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RAMANUJAN’S MASTER THEOREM
FOR RIEMANNIAN SYMMETRIC SPACES

GESTUR OLAFSSON AND ANGELA PASQUALE

ABSTRACT. Ramanujan’s Master theorem states that, under suitable conditions, the Mellin
transform of a power series provides an interpolation formula for the coefficients of this series.
Based on the duality of compact and non-compact reductive Riemannian symmetric spaces
inside a common complexification, we prove an analogue of Ramanujan’s Master Theorem
for the spherical Fourier transform of a spherical Fourier series. This extends the results
proven by Bertram for Riemannian symmetric spaces of rank-one.

INTRODUCTION

Ramanujan’s Master Theorem asserts that if a function f(x) can be expanded around x = 0

in a power series of the form
oo

Flr) = (-1 atkyt
k=0
then
e @) de = — g 1
| @) de =~ e, (1)
Of course, one needs additional assumptions for this formula to hold, as one can directly see
from the example a(\) = sin(7A).

Formula (1) is contained in Ramanujan’s First Quarterly Report to the Board of Studies
of the University of Madras in 1913. These reports have never been published; see [2], p.
295. However, Hardy presents them in his book on Ramanujan’s work [11] and provides a
rigorous proof of formula (1) for a natural class of functions a and a natural set of parameters
A, by means of the Residue Theorem.

Let A, P, 0 be real constants so that A <7 and 0 <0 < 1. Let H(§) ={A € C: Re X >
—6}. The Hardy class H (A, P,0) consists of all functions a : H(d) — C that are holomorphic
on H(9) and satisfy the growth condition

‘CL()\)| < CefP(Re)\)+A\Im)\|

for all A € H(0). Hardy’s version of Ramanujan’s Master theorem is the following, see [11],
p- 189.

Theorem 0.1 (Ramanujan’s Master Theorem). Suppose a € H(A, P,6). Then:
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(1) The power series

k=0
converges for 0 < x < et and defines a real analytic function on this domain.
(2) Let 0 <o < 4. For 0 <x < el we have

—0o+1i00 -
fla) = — /_ a(N)a dX. (3)

" o o—ico SIN(TA)

The integral on the right hand side of (3) converges uniformly on compact subsets of
10, +00[ and is independent of the choice of o.

(3) Formula (1) holds for the extension of f to |0, +oo[ and for all A € C with0 < Re X\ <
J.

The last part of Theorem 0.1 is obtained from its second part by applying Mellin’s inversion
formulas '
o= [ o L s = [ w0 i
= r)r "t — )= — x
0 T 7 2my —0—100

to
-7

P(A) = sin(m)) a(A),  ox) = flz).

Formula (1) can be thought of as an interpolation formula allowing us to reconstruct a(\)
from the discrete set of its values {a(k) : k € Z"}. In particular, the function a must vanish
identically whenever it vanishes on Z*. As already noticed by Hardy ([11], p. 188), this fact
and the bound 7 for the exponent A are related to the well-known theorem of Carlson.

An equivalent formulation of Ramanujan’s Master Theorem is obtained by replacing a(\) €
H(A, P, ) with A(A) = a(A\)T'(A+1) where I' is the gamma function. Since I'(=A\)T'(A+1) =

—m7/sin(mw\), this converts the power series (2) into

and formula (1) becomes
+oo ) dx
) fl@)a™ — =T(=A)AR). (4)
It holds for the extension of f to ]0, 00| and for all A € C with 0 < Re A < 4. In [11], §11.3,
formula (1) is taken as the standard interpolation formula, though (4) often turns out to be
more convenient in the applications.

In [4], Bertram provided the following group theoretic interpretation of (1). The functions
x* (A € C) are the spherical functions on X5 = R* and the 2* (k € Z) are the spherical
functions on the torus Xy = U(1). Both X and Xy can be realized as real forms of their
complexification X¢ = C*. Then (2) and (3) can be seen respectively as the restriction to
Xy and X of a “good” holomorphic function f on X¢. Let f and ]?respectively denote the
spherical Fourier transforms of f on X and Xy, Then Ramanujan’s formula (1) becomes




By replacing the duality between U(1) and R* inside C* with the duality between sym-
metric spaces of the compact type Xy = U/K and of noncompact type Xg = G/K inside
their complexification X¢ = G¢/Kc, Bertram proved an analogue of Ramanujan’s Master
theorem for semisimple Riemannian symmetric spaces of rank one.

In this paper we extend Bertram’s results first to semisimple Riemannian symmetric spaces
of arbitrary rank and then to reductive symmetric spaces. Our main result is Theorem 2.1
which is Ramanujan’s Master Theorem for the spherical Fourier transform on semisimple
Riemannian symmetric spaces. The generalization to reductive symmetric spaces is then
obtained by combining the semisimple case and a multivariable extension of the classical
(abelian) Theorem 0.1; see Theorem 7.1.

Let Xy and X4 be dual Riemannian symmetric spaces, respectively of the compact and of
the noncompact type, and let X¢ be their complexifiction. Our theorem deals with spherical
Fourier series on X;; of the form

f(x) =Y (=D)Md(p)a(u + p)u(). (5)

pEAT

in which the coefficients a(u + p) are obtained from a holomorphic function a belonging to
a certain Hardy class H(A, P, ) associated with the pair (Xy, X¢) and depending on three
real parameters A, P,6. The function f defines a K-invariant holomorphic function on a
neighborhood of Xy in X¢. It is then shown to extend holomorphically to a neighborhood
of X in X¢ by means of the inverse spherical Fourier transform:

)= [ aente) ©)

Formulas (5) and (6) are the symmetric space analogue of Ramanujan’s formulas (2) and (3).
An interpolation formula extending (1) is then obtained from (6) using inversion theorems
for the spherical Fourier transform. The function b occurring in (6) is a normalizing factor
depending only on the pair (Xy, X¢) (and not on the Hardy class). It plays the role of
the function —(2isin(mwz))~! appearing in Ramanujan’s formula (3). We refer the reader to
Theorems 2.1 and 7.1 for more precise statements of our results and for the unexplained
notation in (5) and (6).

As in the classical proof by Hardy, our principal tool to prove Ramanujan’s Master The-
orem in the semisimple case is the Residue Theorem. Our methods are a multivariable
generalization of those of Bertram, and in fact we follow several hints to the general rank
case that one can find in Section 0.6 of [4]. To deal with the task of taking residues in our
multivariable setting, the main idea is to select the fundamental highest restricted weights
as a basis of the space af. of spectral parameters and then to work in the corresponding
coordinates.

Besides [4], some other articles have dealt with the extension of Ramanujan’s Master
Theorem to special classes of semisimple or reductive symmetric spaces. Bertram [3] and
Ding, Gross and Richards [8] have proven this theorem for the (reductive non semisimple)
case of symmetric cones. The version considered in [8] corresponds to Ramanujan’s formula
(B) in Hardy’s book [11], p. 186. Moreover, Ding [7] proved a slightly different version of
Ramanujan’s Master theorem for Hermitian symmetric spaces by a reduction to the case of

symmetric cones from [8]. Because of this indirect proving method, the resulting theorem
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has a more complicate structure than the special case of our Theorem 2.1 for the Hermitian
symmetric situation.

This article is organized as follows. In Section 1 we recall the duality of Riemannian
symmetric spaces of compact and noncompact type, we introduce the spherical transform in
these contexts, and recall Lassalle’s results on the holomorphic extension of spherical Fourier
series. In section 2 we state Ramanujan’s Master theorem for Riemannian symmetric spaces
in duality. In the classical version of the Master Theorem, the interpolated coefficients of
the power series are multiplied by a normalizing factor b(A) which is a constant multiple of
the function sin(7\)~!. Similarly, a normalizing function b(\) appears in the statement of
Master’s Theorem for symmetric spaces. In Section 3 we explain our choice of the function b.
Its explicit expression is determined in Section 4, using the relation between the Plancherel
densities for Riemannian symmetric spaces in duality. Examples for Riemannian symmetric
spaces of rank-one or with even root multiplicites are presented. Section 5 collects several
estimates which will be needed in the proof of Ramanujan’s Master Theorem. This theorem is
proven in Section 6. In Section 7 we extend our theorem to reductive Riemannian symmetric
spaces. In the final Section 8, we discuss some further possible extensions of Ramanujan’s
Theorem for symmetric spaces to related settings and present some open problems.

Notation. We shall use the standard notation Z, Z*, R, RT and C respectively for the
integers, the nonnegative integers, the reals, the nonnegative reals, and the complex numbers.

1. PRELIMINARIES

1.1. Symmetric spaces and their structure. Let X; = U/K be a Riemannian symmet-
ric space of the compact type. Hence U is a compact connected Lie group, and there is an
involutive automorphism 7 of U so that U] € K C U". Here U™ = {u € U : 7(u) = u}
and U] is its connected component containing the unit element e of U. We will assume that
K is connected and U is semisimple. (This assumption on U will be removed in Section
7.) As U is compact, it admits a finite dimensional faithful representation. So we can as-
sume that U C U(m) C GL(m,C) for some m. Let u C M(m,C) denote the Lie algebra
of U. The automorphism of u which is the differential of 7 will be indicated by the same
symbol. Then u = ¢ @ ip where £ = {X € u: 7(X) = X} is the Lie algebra of K and
ip ={X €u:7(X)=—-X}. Let Uc denote the analytic subgroup of GL(m,C) of Lie
algebra uc = u@ . Set g = €@ p and let G be analytic subgroup of Uc of Lie algebra g.
Then G is a connected noncompact semisimple Lie group containing K, and X¢ = G/K is a
symmetric space of the noncompact type. Since g¢ = ug, the group Ug is a complexification
of G. We will write G¢ = Ug. Let tc = € @ it and let K¢ be the connected subgroup of G¢
with Lie algebra c. Then K¢ is a closed subgroup of G¢. The symmetric spaces Xy = U/ K
and X = G/K embed in the complex homogeneous space X¢ = G¢/K¢ as totally real
submanifolds.

A maximal abelian subspace a of p is called a Cartan subspace. The dimension of any
Cartan subspace is a constant, called the real rank of G and the rank of Xy and Xg. Let
a* be the (real) dual space of a and let af. be its complexification.

Let X be the set of (restricted) roots of the pair (g, a). It consists of all nonzero o € a* for
which the vector space g, :={X € g: [H,X]| = a(H)X for every H € a} is nonzero. The
dimension of g, is called the multiplicity of the root a and is denoted by m,. We fix a set

YT of positive restricted roots. Then X is the disjoint union of ¥ and —X*. Moreover,
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at :={H € a: «a(H)>0forall a € ¥} is an open polyhedral cone called the positive
Weyl chamber.
A root o € ¥ is said to be unmultipliable if 2a ¢ 3. We respectively denote by X, and

Y = 3T N X, the sets of unmultipliable roots and of positive unmultipliable roots in .
The half-sum of the positive roots counted with multiplicities is denoted by p: hence
1 1 mﬁ/g
P=3 Zmaa:§Z( 5 +mg)B . (7)
aeXt pext

Here we adopt the usual convention that the multiplicity mg, is zero if 3/2 is not a root.
By classification, mg/, is always even.

The Cartan-Killing form B defines a Euclidean structure on the Cartan subspace a. We
set (X,Y) = B(X,Y). We extend this inner product to a* by duality, that is we set
(A, p) :== (Hy, H,) if H, is the unique element in a such that (H,, H) = vy(H) for all H € a.
The C-bilinear extension of (-, -) to ag will be denoted by the same symbol. We shall employ
the notation
(A a)

(o, @)
for A € a¢ and o € a* with a # 0. Notice that 2\, = Ay/2.

The Weyl group W of ¥ is the finite group of orthogonal transformations of a generated

by the reflections r, with o € ¥, where

Ao =

(8)

ro(H) ::H—2MH(J, Hea.
(o, )

The Weyl group action extends to a* by duality, and to ac and af by complex linearity.

We set n = @, 5+ 8o Let N = expn and A = expa be the connected subgroups of G
of Lie algebra n and a, respectively. The map (k, a,n) — kan is an analytic diffeomorphism
of the product manifold K x A x N onto GG. The resulting decomposition G = K AN is the
Iwasawa decomposition of G. Thus, for g € G we have g = k(g) exp H(g)n(g) for uniquely
determined k(g) € K, H(g) € a and n(g) € G. We will also need the polar decomposition
G = KAK: every g € GG can be written in the form g = kjaks with ki, ks € K and a € A.
The element a is unique up to W-invariance. It is therefore uniquely determined in A+ where
At =expat.

1.2. Normalization of measures. We adopt the normalization of measures from [15], Ch.
IT, §3.1. In particular, the Haar measures dk and du on the compact groups K and U are
normalized to have total mass 1. The Haar measures da and d\ on A and a*, respectively,
are normalized so that the Euclidean Fourier transform

Faf) = [ f@e ¥ da, Aea, Q)
A
of a sufficiently regular function f : A — C is inverted by
f(a) = / (Faf) N5 ax,  ae A. (10)

The Haar measures dg and dn of G and N, respectively, are normalized so that dg =

e2P1o2 )t da dn. Moreover, if L is a Lie group and P is a closed subgroup of L, with left Haar
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measures dl and dp, respectively, then the L-invariant measure d(IP) on the homogeneous
space L/P (when it exists) is normalized so that

/f ) dl = /L/P (/f Ip) dp) (IP). (11)

This condition normalizes the G-invariant measure dz = d(gK) on X¢ = G/K and fixes the
U-invariant measure d(uK') on Xy = U/K to have total mass 1.

1.3. Spherical functions on X; and Xy. Let (7, V) be an irreducible unitary represen-
tation of G or of U, and let

K—lveV:nkw=nuvforalkeK}

be the subspace of the K-fixed vectors of V. The representation (m, V') is said to be K-
spherical if VK #£ {0}. In this case dim V¥ = 1.

The spherical functions on G are the matrix coefficients of the (non-unitary) spherical
principal series representations. The spherical function on G of spectral parameter A € ag
is the K-biinvariant function ¢, : G — C given by

eag) = /K (0= (Ha0) gy (12)

where H : G — a is the Iwasawa projection defined earlier. If e denotes the unit element
of G, then py(e) = 1. Moreover, px(g7') = p_x(g) for all A € a} and g € G. The function
©x(g) is real analytic in g € G and W-invariant and entire in A € af.

According to Helgason’s theorem, the highest restricted weights of the finite-dimensional
K-spherical representations of U are the dominant restricted weights, that is the elements
of the set

t={uea iy, €Z" forallaext}. (13)
See [14], Ch. V, Theorem 4.1.
Let IT = {a,...,a;} be a basis of a* consisting of simple roots in . For j = 1,...,1 set
o if 20, € 2
g=q TAuEE (1)
20; if 205 € 2

Then I, = {f4, ..., 5} is a basis of a* consisting of simple roots in ©}. Define wy,...,w;, € a*
by the conditions

(15)

Let 4 € a*. Then p € AT if any only if
M:ZMjo with u; € Z7, 5 =1,...,1.
=1

See [15], Ch. 2, Proposition 4.23.
The spherical functions on U are matrix coefficients of the finite-dimensional (non-unitary)
spherical representations on U. As U is semisimple, the spherical functions on U are

parametrized by a subset AL (U) of A*. If Xy = U/K is simply connected, then A} (U) =
6



AT, See [28], Ch. II, Theorem 8.2 and Corollary 1, Theorem 6.1(2), and p. 109 and 104. If
p € AL (U), the corresponding spherical function is given by

wu(u) = <7Tu(u)ew eu>v (16)

where (-,-) denotes the inner product in the space V), of 7, for which this representation is
unitary and e, € VMK is a unit vector.

The spherical functions on U are linked to the spherical functions on G' by holomorphic
continuation. More precisely, for every p € AL (U), the spherical function ¢, on U with
spectral parameter p extends holomorphically to a Kc-biinvariant function on Ge¢. Its re-
striction to G is K-biinvariant and coincides with the spherical function ¢, 1, of G. See [14],
pp. 540-541, or [6], Lemma 2.5. The spherical function ¢, of G extends holomorphically to
a Kc-biinvariant function on G if and only if A belongs to the W-orbit of AL (U)+ p. Notice

that, as a matrix coefficient of a unitary representation, ¢, (u) = ¢, (u™") for all u € U.

If L is a group acting on a space X and F(X) is a space of functions on X, then we
shall denote by F(X )L the subspace of L-invariant elements of F'(X). In the following, the
K-biinvariant functions on G (resp. on U) will be often identified with the K-invariant
functions on X¢ = G/K (resp. on Xy = U/K). In particular, one can consider the ¢,’s as
K-invariant functions on X¢ and the ¢, as K-invariant functions on Xy = U/K. In this
case, one can think of the the spherical functions on X;; as the restrictions of the holomorphic
extension of the corresponding spherical functions on Xg:

% = (pu+p‘XU ) JUAS A?{(U) . (17)

1.4. Spherical harmonic analysis on X and Xy. The spherical Fourier transform of a
(sufficiently regular) K-invariant function f : X — C is the function f = Fgf defined by

FO) = Faf(\) = | f@)e-a(e) d (18)

for all A € af for which this integral exists. The Plancherel theorem states that the spherical
Fourier transform Fg extends as an isometry of L*(Xg)X onto L2(ia*, [W|7|e(N\)|72d\)W.
Here |IW| denotes the order of the Weyl group W. The function ¢(X) occurring in the
Plancherel density is Harish-Chandra’s c-function. It is the meromorphic function on ag
given explicitly by the Gindikin-Karpelevich product formula. In terms of ¥}, we have

c(A)=co [T es™ (19)

pest

where
272z F(Q)\B)

D%+ 222 + 10 (3 + 222 4+ 22)
and the constant ¢g is given by the condition ¢(p) = 1. Formula (20) looks slightly different
from the usual formula for the c-function as found for instance in [14], Ch. IV, Theorem
6.4, where it is written in terms of positive indivisible roots (a € 3 with /2 ¢ ¥7) rather
than in terms of positive unmultipliable roots.

The spherical Fourier transform has the following inversion formula, which holds for in-

stance a.e. if f € LP(Xg)X, with 1 < p < 2, and f € L'(ia*, |c(A)|72d\)W: for almost all
7

cs(A) = (20)




r € Xg we have

1 ~ d\
fz) = iG] /m* FN)a(z) =N (21)
See [27], Theorem 3.3.

We shall also need some properties of the K-invariant LP-Schwartz spaces SP(Xg)% on
Xg. Let 1 < p <2 and let $l(g) be the universal enveloping algebra of gc. The K-invariant
LP-Schwartz space SP(X¢)¥ is the space of all C> K-bi-invariant functions f : G — C such
that for any D € $(g) and any integer N > 0 we have

sup (14 0(9) " ¢o(9)*/7I(DN)(9)] < o0
g
Here o(g) = |H|| if g = k1 exp(H ks for ky, ke € K and H € at. Then SP(X¢)¥ C §3(Xg)¥
Moreover, by identifying as usual K-biinvariant functions on G with K-invariant functions
on Xg, we have SP(X¢g)X C LP(Xg)¥

Let 1 < p < 2 and let € = % — 1. Let C(ep)® denote the interior of the convex hull of
the W-orbit of €p in a* and let 7. = C(gp)° + ia* be the tube domain in af. of base C(ep)°.
The W-invariant Schwartz space S(a?)"' consists of the W-invariant holomorphic functions
F : T. — C such that for every u € S(ac) and every integer N > 0 we have

sup(l+ IAD™ o) F(A)] < oo

Then S(a2)V C (L'NL2)(ia*, [W] 7 e(N)] 7t dX\)W. Moreover, the spherical Fourier transform
Fq is a bijection of SP(Xg)X onto the W-invariant Schwartz space S(aX)"'. We refer the
reader to [10], Ch. 7, and [1] for additional information.

The compact spherical Fourier transform h = Fuh of a (sufficiently regular) K-invariant
function i : Xy — C is usually defined by integration against the spherical functions 9,

on Xy. Because of the relation (17), we consider h = Fyh as the function defined for
A€ AL(U)+ p by

h(X) = Fuh()) = / h(y)ealy) dy = / hy)p-A(y) dy. (22)
Xy Xy
The spherical Fourier series of h is the formal series on XU given by

ST dwh(p+pu = dph(p+ p)purp- (23)

pEAL(U) peAL (V)

In (23), d(p) denotes the dimension of the finite dimensional spherical representation 7, of U
of highest weight u. According to Weyl dimension’s formula, the function d is a polynomial
function on af.. If h € L?(Xy)®, then this series converges to h in L?-norm. The convergence
is absolute and uniform, if 4 is smooth. The Plancherel theorem states that compact spherical
Fourier transform Fy; extends to an isometry of L?(Xy)® onto L*(A}(U), d(u)dp) where dpu
is the counting measure.

The spherical harmonic analysis on a general semisimple space U/K of the compact type
can be reduced to the simply connected case. In fact, let G/K and U/K be Riemannian
symmetric spaces in duality, as in Section 1.1. Suppose in that U/K is not simply connected.

Let U denote the connected simply connected Lie group with Lie algebra u. Let 0 be the

involution on U with differential equal to the differential of the involution on U associated
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with U/K. The subgroup K of fixed points of 0 is connected. Hence U / K is a simply
connected symmetric space of the compact type. Moreover, there is a subgroup S of the
center of U so that U = U /S and K = K*/S where K* is a f-invariant subgroup of U
satisfying KS € K* C Kg = {u € U : v '0(u) € S}. The space U/K = U/K* is then
covered by U/K. See [13], Ch. VII, Theorem 9.1 and Corollary 9.3.

The group U is connected, simply connected, compact and semisimple. Hence its universal
complexification is a connected, simply connected, semisimple, complex Lie group (N]C of Lie
algebra uc = gc. Here, as in Section 1.1, we we have set g = €@ p and u = €@ ip for the Lie
algebras of G and U, respectively.

Let G* be the connected Lie subgroup of Uc with Lie algebra g. Then the inclusion of G*
in U(c - gives the universal complexification of G*. Moreover, G* has finite center. Since £ C g
and K is connected, we also have K C G*. Hence K is a maximal compact subgroup of G¥.
Thus, G*/ K is a symmetric space of the noncompact type, G* is a connected subgroup of
its universal complex1ﬁcat10n U@, and the compact dual of G*/ KisU / K where U is the
connected subgroup of Uc of Lie algebra u. This replaces the original dual pair (G/K,U/K)
with the dual pair (G*/K,U/K) with U/K simply connected.

Let 7 : [7/}? — (7/[(* = U/K be the covering map. By composing with 7, we can identify
a K-invariant function f on U/K with a K*-invariant function on U / K. The space of K-
invariant functions on U/K can then be considered as the subspace of K-invariant functions
on U / K that, moreover, are K*-invariant. The compact spherical Fourier transform of f as a
K-invariant function on U/K is then identified with the restriction to AL (U) of the compact
spherical Fourier transform of f as K*-invariant function on U / K. On the noncompact side,
the canonical isomorphism of G//K and G* /- K allows us to identify K-invariant functions
on G/K with K-invariant functions on G#/K. Under these identifications, the noncompact
spherical transforms on these two symmetric spaces agree.

1.5. Holomorphic extension of spherical Fourier series. Set b := ia, and let || - || be
a W-invariant norm on b. Endow a* with the dual norm, still denoted by the same symbol.
Let B={H € b: ||H|| < 1} be the open unit ball in b. Let oc = eK¢ be the base point
in X¢ = G¢/Kc. Under suitable exponential decay of their coefficients, Lassalle proved in
[19] the normal convergence of the spherical Fourier series on U-invariant domains in X¢ of
the form D. = Uexp(ieB) - oc. Notice that D, is a neighborhood of Xy in X¢ and that
D. D Kexp(ieB) - oc. Moreover, K exp(ieB) - oc is an open neighborhood of oc in KA - oc,
which is the image of X4 in its embedding in X¢. For the reader’s convenience, we collect
the results which will be needed in the following.

Theorem 1.1. (a) Let F: Aj.(U) — C. Suppose there are constants C > 0 and € > 0
so that for all p € AL (U)

[F| < ce

Then the spherical Fourier series

> A F(p)u(x)

peA(U)



converges normally on compact subsets of D.. Its sum is therefore a holomorphic
K-invariant function on D..
(b) Conwversely, suppose that h is a continuous K -invariant function on Xy admitting a

holomorphic extension to a neighborhood of Xy in Xc. Let F(u) = h(u+ p) be the
Fourier coefficients of h. Then there are constants C' > 0 and € > 0 so that for all
e Ag(U)

[P ()| < Ceekl.

Proof. For the proof of part (a), we follow [19], p. 189. It is enough to prove the normal
convergence of the series on compact sets of the form D, = U exp(irB).oc where 0 < r < ¢
and B = {H € b:|H| <1} is the closed unit ball in b. Set b* = ia™. If z € X¢, then we
can write © = uexp (iA(z)) - oc for a unique A(z) € b+ and some (non unique) u € U; see
[19], Théoreme 1, p. 177. If A(x) € rB, then, by [19], Proposition 12, p. 184, one has

[V (z)] < e“(iA(I)) < SWPres M) — oriull

Thus
() F ()t (z)] < d(p)e =l

which implies the convergence of the series as d(u) is a polynomial in pu.
Part (b) is a special case of Proposition V.2.3 in [9]. It is proven using Cauchy’s inequalities
for the Fourier coefficients of h. O

We observe that Theorem 1.1 holds in the general case where U is reductive. This will be
needed in Section 7.

1.6. Coordinates in af. and tubes domains around ia*. We choose I, = {wy,...,w}
as basis of a*. For A\ € a* we have

<>‘7ﬁj>
(85, Bi)

Set af. = {A € a*: \g >0 forall 3 € X]} By identifying A = (A,...,\;), we obtain the
correspondences a* = R, a* = (RT)! and AT = (Z*)". For pu = 2;21 piw; € AT, we define

=+ -+ (25)

l
A=) Nw;  with )= g = (24)
j=1

Set
l
p=>  piw. (26)
j=1

Since (3, is a multiple of a simple root, we have

1 mpg; /2
Pi=3 (mﬁj T T) ' (27)
For an arbitrary 8 € X, we set
~ 1 m5/2>
— - 2
s = 5 (ma+ 5 (28)

Notice that pg = p; = pg, if 8 = 3;, but pg # pg in general.
10



Let 6 > 0. We consider the following tube domains in af around the imaginary axis:

Ts={)€ai:|Rels| <dpg forall B €X}}, (29)
Ts={N€ai:|Re)j| <dpjforall j=1,...,1}, (30)
Ty ={A€ai:Re); <dp; forall j=1,...,1}. (31)

In the following we shall denote by B(T') the base in a* of the tube domain 7" in af. Hence
T = B(T) + ia* and B(T) = T'Na*. The following lemma is rather standard; we provide a
proof for the sake of completeness.

Lemma 1.2. Let wy be the longest element of W. Then

Ts =Ty Nwe(TY) (32)
and
Ts= ) w(Ty) = () w(Ty). (33)
weW weW
In particular, Ty is the largest W -invariant tube domain contained in Ty. Moreover,
Ts = C(0p)° + ia* (34)

where C(v) is the the convex hull of the W-orbit {wv : w € W} of v € a* and C(v)° is its
interior.

Proof. 1t is enough to prove that the bases in a* of the considered tube domains are equal.

The element wy maps X into —X . Hence wop = —p. Moreover, wy maps the basis IT of
simple roots in X1 into the basis —ITin —3*. Hence it maps {1, ..., 5} into {—p1,..., =G}
Furthermore, it satisfies wy ' = wy. Therefore

wo(B(TY)) = {woX € a* : (A —dp, B;) <0 forall j=1,...,1}
= {woA € a” : (A —0p,wpf3;) >0 forall j=1,...,1}
= {wo € a” : (weA — dwop, ;) >0 forall j=1,...,1}
={Aea": (A\+0p,B;) >0forall j=1,...,1}
={A€a":\;>—dp;forall j=1,...,1}.
This proves (32).

Set C' = B(Npew w(T3) = Nuwew w(B(T})). We have B(T;) C B(Tj) as ps, = p;.
Hence B(Ts5) C C as B(Ts) is W-invariant. Conversely, let A € C and let g € X,. Since
Y. is a reduced root system and the corresponding Weyl group is W, there is j € {1,...,[}
and w € W so that wf = §;. Since wA € C' C B(T}), we obtain that |Ag| = [(wA),a| =
[(wA)g,| < dp; = 0pg. Thus A € B(T,). The second equality in (33) is a consequence of
(32).

For the final result, we have by [14], Lemma 8.3 (i), that C(6p) = e w(dp — a?).
Notice that
dp—al ={op—Aea":\;<Oforall j=1,..., 0} ={ ea":\; <dp;forall j=1,...,1}.
Thus, by (33),

C(ap)" = () w((6p—a})°) = () w(B(T})) = B(Ty).

weWw weW
11



O

By (34) and a theorem by Helgason and Johnson, T} = C(p)° + ia* is the interior of the
set of parameters A € af for which the spherical function ¢, is bounded. See [14], Theorem
8.1.

2. STATEMENT OF RAMANUJAN’S MASTER THEOREM FOR SYMMETRIC SPACES

Let X¢ = G/K and Xy = U/K be semisimple symmetric spaces in duality inside their
common complexification X¢ as in Section 1.1. We suppose that Xy is simply connected.
Let A, P, ¢ be constants so that A <7, P >0and 0 <4 < 1. Let

H(§) ={N€aj:Relg > —dpsforall g €X]}. (35)

The Hardy class H(A, P, §) consists of the functions a : H(0) — C that are holomorphic on
H(6) and so that
!
|CL()\)’ <C H e*P(Re)\j)+A‘ Im Aj| (36)
j=1
for some constant C' > 0 and for all A € H(J).

We denote by ||X]|| the norm of X € a with respect to the W-invariant norm which is
induced by the Killing form. The same notation is also employed for the corresponding norm
on a*. Recall from Section 1.4 the notation d for the polynomial function on ag given by
Weyl dimension formula. An explicit expression of d in terms of the positive unmultipliable
roots will be given in formula (58).

Theorem 2.1 (Ramanujan’s Master Theorem for semisimple Riemannian symmetric spaces).
Let b be the meromorphic function on af. defined by the equality

b (i 1
c(N)e(=A) (2) dr=») Hsin (m(Aj = pj) (37)

J=1

and let

Tsm={X€ai:|Redg| <1 forall € X with (mg2)/2 even}
N{XN € ag : |Redg| < 1/2 for all B € BT with (mg2)/2 odd}. (38)
Suppose a € H(A, P,J).
(1) Set

77777

0= max [l (39)
j=1,...,
Then the spherical Fourier series
fla) =) (=D)"Md(w)a(u + p)iu(z) (40)
peEAT

converges normally on compact subsets of Dpjq = U exp ((P/Q)B) - oc where B =
{H € a:||H| < 1} is the open unit ball in a. Its sum is a K-invariant holomorphic

function on the neighborhood Dp,o of Xy in Xc.
12



(2) Let Ts be the tube domain in (29) and let o € B(T5). Then for v = exp H € A with
|H|| < P/, we have

|_vlvy » (wezwa(w/\)b(wk)> (@) —C()‘)Ci?_ 5 (41)

The integral on the right hand side of (41) is independent of the choice of o. It con-
verges uniformly on compact subsets of A and extends to a holomorphic K -invariant

function on a neighborhood of X¢q in Xc.
(3) The extension of f to Xg Satésﬁes

[ ot 15

f@)p-x(@) dz = a(w)b(w)) (42)
Xa weWw

for all A € Ts N Tx,,. More precisely, the integral on the left-hand side of (42)

converges in L*-sense and absolutely on ia*. It defines a W-invariant holomorphic

function on a W-invariant tube domain around ia*, and (42) extends as an identity

between holomorphic functions on Ts N'Tx .

fx) =

Moreover,

Remark 2.2. The function b occurring in Theorem 2.1 plays the role of the function
2;1@ ﬁ = ;M of the classical formula by Ramanujan. A more explicit formula for
this function will be given in Corollary 4.4. The tube domain Ty, ,, is linked to the singulari-
ties of b. Indeed, T, N7 is the largest domain on which the function )y, a(wA)b(w]) is
holomorphic for any a € H(A, P,§). See Lemma 5.6. Furthermore, the condition 0 < § <1

guarantees the convergence of the integral in (41), as in the classical case.

Remark 2.3. Set ||\, = Z] L] for A = Z] (Ajw; € a*. Then || -[; is a norm on

a*. The growth condition (36) can be written as |a(\)| < Ce PIReAl+AlTmAlL = Since the
spherical transform maps into W-invariant functions, it is sometimes more convenient to
consider estimates with respect to the W-invariant norm || - || on a* which is associated with
the Killing form. This can of course be done by norm equivalence. We shall denote by ¢,
and ¢y two positive constants so that ci||A|| < ||A|l1 < exf|A]| for all A € a*. By (24), one can

choose for instance ¢; = Q7! with Q as in (39) and ¢, = 22:1 18;11 7.

Remark 2.4. Hardy’s version of Ramanujan’s Master Theorem holds for functions in H (A, P, §)
when P is an arbitrary real number, whereas Theorem 2.1 is stated only for P > 0. This
assumption cannot be removed. Notice first that if a € H(A, P,¢), then for all u € AT we

have |a(p + p)| < Ce PZi=1#i < CePelul where c is a positive constant (see Remark 2.3).
According to Theorem 1.1 (b), P > 0 is a necessary condition for the elements (—1)*a(u+p)
to be the Fourier coefficients of a continuous K-invariant function on Xy admitting a holo-
morphic extension to a neighborhood of Xy in X¢. In this case, the Fourier series converges
in an open domain of X containing the base point o. It is natural to ask whether a condition
P > 0 could still allow the absolute convergence of the series » | ,+ (=D)Hd(p)a(pu+p).(z)

for x in some open domain in X5. The answer is negative. Indeed, by K-biinvariance, we
13



can restrict ourselves to domains in AT = A+ -0. According to Proposition IV.5.2 in [9], one
has the estimate

Pu(exp H) > c(p+ p)ertD

for exp H € AT and p € A*. Formulas (19) and (20) show that c(u + p) > 0 for p € A*. If
Zuem(—l)'“'d(u)a(u + p)Y,(exp H) converges absolutely, then there is a constant Cy > 0
so that
lali+ p)le(u+ p)e™ < |a(p + p)u(exp H)| < Cy

for all € A*. Hence |a(p + p)| < (i + p)~'e™H) has exponential decay in p for H # 0.

Notice also that in the classical version of Ramanujan’s Master Theorem, the series (2)
converges normally on compact subsets of the domain |z| < e’. This set is a neighborhood
of U(1l) = {# € C: |z| = 1} if and only if P > 0. The restriction P > 0 is therefore
intrinsically related to the geometric interpretation of Ramanujan’s Master Theorem as a
relation of mathematical objects on symmetric spaces in duality.

Remark 2.5. A slightly more general definition of Hardy class could be obtained by replac-
ing the constants § and P respectively by a W-invariant multiplicity function ¢ : ¥, —]0, 1]
and a vector P = (P,..., ) with P; > 0 for all j. The version of Ramanujan’s Master
Theorem for this notion of Hardy class would not present any new difficulty with respect to
the version proven here. We have nevertherless preferred to present the case where § and P
are constants, to keep the notation as simple as possible.

Remark 2.6. Suppose that Xg = G/K and Xy = U/K is a pair of symmetric spaces
in duality, as in Section 1.1, with U/K not simply connected. As in Section 1.3, we can
identify the K-invariant functions f on U/K with the K*-invariant functions on its simply
connected cover U / K. In this way, the compact spherical Fourier transform of f is the
restriction to A} (U) C AT of the transform of f as a function on U/K. Likewise, we
identify the K-invariant functions on G/K with the K-invariant functions on G*/K. See
Section 1.3. Ramanujan’s Master theorem for X and Xy is then obtained from the one for
U/K and G*/K by replacing the Hardy class #(A, P,§) with its subspace

Hyk(A, P,0) = {a € H(A,P,§) :a(p) =0 for all pe AT\ AL(U)}.

As in the classical case, there is an equivalent formulation of Ramanujan’s Master Theorem
using the gamma function. For simplicity, we only consider the case when X, is simply con-
nected. The general case can be dealt with as in Remark 2.6. Let B(\) be the meromorphic
function on af defined by the equality

% N (%) A=) [[T(=X+02),

J=1

i.e.

Replace a(A\) € H(A, P,d) with A(X) = a(A H§:1 I'(A; — p; + 1) in Theorem 2.1. Notice
that A is in general no longer holomorphic on H(J). However, A()\) is holomorphic on
14



{Aeai:\j>p;j—1forallj=1,...,1} and AN)B(A) = a(A)b(A). The power series (40)

now becomes

Fw) = 3 (0" 2 g ) (43)
where ’
ph =l ! for M= Zﬂj%* (44)

Moreover, the extension of F' to X satisfies

/X F(z)p_x(z) dz =Y A(wA)B(w)). (45)

weWw

Other formulas can be deduced from (42) or (45) by formal manipulations. We mention
for instance the following, which is the analogue Ramanujan’s formula in [2], Corollary (i),
p. 318.

Let B (A) be the meromorphic function defined on af by the equality

B()) (L)l 24\ — p lj[lr I(=A +PJ)

(=) ~ \ini Cy—p+ /2
ie. l
cos(r(\; — p3)/2)
) =50 jl_[1 F/\—pj—i-l) ’
Let

cos(m(Aj — p;)/2)
with a(\) € H(A, P,0). The power series (40) becomes

-3 den 2“+”ww<> (16)

neAt )

and the extension of F to X satisfies

/X F(z)p_x(x) do =Y A(wA)B(w)). (47)

weW

3. THE FUNCTION b

In this section we explain our choice of the function b occurring in the statement of Ramanu-
jan’s Master theorem, Theorem 2.1.

We are looking for a meromorphic function b : ai — C with the following property: For
every function a : ai — C in the Hardy class, we have

dA .,
77, (35 smbon)outo) Z5iciss = 32 (0P ddate s phte) (49

for all z € Xg sufﬁc1ently close to the base point 0 = eK.
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The right-hand side of (48) will represent the holomorphic extension to a neighborhood
of Xy in X¢ of the K-invariant function f; : Xy — C defined by the the spherical Fourier
series

fAly) =Y (~D¥dpalp+ p)vuly).  yeXy.
neAT
The right-hand side will give a K-invariant function f; : X — C having the W-invariant
function )y a(wA)b(wA), A € ia*, as noncompact spherical transform.

Observe that, since the spherical function ¢y and the Plancherel density [c¢(A)e(—\)] ™! are

W-invariant in A, the equality (48) can be rewritten as

[ a0 s = 3 DM date o) (19)

(=)~ 2

for all z € X sufficiently close to the base point 0 = eK.
Under the identifications A\ = (Aq,..., ;) by means of the basis I, = {wi,...,w} of
a* = R!, the right-hand side of (49) becomes

D> (D) Malu+ p)d(p) g (@) (50)

p1=0 =0

where

o= (1, -, ), pwtp=_(u+p1,....pu+p), = py + -+

Moreover, the integral on the left-hand side becomes

/iRm/iRa()\)W(x) <%> d\y---d);. (51)

Under suitable decay and convergence conditions, subsequent applications of the 1-dimensional
residue theorem to (51) yields (50) provided:

e function -+ is meromorphic, with simple poles in the region along
1) The function )5 | hic, with simple poles in the region (R*)" al
the hyperplanes \; = p; + p; with p; € Z" and j =1,...,1.
(2) For u= (uy,...,m) € (Z")!, we have
. b(\)
—2mi)! R .. R — 2 = (=D)Ma(p).
(=2mi) Bes o B cye—y — (D)

Based on the rank-one case in [4], we are therefore led to define b(\) by means of the equality

b o !
) Cyd(X — p) H Sin (7?(/\j _ pj))

J=1

l

(52)

where C} is a suitable constant. From the above arguments, we can compute that

) = (%)l | (53)

To make the definition (52) explicit, we need to further analyze the relation between the

Plancherel density [c(\)c(—M)]™! for X and the Plancherel density d(u) for Xy
16



4. THE PLANCHEREL DENSITIES ON X AND Xy

Recall that if both /2 and 3 are roots, then mg/s is even and mg is odd. See e.g. [13]
Chapter X, Ex. F. 4. For a fixed 8 € I, the singularities of the function [cs(X)cs(—N)]™*
are then described by distinguishing the followmg four cases:

(a) mg even, mg/, = 0;

(b) mg odd, mg/s = 0;

(c) mg odd, mg/s/2 even;

(d) mg odd, mg/e/2 odd.
Recall the constant ps attached to 8 € Xf from formula (28). Following the computations

yielding to formula (25) in [16], we obtain the following lemma. See also [4], Proposition
1.4.1.

Lemma 4.1. Let § € X}. Then
1

— = Csps(N)gs(N) (54)
caWes(=A) T
where
(1) Cp is a positive constant (depending on [ and on the multiplicities), explicitly given
by

B B (—1)ms/? mg 1S even
Cs = 4me(B) where e(B) = {(_1)(ma/z+mﬁl)/z mg is odd (55)

(2) ps is a polynomial. If ps > 1/2, then

ps(A) = As(As + ps — 1)(>\6 +ps—2) (A — (B — 2)) (As — (B — 1)) %
B m 3 mpg 3 mpg 1
X (As + ( 4/2 2))(% + (—2/2 —3)) (e (—4/2 —3)) (s - (—4/2 -3))
and the product on the second line does not occur if mgy, = 0. If pg = 1/2, then

ps(A) = Ag.
(3) gs(N) =1 if mg is even; if mg is odd, then

as(\) = —tan (w(As — =) = cot (v(As = 7)) (56)

The relation between the Plancherel measures on Xg and Xy is given by the following
lemma.

Lemma 4.2. The dimension d(u) of the finite-dimensional spherical representation of high-
est restricted weight u € A is given by

= e =A )
W) = e

Proof. This is Theorem 9.10, p. 321, in [15]. O

A=p+p

The apparent singularities in the formula in Lemma 4.2 can be removed using Lemma 4.1
and the fact that the cotangent function is m-periodic. We obtain the following formula from

[16], Proposition 3.5.
17



Proposition 4.3. For p € AT we have

where
=[] psV) (57)
pexy
and pg 1is the polynomial from Lemma 4.1.

According to Proposition 4.3, the polynomial function on af extending d(u) by means of
Weyl integration formula can be written in terms of the positive unmultipliable roots as
P(A+p)

"W ="pg)

A€ ag, (58)
where P()) is as in (57).

Corollary 4.4. (a) Let C, = (%)l be the constant introduced in (53). Then the function

b\ :
= (59)
c()\)c(—)\) Jl_I1 sin (w(A; — pj))
s meromorphic on ag with simple poles located along the hyperplanes of equation
A —pj =k
where k; € ZT and j € {1,...,1}.

(b) For allw € W the functzon (bgw(k_)/\) is holomorphic on the tube Ty = C(p)° + ia* of
Lemma 1.2.
(c) For all X € af we have

o) = KT H sin (7?(/\1 ) (60)
where
()= 1] ts™ (61)
pest
and
)1 if mg is even
ts(X) = {tan (mr(A\s — pg)) if mg is odd (62)

is the inverse of the function qg from Lemma 4.1. Moreover, K, is a constant de-
pending on the multiplicities. It is given explicitly by

6= (3) gy o

Bext

where Cg is as in (55) and ¢y is the constant appearing in the definition (19) of
Harish-Chandra’s c-function.

18



Proof. Immediate consequence of (52), Lemma 4.1 and Proposition 4.3. For the list of
singular hyperplanes, notice that for fixed j € {1,...,1}, the zeros of the function sin (7(\; —
pj)) are located along the hyperplanes of equation \; — p; = k; with k; € Z. Recall that
Aj = Ag; and pg, = p;. The polynomial pg, is divided by

A=y =)A= (pj =2) - (N +(pi —=2) (N + (p — 1)) -

Hence all singularities of [sin (m(\; — p;))] " for |Aj| < p; are canceled. No other singularities
of this function are canceled by zeros of pg, .

. b(A
b](39§ause of (a), the function —C(A)(C(l N

ey is holomorphic on the largest W-invariant tube domain contained in 77, which is
T1 = mwew’w(T{)
The formula for the constant K, is obtained by comparing (59), (60), (19) and (54). O

is holomorphic on the tube 7] of Lemma 1.2. Hence

Remark 4.5. According to the four cases for mg and mg/, listed in Section 4, we have
pp € Z in cases (a) and (d), and pg € Z + 1/2 in cases (b) and (c). We can therefore write
(60) as

o) = (I cottmrn)) (- TT tan(mrn)) (T m)({ﬂ}m>

BeSI\{B1....8;} BEST\{B1.81} FE{L,....1} Je{l,. 0
cases (b) or (c) case (d) cases (a),(b) or (c) case (d)

where K; = £K, and the sign depends on the parity of the multiplicities.

Remark 4.5 immediately implies the following corollary. Notice that the cases (a), (b) and
(c) for the root multiplicities correspond to the situation in which (mg/,)/2 is even.

Corollary 4.6. Let
o) = ] A (64)
pexf
and let Ts, ,,, be as in (38). Then II(A)b(N) is holomorphic on T p,.

Example 4.7 (The rank-one case). In the (real) rank-one case, a is one dimensional. Then
¥* consists of at most two elements: [ and, possibly, 3/2. Hence ¥ = {8}, I = 1 and
B1 = (3. According to Remark 4.5, we have

0 = +Ky[sin(7A)]™!  in cases (a),(b) and (c)
+Kp[cos(mA)]™!  in case (d). '

This case has been previously considered by Bertram in [4].

Example 4.8 (The even multiplicity case). Suppose that ¥ is a reduced root system and that
all roots multiplicities are even. Geometrically, even multiplicities correspond to Riemannian
symmetric spaces of the noncompact type G /K with the property that all Cartan subalgebras
in the Lie algebra g of G are conjugate under the adjoint group of g. The simplest examples
occur when g admits a complex structure, in which case all root multiplicities are equal
to 2. In the even multiplicity case, one has b(\) = K szl[sin(ﬂ)\j)]*l. In the complex
case, one can compute that K, = (i/2)!. In particular, for the complex rank-one case
corresponding to the pair of symmetric spaces G/K = SL(2,C)/SU(2) and U/K = SU(2),
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we have b(\) = £ [sin(7A;)]™'. Thus, in this case and with our choice of the coordinate A,
in af, the function b agrees with the one of Ramanujan for the case of R*.

Remark 4.9. In comparison to the classical version of the Master Theorem, the assumption
P > 0 in the statement of Ramanujan’s Theorem for symmetric spaces strongly restricts the
class of spherical Fourier series to which our theorem can be applied. On the other hand, by
replacing the pair (U(1),R") by a pair of Riemannian symmetric spaces in duality, we are
considering a much richer class of different geometric situations where our theorem applies.
According to the choice of the dual pair of symmetric spaces, the restrictions to the Cartan
subspace A of the spherical functions ¢,,;, provide several classes of orthogonal polynomials
of Jacobi type in several variables. Likewise, by the integral formulas corresponding to the
decomposition G = KAK, the spherical Fourier transforms gives different specializations
of Jacobi transforms in several variables. The simplest example of these specializations
corresponds to the complex case considered above. In this case, G = K¢ and U = K x K
where K is a compact connected semisimple Lie group. The corresponding Riemannian
symmetric spaces in duality are Xg = K¢/K and Xy = (K x K)/K . The space Xy
can be identified with K. In this way, the K-invariant functions on Xy correspond to the
central functions on K. To simplify notation, we assume in the following that K is simply
connected. The spherical representations of U are of the form 7, = ¢, ® Z where € AT is
the highest weight of the irreducible representation d,, of K and a denotes the contregradient
representation of d,. The spherical functions on X are therefore the normalized characters
ﬁXu where x, is the character of §,. On the noncompact side, one can obtain explicit
formulas by using the integral formulas for the K AK decomposition of G' and the explicit
formulas on A for the spherical functions on Riemannian symmetric spaces of the noncompact
type and G with complex structure; see e.g. [14], Ch. I, Theorem 5.8 and Ch. IV, Theorem
5.7. Since ¥ = ¥, is reduced and all multiplicities are equal to 2, one has p = > pes+ 5. Set

f@) = 3 (~DMa(u+ pxule)  w e Ke
HEAT

with a € H(A, P,¢). Then Ramanujan’s interpolation formula (42) becomes the Fourier
integral formula

/ flexp H)AH)MD dH = >~ a(wA)b(w))

weW

where

AH) = T (2 = e720) = 37 (det w)ee™ |

pext weW
!
b(A) = ¢ [ [ sin(zr;) ™
j=1
and ¢ is a suitable normalizing constant.

5. SOME ESTIMATES

In this section we collect some estimates which will be needed in the proof of Theorem 2.1.
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For every A € af the spherical function ¢, extends holomorphically as a Kc-invariant
function on the domain K¢ exp(22;) - 0 in X¢, where

Q. ={H €ac:|f(ImH)| <m/2forall geX}. (65)

The estimates of the holomorphically extended spherical functions that are given in Lemma
5.1 below will be sufficient to our purposes.

Recall that af = {\ € a* : A3 > 0 for all 8 € ¥*}. Notice that H(d) D a? + ia* for all
d > 0. Recall also the constant 2 from (39).

Lemma 5.1. There is a constant C' > 0 so that
|(’0>\(6po i O)| S Ce—minwew Im(wA(H2))+max,cw Re(wA(H1)) (66)
or all A € a% and all H = Hy, + iH, € Q. with Hy, Hy € a. In particular:
C
(a) for all A € a¥ +ia* and H € a we have
|<‘0)\(6po . O)’ S CeQ”H”(Z_l]:l Re)‘j)
(b) for all H € Q, and \ € a* we have
’gp)\<epo . 0)| S Ce”ImH””Im/\” X

Proof. Estimates (66) are due to Opdam; see [24], Proposition 6.1(2) and Theorem 3.15. For
(a), we can suppose by W-invariance that H € a*. In this case, for A € a* + ia*, we have

I
0 < Re\H ZRe)\]wj ) SQH|(D Rek)).
j=1
Part (b) follows immediately from (66). O

Lemma 5.2. Let P be as in (57). Then there are positive constants Cy, Cf and C{ so that

l
POV < Co T (1 + [Ashymerztme < o1+ AM H + I\
ezt J=1
where
M = Z (m5/2 +mg) . (67)
gext

Proof. The first inequality is an immediate consequence of the formula for pg in Lemma
4.1, which gives pg as polynomial of degree mg/, + mg in Ag. For the second, notice that

IAs| < IBII7 ANl The final inequality follows immediately from A = 22:1 Ajw;. O

We define
=[] s (68)

pext
where ¢z is the function defined in Lemma 4.1.
Observe that there is a constant K > 0 so that

| sin (7(A; — p))) }_1 < Ke mHmAil (69)
for |ImA;| > 1 or for ReA\; = p; + N +1/2 with N € Z™.

The following lemma contains the estimates needed to apply the Residue Theorem.
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Lemma 5.3. (a) Let N be a positive integer and let M be as in (67). Let A = Zézl Ajw; €
ap with [ImA;| > 1 orReXj =p;+ N+ 1/2 or ReX; =0 forall j =1,...,1. Then
there is a positive constant C, independent of N, so that

_ by : )M /T
C()\)C(—/\)‘ SClH[(l‘H)‘JD } :

j=1

(b) Set

!
B:{)\:Z)\jwjeai—i—ia*:ﬁm)\ﬂZlor

j=1
Re), € (p; + ZF +1/2) U{0} for all j = 1,...,1}. (70)

Leta € H(A, P,§). Then there is a constant Cy > 0 so that for all A\ € B and H € a*
we have

a(A)b(A)
c(AN)e(=A)

!
ox(exp H - 0)| < C H (14 M) MeA-mIml+(HIQ-PIReN] (77

Proof. For [Im ;| > 1 or Re\; = p; + N + 1/2, the estimate in (a) is a consequence of
(59), (69) and Lemma 5.2. The inequality holds also if Re A\; = 0 for some j, as the possible
singularity of sin (7(\; — ,oj))_1 at A; = 0 is cancelled by the factor A; in pg, ()); see formulas
(59) and Lemma 4.1. Part (b) follows from (a) and Lemma 5.1,(a). O

The next lemma will be useful to prove the independence on o € B(Tj) for the integral
occurring in Part (b) of Ramanujan’s Theorem.

Lemma 5.4. Let 0 < § <1 and let T be the tube domain from (33). Let M be the constant
defined in (67).

(a) There is a constant Cs > 0 so that
b(A)
c(N)e(=A)

‘ < C3(1 4 A M e (Sim 1) (72)

for all A € Ty.
(b) Let a € H(A, P,d). For every R > 0 and every integer N > 0 there is a constant
CrNs > 0 so that for all N € Ty and H € a with ||H|| < R, we have

%Wexpﬁo) < Crs(1+ AN (73)
Consequently,
(Y a(wA)b(wA) Ef)‘p(ﬂk)o) < Crova|WI(1+ [IA) 7Y (74)

Proof. The polynomial

piA) === 1)) N = (o —2) - (N = (=p; +2)) (A = (—=p; + 1))
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is a divisor of pg, (). Hence

b)) Gy l 1

EEVE eV TRl | Ferex vy

_Gosorr Y
ol | vy (75)

for a certain polynomial P. For fixed 7 €]0,1[, the function St 18 bounded on {zeC:
| Imz| < 1,|Rez| < n}. By (69), we conclude that there is a constant C§ > 0 so that for
any fixed j =1,...,0 and every A = >, A\ywy, with | Re \j| < dp; and arbitrary A, € C with
h # j, we have
pi(N)

sin (71'()\]‘ — p]))
We obtain Part (a) from these estimates and (75).

To prove (b), observe first that by Lemma 1.2, the function

S 0/5(1 + |)\j’>degpj€f7r|1m)\j| )

% is holomorphic on

Ty D Ts. Moreover, Ty is a W-invariant subset of #H(J). Hence %@,\(exp]{ - 0) is
holomorphic on Tj. Notice that |y (exp H - 0)| < prea(exp H - 0). Let R > 0 be fixed. Since
the basis B(Tj) of the tube domain 75 has compact closure, it follows by continuity, that

there is a constant Crs > 0 so that
loa(exp H - 0)| < Crys (76)

for all A € Ts and H € a with ||H|| < R. (This can also be obtained from Lemma 5.1.)
Suppose that a € H(A, P,§). By (76) and Part (a), there is a constant Cp 5 > 0 so that

a(A)b(A)
c(N)e(=N)
This implies (73) as A < 7. O

pr(exp H - 0)| < Clys(1+ [|A])M A= Zima [TmNi]

We shall also need the following result, which is a local version of a classical argument by
Malgrange (see [15], p. 278, and [26], Lemma 4.2).

Lemma 5.5. Let V' be an open domain in ai. and let H : V' — C a holomorphic function
satisfying the following property: there exist constants R € R, s > 0 and C > 0 so that

[H)| < O+ [|A]) e
for all X € V'. Let 7 >0 and let V' be an open domain in af such that
Vee={veat:INeV with [A\—v| <7} C V.

Let p be a polynomial such that F(\) = % is holomorphic on V'. Then there is a constant

C. > 0 (depending also on C, R, s) such that
[F(N)] < Co(1 4 [[A[]) et

forall A e V.
23



Proof. Let m = degp. By Cauchy’s integral formula, for any multiindex « there is a constant
Cin.a > 0 so that for every A € V' we have

FO)@D) (V)] < Cone / FO+ 9)llp(r +6)] de.

l€l<r

Choose « so that 0“p is a constant d # 0. We obtain:

FO)| < d'Cr 4 O] de

SACC [ (A gerimaimD g

leli<
< Cr(L[Af])efiimAl,

where C, = d1CC,, o(1 4 7)%lBIT fll&llST de. O

The following lemma shows that if a € H(A, P,§), then there is a constant ¢ €]0,1]
(depending on A, P, ) so that the function

a(A) =Y a(wA)b(w)) (77)

weW

belongs to the W-invariant Schwartz space S(a*)" on the tube domain 7, around ia*; see
(29) for the definition of 7. and section 1.3 for the definition of the W-invariant Schwartz
space.

For 0 <17 < 1/2 set

Tsmy={N€ac:|Rerg| <1—n, B €] with (mg/,)/2 even}
N {)\ € ac: |Re)\5] <l-—mn, 0€ E: with (m5/2)/2 Odd}
S0 Ts m0 = Tx . is the tube domain on which II(A)b(\) is holomorphic; see Corollary 4.6.

Lemma 5.6. Set s = |[X]].
(a) Let 0 <n < 1/2. Then there is a constant C,, > 0 so that

B < Cy (1 + A7 (Shm 1m 1)

for all X € T, 1y, .

(b) Let a € H(A, P,0) and set a(X) = > oy a(wA)b(wX). Then a is holomorphic in
Ty NT5. Moreover, let 0 < n < min{1/2,0}. Then there is a constant C o > 0 so
that

[G(N)| < Cpa(1+ [|A]])2eAmeallTmAl

for all X € Tx. ,,, N T5_,,. Here cy is the positive constant introduced in Remark 2.3.
(c) Let

~ = min {(5, min (ps) min (255)_1} €]0,1].
beX (mg,2)/2 even BeSE (mg)2)/2 odd
Then T, C Ts .y N'Ts. Moreover, let 0 < e <~. Thena € S(aX)V, the W-invariant
Schwartz space on the tube domain T;.
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Proof. Since II(A)b(X) is bounded on T, ,, ,,, the proof of the estimate in (a) follows the same
argument as in part (a) of Lemma 5.4.

To prove part (b), notice first that, by Corollary 4.6, on 7%, the function b(\) has at
most simple poles on hyperplanes of the form Ag = 0 with 5 € 3. The same property holds
on Ty, N Ty for b(wA)a(w), with w € W, and hence for a(A\). But a()), as W-invariant
function, cannot admit first order singularities on root hyperplanes through the origin. Thus
a is holomorphic on Ty, N 7.

Let 0 <n <7 <min{l/2,6}. By (a), there is a constant C,, > 0 so that

ITI(A)b(N)a(N)] < Cp(1 + H)\|’)56(A*ﬂ)\\1m>\\\1 < Cy(1+ H)\”)se(A—n)cQHIm)\”
for all A € Ty, ,p. Since II(\) is W-skew-invariant, we obtain, on 7%, ,:
Im(A)a(N)| < Co [W (1 + [|A]])setA-mezlitmAlL

The estimate for a on T, ,,, follows then from Lemma 5.5.

To show that T, C Tx,, N7y, notice that v < ¢ and that if A € T, then |Re A\g| < vpp <1
if (mg/2)/2 is even and < 1/2 if (mg2)/2 odd. Hence T, C Tx,,. The property that
a € S(a)" for 0 < e < 7 is a consequence of Cauchy’s estimates. Indeed, let &= (y —¢)/2.
For Ae T, let D={veal:|v,— | <cforall j=1,...,1} be the closed polydisc with
center A = (A1,...,N\;) and multiradius (e,...,¢). Then D C T,. According to Cauchy’s
estimates (see e.g. [18], Lemma 2.3.9), for every multiindex «,

al
0%a(A)| < =7 sup |a(v)].
€ veD
Since [a(v)| < C,(1+ ||v|)seAmel vl by estimating ||v|| and || Im v|| in terms of ||A|| and
| Im A||, respectively, we obtain for a constant Cz ., depending on € and vy but not on A:

G| < C=q (1 + || A) A ezl tm Al

Since A < 7, we conclude the required rapid decay. O

6. PROOF OF RAMANUJAN’S MASTER THEOREM FOR SYMMETRIC SPACES

In this section we prove Theorem 2.1. Part 1 is an immediate consequence of Lassalle’s
Theorem 1.1 with F(u) = (=1)“a(u + p) and ¢ = P/Q. Indeed, for 4 € At we have

9(23:1 1) = |l > ||u]l - Hence, for a € H(9),

!
la(p + p)| < CH€—P(uj+pj) — Cle PTimm < el
j=1
where C' = CH;:1 e tri.
To prove Part 2, let N be a positive integer. For j = 1,...,[, let C; x be the closed

rectangular contour in the Aj;-plane passing clockwise through its vertices —iN, N, iV +
(pj+ N +1/2) and —iN + (p; + N +1/2). Set

f(A) = Cra(N)pr(x)d(A —p).

Recall that the spherical function ¢, is an entire function of A € ag. Hence f is holomorphic

on H(d). Suppose Ag,..., N\ are fixed values so that A; — p; ¢ Z*. Then, by the residue
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theorem, we have

! 1 . N ! 1
CiN f ]1_[1 sin (W()\j - Pj)) Ay = (=2mi) o )\150?3-#1 (f()\> ]1_[1 sin (W()\j - Pj)))

N

:(_27Ti)Zf(pl—l—Mh)‘Q:"")‘l)(_l)“l H . : _

#1=0 Jj=2

Iterating, we obtain

1
N : d\y - d)\ =
ji’l,N Ci N ( ) H S 7T /\ - Pj)) ! :

Jj=1

1)t

(
(=2mi)' Y - A( R R R ) e s

=20)'Cy Y -+ Y (=D)Md(p)alp + m)ppru(z).

H#1=0 =0

Thus, by (53),

b(A) u
?{CLN ---]iw a(A)go,\(x)C()\)C(_/\) cedN = Z Z l ld Ja(p + 1) ppsu(T) .

H1=0 =0
(78)
By Part 1, the right-hand side of (78) converges as N — oo to ZHGM(—l)‘“‘d(u)a(u +
P)Putp(x) for = exp H -0 with ||H|| < P/<Q, the convergence being normal on compacta of
exp((P/)B) - o
For the limit of the left-hand side of (78), we shall use the estimate (71). Observe first
that the domain of integration for the left-hand side of (78) is

l
D(Cl,N7~-7CZ,N) = {)\ = Z)\jw]' € ﬂ&k: : )\j € OjJV for allj = 1,,[}
j=1

and
o0

U D(Ciy,....Con) C B
N=1
where B is the set on which the estimate (71) holds.

Lemma 6.1. Let j € {1,...,1} be fized. For a positive integer N, let v;n be the portion of
the contour C; N from iN to —iN, and let n; n be the vertical portion of C;n from —iN to
iN (see Figure 1). Let 7 <0 and o < 0 be fixed constants. Then

lim (1 + |Z|)Mea|lmz\+7'Rez dz = 0’
N—+o0 Vi
—+o00
lim (14 |z])MeelmzltrRez g, — / (14 Jy)Me ™ dy < oo
N—+o0 N oo
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iN iN+(r+N)

YN,j

TIN,j

—iN —iN+ (r+N)

FIGURE 1. Cjn = ;8 Un;N

Write C; y = ;v Un; N as above. Then

fod L)L)
:/N/Miz/N/N

where the sum is over all possible combinations v = (v v, ..., vn), Withv; vy € {njn, —Vin},
which are different from (ny n,...,m n). In the following we write dX for dA; - - - d\; and as-
sume that the integration is performed in that order. Then

Ab() a(\)b(N)
]{Cw 740 Qe PP / /lNcu)c( N PP H o) d
£ / / C?i?il(?(AA) pa(exp H - 0) dX. (79)

Here H € a* is fixed and we suppose that ||H| < P/2. Lemma 6.1 and the estimate (71)
prove that the first integral on the right-hand side of (79) converges to

/* %%(expﬂ - 0) d\

as N — +oo. The estimate (71) also shows that for every v = (vy n, ...,V n) we have
_a(Mb(A) / M | |
H . d\ < C 1 s o|Im \j|+7Re \; A\

/ / C()\)C( )\ SO/\(eXp 0) H vin + | ]’) e 0

with
c=A-71<0 and T=|H|N—-P<O0.
According to Lemma 6.1, for all j = 1,...,[, we have
lim (1+ |>\.|)M€o|1mxj|+TReAj A\ — 0 if vjn =Y
N—+o00 VN J J f_oooo(l + |y|)M60‘y| dy < oo if VjN = TN
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Each v = (v1,n,...,v,n) contains at least one index j for which vj y = v, n. So

U/
l . _— H-0)d\=0.
fooo/ / ey Pexp H 0) dh =0

, a)\)b)\ ey
g B v P 0 8= [ S e )
(-

By the W-invariance of [c(N)e )\)] ©x, this concludes the proof of Part 2 of Theorem 2.1
in the case 0 = 0.

To replace the integration along the imaginary axis ia* by the integration along any
translate o + ia* with o € B(Tj), it suffices to use (74) and the following lemma, which
is a consequence of Cauchy’s theorem.

Thus

Lemma 6.2. Let D C a* be nonempty, compact and connected, and let F' : Tp = D+ia* — C
be holomorphic. Suppose that, for every compact subset w C D and every integer N > 0, we
have
sup (1+ [ADYIF(V)] < oo
ReXeD

Then, for any o € D, the integral fm* F(o + \) dX exists and is independent of o.

Proof. See e.g. [10], Lemma 6.6.2. O

We now prove that the function f(z) = [. . @(A)@(x)|c(X)] 7% dA extends as a K¢-invariant
holomorphic function of x on a neighborhood of X in X¢. Here we have put

a(A) =Y a(wA)b(wA).
weW
Recall that ¢, (x) extends holomorphically as a K¢-invariant function on the domain K¢ exp(2€2;)-
o with Q, given in (65). By Kc-invariance, it therefore suffices to consider the holomorphic
extension of f inside exp({2;) - 0. On this domain, Opdam’s estimates (66) are available.
By estimates (72) and Remark 2.3, there is a constant Cs > 0 so that

ANl < C(1 + AV A Zsm [T
< Cs(1+ [|A[)MetAmealitmAl
for all A € ia*. For € > 0 we set
T.,={H cac:||[ImH| <e}.

Suppose we have chosen ¢ so that (1 — A)ca > ¢ and T, , C Q. By (b) of Lemma 5.1, there
is a constant Cs. > 0 such that

[a(A)ea(exp H - 0)||c(N)] 72 < Cso(1+ ||)\H>Me<(A*7T)CQ+€)||Irn)\|| ‘

The right-hand side of this inequality is an exponentially decaying function of Im A, hence
integrable on () x ia* where () is any compact subset of 7, . This allows us to apply to the
f(exp H - 0) the theorems of Morera and Fubini, and the claim follows.

Finally, to prove the third part of Ramanujan’s Master theorem, we use Lemma 5.6, which
states that if a € H(A, P,d) then a( ) € S(ar) for a certain e E]O 1[. This in fact implies
that F,'a € SP(Xg)X C LP(Xg)E N LQ(XG) with p = 2/(e + 1) €]|1,2[. Let f be the
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spherical Fourier series associated with a as in (40). Comparison of the inversion formula
(21) with (41) shows that F;'a is a smooth K-invariant extension of f to all of G/K.
Formula (42) states then that @ is the spherical Fourier transform of F;'a. The identity
holds pointwise for A € T, and in L? sense for A € ia*. The right-hand side of (42) provides a
holomorphic extension of the spherical Fourier transform of F, 13 to all of 1% s.m NT5. Finally
the equality of L?-norms of f and @ is an immediate consequence of the Plancherel theorem
for Fg. This concludes the proof of Theorem 2.1.

7. THE REDUCTIVE CASE

In this section we extend Ramanujan’s Master Theorem to reductive Riemannian symmetric
spaces. As in Section 1, we consider Riemannian symmetric spaces in duality Xy = U/K
and Xg = G/K inside their complexification X¢ = G¢/Kc. We still assume that K is
connected, but we now remove the assumption that U is semisimple. References for the
following structures are Chapter II in [28], Part I §1 in [29], and Sections 1 and 2 in [6].

Let 3 be the center of the Lie algebra u of U. Then u = 3 & u’ where v’ = [u,u] is
semisimple. As in Section 1, let 7 be the involution associated with Xy, and let u = ¢ ® ip
be the corresponding decomposition of u. Notice that 7 preserves 3 and u’. We shall assume
that €N 3 = {0}, i.e. that the symmetric pair (u, ) is effective. Hence v’ = ¢ @ ip’ with
p’=pn () and ip = 3 @ (ip’). The Lie algebra g = €@ p of G is reductive, and g = i3 D ¢’
where 73 is the center of g and g’ = [g, g] = €D p’ is semisimple.

Set I'g = {X € 3 : exp X = e} where e is the identity of U. Then I'y is a full rank lattice in
3and T = 3/Ty = exp 3 is isomorphic to the identity component of the center of U. Let U’ be
the analytic subgroup of U with Lie algebra u'. Then U’ is a compact connected semisimple
Lie group with finite center containing K. Moreover U = TU' 2T xp U" where F' =T NU’
is a finite central subgroup of U. We shall assume for simplicity that F' is trivial. Hence
U=TxU.

The involutive automorphism 7 leaves K invariant and Xy = U’/K is a semisimple
Riemannian symmetric space of the compact type. Moreover
UK2TxU/K =exp(3) x U /K. (80)

Let G’ be the analytic subgroup of G with Lie algebra g’. Then G’ is a noncompact connected
semisimple Lie group with finite center, and K is maximal compact in G’. The subgroup
V' = exp(i3) is the split component of G. We have G = G’V with G' NV = {e}. Hence

G/K 2V xG/K =exp(i3) x G'/K . (81)
Furthermore, G¢c = (G'V)¢ = Vi x G, where Ve = exp(3 @ i3). So
Gc/KCgVCXG(IC/Kc. (82)

Let a C p be a maximal abelian subspace. Then a = i3 ® @ where @' C p’ is maximal
abelian. We fix an inner product (-,-) on a by setting it on a’ equal to the one associated
with the Killing form, equal on 73 to a fixed inner product, and by declaring that a’ and i3
are orthogonal in a. Extend then (-,-) by duality on a* and by C-bilinearity on ac and ag.
We denote by || - || the norms on a and a* associated with the inner product (-,-). If A € af
and a = exp H € exp(ac) C Gg, then we write a* = e*#)| provided this is well defined.

Let ¥ be the set of restricted roots of (g’,a’). Denote by X7 a choice of positive roots

and by (a’)" the corresponding positive Weyl chamber. Finally set a® = i3 @ (a’)". The
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Weyl group W of (g, a) is the finite group generated by the reflections relative to X. It acts
trivially on i3. A fundamental domain for the action of W on a is a* = i3 @ (a') .

The definitions of spherical functions on semisimple Riemannian symmetric spaces via
(12) and (16) extend to the reductive case. Notice also that, by Remark 2.6, we can suppose
that U’/K is simply connected.

As proven in [6], Section 2, the set parametrizing the K-spherical representations of U is
in this case A} (U) = iy & A (U’') where

il = {u® €iz* : u’(H) € 2miZ for all H € Ty} (83)

and AL (U') = {p € (¢/)* : po € ZT for all @ € ¥} is asin (13). Here the direct sum symbol
means that every element y € AJ.(U) admits a unique decomposition as a sum of an element
of ¥ € i’} and an element of ¢/ € A (U"). If p = p°® + 4/, then d(p) = d(i'). Moreover, the
spherical function of spectral parameter p = p° + 1/ is

() = Y (), teT =exp(3), u €U, (84)

where 9,/ (u') is the spherical function of spectral parameter ' on the semisimple Riemannian
symmetric space of the compact type U’/K. A similar property holds for the spherical
functions on G/K: if A\ =X + X € af = 35 @ (a)§, then the spherical function ¢y on G/K
is given by

oxr(zg) = 2" ox(g), reV =exp(i3), g € G, (85)
where @,/ (g’) is the spherical function of spectral parameter A’ on the semisimple Riemannian

symmetric space of the noncompact type G’ /K. In particular, as in the semisimple case, the
spherical functions on U/K extend holomorphically to G¢ and

Yula = Putp (86)

where p = 1/23° .o maa € (a')*. Since (A, ) = 0 for A € 3z and a € X, we can extend
the definition of the c-function to af by the same formula (19) as in the semisimple case.
We then have c(\) = c¢(N) if A= X0+ X € 55 & (o).

Formulas (84) and (85) reduce the spherical harmonic analysis on the pair of reductive
symmetric spaces U/K, G/K to the harmonic analysis on the abelian spaces T', V' together
with the spherical harmonic analysis on the semisimple symmetric spaces U'/K, G’/ K.

Let v = dimV be the dimension of the split component of GG. Since I'y is a full rank

lattice in 3 we can choose linearly independent vectors ey, ..., e, € 3 so that Iy = ZZ=1 Zey,.
Define €4, ...,e, € il'§ by er(en) = 2midg . Then {ey,...,e,} is a basis of (i3)*. We fix
{e1,...,60,w1,...,w} as a basis of a* = (i3)* @ (a')*. The corresponding decomposition of

A=X0+ XN €ar =35 @ (a)f will be written either as

v v+l v l
A= Z Ajgj + Z Ajw; or as A= Z Aper + Z Njw; . (87)
7=1 j=v+1 k=1 7j=1
Define
Ty =Y Z'e, (88)
k=1
()t = {u® €iz* : u’(H) € 2miZ* for all H € T} (89)
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and

ATT = (@G0T @ AL(U). (90)
If p=p +p' € ATH, then pf) € Z* forall k =1,...,v and pf € Z* forall j =1,...,1. We
set

il = p} 4y g
Moreover, if z = exp X with X =4Y, Xyep € i3 and \° =", Ay € 35, then

v v
0 0 0 .
o = He’\ka = Hwk’“ with = e™* €]0, +oo|.
k=1 k=1

Let A, P,d be constants so that A <7, P>0and 0 < <1. Set

H@E) ={A=XN+XNe€ai: ReXy > —dpgfor 3 €S and ReA] > —d for k=1,... v} .
(1)
The Hardy class H(A, P, ) is the space of all holomorphic functions a : H(§) — C satisfying
the growth condition: there exists a constant C' > 0 so that

v+l
’a()\)’ < CHefP(Re)\j)+A\Im)\j| (92)

j=1
for all A € H(§). Furthermore, set
b(A) =" (A (N),  A=XN+XNeag, (93)

where ¢/()\') is the function b of the semisimple Riemannian symmetric spaces U'/K, G'/K,

as in (37), and
bO()\O) — (%) H m (94)

k=1
Observe that, since W acts trivially on 3¢, we have
D a(wA)b(wd) =\ Y " a(wh)b(wX), A=A+ N, (95)
weW weWw

Let T§ be the tube domain in (a')f defined by (29), and let
Ty ={\ €30 :0<ReM) <dforallk=1,...,v}.
Consider the tube domain in af given by
Ts=T) & Tj. (96)
Its base in a* is B(T5) = {\° € (i3)* : 0 < A\ < g forall k =1,...,v} & B(Tj). Finally, let
T3, be as in (38) and let Ty, = 3¢ @ T -
The following theorem combines the semisimple and the multivariable abelian versions

of Ramanujan’s Master Theorem. Because of formulas (87) to (96), its proof reduces to a
straightforward combination of the arguments used in these two cases, and is omitted.

Theorem 7.1 (Ramanujan’s Master Theorem for reductive Riemannian symmetric spaces).
Keep the above assumptions and notation, and let a € H(A, P,§). Then the following prop-

erties hold:
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(1) The spherical Fourier series

flo) =" (=DMd(w)a(u+ p)iu(x) (97)

M€A++

converges normally on compact subsets of Dp/q = U exp ((P/Q)B) - oc where B =
{H € a:||H| <1} is the open unit ball in a. Its sum is a K-invariant holomorphic
Junction on the neighborhood Dp,q of Xy in Xc.

(2) Let Ty be the tube domain in (96) and let o € B(Ts). Then for x = exp H € A with
|H|| < P/, we have

1 dX
1@ =g | (%ZW a(w/\)b(w)\)> @) e (98)
(3) The formula
; f@)p-x(@) de =" a(w)b(w)) (99)

weW
holds for the extension of f to Xg and for all X\ € TsNTs,m =T & 1% -

8. FURTHER REMARKS AND OPEN PROBLEMS

In [4], Bertram presents an interesting alternative approach to Ramanujan’s Master Theorem

for the rank-one case, by means of the kernel function k(u,w) = (2(u) + z(w))_2p. In
this formula, z is the holomorphic continuation to X¢ of the function defined on Xy by
z(x) = cos(d(z, K)), where d(x, K) is the distance of the point x from the base point in X .
Moreover, 2p = mg/s/2+mg for the unique root § € . The function z is natural, as every
K-invariant function on Xy factors through z. By considering k(z,y) = k,(y) = ky(x),
Bertram proves analogues to Mehler’'s and Neumann’s formulas, stating that there exists
meromorphic functions d(A\) = d(—\) and e(\) (explicitly given as ratios of products of
gamma functions) so that
(Faky)(A) = d(N)paly) for |[Redg| <p

and

(Fuks)(+p) = (=D)e(u+ p)®_,—p(x) for peZr.
Here ®, denotes Harish-Chandra’s series. By means of Harish-Chandra’s relation ¢, =
c(A)Py + c(=N)D_,, he finds b(N) = % (—A). The explicit formulas for d,e and ¢ allow
him to recover the formula for b. It would be interesting to find a similar approach in higher
rank as well. Unfortunately, we do not know higher dimensional analogues neither of the
kernel function nor of the formulas by Mehler or Neumann, and the knowledge of b provides
information only on the ratio %.

Another open question is on the nature of the functions on X5, Xy and X¢ satisfying the
assumptions stated in Ramanujan’s theorem. For instance, what are the functions on Xy
having Fourier coefficients coming from elements of H(A, P,9)? This kind of questions are
related to theorems of Paley-Wiener type. Notice that one can use Laplace transforms to

obtain elements of H(A, P,§). Indeed, identify aj with C' by means of the basis II,, as in
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section 1.6. Let h : ai = C' — C be integrable and having support inside a domain of the
form [P, R])! with P < R < 400, and set

+o0o +00
£h(>\):/ / h(z)e™ Zi=1 M dy .
0 0

Then Lh(A) is an entire function on af. Moreover, for every d > 0 there is a constant

Cq > 0 so that [(Lh)(N)| < Cue PEi=iBeN for all ) € ar with Re \; > —d for all j. Thus
Lh e H(A, P,6) forall 0 < A <.

Finally, the spherical Fourier transform on Riemannian symmetric spaces of the noncom-
pact and of the compact type has been extended by the works of Heckman, Opdam and
Cherednik to the setting of hypergeometric functions associated with root systems. See [24],
[25] and references therein. A natural question is therefore a generalization of Ramanujan’s
Master Theorem in this setting. The necessary LP-harmonic analysis on root systems needed
for instance to generalize the proof of the final part of Theorem 2.1 has been recently de-
veloped in [20]. There are nevertheless technical difficulties, for instance the fact that at
some points we use the classification of the root multipliticies, listed at the beginning of
section 4. These kinds of arguments have to be replaced. A root system situation where all
problems should be easily overpassed corresponds to the even multiplicity case. Indeed, the
shift operators techniques developed by Opdam allow in this case a reduction to a Euclidean
W-invariant situation where a multivariable analogue of the classical Ramanujan’s theorem
can be easily proven. See [12], Part 1, and [21, 22]. We will come back to these issues in
future work.
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