive Poisson point
process on Ry x R with intensity A’. Thus, € is the set of sequences w’ = (¢, rn)n>1 C (0,00) X R
with ¢, < tp41 /00, (T), Ry)n>1 is the canonical marked point process (i.e. T),(w') = t,, Rp(W') =
rn), and ' = Zn21 (T, ,R,,) 1 the corresponding random measure. Let F' denote the smallest o-
algebra such that all the maps T},, R, are measurable, and P’ the unique probability on F’ such
that 4/ is a Poisson random measure with intensity A’ (since A’ is a finite measure, this probability
actually exists). We will also use the completion of the space (', F/, '), still denoted by the same
symbol by abuse of notation. In all the cases considered above, setting

Ap =7(Ry), n= 25(Tn,An),
n>1
it is easy to verify that p is a Poisson random measure on (0,00) x A with intensity A, defined in
(', F',P"). Then, following (3.1), we associate to this Poisson random measure on (0, 00) x A, the

A-valued process

It = Z An 1[Tn,Tn+1)(t)7 t Z 07
n>0
where we use the convention that 7p = 0 and Iy = ag the point in assumption (A2)-(ii). In (', F')
we define the natural filtrations F* = (F');>q, F¥ = (FI' );>0 given by

Fi' = o(p((0,s] x C) : s€[0,t], C € B(A)) VN,
FI' = o(4/((0,5] x B) : s€[0,t], B € B(R)) VAN,

where A denotes the family of P’-null sets of F'. We denote by P(F#), P(F* )the corresponding
predictable o-algebras. Note that F}' C F}' "and FL = F.

Then we define Q = Q x €, we denote by F the completion of F ® F’ with respect to P @ P’
and by P the extension of P ® P’ to F. The random elements V,W,zy in Q and the random
measures /i, ¢/ in €’ have obvious extensions to €2, that will be denoted by the same symbols. Then
(Q, F,P,V,W, i, x0) is a setting for a randomized control problem as formulated in section 3.1.
Recall that F" denotes the P-completed filtration in (£2, F) generated by the Wiener process W.
All filtrations FW, F*, F# can also be lifted to filtrations in (€2, F), and P-completed. In the sequel
it should be clear from the context whether they are considered as filtrations in (€2, F) or in their
original spaces. As in Section 3.1 we define the filtration F":# = (ftW’“)tzo in (Q,F) by

.EW,#:—EW\/-E“\/Na

(N denotes the family of P-null sets of F), we introduce the classes V, Viys ~ o and, for any admissible
control v € V, the corresponding martingale x”, the probability PV (dw dw') = r%(w,w’) P(dw dw')
and the gain J®(v). For technical purposes, we need to introduce the set V' of elements v/ =
vi(w'a): xRy x A — (0,00), which are P(F*) ® B(A)-measurable and bounded. We also define
another filtration FW-+e = (ftw’“&)tzo in (Q, F) setting

Flte = FVVF VN
(here F' denotes a o-algebra in (Q, F), namely {Q x B : B € F'}).

In order to prove the inequality Uz)z < Vg, we first prove two technical lemmata. In particular,
in Lemma 4.1 we show that the primal problem is equivalent to a new primal problem with FW:#ee-
progressive controls on the enlarged space (€2, F).
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Lemma 4.1 We have Uy = supge 4w, J (@), where

[ / FUX% @) db + g(X5)|

and AVH s the set of all IFWvMQO—pmgTessz've processes & with values in A. Moreover, X =
(XM)o<i<r is the strong solution to (2.5) (with & in place of «) satisfying X§ = o, which is
unique in the class of continuous processes adapted to the filtration (FP V o(zo) V F' VAN )io.

Proof. The inequality Vg < sup,c qwu J(@) is immediate, since every control a € A" also
lies in AW# and J(a) = J(a), whence J(a) < SUp, e qwae J(@) and so Ug = sup,e v J (o) <
SUpg e g J (@)
Let us prove the opposite inequality. Fix a € AV and consider the (uncompleted) filtration
"= (FV V F")i>0. Then we can find an A-valued F”-progressive process & such that & = &
P(dw)dt-almost surely, so that in particular J(a) = J(&). It is easy to verify that, for every
W' € , the process o, defined by o¢ (w) = ay(w,w’), is FW-progressive. Consider now the
controlled equation on [0, 7]

t t
X, = x0+ / bo(X, o) ds + / os(X, 0 dB, (4.3)
0 0

= xo—i-/o bS(X,a(-,w'))ds—i—/O os(X,a(-,w"))dBs.

From the first line of (4.3) we see that, under Assumption (A1), for every w’ there exists a
unique (up to indistinguishability) continuous process X = (Xto‘w,)ogtST strong solution to
(4.3), adapted to the filtration (FZ V o(x9) V N)i>0. On the other hand, from the second line of
(4.3), it follows that the process X*(-,w’) = (X{(-,w’))o<i<r solves the above equation. From the

pathwise uniqueness of strong solutions to equation (4.3), it follows that X2* (w) = X (w,w’), for
all t € [0,T], P(dw)-a.s. By the Fubini theorem

J(a) = J(a) = / {/ fir(X w/)dt—kg(XO‘WI) P’ (dw').
Q/
Since the inner expectation equals the gain J(a*'), it cannot exceed V and it follows that J(&) < V.

The claim follows from the arbitrariness of a. O

The next result provides a decomposition of any element v € V, i.e. P(F"#)® B(A)-measurable
and bounded.

Lemma 4.2 (i) Let v € V, then there exists a P-null set N € N such that v admits the following
representation

Vt(waw,’a) = Vt(O) (w a) 1{0<t<T1(w’)}
+ Z Vt ) Al( )) s (Tn(w/)’ An(w/))’ a) 1{Tn(w’)<t§Tn+1(w’)}a

for all (w,w',t,A) € QxR4 x A, (w,w') & N, for some maps v™: QxR x (RyxA)"x A — (0,00),
n>1, (resp. v0: QxR x A= (0,00)), which are P(FV) @ B((Ry x A)"*) @ B(A)-measurable
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(resp. P(FV)®B(A)-measurable) and uniformly bounded with respect to n. Moreover, if v € Vinrs o
then infg 10 77x 4 v >0 as well, for every n > 0.

(ii) Let v € V, then there exists N € F, with P(N) = 0, such that the map v* = V¥, a) :
' xRy x A— (0,00), defined by

vP(W'a) = y(w,Wa), (W t,a) € O x Ry x A,
belongs to V' whenever w ¢ N. Moreover, for every w ¢ N there exists N, € N” such that
0
v(a) = 1 (w,a) Lgasr @) (4.4)

+ 30 (@, (T (@), AL (@)), -, (Tn(@), An (@), @) Ly o)<t <Topr (1))
n=1

for all (W' t,A) € U xRy x A, ' ¢ N/, where, clearly, V.(n)(w,-) (resp. V_(O)(w,-)) is B(Ry) ®
B((Ry x A)™) ® B(A)-measurable (resp. B(Ry) @ B(A)-measurable).

Proof. The proof is an extension of the results in [18] Lemma 3.3, it is based on monotone class
arguments and is left to the reader. O

By Lemma 4.2-(ii), given v € V, consider the process v* € V', with corresponding P-null set
N € F. Define the Doléans exponential process x*° by formula (3.5) with v* in place of v. Notice
that by Lemma 4.2-(ii) we have s/” (') = &Y (w,w’), for all («',t) € @ x R, whenever w ¢ N.
Moreover, for w ¢ N, (k¥);>0 is a martingale with respect to P’ and F*. We claim that there
exists a unique probability measure P** on (Q/, FA) such that P¥"(dw’) = ¥ (w')P'(dw’) on each
o-algebra F!' and, by the Girsanov theorem, the FF-compensator of y under P is given by the
right-hand side of (4.4).

The verification of the claim is a standard argument: using the boundedness of v one first
verifies that

w / b Ty (w
K, (W) < an T

for some constants a,,b, which implies that (xf,, )i>0 is a uniformly integrable martingale with
respect to P’ and F*. Then the probabilities P;,” defined on F: setting Pi,” (dw') = #¥, (') P’ (dw')
satisfy the compatibility condition: %", = P%"

v on .7-"%1 for every m. Arguing as in Theorem 3.6 in

[18], by the Kolmogorov extension theorem there exists a unique probability P** on (€', &) such
that P** = P“” on each féfn, and P¥” has the required properties.

We can now state the following key result (Lemma 4.3) from which the required conclusion of
this subsection follows readily (see Proposition 4.1). Recall that (€', F',P") denotes the canonical
probability space constructed above.

Lemma 4.3 Given v € Viyg~o, there exist a sequence (TY, A%)n>1 on (€, F,P) and a P-null set
N € F, with N € N (N is the set appearing in Lemma 4.2-(ii)), such that:

(i) for everyn > 1, (Ty, A}) takes values in (0,00) x A and TY < T}, ;;
W

(i) for everymn >1, T is an FW-tte _stopping time and Ay is Fop)t >0 -measurable;

(iii) limp_yoo TY = 00;
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(iv) for every w ¢ N, we have
L ((Trlzj(w7 ')7 A;/L(w7 '))nZl) = g]}w“’ ((Tn7 An)nZl) .

Finally, let &f = aolp vy + > AZl[T57T5+1)(t) be the step process associated with (T)Y, A% )p>1.
Then, @ € AV and Lo (&% (w,-)) = Lo (I), w ¢ N.

Proof. Suppose that we have already constructed a multivariate point process (T}, A%),>1 sat-
isfying points (i)-(ii)-(iii)-(iv) of the Theorem. Then, by (ii) it follows that a” is cadlag and
FW:too_adapted, hence progressive. Moreover, by (iii), for every (@,t) € Q x [0,7] the series
n=1*"n
that £/ (" (w,+)) = Lpw (), w ¢ N.
Let us now construct (T}, A% ),>1 satisfying points (i)-(ii)-(iii)-(iv). Fix v € Vipr>o and let

S AY (@)1[Tg(a}),Tg+l)(t) is a finite sum, and thus @ € A"#. Furthermore, by (iv) we see

N € F be as in Lemma 4.2. In particular, recall that formula (4.4) holds for some maps v,
n > 0, satisfying 0 < inf v < sup v(") < MY, for some constant M” > 0, independent of n. Next
recall the construction of the map 7 : R — A and the measure X' . Accordingly, we split the rest
of the proof into two cases.

Case I: A. = (), so that A = A,,. is uncountable. In this case 7 : R — A is a Borel isomorphism,
se to shorten notation we identify A with R and use the notations A, A, A,,, p, FWteo = (ftw’““)tzo
instead of R, X, R,, [, FWhoo = (.FJ/V’“&)QO. Since we are treating the case A. = (), we have
A({a}) = 0 for every a € A. We construct by induction on n > 1 a sequence (T}, A%),>1 and
a P-null set N € F, with N C N, such that (T, A%),>; satisfies properties (i) and (ii) of the
Theorem, and also the following properties:

(iii)" for every m > 1, we have TV > T,,/M";
(iv)’ for every n > 1 and w ¢ N, we have

Lo (TY (w, ), A (w, ), . T (w, ), A w, ) = Lo (T1, Ar, ... Tp, An).  (45)

Notice that (iv)’ is equivalent to (iv). Moreover, since lim,_, . T, = 00, we see that (iii)’ implies
property (iii).
Step 1: the case n = 1. Define

1 t

o (w) = —/ /1/(0) w,a)\(da)ds. 4.6

t ( ) )\(A) o Ja s ( ) ( ) ( )
Since 0 < inf v < sup (@ < M¥, we see that, for every w € Q, the map t — Ht(l)(w) is continuous,
strictly increasing, 6(()1)(w) =0, Hgl)(w) < M"t, and Ht(l)(w) " 00 as t goes to infinity. Then there
exists a unique TV : ) — R such that

1
U@ = ).

Notice that TV > Ty/MY. Moreover, since Ty > 0, we also have TV > 0. Let Ep, := {(©,t) €
O x Ry: Hgl)(w) = T1(w')}. Since the process (w,t) — (Hgl)(w),Tl(w’)) is FW:teo_adapted and
continuous, Ep, is an F"#~_optional set (in fact, predictable). Since TV(w) = inf{t € R, : (@,t) €
Er,} is the début of E7,, from Theorem 1.14 of [19] it follows that TV is an F"W-#>_stopping time.
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In particular, TV is F-measurable, therefore there exists a P-null set Nrv € F such that T} (w,-) is
F'-measurable, whenever w ¢ Nrv.

Now define
b (0)
(=00, b B I oo Vv (o (W, @) A(da)
Fy = P(A <b) = 7(&(14) D V@) = == (5)( )( )
Vot (W, @ a
—oo TTY (@)

Since inf (¥ > 0 and A({a}) = 0 for any a € A, we see that, for every @ € €0, the map b — F (w)
is continuous, strictly increasing, valued in (0, 1), and lim,, Fb( )( ) =0, limp_ 4 Fb(l)(a;) =1
Then, there exists a unique A% : Q — R such that

We note that the process

is predictable with respect to F" hence it is also F":#><_progressive. Substituting ¢ with 7% (@) we
conclude that Fb( ) (.7:7‘1?“ *)-measurable. Since A; is clearly F'-measurable and F' C F Voo <

.7-"?1;’“ >, Aj is also (.7-"?1;’“ *)-measurable. Recalling the continuity of b — Fb( )(w) it is easy to
conclude that AY is (}-CIF/?# >)-measurable. This implies that A} Va is also f;‘;’“ >-measurable. From
the arbitrariness of a, we deduce that A7 is f;‘;’“ *_measurable. In particular, A} is F-measurable,
therefore there exists a P-null set Nav € F such that AY(w,-) is F'-measurable, whenever w ¢ N4v.

In order to conclude the proof of the case n = 1, let us prove that (4.5) holds for n = 1, whenever
w ¢ Np:= NU Nrv U Ngv. We begin recalling that, for every w ¢ N, the F“-compensator of u
under P is given by the right-hand side of (4.4), so that in particular we have

PP > t) = exp<— /0 t /A u§0>(w,a)A(da)ds> = oxp (= A ().

Notice that
P/ (T} (w,) > 1) = (9(13( @) >0 w) = P(1 > 6 w) = exp (= N4 (),

for every w ¢ Nrv, where for the last equality we used the formula P/(T7 > t) = exp(—A(A)t).
Therefore Lo (T (w, -)) = Lpuw (T1), for every w ¢ N U Nrv. Now, recall that, for every w ¢ N, we
have, P'-a.s.,

fb 0 (w,a) A(da)

oo T

i (w, a) A(da)

ooT1

On the other hand, for every w ¢ N7v U Nav, P-a.s.,

P W(Al §b|U(T1)) =

P (Af(w,) <blo(TY(w, ) = P(Fy/ )< BV (w, )| o(TY (w,)))

(w,
(w,")
= P'(F4, < B (w, ><o<Tf<w,->>>.
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Since A; is independent of T} under P" and T} (w, -) is o(71)-measurable, it follows that A; is also
independent of T} (w,-). Moreover, by definition we see that Fb(l)(w, ) is (T} (w, -))-measurable.
Therefore, for every w ¢ Nrpv U Nyy, we have, P-a.s.,

P/(Fa, < BV (w, )| o(TY (w, ) = P/(Fa, <a) = FY(w,"),

a:Fb(l)(w,~)
where we used the fact that F4, is uniformly distributed in (0, 1) under P’. As a consequence, recall-
ing that £ (T} (w, -)) = Lpwe (T1), for every w ¢ NUNTIV, we deduce that £ (T} (w, ), A (w,-)) =
Lpve (T1, A1), whenever w ¢ Np. This concludes the proof of the base case n = 1.

Step 2: the inductive step. Fix n > 1 and suppose we are given (17, AY), ..., (T}, AY) satisfying

points (i) and (ii) of the Theorem. Suppose also that (4.5) holds for the fixed n, whenever w ¢ N,,,
for some P-null set N,, € F in place of N, with N C N,,.

Given 1) as in (4.6), we define recursively, for i = 1,...,n,
i+1) 7 —
0i (@) = 9;2 (w)/\t(w) (4.7)

/ [ A (T @), A @) (T(@), AL @) )N s

Since 0 < infr) < supr® < MY, we see that, for every @ € Q and i = 1,...,n, the map
t— H(HI)( ) is continuous, strictly increasing, 9( +1)( ) =0, 9(Z+1)( ) < M¥t, and 9 (41 ( ) oo
as t goes to infinity. Then, there exists a unique 7}, ; : Q) — R, such that
+1 _
o) @) = Tun ().
Notice that TV, ; > Tp41 J/MV. Moreover, since Tp,11 > T),, we also have T" 1 > TY. Indeed,
arguing by contradiction, suppose that 7)Y, (@) < T%(w) for some @ € 2. Then
_ +1) /- _

U@ = Tule) < Tonnlw) = 007 1,@) = 68 (@)
where the last equality follows from (4.7). From the monotonicity of (™), we get T (@) < TV 11(@),
which yields a contradiction.

Reasoning in the same way as for T}, since T, is the début of By, , = {(@,t) € Q x
Ry: 9§"+1)(w) = Th11(w')}, it is an FW#e_stopping time. In particular, 7%, is F-measurable, so
that there exists a P-null set Nyv € F such that 7}, (w, ) is '-measurable, whenever w ¢ Npv |

Now define F;, = P'(A; <b) = )\(( 00,b])/A(A) as before and

b _ — _ _
f U (w0, (T (@), AL (@), ., (T2 (@), A% (@), @) A(da)

ooT”

o) (w, (TV (@), A1 (@), ..., (T2 (@), AL (@), a) A(da)

—o0 TV+1(W)

F (@) =

Since inf (™ > 0 and A({a}) = 0 for any a € A, we see that, for every @ € Q, the map

b — Fb(”“)(a;) is continuous, strictly increasing, valued in (0,1), and limp_,_ oo Fb(nJrl)( ) =0,
limp s 4 o0 Fb(nJrl)((D) = 1. Then, proceeding along the same lines as for the construction of A}, we

see that there exists a unique . W f—measurable map A% ;: Q — R such that
+

(n+1) oy _
FAn+1( )(w) - FA



In particular, A%, is F-measurable, therefore there exists a P-null set N Av,, € F such that

Ay 1 (w, ) is F'-measurable, whenever w ¢ Nav .

In order to conclude the proof of the inductive step, let us prove that (4.5) holds for n + 1,
whenever w ¢ Ny, ;1 := NnuNTg+1 UNAZH‘ Set Sp+1 = Tp+1— T}, and recall that, for every w ¢ N,
the F¥-compensator of u under P¥” is given by the right-hand side of (4.4), so that in particular
we have, P'-a.s.,

P (Spq1 >t o(Th, A1, ..., Ty An))
T+t
= exp < - / /AVS(") (w, (Th, A1), ..., (Th, An), a))\(da) ds) . (4.8)
Define S),, :=T}; — T}] and observe that, whenever w & N, U Npv,, Pas.,

P,(Sryz+1(w7 ) >1 ‘ U(le(w7 ')7 Allj(w7 ')7 st 7T5(w7 ')7 Aryz(wv )))
= P05, (w,) > 00w, ) | o (T (@, ), AY (@), T (w, ), Al (w, )

Ty 1 (ws0) Ty (w,:
/ 1 Ty (wy )+t
= P <Tn+1 > M / / yé") (w, T (w,-), Al (w, )y ..., T (w, ), AV (w, -), a))\(da) ds
TY (w,-) A

+ 0y ()

O (T (w0, ), AT (@, )s - T 0, ), A% (0, ->>)

, 1 T (w,-)+t
=P (Sn+1 > M/T”( , /Ays(")(w,...,a))\(da)ds

o(T{ (w,+), ..., AV (w, ))> .

Recall now that S,,11 is independent of (11, A1, ..., Ty, A,) under ', and note that, by construction,
(TV (w, ), AV (w, ), ..., TH (w, ), A¥ (w,-)) is o(T1, A1, ..., Ty, Ap)-measurable. Therefore, Sy41 is
also independent of (T} (w,-), AY(w,-),..., T (w,), A¥(w,-)). As a consequence, for every w ¢
N, U NT5+1’ P-a.s.,

p/<5n+1 > ﬁ/Tﬁ(w")H/Ayg")(w,...,a)A(da) ds | o (T} (w, ), ., Al (w, -))>

Tﬁ(wr)

—_— , v
= P(Shi1 > T)L:—MIA) S &)t v @)\ (da) ds
o

- (- [ T 0 (809, A0, T, A7), )Nl ).

Trlf(wv')

where for the last equality we used the formula P'(S,+1 > r) = exp(—=A(A)r). Comparing with
(4.8), we see that the conditional distribution of S}, given TV (w, ), A} (w,-), ..., T} (w,"), A} (w,")
under P’ is the same as the conditional distribution of S, given T, Ay, ..., T,, A, under P~
Together with the inductive assumption (4.5) this proves that

Lo (TV (w, ), T (w, ), A (w, ), Ty (w,0) = Lpuw (T, - Ty Ay Tg), (4.9)

for every w ¢ N, U Nrv, .. Now, recall that, for every w ¢ N, P-as.,

b (n)
]P;Vw (An+1 < b ‘ 0_(le o ,An7 Tn+1)) _ f:rz ngz;rl (wa (Tla A1)7 RN (Tn7 An)a a) )\(da) . (410)
o VTn+1 (w, (Tl, Al), ey (Tn, An), a) )\(da)
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On the other hand, for every w & N, 11, we have, P'-a.s.,

P/( lT/L+1(w’ ) <b ‘ U(le(w’ ')’ s ’Alrlz(wa ) T111/+1(w’ )))

= P/(F, @) S BT [o(T (@, ), AL, ), T (@)

= P (Fapyy < B @) 0T (@,), oo AL, ), T 1 (w0, )).-

n+1
Since Ay is independent of (71, ..., Ay, Tj41) under P' and (TV (w,-), ..., AL (w,-), Ty (w,)) is
o(Ty, ..., An, Thy1)-measurable, it follows that A, is also independent of (T} (w,-), ..., A% (w, "),
1Y, 1(w,-)). Moreover, by definition we see that Fb(n+1)(w, )is o(TY (w, ), ..., Ay (w,-), TY, 1 (w,-))-
measurable. Therefore, for every w ¢ Ny, 11, we have, P'-a.s.,

P/(FAn+1 < Fb(n+1)(w7 ) ‘ U(le(w7 Vs Ap(w, ')7 Tr?—l—l(w? )))

+1
= P,(FAn+1 S a)‘GZFl)(n+1)(w,-) — b(n )(w7-)7

where we used the fact that Fu, , , is uniformly distributed in (0, 1) under P’. Comparing with (4.10),
we see that the conditional distribution of Ay, given T} (w,-), A{(w,-),..., T} (w,"), A} (w,-),
T}, (w,-) under P is the same as the conditional distribution of A,y given T1, Ay, ..., T,, Ay,
T,+1 under P*”. Therefore, by (4.9) we deduce that (4.5) holds for n + 1, whenever w ¢ N, 1,
which concludes the proof of the inductive step and also the proof of Case 1.

Case II: A, # (). Let 7 : R — A be the canonical projection (4.1) or (4.2) according whether
Ape = 0 or Aye # 0. The idea of the proof is to construct a random sequence with values in
(0,00) x R using the Case I previously addressed, and obtain the required sequence (T}, A ),>1 by
projecting the second component onto A. The detailed construction and proof is presented below
in the case A, = (), the other one being simpler and entirely analogous.

Given v € Vipg g, define v = i (w,w’,7) : @ x Ry x R — (0,00) by

n(w, ', 1) = (w7 (r)).

By a monotone class argument we see that 7 is P(F"*') @ B(R)-measurable. Then we can perform
the construction presented in step I, with R, X, v, R, i/, FWikte — ( EWva)tZO instead of A, A, v,
Ay, o, EWiktoo = (ftW’“ *)t>0, respectively. This way we obtain a P-null set N € F and a sequence
(T, R%)n>1 with values in (0,00) x R such that 77 < T, 7 oo, T} is an F"-F_stopping time
and R is fTWE’“ *-measurable, and

L ((Trlz(w’ ')’ RZ(W’ '))nzl) = gPﬁ“’ ((Tn’ Rn)nzl) (4'11)
for every w ¢ N. We define the required sequence (T}, A% ),>1 setting

T =TV, AV .= 7(RY).

Clearly, conditions (i)-(ii)-(iii) of the Theorem hold true and, recalling the notation A, = 7(R,),
from (4.11) it follows that

"%P/ ((Tg(w’ ')’ Aryz (w’ '))nzl) = XIP”"“’ ((Tna An)nzl) . (4.12)

Next note that, by the definition of v,

/R(l —p(r)N (dr) = /(0700)(1 — ()N (dr) + Z /I'(l — v(r))N (dr)

JEA VI
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= / (1 — 1v¢(s))A\(da) +Z 1= (4)N{J})

JEA
= /(1 — vs(a))\(da)
A

and vr, (R,) = vy, (7(Ry,)) = vy, (Ay), so that

KV = exp ( / / 1 — (r (dr)ds) 11 7r. (R

T, <t

= exp (/O /A(1 — vg(a))M\(da) ds) I v (40)

T, <t

= K.
Therefore we have, for w ¢ N, on every o-algebra F',
P (dw) = KY (w,w) P (dw') = KY (w,w) P (dw') = PV (dw')
and property (iv) of the Theorem follows from (4.12). The proof is finished. O

We can now prove the main result of this subsection and conclude the proof of the inequality
U < vy.

Proposition 4.1 For every v € Vinr~ o there exists a¥ € AWH such that
j]pu(l‘o,B,I) = gp(l‘o,B,@”). (413)

In particular, V and W are standard Wiener processes, V, W, xqy are all independent under P¥, and
we have
Lo (X, 1) = L(XY @), JR () = J(@). (4.14)

Finally, UF = sup,cy JR(v) < supge qwow J(@) = supge qw J (@) =: Vg.

Proof. Suppose that (4.13) holds. Then, from equation (2.5) and Assumption (A1) it is well-
known that the first equality in (4.14) holds as well, and this implies the second equality. From
the arbitrariness of v € Vinr>o, we deduce that sup,cy, ., JR(v) < SUD 4 AW,/ J(@). Since
SUPyeyy - JR(v) = sup,ep J®(v) by (3.9), we conclude that sup,cy, JX(v) < supy qw, J(@) =
sup,eaw J (), where the last equality follows from Lemma 4.1.

Let us now prove (4.13). Fix v € Viur~ and consider the process & given by Lemma 4.3. In
order to prove (4.13), we have to show that

E[w7x(z0)(B)o(I)] = E[x(zo)¥(B)¢(a")], (4.15)
for any x € By(R™) (the space of bounded Borel measurable real functions on R"), for any ¢ €
Byp(Cytq) (the space of bounded Borel measurable real functions on C,,,, 4, which denotes the space
of continuous paths from [0, 7] to R™*? endowed with the supremum norm) and any ¢ € By(D )
(the space of bounded Borel measurable real functions on D 4, which denotes the space of cadlag
paths from [0,7] to A endowed with the supremum norm). By the Fubini theorem, (4.15) can be
rewritten as

| s ([ oo @) ) pa)
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- | x(wow»wB(w))( ¢<a“<w,w'))P’(dw'>)P<dw>.
Q Q

Let N € F be as in Lemma 4.2. Then we have to prove that E'[k%.(w, )¢(I)] = E'[¢p(a” (w,-))],
whenever w ¢ N, or, equivalently by definition of P¥*:

E" [o(I)] = E[p(a”(w,-))], whenever w ¢ N.

This is a direct consequence of the last statement of Lemma 4.3. |

4.2 Proof of the inequality v, < U

In this proof we borrow some constructions from [13] Proposition 4.1, but we need to obtain
improved results and we simplify considerably some arguments.

Suppose we are given a setting (2, F,P,F, V, W, x¢) for the optimal control problem with partial
observation, satisfying the conditions in Section 2.2, and consider the controlled equation (2.5) and
the gain (2.6). We fix an F"-progressive process o with values in A. We will show how to construct
a sequence of settings (Q,J’:" , I@’k, vV, W, fik, Zo)x for the randomized control problem of Section 3.1,
and a sequence (#%);, of corresponding admissible controls (both sequences depending on «), such
that for the corresponding gains, defined by (3.7), we have:

JREM = J(a), as k— oo (4.16)

Admitting for a moment that this has been done, the proof is easily concluded by the following
arguments. By (4.16), we can find, for any ¢ > 0, some k such that J®(?¥) > J(a) —e. Since
JR(0*) is a gain of a randomized control problem, it can not exceed the value V}¥ defined in (3.8)
which, by Proposition 3.1, does not depend on € nor on «. It follows that

vl > J(a) —e

and by the arbitrariness of ¢ and «, we obtain the required inequality Uz)z > V.

In order to construct the sequences (Q,]}, IAP)k,‘A/,I/T/,,&/zg,io)/,C and (7%);, satisfying (4.16), we
apply Proposition A.1, in the Appendix below, to the probability space (2, F,P) of the partially
observed control problem and to the filtration G := F". In that Proposition a suitable probability
space (€, F/,P') is introduced and the product space (€2, F,Q) is constructed:

O=axQ, F=FeF, Q=PaP.

Then the random variable zy and the processes a and B = (V, W) are extended to () in a natural
way. We denote Ty and & the extensions of x¢p and a. The extension of B, denoted B = (V, W),
remains a Wiener process under Q. The filtration F" can also be canonically extended to a filtration
in (Q,]} ), which coincides with the filtration W generated by W.

Following [24], for any pair a',a? : Q x [0,T] — A of measurable processes in (€2, F,Q) we
define a distance p(al, a?) setting

pla'.0?) = E9[ /Tpm%,a%)dt, (4.17)
0

where EQ denotes the expectation under Q, and p is a metric in A satisfying p < 1. By Proposition
A.1, for any integer k > 1 there exists a marked point process (S’ﬁ,ﬁﬁ)nzl defined in (2, F, Q)
satisfying the following conditions.
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1. Setting S5 =0, it = ao, I} = > >0 ﬁﬁl[s’ﬁﬁﬁ“)(t)’ we have p(I*, &) < 1/k.

2. Denote fip =3, O (g 71y the random measure associated to (SE, ), >1 and Fix = (]:fk)tzo
the natural filtration of fig; then the compensator of fir under QQ with respect to the filtration
(FV Vv Fl');>0 is absolutely continuous with respect to A(da) dt and it can be written in the
form

8 (&, a) Mda) dt
for some nonnegative P(FW’[‘) ® B(A)-measurable function 7" satisfying infﬂx[0 T)x A 7 >0

~k
and SUPG 0. 7]x 4 V" < 00

We note that fi; (and so also I* and %) depend on « as well, but we do not make it explicit in the
notation. We also observe that % can be taken identically equal to 1 on € x (T, 00) x A, without
loss of generality. Let us now consider the completion of the probability space (Q, F ,Q), that will
be denoted by the same symbol for simplicity of notation, and let A/ denote the family of Q-null sets
of the completion. Then the filtration (]:tW \% ftﬂ *V N)i>0 coincides with the filtration previously

denoted by FWoite — (.EW’ﬂk)tzo (compare with formula (3.3) in section 3.1). It is easy to see that
F (&, a) M(da) dt is the compensator of ji; with respect to FW and the extended probability Q as
well.

Using the Girsanov theorem for point processes (see e.g. [18]) we next construct an equivalent
probability under which i, becomes a Poisson random measure with intensity . Since 7F is
a strictly positive P(FWW’“) ® B(A)-measurable random field with bounded inverse, the Doléans

exponential process

ME = exp(/o /A(l—ﬁf(a)_l)ﬁf(a))\(da)ds) [Io6h"  rteor. @i

Sk<t

is a strictly positive martingale (with respect to FWoik and Q), and we can define an equivalent
probability P, on the space (Q,F) setting Py(dd) = ME(&)Q(dw). The expectation under Py,
will be denoted K. By the Girsanov theorem, the restriction of /iy to (0,7] x A has (]f”k,IE‘Wvﬂk )-
compensator \(da) dt, so that in particular it is a Poisson random measure. It can also be proved
by standard arguments (see e.g. [13], page 2155, for detailed verifications in a similar framework)
that B is a (]f”k, FW’[‘k)—Wiener process and that B and [ are independent under ). We have thus
constructed a setting (Q,J’:" , I@’k, V, W, fi, Zo) for a randomized control problem as in Section 3.1.
Since ¥* is a bounded, strictly positive and P(FW'#) @ B(A)-measurable random field it belongs
to the class V¥ of admissible controls for the randomized control problem and we now proceed to
evaluating its gain J®(2*) and to comparing it with J(a). Our aim is to show that, as a consequence
of the fact that p(I*,&) < 1/k, we have JR(0F) — J(a) as k — oc.

We introduce the Doléans exponential process £” g corresponding to ¥* (compare formula (3.5)):

Ky = exp </Ot/A(1 — 0¥ (a))M\(da) ds> IT b, el (4.19)

Sk<t

we define the probability d]f”%k = /ﬁ%k dP;, and we obtain the gain
A~k T A A A
JR(5) = B [ | e g(X’“)] |
0
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where X* is the solution to the equation

dXF = b (X*, %) dt + 0,(X*, 1) dB,, Xt =0, (4.20)

However comparing (4.18) and (4.19) shows that /f%k ME =1, so that the Girsanov transformation
Py — I@’Zk is the inverse to the transformation Q +— P), made above, and changes back the probability
PP, into Q considered above. Therefore we have P? f = Q and also

T
JR@F) = RQ U fe(XE I*Ydt + g(XF)| . (4.21)
0
On the other hand, the gain J(«) of the initial control problem with partial observation was defined

in (2.6) in terms of the solution X® to the controlled equation (2.5). Denoting X the extension
of X% to Q, it is easy to verify that it is the solution to

dX® = b(X%, &) dt + o (X, 6) dBy, X§ = i, (4.22)
and that
T A A
J(@) = E° [/ (X &) dt + g(X*)| . (4.23)
0

Equations (4.22) and (4.20) are considered in the same probability space (€2, F, Q). In (4.20) we
find a solution adapted to the filtration G* := 0. B (defined as in (3.3)) and in (4.22) we find a
solution adapted to the filtration G° := Féo.B generated by zg and B (since a was FW-progressive
and so & is progressive with respect to W IF”A“)’B).

In order to conclude, we need the following stability lemma, where the continuity condition
(A1)-(iii) plays a role.

Lemma 4.4 Given a probability space (Q, F, Q) with filtrations GF = (GF)i>o (k > 0) consider the
equations
dYVtk - bt(Yk,’Yk) dt_"at(yka’yk) dlﬁt’ }A/Ok = Yo,

where B is a Wiener process with respect to each GF, EQy|P < oo, yo is gf—measumble and v* is
G*-progressive for every k. If p(v*,7°) = 0 as k — oo, then

T T

E sup [V} - Y0P 0, E?| / fuY* APy dt 4+ g(vh)| - B / oY ,50) dt + g(v?)|.
t€[0,T 0 0

Proof. This stability result for control problems was first proved in [24] in the standard diffusion

case. The extension to the non-Markovian case presented in [13], Lemma 4.1 and Remark 4.1, also

holds in our case with the same proof, using the continuity assumption (A1)-(iii) and the Lipschitz

and growth conditions (2.2)-(2.4). O

Applying the Lemma to § = B, Yk = Xk, vk = I* (for k > 1) and YV = Xe, v = &, and
recalling that 5(I*, &) < 1/k — 0 we conclude by (4.21), (4.23) that JR () — J(a) as k — oc.
Therefore relation (4.16) is satisfied for this choice of the sequence (#¥); and for the corresponding

settings (Q, F. PV, W, fiks 20)k- This ends the proof of the inequality Vg < UF.
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5 The randomized equation

In this section, we show how the randomized formulation of the control problem leads to a random-
ized equation in terms of a backward SDE. We choose a setting for the randomized control problem
(3.8) as in Remark 3.2, i.e. a product extension (0, 7, P, V, W, u, zo) of the setting (2, F,P, V, W, z¢)
for the initial control problem (2.7). In view of Proposition 3.1, entirely analogous results hold true
in any setting (Q, F , I@’, V, W, ft, o) for the randomized control problem as described in section 3.1.

5.1 The separated randomized control problem

We first consider the (path-dependent) filtering of the randomized process X solution to (3.2),
which consists in the process of conditional distributions p; of X.A; given .EW’“ . More precisely, let
Z(C,,) be the space of probability measures on C,, and let B,(C,,) denote the space of bounded
Borel measurable real functions on C,,. We define p = (pt)o<i<7 as an FW:t_optional process valued
in Z(C,,) satisfying, for every ¢ € By(C,,), (we use the notation pi(p) = an o(x) pe(dx))

pe(e) = Elp(Xoae) | EW’“], t €10,T], P-as. (5.1)

The process t — E[p(X.n¢) | Fi'*] is understood as an optional projection. The existence of such
a process p follows for example from Theorem 2.24 in [1]. While (5.1) is defined for bounded ¢,
since p; is constructed as a Z(C,,)-valued process, relation (5.1) holds for unbounded ¢ once the
conditional expectation is well-defined, i.e. p;(|¢|) < oo for all t € [0,T], P-a.s. (see e.g. Remark
2.27 in [1]).

We can now express the randomized gain functional in terms of the FW#-optional processes p
and 1.

Lemma 5.1 For any v € V, we have

and, more generally,

Eu[/tTfs(X,I)ds+g(X)|.7§W,u] _ EV{ATps(fS(.7I))dS+pT(g)|ftVV7M}’ (5.2)

forall0 <t <T.

Proof. The result follows from the Bayes formula and the (P, FW’“)—martingale property of the
density process k”. O

The above Lemma 5.1 together with Theorem 3.1 proves that the randomized control problem,
and thus the primal control problem under partial observation, can be written in a separated form
involving FW-+-optional state processes:

T
vy = supE’| / p(fi( D)t + pr(g)]. (5.3)
vey 0
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5.2 BSDE representation

The purpose of this paragraph is to show that the separated randomized control problem, described
by the right-hand side of (5.3), admits a dual representation in terms of a constrained backward
SDE, which then characterizes both the primal control problem and the randomized control problem
(as well as the separated randomized control problem). We shall refer to it as the randomized
equation.

On the space (Q, F,P) equipped with the filtration F"#, let us consider the following con-
strained BSDE on the time interval [0, 7]

Vi = oro)+ [ st + Ko~ K- [ 2w~ [ [ vutas ),

Ut(a) < 0.

(5.4)

We look for a (minimal) solution to (5.4) in the sense of the following definition.
Definition 5.1 A quadruple (Y, Z,Ui(a), Ki) (t € [0,T], a € A) is called a solution to the BSDE
(5.4) if
1. Y € S)FWH), the set of real-valued cadlag FWH-adapted processes satisfying HYH?92 =
E[Supogth V%] < oo;
2. Z € L3,(FWH), the set of FW-predictable processes with values in R? satisfying HZH%‘%V =
E[ i |Zdt] < oo;
3. U € L%(FW’“), the set of real-valued P(FYW*) @ B(A)-measurable processes satisfying HUH%i
= fE[fOT L4 [U(a)]2A(da)dt] < oo;
4. K € K2(FWH), the subset of S2(FW'*) consisting of FWF-predictable nondecreasing process

with K() = 0,‘

5. P-a.s. the equality in (5.4) holds for every t € [0,T] and the constraint Uy(a) < 0 is understood
to hold P(dw)\(da)dt-almost everywhere.

A minimal solution (Y,Z,U,K) is a solution to (5.4) such that for any other solution (Y',Z',
U',K"), we have P-a.s., Y; <Y/ for all t € [0,T].

We now state the main result of this section.

Theorem 5.1 There exists a unique minimal solution (Y,Z,U,K) € S*FW#*) x L2, (FWH) x
L%(FW’“) x KC2(FWH) to the randomized equation (5.4). Moreover, we have Yy = sup,cy, J<(v),
and, more generally,

T

Vi = essswB | [ p(nl0)ds +prio)| 2. (55)
vey t

Remark 5.1 Combining Theorems 3.1 and 5.1 we deduce the BSDE representation for the primal

problem

Yo = sup J(«).
ac AW
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We refer sometimes to Yy = sup,cy, J®(v) as duality relation, since Yy coincides with the infimum
inf{Yy: (Y, Z',U",K') € S*(FWH) x L2, (FV#) x Li(FW#) x K2(FW#) solution to (5.4)}. ]

Proof (of Theorem 5.1) Let us introduce for every n € N the following penalized BSDE on [0, T:

T T T
V= o)+ [ nheds+ K-8y = [ ziaw— [0 ] vda) tdsda), 69)

where
K} ::T{At/Q(Uggw)+AQM)d&

Set £ := pr(g) and Fy := p(fi(-,I)). By (2.4) and (3.4) (recall that p in (3.4) is greater than or
equal to 27 in (2.4)), we see that

T
E|¢)? < oo, E[/O ]Ft\th] < 00.

Then, from Lemma 2.4 in [30] it follows that, for every n € N, there exists a unique solution
(Y™, Z",U") € S*(F™WH) x Ly (F"W+) x LZ(F"F) to the above penalized BSDE.
Now, proceeding along the same lines as in the proof of Lemma 4.8 in [13], we obtain the formula

T
v = e | [ pnt s+ prl)| 7, (57)
vEV, t

where V,, = {v € V: v takes values in (0,n]}. By (5.2), together with estimates (2.4) and (3.6), we
deduce that
sup /" < oo, forall0 <t <T. (5.8)
n

Notice that equation (5.4) can be written as follows:

(

v = o)+ [ () = [ N0 Jas + sip - 5

—Aqaam—AiAmmmwmw, (5.9)

Ut(a) < 0.

Then, we see that the above equation is a particular case of a backward stochastic differential equa-
tion studied in a general non-Markovian framework in [23]. In particular, existence and uniqueness
of the minimal solution (Y, Z,U, K) to equation (5.9) (or, equivalently, to equation (5.4)) follow
from Theorem 2.1 in [23]. Indeed, Assumption (HO) in [23] is clearly satisfied. Concerning As-
sumption (H1), this is only used in Lemma 2.2 of [23] to prove that the sequence (Y™),, satisfies
(5.8), a property that in our setting follows directly from (2.4) and (3.6).

Finally, from Theorem 2.1 in [23] we also have that Y;*(@) converges increasingly to Y;(w) as
n — 00, P(dw)-a.s. Since V = U,V,, letting n — oo in (5.7) we obtain (5.5). O

Remark 5.2 Notice that the following generalization of formula (5.5) holds:

Y, = esssupE”[/ pr(fr(, 1)) dr + Yy
vey t

fW} , (5.10)
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for all 0 < t < s < T. Indeed, for every n, considering the penalized BSDE (5.6) on [0, s] with

terminal condition Y, and proceeding as in the proof of formula (5.7), we obtain

S
Yt = eSSSUPE”[/ pr(fr( D)) dr + Y
VeV, t

}"tW’“} (5.11)

Recalling that V,, € V and Y™ <Y, we get ;" < esssupE”[[” pr(f, (-, 1)) dr + Y| FVH. Since
vey
Y™ converges increasingly to Y, we end up with

S
Y, < esssupE”[/ pr(fr(- 1)) dr + Y
vey t

.EW’“} : (5.12)
To prove the reverse inequality, fix m € N and notice that from (5.11) we have, for every n > m,

S
Y; > esssup E” [/ pr(fr(, D)) dr + Y]
vEVn t

710 2 oo | [t e v | 20
VeV, t

using that Y; > Y;" and YY" > Y" for every n > m. Letting n — oo in the above right-hand side,
we obtain V; > esssup E”[[;” p,(f, (-, 1)) dr + Y™ | FVM, for all m € N. In particular
vey

= Ey[/tspr<fr<-,f>)dr +ym

ftW’“], for all v € V, m € N.

Letting m — oo, and taking the essential supremum over V, we obtain the reverse inequality of
(5.12), from which formula (5.10) follows. Equation (5.10) relates the value function of the random-
ized control problem between two arbitrary dates, and is called randomized dynamic programming

principle. O

5.3 Verification theorem

In this paragraph we present a werification theorem in the context of the randomization method,
expressed in terms of the randomized equation (5.4). Firstly, let us fix some notations. We denote
by D, ., , the set of cadlag paths from [0,T] to Z(C,,) (the space of probability measures on C,
endowed with the topology of weak convergence). We define the filtration (Df) (c"))te[oﬂ, where
D?(Cn) is the o-algebra generated by the canonical coordinate maps D — Z(Cp), p(-) = p(s)

up to time ¢, namely

Z(Cn)

2(Cn)

D = ofp() = pls) ¢ s € 0,4},

37’(Cn))

and we denote Prog(D ) the progressive o-algebra on [0,7]x D with respect to (D,

2(Cp) 2(Cn)
In this subsection, we suppose that p = (p;)o<i<r stands for the cadlag version of the (path-
dependent) filter of X.5; given ]:tW # whose existence is guaranteed by Corollary 2.26 in [1] (notice
that (X.at)o<t<r is a Cj-valued process with continuous trajectories). We recall from Corollary

2.26 in [1] that in this case there exists a countable set @ C [0,7") such that

pe(p) = E[p(X.n) | TV,

for all t € [0, 7]\ Q and ¢ € By(C,,).
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Theorem 5.2 Let (Y, Z,U, K) be the minimal solution to the randomized equation (5.4).
(1) Suppose that Uy(a) = 0, P(do)\(da)dt-a.e., and K; = fg ps(ks(-, 1)) ds, for some k: [0,T] x
C, x My — [0,00) satisfying:

(i) k is Prog(C,, x My)-measurable.

(ii) k satisfies the following sequential continuity condition analogous to (A1)-(iii): whenever
T, x € Cp, ag,a € My, ||z — x|lcc — 0, ag(t) = a(t) for dt-a.e. t € [0,T] as k — oo we
have

ki(xg, ar) — ki(x, a), for dt-a.e. t €[0,T].

(iii) There exist nonnegative constants K and r such that
i(w,a)] < K(1+lz]),

for all (t,x,a) € [0,T] x C, x My. To simplify the presentation we assume, without loss of
generality, that K and r are the same constants appearing in (2.4).

(2) Suppose further that there exists a Prog(D
valued in A such that:

(i) pt(kt('7@(p))) = an k:t(x,o?(p))pt(dx) =0 fOT' all (t,p) € [OvT] X Dgz(cn)'

(ii) The stochastic differential equation

)-measurable map é(p), (t,p) € [0,T]xD

Z(Cn) Z(Cn)’

dX; = b(X,a(p))dt +oi(X,a(p))dBr,  Xo = o,

with p satisfying (5.1), admits a unique continuous F-adapted strong solution X = (Xt)OStST.
We denote by p = (pt)o<i<r the cadlag version of the corresponding (path-dependent) filter.

(iil) (&e(p))o<i<r lies in AW.

Then & is an optimal feedback control. If ki(x,a) = k(t,x(t),a) is not path-dependent, then & =
a(t, pr) is an optimal Markovian control.

Remark 5.3 We conjecture that the equality U;(a) = 0, P(dw)\(da)dt-a.e., holds. More pre-
cisely, we conjecture that Y does not jump at a jump time S, of Qo (recall that (Smﬁn)nzl is
the marked point process associated to f1). Indeed, if this latter property holds, then, noting
that AYS’nl{S‘nﬁT} = USn(ﬁ")l{SngT} for every n > 1, we obtain 0 = I@[Zn21 AYSnl{SngT}] =
I@l[fOT [ 4 Ut(a) p(dt da)] = E[f()T [ 1 Ut(a) A(da) dt]. Since U is nonpositive, we conclude that Uy(a) =
0, P(dw)A(da)dt-a.e., holds.

The conjecture that Y does not jump at a jump time S,, of [ is motivated by control-theoretic
reasons, and, more precisely, by the property that the value of the randomized problem Uz)a does not
depend on ag, the initial value of I (see Theorem 3.1). It is worth mentioning that this conjecture
holds true for the class of backward stochastic differential equations introduced in [23], section 3,
where the classical Markovian model in (1.1) is studied by means of the randomization method.
In [23] the authors formulate the primal problem for every (t,z) € [0,7] x R™ and define the
R

(

corresponding primal value v(¢,z). Similarly, they define the value v™*(¢,z,a) of the randomized

control problem for every (¢,z,a) € [0,7] x R™ x A. Then, the authors identify ¥ with the value
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function v™ of the randomized problem: Y; = v™(t, X;,I;). As a consequence, they deduce the

identification for the component U: Uy(a) = v™(t, Xy, a) — v™(t, X;,I;_) (see the beginning of

section 3.3 in [23]). Since v™ coincides with the value function of the primal problem, namely

vR(t,z,a) = v(t,x), then v does not depend on the variable a, so that U;(a) = 0. O

Proof (of Theorem 5.2). Set fy(z,a) = fi(z,a) + k¢(z,a) and
J(0) = E [ | e gxn] . R =B [ | a0
0 0

Notice that f satisfies the same assumptions of f as stated in (A1)(ii)-(iii)-(iv). Then, proceeding
as in (4.16) for the proof of Theorem 3.1, we see that, for every € > 0, there exists v € V such that

TRF) < J@p) +e = J(@p) +=. (5.13)

where the last equality follows from condition (2)-(i). Now, as Up(a) = 0, P(dw)\(da)dt-a.e.,
equation (5.4) becomes

T T
Y, = pT(g)+/ ps(fs(-,l))ds—/ Zs dWs, 0<t<T.
t t

In particular, when t = 0, taking the expectation E¥*, and proceeding as in the proof of Lemma
5.1, we obtain Yy = J®(v?). Therefore, by Theorems 3.1 and 5.1, together with inequality (5.13),
we find

sup J(a) = supJR() = Yy = JRWF) < J(@(X)) +e.
ac AW vey

The claim follows from the arbitrariness of €. O

As the statement of Theorem 5.2 is quite involved, especially due to the partial observation
feature, it is worth presenting the verification theorem for the full observation problem, where we
also suppose that there is no delay in the control.

Theorem 5.3 Let (Y, Z,U, K) be the minimal solution to the randomized equation (5.4).

(1) Consider a full observation problem (W coincides with B and m = 0) with no delay in the
control (i.e. by(x,a) = b(x,a(t)) with by continuous on C,, x A for every t, and similarly for the
coefficients o and f). Also suppose Ui(a) = 0, P(dw)\(da)dt-a.e., and K; = fot ks(X,Is)ds, for
some k: [0,T] x C,, x A — [0,00) satisfying:

(i) k is Prog(C,) @ B(A)-measurable.
(ii) For allt € [0,T] the function ki(x,a) is continuous in (x,a) € C, x A.
(iii) There exist nonnegative constants K and r such that
k@)l < K+ e).

for all (t,z,a) € [0,T] x C,, x A. To simplify the presentation we assume, without loss of
generality, that K and r are the same constants appearing in (2.4).

(2) Suppose further that there exists a Prog(C,,)-measurable map & (x), (t,x) € [0,T] x Cy,, valued
in A such that:
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(i) infaea ki(z,a) = ki(x,0u(x)) = 0 for all (t,z) € [0,T] x C,,.
(ii) The stochastic differential equation

dXt = bt(X,éét(X))dt+Ut(X,éét(X))th, XO = Xy,

A~

admits a unique continuous FW -adapted strong solution X = (Xt)o<t<T-
(iii) (64 (X))o<i<r lies in AW,

Then & is an optimal feedback control. If ki(x,a) = k(t,x(t),a) is not path-dependent, then & =
a(t,x(t)) is an optimal Markovian control.

Proof. The proof can be done proceeding along the same lines as in Theorem 5.2. m|

Remark 5.4 As a particular case of the verification Theorem 5.3, consider the problem without
path-dependence, i.e. by(x,a) = b(t,2z(t),a) and similarly for the other coefficients o, f, g. Suppose
that Y; = w(t, X;) for some function w € C12([0, T) x R®)NCO([0, T] x R™), satisfying a polynomial
growth condition in its second argument x, uniformly with respect to ¢t € [0, T], with w(T, z) = g(z)
for all x € R™. Then Theorem 5.3 reduces to the classical verification theorem, for which we refer
e.g. to Theorem 3.5.2 in [28]. Indeed, applying It6’s formula to w(t, X;), we see that in this case
the function k can be computed explicitly and takes the following form:

k(t,x,a) = —{%—:}(t,m) +b(t,z,a) - Dyw(t,x) + %tr [UUT(t,x,a)Diw(t,x)] + f(t, =, a)}l[O,T) (1),

for all (t,z,a) € [0,T] x R™ x A. Then, condition (2)-(i) in Theorem 5.3 becomes

w (t,z) —sup {Lw(t,z) + f(t,z,a)} = o

— gt _ pa(ta) _ N _
ot e o Bo) = L20w(t,2) = f(t, 6t 7)) = 0,

for all (¢,xz) € [0,7) x R™, which is the classical sufficient condition for an optimal control by
dynamic programming method. In general, verification theorem is difficult to use in practice, and
a nice feature of the randomization method is that it leads to some probabilistic numerical scheme
which provides an approximation not only of the value function but also of the optimal control.
This is studied in [20] for Markovian control problem under full observation, and will be the focus
of future investigation in the case of partial observation control problem. O

A Appendix: proof of Proposition A.1

This section is devoted to the proof of Proposition A.1 below, which was used in the proof of
Theorem 3.1. We assume that A,b, o, f,g,A, po, A, ag are given and satisfy the assumptions (A1)-
(A2). Our starting point is also a probability space (2, F,P), with a filtration G = (G¢)¢>0.

Following [24], for any pair a',a? : Q x [0,7] — A of G-progressive processes we define a
distance p(at, a?) setting

T
ol o?) = E[ [ platad)ar]
where p is an arbitrary metric in A satisfying p < 1.
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Below we will use an auxiliary probability space denoted (€', F/,P'). This can be taken as an
arbitrary probability space where appropriate random objects are defined. For integers m,n,k > 1,
we assume that real random variables U]*, V. and random measures 7% are defined on (Q, F P

and satisfy the following conditions:

1. every U is uniformly distributed on (0, 1);

[e’e] )\—1

o2 1 Apm = 1/m for every

2. each V" has exponential distribution with parameter A, and >
m > 1;

3. every 7* is a Poisson random measure on (0,00) x A, admitting compensator k' \(da) dt

with respect to its natural filtration;
4. the random elements U]", th, 7% are all independent.

The role of these random elements will become clear in the constructions that follow. Notice
that for the construction of the space (', F',P’) only the knowledge of the measure X is required.
Next we define

O=0axQ, F=FeF, Q=PxP

and note that the filtration G can be canonically extended to a filtration G = (G;);>0 in (€, F)
setting Gy = {A x Q' : A € G}. Similarly, any process o in (9, F) admits an extension & to
(Q, F) given by @ (&) = ay(w), where & = (w,w’). The metric j can also be extended to any pair
B, 32 Q x [0,7] — A of G-progressive processes setting

peLa) = B /OT,owz,ﬁf)dt].

We use the same symbol p to denote the extended metric as well.

Our aim in this section is to prove the following result.

Proposition A.1 Let (2, F,P) be any probability space with a filtration G = (Gi)i>0 and let
(Q,]:", Q) be the product space defined above. Then for any G-progressive A-valued process «, and
for any § > 0, there exists a marked point process (S'n,ﬁn)nzl defined in (Q,]:",Q) satisfying the
following conditions:

1. setting
So=0, do=aop, Lr=2 alg s @),
n>0
the process I satisfies
p(l,é) = Eq [/OT p(I, 1) dt] <9; (A1)

2. denoting i = Zn21 5(57“%) the random measure assoctated to (Smﬁn)nzb Fi = (-Eﬂ)tzo the

natural filtration of i and G v FF = (,C’;t \% fﬁ)tzo; then the GV FA-compensator of fi under Q
is absolutely continuous with respect to A(da)dt and it can be written in the form

04(@, a) Mda) dt (A.2)
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for some nonnegative P(G vV FA) @ B(A)-measurable function 0 satisfying

~inf >0, sup U < o0. (A.3)
Qx[0,T]xA Qx[0,T]x A

Proof. Fix o and ¢ as in the statement of the Proposition. It can be proved that there exists an
A-valued process @ such that p(a,@) < § and @ has the form a; = 25;01 anly, 1,.)(t), where
0 =ty < t1 < ...ty = T is a deterministic subdivision of [0,7], ag,...,any_1 are A-valued
random variables that take only a finite number of values, and each «,, is G;, -measurable: this is
an immediate consequence of Lemma 3.2.6 in [24], where it is proved that the set of admissible
controls & having the form specified in the lemma are dense in the set of all G-progressive A-valued
processes with respect to the metric p.

We can (and will) choose & satisfying oy = ag (ag is the same as in (A2)). Indeed this additional
requirement can be fulfilled by adding, if necessary, another point ¢’ close to 0 to the subdivision
and modifying @ setting a; = ag for ¢ € [0,¢'). This modification is as close as we wish to the
original process with respect to the metric p, provided ¢’ is chosen sufficiently small.

Finally, we further extend & to a function defined on Q x [0,00) in a trivial way setting a; =
> anlip, t,1)(t) where a, = ay g forn > N and t,, =t +n — N for n > N. This way a is
associated to the marked point process (¢, ap)p>1 and ag = ao.

Next recall the spaces (@, F,P’) and (2, F,Q) and the filtration G introduced before the
statement of Proposition A.1. We extend the processes a and & to Q x [0,00) and denote & and &
the corresponding extensions. We note that clearly

pla,

QI>

) = pla,a) < 6/3. (A.4)

The next step of the proof consists in constructing a sequence of random measures £ whose
associated piecewise trajectories, denoted &j", approximate & in the sense of the metric p. The
construction will be carried out in such a way that k™ admits a compensator absolutely continuous
with respect to the measure A(da) dt.

For every m > 1, let B(b,1/m) denote the open ball of radius 1/m, with respect to the metric
p, centered at b € A. Since A(da) has full support, we have A(B(b,1/m)) > 0 and we can define a
transition kernel ¢ (b, da) in A setting

1

q"(b,da) = WlB(b,l/m)(G)

A(da).

We recall that we require A to be a Borel space, and we denote by B(A) its Borel o-algebra. There
exists a Borel measurable function ¢™ : A x [0,1] — A such that for every b € A the measure
B — ¢"(b,B) (B € B(A)) is the image of the Lebesgue measure on [0,1] under the mapping
u +— ¢ (b, u); equivalently,

1
J k@ bde) = [ ka0, )

for every nonnegative measurable function k£ on A. Thus, if U is a random variable defined on
some probability space and having uniform law on [0, 1] then, for fixed b € A, the A-valued random
variable ¢ (b, U) has law ¢ (b, da). The use of the same symbol ¢ should not generate confusion.
The existence of the function ¢ (even for a general transition kernel on A) is well known when A
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is a separable complete metric space, in particular, when A is the unit interval [0, 1], (see e.g. [32],
Theorem 3.1.1) and the general case reduces to this one, since it is known that any Borel space is
either finite or countable (with the discrete topology) or isomorphic, as a measurable space, to the
interval [0, 1]: see e.g. [4], Corollary 7.16.1.

For fixed m > 1, define V" = Rj* = S§* = 0 and
R=t, +V"+...+ V" Sl =t,+V"+...+V" B =q"(an,U"), n>1.

Since we assume t,, < t,4; and since V,;* > 0 we see that (R]", 8)")n>1 is a marked point process
in A. Also note that R" | < S)* < R for n > 1. Let

=Y Srpapy & =Y Bl an (),
n>1 n>0

(with the convention (§* = ap) denote the corresponding random measure and the associated
trajectory. We claim that
pla,a™) — 0 (A.5)

as m — oo. Indeed, since 0 =ty < t; < ...ty =T we have

-1 tn+1
pl&, @™ Z E@/ p(Gy, &) dt. (A.6)

Note that ¢, < R}, and whenever R' <t < t,41 < R}, we have a4y = g, &" = B™ and so
p(ag, &) = play, B) < 1/m since, for every b € A, ¢"™(b,da) is supported in B(b,1/m). If
R™ < tp41 then, recalling that p <1,

tn+1 R R;n R tn+1 R
/ p(Gy, &) dt = / pow, &) dt + / play, &) dt
tn tn

m
n

m 1 m
< (Rn_tn)+m(n+1 RY)

1
< V1m+...+V7T+R(tn+1—tn).

If R > t,+1 then the same inequality still holds since we even have
tn+1
/ plag, &) dt <tpy1 —ty <R —t, =V + ...+ V"
tn

Substituting in (A.6) and computing the expectation of the exponential random variables V)" we

arrive at
N—1

. 1 - 1 T
ﬁ(d,@m):;<Alé+...+A;§1 —(tn1 —t ><Z,\1Jr s
which proves the claim (A.5). From now on we fix a value of m so large that
pla,a™) < §/3. (A7)
Let F*" = (FF™) denote the natural filtration of ™ and set
"= (M0 = (G VI eso.

We have the following technical result that describes the compensator £ of &
the filtration H™.

™ with respect to

40



Lemma A.1 With the previous assumptions and notations, the compensator of the random mea-
sure K™ with respect to H™ and Q is given by the formula

Mdt,da) = Y Ligm g (t) 4" (0, da) A

n>1

Proof of Lemma A 1. To shorten notation, we drop all the sub- and superscripts m and write
Ry Sny R, q, A, FF H = (Hy) = (Qt V Fr) instead of ™, ST, R™, ¢™, Apm, F*", H™ = (H") =
GV F").

Let us first check that #(dt, da), defined by the formula above, is an H-predictable random mea-
sure. The variables R,, are clearly F”-stopping times and hence H-stopping times and therefore .S,, =
R,—1 +t, — t,—1 are also H-stopping times. Since «,, are F;, -measurable and F;, C H;, C Hg,,,
an are also Hg,-measurable. It follows that for every C' € B(A) the process 1(g, r,(t) q(an, C)A,
is H-predictable and finally that &(dt,da) is an H-predictable random measure.

To finish the proof we need now to verify that for every positive P(H) ® B(A)-measurable

random field H;(w,a) we have

//Ht dtda - //Ht dtda)]

Since Hy; = F; V Ff, by a monotone class argument it is enough to consider H of the form
Ht(wa a) - Htl(w)HE(w)k(a)a

where H' is a positive (@—predictable random process, H? is a positive F¥-predictable random
process and k is a positive B(A)-measurable function. Since F* is the natural filtration of x, by a
known result (see e.g. [18] Lemma (3.3)) H? has the following form:

H? = b1(t)1(0,ry) () + b2(B1, R, 1)L R, Ry (1)
+b3(81, B2, R1, R2, 1)1 (R, ry () +
bn(/Bla v 7571—17 R17 oo 7Rn—17 t)l(Rn717R"](t) + ...

where each b, is a positive measurable deterministic function of 2n — 1 real variables. Since

/ /Ht r(dtda)| = | Hp,(5)]

n>1

to prove the thesis it is enough to check that for every n > 1 we have the equality

B[, (0)] =B[ [ [ i@ atandorn1s,cr, @]

which can also be written

E[H]l{o%bn(/ﬁlr"7ﬂn—1aR17"' Rn 17 ) (571)] -
B[ [ [ Hib(Br Bt Brce B D@, ) s, <ic, df]
0 A

We use the notation

Kn(t) = Htl bn(/ﬁlw"aﬁnfl,Rla"'aRnflat)
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to reduce the last equality to

E[K,(Ry)k / / Ko d(n, da)dn 1g, <t<p, dt] (A.8)

By the definition of R,, and 3, we have E[K,,(R,)k(5,)] = E[K,(Sn + Vi) k(q(an, Uy))]. As noted
above, since Uy, has uniform law on (0, 1), the random variable ¢(b, U,,) has law ¢(b, da) on A, for any
fixed b € A. We note that Ry,...,R,_1,5, are measurable with respect to o(Vi,...,V,_1), that
B1,...,0n_1 are measurable with respect to Qm Vo(Uy,...,U,—1) and therefore that the random
elements U,,, S, and (Qm, Biy--yBn-1,R1,..., Rn_1,5y) are all independent. Recalling that V,, is
exponentially distributed with parameter \,, we obtain

E [Kn(Ra)k(8)] = E| / / K (S + 5) k(a) g(an, da) e ™ ds|. (A.9)
0 A
Using again the independence of V,, and (Qm, Biy--yBn-1,R1,..., Rn_1,5y) we also have
B[ [ [ Ku(Su+5) k) alansda) o 1y, ds|
0 A
E[ / / Kn(Sn + ) k(a) ¢(am, da) Ay P(V,, > 5) ds}
0 A

and since P(V,, > s) = e~**, this coincides with the right-hand side of (A.9). By a change of
variable we arrive at equality (A.8):

E [K,(Rn)k(Gn)] E[ /5 - /A Ko (t) k(a) qlan, da) A 1y, >, dt}

Bo
- / / K1) k(a) a0, da) Ay 15, <r<, ).
0 A
This concludes the proof of Lemma A.1. a

It follows from this lemma that the H"-compensator of k" under Q is absolutely continuous
with respect to A(da)dt and it can be written in the form

R™(dt,da) = ¢i"(a) A(da)dt

for a suitable nonnegative P(H™)®B(A)-measurable function ¢ which is bounded on Qx [0, 7] x A.
Indeed, from the choice of the kernel ¢ (b, da) we obtain

1
Z Lism, rm)(t W 1B(an,1/m) (@) Anm-

n>1

which is bounded on Q x [0,7T] x A since each «, takes only a finite number of values and S5 >
ty =T, so that the values of ¢" on [0, 7] only depend on the first N — 1 summands.

In the final step of the proof we will modify the random measure £ by adding an independent
Poisson process 7F with “small” intensity. This will not affect too much the p-distance between
the corresponding trajectories and will produce a random measure whose compensator remains
absolutely continuous with respect to the measure A(da)dt and has a bounded density which, in
addition, is bounded away from zero.
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Recall that on the space (', F,P’') we assumed that for every integer k > 1 there existed a
Poisson random measure 7% on (0, 00) x A, admitting compensator k' \(da) dt with respect to its

natural filtration. We will consider 7% as defined in (Q, F ). Each ¥ has the form

=Y Srp ey

n>1

for a marked point process (T,£%),~1 on (0,00) x A, and we denote Fr = (.ka) its natural
filtration. Let us define another random measure setting

Mkm::/gn+_ﬂk.

Note that the jumps times (R™),>; are independent of the jump times (7),>1, and the latter
have absolutely continuous laws. It follows that, except possibly on a set of Q probability zero,
their graphs are disjoint, i.e. ™ and 7% have no common jumps. Therefore, the random measure

p*™ and its associated pure jump process (denoted I*™) admit a representation

k k k
=Y sty I = D s s (1), 20,

where 75™ = ag, (SE™,n%™),>1 is a marked point process, each S*™ coincides with one of the times
R™ or one of the times T, and each 7% coincides with one of the random variables ¢¥ or one of

I is close to @™ with respect to the metric

the random variables 3;"'. We claim that, for large k,
p, namely that

pIF™ &™) — 0 (A.10)
as k — o0o. To prove this claim it suffices to prove that I*™ — @™ in dt ® dQ-measure. Recall that
the jump times of 7% are denoted 7. Since T¥ has exponential law with parameter A\(A)/k the
event By, = {TF > T} has probability e M4/ 5o that Q(By) — 1 as k — oo. Noting that on the
set By, we have & = ag = ag = ni™ = IF™ for all t € [0, T, the claim (A.10) follows immediately.
We will fix from now on an integer k so large that

pla™, 1"y < §/3. (A.11)

Having fixed both m and k we now define, for n > 0,

Sn = Srlim7 ﬁn = f’f{m’ ’a - Z(s(snyﬁn)’ ft - Zﬁnl[gnvgn-Fl)(t)’

n>1 n>0

so that the random measure /i and the associated process I coincide with ™ and 15

The inequalities (A.4), (A.7), (A.11) imply that p(d, I) < &, which gives (A.1).
To finish the proof it remains to prove (A.2)-(A.3). We first note that, since x™ and 7% are

respectively.

independent, it is easy to prove that i = p*™ has compensator (¢ (a) + k=) A(da) dt with respect
to the filtration H™ VF™ := (H"V FT )0 = (Ge V FE" V FF )i=0. Let FA = (F™),>0 denote the
natural filtration of /i and let G VF” be the filtration (Qt \/]:lf2 )t>0, which is smaller than H™ VEF™
We wish to compute the compensator of i with respect to G V F# under Q. To this end, consider
the measure space ([0,00) x Q2 x A, B([0,00)) ® F ® B(A), dt ® Q(dw) ® A(da)). Although this is not
a probability space, one can define in a standard way the conditional expectation of any positive
measurable function, given an arbitrary sub-c-algebra. Let us denote by (@, a) the conditional
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expectation of the random field ¢ (@, a) + k~! with respect to the o-algebra P(G VF*) @ B(A). Tt
is then easy to verify that the compensator of i with respect to G VIF* coincides with o. Moreover,

since ¢/ (&, a) is nonnegative and bounded on Q x [0,7T] x A, we can take a version of ¥ satisfying

< inf. o< sup P <oo.

Qx[0,T]xA Qx[0,T)x A

Now (A.2)-(A.3) are proved and the proof of Proposition A.1 is finished. O
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