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ABSTRACT

A rigorous study of the asymptotic behavior of the system constituted by a very thin
linearly piezoelectric plate bonded on a linearly elastic body supplies various models for
an elastic body monitored by a piezoelectric patch.

RESUME

Une étude rigoureuse du comportement asymptotique du systéme constitué par une plaque
linéairement piézoélectrique collée sur un corps linéairement élastique fournit divers
modeles de contrdle de structures élastiques par des patches piézoélectriques.

1. Introduction

Many studies dealing with the mathematical modeling of piezoelectric devices were devoted to the behavior of the sole
patches and provided various asymptotic models for thin linearly piezoelectric plates (see [1] and the references therein).
However, the essential technological interest of piezoelectric patches being the monitoring of a deformable body they are
bonded to, here we intend to propose various asymptotic models for the behavior of the body through the study of the system
constituted by a very thin linearly piezoelectric flat patch perfectly bonded to a linearly elastic three-dimensional body.
A reference configuration for the body is an open set £2 laying in {x3 < 0} whose part of its Lipschitz-continuous boundary
0£2 is a non-empty domain S in {x3 =0} and such that S x (—L, 0) is included in §2 for some positive real number L, while

the patch occupies B® :=S x (0, &), & being a small real number; let Of := 2 U S U B, The body is clamped on a part I
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of 362\ S with a positive two-dimensional Hausdorff measure 7, (Ip), and subjected to body forces and surface forces on
It := 082\ (S§U Ip) of densities f and F. Moreover, for all § in R, let S® denote S + 8es, {e1, ez, e3} being a basis of the
Euclidean physical space assimilated to R3, surface forces of density G acts on S¢ whilst the patch is free of mechanical
loading and electric charges in B¢ and on its lateral boundary 39S x (0, ). If u®, e(u®), o¢ denote the fields of displacement,
strain and stress in Of and @, D? stand for the electric potential and the electric displacement, part of the equations
describing the electromechanical equilibrium read as:

dive®=f in0O° u®=0 only, o®n=F only, o®n=G® onS% o®n=0 ondS x(0,¢)
divD® =0 in B¢, D¢ -n=0 onadS x (0,¢) (1)

1
of=ae(u®) ing2, (ag,Dg)ng(e(ug),V(pg) in B¢
f is the extension of f to B¢ by 0, n is the unit outward normal and a denotes the elasticity tensor which satisfies:
aeL°°(.Q;Lin(S3)), Jc;clef* <ax)e-e, VeeS®, ae.xef (2)

where Lin(SM) is the space of linear operators on the space SN of N x N symmetric matrices whose inner product and norm
are noted - and |-| as in R3. If H:=S3 x R3 is equipped with an inner product and a norm also denoted as previously,
then M is an element of L°°(S x R; Lin(H)) independent of x3 satisfying:

M=|:ﬁaT _yﬂ] I >0; kle?<axe-e, k|gP<yx)g-g Vi g eH, aexeSxR (3)

The models will be distinguished according to the additional necessary boundary conditions on S¢ and S, characterized by
an index p in {1, 2}%. Case p; = 1 corresponds to a condition for the electric displacement on S¢:
on S¢ (4)

q° being a density of electrical charges, while p; =2 corresponds to a condition of given electrical potential:

£

D% -n=gq

¢*=¢; ons* (4)2

roughly speaking, p; = 1 deals with patches used as sensors, whereas p; = 2 concerns actuators (see [1,2]). Index p>
accounts for the status of the interface between the patch and the body: p; =1 corresponds to an electrically impermeable
interface, p, =2 corresponds to a grounded interface:

D®-n=0 onS$ (5h
*=0 onS (5),
It will be convenient to use the following notations:
k=8, é:=apla penz, L:=(g1.82), Vk=(e,g)cH
eeS®  Eyp=eap, 1<, f<2,  &3=0, 1<i<3,VeeS?
k(r) =k(v. ) = (e(v), V), Vr=(v.y) e H'(B*; R?) x H'(B) (6)

e €D (S;8%);  (e(M)yy = %(aavﬁ +3pva), VveD(S;R?)

where the same symbol e(-) stands for the symmetrized gradient in the sense of distributions of D'(O;R3), O e
(£2, B¢, ©Of}, or D'(S;R?). Moreover we introduce some spaces, linear and bilinear forms in order to supply a variational
formulation of (1)-(5). An electromechanical state will be an element r = (v, ¢) of

Vpi=Hp (0% R) x @y, @a1)=H'(B?), @a.2=H5(B°). @ein=Hs(B), Po2=Hss(B°) (7)

where, for any domain O of R3, HL(O; R?) and H}.(O) respectively denote the subspaces of H!(O; R3) and H'(O) of all
elements with vanishing traces on a part I" of 3. One makes the following assumptions on the data:

¢o denotes the restriction to S of an element of H 172 ({x3 = O}) still denoted by ¢g

(f.F,G,q) e L*(2; R?) x L*(I'; R?) x L*(S; R?) x L%(S), /qdfc:O (8)
3
G*(x+ee3)=G(x), q°(x+ee3)=qx), @5(x+ee3)=epo(x), aexes
It is well known that for all ¢g in H'/2({x3 = 0}), there exists an element of H'(S x (—L, 0)) when pp =1, H;fl (S x (=L, 0))

when p, =2, still denoted by ¢o whose trace on S is ¢g. Hence the element <pg,p of @, defined by (pjp(x) =¢epo(X, (x3 —
&)L /¢e) satisfies:



1 2
@b, =@ ons® g/|V(pg.p| dx< C 9)
BS
Let M, and £, be defined by:

Mp(s, 1) ::fae(u) -e(v)dx + % / Mk(s) - k(r)dx, Vs=(u,@), Vr=(v,¥) eV,

2
L1,py) (1) = /f vdx—i—/F vde—i-/Ge vdx—i—/q Ydx, Vr=,¥) €Vapy
n se se
ﬁ(z,pz)(r):/f vdx—i—/F vdH2~|—/G€ vdx——/Mk (0,95 ) k() dx, Vr=(v,¥) € Vap, (10)
e n se

It is straightforward to check that M, is continuous and coercive on V, (actually on H}O (£2; R3) x (®p/R) when p=(1,1)),
Lp is continuous on Vp, and seeking an equilibrium state leads to the problem

(P5):  Find §j, = (u}, @) in V) such that M (35, 1) = Lp(r), VreV, (11)

which by the Lax-Milgram lemma has a unique solution (if one adds the condition ((Zg)g = Isl—elfsg g?f, dx =0 when p =
(1, 1)). Then an equilibrium state is s‘f, = §f7 + (0, (pg,p).

2. The asymptotic models

We will propose our four models by studying the asymptotic behavior of sfj, when & goes to zero, in three steps:

Step 1 (a priori estimates): By taking r = §f, in the formulation of (Pf,) and by due account of (2), (3), (8), (9) and of the

following Lemma 2.1, we have:

aC > 0; /y ) |?dx+ — /(|e(u;)]2+|wpgyz)dx<c (12)
Bé‘

Lemma 2.1. There hold:

() V172 ge.p3) < CUEWID g c5) + 1€MWITa g 530, YV € H (0% R?),

(ii) fse ¥ — (W)elPdR < S [ [V dx, Yy € H'(BY),
(iii) fpe v2dx<cle [ 1//2 dk+ &2 [ |Vy [ dx], Vi € H'(B®), VT € {S, S¢).

Proof. Points (ii)-(iii) are standard due to the cylindrical geometry of B®. To prove (i), it suffices to introduce a
C*®([—L, L/3]) cut-off function n such that:

=0 on|-L 2L 1 on L1 0<n<1 0< dn on 2L L (13)
n_ ’ 3 9 n_ 33 \T]\a dx3\ 3’ 3

and to apply the Korn inequality in H! (S x (L + &,£); R?) to nv by noticing that the constant in Korn’s inequality

does not depend on €. O

S—L+e

Therefore the Cauchy-Schwarz inequality and (12) make it possible to define the following element of L%(S; H):

&

1
kle.55) = (e(e.u3). gle.03) i= ¢ [ (). Vg (14)
0
which satisfies:

lk(e. s )|L2(5 ) SC (15)

thus there exists a nonrelabeled subsequence such that k(e, sfj) converges weakly in L%(S; H) toward some 12,,. The interest
of introducing k(e, sf,) is that



&

— — 1
esh) = e(0F). v85).  (Up.05) =1 [ S5 (16)
0

which will enable us to identify I_cp.
Step 2 (Convergence of (sf,)):

Proposition 2.1. Let V := {v € H}O(Q; R3); ¥ € H1(S; R?)), then there exists (iip, ¢p) in V x H1(S) such that, when & goes to zero,

(i) the restriction to §2 ofuf, converges weakly in H}O(Q; R3) toward Up;

(ii) (ﬁg, ¢5) converges weakly in H'(S; R? x R), and consequently strongly in L*(S; R? x R) toward (ﬁ;, op) kp = (e(ﬁ), Vép),
and ¢, =0 when p # (1, 1).

Proof. The estimate (12) yields that a nonrelabeled subsequence (uf,) has restriction to 2 which weakly converges in
HJ, ($2;R?) and whose trace on S strongly converges in L*(S; R?). Hence, regarding U}, it remains to show

1 3 X3 2
limI, =0, I :=/—2</</|83uf,(5<,t)|dt> dx3> dx (17)
e—0 &
0

S 0

The repeated use of the Cauchy-Schwarz inequality leads to I, < 8st |Vuf,|2 dx, and (12), (13) yield:
e |Vu€|2dx—s |V ( u€)|2dx<s |V ( u€)|2dx
P = nup S nup
BE BS OS

2 2 2
<Ce |e(nu1‘§)| dx < C8(|e(u;)|L2(Q;S3) + |e(”2)|L2(38;S3)) <Ce O

Sx(—L+e.¢)

Moreover (16) implies that e(Up) converges in D'(S; S?) toward both e(il,) and 2, thus i, belongs to V and = e(ﬁp)!
Lastly, as [ |¢p|? dx < 1 e lgp |2 dx, (12), Lemma 2.1(iii) and (i) with (¢f1.1))e = 0 yield that ¢} is bounded in L%(S) and

converges strongly toward 0 when p # (1, 1). In the next step, we will show that (Up, 8p) is necessarily the unique solution
to a variational problem so that the whole sequences do converge.

Step 3 (Identification of (u,, gZ‘,)): First, the decomposition
_ml 2 3
H=H, & Hj; & H,
pr=1: Hy:={h=(e,g)eH; e3=0,g3=0}, Hi:={h=(e,g)cH; é=0,g=0}, H :={0}
p1=2: Hy={h=(e, g cH; e3=0,§=0}, Hi={(e,g)eH; é=0,g=0},
H3 = {(e.g) € H; e=0, g3 =0}

(18)

induces a decomposition of M in linear operators Mg mapping ]I-]IiJ into ]HI{;. The key point in the identification of (up, ¢_>p)
is to establish:

(Mkp)? =0 (19)

where h' denotes the projection on ]HI;, of any h of H. As (14) and (12) imply:

%/M(e(uz), Vet) 6 dx= f M(e(e. 15). g(e. ¢5)) - 6 d&

> (20)

1 N
lirrb - M(e(uf,), V(pg)(x) 2x360(®)dx=0, V6 eL*(S:H)
e—
BE

equality (19) is a mere consequence of choosing the following test functions in the formulation of (Pf,):



Ir=("v,0),1=1,2; 'v=0in2, 'v=(0,x30), *v=(x30,0), 6eC;°(S;R'), inB* 1)
r=(0,v), Y(x) =x30(%), 6eCF(S)
Hence, as (18) and point (ii) in Proposition 2.1 yield (I_cp)3 =0, we deduce:
- ~ - ~ -1
(Mkp)' =My(kp)'s  Mp:=Mt = M2 (M) M2 (22)
Next, for all (v, ¥) in Vi (B®) x ¥, defined by:
Vi (B?) = {v e H'(B®; R3); 3(vM, vF) e H'(S;R?) x H2(S); ¥(0) = vM(R) —x3VvF R), v3(x) = v (®),
ae.xeB’
Wy ={y; Y0 = (3 — )P 10(R),0 e HZPI(S)} ifpy=1, W, ={(0} ifpr=2 (23)
the couple (9?6), V) belongs to IHI}, almost everywhere in S, then (20) and (22) give:
1 = ~ N ~ - ~ N
limog M(e(uf,), V(pf,) (e(v), Vyr)dx = / Mk - (e(V), V) dx=/Mp(kp)] -(e(®), Vyr) d& (24)
&>
BE S S

while, obviously, limg_,¢ fge G* - vdX+ [ q° - ¥ dX= [(G-vdX+ [sq- ¢ dR.

Lastly the very definitions of g(a,gofj) and I\N/Ip implying (£(2,2))3 = ¢o and Mk -k > 2« |k|? for all k in H},, Jensen'’s
inequality and a standard argument of lower semi-continuity achieve the proof of the following convergence result which
supplies our asymptotic models in the form of variational problems (Pp):

Theorem 2.1. When ¢ tends to zero, (%, (k(g, 5))!) converges strongly in H'(£2; R?) x L*(S* x R3>~P1) toward (ii, (e(ip), Ep))
where (@i, Ep) is the unique solution to:

By Find (u, E) € (p1 — 1)(p2 — 1)(0, @o) + V x & such that
P Mp((u, E), (v.E"))=Lp(v,E') Y(v,E)eV x&

where
1y = {E e L?(S;R?); g := (V) TE€ HY(S) == {w e H'(S); fw(&) dx=0 }; E=V¢ }
S

Ea,2 =10}, Ea.1y =LA(S), &2, =10}

My((w, E), (v, E')) ::/ae(u) -e(v)dx+f/\'7tp(e(a),5) -(e(v), E') d&k
S

2

Z:p(v,E/):/f.vdx+/F-vdH2+/G-vd&+(2—p1)/q(vr1£’d&
2 S S

n

and any element of H, is understood as an element of S* x R3~P1,

When p; =1, the model involves an additional state variable to the sole displacement, which is the limit of the average
in the transverse direction of the efficient components of the electrical field in the patch. As it can be eliminated, (ﬁp)
models the equilibrium of the genuine body subjected to the loading (f, F, G) and reinforced along S, this reinforcement
being nonlocal if p = (1, 1).

3. Concluding remarks

When p = (1, 2) or p = (2, 1), the electric data q or ¢y do not have any influence on the limit model which corresponds
to a purely elastic surface reinforcement of the body along S. However, the characteristics of this reinforcement may depend
on the dielectric or piezoelectric coefficients as much as such terms appear in the expression of M, (see [1], where the
systematic influence of crystal symmetries has been carried out). On the contrary, electrical data q or ¢g plays a role in
models (1,1) and (2,2). More precisely, f, F and G being fixed, the mapping ¢o — S(2,2)¢0 = U(2,2) iS one-to-one, it
is “theoretically” possible to determine what could be the electrical potential to apply on S¢ in order to get a desired
displacement in the range of S(; 7). An approximate procedure may be done easily by finite elements. Another application
is that the patch may shift the spectrum of the body in an interesting way, that is why we may regard the patch as an



actuator. When p = (1, 1) the mapping q — S(1,1)q = ii(1,1) is also one to one, thus the measurement of g° may supply the
knowledge of the state of displacements: the patch acts as a sensor!

By using the same technique of averaging the strain and electrical fields in the transverse direction it is possible to treat
the easier case, from the mathematical point of view, of piezoelectric patches embedded inside an elastic body.
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