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Asymptotic modeling of thin linearly quasicrystalline plates

Analyse asymptotique de plaques minces quasicristallines linéaires

Thibaut Weller *, Christian Licht

Laboratoire de mécanique et génie civil, UMR 5508 CNRS - UMII, Université Montpellier-2, c.c. 048, place Eugéne-Bataillon, 34095 Montpellier
cedex 5, France

ABSTRACT

We rigorously derive a theory of thin linearly quasicrystalline plates by studying the
limit behavior of a three-dimensional flat body as its thickness tends to zero. We exhibit
the existence of 26 different models, each of them linked to a specific set of boundary
conditions. This stunning number of models is essentially the consequence of the coupling
between displacements and a specific local rearrangement of matter at the microscopic
scale that is called a phason. We exhibit the influence of the icosahedral order on the limit
behavior.

RESUME

L'analyse asymptotique, lorsque I'épaisseur tend vers 0, de plaques minces quasicristallines
linéaires montre que, selon le type de conditions aux limites considéré, il apparait 26
modéles rendant compte de comportements différents. Ce nombre étonnamment élevé de
modéles limites est essentiellement dd au couplage entre les déplacements élastiques et
un type spécifique de réarrangement atomique appelé phason. On montre en particulier
I'influence de I'ordre icosahédral sur ces différents comportements limites.

1. Introduction

As a new phase of solid matter, quasicrystals - henceforth abbreviated as QCs - were first discovered and studied by
D. Shechtman. At the time of their discovery, in 1982, they presented a fundamental challenge to theoretical physicists
to re-examine traditional concepts and devise new analytical methods for determining their physical properties. Indeed,
it had been generally assumed that pentagonal symmetry is impossible in solids, that Bragg diffraction peaks imply periodic
translational order, that all pure solids are either crystalline or glassy, and that the (classically) stable state of a solid
is crystalline. The discovery of icosahedral phases in metallic alloys by Shechtman et al. [1] has compelled theorists to
reconsider these assumptions and to confront many new problems (see [2] for a comprehensive introduction to the subject).
Therefore, the physical properties such as the structural, electronic, magnetic, optical and thermal characteristics of QCs have
been investigated intensively. Most of these properties combine effectively to give interesting technological applications
which have been protected recently by several patents [3-5]. As an example among others, the combination of such kind of
properties as high hardness, low friction and corrosive resistance with bio-compatibility is very promising for introducing
QCs in surgical applications. It is thus of major technological interest to provide efficient modelings of quasicrystalline
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structures. Here we perform a mathematical modeling of linear quasicrystalline plates by regarding the thickness as a small
parameter denoted by €. Then we study the behavior of the solution of the physical problem as ¢ tends to 0. We show that
depending on the type of boundary conditions, 26 different models indexed by a triplet p = (p1, p2, p3) € {0, 1,2}> appear
at the limit. Comparing to our previous studies devoted to the mathematical modeling of thin plates in the framework of
multi-physical couplings [6-8], we are here in front of a real ‘explosion’ of the number of limit models. This multiplication of
models, however, has its roots in the very structure of QCs. As shown in [10], the constitutive law of quasicrystalline media
present a coupling between two different kinds of displacement fields: the phonon field, denoted by u, and the phason
field, denoted by w (see (2)). Roughly speaking, the existence of the phason field w is due to the fact that the dimension
of the reciprocal space of a three-dimensional QC is greater than three. Whereas phonons are related to translation of
atoms and therefore to classical elastic displacements, phasons are associated with atomic rearrangements and appear in
the constitutive equations only through their gradients and not their symmetrized gradients. As it will be explained infra,
this is the main cause of the huge amount of models we obtain for a single quasicrystalline thin plate. For all the models
we get, we are able to express the limit constitutive law as a Schur complement of the tensor accounting for the coupling
between phonon and phason fields. Finally, we study the influence of the icosahedral order on all our models and show
that a decoupling between phasons and phonons may appear in the structure.

2. Setting the problem

We will denote phonon fields by the letters u, v and v/ while the phason fields will be denoted by w, v and v’.
Depending on the nature of our formulation, these letters and some other symbols may be indexed by & which stands for
the thickness of the plate, regarded as a parameter. Classically, the linearized strain tensor is written e(u) € S* where SV
indicates the set of all N x N real and symmetric matrices. Used as indices, letters i and j take their values in {1, 2, 3}
while @ and B take their values in {1, 2}. When there is no ambiguity, the convention of summation over repeated indices
is understood. We recall that 2e;j(u) = d;u; + d;u; where the symbol 9; refers to the partial derivative with respect to the
i-th coordinate. The gradient of a phason field w will be denoted by Vw € M> where MN is the set of all N x N real
matrices. The components of Vw are given by (Vw);; = d;w;. Given a physical state (u, w) living in a quasicrystalline
medium, we therefore have (e(u), Vw) € H, with:

H=s?xM (1)

In the sequel, any element of H will be denoted by h = (e, g). For the sake of simplicity, the classical symbol - will stand for
the inner product in H, S?, M® and R3. The set of all linear mappings from a space X into a space Y is denoted by £(X,Y)
and if X =Y we simply write £(X). In the sequel, for all domain D of RN, H}-(D) refers to the subset of the Sobolev space
H'(D) whose elements vanish on a part I" of the boundary dD of D.

The reference configuration of a linearly quasicrystalline thin plate is the closure in R> of the set 2¢ = w x (—¢, €)
whose outward unit normal is né. Here ¢ is a small positive number and ® is a bounded domain of R? with a Lipschitz
boundary dw. The lateral part of the plate ow >< (=€, ¢) is denoted I, while I'f = w x {£e¢} refers to the upper or
lower face, respectively. Let (I75,, I;5y), (I WD i WN 1i=1,2,3 four suitable partitions of 9£2° with F*’"D and FED of strictly
positive surface measures. The plate is clamped along I, and the phason field w* satisfies w{ = w0 on FwD ;» where
wg = (w01 W02 W03) is a smooth enough given field defined in £2¢. Moreover, the plate is subjected to body forces f¢
and generalized body forces g, but also to surface forces F® and generalized tractions G* of components G{ on I; and
I’y ;» respectively. Finally, we assume that I/, = yo x (—¢, €), with yp C dw. The equations determining the phy51cal state

wN i’
s = (u®, w¥) at equilibrium are (see [10,11] for example):

divo® + f€ =0 in ¢, ofn® =F% onl}y, u®*=0 onIr},

73(98); divté +g°=0 in£°, T n]_GS on ¢

& _ 1€
wN,i> Wi _WO,- on Iy

wD,i’

y i=1,2,3
(08, 78) = Q%) (e(u®), VW?) in ¢

where u®, w¥, o¢ and t¢ respectively stand for the phonon field, the phason field, the phonon stress tensor and the phason
stress tensor. The operator Q¢ is an element of £(H) such that:

Cl]klek’( )+R
ri'=Rk1ijek1( °)+Kj;

(VW)
(Vw?)

ijkl (2)

ijkl Kkl

In these constitutive equations, Cukl, ukl and Rfjkl stand for the phonon, phason and phonon-phason coupling coefficients,
respectively. As an example, for icosahedral quasicrystals, the stored energy function takes the form (see [12]):

Qg(e(ue),sz)-(e(ug),VW€)=%A€e,-,-(u)e,,( &)+ 1 eij(u )eij(u€)+%1<f8iw§8iw

1
+ 5 K5 [(05w5)” = (01w5)° — (22w5)” — (dswi)’ — (3w5)”



+ 2 (w§ + 03w]) 01 wi — 2 (3 w§ — 03w]) o2 wh

—2(0aw5 + 03wh) dywh — 2 (92w§ — a3wh) dawi]

41 (e (a) + enn(u) — 2esa(u)) s + (enr u)

— e (uf)) (Wi + Hwh + 93w +2e12(u®) (31 wh — dwi — d3wh)
+2e13(u®) (01 W] + 01 wh — hwh) + 2e23(uf) (w§ — hwh — hwi)]  (3)

where A%, uf, ¥, K{ and K¥ are five physical coefficients which may depend on x and see [10] for the corresponding form
of the tensors C¢, R® and K®.

We are looking for the state (u®, w¥) living in the quasicrystalline plate at equilibrium. For this purpose, we first make
the following regularity hypothesis on the exterior loading:

. |58 G e12(27) X 12(27) X 12(15) < I2(Ty). =123
w§ € H(2°)
Now, on the space of physical states:
3

VE=Hpe (2°) x Hlfvio,l (£2°) x H]Fvin,z (£2°) x H}vgvm (2°) (4)
we define a bilinear form mé:

m€.0) = (.0, (V) = [ Qe V9) - (e(v). Vv) 0¥ (5)

QE
and a linear form L%:
3
LfE) =L((v,¥)) = /(f‘9 VA go ) dx® + / F¢.vds® +Z / G? i ds® (6)
Q¢ FuEN i:1FwN,i

The coupled physical problem then takes the form
P(£2°): Finds® = (u®, w®) € (0,w§) + V® suchthatm®(s®, &) =L°(), VEeV®

Thus, with the additional and realistic assumptions of boundedness of C¢, R® and K¢ and of uniform ellipticity of C*¢
and K¢:

(Hy): Qfel™(R° L)), >0, Q°(x)h-h>«klhjf, VheH, aex’ e’
the Stampacchia theorem (cf. [13]) implies the

Theorem 2.1. Under assumptions (Hy)-(Hy), the problem P (§2¢) has a unique solution.

To derive simplified and accurate models, the true question is to study the behavior of s when &, regarded as a parameter,
tends to zero.

3. The different models
We will show that 26 different limit behaviors appear according to both the type and magnitude of boundary conditions
in P(£2¢). These limit behaviors will be indexed by a triplet p = (p1, p2, p3) of {1,2,3}3\ {0, 0, 0}.

Classically (see [14]) we come down to a fixed open set 2 = w x (—1, 1) through the mapping 7¢:

X=(X1,X2,X3) € 2 > X = (x1, %2, €X3) € 2° (7)

Also, we drop the index ¢ for the images by (7€)1 of the geometric sets defined in the preceding section. To get physically
meaningful results, we have to make various kinds of assumptions. They deal with

(i) the electromechanical coefficients:

H3): Q°(7°x)=Q(x) withQ eL™®(£2,L(H)), Ik >0; Q@h-h>«klhf, VYheH, aexef



(ii) the electromechanical loading:

3(f, g F,Gi) e L2(£2)3 x 12(2)% x L2(Iun)® x L2(ILy), i=1,2,3
fE(mex) =€ fa(x), fE(mex) =€ f3(x), Vxef
FE(mfx) = €2 Fo(x), Fi(méx) =€ F3(x), VxeIuwNT:
£ (mfx) =€ Fo(x), F5(°x) = €? F3(x), Vx€TynN1lae

Ha): f(mex) =e*Pigi(x), Vxef

nex) =e3"PiGi(x), VxelyniNTL
e(mfx) =27 PiGi(x), Vx € Nwn,iN lar
wg, (méx) = ePiwg, (x), Vxe

(iii) the boundedness of the “work of the exterior loading”:

pi=0: wp =0

pi=1: wy, does not depend on x3

pi=2: - the closure § of the projection of I'yp.i on w coincides with @
—either G;=0on I'yn,i N Ljgr or Iyyn,i N Ljgr =9

(Hs) :

Also, with the true physical state s* = (u®, w®) defined on £2¢, we associate a scaled physical state s, (&) = (u(e), wp(e))
defined on 2 by:

ug (x°) = eu(e)q (%), u§(x°) = u(e)3(x), wi (%) =ePiwy(e)i(x), Vx*=mxeQ° (8)

so that sp(¢) is the unique solution of the following mathematical problem:

Find sp(¢) € (0, wg) +V  such that:
mp(e)(sp(e),&) =L(), VEeV=H (2 xHp (2)xH} (2)xH} (2)

I'wpa I'wp,2 I'wp 3

Pe,2)p: {
equivalent to the genuine physical one, where:

mp(E)(s,$)=/Q(X)kp(s,S)-kp(s,é)dx
2

kp(e, &) =kp(e, (v.¥)) = (e(e, v), Vp(e, ¥))
eqp (€, V) =eqp(v), eq3(e,v) =g Teq3(v), es3(e,v)=¢"
Vp(e. V)ia =P 0u i, Vp(e, ¥)iz =P 039

Ze33(v) 9)

3
L(S):L(v,w)zf(f-v+g~1ﬁ)dx+/F-vds+Z / Giyids
2

Iun i:]FwN.i
As explained in our previous papers [6-9], the signs of the various powers of ¢ in the components of kj (¢, £) induce an

orthogonal decomposition of H in subspaces Hj, with » € {—, 0, +}, which allows a comprehensive description of our plate
models in any theoretically admissible quasicrystallographic classes. We denote by h;, the projection on H3 of any element
h of H. As an example, for p = (0, 1, 2), we have:

H,, = {(e,9) € H; eqp =0, g2¢ =0, g3i =0}

HY = {(e.g) € H: e;3=0, g1; =0, g23 =0, g3, =0}

Hy = {(e,9) € H; e;; =0, g1; =0, g2i =0, g33 =0}

Then, for a given triplet p, the operator Q can be decomposed in nine elements Q;° € L‘(HO,H;) with %, ¢ € {—,0,+}.
Hypothesis (H3) on the coefficients implies that QSO and Q,~ are positive operators on ]HI?, and H;, respectively. Therefore,

the Schur complement:
~ =1
Q=0"-0Q,(Q,7) Q,° (10)

is an element of C(Hg). Note that neither ng nor ap are necessarily symmetric, but nevertheless:

k|02, < Qpeond-ng, Vh) eHY, ae.xe (11)



This is implied by the coercivity of Q (see (H3)) and by the fundamental relation:
(Qh), =hf=0 = ?iphg=(Qh)g and Qpho h)=Qh-h (12)

The key point of the asymptotic study is to show that if kp is the limit (in a suitable topology) of kj,(g,sp(¢)), then
(Qkp), = (kp); =0, which exhibits Q) as the operator governing the 26 limit problems for any triplet p € {0,1,2}3 \
{0, 0, 0}.

The limit space of phonon fields will be the space of Kirchhoff-Love displacements defined by Vg, ={v € H}HD(Q)3;
ei3(v) =0} while the limit phonon fields need the introduction of nine spaces ¥ ; = {0}, ¥1,i ={¢ € H}WD i(.Q); d3¢ =0}

and ¥y ;= {¢p € H;} (£2);¢=0on Iyp;NI*+}) where H;g (82) = {¢ € L2(£2); 33¢ € L2(£2)}. The space of limit physical states
is defined as Vp = Vi X Wp, 1 X Wp, 2 X ¥, 3. Under assumptions (Hy)-(Hs), we have the following convergence result:

Theorem 3.1. Let p € {1,2,3}3\{0,0,0}, Xo = X; = H'(2) and X = H53(.Q). When ¢ tends to 0, the family (sp(€))e=o of the
unique solutions of P (¢, §2),, strongly converges in Xp = Hlﬂ,u (£2)3 x Xp, x Xp, x Xp, to the unique solution 5, of:

P(2)p: FindSp € (0, wo) +V, such rhar/Qp(x)k(gp)g-k(g)gdsz(s), VE eV,

where k(&) stands for (e(v), Vi), while k(é)?7 denotes the projection of k(&) on the space HC, forall &€ = (v, ¥) € Vp.

Proof. Actually, the problem can be considered as a “vectorial variant” of the asymptotic behavior of thin piezoelectric
plates [6] where each component of the phason plays the role of an electrical potential. Hence all the arguments of [6]
can be used; the additional case p; =0 being obviously handled through the assumptions (H;)-(Hs) which, together with
Poincaré inequality, imply the boundedness of |(V,(e, wp(e))ijliz(e), 1< j<3. The case p=(0,0,0) is not considered
here because it leads to a Kirchhoff-Love plate model without contribution of phason fields. O

To get physically meaningful results it is necessary to define a physical state if, over the genuine plate £2¢ through the
descaling §‘§(n5x) =S, (x), for all x in £2. This physical state is the unique solution of a problem posed over the real plate,

namely:

P($2¢),: Find$, € (0, wg) +Vj suchthat/Fz;(x)k(ég)g~k(s)gdx:L€(5), VE eV
0E

The superscript € in V‘? and L? means that §2 is replaced by £2¢ in the definition of V,, and L, respectively. This transported
problem is our proposal to model thin linearly quasicrystalline plates of thickness 2¢. In these models, constitutive laws are
given by Q‘9 such that Q (éx) = Qp(x) for all x in §£2. We enlighten some remarkable properties of these constitutive
laws in the next section.

4. Some properties of a g for icosahedral quasicrystals

The convergence result stated in Theorem 3.1 is of course valid for any quasicrystalline class. However, in all about 200
individual quasicrystals observed to date, a wide majority presents an icosahedral order. This suggests that this symmetry
plays a central role in the study of the physical behavior of quasicrystalline media. For such symmetry, there are two elastic
coefficients 1° and u® in tensor C?, one coupling coefficient r* in tensor R® and two coefficients K{ and K3 in tensor K*
(see relation (3)). We now focus our attention on the limit operators 6; which supply the constitutive relations of the
quasicrystalline plate. These limit operators can be computed directly from the explicit expression (10). In spite of the
dimension reduction process, it is possible to show that they keep the same structure than Q¢ (see (2)) in the sense that

~e Cg Rf,
Qp - ReT e
p p

where Eg, ﬁg and Rf, respectively denote the limit tensors of phonon, phonon-phason coupling and phason coefficients.
These coefficients involve a mixture of the five coefficients A%, %, r, K{ and K$. More precisely, it is possible to show that
we have the following properties:

- Ef, always involves a mixture of the later five physical coefficients, except for p = (2,2, 2) for which K3 is not present,

- for pe{(1,1,2),(1,2,2),(2,1,2),(2,2,2),(2,0,2),(0,1,2),(0,2,2)}, i?f, involves all the five physical coefficients,

- for pe{(1,1,1), (1,1,0), (1,2,1), (1,2,0), (1,0,1), (1,0,2), (1,0,0), (2,1,1), (2,1,0), (2,2,1), (2,0,1), (0,1, 1),
(0,1,0), (0,2,1), (0,0,1), (0,0,2)}, K involves u®, r®, K{ and K5 but not A%,



coefficients,

neither u?,

is diagonal.

for p € {(2,2,0),(2,0,0), (0,2,0)}, Rf, involves only K{ and K&,
for pe{(1,1,2),(1,2,2),(1,2,0),(1,0,2),(2,1,2),(2,2,2),(2,0,2), (0,1, 2), (0, 2,2)}, ﬁf, involves all the five physical

As an example, for p = (2, 2,2) we have

20uKE—1)(AE428)  2uEATKE+2r (A +20°)
T 2K 0
2R KE42r (5 420f)  2QuEKE—rt0) (AF +2u°) 0
e B RIS [RESITIY S
(2,2,2) — e e
WEKT—T
0 0 2128
0 0 BV Y.
Kg
1
(K§—2K$)re 0 e (3A542u)
KE REF20E
1
(KE—2KE)r* 0 1 (318 12u°)
e _ K{ AT+2uF
222 = 0 (KE=2KS)r® 0
KT
(KE—2KE)r®
0 - 0
K&% K KE—2KS 0 0
KT
Re . — K&% —KEKE 2K
2,22 = 0 21 21 272 0
I
0 0 0420 ) (KE+K5)—4r®”
pXEw LS
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for p € {(0,0, 1), (0,0,2)}, Ef, vanishes: for quasicrystalline plates submitted to such type and magnitude of boundary
conditions, the physical coupling between phonons and phasons disappears at the structural level! Moreover, the tensor K 5
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