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non-expansive flows and coming down from infinity

Vincent Bansaye*

January 5, 2017

Abstract

This paper deals with the approximation of semimartingales in finite dimension by
dynamical systems. We give trajectorial estimates uniform with respect to the initial
condition for a well chosen distance. This relies on a non-expansivity property of the
flow and allows to consider non-Lipschitz vector fields. The fluctuations of the process
are controlled using the martingale technics initiated in [6] and stochastic calculus.
Our main motivation is the trajectorial description of the behavior of stochastic processes
starting from large initial values. We state general properties on the coming down from
infinity of one-dimensional SDEs, with a focus on stochastically monotone processes. In
particular, we recover and complement known results on A-coalescent and birth and
death processes. Moreover, using Poincaré’s compactification technics for flows close to
infinity, we develop this approach in two dimensions for competitive stochastic models.
We thus classify the coming down from infinity of Lotka-Volterra diffusions and provide
uniform estimates for the scaling limits of competitive birth and death processes.

Key words: Approximation of stochastic processes, non-expansivity, dynamical system, com-
ing down from infinity, martingales, scaling limits
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1 Introduction

The approximation of stochastic processes has been largely developed and we refer e.g. to
[17, 20] for general statements both for deterministic approximation and study of the fluc-
tuations. A particular attention has been paid to random perturbation of dynamical systems
[30, 18] and the study of fluid and scaling limits of random models, see [13] for a survey
about approximation of Markov chains. In this paper, we are interested in stochastic pro-
cesses (X, : t > 0) taking values in a Borel subset E of RY, which can be written as

t
Xt - XO +J\ l,b(Xs)dS + Rtl
0

where R is a semimartingale. We aim at proving that X remains close to the flow ¢(x, t) = x;
given by

X =Xo + Lt P(x;)ds.

The point here is to estimate the probability of this event uniformly with respect to the initial
condition xy € D, when the drift term ¢ may be non-Lipschitz on D. Our main motivation
for such estimates is the description of the coming down from infinity, which amounts to let
the initial condition x go to infinity, and the uniform scaling limits of stochastic processes
describing population models on unbounded domains.

The approach relies on a contraction property of the flow, which provides stability on
the dynamics. This notion is used in particular in control theory. More precisely, we say that
the vector field ¢ is non-expansive on a domain D when it prevents two trajectories from
moving away for the euclidean norm on a subset D of IRY. This amounts to

Vx,peD,  (P(x)-9(v)).(x-y)<0,



where . is the usual scalar product on RY. Actually, the distance between two solutions may
increase provided that this increase is not too fast. This allows to deal with additional Lips-
chitz component or bounded perturbation in the flow and it is required for the applications
considered here. Thus we are working with (L, &) non-expansive vector fields :

Definition 1.1. The vector field i : D — R% is (L, a) non-expansive on D ¢ RY if for any x,y € D,

() - p@)-(x-yp) <Lllx-yl5+allx=yl.

The non-expansivity property ensures that the drift term can not make the distance between
the stochastic process X and the dynamical system x explode because of small fluctuations
due to the perturbation R. To control the size of these fluctuations, we use martingale tech-
nics in Section 2 : let us mention [13] in the context of scaling limits and [6] for a pioneering
work on the speed of coming down from infinity of A-coalescents. In this latter, the short
time behavior of the log of the number of blocks is captured and the non-expansivity argu-
ment for the flow is replaced by a technical result relying on the monotonicity of suitable
functions in dimension 1 (Lemma 10 therein).

These results are developed and specified when X satisfies a Stochastic Differential Equa-
tion (SDE), in Section 3, which allows a diffusion component and random jumps given by
a Poisson point measure. This covers the range of our applications. We then estimate the
probability that the stochastic process remains close to the dynamical system as soon as this
latter is in a domain D where a transformation F ensuring (L, «)-non-expansivity can be
found. These estimates hold for any x, € D and a well chosen distance d, which is bound to
capture the fluctuations of X around the flow ¢. Informally, we obtain that for any ¢ > 0,

T
P,| sup d(xt,ci»(xo,t))zf]scTL Vae(xo 1)t (1)

tST/\TD(X())

where Tp(x() corresponds to the exit time of the domain D for the flow ¢ started at x,. The
distance d is of the form

d(x,y) =l F(x) = F(p) ll2,

where F is of class C?, so that we can use the stochastic calculus. The perturbation needs to
be controlled for this distance d in a tube around the trajectory of the dynamical system and

Vaclxot) = sup (e N Ve I+ 1BE() 1},
d(x,ﬁaeco,t))s(e

where V; will be given by the quadratic variation of F(X) and b will be an additional ap-
proximation term arising from It0’s formula applied to F(X).

Relevant choices of F will be illustrated through several examples. They are both linked to
the geometry of the flow since the (L, @) non-expansivity property has to be satisfied and to
the control of the size of the fluctuations induced by R. We refer in particular to the role
of the fluctuations for the examples of Section 4.2 and the adjunction involved in the last
section for gluing transformations providing non-expansitivity.

The estimate (1) becomes uniform with respect to xy € D as soon as V4 .(xo,.) can be
bounded by an integrable function of the time. It allows then to characterize the coming



down from infinity for stochastic differentials equations in RY. Roughly speaking, we con-
sider an unbounded domain D and let T go to 0 to derive from (1) that for any ¢ > 0,

lim sup P, |supd(X;, ¢(xo,t)) 2 €)= 0.

T—=0xeD t<T

Letting then x( go to infinity enables to describe the coming down from infinity of processes
in several ways. First, the control of the fluctuations of the process X for large initial values
by a dynamical system gives a way to prove the tightness of P, for xq € D. Moreover we can
link in general the coming down from infinity of the process X to the coming down from
infinity of the flow ¢, in the vein of [6, 25, 5], which focus respectively on A coalescence, &
coalescent and birth and death processes.

In dimension 1, following [16, 5], we use a monotonicity property to identify the limiting
values of P, as xyp — co and we determine when the process comes down from infinity
and how it comes down from infinity (Section 4). In particular, we recover the speed of
coming down from infinity of A-coalescent [6] with F = log and in that case Vy is bounded.
We also recover some results of [5] for birth and death processes and we can provide finer
estimates for regularly varying death rates. Here F is polynomial and Vg is unbounded
so this latter has to be controlled along the trajectory of the dynamical system. Finally, we
consider the example of transmission control protocol which is non-stochastically monotone
and F(x) =log(1 +1log(1 + x)) is required to control its large fluctuations for large values.

In higher dimension, the coming down from infinity of a dynamical system is a more del-
icate problem in general. Poincaré has initiated a theory to study dynamical systems close
to infinity, which is particularly powerful for polynomial vector fields (see e.g. Chapter 5

n [16]). We develop this approach for competitive Lotka-Volterra models in dimension 2 in
Section 5.1, which was a main motivation for this work. We classify the ways the dynamical
system can come down from infinity and describe the counterpart for the stochastic process,
which differs when the dynamical system is getting close from the boundary of (0, c0)?.

The uniform estimates (1) can also be used to prove scaling limits of stochastic processes
XX to dynamical systems, which are uniform with respect to the initial condition, with-
out requiring Lipschitz property for the vector field 1. It involves a suitable distance d as
introduced above to capture the fluctuations of the process :

lim sup P, (sup d(XtK,(j)(xO, t)>e|=0,

K—coy eD t<T

for some fixed T,¢ > 0. It is illustrated in this paper by the convergence of birth and death
processes with competition to Lotka-Volterra competitive dynamical system in Section 5.2.

Let us end up with other motivations for this work, some of which being linked to works
in progress. First, our original motivation for studying the coming down from infinity is
the description of the time for extinction for competitive models in varying environment.
Roughly speaking, competitive periods make large sizes of populations quickly decrease,
which can be captured by the coming down from infinity. Direction and speed of coming
down from infinity are then involved to quantify the time extinction or determine coexis-
tence of populations. Let us also note that the approach developed here could be extended to
the varying environment framework by comparing the stochastic process to a non-autonome
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dynamical system. Second, the coming down from infinity is linked to the uniqueness of the
quasistationary distribution, see [31] for birth and death processes and [10] for some diffu-
sions. Recently, the coming down from infinity has appeared as a key assumption for the
geometric convergence of the conditioned process to the quasistationary distribution, uni-
formly with respect to the initial distribution. We refer to [11] for details, see in particular
Assumption (A1) therein.

Notation. In the whole paper . stands for the canonical scalar product on RY, ||. ||, the
associated euclidean norm and || . ||; the L! norm.
For convenience, we write x = (x(i) :i=1,...,d) € R4 a row vector of real numbers. The
product xy for x,y € RY is the vector z € RY such that z; = x;;.
We denote by B(x,¢) = {y € RY : || v —x ||,< €} the euclidean closed ball centered in x with
radius e. More generally, we note By(x,¢) = {y € O : d(x,v) < ¢} the closed ball centered in
x € O with radius ¢ associated with the application d: O x O — R*.
When x = (x',..., %) is differentiable on an open set of RY and takes values in RY, we
denote by J, its Jacobian matrix and

Uiy = o) (=1,..0d)
]

We write F~! the reciprocal function of a bijection F and A~! the inverse of an invertible
matrix A. Moreover, the transpose of a matrix A is denoted by A*.

By convention, we assume that sup @ = 0, sup[0, 00) = +o0, inf @ = 0o and if x,y € RU {o0}, we
write x A p for the smaller element of {x, y}.

We write d(x) ~,_,, g(x) when d(x)/g(x) - 1 as x — a.

We also use notation L;f(x)dx < oo (resp. = o0) for a € [0,00] when there exists ay € (a,0)

such that Lao f(x)dx is well defined and finite (resp. infinite).

Finally, we denote by < M > the predictable quadratic variation of a continuous local mar-
tingale M and by |A| the total variation of a process A and by AX; = X;—X,_ the jump at time
s of a cadlag process X.

Outline of the paper. In the next section, we provide general results for dynamical sys-
tems perturbed by semimartingales using the non-expansivity of the flow and martingale
inequality. In Section 3, we derive approximations results for Markov process described by
SDE. It relies on a transformation F of the process for which we apply the results of Section
2. An extension of the result by adjunction of non-expansive domains is provided and re-
quired for the applications of the last section. We then study the coming down from infinity
for one dimensional SDEs in Section 4, with a focus on stochastically monotone processes.
Finally we compare the coming down from infinity of two dimensional competitive Lotka-
Volterra diffusions with the coming down from infinity of Lotka-Volterra dynamical systems
and prove uniform approximations of these latter by birth and death processes.

2 Random perturbation of dynamical systems

Let (3, F,IP) be a probability space and (%) a filtration of F, which satisfies the usual
conditions. We assume that X is /;— adapted cadlag process on [0, c0) which takes its values



in a Borel subset E of RY and satisfies for every t > 0,

t
Xy =Xo+ j P(Xs)ds + Ry,
0

where X, € E a.s., 1 is a Borel measurable function from R¢ to RY locally bounded and
(Ry:t>0)1is a cadlag F;-semimartingale. Moreover, the process R is decomposed as

Ri=A;+M,  M,=M"+M?,

with A; a cadlag F;-adapted process with a.s. bounded variations paths, M; a continuous
F;-local martingale, M{ a cadlag % -local martingale purely discontinuous and Ry = Ay =
My = Mg = Mg = 0. Let us observe that such a decomposition may be non-unique.

We assume that ¢ is locally Lipchitz on a (non-empty) open set E’ of R and consider the
solution x = ¢(xy,.) of

Xy = X + Lt P(x;)ds

xo € E’. This solution exists, belongs to E” and is unique on a time interval [0, T’(x()), where
T’(xp) € (0, 00]. Then, to compare the process X to the solution x, we define the maximal gap
before t:

S :=sup || Xs = x; [l

s<t

for any t < T’(x(). We also set
Tp,e(xo) = sup{t € [0, T’(xg)) : Vs <t, x;, € D and B(x;,€) N E C D} € [0, 0] (2)

the last time when x; and its e-neighborhood in E belong to a domain D. As mentioned
in the introduction, the key property to control the distance between (X; : t > 0) and (x; :
t > 0) before time Tp .(xg) is the (L, @) non-expansivity property of ¢ on D, in the sense of
Definition 1.1. When a = 0, we simply say that ¢ is L non-expansive on D. If additionally
L = 0, we say that ¢ is non-expansive on D. We first note that in dimension 1, the fact
that 1 is non-expansive simply means that i is non-increasing. More generally, when ) is
differentiable on a convex open set O which contains D, ¢ is L non-expansive on D if for any
xe O,
Sp(Jy +J}) C (=o0,2L],

where Sp(J,, +]Z)) is the spectrum of the symmetric linear operator (and hence diagonalisable)

Jy + ];, see table 1 in [2] for details and more general results and the last section for an
application. Finally, we observe that

Y=B+x=B+f+g

is (L, @) non-expansive on D if B is a vector field whose euclidean norm is bounded by «a
on D and yx if L non-expansive on D. Moreover x = f + g is L non-expansive on D if f is
Lipschitz with constant L and g is non-expansive on D.

For convenience and use of Gronwall Lemma, we also introduce for L,a > 0 and ¢ > 0,
TL% = sup{T > 0: 4aTexp(2LT) < &} € (0, 0], (3)

which is infinite if and only if a = 0, i.e. as soon as the vector field i is L non-expansive.



2.1 Trajectorial control for perturbed non-expansive dynamical systems

The following lemma gives the trajectorial result which allows to control the gap between
the stochastic process (X; : t > 0) and the dynamical system (x; : t > 0) by the size of the
fluctuations of the semimartingale (R, : ¢ > 0) and the gap between the initial positions. The
control of fluctuations involves the following quantity, which is defined t < T’(xo) and & > 0:

t
R} =11 Xo = x0 l15 +1;5,_<¢) [ZJ (Xs— = xg)-dRs+ || [M]; |I1],
0

where IOt(XS_ —X,).dR; is a stochastic integral and [M] = [X] = [R] is the quadratic variation
of the semimartingale R. We refer to Chapter I, Theorem 4.31 in [20] for the existence of
stochastic integral of caglad (and thus predictable locally bounded) process with respect to
semimartingale. Moreover, the expression of the quadratic variation ensures that

MY =1 X, D=l M >0l + ) TAX I, (4)
s<t

see e.g. Chapter 1, Theorem 4.52 in [20]. Unless otherwise specified, the identities hold
almost surely (a.s.).

Lemma 2.1. Assume that ¢ is (L, a) non-expansive on some domain D C E’ and let € > 0.
Then for any xg € E’ and T < Tp .(xp) A TH®, we have

{St=>¢}C {supﬁf > 112},

t<T
where 1 = sexp(—LT)/\/E.

Proof. Let xo € E’. First, we consider the quadratic variation of (X; —x;: 0 <t < T’(xg)):
t
X =] = (M = (=0 = (X =502 | (X = x)d(X, =),
0

for t < T’(xp), see e.g. Chapter 1, Definition 4.4.45 in [20] or use Itd formula. Summing the
coordinates of [M]; and using the definitions of X and x, we get

t

t
1X=x 2 = 1 Xo-0lP +2f0 (X —x)-($(Xe_) — h(xs))ds + 2f0 (X, —x).dRot | [M]; I -

Moreover for any s < Tp (xg), x; € D and X;_ € D on the event {S,_ < ¢}. So using that ¢ is
(L, «) non-expansive on D,

s, <o) (Xom =X (P(Xe0) () < Tys, <oy (Ll Koo = 13+ [| X =%, 1),

Then for any t < Tp .(x),

t t
Ls, <o I X —x: 15 < 1{sr<e}[2LJ Il X —x 113 ds+2af | Xs—x |l2 ds
0 0

t
11 Xo—xo |2 +2j (X —xo)-dRe+ | [M]: Il
0
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and by definition of R¢,
t o~
1{5t,ge}5t2 < 2LJO l{ssfsg}Sfds +2ate+ 512:) RE.
S
By Gronwall lemma, we obtain for any T < Tp .(xp) and t < T,

I{SFSe}StZ < (Za Te+sup ﬁ;) e2LT.

s<T

Moreover, for T < TEL'“, we have 2aTe?LT < ¢ and
(2aT£ + ;72)62LT <&

recalling that 17 = e/(\/ﬁexp(LT)). Then
{supﬁgE < 112} C {sup l{st_sg}Stz < 52}. (5)
s<T t<T

Denoting
Toxit = infls < Tp . (xo) A TS : S, > ),

and recalling that S is cadlag, we have St . _ < ¢ and St > ¢ on the event {T,,;; < T}, so
using (5) at time t = T,,;; ensures that

{Texit < T} - {Supﬁé > 172}’
s<T

which ends up the proof. O]

2.2 Non-expansivity and perturbation by martingales

We use now martingale maximal inequality to estimate the probability that the distance be-
tween the process (X; : t > 0) and the dynamical system (x; : t > 0) goes beyond some level
€ > 0. Such arguments are classical and have been used in several contexts, see in particular
[13] for a survey and applications in scaling limits and [6] for the coming down from infinity
of A-coalescent, which have both inspired the results below.

Proposition 2.2. Assume that ¢ is (L, ) non-expansive on some domain D C E" and let € > 0.
Then for any xo € E" and T < Tp ¢(xo) A TEL’“,for any p>1/2and q >0,

H)(ST > 8)
-LT

e e2qLT T 9
<PP(]| Xo - > C E 1 2 || |A
<P{Ix0-mll> e )4 6, [(L 5z I |s||1)]
oAPLT T p
E (J I{StSé‘}d”<MC>t”1) +IE Zl{st,ga} | AX; 115
0

+Cp,d—
t<T
or some positive constants resp. 4) whnich depend only on resp. p,d).
positi Cq(pCp,)h'hdpd Iy on q (resp. p,d)

g2p

L
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Proof. By definition of R¢,

2
{supr > 172} C {|| Xo — X ||%2 UZ} UB,,
t<T

t .
where B, = {sup, 7 Lis, < Io (Xs_—x5).dRs > qZ/S}U{suptsT Lis, <) [ [M]¢ 1> 1%/4}. Recalling
that Ri’ = At + Mt and (4),

t 2 t 2
B, c {supf Ls, <o) (Xs— —x,).dAs > 117_6} U {supf Ls, <o) (X —x,).dM; > 1176}
t<T Jo t<T Jo

T
U{L L, < ll< M¢ t||1>%} {le <o 1 AX; 152 = }

t<T

We also know from Lemma 2.1 that

s<T

{Str>¢}C {supﬁt > 172}

and using Markov inequality yields

2
Pl Xo =0 15> ”Z)HP(B )

2 q
< ]P(”XO_XO ||§Z 17_)+(¥) ]E(SUP
n

)

t
J;) I{SS,SS}(XS— —X;).d Aq

4 t<T
16 2P t 2}7
+(—2) E sup f l{Ssisg}(XS_—xs).dMs
Ui t<T |Jo

Y s, <o 14X, 1B

t<T

AT o] 3

First using that |f.dg,| <Il £ Il d Il gl; Il since [£”] <I| £, I, we have for t < T,

].()

t t T
J(; l{SS,Se}(Xs— _xs)-dAs < L 1{55,55} || Xs_ = Xg ”2 dAg < EJ(; l{Ss,Se}dAif (7)

where A! :=|| |A|, ||, is the sum of the coordinates of the total variations of the process A.
Second, Burkholder Davis Gundy inequality (see [15], 93, chap. VII, p. 287) for the local
martingale

t
N; = J:) I{Ss,Ss}(Xs— - xs)‘dMs

ensures that there exists Cp > 0 such that

IE(sup| Nt|2p) < CpIE([N]I;).

t<T



Writing the coordinates of X, M and x respectively (xXW:i=1,...,d), M®:i=1,...,d) and
(x(’) :i=1,...,d) and adding that

T d ) . . ) , ‘ ‘ ‘
[N]Tzf Y 15 (X XD —xa MO, MO <2 | Y 5, M),
and that d[M®, MU)], < d[MD], + d[MD],, we obtain
Zp]
T d Y
J Zl{St<£}d[M(Z)]t]
0 %=1
T
(J. s, <qd < M€ t”l) ] , o (8)
0

2
for some positive constants C, 4 and C; b,d’ where we recall that [M()], =< M) >, + Y s<t (AX )) .

E|sup

t<T

t
J;) 1{55,38}(Xs— — Xs).dM;

2
< Cp’dé PIE

’ 2p
< Cp'de E

Y s <o Axth

t<T

Plugging (7) and (8) in (6), we get

2\ [16e\! T i
P(Sp>¢) < H’(IIXo—xOII%z %)+(?) E (I I{SSSE}dAg)
0

Chd T p p
i IE((J L5, <ad < M° >t”1) ]+IE Zl{s,,g;} | AX; |13
1 0 t<T
for some C 4 positive. Recalling that 7 = ¢/(V2exp(LT)) ends up the proof. O]

3 Uniform estimates for Stochastic Differential Equations

In this section, we assume that X = (X(i) :i=1,...,d) is a cadlag Markov process which takes
values in E ¢ IR? and is the unique strong solution of the following SDE on [0, o) :

t
X, = x0+Jb(Xs)ds+fa X,)d B, +IIH s—,2)N(ds,dz)+ JJ Xs_,z)N(ds,dz),
0

a.s. for any x € E, where (X, By) is a measurable space,
e B= (B(i) :i=1,...,d) is a d-dimensional Brownian motion;

* N is a Poisson Point Measure (PPM) on R" x X’ with intensity dsq(dz), where g is a o-
finite measure on (X, By); and N is the compensated measure of N.

* N and B are independent;

e b= (b ri=1,...,d), 0= (G;i) :1,j=1,...,d), H and G are Borel measurable functions
locally bounded, which take values respectively RY, R?d, R4 and R9.

10



Moreover, we follow the classical convention (see chapter II in [19]) and we assume that
HG =0, G is bounded and for any ¢t > 0,

t t
J J |H(X,_,2)|N(ds,dz) <co a.s., IE(J f | G(Xs-po,2) I3 dsq(dz) | < oo,
0 JXx 0 JXx

for some sequence of stopping time o, T co. We dot not discuss here the conditions which
ensure the strong existence and uniqueness of this SDE for any initial condition. This will
be standard results for the examples considered in this paper and we refer to [12] for some
general statement relevant in our context.

3.1 Main result

We need a transformation F to construct a suitable distance and evaluate the gap between
the process X and the associated dynamical system on a domain D.

Assumption 3.1. (i) The domain D is an open subset of RY and the function F is defined on an
open set O which contains D UE.

(ii) F € C*(O,R%) and F is a bijection from D into F(D) and its Jacobian ] is invertible on D.
(iii) For any x € E,

J |F(x+ H(x,2))—F(x)|g(dz) < oo.

and the function x € E — hp(x L{ (x + H(x,2)) — F(x)]q(dz) can be extended to the domain

D UE. This extension hg is locally bounded on D U E and locally Lipschitz on D.
(iv) The function b is locally Lipschitz on D.

Under this assumption, F is a C? diffeomorphism from D into F(D) and F(D) is on open
subset of R?. We require in (iii) that the large jumps of F(X) can be compensated. This
assumption could be relaxed by letting the large jumps which could not be compensated
in an additional term with finite variations, i.e. using the term A; of the semimartingale
R; in the previous section. But that won’t be useful for the applications given here. Under
Assumption 3.1, we set bp =b +]P_1hp, which is well defined and locally Lipschitz on D. We
note that for any xe END,

bE(x) = b(x) + Jp(x) ™! (L[F(HH(X z)) - F(x)]q(dz)

We introduce the flow ¢ associated to br and defined for x( € D as the unique solution of

d
¢Pr(x0,0) = xo, 54)1?(960; t) = br(Pr(xo, 1)),

for t € [0, Tp(xg)), where Tp(xg) € (0,00] is the maximal time until which the solution exists
and belongs to D. We observe that when H = 0, then bp = b and ¢ = ¢ do not depend on
the transformation F.

We introduce now the vector field ¢r defined by

p = (Jpbp) o F~' = (Jpb+hp) o F~!

11



on the open set F(D). We also set for any x € E,

— d 5 d .
bp<x>=§ij:1 e ()t wa )+ | [Feer Gl )~ F) JrtGle ANgd. - 9

Let us note that the generator of X is given by LF = i oF+bg. The term by is not contributing
significantly to the coming down from infinity in the examples we consider here and thus
considered as an approximation term. On the contrary, we need to introduce

JF JF j '
Ve(x) = Z —(x)—(x)a,il)(x)alij)(x)+ [F(x+H(x,z)+ G(x,z))—P(x)]zq(dz). (10)
ik 8xi 8x] X
for x € E, to quantify the fluctuations of the process due to the martingale parts. Finally we

use the following application defined on O (and thus on D U E) to compare the process X
and the flow ¢ :

dp(x,y) =l F(x) = F(y) |l -
We observe that d is (indeed) a distance (at least) on D and in the examples below it is
actually a distance on D U E. We recall notation (3) and the counterpart of (2) is defined by

Tp,e,p(x0) =sup{t € [0, Tp(xg)): Vs < t, EdF((PF(Xo,S),E) NE cD}. (11)

Theorem 3.2. Under Assumption 3.1, we assume that  is (L, &) non-expansive on F(D).
Then for any e >0 and x e END and T < Tp . p(xo) A TEL’“, we have

T
P (Sup by, > €] < Caetl” [ T tro,shs
t<T 0
where Cq is a positive constant depending only on the dimension d and

Viexos)=  sup (eI Vp(x) Il +e IB(x) I ). (12)

xeE
dp(x,¢p(xo,5))<e

We refer to the two next sections for examples and applications, which involve different
choices for F and (L, a) non-expansivity with potentially a or L equal to 0. The key as-
sumption concerns the non-expansivity of iy for a suitable choice of F, which need to be
combined with control of the fluctuations Vi. Before the proof of Theorem 3.2, let us illus-
trate the condition of L non-expansivity of ¢r by considering the diffusion case (¢ = 0 and X
continuous). This will be useful in Section 5.

Example. We recall from the first Section (or table 1 in [2]) that when F(D) is convex and
is differentiable on F(D), ¢ is L non-expansive on F(D) iff Sp(Jy, () +]l7}F(y)) C (—o0,2L] for
any y € F(D). In the case g =0, choosing

=(fi(x;):i=1,...,d)
and setting A(x) = ]lpF( (x)) we have for any i,j =1,...,d such thati = j
i Ji700)
f] (x]) Bx ox; f(xi)
Then i is L non-expansive on F(D) iff the largest eigenvalue of A(x)+ A*(x) is less than 2L
for any x € D.

Ajj(x) = b(x),  Au(x)= 5—b(x)+

(x). (13)
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Proof of Theorem 3.2. Under Assumption 3.1, we can further assume that F € C?(RY,RY).
Indeed, we can consider @F where ¢ € C®(RY,RY) is equal to 0 on the complementary set
of O and to 1 on D UE, since these two sets are disjoint closed sets, using e.g. the smooth
Urysohn lemma. This allows to extend F from D UE to R in such a way that F € C?(RY,RY).
Applying now Itd’s formula to F(X;) (see Chapter 2, Theorem 5.1 in [19]), we have :

t t
Fx) = F‘X0>+ffF<Xs>b<Xs>ds+f f[P(Xs_+H<x5_,z>>—p(xs_nN(ds,dz)
P VN e
+L3F(Xs)ds

for t > 0. Then the F;-semimartingale Y; = F(X;) takes values in F(E) and can be written as
t
Yt:F(xO)+J ¢(Y5)d5+At+Mf+Mf, (14)
0

where 1, A, M¢ and M? are defined as follows. First, we consider the Borel locally bounded
function ¢(y) = 1yerp)Pr(y) for y € RY, so writing bp(x) = Jr(x)b(x) + hp(x) for x € E, we
have ¢(Y;) = 1y erp }b]:‘( X;). Moreover,

t
A= [ (B0 + Ueronbr(X)ds
0

is a continuous F;-adapted process with a.s. bounded variations paths and

c (i) (7)
M¢ J Zaxl X,)dBY

is a continuous F;-local martingale and writing K = G + H and using Assumption 3.1 (iii),

Mmf = fo L [F(Xs- +K(X,_,z)) - F(X,-)|N(ds, dz)

is a cadlag F;-local martingale purely discontinuous.
We observe that the dynamical system vy; = F(¢pg(xo,t)) satisfies for t < T(xy),

vo=F(xo), i =Tr(Pr(xo,t)bp(Pr(xo,t)) = Pr(ve) = P(vy),

since g = ¢ on F(D). This flow is thus associated with the vector field i) and 1 is locally Lip-
schitz on F(D). Moreover, recalling the definition (2) and setting E’ = F(D), T'(yo) = Tp(xo),
the first time Tr(p).(yo) when (y;);>0 starting from yj is at distance ¢ from the boundary of
F(D) for the euclidean distance is larger than Tp , p(x() defined by (11):

Tr(p)c(vo) = sup{t € [0, T"(vp)) : Vs < t, B(ys,€) NF(E) C F(D)} > Tp . £ (x0)-

13



Adding that ¢ is (L, a) non-expansive on F(D), we apply now Proposition 2.2 to Y with
p=q=1and Yy =y = F(xg). Then, for any T < Tp . (xo) A TH*, we get

T
pisrz < o[ e( [ codliann]
0

T
+e‘21E(J Lis, <;d ll< M° >t||1) +&e 2
0

D s <o I1AY, ||§]] (15)

t<T

for some constant Cy positive, where S; = sup,, || Y; — v; ||,. Using now

t d
JF JF (i) (j)
Cc
<M >t—J Zla—xl x(x Jor (Xs)op ' (Xs)ds,
i,jk
we get
T T d ! I .
JF)  9F) hy ()
L <ad |l< M > sj su (x) (x)o, (x)0;,” (x) b dt,

J;) (Si-<e) ti 0 XEIISJ ”kZ,ltzl axi ax] k k

dp(x,dp(xo,1)<e \)”

since Sy = sup,; || Ys = s |l2=sup,, dp(X,, Pr(xo,5)). Similarly,

E|) 15, <) ||AYt||§]

t<T

T
Iﬂ(f f s, <o) I F(- + K(X,2) ~ F(X,) I dtq(dz)

IA

J. sup j | E(x + K(x,2)) - F(x) |3 q(dz)dt
0

x€E
x (PF X0, t

and combining the two last inequalities we get

T
IE(J Iis, <ad I< M° >t”1) +IE
0

T
Zl{swe}”AYtlli]SJ sup || VE(x) Il dt. (16)
t<T 0 xeE

- dp(x,Qp(xo,t))<e

Finally, on the event {S;_ < ¢}, Y;_ = F(X;_) € F(D) for any t < T since T < Tp . p(x¢), sO

T T T
IE(J 1{5,_Sg}d|||A|t||1)sj 1{5,_s8}||bF<Xt_>||1dtsf sup 1T hdt (17)
0 0 0

x€E
dp(x,¢p(x,t))<e

and the conclusion comes by plugging the two last inequalities in (15). ]

3.2 Adjunction of non-expansive domains

We relax here the assumptions required for Theorem 3.2. Indeed finding a transformation
which guarantees non-expansitivity of the flow is delicate in general. Adjunction of simple
transformations is relevant for covering the whole state space and leading computations.
It is useful for the study of two-dimensional competitive processes in Section 5. Let us
note that the trajectorial estimates obtained previously is well adapated to gluing domains,
while this is a delicate problem for controls of stochastic processes relying for instance on
Lyapounov functions. Thus, we decompose the domain D as follows.

14



Assumption 3.3. (i) The domains D and (D; :i =1,...,N) are open subsets ofIRd and F; are R?
valued functions from an open set O; which contains D; and

DcU¥ D,  FeC*0,RY).

Moreover F; is a bijection from D; into F(D;) whose Jacobian matrix is invertible on D;.
(ii) There exist a distance d on UﬁlDi UE and cy,c, > 0 such that foranyie{l1,...,N}, x,y € D;,

c1d(x,y) <I| Fi(x) = Fi(v) |2< c2d(x, ).
(iii) For each i € {1,...,N}, forany x e END;,

L IFy(x+ H(x, ) — Fy(x)]q(d2) < oo

and the function x € END; — hg (x LY ((x+ H(x,2)) - Fj(x)]q(dz) can be extended to D;.

Moreover this extension is locally bounded on D; and locally Lipschitz on D;.
(iv) The function b is locally Lipschitz on Uf\ilDi.

Second, we consider the flow associated to the vector field by, where by, and defined as
previously by br,(x) = b(x) +]Fi(x)_1hpi(x) and is locally Lipschitz on the domain D; . But
now the flow ¢ may go from one domain to an other. To glue the estimates obtained in the
previous part by adjunction of domains, we need to bound the number of times «x the flow
may change of domain. More precisely, we consider a flow ¢(.,.) such that ¢(x(,0) = x( for
xo € D and let ¢y € (0,1), x > 1 and (#(.) : k < k) be a sequence of elements of [0, co] such that
0 =to(xp) < t1(xg) <... < te(xg) for xg € D, which meet the following assumption.

Assumption 3.4. For any xy € D, the flow ¢(xg,.) is continuous on [0,t.(xq)) and for any k <
K — 1, there exists ni(xg) € {1,..., N} such that for any t € (t;(xq), txs1(X0)),

d
Ba(¢p(xo,t),€0) C Dy (x,) and gfi)(xo,t):bp (P(x0, 1))

ny(xo

This flow ¢ will be used in the continuous case in Section 5. Then we recall that by =
does not depend on the transformation F and the flow ¢ is directly given by ¢(x(,0)

X0, %(P(xo, t) = b(¢p(xg,t)) as expected.

b

Recalling notation ¢p = (Jpbr) o F~! and the expressions of TEL'“ and Fl;p and Vi given respec-
tively in (3), (9) and (10), the result can be stated as follows.

Theorem 3.5. Under Assumptions 3.3 and 3.4, we assume that for each i € {1,...,N}, ¥, is
(L;, a;) non-expansive on F;(D;) and let Ty € (0, 00).

Then for any € € (0,e] and T <min{TgL"'a" ti= 1,...,N}/\t,<(x0)/\ Toand xo € END,

tk+1 xO
(sup d(Xs, ¢(xo,t)) > e) <C ZJ Vd ¢(Fry(x,)r X0, 1)dt,
t<T t(x0) A

with € and C positive constants which depend (only) on d, c1,¢;,(L;)i=1,..N, K, €9 and Ty; and

.....

VaeFoxgs)=  sup  {e 2 I Ve(x) l +e7 1 Bp(x) ).

x€E
d(x,p(xq,5))<e



The proof relies also on Proposition 2.2 but it is technically more involved than the proof
of Theorem 3.2 . We observe that T;y could be chosen equal to oo in this statement in the case
where L; = 0 for any i € {1,...,k}. We need now the following constants.

c1%o €o

€
b ,T)=2V2 L T), ,TY=-=b ,T), ,T)= = ’
k(x0, T) = 2V2exp(Ly, (x,)T),  ax(x0, T) C1 k(x0, T),  &x(xo, T) oo, T) a0 T)

for k=0,...,x—1 and observe that a;(xy, T) > 1.

Lemma 3.6. Under the assumptions of Theorem 3.5, forany xo e END, k €{0,...,x — 1} and
(¢, T) such that € € (0, ex(xp, T)] and T < T, Eritor @rgto) t(xo), we have

Py, sup d(Xe, p(xo,)) 2 eag(xo, T)]

t(x0) SE< ey (x)AT
tp1(xo)AT
< IP(d(th(xo)r <P(xo, tk(xO)) 2 5) + CJ Vd,eak(xo,T)(Fnk(xO)ler S)ds’
te(xo)AT
where C is a positive constant which depends only on d and ¢y and L, ).

Proof. Let us fix k € {0,...,x — 1} and xg € END. We write L = L, (), @ = &y, (x;)» F = Fu(xy)
and D = D, (y,) for simplicity and consider T < TEL’“ A t(xg). As at the beginning of the

previous proof, we can assume that F € C?(RY,RY) and recall that F is bijection from D into
F(D). We note that zg = ¢(xq, fx(xg)) € D by Assumption 3.4 and the solution z of z; = bp(z;)
is well defined on a non-empty (maximal) time interval since bg is locally Lipschitz on D
using Assumption 3.3. By uniqueness in Cauchy Lipschitz theorem, z; = ¢(xo, tx(xg) + t) for
t € [te(xg), tke1(x0)). We write now X, = X}, (xo)+t and the counterpart of (14) for Y, = F(}?t) is

t
Yt:Yo+j (Yy)ds+ Ay + ME + M2, (18)
0

for t > 0, where (y )—1yep WOE(®),

and we make here the following decomposition for A and M?. Using Assumption 3.3 (iii)
for the compensation of jumps when X;_ € D, we set

P —~ —~
A= f(bp( s)+ LR )ero)F(Xs)0(Xs) = L% ep (X )eryF 0 F~ (Y))ds

ff XS,ED}[P X, +H(X,,2)- o?s_>]N<ds,dz>,

which is a process with a.s. finite variations paths; and

Jt J [F(X,+ G(Xo,2) - F(R,)| Ni(ds, dz)
0 Jx
t
" fo L 1% en) [F(}z‘ +H(X;-,2)) - F(Xs—)] N(ds,dz)
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is a cadlag F;-local martingale purely discontinuous.
Moreover by Assumptions 3.4 and 3.3 (i7), for any ¢ <ty (xo)—tx(xo), x; € D, y; = F(x;) € F(D)
and satisfies y; = ¢(y;) and for any ¢ € (0,c; &),

B(y;,€) N F(E) C F(By,(z,€)) C F(By(z,¢/c1)) C F(D).
Adding that ¢ = ¢ is (@, L) non-expansive on F(D), we can apply Proposition 2.2 to the
process Y on F(D) for p =g =1 and E’ = F(D) and get for any ¢ € (0,c;&¢],

Py, (SUP IYe =9 12> 8)

t<T,

T
<IP(|| Yo — o ll2= &/bi(x0, Tp)) + Cg_llE(j Ls, <4 |l |Al; ||1)
0

) Ls <o IAY, ||%]]

T
+C£2[IE(j Is, <qd ll< M€ >t||1)+1E
0 t<T,

for any T; < TSL’Ct A (tes1(x0) = tk(xp)), where C is positive constant depending on L, () and
d. Following (16) and (17) in the proof of Theorem 3.2, we obtain

IPxO [ sup dF(th ¢(x01 t)) 2 5)
(5 (x0) AT tgs1 (x0)AT)
[t l0AT
< lP(dF(th(xo)rxtk(xo))) > &/by(xo, T))+C j VF,&(XO’S)dS' (19)
tk(xo)/\T

for some constant C’ depending also only of L and d, where V, has beed defined in (12).
Using again Assumption 3.3 (ii) to replace dr by d above, we have

{d(X4, (501> D (x0, te(x0))) < /(Cabi(x0, T} € {dp (Xe, () D (X0, tr(x0))) < /by (x0, )}

and o
Ve e(x0,5) < (c7" + 1) Va,esc, (Fr Xo,5)

and we obtain

Py,

sup d(X;, p(xp, 1)) > e/cl]

[t (x0) AT, tisr (x0)AT)

€ ;1 5 tie1(x)AT
< IP(d(th(xO), P (xo, tr(xg))) = e T) )+ C'(c; +¢ )J V a,e/¢, (F,xo,8)ds.
€2 k(xOlT) te(xg) AT

Using the quasi-left continuity of X, this inequality can be extended to the closed interval
[tk(x0) AT, tgy1(x9) A T] for k < x — 1. This ends the proof by replacing € by ec,bi(x, T). O

Proof of Theorem 3.5. We write T,, = Ty A min{TgL"’a" ii= 1,...,N} A te(x9) € (0,00) and set

e =infleg(xg, T) : k=1,...,N;xg € END;T < Ty} € (0,0).
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Lemma 3.6 and Markov property at time t;(xy) A T ensure that for any € € (0,¢], xo € END,
T €(0,T,,),

Py, sup d(Xs, P(xo, 1)) = €ag(xo, T), sup  d(Xy, ¢p(xo, 1)) <e
[tk (x0) tks1 (x0)AT] [0, (x0)AT]

trp1(xo)AT
< C—[ Vd,eak(xo,T)(Fnk(xO)lxOrS)dS
t

k(x)AT

for each k =0,...,x -1, by setting C =max{Cy . :i=1,...,N}.
Denoting Ak(xo, ) =TI1;<ka;(xo, T) and recalhng that a;(xg, T) > 1, by iteration we obtain for
e<e/Ac(xg,t)and T < T,, that

-1
U { sup d(Xy, ¢(xo,t)) = €Ar(xo, T)}]

[ (x0)stis1 (x0)AT]

K-l tk+1(x0)/\T_

<C J Vd,sAk(xO,T)(Fnk(xO)rxOrS)dSl
t(xg) AT

ken

since Xy = xo = ¢(x(,0). This ensures that for any T < T,,,,

IPxO ( sup d(Xt’ (P(XOI t)) 2 gAK (XOJ T))
0<t<T

2 Kol mh (o)A
< CA xOr f Vd,&AK(xO,T)(Fnk(xO)IxOrS)dsi
k=0

Recalling that (ni(xg) : k = 0,...,«) takes value in a finite set, A,(x(, T) is bounded for x( €
END and T € [0,T) by a constant depending only on «, (L; : i = 1,...,N), ¢; and ¢,. This
yields the result. O]

4 Coming down from infinity for one-dimensional Stochastic Dif-
ferential Equations

In this section, we assume that E C R and +oo is a limiting value of E and D = (4, o) for some

€ (0,00). Following the beginning of the previous section, we consider a cadlag Markov
process X which takes values in E and assume that it is the unique strong solution of the
following SDE on [0, c0) :

t
X, = x0+‘[ b(Xs)ds+j o(X,)dB; +f J H(X,_,z)N(ds,dz) + J J X._,z)N(ds,dz),
0

for any x € E, where we recall that (X, By) is a measurable space; B is a Brownian motion;
N is a Poisson point measure on R* x X’ with intensity dsq(dz); N and B are independent
and HG = 0. We make the following assumption, which is a slightly stronger counterpart of
Assumption 3.1 and is convenient for the study of the coming down infinity in dimension 1.
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Assumption 4.1. Let F € C*((a’, ), R), for some a’ € [~c0,a) such that E C (a’,0).

(i) For any x > a, F'(x) > 0 and F(x) — oo as x — oo.

(ii) For any x € E, IX |F(x+ H(x,2))—F(x)|g(dz) < 0.

The function x € E — hp(x) = IX[F(x + H(x,z)) — F(x)]q(dz) can be extended to E U [a, o).
This extension is locally bounded on EU[a, o) and locally Lipschitz on (a, oo).

(i11) b is locally Lipschitz on (a, o).

(iv) The function bp = b + hg/F’ is negative on (a, o).

Following the previous sections, we consider now the flow ¢ given for x( € (a,0) by

d
¢Pr(x0,0) = xo, g%(xo: t) = bp(¢pr(xo, 1)),

which is well and uniquely defined and belongs to (4, c0) on a maximal time interval denoted
by [0, T(xg)), where T(xg) € (0, 00]. We first observe that xo — ¢(xo, t) is increasing where it
is well defined. This can be seen by recalling that the local Lipschitz property ensures the
uniqueness of solutions and thus prevents the trajectories from intersecting. Then T(x) is
increasing and its limit when x T co is denoted by T(oco) and belong to (0, co]. Moreover, the
flow starting from infinity is well defined by a monotone limit :

Prloot) = lim d(xo, )

for any t € [0, T(c0)). Finally, under Assumption 4.1, for xj € (a,00), bp(xp) < 0 and for any
t < T(xg), IX¢F(x°'t) 1/bp(x)dx = t. This yields the following classification.
0

Either .
< 400,
J-oo br(x)
and then
|
=1 > .
¢r(oco,t) 1nf{u >0 Lo b0 dx < t} <00

for any t € (0,T(c0)). We say that the dynamical system instantaneously comes down from
infinity. Moreover the application t € [0,T(c0)) — ¢(o0,t) € R is continuous, where R =
R U {oo} is endowed with the distance

d(x,y)=]e*—e7?|. (20)
Otherwise, T(c0) = oo and (oo, t) = oo for any ¢t € [0, o0).

Our aim now is to derive an analogous classification for stochastic differential equations
using the results of the previous section. Letting the process start from infinity requires
additional work. We give first a condition useful for the identification of the limiting values
of (P, : x € E) when x — oo.

Definition 4.2. The process X is stochastically monotone if for all xy,x; € E such that xy < xy,
forall t >0 and x € R, we have

IPxO (Xt 2 X) < Ile (Xt 2 X).
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The A-coalescent, the birth and death process, continuous diffusions with strong pathwise
uniqueness and several of their extensions satisfy this property, while e.g. the Transmission
Control Protocol does not and we refer to the examples of forthcoming Section 4.2 for details.

4.1 Weak convergence and coming down from infinity

We recall that R = R U {oo} endowed with d defined by (20) is polish and the notation of
the previous section become ng = (F’bp) o F71, bp(x) = 24 IX x+ G(x,z))— F(x)—

F'(x)G(x,2)]q(dz) and Vp(x) = +IX (x+H(x,z)+ G(x z)) — F(x)]%q(dz).
In this section, we introduce

VF,e(a, )= sup {8_2 Ve(x) + s_ﬁ;p(x)},
X€ENDE (a,t)

where for convenience we use the extension F(co) = co and we set

Dee(at)={x € (a,00): F(x) < F(¢p(oco,t))+ &}
Finally, we make the following key assumption to use the results of the previous section.

Assumption 4.3. The vector field g is (L, ) non-expansive on (F(a), o) and for any € > 0,

f Vi e(a,t)dt < co. (21)
0

Let us remark that ¢ is (L, @) non-expansive on (F(a), co) iff for all y; > v, > F(a), Pp(yy) <
Yr(y2) + L(y1 — ) + a. This means that for all x; > x, > a, F'(x1)b(xq) + hp(x) < F'(x2)b(x,) +
hp(xp) + L(F(xq) - F(x2)) + a.

Let us now give sufficient conditions for the convergence of (IP,),cr as x — oo. For that
purpose, we introduce the modulus

0,[A,B]) =inf max sup d(f,, 22
WS AB) =gt pax | sup d(ff) (22

where the infimum extends over all subdivisions b = (by,€ = 0,...,L) of [A, B] which are o-
sparse. We refer to Chapter 3 in [8] for details on the Skorokhod topology.

Proposition 4.4. We assume that X is stochastically monotone.

(1) IfE=1{0,1,2,...}, then (IP),cg converges weakly as x — oo in the space of probability measures
on ID([0, T], R).

(ii) If Assumptions 4.1 and 4.3 hold and f b j < oo and for any K >0 and € > 0,

lim sup P,(w'(X,6,[0,T])>¢)=0, (23)
0—-0x¢E, x<K

then (IPy)ycp converges weakly as x — oo in the space of probability measures on ID([0, T], R).
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The convergence result (i) concerns the discrete case ¢ = 0. It has been obtained in [14]
when the limiting probability P, is known a priori and the process comes down from infin-
ity. The proof of the tightness for (i) follows [14] and relies on the monotonicity and the fact
that the states are non-instantaneous, which is here due to our cadlag assumption for any
initial state space. The identification of the limit is derived directly from the monotonicity
and the proof of (i) is actually a direct extension of Lemma 2.1 in [5]. This proof is omitted.
The tightness argument for (i7) is different and can be applied to processes with a continu-
ous part and extended to larger dimensions. The control of the fluctuations of the process
for large values relies on the approximation by the continuous dynamical system ¢ using
Assumption 4.3 and the previous section. Then the tightness on compacts sets is guaranteed
by (23). The proof is given below.

In the next result, we assume that (IP,),cr converges weakly and P, is then well defined as
the limiting probability. We determine under our assumptions when (and how) the process
comes down from infinity. More precisely, we link the coming down from infinity of the
process X to that of the flow ¢p, in the vein of [6, 25, 5] who considered some classes of
discrete processes, see below for details.

Theorem 4.5. We assume that Assumptions 4.1 and 4.3 hold and that (P, : x € E) converges

weakly as x — oo in the space of probability measures on ID([0, T],R) to IP,.

(i) If
IR=-2
00,
oo DF(%)
then
P (Vt>0:X; <+oc0)=1 and IPoo(lij(Xt) —F(¢pp(oo,t))=0]=1.
tl0+

(ii) Otherwise P (Vt > 0: X; = +00) = 1.

After the proof given below, we consider examples with different size of fluctuations at infin-
ity. For A-coalescent, we recover the speed of coming down from infinity of [6] using F = log
and in that case Vr is bounded. For birth and death processes with polynomial death rates,
fluctuations are smaller and we use F(x) = x# (8 < 1) and get a finer approximation of the
process coming down from infinity by a dynamical system. But V. is no longer bounded and
has to be controlled along the dynamical system coming down from infinity. When proving
that some birth and death processes or Transmission Control Protocol do not come down
from infinity, Df .(a,t) is non-bounded and we are looking for F increasing slowly enough
so that Vr is bounded to check (21), see the next section for details.

The proofs of the two last results need the following lemma. We recall notation D =
(a,00), dp(x,v) = |[F(x) = F(v)| and Tp  p(x) resp. Tha given in (11) resp. (3).

La

Lemma 4.6. Under Assumptions 4.1 and 4.3, for any € >0, xg € END and T <Tp . p(xo) AT,
we have

Py, (supdr X, i 1) > e) <Cle,T),
t<

where
T

C(e,T) = Cexp(4LT)f Vi (a,t)dt
0

goes to 0 when T — 0 and C is a positive constant.
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Proof. Assumption 3.1 and the (L, @) non-expansivity of ir are guaranteed respectively by
Assumptions 4.1 and 4.3, with here O = (a’,00) and D = (a, o). Thus, we can apply Theorem
3.2 on the domain D and for any xo€e DNEand ¢ >0and T < Tp . (xp) A TEL’a, we have

T
P, (supdp(Xy, pr(xo,t)) = e) < Cexp(4LT)J VE.e(xg,8)ds.
t<T 0

Now let t < Tp . p(x¢) and x € E such that dg(x, pr(xp,t)) < €. Then x > a and F(a) < F(x) <
F(¢E(xg,t)) + € and combining the monotonicities of the flow ¢ and the function F,

F(a) < F(x) < F(¢p(oo, 1)) +¢,
since ¢(xg,t) > a. Thus x € Dg .(a,t) and
Vie(xo,t) < Vee(at),
which ends up the proof, since the behavior of C(¢, T) when T — 0 comes from (21). O

Proof of the Proposition 4.4 (ii). The fact that X is a stochastically monotone Markov process
ensures that for all xg,x; €E, xg <x1,k>0,0<t; <...<tfy,ay,...,a; €R,

P, (Xy, 2ay,..., Xy, 2 ar) <Py (Xy, 2 ay,..., Xy > ag).

It can be shown by induction for k > 1 by using the Markov property at time t; and writing
Xfll = Xfl ’+B, where X* is the process X starting at x and B is a non-negative random variable
J;,)-measurable. Then

IPXO(th >4ay,.. .,th > ak)

converges as xo — oo (xo € E) by monotonicity, which identifies the finite dimensional limit-
ing distributions of (IP, : x € E) when x — oo.

Let us turn to the proof of the tightness in the Skorokhod space ID([0, T], R) and fix n > 0.
The flow ¢ comes down instantaneously from infinity since Lo 1/bp(x) < co. Thus, we can
choose T € (0, T(c0)) such that ¢r(c0, Ty) € D. Using also that F tends to oo, let us now fix
K € [¢pp(o0, Tp), 0) and ¢ € (0,#] such that d(Ky,00) < n and for any x > K; and y € IR such
that dp(x,v) < €, we have EdF(x,e) c D and E(x,y) < 7. By continuity and monotonicity of
t — ¢p(oo,t), there exists Ty € (0, Ty] such that ¢p(co, T;) = Ky + 1. Adding that T(x) T T (o)
and ¢p(xg, Ty) T ¢r(co, Ty) as xg T co, we have ¢pr(xg, T1) > K; for any x( large enough and then
Tp,e,r(x9) > T1. Thus, Lemma 4.6 ensures that for any x large enough and T < T; A TH®,

limsup P, (sup dp(Xy, p(xg,t)) > 5) <C(eT), (24)
t<T

Xg—00,X0EE

where C(¢,T) —> 0as T — 0. Let now T, € (0, Ty A TX*) such that C(e, T,) < 1. Using that for
any t € [0, T»], ¢r(xo,t) = K; and d(¢pp(xg,t),0) < 1 for x large enough,

t<T, t<T, t<T,

{SUPE(XDOO) > 2’1} - {SUPE@F(X@ t), Xy) 2 ’7} - {SUP dp(Xy, Pp(xo,t)) 2 5}-
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Writing K = F~1(F(¢(co, T»)) + 17) and using that ¢r(xg, To) T pr(co, T) € D, we have also
(Xr, 2 K} € {F(X1,) 2 F($r(o0, To)) + 11} < {dr (X1, @ (x0, T2)) 2 €},

since F’ is positive on D and 7 > €. Then (24) and the two last inclusions ensure that

P,, <

{supE(Xt,oo) > 217} U {Xr, > K}

t<T,

for x( large enough. Moreover, by (23), for any T > T,, for 6 small enough,
sup P, (w'(X,6,[0,T-T,])>2n) <.

x€E;x<K

Combining these two last bounds at time T, by Markov property, we get that for x, large
enough and 6 small enough, P, (w’(X,0,[0,T]) > 277) < 2. The tightness is proved. O

Proof of Theorem 4.5. We fix € > 0 and let Ty € (0, T(c0) A TE*) such that EdF((j)F(oo, Ty), 2¢) C
D. We observe that Tp , p(xg) = Ty for xy large enough since ¢pr(xo, Tp) T pp(c0, Tp) as x¢ T oo
and t € [0, T(xg)) — ¢p(xg,t) decreases. We apply Lemma 4.6 and get for any T < T,

limsup P, [supdp(Xy, ¢r(xo,t)) = e) <C(gT), (25)
Xg—00,X0€E t<T

where C(¢,T) > 0as T — 0.

We first consider the case (i) and fix now also t; € (0, Ty). The flow ¢ comes down from
infinity instantaneously, so ¢ (oo, t) < co on [ty, T]. By Dini’s theorem, ¢r(xy,.) converges to
¢r(c0,.) uniformly on [t(, T], using the monotonicity of the convergence and the continuity
of the limit. We obtain from (25) that for any T < T,

limsup IPxO( sup dp(X;, Qp(oo,t)) >2e[<C(e, T),
Xg—00,X0€E to<t<T
and the weak convergence of (P, : x € E) to P, yields
IPOO( sup dp(X;, ¢Pp(co,t)) > 25) <C(gT).
to<t<T

Letting ¢y | 0 and then T | 0 ensures that
lim IPOO( sup dp(Xy, ¢p(oo,t)) > 25) =0.
T-0 0<t<T

Then P, (limtlmF(Xt) —F(pp(oo,t)) = 0) =1and P (Vt>0: X; <o) =1, which proves (i).
For the case (ii), i.e. LO 1/bg(x) = oo, we recall that T(oo0) = o0, so (25) yields
P, (P(XT) <limsup F(¢(xq, T)) —A) <C(AT)
Xg—00
forany T € (0, TL®). Adding that F(¢(xg, T)) T F(¢ (o0, T)) = F(c0) = 00 as xy T oo,
P (X1 <o00) < C(A,T).

Since (oo, t) = oo for any t > 0, Df 4(a,t) = (a,00) for any A > 0. Then C(A,T) < +C(1,T) for
A>1and C(A,T) — 0as A — oo, since C(1,T) < oo by (21). We get P,(X7 = o0) =1 for any
T > 0, which ends up the proof recalling that X is a cadlag Markov process under P,,. [
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4.2 Examples and applications

We consider here examples of processes in one dimension and recover some known results.
We also get new estimates and we illustrate the assumptions required and the choice of F.
Thus, we recover classical results on the coming down from infinity for A-coalescent and
refine some of them for birth and death processes. Here b, = 0 and the condition allowing
the compensation of jumps (Assumption 4.1 (i7)) will be obvious. We also provide a criterion
for the coming down from infinity of the Transmission Control Protocol, which is a piecewise
deterministic markov process with b # 0, 0 = 0. Several extensions of these results could be
achieved, such as mixing branching coalescing processes or additional catastrophes. They
are left for future works, while the next section considers diffusions in higher dimension.

4.2.1 A-coalescent [28, 6]

Pitman [28] has given a Poissonian representation of A-coalescent. We recall that A is a
finite measure on [0, 1] and we set v(dy) = y">A(dy). Without loss of generality, we assume
that A[0,1] =1 and for simplicity, we focus on coalescent without Kingman part and assume
A({0}) = 0. We consider a Poisson Point Process on (R")? with intensity dtv(dy) : each atom
(t,v) yields a coalescence event where each block is picked independently with probability y
and all the blocks picked merge into a single bock. Then the numbers of blocks jumps from
ntoB,,+1 B, <ns where B, , follows a binomial distribution with parameter (1,1 —y). Thus,
the number of blocks X; at time ¢ is the solution of the SDE

t 1
X=Xo- [ [ e Yo,
T o Jo [0,1]“[ Z "

1<i<X,_

+

N(ds,dy,du),

where N is a PPM with intensity on R* x [0,1] x [0, 1]N with intensity dtv(dy)du. Thus here
E={1,2,..} X =[0,1]x [0,1]]N is endowed with the cylinder o-algebra of borelian sets of
[0,1], g(dydu) = v(dy)du where du is the uniform measure on [0,1]N, 0 = 0 and

H(x,z):H(x,(y,u))z—(—1+ Z 1ui<y] .

1<i<x

We follow [6] and we denote for x € (1, ),
F(x) =log(x), P(x) = J (e =1 +xy)v(dy).
[0,1]

In particular F meets the Assumption 4.1 (i) with a > 0 and a’ = 0. Moreover for every x € N,

r

he(x) = X[F(x+H(x,z)) —F(x)]g(dz)
_ log(M)q(dz)
JX x
( B, I  <x
- v(dy)lE(log(&)):—M+h(x),
J[0,1] X X
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where h is bounded thanks to Proposition 7 in [6]. Thus & can be extended to a bounded C!
function on (0, 00) and Assumption 4.1 (ii) is satisfied. Moreover,

(exp(x))

0o = (7 () = £ 2P exp)

and Lemma 9 in [6] ensures that x € (1,00) — (x)/x is increasing. Then 1 is (0,2 || h ||)
non-expansive on (0, c0). Moreover here

be(x) = F'(x)" hp(x) = —(x) + xh(x).

Adding that 1 (x)/x — 00 as x — oo, we get bp(x) < 0 for x large enough and Assumption 4.1
(iv) is checked. Finally, bp = 0 since 0 = 0 and G = 0 and the second part of Proposition 7 in

[6] ensures that
( (Bx,y +1p, <x ))2)
log| ———
x

is bounded for x € IN. Then Assumptions 4.1 and 4.3 are satisfied with F = log, 2’ = 0 and
a large enough. Moreover (PP, : x € IN) converges weakly to IP.,, which can be see here from
Proposition 4.4 (i) since X is stochastically monotone. Thus Theorem 4.5 can be applied and
writing w; = ¢pp(oco, t), we have

Vi(x) = L[PmH(x, 2) ~ F(0)Pq(dz) = f V(dy)E

(0,1]

(i) Iffoo ﬁ < 400, then w; € C1((0,00),(0,00)) , w; = —P(w;) + wih(wy) for t > 0 and

X
P (Vt>0:X,<co)=1 and IPoo(lim—t :o): 1.
tl0+ Wy

(ii) Otherwise Py (Yt > 0: X; = +00) = 1.
To compare with known results, let us note that bg(x) ~ —1(x) as x — co and

J ) W’C S L, bFl<x> o

so that we recover here the criterion of coming down from infinity obtained in [7]. This
latter is equivalent to the criterion initially proved in [29] :

(o)

-1
) v <o
n=2

where

yu==| Hmzqdz) =) (k- 1)(2)]{0 Y=y

[0.1] k>2

Remark 1 : this condition can be rewritten as LO 1/b(x)dx < oo, where b(x) is a locally Lipschitz
function, which is non-increasing and equal to —y, for any n € IN . But the proof cannot be
achieved using F = 1d, even if b(x) is non-expansive since Vy;(x) cannot be controlled.
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Finally, following [6] let us consider the flow associated to the vector field —i(exp(x))/ exp(x)
and write v; the flow starting from co. In the case (i) when the process comes down from
infinity, we can use Lemma 6.1 in Appendix to check that log(w;) —log(v;) goes to 0 as t — 0
since Pr(x) + P(exp(x))/ exp(x) is bounded. Thus

R |
~ 0D, h —infls>0: | ——dx<t
Wy tL0+ V¢ where V¢ mn {5 J; Il)(x) X }

satisfies v; = (v;) for t > 0. We recover here the speed of coming down from infinity of [6].
Remark 2 : we have here proved that the speed of coming down from infinity is w using Theorem
4.5 and [6] and then observe that this speed function is equivalent to v. It is possible to recover

directly that v is the speed of coming down from infinity by using Proposition 2.2 and a slightly
different decomposition of the process X following [6] :

t t
log(X;) :1og<xo)—fo ¢<Xs>ds+fo Llog

where A; = Jot h(X;)ds is a process with finite variations. More generally, one could extend the
result of Section 3 by adding a term with finite variations in the SDE.

X+ (-1+Ticx_ 1uis;»)+
X,_

N(ds,dy,du)+ Ay,

Remark 3 : let us also mention that the speed of coming down from infinity for some 2 coalescent
has been obtained in [25] with a similar method than [6]. The reader could find there other and
detailed information about the coming down from infinity of coalescent processes. Finally, we
mention [26, 27] for stimulating recent results on the description of the fluctuations of the A-
coalescent around the dynamical system v, for small times.

4.2.2 Birth and death processes [31, 5]

We consider a birth and death process X and we denote by Ay (resp. ) the birth rate (resp.
the death rate) when the population size is equal to k € E = {0,1,2,...}. We assume that
po=Ag=0and p; >0 for k > 1 and we denote

1 Ay A
= —, m=—tL (k>0
Hi M1 Pk
We also assume that
1
— =o0. (26)
,; ATtk

Then the process X is well defined on E and eventually becomes extinct a.s. [21, 22], i.e.
Tp = inf{t > 0 : X; = 0} < oo p.s. It is the unique strong solution on E of the following SDE

t =)
Xt = XO + J- J- (123/\&, - 1/\XS,<Z§/\XS,+I/‘X5, )N(ds, dZ)
0 Jo ‘

where N is a Poisson Point Measure with intensity dsdz on [0, 0)?. Lemma 2.1 in [5] ensures
that (IP,),cg converges weakly to IP.,. It can also be derived from Proposition 4.4 (i) since
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X is stochastically monotone. Under the extinction assumption (26), the following criterion
for the coming down from infinity is well known [1]:

) 1
§ = lim E,(Tp) = Zni + Z/\nnn Z T, < +oo. (27)

i>1 n>1 i>n+l

The speed of coming down from infinity of birth and death processes has been obtained
in [5] for regularly varying rate (with index p > 1) and a birth rate negligible compared to
the death rate. Let us here get a finer result for a relevant subclass which allows rather
simple computations and describes competitive model in population dynamics. It contains
in particular the logistic birth and death process.

Proposition 4.7. We assume that there exist b >0, ¢ > 0 and p > 1 such that
Ax = bk, Hi = ck? (k>0).

Then for any a € (0,1/2),

P, |lim t=0)(X,/w, - 1) = 0] =1,
tl0+

where
wy ~¢ )0+ [t/ (0 - 1)]1/(1_0)-

This complements the results obtained in [5], where it was shown that X,/w; — 1 as ¢ | 0.
The proof used the decomposition of the trajectory in terms of the first hitting time of in-
tegers, which works well (in one dimension) when simultaneous deaths can not occur. The
fact that X satisfies a central limit theorem when t — 0 under P, (see Theorem 5.1 in [5])
ensures that the previous result is sharp in the sense that it does not hold for a > 1/2.

Remark. Using (28) and Lemma 6.3 in Appendix, a more explicit form of the previous result can
be given for a <(p—1)A1/2:

lPoo(lim t“/(l‘(’)( i - 1) = 0) =1.
£L0+ [ct/(0—1))]/1=0)

Before the proof, we consider the critical case where the competition rate is slightly larger
than the birth rate. We recover here the criterion for the coming down from infinity using
Theorem 4.5. We complement this result by providing estimates both when the process
comes and does not come from infinity. The function fg defined by

2+x
fp(x) = L 1/4Jvlog(y)Pdy.

provides the best distance (i.e. the fastest increasing function going to infinity) allowing to
compare the process and the flow by bounding the quadratic variation. It allows in particu-
lar to capture the fluctuations when they do not come down from infinity, see (ii) below.
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Proposition 4.8. We assume that there exist b >0, ¢ > 0 and p > 0 such that
Ae=bk,  p=cklog(k+1)f  (k>0).

(i) If B>1, then P, (Vt>0:X; < +co0) =1 and

P, (g{ﬁfﬂ(xt) — fp(wy) = 0) =1,

where w; = (Pfﬁ(oo, t) e C1((0,00),(0,00)).

(i) If <1, P (Vt>0:X; =+00) =1 and for any € > 0,
fim Timsup. P, (suplfy (X~ (¢ ()] €] <.
=0 —00,x9eN t<T

We do not provide more explicit estimates for the flow ¢ ¢ or for w; in short time for that
case and we turn to the proof of the two previous propositions. Let us specify notation for
the birth and death process. Here x = [0, ), q(dz) = dz and

H(x,z) = 1,n, — 1) <z< ipry-
Letting F € C'((—1,0),R), we have fX |F(x+ H(x,z))—F(x)|g(dz) < 00 and
hp(x) = (F(x+1) = F(x))Ax + (F(x = 1) = F(x)) iy

for x € {0,1,...}. For the classes of birth and death rates A, 4 considered in the two previous
propositions, hp is well defined on (~1,00) by the identity above and hr € C!((~1,0),R).
Assumption 4.1 (ii) will be checked with a’ = —1. Finally

Ve(x) = (F(x+1) = F(x))* Ay + (F(x) = F(x = 1))*ps.
Proof of Proposition 4.7. We consider now « € (0,1/2) and
F(x)=(1+x)* (a€(0,1/2)).

Then F’(x) > 0 for x > —1 and hgp(x) = ((x+2)* = (x+ 1)%)bx + (x* — (x+ 1)%)cx? and there exists
a > 0 such that hp(x) < 0 for x > a. This ensures that Assumption 4.1 is checked with a" = -1
and a. Moreover 1r = hp o F~! is non-increasing and thus non-expansive on (F(a), ).
Adding that here

hE(X) ~y oo —Cax?Tal
we get
bp(x) = F'(x)™ hp(x) = —c(1 +2)° + O™ - (x — o0) (28)
and one can use Lemma 6.2 in Appendix with ¢ (x) = bp(x) and ¢,(x) = —cx? to check that
Pr(00,1) ~1y0. [et/(p = 1)]VI70. (29)
Finally

VE(x) = ((x+2)% = (x + 1)%)?bx + ((x + 1) = x%)?cxl ~ a’cx?t2072 (x = o0).
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Adding that for any T > 0, there exists ¢y > 0 such that ¢(co,t) < cot/1=0) for t € [0, T] and
that F~!(y) = y!/® — 1, then for any ¢ > 0, there exists ¢ > 0 such that for any t < T,

Vr,e(a,t) S e 2sup{Ve(x) : 0<x < ((Pploo,t)+ 1)+ )/ =1} < cp(¢/170))er20=2,

Using that (0 +2a -2)/(1-p)=-1+(2a-1)/(1 —p) > -1 since a < 1/2, we obtain
f Vi o(a,1)dt < co.
0

Thus Assumptions 4.1 and 4.3 are satisfied and Theorem 4.5 (i) can be applied, since LO 1/bp(x) <
oo. Defining w; = ¢p(oo, t), we get P, (limthr X —wf = 0) =1 for any a € (0,1/2). This ends
up the proof recalling (29). O]

Proof of Proposition 4.8. The criterion > 1 for the coming down from infinity can be derived
easily from the criterion S < oo recalled in (27). It is also a consequence of Theorem 4.5 using
F(x) = (1 +x)% as in the previous proof and the integrability criterion for LO 1/bg(x), using
that bp(x) = hp(x)/F’(x) ~ —cxlog(x + 1)f as x — oo.

Let us turn to the proof of the estimates (i —ii) and take F = fz. Then F(x) — oo as x — oo,

3+x 1 2+x 1
hp(x) = bx ————dy —cxlog(x) ——dy
24x +/ylog(y)P 1+x y/ylog(y)P

and its derivative is negative for x large enough. Then Assumptions 4.1 is satisfied with
again a’ = 1 and a large enough. So ¥ (x) = hp(F~!(x)) is decreasing and thus non-expansive
for x large enough. Moreover there exists C > 0 such that

2+x 1 2
VE(x) < Cx log(x)ﬁ( ) .

4
1+x ylog(y) ’

So Vi is bounded and Assumption 4.3 is satisfied. Then (i) comes from Theorem 4.5 (i) and
(i) comes from Lemma 4.6 observing that Tp . p(xy) — oo as xy — oo. O

4.2.3 Transmission Control Protocol

The Transmission Control Protocol [3] is a model for transmission of data, mixing a contin-
uous (positive) drift which describes the growth of the data transmitted and jumps due to
congestions, where the size of the data are divided by two. Then the size X; of data at time ¢
is given by the unique strong solution on [0, o) of

t
X
Xy =xo+bt - J‘ 1{u§r(Xs_)}TSN(dS’ du),
0

where xy > 0, b > 0, r(x) is a continuous positive non-decreasing function and N is PPM on
[0,00)? with intensity dsdu. This is a classical example of Piecewise Deterministic Markov
process. Usually, r(x) = cxf, with g > 0, ¢ > 0. The choice of F is a bit more delicate here
owing to the size and intensity of the fluctuations. Consider F such that F’(x) > 0 for x > 0.
Now E = [0, 00), hp(x) = r(x)(F(x/2) — F(x)),

bp=b+hp/F,  ¢p=(bF +hp)oF L.
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Finally
Vi(x) = r(x)(F(x/2) ~ F(x))®

and we cannot use F(x) = (1 + x)” or F(x) = log(1 + x)? since then the second part of As-
sumption 4.3 does not hold. We need to reduce the size of the jumps even more and take
F(x) = log(1 +log(1 + x)). The model is not stochastically monotone but Lemma 4.6 can be
used to get the following result, which yields a criterion for the coming down from infinity.

Proposition 4.9. (i) If there exists ¢ > 0 and p > 1 such that r(x) > clog(1 + x)P for any x > 1,
then for any T >0, 11 > 0, there exists K such that

inf P, (At<T:X;<K)>1-7.

X()ZO

(ii) If there exists ¢ > 0 and B < 1 such that r(x) < clog(1+x)? for any x > 0, then for any T,K > 0,

lim P, (3t <T:X;<K)=0.

x0—>oo
Thus, in the first regime, the process comes down instantaneously and a.s. from infinity,
while in the second regime it stays at infinity, even if P, has not been constructed here. In
particular, if r(x) = cxf and B, ¢ > 0, the process comes down instantaneously from infinity. If
B =0, it does not, which can actually be seen easily since in the case r(.) = ¢, X; > (x+bt)/2":,
where N, is a Poisson Process with rate ¢ and the right hand side goes to oo as xy — oo for
any t > 0.

Proof. Here E =[0,00) and we consider
F(x) =log(1 +log(1 + x))

on (a’,00) where a’ € (—1,0) is chosen such that log(1 +4’) > —1. Then

Joon 1
FO = Gt siogien) ~°
Moreover
F(x/2)—-F(x) =log (1 —¢(x)),
where

_ l+log(1+x/2) _log(2)+0O(1/(1+x))
1+log(l+x) 1 +log(1+x)

e(x) =

We consider now
r(x) =clog(1l + x)P

with ¢ >0 and B €[0,2]. We get
be(x) = b+ clog(l +x)P (1 +x)(1 +log(1 +x))log (1 — £(x)) ~ —clog(2)x log(x)”

as x — oo. Thus, Assumptions 4.1 is satisfied for a” and a large enough. Moreover

1
dx < +oo if and only if B> 1.
pr(x) yits
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We observe that when g <1, bF’ + hg is bounded. Adding that hp(x) = c¢f(x + 1)"'log(1 +
x)P=1(F(x/2)—F(x))+clog(1+x)P(F’(x/2)/2—F’(x)), we get (bF’+hg)’(x) < 0 for x large enough
when g > 1. Thus for any g > 0, ¥ = (bF’ + hg) o F~! is (0, ) non-expansive on (F(a), co), for
some « > 0 and a large enough. Finally

Vi(x) = clog(1 + x)P log(1 — e(x))? ~ clog(x)P 2

as x — oo and V¢ is bounded for f < 2. So Assumptions 4.1 and 4.3 are satisfied for a’ and a
large enough and we can apply Lemma 4.6. We get for any xy > 0and T > 0,

Py, sup [F(X¢) = F(Qp(x0, )| 2 A| < C(A,T), (30)
t<
for A large enough, where C(A,T) - 0as T — 0 and C(A,T) < C.T.sup, Vi(x)/A2.

We can now prove (i) and let > 1. There exists ¢ > 0 such that
7(x) = log(1 + x)P"?

satisfies for any x > 1 and y € [x, 2x], r(x) > 7(y). By a coupling argument, we can construct
a TCP associated with the rate of jumps 7 such that X, < X, a.s. for t € [0,inf{s > 0: X, < 1}).
Then ¢p(xg,t) < ¢pp(co,t) < oo since f > 1 ensures that the dynamical system comes down
from infinity. Letting T — 0 in (30) yields (7).

To prove (ii), we use similarly the coupling X; > X; with 7(x) = clog(1+x)P and B <1 and let
now A — oo in (30). This ends up the proof since Vr bounded ensures that C(A,T) — 0. [

4.2.4 Logistic Feller diffusions [10] and perspectives

The coming down from infinity of diffusions of the form

dZt - \['}/thBt + h(Zt)dt
has been studied in [10] and is linked to the uniqueness of the quasistationary distribution
(Theorem 7.3). Writing X; = 24/Z;/y, it becomes

dXt = dBt - q(Xt)dt,

where g(x) = x1(1/2 - 2h(yx?/4)/y). Under some assumptions (see Remark 7.4 in [10]), the
coming down from infinity is indeed equivalent to

(o] 1
—dx < 00,
f q(x)

which can be compared to our criterion in Theorem 4.5. Several extensions and new results
could be obtained using the results of this section. In particular one may be interested to mix
a diffusion part for competition, negative jumps due to coalescence and branching events. In
that vein, let us mention [24]. This is one motivation to take into account the compensated
Poisson measure in the definition of the process X, so that Lévy processes and CSBP may be
considered in general. It is left for future stimulating works. Let us here simply mention
that a class of particular interest is given by the logistic Feller diffusion :

AZ, =\lyZ,dB, + (1 Z; —aZ})dt.

The next part is determining the speed of coming down from infinity of this diffusion. This
part actually deals more generally with the two dimensional version of this diffusion, where
non-expansivity and the behavior of the dynamical system are more delicate.
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5 Uniform estimates for two-dimensional competitive Lotka-Volterra
processes

We consider the historical Lotka-Volterra competitive model for two species. It is given

by the unique solution x; = (xil),xiz)) of the following ODE on [0, c0) starting from x; =

1) (2
(xé ),xf) )):

= xil)(”cl - axil) - cx£2))

2),, 2 2 1
) = x - b - dxY), (31)
where a,b,c,d > 0. The associated flow is denoted by ¢ :
2
¢ :[0,00)2x[0,00) = [0,00)%,  P(xpt) = = (x", 7).

The coefficients a and b are the intraspecific competition rates and c,d are the interspecific
competition rates. We assume that
a,b,c,d >0

ora,b>0and c =d =0, so that our results cover the (simpler) case of one-single competitive
(logistic) model. It is well known [4, 23] that this deterministic model is the large population
approximation of individual-based model, namely birth and death processes with logistic
competition, see also Section 5.2. Moreover and more generally, when births and deaths are
accelerated, these individual-based models weakly converge to the unique strong solution
of the following SDE:

t t
xM xg”+f xM(g —anl)—CXéz))ds+J oy xMapl
0 0
t t
x? xé%j X}z)(@—bxﬁz)—dxi”)dﬁj oy xPas?, (32)
0 0

for t > 0, where B is two dimensional Brownian motion. This is the classical (Lotka-Volterra)
diffusion for two competitive species, see e.g. [9] for related issues on quasi-stationary dis-
tributions.

In this section, we compare the stochastic Lotka-Volterra competitive processes to the
deterministic flow ¢ for two new regimes allowing to capture the behavior of the process for
large values. These results rely on the statements of Section 3 which are applied to a well
chosen finite subfamily of transformations among

B

_| * 0o)2
Pﬁ,y(x)_[yxﬁ], x€(0,00)% Be(0,1], >0, (33)

using the adjunction procedure. Moreover Poincaré’s compactification technics for flows is
used to describe and control the coming down from infinity.

First, in Section 5.1, se study the small time behavior of the diffusion X = (X(l),X(z))
starting from large values. We compare the diffusion X to the flow ¢(xg,t) for a suitable
distance which captures the fluctuations of the diffusion at infinity. We then derive the way
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the process X comes down from infinity, i.e. its direction and its speed. Second, in Section
5.2, we prove that usual scaling limits of competitive birth and death processes (see (38) for
a definition) hold uniformly with respect to the initial values, for a suitable distance and
relevant set of parameters.

These results give answers to two issues which have motivated this work : first, how classi-
cal competitive stochastic models regulate large populations (see in particular forthcoming
Corollary 5.2); second, can we extend individual based-models approximations of Lotka-
Volterra dynamical system to arbitrarily large initial values and if yes, when and for which
distance. They are the key for forthcoming works on coexistence of competitive species in
varying environment. We believe that the technics developed here allow to study similarly
the coming down from infinity of these competitive birth and death processes and other
multi-dimensional stochastic processes.

5.1 Uniform short time estimates for competitive Feller diffusions

We consider the domain
D, = (a,oo)2

and the distance dg on [0,00)? defined for g > 0 by

Ap(x,9) = Jd = P21 = gB 2 =l Fyy (9= Fya(0) . (34)
We recall that a,b,c,d >0 or (a=b>0and c =d = 0) and we define
Tp(xp) =inf{t > 0: ¢p(xo,t) € D} (35)
the first time when the flow ¢ starting from x; exits D.

Theorem 5.1. Forany p€(0,1), a>0and ¢ >0,

lim sup Py, sup  dg(X;, Pp(xp, 1)) 2 €[ =0.
T=0xeD, t<TATp, (xo)

This yields a control of the stochastic process X defined in (32) by the dynamical system for
large initial values and times small enough. We are not expecting that this control hold out-
side D,. Indeed, the next result shows that the process and the dynamical system coming
from infinity have a different behavior when they come close to the boundary of (0,c0)?. It
is naturally due to the diffusion component and the absorption at the boundary.
The proof can not be achieved for = 1 since then the associated quadratic variations are
not integrable at time 0. Heuristically, vZ,dB, is of order 1/tdB, for small times. This lat-
ter does not become small when ¢t — 0 and the fluctuations do not vanish for d; in short time.
We denote @ € (—m, 1] the oriented angle in the trigonometric sense between two non-
zero vectors of R? and if ab # cd, we write

1

:—ab-cd(b—c,a—d). (36)

Xoo

The following classification yields the way the diffusion comes down from infinity.
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Corollary 5.2. We assume that o1 > 0,0, > 0 and let xq € (0,00)2.
(i) If a>d and b > c, then for any € (0,1) and € > 0,

lim limsupP,, | sup [[tX;-x, =€ [=0,
T-0 ;o500 nT<t<T

If furthermore x is collinear to x.,, the previous limit holds also for n = 0.
(i) Ifa<d and b < c and (x;,\xo) =0, then for any T > 0,

lim P,y (inf{t >0:x% = 0) < T) -1,
r—00

where i = 1 when (x:,?o) €(0,7t/2) and i = 2 when (x;,?o) € [-n/2,0).
(i1i) If (a<d and b>c) or if (a<d and b > c), then for any T >0,

lim P, (inf{t >0:xY =0} < T) =1
r—00

(iv)Ifa=d and b =c, then
li li (1) (2)\-1 _
im limsup P, (sup || tX; = (ax, " +bxy ") xq 2> €] =0.
T=0 roco t<T

In the first case (i), the diffusion X and the dynamical system x come down from infinity in
a single direction x,, with speed proportional to 1/t. They only need a short time at the be-
ginning of the trajectory to find this direction. This short time quantified by # here could be
made arbitrarily small when x; becomes large. Let us also observe that the one-dimensional
logistic Feller diffusion X; is given by Xil) for c =d = 0. Thus, taking x, collinear to x,, (i)
yields the speed of coming down from infinity of one-dimensional logistic Feller diffusions:

lim lim IP, (sup|atXt -1 > s) =0. (37)

T—(0r—o0 t<T

In the second case (i7), the direction taken by the dynamical system and the process depends
on the initial direction. The dynamical system then goes to the boundary of (0, c0)? without
reaching it. But the fluctuations of the process make it reach the boundary and one species
becomes extinct. When the process starts in the direction of x,, additional work would be
required to describe its behavior, linked to the behavior of the dynamical system around the
associated unstable variety coming from infinity.

In the third case (iii), the dynamical system ¢ goes to the boundary (0, co) x {0} when coming
down from infinity, wherever it comes from. Then, as above, the diffusion X(?) hits 0. Let us
note that, even in that case, the dynamical system may then go to a coexistence fixed point
or to a fixed point where only the species 2 survives. This latter event occurs when

T/b > 11/c, T,/d > 11/a

and is illustrated in the third simulation below. Obviously, the symmetric situation happens
when (b <cand d <a)or (b <cand d <a). Moreover, in cases (ii —iii), the proof tells us that
when X hits the axis, it is not close from (0,0). Then it becomes a one-dimensional Feller
logistic diffusion whose coming down infinity has been given above, see (37).
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In the case (iv), the process comes down from infinity in the direction of its initial value, at
speed a/t.

Finally, let us note that this raises several questions on the characterization of a process start-
ing from infinity in dimension 2. In particular, informally, the process coming down from
infinity in a direction x( which is not x, has a discontinuity at time 0 in the cases (i —ii—iii).

Simulations. We consider two large initial values xq such that || xq ||;= 10°. We plot the dy-
namical system (in black line) and two realizations of the diffusion (in red line) starting from
these two initial values. In each simulation, T; = 1,7, = 4 and the solutions of the dynamical
system converge to the fixed point where only the second species survives. The coefficient diffusion
terms are 01 = 0 = 10. We plot here G(x;) and G(X;), where

G(x,y) = (X, Y) = (log(1 + x),log(1 +v))

to zoom on the behavior of the process when coming close to the axes. The four regimes (i —ii —
iii — iv) of the corollary above, which describe the coming down from infinity, are successively
illustrated. One can also compare with the pictures of Section 5.3 describing the flow.

Two simulations for two large initial conditions (a=b=1, c=1.5, d=2)

Two simulations for two large initial conditions (a=b=1, ¢=0.5, d=0.2)

Two simulations for two large initial conditions (a=b=c=d=1)

Two simulations for two large initial conditions (a=b=1, c=0.5, d=2)
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5.2 Uniform scaling limits of competitive birth and death processes

Let us deal finally with competitive birth and death processes and consider their scaling
limits to the Lotka-Volterra dynamical system ¢ given by (31). These scaling limits are
usual approximations in large populations of dynamical system by individual-based model,
see e.g. [4, 23]. We provide here estimates which are uniform with respect to the initial
values in a cone in the interior of (0,00)?, for a distance capturing the large fluctuations of
the process at infinity. The birth and death rates of the two species are given for population
sizes ny,n, > 0and K > 1 by

n n
/\{{(nl,nz):/\lnl, ylf(nl,nz):ylnl+an1.—1+cn1.—2
K K
for the first species and by
ny n
/\If(nl,nz):/\znz, ylf(nl,nz):y2n2+lm2.?+dn2.fl

for the second species. We assume that

M—p =1, Ay —pp =1

Dividing the number of individuals by K, the normalized population size XK satisfies
t
XK =xo+ f HX(X,_,z)N(ds,dz), (38)
0 J[0,00)

where writing < = AK + X for convenience,

HK (x,2) = 1 Lok (k) = YK (K)<z<tk (Kx)) ‘ (39)

K (l{osZ—rf(Kx)sAf;(Kx)} - l{Af(Kx)Sz—Tf(KX)S/\I;(Kx)ﬂAIz((Kx)}
and N is a PPM on [0, c0) x [0, 00) with intensity dsdz. We set
Dy ={(x1,x2) € (6%00)2 DX > axy, Xp > axy),

which is required both for the control of the flow and of the fluctuations. We only consider
here the case

(b>c>0anda>d>0) or (g,b>0andc=d=0) or (a=d>0andb=c>0) (40)

since we know from the previous Corollary that it gives the cases when the flow does not go
instantaneously to the boundary of (0,c0)? in short time when coming from infinity. Thus
the flow does not exit from D, instantaneously, which would prevent the uniformity in the
convergence below. This corresponds to the cases x; = x,, and x, = X in the forthcoming
Lemma 5.7 (ii) and Figure 1.

Theorem 5.3. Forany T >0, f €(0,1/2) and a, & > 0, there exists C > 0 such that for any K > 0,
K C
sup Py (supdp(X;, p(xo,t) =€) < —.
€D, t<T K

The proof, which is given below, rely on (L, ax) non-expansivity of the flow associated with
XX, with ag — 0. Additional work should allow to make T go to infinity when K goes to
infinity. The critical power g = 1/2 is reminiscent from results obtained for one dimensional
logistic birth and death process in Proposition 4.7 in Section 4.2.2.
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5.3 Non-expansivity of the flow and Poincaré’s compactification

The proofs of the three previous statements of this section rely on the following lemmas.
The first one provides the domains where the transformation Fg, yields a non-expansive
vector field. It is achieved by determining the spectrum of the symmetrized operator of
the Jacobian matrix of ¢r 5, and provide a covering of the state space. This is the key in-
gredient to use the results of Section 3 for the study of the coming down from infinity of
Lotka-Volterra diffusions (Theorem 5.1) and the proof of the scaling limits of birth and death
processes (Theorem 5.3).

We also need to control the flow ¢ when it comes down from infinity. The lemmas of Section
5.3.2 describe the dynamics of the flow and provide some additional results useful for the
proofs. These proofs rely on the extension of the flow on the boundary at infinity, using
Poincaré’s technics, and can be achieved for more general models.

Finally, we combine these results in Sections 5.3.3 and 5.3.4 and decompose the whole tra-
jectory of the flow in a finite number of time intervals during which it belongs to a domain
where non-expansivity holds for one of the transformation Fg ,,.

As one can see on spectral computations below, non-expansivity holds in a cone. We
recall that a cone is a subset C of R? such that for all x € C and A > 0, Ax € C. We use the
convex components of open cones, which are open convex cones. For S a subset of R?, we
denote by S the closure of S.

Recalling notations of Section 3, we have here E = [O,oo)z, d=2and

¥r=(Jpb)o F71,
where

T1X1 — QX% —CX1X)

b(x) = b(xy,x;) = Tyxy — bx3 —dxix; |’

(41)

5.3.1 Non-expansitivity in cones

Let us write T = max(t;, 7p) and
qp = 4ab(1 + )’ + 4(p> - 1)cd
for convenience and consider the open cones of (0,00)? defined by

- _g B\2
Dg, = {x € (0,00)?: 4B(1 + ﬂ)(adxf + bcx%) +qpx1xp — (cyflex; P dyx} ﬁxg) > 0}. (42)
Lemma 5.4. Let € (0,1] and y > 0.
The vector field Yy, is T non-expansive on each convex component of the open cone Fg,,(Dg,y).

In the particular case a,b >0 and c =d =0, for any f € (0,1] and y > 0, Dﬁ,y = (0,00)2. But
this fact does hold in general. We need the transformations Fg ,, for well chosen values of y
to get the non-expansivity property of the flow on unbounded domains. Let us also note that
(0,00)? is not coverable by a single domain of the form Dg,, in general and the adjunction
procedure of Section 3.2 will be needed.
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Proof. We write for v = (y1,,) € [0,00)?,
Y, (0) = P1(¥) + Pop,y (¥), (43)

where
1/ _ 1/
A CRET A

B RYIIRY, VAN
By (by 83" 4y )

First, ¢ is Lipschitz on [0, c0)? with constant T since € (0, 1]. Moreover, writing Apgylx) =
T, 5., (Ep,y(x)), we have for any x € [0,00)2,

Yily) = (ﬁg;’;), Vo) =

Ap,(x)+ A’

By -1, 1-B

(x) = - 2a(1+ B)x1 + 2cfx; cy‘lx/fx;_ﬁ + dyxgx}_ﬁ
cy~'x)x, +dyx§xi_ﬁ 2b(1+ B)xp +2dBx; )

This can be seen using (13) or by a direct computation. We consider now the trace and the
determinant of this matrix :

T(x)=Tr(Ag,(x)+ A5 (x)),  Alx)=det(Ag, (x)+ A}, (x)). (44)
As >0 and x € (0,00)?, T(x) < 0, while

A(x) = (2a(1+ B)x; +2cpx)(2b(1 + B)xy +2d ;) — (e afxy P + dyxﬁx}‘ﬁ)z. (45)

It is positive when x = (x1,x3) € Dy ,, and then the spectrum of Ag, (x) + A*ﬁ’y(x) is included
in (—oo,0]. Recalling table 1 in [2] or the beginning of Section 2, this ensures that 1,4 ,, is
non-expansive on the open convex components of Fg, (Dg ). Then z,l)pm is T non-expansive
on the open convex components of Fg,(Dg,). Let us finally observe that Dg, and thus
Fg . (Dg,) are open cones, which ends up the proof of (i).

We define now
Copy = {x €(0,00) : x1/x, € (0,7)U(xp,, —11,xp,, +1) U (1/17,00)},

writing xg, = (dyz/c)l/(zﬁ_l) when it is well defined. The next result ensures that these
domains provide a covering by cones for which non-expansivity hold. The case c =d =0 is
obvious and we focus on the general case.

Lemma 5.5. Assume that a,b,c,d > 0. Let y >0, p € (0,1) — {1/2} such that qg > 0.
There exists 1> 0 and A> 0 and p > 0 such that

(i) C?],ﬁ,)/ C Dﬂﬂ/‘

(ii) for any y,y” which belong both to a same convex component of the cone Fg ,,(C, 5 ,,) and to
the complementary set of B(0,A), then

(r,, 9) = E,, )0 =9) <=yl ALY 1)1y =113 - (46)
Proof. (i) The inclusion {x €(0,00)%:xy = xny} C Dg,,, comes from the fact that
_ _ 2
x1 = (dy?/c)/ Uy, implies that (cy_lexé p —dyx} ﬁxg) =0
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and the fact that gg > 0. The inclusion {x €(0,00)% 1 x1/x, € (0,)U (1/11,00)} C Dy, is ob-
tained by bounding

_ 1- 1- 2 11 2
(cy 1xfx2 ﬁ—dyxl ﬁxé) S(cy 1771 ﬁ+dy17ﬁ) x%

when x; < nx;. Indeed, a,d > 0 and letting # be small enough such that 45(1 + g)ad >
(cy~'n'=P + dynP)? yields the result since g € (0,1).

(ii) Recalling notation (44), for any x € [0,00)? —{(0,0)}, T(x) < 0 and the value of A(x) is
given by (45). Let x¢ # 0 such that A(xg) > 0, then there exist v{,v, > 0 and some open ball
V(xg) centered in x,, such that for any x € V(x;), we have —v; < T(x) < 0 and A(x) > v;. So for
any A >0 and x € V(xp),

T(Ax) = AT(x) € [-Av1,0),  A(Ax) = A2A(x) € [A%v,, ).

*

Writing E the largest eigenvalue of Ag ), + Ag

we have for any x € V(xp),

A 5 %2

E(Ax) <2 () o

since A (resp. T) gives the product (resp. the sum) of the two eigenvalues. We obtain
that there exists u > 0 such that for any x in the convex cone C(x() generated by V(x,), the
spectrum of Ag ,,(x) +A;W(x) isincluded in (—co,—2pu || x ||2]. Recalling that Ag,, = Jps5, 0 Fpy
and $ < 1, there exists y'such that the spectrum of ]¢2,ﬁ,y(y)+]l712,ﬁ,y(y) isincluded in (oo, -2 ||
v |l2] for any y € Fg ,,(C(x¢)) such that || p [[> 1. Then

(2,5, @) =25, @) =9) <=V AlY 1)1y =913,

for any ,3” in a convex set containing Fg ,,(C(xo))NB(0, 1), see again Table 1 in [2] for details.
Recalling now (43) and that 1, is Lipschitz with constant 7, there exists A > 0 such that

(Yr,, @) = pr,, (¥)(r-7) < —%Pi(ll Yl AlY l2)- 1y =" 115

for any y,y’ € B(0,A)° which belong to convex component of Fg,(C(xp)). We conclude by
choosing n>0 such that C’],ﬁ,)/ C Uxoe{xy,(O,l),(l,O)}C(xO)' 0

5.3.2 Poincaré’s compactification and coming down from infinity of the flow

To describe the coming down from infinity of the flow ¢, we use the following compactifi-
cation K of [0, oo)2 :

X1 X 1

K(x) = K(x1,x,) = , ,
( ) ( 1 2) 1+X1+X2 1+X1+X2 1+X1+X2

= (¥1,%2,93)

The application K is a bijection from [0, o0)? into the simplex S defined by

S={yel0,1Px(0,1]: 91+ +y3=1} cS={ye[0,1]>:p; +p, +y3 = 1}.
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We note dS the outer boundary of S :

dS=8-S={(y1,1-v1,0): 91 €[0,1]} = {}LrglC(rx) :x €[0,00)% - {(0,0)}}.

The key point to describe the direction of the dynamical system ¢ coming from infinity is the
following change of time. It allows to extend the flow on the boundary and is an example of
Poincaré ’s compactification technics, which is particularly powerful for polynomial vector
field [16]. More precisely, we consider the flow ® of the dynamical system on S given for
zp€S and t > 0 by

d
_(D(ZOr t) = H((D(Zor t))! (47)

(D(ZOfO) =20, ot

where H is the Lipschitz function on S defined by

HY(1,92,95) = »192l(b=0)ya+(d—a)y ]+ y193(t1 = 12 = )ya —ay; + 9371 ]
D (w1,92,93) = vivala—d)y; +(c=b)yal+v293[(Ta — 71 — d)y1 = by +9375]
H®(91,92,93) = p3(apf +by3 +(c+d)yi1v2 — 119193 — T29203)- (48)

The study of @ close to dS is giving us the behavior of ¢ close to infinity using the change
of time ¢ € C!([0, 00)? x [0, ), [0, 00)) defined by

d
P(x0,0)=%0, = @(xo,1) =1+ [ P(xo, ) [l -
Lemma 5.6. For any x € [0,00)? and t > 0,

K(p(x0, 1)) = P(K(x0), ¢(x0,1)).

Proof. We denote by (y; : t > 0) the image of the dynamical system (x; : t > 0) through K :

¥ = K(x¢) = K(P(xo, 1)).

Then
v =G(x)=GoK ()
where X 2
G(l)(x X)) = (d- a)x1x2 +(b—c)x x5 + (1] — Ty — €)X 1 X — axy + 11X}
v (1+x1+x5)2
and , X 2
G (x1,x,) = (c=b)xyxy + (a—d)xpx] + (T2 — 71 —d)x2x) = bxj + Tox)
v (1+x1+x5)2
and . X
G®)(xy,x,) = axy +bx; + (c+d)x1x) — 11X — X
1,A2) — .

(1 + X1+ X2)2

Using that x; = y;/y; and x, = y,/y5 and recalling the definition (48) of H, we have

GoK(y) = %H(y) (49)
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for v = (v1,v2,93) € S. The key point in the theory of Poincaré is that H is continuous on S
and that the trajectories of the dynamical system (z; : t > 0) associated to the vector field H :

z; = H(z)

are the same than the trajectories of (y, : t > 0) whose vector field is G o K~!. Indeed the
positive real number 1/y; only changes the norm of the vector field and thus the speed at
which the same trajectory is covered. The associated change of time v; = ¢(x,, t) such that

Zy, =Yt = K(x;)

can now be simply computed. Indeed (z,,)’ = H(y;)v{ coincides with y; = G o K=1(y;) as soon
as

1 1
'U, == =1+ Xq, t y
t y§3) IC(S)((P(X(), t)) ” <I5( 0 ) ”l
using (49). This completes the proof. O]

To describe the direction from which the flow ¢ comes down from infinity, we introduce
the hitting times of cones centered in x :

t_(x0,x,€) = inf{(;s,\x) €[-¢,+¢]}, ti(xg,x,¢)= inf {(x/s,\x) Z[-2¢,+2¢l}, (50)
s>0 s>t_(xg,X,€)

where we recall that x; = ¢(x(,s) and inf @ = co. The directions x; of the coming down from
infinity are defined by

* Xy = Xs if b>cand a > d, where x, has been defined in (36).

. Xg:(1/a,0)ifb>candasd;orifb2canda<d;orifc>bandd>aand(x;x\oo)>0.

. Xg:(O,l/b)ifa>dandbSC;orifazdandb<c;orifc>bandd>aand(x;x\oo)<0.
(2)

* xy=Xpifa=d and b =c, where Xy = xo/(axf)l) +bx, ') for any xg € (0, 00)>.

The proof is given below and rely on the previous compactification result. We can then spec-
ify the speed of coming down from infinity of the flow ¢ since the problem is reduced to the
one dimension where computations can be easily lead.

Figure 1 : flow close to infinity. We draw the four regimes of the compactified flow ® starting close
or on the boundary dS and below the associated behavior of the original flow ¢ on [0,00)%. The
fixed points of the boundary are fat.
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Lemma 5.7. (i) For any T > 0, there exists cp > 0 such that || ¢(xo,t) ||; < cp/t for all xq € [0, 00)?
and t € (0,T].
(ii) For all xo € (0,00)? and € > 0,

lim t_(rxg,x¢,€) =0, lim t,(rxg,x¢,€) > 0.
r—o0 r—oo
(iii) Moreover,
limlimsup| | tp(rxo, t) 1 — Il xe |1 | =0.
=0 r-co

Proof. (i) Using a > 0, we first observe that

in the time intervals when xil) > 27y/a. Solving (xil))’ = —(xil))

2a/2 proves (i).
(i1) We use the notation (47) and (48) above and the dynamics of z; = ®(z,t) on the
invariant set dS is simply given by the vector field H(y;,v,,0) for y; € [0,1], y; +y, = 1:

HY(y1,9,,0) = ~HP(91,9,,0) = y19,[(b — )y, + (d — a)p, .

The two points (1,0,0) and (0,1,0) on dS are invariant for the dynamical system (z; : t > 0).
Let us first consider the case when a # d or b # c. There is an additional invariant point in
dS if and only if

(b—c)(a—d)>0.

Thus, if (b—c)(a—d) <0, H'((0,0,0)) N dS ={(1,0,0),(0,1,0)} and z, starting from the
boundary JdS goes either to (1,0, 0) whatever its initial value z; in the interior of the bound-
ary; or to (0,1,0) whatever its initial value z; in the interior of the boundary. These cases
are inherited from the sign of b — ¢, which provides the stability of the fixed points (1,0, 0)
and (0,1,0). Then by Lemma 5.6 the dynamical system z,y, ;) = K(x;) starting close to the
boundary JS goes
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* either to (1,0,0); and then (m) becomes small, where x, = (1/4,0).
* orto (0,1,0); and then (X/t,;g) becomes small, where x, = (0,1/b).

More precisely, z issued from K(¢(rx, t)) reaches any neighborhood of (1,0,0) or (0,1,0) in
a time which is bounded for r large enough. Adding that dg(rxg,t)/dt = 1+ || ¢p(rxo,t) |l is
large before z,(,x,,) has reached this neighborhood ensures that this reaching time is arbi-
trarily small for K~!(¢(rx,.)) when r is large. This proves that t_(rxg, x¢, &) — 0 as r — co.
Moreover t,(rxg, Xz, €) is not becoming close to 0 as r — oo since the speed of the dynamical
system ¢(rxg,.) is bounded on the compacts sets of [0, c0).

Otherwise (b —c)(a—d) > 0 and
H((0,0,0)) N dS ={(1,0,0),(0,1,0), zo,},

where z, is the unique invariant point in the interior of the boundary :

1
Zoo =7 (b—c,a—-4d,0).
® b-c+a-d ( )
Then we need to see if z, is repulsive or attractive on the invariant set dS. In the case ¢ > b
and d > g, this point is attractive and z, is a a saddle and

Zoo = }LrgK(rxoo).
So Lemma 5.6 now ensures that the dynamical system x; takes the direction x, = x,, when
starting from a large initial value. As in the previous case, t_(rxg,x¢, €) — 0 and t,(rxg, x¢, €)
does not.
In the case b <cand a <d, v, is a source and the dynamical system z; either goes to (1,0,0)
(and then x;, = (1/4,0)) or to (0,1,0) (and then x, = (0,1/b)). This depends on the position of
the initial value with respect to the second unstable variety and thus on the sign of (xEx\m).

Finally, the case a = d, b = c is handled similarly noting that the whole set dS is invariant.

(1ii) We know from (ii) that the direction of the dynamical system coming from infinity
is x, and we reduce now its dynamics close to infinity to a one-dimensional and solvable
problem. Indeed, let us write

x(r) = dp(rxo, t)

and focus on the case x(gl) = 0. First, we observe that for any T > 0, there exists M > 0 such
that forany t€[0,T]and r > 1,
2 1
x47(r) < My (r). (51)

Indeed K(x;) = z,, does not come close to the boundary {(0,u,1 —u): u € [0,1]} on compact

time intervals when x(gl) # 0. Plugging (51) in (31) provides a lower bound for xil)(r) and we

obtain for any € > 0,

r—o0

£,(¢) = liminf inf{t >0: M) < (Iry |+ 1)/5} € (0, 00].
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Moreover, by definition (50), for any € > 0 and r > 0 and ¢t € [t_(rxq, X¢, €), £ (rxg, Xg, €)], We
have (x;(r),x,) < 2¢ and

<u(e), (52)

Or=—5 t(r)=t_(rxo,xp€),  t(r) = t.(rxo, X, €) Aty (u(e))

for convenience. Plugging (52) in the first equation of (31) yields for any t € [t_(r),t,(r)] and
r>1,

1)\,
—(a+cOp+ (1 +c)u(e)) < (XG)A
(x; (r)?

We get by integration, for any ¢ small enough,
1 1
@ < xil)(r) < i .
(a+cOp+ (1+c)ule))(t—t_(r)) + 1/xt7(r)(r) (a+cOp—(1+c)ule))(t—t_(r)) + 1/xt7(r)(r)

< —(a+cOp—(1+c)u(e)).

Using (ii), t_(r) — 0 and t, = liminft,(r) > 0 as r — co. Moreover x(gl)

(1)

# 0 ensures that

xti(r)(r) — 00 as r — oo. Then for any ¢ positive small enough and t <t,,
! < liminftx(l)(r) <limsup tx(l)(r) < ! .
a+cOp+(L+cu(e) = roeo ! T e P T atcO,— (1 +c)u(e)

Letting finally ¢ — 0, u(¢) — 0 and we obtain

1im1im sup |tx§1)(r) —1/(a+cO,)|=0.

-0 r5e

Using again (52) provides the counterpart for txiz) and ends the proof in the case xél) = 0.

The case x(€2> # 0 is treated similarly . O

5.3.3 Approximation of the flow of scaled birth and death processes

xK(1)
K _
<)

We use notation of Sections 3 for

with here E ={0,1,2,...}%, x = [0,), q(dz) = dz and
hi (x) = J [F(x + HX(x,2)) - F(x)]dz,
0
where HX is defined in (39). Recalling the definition of Fg ,, from (33), we get

A1 Kxq ((xl +1/K)P —xf) +Kxq (pg +axy + cxz)((xl ~1/K)P —x'lg)

K (x) = .
( ) y/\szz((x2+1/K)/5—x§)+ny2(;/t2+bx2+dx1)((x2—1/K)/3—xﬁ)

Fs, (53)
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We consider

bK

— -1 hK K — hK OF—l
Fpy ]Pﬁ,y Fpy’ I’DFM Fgy By

and we recall that D, = {(x1,X,) € (@, 00)% : x1 > ax,, x, > ax;} and

_ X1 — (ZX% —CX1X)

b(x) = TyXy — bxs —dx;x,

- -1
)’ IIDFﬁ’y - (]F‘B,yb)OFﬁ,y'
To compare these quantities and approximate the flow associated with bX, we introduce

Afﬁfy(x) =

BB-1)( (ax, +cxp)xl ! ]
2K )/(bx2+dx1)x§_1 .

Lemma 5.8. For any a > 0 and p € (0,1] and y > 0, there exists C > 0 such that for any x € D,
and y € Fg,,(Dy) and K > 2/a,

(i)
C _
1§, () =T, (x)b(x) = AF L (x) o< < 1l
(ii)
X C
1D, (x) = b(0) [l2< 2 I ¢l -
(ii1)

VK @)= r, (0)+ A5 (F5L )+ RE (FL (),

where || ng(x) Il,< C/K.

(iv) Moreover ‘:DII%;,,, is (C,C/K) non-expansive on each convex component of Fg, (Dg, N Dy),
where we recall that Dy ,, is defined in (42).

(v) Finally,

e, )= ¢r,, ) o< c%‘

Proof. First, by Taylor-Lagrange formula applied to (1 + k)P, there exists ¢y > 0 such that

5\ 5 52
OV _ B_Cpp-1_ 9 nip_ 1,82
(Z+K) Lo bl D)z

€0 pg-3
< FZ‘B
for any z> a and K > 2/a and 6 € {-1,1}, since h = 0/(Kz) € (-1/2,1/2). Using then (53) and

p-1 p-1
X 0 x;  x1(T1 —axq —cx
JE,, () = P g1 T, (X)b(x) = P -1 171~ 6%~ cxa)
’ 0 yBx; VBxy xa(1p —bxy —dxy)
yields (i), since || x ||, x; and x, are equivalent up to a positive constant when x € D,. We
immediately get (ii7) since || x ||/23_1 is bounded on [a, o0)? when g < 1.

Then (i) and the fact that there exists ¢y > 0 such that for any x € D, and u € [0, 00)?,

; x| ] -
1y, G A () o ot I, () o= co llx s Pl
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proves (ii).

We observe that Ag’ ) © Fgly is uniformly Lipschitz on Fg, (D,) with constant L since its
partial derivative are bounded on this domain. Recalling then from Lemma 5.4 (i) that ¢ i
is 7 non expansive on Fg,(Dg ), the decomposition (iii) ensures that gbllfﬂ'y is (T+L,C/K)
non-expansive on Fg ,,(Dg 5, N Dy ). So (iv) holds.

Finally, using (iii) and adding that

1AL, (E5L o) Il 1AL, (x) 12
sup K—Lr Py = sup K2V ¢
yeFﬁ,y(Da)erl || y ”2 XGDQ,K21 ” F[)’,)/(x) ||2
proves (v) and ends up the proof. O

5.3.4 Adjunction of open convex cones

We decompose the trajectory of the flow in D, = (a,0)? into time intervals where a non-
expansive transformation can be found. This relies on the next Lemma and the results of
Section 5.3.1. Recall from (35) that Tp(x() is the exit time of D for the flow started from
xo. Moreover dg(x,y) =[| Fg1(x) — Fp,1() |l2 from (34), while the definition of x; is given in
previous Section 5.3.2.

Lemma 5.9. (i) Let « > 0, p € (0,1], N € N and (C;);=1,. N be a family of open convex cones of
(0,00)? such that
(0,00 =UN, C.

Then, there exists k € N and €y > 0 and (ty(xg) : k =0,...,x) and (nx(xg) : k=1,...,x — 1) such
that for any xy € D,,

0 =tp(xg) <ti(xg) <... <te(xg) = Tp,(x0), n(x0) €{1,...,N}
and for any k <k —1 and t € [t;(xg), tx1(x0)), we have
Eal,,(d’(xo; t),€0) C Ciy(xo)-
(ii) In the case x; = x4, € (0,00)?, for any x; € (0,00)? and & > 0,

liminf Tp_(rxg) > 0.

r—00
(iii) In the case x; = (1/a,0), for any xq € (0,00)? and € > 0 and T > 0, for r large enough,
Tp,(rxg) = inf{t > 0: Pp(rxg, t) € [0,00) x[0,€]} < T.
(iv) Under Assumption (40), for any ay > 0,

. a—0
inf Tp (xg) = too.
XoeDao “
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Proof. (i) We define _
Ci={xeD,NC; : Bdﬂ(x,e) c G}

and we first observe that for ¢ small enough,
N ~2¢ _
Ul:1 Cl —_ Da,

since 8 > 0 and the open convex cones C; are domains between two half-lines of (0, 0)? and
their collection for i = 1,..., N covers (0, c0)?. We define

up(xo) = inflt > 0: p(xo,t) € C*),  wpl(xo) = inf{t = ug(xo) : p(xo,1) € Cf)
and by recurrence for k > 1,
ui(xo) = inf{t > vi_ (x0): Pp(xo,t) € CH),  vi(xo) = inf{t > uf(x) : p(xo,t) & CE}.
Let us then note that
98 =UN 9K(C;), where 9K(C;)=K(C;)-K(C;)={(t,1-1,0):t€[a;b;]}

for some 0 < a; < b; < 1. Recall that z; = ®(z(, t) has been introduced in (47) and is defined
on S. On the boundary 98, it is given by (zil), 1- zil), 0) where zil) is monotone. Outside this
boundary, (z; : t > 0) goes to a fixed point since the competitive Lotka-Volterra dynamical

system (x; : t > 0) does. This ensures that for any i € {1,...,N},

M'(xq) = max{k : v,i(xo) < oo}

is bounded for xy € D,. The collection of time intervals [u,i(xo), v]i(xo)] fori=1,...,N and
k < M'(x,) provides a finite covering of [0, Tp, (x0)]-
Adding that for t € [u]i(xo), v,i(xo)], Edﬁ((f)(xo' t),e) € C; ends up the proof.

(ii) comes simply from Lemma 5.6 which ensures that in the case x, = x,, the dynamical
system comes down from infinity in the interior of (0, 0)?, see also the first picture in Figure
1 above.

(1ii) We use again the dynamical system (z; : t > 0) given by ® and defined in (47). More
precisely, the property here comes from the continuity of the associated flow with respect
to the initial condition. Indeed, in the case x, = (1/4,0), the trajectories of (z; : t > 0) start-
ing from r large go to (1,0,0) along the boundary JS and then remain close to boundary
{(,0,1 — u) : u € [ug, 1]} for some fixed 1y < 1. This ensures that (x; : t > 0) exits from D,
through (0, c0) x {¢} and in finite time for r large enough. The fact that this exit time Tp_(rx()
goes to zero as r — oo is due to the fact that the dynamics of (x; : t > 0) is an acceleration of
that of (z; : t > 0) when starting close to infinity, with time change 1+ || ¢(xo,t) ||;.

Finally (iv) is a consequence of Lemma 5.7, noticing that Assumption (40) ensures that
X¢ € {Xoo, Xo}, 50 the dynamical system does not come fast to the boundary of (0, c0)?. O

Lemma 5.10. Let € (0,1) —{1/2} such that qg = 4ab(1 +p)? +4cd(p?-1)>0and a > 0.
There exists N > 1, (y;:i=1,...,N) € (O,cx))N, convex cones (C;:i=1,...,N), k €N, ¢y > 0,
0 =to(xg) < t1(xg) < ... < te(xq) = Tp, (x0) and ni(xg) € {1,..., N} such that :
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(i) Foreachi=1,...,N, 1[)1:/5% is T non-expansive on Fg ,, (C;) and u{ilci =(0,0)?.

(ii) For any xg € Dy, k =0,...,x =1, t € (tx(x0), trs1(X0)),
Edﬁ(qb(xor t), 50) - an(xo) N Da/Z'

(iii) Finally, for K large enough, there exists a continuous flow ¢pX such that for any xy € D,
dK(x0,0) = xg and for any k = 0,...,x — 1 and t € (t;(xg), 1 (x0) A Tp, (x0)),

_ %
Bdﬁ(‘PK(xO' t),€0/2) C Cyy(x) NDayp and ECPK(xo; t) = bfnkuo)(ﬂl)K(xol t))
and for any T > 0,
K—oco
sup dﬁ((pK(xO, t), p(xp,t)) — O. (54)
XOGDQ,
t<TD[X(JC0)/\T

Proof. We only deal with the case ¢ # 0 (and then d # 0). Indeed, we recall from Lemma
5.4 that the proofs of (i —ii) in the case ¢ = d = 0 is obvious, since one can take N = 1 and
C; = (0,00)?. Moreover the proof of (iii) is simplified in that case.

By Lemma 5.5, for any y > 0, there exists 17(B, ) > 0 such that C, g ) 5, C Dg,,, and (46) holds
for some Ag ,, g, = 0. The collection of the convex components of (Cy (3,1, : ¥ > 0) covers
(0,00)?, since it contains the half lines {(x,x,) € (0,00) : x; = x2xy,} and {x, : y > 0} = (0, 00).
We underline that this collection also contains the cones {(x1,x;) € (0,00)? : x; < 1(f,7)x2}
and {(x,x;) € (0,00)% : x; < 77(B,7)x1}. Then, by a compactness argument, we can extract a
finite covering of (0,c0)? from this collection of open convex cones. This means that there
exists N > 1 and (y; :i = 1,...,N) € (0,00)N and convex cones (C; : i = 1,...,N) such that
Uf\ilCi =(0,00)? and C; C Cy(8,y:).p.y;- By Lemma 5.4, 1/)1:/5% is T is non-expansive on Fg ,, (C;)
for each i =1,...,N, which proves (i).

We let now a > 0. The point (i7) is a direct consequence of Lemma 5.9 (i) applied to the
covering (C;:i=1,...,N) of (0,00)2. Indeed, one just need to choose ¢ small enough so that
Bdﬁ(x, €9) CD,y, for any x € D,,.

Let us now deal with (iii). First, from the proof of (i) and writing F; = Fy,,, A; = Ag ),
and p; = pg ,,, (46) becomes

(e, 0) = ¥r,@')-0 =9V < =il p I ALY 1) 1y =113, (55)

forany i = 1,...,N and y,y’ € F;(C;) N B(0,4,)", since F;(C;) is convex by construction and
included in F;(Cyg,5,),8.7:)-
We define the flow ¢1K associated to bfl_ onC;:

d
dF (x0,0) = xo, E‘Pf((xo, t) = by (¢F (xo, 1))

for xo € C; and t < TiK(xo), where TiK(xo) is the maximal time when this flow is well defined
and belongs to C;. We consider the image %EIK(VO' t) = Fi((j){((FZTl (v0), 1)) of this flow. It satisfies

_ 0 - _
b1 (Yo, t) = 9o, E‘Pf{(}’o: t) = PF (¢} (o, 1))
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for any yy € F;(C;) and t < TiK(Fi‘l(yO)). Similarly, writing $i(y0, )= Fi(qb(Fi‘l(yO), t)), we have

¢i(vo,t) = vo, %@(?o; t) = ¥r,(¢i(vo, 1))

for any yg € F;(C;) and t < Tci(Fi‘l(yO)).

Combining (55) with Lemma 5.8 (v) and observing that ||y |, A || v’ [l2=] v |, (1 —¢€¢/A) when
v € B(y,&p) and || y [|> A, the assumptions of Lemma 6.4 in Appendix are met for 1, and
z,bllf on the domain F;(C; N D,/;). We apply this lemma with # = Krg. It ensures that for any
T >0 and any sequence rg — 0,

—_~ ~ K—oo
sup 167 (v1,1) = diwo t) 2 — 0,
YoeFi(CiNDy), y1€B(yo,7k)
t<Ti,£0(y0)/\T

where T ,(yg) = sup{t € (0, Tc, (F; ' (vo))) : ¥s < t, B(;(0,5),€) C Fi(C; N Dyy»)}. Then

K—oo
sup dg(pX (x1, 1), P(x0, 1)) —> 0, (56)
XOECiﬂDa, X1 EEdﬁ (XOrrK)
t<Ti,€0 (XO)/\T

where T; .(xg) = sup{t € (0, Tc,(xg)) : Vs < t, Edﬁ(qb(xo,t),e) C C;NDg,/p}. From (ii), we also
know that Edﬁ((p(xo, t),€0) C Cy, (xo) N Daya2 for t € [tx(xo), trr1(x0) A Tp, (x0)), SO

K—oo
sup dg (PN () (1t = tr(x0)), b(x0, 1)) 0.

. X()GD“
xX1€Ba; (P (x0,tk(x0))7k)
te€[tr(x0) tar (Xo)ATp, (x0)AT)

Then for K large enough, we construct the continuous flow ¢X inductively for k = 0,...,x -1
such that for any x5 € D,,

X (x0,0)=x0, N (x0,t) = Py ) (D" (x0, ti(x0)), £ = tr(x0))
for any ¢ € [t (xg), tx+1(x0) A Tp, (x0)). This construction satisfies

K—o0
sup dg(¢X (xo,1), p(x0,) — 0
XoeDa;

te[ti(x0) tsr (X0) A Tp, (x0)AT)

and for K large enough, for any ¢ € [t(xg), tx+1(x0) A Tp_ (x0)),
Edﬂ((j)K(xo, t),€0/2) C Cyyy(xp) N Dayo-

Adding that quK is the flow associated with the vector field bll_fi ends the proof. O
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5.4 Proofs of Theorem 5.1 and Corollary 5.2 and Theorem 5.3

We can now prove the Theorem 5.1 for the diffusion X defined by (32) using the results of
Section 3. Here E =[0,00)%,d=2,q=0(H=G=0), 0 ( =0if j=iand

2
‘) =ova, o )(x> = 0\%2.

Moreover bpm = b is given by (41), ngM = (]Fﬁ,y bFﬁ’}/) o Fgly and

— _ 1 2 9 Fﬁ)/ _ 2 ﬁ_l
by, )= 5 ). (2 = 355 - 1>(y0_22x§_1 (57)
and
2 (OF 2 2,261
vpﬁ,y<x>=Z( o <x>) =/52((7(;2’)2 ;ﬁl). (58)

Proof of Theorem 5.1. Let B € (1/2,1) close enough to 1 so that g4 = 4ab(1+B)?+4cd(B?-1) > 0.
Using Lemma 5.10 (ii), we can check Assumptions 3.3 and 3.4 of Section 3 with D = D,,,
D; =CiNDys, Oj =Dy (i =1,...,N), d = dg and ¢ defined by (31). Moreover, writing
F; = Fg,, for convenience, Lemma 5.10 (i) ensures that ¢, is T non-expansive on F;(D;). We
recall also that T"° = oo and apply then Theorem 3.5 to the diffusion X and get for any ¢
small enough, for any T <1 and xy € D,,

Kol mh(xo)AT
P,, sup  dg(X;, P(xo,t)) 2 ¢e[<C J Vdﬁ,e(Fnk(xo),xo, t)dt
t

t<TATp, (xo)
for some positive constant C, by a.s. continuity of dg(X;, ¢(xo, 1)) at time T A Tp, (xg). We
need now to control V. First, we recall from Lemma 5.10 (ii) that Edﬁ(qb(xo, t),€9) C Dyyn for

xg € Dy and t < Tp_(xp). Then we use (57) to see that FZ;F[ is bounded on D, , so

cle):= sup  [bg(x) 1< oo
X0€Da, t<TDa (XO)
dy(x,(x0,1))<e

for ¢ < &y. Moreover plugging Lemma 5.7 (i) into (58) to control Vg, there exists c¢;’(¢) > 0
such that for any xy € D, and t < Tp_(xo),

Vi olFoxa )= sup (e Vel +e 1550 ) <625 + el e
xE[O,oo)2
dg(x,P(xo,t))<e

Adding that jo( —22 P 1) +elcl(e ))dt < oo for B <1, we get

lim sup P,

su dg(X,, p(xg,t))>€e]|=0
e P dp(Xs P(xo, 1))

tST/\TDa(xO)

for ¢ small enough. This ends up the proof for g < 1 close enough to 1, which is enough to
conclude, since dy is dominated by dg on D, if B’ < B. O
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We can now describe the coming down from infinity of the two-dimensional competitive
Lotka-Volterra diffusion X.

Proof of Corollary 5.2. Let us deal with (i), so x; = x4, € (0,00)? and we fix xy € (0,00)> and
n € (0,1). First, plugging Lemma 5.7 (ii) and (iii) in the inequality

_—

| tx¢(r) = Xeo 2= | I txe(r) = Il Xoo Iy |+min(|| txs(r) |2, 1] Xoo [12) Isin (%, X0l
ensures that

lim limsup sup || tx;(r) — X ||,= 0. (59)

0 rooo yT<t<T
Moreover, for any € > 0, Lemma 5.9 (ii) ensures that

liminf Tp (rxg) >0,

r—o0

where we recall definition (35) for the exit time Tp (.). Writing again x,(r) = ¢(rxo,t) for
convenience, Theorem 5.1 ensures that for any g € (0,1),

im limsup P, (sup dg(X, x4(r)) > e) =0.
t<T

1
T-0 ;o

Then, using that dg(tx, ty) = tﬁdﬁ(x,y) and || tx;(r) ||; is bounded for t <1 and r > 0 by Lemma
5.7(i), the last limit yields

lim limsup P, (sup [| X —txi(r) |[o=> s) =0, (60)

T-0 roco t<T

for any ¢ > 0, since the euclidean distance is uniformly continuous from the bounded sets of
[0, 00)? endowed with dg to R* endowed with the absolute value.
Combining (59) and (60) ensures that for any € > 0,

lim limsupIPrxo( sup || tX; — X |[2> E] =0.

T-0 roeo nT<t<T

This proves the first part of (i). The second part of (i) (resp. the proof of (iv)) is obtained
similarly just by noting that t_(rxg, X, &) = 0 (resp. t_(rxg, Xg,€) = 0) if x( is collinear to x.

For the cases (ii —iii), we know from Lemma 5.7 that the dynamical system is going to
the boundary of (0,0)? in short time. Let us deal with the case

x¢=(1/a,0)
and the case x, = (0,1/b) would be handled similarly. We fix x; € (0,00)?, Ty > 0, € € (0,1],
n>0and g €(0,1). By Theorem 5.1, there exists T < Tj such that for r large enough

lPrxo sup dﬁ(Xt!xt(r)) zel=1.
t<TATp,(rxo)
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By Lemma 5.9 (iii), for r large enough, we have Tp (rxg) =inf{t > 0: xiz)(r) <&} <T. Thus,

2
Py, (dﬁ(XTDE(er)'XTDE(rXO)(r)) > e) <n and x(TD)E(er)(r) =¢.

Fix now ¢ > 1 such that cf > 2. We get

2
P, (X(T :

b, (rxg) = € )

) B
IPTX() ((X'(TD)E(TX())) - E‘B 2 (Cﬁ - 1)€ﬁ

IPer (dﬁ(XTDf(rxo)ixTDS(er)(r)) 2 5) <1,

IA

since ef > e. By Markov property and the fact that the boundaries of [0,0)? are absorbing,
we obtain for r large enough

\%

2 2
n)(xgp)g(%) < ce, At € [Tp,(rxo), Tp, (rxg) + Ty] : X2 = 0)

> (I=n)p(ce),

2
P, (XéT’O - 0)

where
2
p(x) = IPX(X(TO) _ o).

Moreover X(?) is stochastically smaller than a one-dimensional Feller diffusion and o, # 0,
so lim, |, p(x) = 1. Letting ¢ — 0 in the previous inequality yields

11m1anPrx0 (X(ZZT)0 = O) >1-1.

r—00
Letting # — 0 ends up the proof of (ii —iii). O

Recalling notation of Section 5.3.3, we finally prove the scaling limit stated in Theorem
5.3.

Proof of Theorem 5.3. Let Ty >0and g € (0,1/2) and ay > a > 0. We first observe that assump-
tion (40) ensures that qg = 4ab(1 +B)?+4cd(p?-1)> 0. Using Lemma 5.10 (iii), Assumptions
3.3 and 3.4 are satisfied for the process XX, with the domains D = D, and D; = C;ND,/,, the
continuous flow ¢X, the transformations F; = Fg ., the times t;(.) A Tp_(.) and the integers
ni(.). Recalling that C; is convex and C; C Cyg,5,),8.7; < Dp,y,» we know from Lemma 5.8 (iv)
that l,bffi is (¢, ¢;/K) non-expansive on F;(D;) for some constant ¢; > 0. Thus, we apply Theo-
rem 3.5 and there exists ¢ = ¢X which does not depend on K so that for any K > 1, € € (0, ¢],
T <min(T :i=1,...,N)A(Ty + 1) and xy € D,

K LK 1 ;e (x0)A
Pyl sup  dpXK Kot e Zf T Fay xori
t<T/\TDa(X0) k=0

where C is positive constant which does not depend on K, x; and

—K _
V,,e(Fi,xo,1) = suple 21 VE ) I x €[0,00)%, dg(x, ¥ (x0, 1)) < €).
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Moreover for K large enough, we have 4c; Tyexp(2L; Ty) < K¢, so that T < Tf"’c"/K for i =
.,N and
L e (x0)ATo —K
Py| sup  dp(XS ¢ (xo 1) 2 e ]s Zf Va,e(Fugqpxo it (61)
t<TyATp, (xo) (x0)A Ty
Adding that
K 15(/3( )(x) = K K 2
VE =] Kb |= (Fp,y (x+ H  (x,2)) = Fg, (x + H¥(x,2))) " dz
v VFM (x)) 0

and recalling (39) and writing y; = 1,9, =, we have for i € {1,2} and x € D,,,

) 5 .
VA = [ (s VKO < )l () (- /K0 = )|
cst 28—
= ?xlzﬁ 2Xl'(1 + X1 +X2)

for some cst > 0, which depends on 8, ¥, @ and can now change from line to line.
Then for x € D,,

csty 2 cst ) o 5
| VpKﬁ (x )||1<?(xlﬂ(l+x2/x1)+x2ﬁ(1+x1/x2)) ?( 1ﬁ+ 2ﬁ)-

Moreover from Lemma 5.10 (ii7) that for K large enough, Edﬂ(cj)K(xo, t),€0/2) C Dy, for any
xg € D, and t < t(xp). Combining the last part of Lemma 5.10 (iii) and Lemma 5.7 (i),
| X (x,t) ||l < cp/t for t € [0, T]. We obtain that for any x; € D, and ¢ < £0/2,

trs1(x0) ATy trs1(x0) ATy
f =K _pcst 28
— t=Pdt

t

Vdﬁfg (F”k(xo)’ xg,t)dt <€ X
k(x0)ATy ti(x0) AT

for k € {0,...,x — 1}. Using the fact that IO t2Pdt < co for p < 1/2, we get
Kol i (x0)ATh cst
J- Vd,& (Fnk(xo X0s )dt <¢€ _2?-
k=0 XO /\TO
Recall now from Lemma 5.9 that under Assumption (40), we can choose a € (0, @g) small
enough so that Tp (xg) > Ty for any x( € D, . Using also (54), (61) becomes
K »C
sup Py, (sup dg(Xy, P(xo, b)) 2 e|<e "=,
%D, t<T, K

for € < £ A gp/2 and K large enough, where C is a positive constant which does not depend
on K. U

Remark. Let us mention an alternative approach. Using Proposition 2.2 (or extending the Corol-
lary of Section 3), one could try to compare directly the process X to the flow ¢ (instead of $pX)
and put the remaining term RX in a finite variation part A,.
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6 Appendix

We give here first three technical results to study the coming down from infinity of dynam-
ical systems in one dimension. Let i; and i, be two locally Lipschitz functions defined
on (0,c0) which are negative for x large enough. Let ¢; and ¢, the flows associated respec-
tively to 11 and 1p,. We state simple conditions to guarantee that two such flows are close or
equivalent near +oo, when ¢; comes down from infinity.

Lemma 6.1. We assume that ¢, is (L, ) non-expansive and Lo ﬁdx < oo and

a(x) = Pr(x) + h(x),

where h is a bounded function. Then ¢, comes down from infinity and

}ﬁﬂ $a(co,t) = py(co,t) = 0.

Proof. This result can be proved using Lemma 2.1 or actually mimicking its proof which can
be greatly simplified since here both processes are deterministic. By analogy, we set

t
W=t X=halon) =50+ | gr(galo s R,
0
t t
where R; = Io h(X,)ds = fo h(¢,(xp,s))ds. Then
IRyl = 2.5, <)

t
f (X, —x)dR,| < 26t | [l
0

and Lemma 2.1 ensures that for any € > 0, for T small enough,

supSt = sup |Pa(xp,t) = Pi(xp,t)| < e

xo=>1 t<T,xg=>1

Letting xy — oo yields the result, recalling that Lo ﬁdx < oo ensures that ¢ (oo, t) < oo for
any t > 0. O

Lemma 6.2. If {1(x) <0 for x large enough and Lo 1/¢1(x)dx < 00 and 1 (x) ~¢_00 P2(x), then

LO 1/¢,(x)dx < co and ¢, comes down from infinity.
If additionally ¢ (co,t) ~ ct™® as t | 0+ for some a > 0 and ¢ > 0, then

$o(co,t) ~_yg ct™7.

Proof. Let € € (0,1) and choose x; > 0 such that
(1+e€)ha(x) <1 (x) <0,
for x > x;. Then for any x( > x1,
t
br(a )2 (1) [ ol s

for t small enough. Then, ¢ (xg,t) > ¢o(c0,(1 + €)t) and
m)

P1(co,t/(1+¢)) 2 Ppr(e0, )

for t small enough. Proving the symmetric inequality ends up the proof. O]
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In the case of polynomial drift, we specify here the error term when coming from infinity.

Lemma 6.3. Let p>1,¢>0,a >0, >0 and
(x) = —cx?(1 +r(x)x™),

where r is locally Lipschitz and bounded on (x(, o) for some xq > 0.
Denoting by ¢ the flow associated to 1, we have

Bloo, t) = (ct/(p - 1)1+ F(e)r/07),
where 7 is a bounded function.

Proof. As ris bounded, there exists ¢y, c; such that
—cx?(1+c1x7%) < P(x) < —cx(1 +cpx™%)

for x large enough. Then, there exists, ¢}, ¢} such that

—ex P(1-chx%) < < —cx (1 -cyx79).

for x large enough and
P(xot) Plxort) gy P(x0,t)
—CJ- x (1 —céx_“)dxsj — S—cj x7 (1 —cjx™%)dx,
$(x0,0) (x0,0) P(¥) $(x0,0)

where the middle term is equal to t. Letting xy — oo

c
(oo, 1) 0 <t — —1¢(oo;t)—p+1 < ¢ep(oo, )0~

for some c{, ;. We know from the previous lemma that ¢(co, t) ~ (cp~1#)/(170) as t — 0 and
we get here

p(oo,t) = (ct/(p— 1)1+ O+ =V I=0))) = (et/(p - 1) IO (1 + O/ 07D))),
which ends up the proof. O

We need also the following estimates. We assume that ¢ and X are locally Lipschitz
vectors fields on the closure D of an open domain D C RY and their respective flows on
D are denoted by ¢ and ¢X. We assume that there are well defined and belongs to D re-
spectively until a maximal time Tp and Tg. We write again Tp .(xg) = sup{t > 0 : Vs <

T(xo), B(¢(xq,5),€) C D}.

Lemma 6.4. We assume that there exist A>1, ¢,y >0 and € € (0,1] such that

(p(x) = p@)-(x =) < —pll x|l x=p 115 (62)
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forany xe DNB(0,A)  and y € B(x,¢) and

1+ x
Lellx s

1) = 95 () llo< e

(63)

forany x € D and K > 1. Then, writing M = 3¢/, there exists L > 0 such that forall T > 0, >0,
K > 2max(M, n)exp((L+1/M)T)/¢, xy € D and x; € B(xg,1/K), we have Tg(xl) > Tpe(xo) and

max(M,n)exp((L+M)T
sup Il ploxoy ) - ¢ (xy, ) lps M) KP« )T)
t<TD.t(x0)/\T

Proof. Let T >0 and K > 2max(M, 7)exp((L +1/M)T)/¢, so that
max (M, 1)/K < max(M, n)elVMT/K < /2.

Write
xi=¢(xot),  xf=¢K(xt),  TK=Tp(xo) ATE (%))

for convenience and consider the time
tX =inf{t € [0, TX) : || x, — xX ||5> M/K} € (0, 00].
Let us assume that tf <Tp,e(xo) AT A TX and set
t, = inf{t € (tK, TX) || x, = %K 3> e or || x, — xK |3< M/K).

We show now that for any f € [tf, t£< A TX), we have

d
T [l =t 15= 2((x) = 5 (2D = x8) < 2(L+ /M) [ = x5 - (64)

to get from Gronwall inequality and || Xpk = xﬁ l,< max(M, n)/K that
1

I| x; —xf |l,< max(M, n)exp((L+1/M)T)/K.

This will be enough to prove the lemma since the right hand side is smaller than /2.
First, using that on the closure of DNB(0,A+1), ¢ is Lipschitz and that K || X ()= (.) ||»
is bounded on D N B(0,A + 1) by (63), there exists L > 0 such that

Il p(x) = %) < Ll x -y |l +1/K),

for any x,y € DNB(0,A+1). Then, using Cauchy-Schwarz inequality, for any t € [tf, tf ATK)
such that x, € B(0,A),

d
| xe=xp 3 < 20x = xf lall ) = R () [l
2
< 2L|lx—xf |3 ¥ Il = x; 1l
< 2L+1/M)|lx—xK|5.

since || x; — xX ||,> M/K for t < tf. This proves (64) when x; € B(0,A).
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To conclude, we consider t € [tf, tf A TX] such that x;, € B(0,A)°. Then (62) and (63) and
Cauchy-Schwarz inequality give

2(1p(x;) = P(x)). (¢ = xF) + 2(p (xF) = & (). (x, = x)

L [l xf Il
K

d K 2
E ”xt_xt ”2

IA

2=l e llall xp = x5 Nl +c [ETREA Py

and adding that || x; —xf ;> M/K = 3c/(Kp) since t < tf, we get
— |l x,—xK II%S 0.

This ends up the proof of (64) and thus of the lemma. O]
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