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An Optimal Generalization of the Colorful Carathéodory Theorem

 states that given d + 1 sets of points in R d , the convex hull of each containing the origin, there exists a simplex (called a 'rainbow simplex') with at most one point from each point set, which also contains the origin. Equivalently, either there is a hyperplane separating one of these d + 1 sets of points from the origin, or there exists a rainbow simplex containing the origin. One of our results is the following extension of the Colorful Carathéodory theorem: given d/2 + 1 sets of points in R d and a convex object C, then either one set can be separated from C by a constant (depending only on d) number of hyperplanes, or there is a d/2 -dimensional rainbow simplex intersecting C.

Introduction

The goal of this paper is to study the behavior of low-dimensional simplices with respect to convex sets in R d . We examine a number of classical theorems in discrete geometry-Radon's theorem [START_REF] Rado | A theorem on general measure[END_REF], Carathéodory's theorem [START_REF] Matoušek | Lectures in Discrete Geometry[END_REF], Colorful Carathéodory theorem [START_REF] Bárány | A generalization of Carathéodory's theorem[END_REF]-and prove extensions that demonstrate the phenomenon of low-dimensional intersections.

Three classical theorems. One of the starting theorems in discrete geometry is the following result. For a set P ⊂ R d , let conv(P ) denote the convex hull of P .

Theorem 1 (Radon's Theorem). Given any set P of d + 2 points in R d , one can partition P into two sets P 1 and P 2 such that conv(P 1 ) ∩ conv(P 2 ) = ∅.

Note here that one of the two sets P 1 and P 2 can be large, e.g., P 1 can consist of d + 1 points. So only the trivial bound |P 1 |, |P 2 | ≤ d + 1 holds. Therefore one cannot get a better upper bound on the dimension of the simplices conv(P 1 ) or conv(P 2 ).

We say a point p can be separated from a convex set C if there exists a hyperplane h with C and p in the interior of the two different halfspaces defined by h.

Theorem 2 (Carathéodory's Theorem). If a convex set C intersects the convex hull of some point set P , then it also intersects a simplex spanned by P . Equivalently, either P can be separated from C with one hyperplane, or C intersects the convex hull of some (d + 1) points of P .

Here we have stated the theorem in a slightly more general form; usually it is stated where C is just a point.

A beautiful extension of Carathéodory's theorem was discovered by Imre Bárány [START_REF] Bárány | A generalization of Carathéodory's theorem[END_REF]:

Theorem 3 (Colorful Carathéodory Theorem).

Given d + 1 sets of points P 1 , . . . , P d+1 in R d and a convex set C such that C ∩ conv(P i ) = ∅ for all i = 1, . . . , d + 1, there exists a set Q with C ∩ conv(Q) = ∅ and where |Q ∩ P i | = 1 for all i. Such a Q is called a 'rainbow set'. Equivalently, either some P i can be separated from C with one hyperplane, or C intersects the convex hull of a rainbow set of d + 1 points.

This theorem is also commonly stated for the case where C is a point, but the above slight generalization follows immediately from Bárány's proof technique [START_REF] Bárány | A generalization of Carathéodory's theorem[END_REF]. Also, Carathéodory's theorem follows by applying the Colorful Carathéodory theorem to d + 1 copies of the same point set.

Our results. The starting point of our work is the following well-known generalization of the Erdős-Szekeres theorem (see [START_REF] Suk | A note on order-type homogeneous point sets[END_REF] and the references therein):

Theorem 4 (Generalized Erdős-Szekeres Theorem). Given positive integers d, k, n such that d/2 + 1 ≤ k ≤ d, there exists an integer n 0 = ES d (n, k) such that any set of n 0 points in R d contains a subset P of size n with the following property: the simplex spanned by every (d+1)-k points of P lies on the boundary of conv(P ). This statement is optimal, in the sense that this is not true for k < d/2 + 1 for arbitrarily large point sets.

The case k = d simply corresponds to the Erdős-Szekeres theorem (that any large-enough set contains a lot of points in convex position). Of course the 'large-enough' size for the above theorem increases with decreasing k; but if one pays that price, one can get more properties. For example, for d = 4, k = 3, any large-enough set of points in R 4 contains a large subset Q where every edge spanned by points of Q lies on conv(Q).

We now observe that this immediately carries over to an at-first nonobvious extension of Radon's theorem: if one is willing to increase the number of points, then a better upper-bound can be achieved on the sizes of the Radon partition:

Theorem 1.1. Given integers k and d such that d/2 + 1 ≤ k ≤ d, any set P of ES d (d + 2, k) points in R d contains two sets P 1 , P 2 such that conv(P 1 ) ∩ conv(P 2 ) = ∅ and additionally, |P 1 |, |P 2 | ≤ k.
Furthermore, this is optimal in the sense that the statement does not hold for k ≤ d/2 . Proof. Apply Theorem 4 to P to get a set of d + 2 points P . Apply Radon's theorem to P to get a partition P 1 , P 2 ⊂ P whose convex hulls intersect. Now note that if |P 1 | > k, then |P 2 | ≤ (d + 1) -k. But then conv(P 2 ) lies on the convex hull of P , and so cannot intersect conv(P 1 ), a contradiction.

Optimality is obvious as |P | ≥ d + 2 for such a partition to exist (for P in general position), and so one set has to have at least d/2 + 1 points.

Our first result is to show that a similar extension is possible for Carathéodory's theorem (Section 4): Theorem 1.2. Given a set P of n points in R d and a convex object C, either P can be separated from C by O(d 4 log d) hyperplanes (i.e., each p ∈ P is separated from C by one of the hyperplanes), or C intersects the convex hull of some ( d/2 + 1)-sized subset of P .

We show the above result by relating this problem to another well-known problem; in fact we prove that the bounds for these two problems are within a factor of d of each other, a result of independent interest.

Unfortunately the above approach does not work for proving an extension of the Colorful Carathéodory theorem, for which we give a proof using a different technique (Section 5):

Theorem 1.3. For any d, there exists a constant N d such that given k = d/2 + 1 sets of points P 1 , . . . , P k in R d and a convex object C, either one of the sets P i can be separated from C by N d hyperplanes, or there is a rainbow set of size k whose convex hull intersects C.

Remark 1: Unlike the small polynomial bound in the extension of Carathéodory's theorem, the constant N d is exponential in d. We leave improving N d as an open problem.

Remark 2: The case where there are d + 1 sets, and a set can be separated by one hyperplane is exactly the Colorful Carathéodory theorem.

Remark 3: Note also that, as before, Theorem 1.3 implies the corresponding extension for Carathéodory's theorem, although with much worse quantitative bound than given in Theorem 1.2.

We conclude with some open problems and future directions of research in Section 6.

Motivation & Related Problems

Besides building on some basic theorems of discrete geometry, there are a few other reasons why statements of the type considered in this paper are useful.

Weak -nets. The weak -net problem [Mat02, MR09] asks, given a set P of n points in R d , for the existence of a small-sized set Q ⊆ R d such that any convex set containing at least n points of P contains a point of Q. The current best upper-bound on the size of Q required is Õ(1/ d ), while the best lowerbound is Ω(1/ log d-1 1/ ). It is not clear what upper-bound to expect. But if one believes that "the truth is probably much smaller, maybe around O(1/ d/2 )" [Mat], then consider the following natural approach from [START_REF] Mustafa | Weak -nets have a basis of size O(1/ log 1/ )[END_REF].

Pick a strong -net Q (with respect to the intersection of some constant k halfspaces). Now suppose a convex object C containing n points of P is not hit by this strong -net. Then it must be that no set of k halfspaces separate C from points of Q; otherwise the intersection of these halfspaces contains C and so contains at least n points without containing any point of Q, a contradiction. Intuitively, this means that the points of Q are 'close' to the boundary of C. It seems likely that then C must contain a large fraction of the volume (w.r.t. some measure) of some low-dimensional simplex spanned by points of Q (in which case we are done by picking weak nets of constant size within each low dimensional simplex). Unfortunately even the existence of an intersection of some low-dimensional simplex with C is not clear. The best one can hope for is a large intersection with a d/2 -dimensional simplex (better than this is not possible-to see this consider P to be the vertex set of a cyclic polytope and let C to be a slightly shrunk copy of the polytope). This is somewhat similar to the inductive approach in [ABFK92, CEG + 93]. Hence the above discussion provides one reason to study the separation interaction of low-dimensional simplices spanned by some set P with a convex set C.

High-depth edge. The following is a well-known problem open for more than 20 years: given a set P of n points in the plane, show that there exist two points of P such that any disk containing them contains at least n/4 points of P . The current-best bound is n/4.73 [START_REF] Edelsbrunner | Circles through two points that always enclose many points[END_REF]. We now show a close relation to the problems we study in this paper.

Given P , map P to P via a standard lifting to the paraboloid in R 3 . So each disk in R 2 corresponds to a downward-facing halfspace in R 3 . Now let C be the centerpoint region of P . By definition, each plane supporting a facet of C has less than n/4 points on the side not containing C. Now our goal is to find two points, say p 1 , p 2 of P such that any downward-facing halfspace containing p 1 p 2 must contain at least one point of C-and so contain at least n/4 points. For contradiction, assume that for every pair of points, the "slab" swept by projecting the segment p 1 p 2 onto the xy-plane avoids C. Then one would prove the conjecture by showing that there exist 4 planes supporting facets of C that separate all the points of P from C. This would yield a contradiction, as each such halfspace contains less than n/4 points.

Therefore, the goal is to show that either the vertical slab for a pair intersects C, or all the points of P can be separated by 4 supporting hyperplanes. Then the easier question of separating P from C with any separating hyperplanes if no edge intersects C is exactly the extension of Carathéodory's theorem for R 3 .

Gallai-type problems for pseudodisks. Danzer proved that given any set of caps of a sphere in three dimensions such that every pair of them intersect, it is possible to pierce all of them using four points. While at first sight this appears unrelated to the problems we study, it is intimately related. Consider a sphere S and a set of points in R 3 outside it. For each point p, the set of points x ∈ S such that a tangent plane to the sphere at x separates S from p is a cap of S. Two points p and q can be separated from S using a single plane iff their corresponding regions intersect. Danzer's theorem therefore implies that either the set of points can be separated from S using four planes or there is an edge spanned by the points that intersects S. If we replace this sphere in R 3 with an arbitrary convex set, then caps are replaced by regions that are pseudodisks. Danzer's result is believed to hold for pseudodisks as well but is currently known only with worse bounds. Therefore such separation problems can be seen as generalized Gallai-type problems.

Preliminaries

In this section, we describe some basic results in discrete geometry that we will need.

Hadwiger-Debrunner (p,q)-theorem [START_REF] Alon | Piercing convex sets and the Hadwiger-Debrunner (p, q)-problem[END_REF]. Given a set S of convex sets in R d such that out of every p ≥ d + 1 sets, there is a point common to q ≥ d + 1 of them, then S has a hitting set of finite size and the minimum size of such a set is denoted by HD d (p, q) (so this is independent of |S|).

-nets w.r.t. halfspaces in R d [START_REF] Haussler | Epsilon-nets and simplex range queries[END_REF]. Given a set P of n points in R d and a parameter > 0, a set Q ⊆ P is an -net w.r.t. halfspaces if any halfspace containing at least n points of P contains a point of Q. A famous theorem of Haussler-Welzl [START_REF] Haussler | Epsilon-nets and simplex range queries[END_REF] shows that -nets of size O(d/ log d/ ) exist, independent of n. This bound was later improved in [START_REF] Komlós | Almost tight bounds for ε-nets[END_REF] to a near-optimal bound of (1+o(1))( d log(1/ )).

Centerpoint depth [START_REF] Matoušek | Lectures in Discrete Geometry[END_REF]. Given any set P of n points in R d , the Tukey depth of a point q ∈ R d is the minimum number of points of P contained in any halfspace containing q. It is known that there always exists a point of Tukey depth at least n/(d + 1) [START_REF] Matoušek | Lectures in Discrete Geometry[END_REF][START_REF] Basit | Centerpoints and Tverberg's technique[END_REF].

In general, the set of points of Tukey depth at least βn form a convex region called the β-deep region of P . The β-deep region is non-empty for any β ≤ 1/(d + 1). It is the intersection of all halfspaces containing more than (1 -β)n points of P . Each facet of this region is supported by a hyperplane that passes through d points of P . We will need the following fact:

Fact 1 [START_REF] Pach | Combinatorial Geometry[END_REF]. If P is a set of n points and h is a hyperplane defining a facet of the β-deep region C of P , then the halfspace defined by h that does not intersect the interior of C contains less than βn points of P .

Proof of Extended Carathéodory's Theorem

We first show that this problem is related to another problem involving low-dimensional simplices.

Let f (d) be the smallest positive number such that for any set P of points in R d , there exists a ( d/2 + 1)-sized subset P ⊆ P such that any halfspace containing P contains at least |P |/f (d) points of P .

Let g(d) be the smallest positive number such that given any set P of points in R d and a convex set C, if P cannot be separated from C using at most g(d) hyperplanes, then C must intersect the convex hull of some ( d/2 + 1)-sized subset of P .

We now show that g(d) and f (d) are related within a factor of d log f (d).

Theorem 

p i ∈P w i = p i ∈P ŵi D ≥ |Q|/f (d) D = ( ŵi )/f (d) D = w i D Df (d) = W f (d)
Discretize the set of all combinatorially distinct hyperplanes separating some subset of P from C to get a set H = {h 1 , . . . , h m } of O(|P | d ) hyperplanes. Now consider assigning weights w(h i ) to each halfspace such that the total weight w(h i ) is minimized, and the sum of weights of halfspaces containing any point of P is at least 1. Let W (H) denote the minimum value.

Similarly, assign weights w(p i ) to each point of P such that the total weight w(p i ) is maximized, and the sum of weights of points contained in any halfspace h ∈ H is at most 1. Let W (P ) denote the maximum value. Then the above two problems are dual to each other (as linear programs), and so by the Strong Duality Theorem, W (H) = W (P ). Now note that W (P ) ≤ f (d): by Claim 4.2, there exists a halfspace in H of weight at least W (P )/f (d), which by the definition of W (P ) is at most 1.

Therefore there exists an assignment of weights to halfspaces in H such that W (H) ≤ f (d), and each point is contained in halfspaces of total weight at least 1. Now using the -net theorem [START_REF] Komlós | Almost tight bounds for ε-nets[END_REF] for the sets system where the halfspaces form the ground set and each point defines a subset, with = 1/W (H), there exists a set of

d/ log 1/ = dW (H) log W (H) = df (d) log f (d)
halfspaces of H containing all points of P . Note that we have used the range space which is dual to usual range space induced by points and halfspaces where points form the ground set and subsets are defined by halfspaces. This dual set system has VC dimension at most d since the number of cells in an arrangement of d + 1 halfspaces in d dimensions is strictly less than 2 d+1 , which means that no set of size d + 1 can be shattered. As all halfspaces in H were separating halfspaces, we are done.

Remark 1: The above technique is similar to the one used in the proof of Hadwiger-Debrunner (p, q) theorem [AK92], with some crucial differences. In their use, they get an exponential bound, which we are able to avoid due to three reasons: -nets for halfspaces have a near-linear bound, avoiding double-counting arguments that they use, and finally, the weighted version (Claim 4.2) gives exactly the same quantitative bound as the unweighted version.

Proof of Theorem 1.2: the paper [START_REF] Smorodinsky | On center regions and balls containing many points[END_REF] proves that f (d) ≤ O(d 3 ). And the proof is complete by using Theorem 4.1.

Similarly we now show that a bound on g(d) gives an upper-bound on f (d): 

Proof of Extended Colorful Carathéodory Theorem

The goal of this section is to prove Theorem 1.3. We use a slightly different language for convenience: instead of saying that "a point set P can be separated from a convex body C using k hyperplanes", we say that "there exists a polyhedron Q with k facets such that C ⊆ Q and Q ∩ P = ∅". In such a case we also say that Q separates P from C. We re-state Theorem 1.3 in this language. done. We therefore assume the second possibility for each i; namely, each P i has a subset Q i of t points such that no d points of Q i are seen by the same point of ∂C. Equivalently, the convex hull of any d points of Q i intersects C.

Let Q = l i=1 Q i . Consider any rainbow set R ⊆ Q with one point from each Q i . There are t l such sets. If the convex hull of R intersects C, then the second part of the theorem is satisfied, and we're done. Assume for contradiction that this is not the case. Then for each rainbow set R, there exists a hyperplane h separating R from C. The closed halfspace h -bounded by h and not intersecting C contains at most d points from any particular Q i due to the fact that any

(d + 1)-sized subset of Q i intersects C. Therefore |h -∩ Q| ≤ dl, and hence h -∩ Q is a ≤ k-set of Q with k = ld.
If no rainbow set intersects C, then we get such a ≤ k-set for each rainbow set R of size l. As there are t l such rainbow sets, we get t l ≤ k-sets. However each such ≤ k-set can be overcounted at most k l = ld l times. This implies that there are at least L(t) = t l / ld l distinct ≤ k-sets. On the other hand, it is known that the number of ≤ k-sets of a set of n points in R d is at most O(n d/2 (k + 1) d/2 ) (see [START_REF] Matoušek | Lectures in Discrete Geometry[END_REF], section 11.1, page 267 or [START_REF] Clarkson | Applications of random sampling in computational geometry[END_REF]). This gives an upper bound of U (t) = O((tl) d/2 (dl + 1) d/2 ) on the number of ≤ k-sets. Since l > d/2 , for some large enough t depending only on l and d, L(t) > U (t). Thus we get a contradiction implying that one of the rainbow sets must intersect C.

Conclusions

We think that the phenomenon studied in this paper is much more widely applicable. In fact, statements of this type might shed light on interactions between several classical theorems (see below). Besides improving quantitative bounds presented in this paper-for both extended Carathéodory and the extended Colorful Carathéodory theorems-we end with a number of questions for which we think the answer is affirmative:

1. Extension of Kirchberger's theorem. Given a set P of n red points and n blue points in R d either there exist a constant number of hyperplanes H such that every red-blue pair is separated by a plane in H, or a d/2 -dimensional red simplex intersects a d/2 -dimensional blue simplex.

2. Extension of Tverberg's theorem. Given a set P of n points in R d , there exists a Tverberg partition on a large subset of P where two sets have size d/2 + 1. It is not too hard to see that this implies a version of the extension of Carathéodory's theorem.

3. Extension of Colored Tverberg's theorem. Given d + 2 sets P 1 , . . . , P d+2 , there exists a colored Tverberg partition on a large subset where two sets have size d/2 + 1. Again, this version implies the extension of the Colorful Carathéodory theorem.

  Theorem 4.3. f (d) ≤ d • g(d). In other words, given a set P of points in R d , there always exists a subset P of size d/2 + 1 such that any halfspace containing P contains at least |P |/dg(d) points of P . Proof. Consider the β-deep region C of P ; by the Centerpoint theorem, for β ≤ 1/(d + 1), such a region always exists. Now we claim that for β = 1/dg(d), there exists a ( d/2 + 1)-sized subset P whose convex hull intersects C. Then any halfspace containing P contains at least one point of C, and so contains at least |P |/dg(d) points by the definition of the centerpoint region. Otherwise, for contradiction assume that the convex hull of no ( d/2 + 1)-sized subset intersects C. Then by definition of g(d), P can be separated from C using g(d) hyperplanes, say the set H. Now any halfspace not intersecting C contains less than d • β|P | points: each halfspace supporting a facet of C contains less than β|P | points, and any other halfspace not intersecting C is contained in the union of at most d halfspaces supported by facets of C. Therefore each halfspace of H contains less than d • β|P | points. And so the union of halfspaces in H contains less than g(d) • d • β|P | points of P , a contradiction for β = 1/dg(d).
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Theorem 5. For any positive d and l > d/2 , there exists a constant N d,l such that the following is true. Given any compact convex body C and l finite sets of points P 1 , . . . , P l in R d , at least one of the following holds:

1. There exists a polyhedron Q with at most N d,l facets such that for some i, Q separates P i from C.

2. There exists a rainbow subset P ⊆ l i=1 P i whose convex hull intersects the interior of C.

The approach of the previous section does not work for proving the extension of the Colorful Carathéodory theorem. The method gave one low-dimensional simplex intersecting C, or the existence of a hyperplane separating many points. Unfortunately with multiple sets, one needs to find many such intersecting simplices for each set P i . Therefore one is forced to use a more Ramsey-theoretic technique, and this causes the constant to become exponential in d.

Lemma 5.1. For any positive numbers d and t ≥ d + 1, there exists a constant H t,d such that given any convex body C and a finite set of points P such that P ∩ C = ∅, at least one of the following hold:

• There exists a polyhedron with at most H t,d facets that contains C but does not contain any point in P .

• There is a subset P ⊆ P of size at least t such that every simplex (convex hull of some d + 1 points) spanned by P intersects C.

Proof. Without loss of generality, we assume that the origin lies in the convex set C. For any point p, we will denote its position vector by p in the following. For any p ∈ P , we construct a convex set

The set V p is convex since it is an intersection of halfspaces. Intuitively, the set V p consists of normals (not necessarily of unit length) to hyperplanes that separate p from C. Note also that the dimension of V p is d and 0 / ∈ V p for any p ∈ P . Let V = {V p : p ∈ P }.

Suppose that the second possibility in the theorem does not hold; i.e., in every subset P of P of size t, there is a simplex spanned by a set of d + 1 points P ⊆ P that does not intersect C. This implies that there is a hyperplane h that separates all points in P from C. One of the normals to h is a vector n = 0 so that for each choice of p ∈ P and x ∈ C, n • p ≥ n • x. By scaling n appropriately, we can assume that n • p ≥ 1 and n • x ≤ 1. This means that n lies in the convex set corresponding to each of the the points in P . In other words, out of any t convex sets in V there are d + 1 that have a common intersection. By the Hadwiger-Debrunner theorem [START_REF] Alon | Piercing convex sets and the Hadwiger-Debrunner (p, q)-problem[END_REF], there exists a constant number HD d (t, d + 1) of points that hit all the sets in V. Let N be the set of these points. We set H t,d = HD d (t, d + 1). The polyhedron n∈N {y ∈ R d : n • y ≤ 1} with at most |N | = H t,d facets contains C but does not contain any point in P , proving that the first possibility in the theorem must hold. Now we can finish the proof of the main theorem of this section:

Proof of Theorem 5. Let P = l i=1 P i . We set N d,l = H t,d for some t to be fixed later. If P ∩ C = ∅ then the second part of the theorem is trivially satisfied. We therefore assume that P ∩ C = ∅. For each i, apply Lemma 5.1 to C and P i with the parameter t. This gives us either a polyhedron P i with at most H t,d facets that contains C but does not contain any point in P , or we get a set Q i ⊆ P i of size t so that every simplex spanned by Q i intersects C.

If the first possibility happens for some i, then we get polyhedron Q = P i with at most N d,l = H t,d facets so that Q contains C while P i lies outside Q. This satisfies the first part of the Theorem and we're