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Approximation of stochastic processes by non-expansive
flows and coming down from infinity

Vincent Bansaye*

November 23, 2015

Abstract

We approximate stochastic processes in finite dimension by dynamical systems. We
provide trajectorial estimates which are uniform with respect to the initial condition for
a well chosen distance. Some non-expansivity property of the flow of the dynamical is
required, which allows us to deal with non-Lipschitz vector fields. We use the stochastic
calculus and we follow the martingale technic initiated in [5] to control the fluctuations.
Our main applications deal with the short time behavior of stochastic processes starting
from large initial values. We state some general properties on the coming down from in-
finity of one-dimensional SDE. In particular, we recover and complement known results
on A-coalescent and birth and death processes. Moreover, using Poincaré’s compactifica-
tion for dynamical systems close to infinity, we develop this approach in two dimensions
for competitive Lotka Volterra diffusions and classify the coming down from infinity.
Finally, we provide uniform estimates for scaling limits of competitive birth and death
processes.

Key words: Approximation of stochastic processes, non expansivity, dynamical system, com-
ing down from infinity, scaling limits
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1 Introduction

The approximation of stochastic processes by dynamical systems has been largely devel-
oped, with a particular focus on random perturbation of dynamical systems (see e.g. [26,
15]) and the scaling limits of random models (see e.g. [14, 10]). In this paper, we are in-
terested in stochastic processes (X, : t > 0) taking values on a subset E of RY, which can be
written as

t
Xt = X() +J- lP(Xs)dS + Rt’
0

where R is a semi-martingale. Under some non-expansive property described below, we aim
at proving that X remains close to the dynamical system whose flow ¢(x, t) = x; is given by

Xp=Xo+ J: (x;)ds.

The point here is to estimate the probability of this event uniformly with respect to the ini-
tial condition xy € D, when the drift term ¢ may be non-Lipchitz on D. Our main motivation
for such estimates is the the description of the coming down from infinity, which amounts
to let the initial condition x, goes to infinity, and the uniform scaling limits of stochastic
processes describing populations models. We provide some illustrations and applications of
the results for coalescent and competitive processes.

Our approach relies on some contraction property of the flow, which provides a stability
property flow and is used in particular control theory. More precisely, we say in that paper
that a vector field is non-expansive on a domain D when it makes two trajectories become
closer and closer for the euclidian norm on a subset D of RY, which amounts to

Vx,y €D, (P(x) - Y(y)).(x-y) <0,

where . is the usual scalar product on RY. Actually, the distance between two solutions can
increase provided that this increase is not too fast. This will required for the applications.



Thus, we are working with (L, @) non-expansive vector field ¢ :

Vx,yeD,  (Px)-p@)(x-p)<Llx-pl5+allx-ypls-

The non-expansivity property ensures that the drift term can not make the distance between
the stochastic process X and the dynamical system x explode because of small fluctuations
due to the perturbation R. To control the size of these fluctuations, we are using classical
martingale technics : let us refer to [14, 10] in the context of scaling limits and to [5] for a
pioneering work on the speed of coming down from infinity of A-coalescent.

Then we estimate the probability that the stochastic process remains close to the dynam-
ical system as soon as this latter is in in a domain D where ¢ is (L, @)- non-expansive. These
estimates hold for a well chosen distance d and any xy € D :

T
]Pxo sup d(th (P(Xo, t)) 2 5] < CTJ\ Vd,e(x01 t)dt; (1)
0

t<T ATp(x)

where Tp(xg) will correspond the exit time of the domain D for the flow ¢ started at x. The
distance d will be of the form

d(x,) =l F(x) = F(@) ll2,

where F is of class C2, so that we can use the stochastic calculus. The perturbation needs to
be controlled in a tube around the dynamical system and

Vaelxos)=  sup (e [ Vi)l +& " IBp(x) |1},
d(x,qﬁfif,s))ﬁs

where Vi will be given by the quadratic variation of F(X) and br will be an additional ap-
proximation term arising from It6 formula.

We are choosing F so that a (L, @) non-expansivity property hold for the associated vector
field and the size of the fluctuations is small enough. It will be illustrated in several exam-
ples. The estimate (1) becomes uniform with respect to xy € D as soon as Vd,g(xo,s) can be
bounded by a function of time which is integrable. This choice of F is linked to the geometry
of the flow and may be subtle, see in particular the last Section. In Section 3, the results are
specified when X satisfies a Stochastic Differential Equation (SDE), which allows a diffusion
component and random jumps given by a Poisson Point measure. This is covering the range
of our application.

Then we use these estimates to characterize the coming down from infinity for some
stochastic differentials equations in IRY. Roughly speaking, we consider a domain D which
is non-bounded and let T go to 0 to derive from (1) that for any € > 0,

lim sup P, |supd(X;, ¢(xo,t)) 2 €)= 0.

T—04,eD t<T

Letting then x; go to the boundary of D in the previous limit allows us to describe the
coming down from infinity of processes in several ways.

First, the control of the fluctuations of the process X for large initial values by a dynamical
system gives a way to prove the tightness of IP, for xo € D. We can then obtain the weak



convergence of P, as xy — oo for monotone SDE. Moreover we link the coming down from
infinity of the process X to the coming down from infinity of the flow ¢.

In dimension 1, we use some monotonicity properties to determine when the process
comes down from infinity and how it comes down from infinity (Section 4). In particular, we
recover the speed of coming down from infinity of A-coalescent [5] with F = log and in that
case Vi is bounded. We also recover some results of [4] for birth and death processes and we
can provide finer estimates for regularly varying deaths rate. Here F is polynomial and Vf is
non-bounded so this latter has to be controlled finely along the trajectory of the dynamical
system. Finally, we consider the transmission control protocol which is non stochastically
monotone and requires to take F(x) = log(1 +log(1 + x))) so that the fluctuations can be
controlled.

In higher dimension, the coming down from infinity of a dynamical system is a more
delicate problem in general. Poincaré has initiated a theory to study dynamical system close
to infinity, which is particularly powerful for polynomial vector fields (see e.g. Chapter 5

n [13]). We develop this approach for competitive Lotka Volterra models in dimension 2 in

Section 5. We classify then the ways the dynamical systems can come down from infinity
and describe the counterpart for the stochastic process, which differs when the dynamical
system is getting close from the boundary of (0, c0).

The uniform estimates given above can also be used to prove convergence of scaling
limits of stochastic processes XX to dynamical systems, which are uniform with respect to
the initial condition on non-bounded domains, with a suitable distance d :

lim sup P, (sup d(Xf,qb(xo, f)=e|=0,

K—cox eD t<T

for some fixed T,¢ > 0. It is illustrated in this paper by the convergence of birth and death
processes with competition to Lotka-Volterra competitive dynamical system in Section 5.

Let us end up with other motivations for this work, some of which being linked to works
in progress.
First, our original motivation for studying the coming down from infinity is the description
of the time for extinction for competitive models in varying environment. Roughly speak-
ing, competitive periods make the size of the population quickly decrease, which can be
captured by the coming down from infinity. Let us also note that the approach developed
here could be extended to the varying environment framework by comparing the stochastic
process to a non-autonome dynamical system.
Second, the coming down from infinity is linked to the unicity of quasistationary distribu-
tion, see [27] for birth and death processes and [7] for some diffusions. Recently, the coming
down from infinity has appeared as a key assumption for the geometric convergence of the
conditioned process to the quasistationary distribution. We refer to [8] for details.
Finally, several challenges open to deal with the coming down from infinity of other models
in dimension 2 and more and with other scalings.

Notations. In the whole paper . stands for the canonical scalar product on RY, || . ||, the
associated euclidian norm and ||. ||; the L' norm. We write x = (x() : i = 1,...,d) e R a row
vector of real numbers. The product xy for x,y € RY is the vector z € RY such that z; = x;;.



We denote by B(x,¢) = {p € RY || v — x |[< ¢} the euclidian closed ball centered in x with
radius e. More generally, we note By(x,¢) = {y € R4 : d(x,p) < ¢} the ball centered associated
with the distance 4.

When y is differentiable on a open set of RY and takes values in IRY, we denote by Jy its
Jacobian and

J .
(]X(x))i’]-:% Dx)y  (G,j=1,...,d).
]

We write F~! the reciprocal function of a bijection F and A~! the inverse of a non zero real
number or invertible matrix A. If A is a matrix, its transpose is denoted by A*.

By convention inf @ = co and x A y is the smaller element of {x,y} and co A x = x.

We note d(x) ~,_,, g(x) when d(x)/g(x) - 1 as x — a.

We also use the notation L;f(x)dx < oo (resp. = o) for a € [0, 0] when there exists ag € (0, )

such that f:o f(x)dx is well defined and finite (resp. infinite).

Finally, we denote by < M > the predicable quadratic variation of a continuous local martin-
gale M and by |A| the total variation of a process A and by AX; = X; — X;_ the jump at time s
of a cadlag process.

Outline. In the next Section, we provide general results for dynamical system perturbated
by semimartingales using the non-expansivity of the flow and martingale inequality. In Sec-
tion 3, we derive approximations results for Markov process described by SDE. It relies on
a transformation F of the process for which we apply the result of Section 2. An extension
of the result by adjunction of non-expansive domains is provided and required for appli-
cations. We then study the coming down from infinity for one dimensional SDE in Section
4, with a particular focus on stochastically monotone process. Finally we study the coming
down from infinity of two dimensional competitive stochastic Lotka Volterra processes and
their approximation by scaling limits of birth and death processes.

2 Random perturbation of dynamical systems

Let (3, F,IP) be a probability space and (%) a filtration of F, which satisfies the usual
conditions. We consider a F;— adapted cadlag process X which takes its values in a subset E
of RY and satisfies for every t > 0,

t
X, =Xo+ J P(Xs)ds + Ry,
0

where X € E a.s., ¢ is locally Lipschitz on E and (R; : t > 0) is a cadlag F;-semimartingale.
The process R is given by

Ri=A;+M,  M,=M"+M¢,

with A; a cadlag F-adapted process with a.s. bounded variations paths, My a continuous
F;-local martingale, M? a cadlag F -local martingale purely discontinuous and Ry = A =
My=M§=M¢ =o0.



Our aim is to compare the process X to the solution x = ¢(xg,.) of the dynamical system
associated with the vector field ¢ and some initial condition x :

X = Xo + ft P(x;)ds.
0

For that purpose, we assume that i) can be extended to a domain E’ such that x belongs to
the interior of E’ and 1 is still locally Lipchitz on E’. Then the solution x of the equation
above exists and is unique on a time interval [0, T’(x()), where T’(xg) € (0, c0].

As briefly mentioned in the introduction, the key property to control the distance between
(X;:t>0)and (x; : t > 0) is some non-expansivity (or contraction) property of the flow. It
means that the distance between two solutions is non-increasing. This notion is classical in
dynamical system and control theory, it yields a stability property to the dynamical system.
It amounts to require that the vector field 1 is non-increasing in dimension one. We consider
here the euclidian distance to use the stochastic calculus and change this distance via a well
chosen transformation in the next Sections. Thus, we need the following definition, which
ensures the non-expansivity property of the flow for the euclidian distance, up to some term
we can control.

Definition 2.1. The vector field i : D — R is (L, &) non-expansive on D C RY if for any x,v € D,

()= p@)-(x=y) <Llix-p 5 +allx=yll.

When a = 0, we simply say that i is L non-expansive on D. If additionally L = 0, we say that
Y is non-expansive on D. We observe that

Y=A+x=A+f+g

is (L, @) non-expansive on D if A is a vector field whose euclidian norm is bounded by «
on D and x is L non-expansive on D, or f is Lipschitz with constant L on D and g is non-
expansive on D. Finally, when yx is differentiable on a convex open set O which contains D,
X is L non-expansive on D if for any x € O,

Sp(J, +1}) C (~o0,2L],

where Sp(J, +]}) is the spectrum of the symmetric linear operator (and hence diagonalisable)
Jx +]%, see table 1 in [2] for details and more general results.

2.1 Trajectorial control for perturbated non-expansive dynamical systems

The following lemma gives the trajectorial result which allows us to control the gap between
the stochastic process (X; : t > 0) and the dynamical system (x; : t > 0) by the size of the fluc-
tuations of (R; : t > 0) and the gap between the initial positions. It relies on the (L, @) non-
expansivity of the flow and the control of the stochastic integral IOt(Xs_ —X,).dR,, which is the
integral of the caglad predictable process (and thus locally bounded) (X;_—x,: 0 <s < T’(xg))
with respect to the semimartingale (R; : t > 0), see [17] Chapter I, Theorem 4.31 for a classi-
cal reference.



We set for any t < T’(x),
S¢:=sup || X5 =X [l

s<t

and ,
Ry =l Xo = x0 113 +1s,_<¢) [2J (X5 —x5)-dRs+ || [M;] ”1];
0
where [M] = [X] is the quadratic variation of the semimartingale X and
M =l DX T =< ME ST+ ) TAX, 15,
s<t

and we refer to Chapter 1, Theorem 4.52 in [17] for a classical reference. Finally, we define
Tp,e(xo) = inf{t € [0, T (x0)) : Ay € D,y € B(xs, )} A T'(x0)
the first time when the solution (x; : t € [0, T’(xg)) is at distance ¢ of the boundary of D.

Lemma 2.2. Assume that i is (L, ) non-expansive on D and let € > 0.
Then for any xg € END and T < Tp (xg) such that 4aT exp(2LT) < ¢, we have

{St=¢}C {supﬁt > 172},
t<T

where 1 = sexp(—LT)/\/E.
Proof. Let xo € END and T < T’(xq). First, we consider the quadratic variation of (X; — x; :
0 <t<T’(xg)). We have for t < T (see Chapter 1, Definition 4.4.45 in [17] or use It formula),

t
(X, —x1] = [My] = (X, — x)?  (Xo — x0) - 2f0 (X —x)d(X, - x,).

Summing on the coordinates and using the definitions of R and x, we get

t t

(X —x)(P(X,) — plxg))ds + 2f (X —x)dRo+ || M1

2 2
X -x 2 = ||Xo—xo||2+2f
0

0

Moreover for any s < Tp .(xg), xs € D and X;_ € D on the event {S;_ < ¢}. So using that ¢ is
(L, &) non-expansive on D,

s, <o) (Xom = x0)-(P(Xs0) = 9(x0)) < N5, <oy (LI X =%, 1B +ar | X =, [1)-

Then for any t < Tp (xg),
t t
s <o 1 X~ 1 < 1{st§g,[zzj X, B ds+2a | 11X~ ds
0 0
t
+ ” XO —Xp ”% +2J- (Xs— _xs)'dRs+ ” [Mt] ||1 ]
0
and by definition of R,

t
l{St,SS}SE < ZLJ- l{ssisg}sgds +2ate + sup R,.
0

s<t



By Gronwall lemma, we obtain for t < T,

l{St,gs}Stz < (ZaTe +sup Es)euT.

s<T

We assume now that T satisfies ¢
T€2LT < -
da

and choose 11 = &/(V2exp(LT)), so we have
(2aT€ + 172)€2LT <eé?

Then for any T < Tp .(x(), we get

l{sTisg}S% <¢e?  as. on the event {sup ES < 172}.

s<T

Denoting
T, = inf{s < Tp(xg) : S5 > €},

we have St . _ < ¢ and St > ¢ on the event {T,;; < T}, so that the last inequality at time
T,.i; ensures that

{Texit < T} - {supﬁs 2 772};

s<T

which ends up the proof. O

2.2 Non-expansive dynamical systems and perturbation by martingales

We use now martingale maximal inequality to estimate the probability that the distance be-
tween the process (X; : t > 0) and the dynamical system (x; : t > 0) goes beyond some level
€ > 0. Such arguments have been used in several contexts, see in particular [10] for scaling
limits. For the coming down from infinity, we refer to [5], which is dedicated to A- coales-
cent and has inspired the results below.

Proposition 2.3. Assume that 1 is (L, @) non-expansive on D and let € > 0.
Then for any xg € END and T < Tp (xo) such that 4aT exp(2LT) < ¢, we have for p >1/2,q > 0,

IP(STZE)

o-LT PALT T q
SIP(HXO—?CO o> vz)+cq€—qna (L Is, < 1114l ||1)

4pLT T p
[4
IE[U L5, <epd ll< M >||1) ]+1E ) s <o) 1AX. 13
0

+Cpq——
pd™ 2
ep s<T
or some positive constants C, (resp. C, q) which depend only on g (resp. p,d).
p q p- Cp, p yongq p-p

P

|



Proof. By definition of R and recalling that R, = A, + M,

2
{supRt > 172} C {|| Xo — X ||%2 UZ} UB,,
t<T

where
t 1 1,]2
G).dA; > — X —x.).dM, > —
Bq c {stEIPJ;) 1{55_56}(Xs— s 16}U{t<T {S,_<¢} ( s xs) s = 16}
T Ui
C —
U{J; Ls, <¢jd ll< Mg >l > 4} s§<T15 <o) | AX, |I3> :

We know that
{Sr>¢}C {supﬁt > 112}

s<T

from Lemma 2.2 and the Markov inequality yields

IP(ST > E)
2
SIP(IlXo—xO B> Z)HP(BU)
) 172 16 q t q
< {10 2 T (32) B foup [ 15 co - xa )
t<

16 2p t 2p
+(—2) E sup(J- 1{5558}(X5_—X5).dM5)
1 t<T \Jo

4 p T p 4
+(?) IE[(J- Ls, <e)d ll< M >||1) ] (—2) Zl{s <o) 1 AX, ||2
0

s<T
First using that |f.dg| <|| f ||, d || Ig| Il;, we have for t <T
t t ) T 1
f L5, <e)(Xs- —x).dAs < J Ls, <oy Il Xso = x5 [l2 dAs < é‘f Lis,_<e}dAs,
0 0 0

where A :=|| A, |-
Second, Burkholder Davis Gundy inequality (see [12], 93, chap. VII, p. 287) for the local
martingale

t
Ny = f l{SS_Ss}(Xs— —X;).d M
0
ensures that there exists Cp > 0 such that
]E(sugl Ntlzp) < CpIE([N]l%)
t<

Writing the coordinates of X and x respectively (XW:i=1,...,d)and (x):i=1,...,d) and
adding that

T d ) _ , ) . . T d
[Nﬂzj Zl{ss_gguxs‘”—xﬁ”)(XS’—xi”)d[M“%M(”]sSezj Y s, <ogd(M, M),
0 ij=1 0 ij=1



and that d[M®, MU)], < d[MD], + d[MD],, we obtain
Zp]
T d Y
J ZI{SS_SE}d[M(l)]s] ]
0 =1
T p P
E[(J L5, <epd I< M€ >s||1) )+1E ]]
0

for some positive constants C, 4 and C;j'd, where we recall that [M()], =< M%) >, + Y <t AX_?).
Using now that

[E|sup

t<T

t
J(; I{SS_SS}(XS* — X;).dM;

2
<Cpqe PIE

<C d52p

Y s <o I1AX 13

s<T

{Str>¢}C {supﬁt > 172}

s<T

Putting pieces together, we get

2 172 16¢ 1 T 1 1
P(St>¢) < IP(”Xo—xo 15> Z)-'_(?) E (J 1{55_§£}dAs) )
0

C/// T p p
,d
5= IE(U s, <epd ll< M >||1) ]+1E D s <o 1 AX, 15 ]
1 0 s<T
for some C;”d positive. Recalling that ;7 = &/(V2exp(LT)) ends up the proof. O

3 Uniform estimates for Stochastic Differential Equations

In this section, we assume that X = (X! :i = 1,...,d) is a cadlag Markov process which takes
values in E c IR? and is the unique strong solution of the following SDE on [0, o) :

t t t t
Xy = x0+J b(Xs)ds+j o*(XS)dBS+J J H(XS,Z)N(ds,dz)+J J G(X,_,z)N(ds,dz),
0 0 0 Jx 0Jx

for any x € E, where where (X, By) is a measurable space,
e B= (B(i) :i=1,...,d) is a d-dimensional Brownian motion;

* N is a Poisson Point Measure (PPM) on R" x X" with intensity dsq(dz), where q is a
sigma finite measure on (X, By); and N is the compensated measure of N.

* N, Band X, are independent;

e b=(b":i=1,...,d)and 0 = (a}i) :1,j=1,...,d) and H and G are Borelian functions
locally bounded in E.

Moreover, we follow the classical convention (see chapter II in [16]) and we assume that
HG =0, G is bounded and for any ¢t > 0,

t t
J J |H(X,_,2)|N(ds,dz) <co a.s., IE(j j | G(Xs-po,2) 13 dsq(dz) | < oo,
0 JXx 0 JXx

10



for some sequence of stopping time o, T co. We dot not discuss here the conditions which
ensure the strong existence and uniqueness of the SDE for any initial condition. This will
be classical results for the examples considered in this paper and we refer to [9] for some
gereral statement relevant in our context.

3.1 Main result

We need a transformation F to construct a suitable distance and evaluate the gap between
the process X and the associated dynamical system on a domain D.

Assumption 3.1. (i) The domain D is an open subset of RY and the function F is defined on an
open set O which contains D UE.

(ii) F € C*(O,RY) and is a bijection from D into F(D) and its Jacobian J is invertible on D.

(iii) For any x € E,

L |F(x + H(x,2))— F(x)|g(dz) < 0.

(iv) The functions x € E — b(x) and x € E — IX[P(x + H(x,z)) — F(x)]q(dz) are extendable to the
domain D UE, so that this extension is locally Lipschitz on D.

Under this assumption, F is a C? diffeomorphism from D into F(D). We require in (iii)
that the big jumps of F(X) can be compensated once we have applied the transformation F.
This assumption could be relaxed by letting the big jumps in an additional term with finite
variations, which is not contributing to the dirft component bg. This could be achieved by
using the finite variation part A; of the semi-martingale R; in the previous Section. But that
won't be used in the applications given here. Under Assumption 3.1, can set for any x € D,

br(x) = b(x) + Jp ()" (L[P(x + H(x,2)) - F)lq(d2)

and we observe that by is locally Lipschitz on D. Let us then define the associated flow ¢f
for xy € D as the unique solution of

d
¢Pr(x0,0) = xo, g%(xo: t) = bp(¢pr(xo, 1)),

for t € [0, T’(xg)), where T’(x() is some positive real number which gives the maximal time
interval on which the solution exists and belongs to D.
We introduce now the vector field ¢ defined by

¥p = (Jpbp) o F!
on the open set F(D). We remark that iy is also locally Lipschitz on F(D) and
Yo F(x) = Jp(x)b(x) + L[F(x +H(x,2)) - F(x)]q(dz) = LF(x),

where £ is the infinitesimal generator of X. We also set for any x € D,

d

— d 52 l. .
=5 Y -2 (x)Zoé’(x)oi”<x>+L[P(mG(x,z»—P<x>—1F<x>G<x,z>]q<dz)
-

N =

i8x]~ =

11



and

d . .
Z 9F 2E ak‘”(x)o-k‘f’(x>+L[F(x+H(x,z)+G(x,z))-zs(x)]zq(dz).

xz
i,j,k=1

Finally we are using the following distance on D UE to compare the process and the dynam-
ical system

dp(x,y) = F(x) = F(p) [l

and we define
Tp,e,p(xo) = inf{t € [0, T (x¢)) : Ax & D, dp(x, pp(xg, 1)) < e} A T’ (x0) (2)

which yields the time when the dynamical system is at distance ¢ from the boundary of D
for the distance df.

Theorem 3.2. Under Assumption 3.1, we assume that . is (L, &) non-expansive on F(D).
Then for any e >0 and xg e END and T < Tp . p(xo) such that 4aT exp(2LT) < ¢, we have

T
P, [supdr(X;, pr(xo,1)) 2 5) < Cde4LTJ Vi e(xo,5)ds,
t<T 0
where Cgq is a positive constant depending only on the dimension d and

Vielxos)= sup {2 [ Vp(x) I +& 7 11Bp(x) 1}

x€E
dp(x,pr(xo,5))<€

We refer to the two next Sections for examples and applications, which involve different
choices for F and (L, «) non expansivity, with potentially a or L equal to 0. The key assump-
tion here concerns the non-expansivity of ¢ for a suitable choice of F. Before the proof of

the Theorem, let us give here a useful criterion for L non-expansivity in the diffusion case
(9 = 0 and X continuous), which will be useful in Section 5.

Example. We recall from the first Section (or table 1 in [2]) that when F(D) is convex and ¢r
is differentiable on F(D), ¢ is L non-expansive on F(D) iff Sp(Jy, () +];F(y)) C (—o0,2L] for
any y € F(D). Choosing

in the case g = 0 and setting A(x) = ], (F(x)), we have for any i,j =1,...,d such that i = j

) fi”(xi) pli)

(x) = 2 pld)
Aij() = PalChe e L C) )

—b(x),  Ailx)=

Then ¢ is L non-expansive on F(D) iff the largest eigenvalue of A(x)+ A*(x) is less than 2L
for any x € D.

Proof of Theorem 3.2. First, we construct a function F € C2(RY,RY), which coincide with F
on EUD. It can be achieved by considering ¢F where ¢ € C®(RY,RY) is equal to 0 on the
complementary set of O and to 1 on DUE, since these two sets are disjoint closed sets,

12



see the smooth Urysohn lemma. For simplicity we note F for F. Using It&’s formula (see
Chapitre 2, Theorem 5.1 in [16]), we have :

d
d ; '
F(X;) = F(xg) f Zax (XS)dH.Z« a—j(xs)g]?)(xs)dBy)

1 ;

+ Zl Z Y x)0 (X)ds
+ ﬁ[ F(X,_+H(X,_,z))— F(X;_)]N(ds,dz)

Jo JE
+ " ( [F(X,_ + G(X,_,2)) — F(X,_)]|N(ds,dz)

JO0 JE

rt d OF (0
o F(Xs_+G<x5,z>>—F<Xs>—Za—xi<xs>G (Xs,2) |dsq(dz)

i
—_

1

Then the F-semimartingale Y; = F(X;) can be written as
t
Yt:Y0+f ¢F(Y5)ds+At+Mf+Mfl, (4)
0

where ip(F(x)) = Jp(x)bp(x) (%) + [ [F(x+ H(x,2)) - F(x)]9(dz);

t
A= j b (X,)ds
0

is a continuous F;-adapted process with bounded variations paths;

M; = J Z 8x, i )dB(

is a continuous J;-local martingale and writing K = G+ H,

= jtj [F(Xs- +K(X,_,2)) - F(X,_)|N(ds,dz)
0 JXx

is a cadlag F;-local martingale purely discontinuous thanks to Assumption 3.1 (iii).
We observe that the dynamical system y; = F(¢pr(xg,t)) satisfies

vo=F(xo), i =Jp(Pp(x0,t)bp(Pp(xo,t)) = Pp(v:)

and it is associated with the vector field 1. Moreover, using the notations of Section 2.1 the
first time Tg(D) (¥0) when v is at distance ¢ from the boundary of the domain F(D) coincide

with Tp . p(x() defined by (2):

T? D)’E(yo) =inf{t € [0, T'(x¢))dx & F(D), F(¢(xo,t)) € B(x,€)} A T'(xg) = Tp ¢ r(x0)-

13



Adding that ¢ is (L, @) non-expansive on F(D) and 4aT exp(2LT) < ¢, we apply now Propo-
sition 2.3 to Y on F(D) with p =g =1 and X = x¢. Then, for any T < Tp . p(x() such that

] (5)

for some constant Cy positive, since X, = x( ensures that the first probability on right hand
side in Proposition 2.3 is null. Using now

T
P(Sr>e) < cdem[elﬂa(j s, <d [[1AL ||1)
0

Y s <q IAY I3

s<T

T
+s—21EU Lis, <)d |I< M€ >s||1) +e’E
0

t d
oF oF i '
M= [ Y ST o e (X ds
ijk=1""" ]

we get

t t d il .
oF\") () (i) (j)
g < M¢ < E X X,)o (X,)ds,
J; {SS,Sa}d|l< >s||1—‘[ sup axi Xs) ax ( )Gk ( s)ak (X;)ds

0 x€E Ki=1
dF(x'¢F(X0r5))S

since here S; = sup,, || Ys = s |l2= sup,, dp(X, Pr(xo,5)). Similarly,

E| ) s <o IAY I3

s<T

T
IEU f L. <oy | (X, + K(X.,2)) ~ F(X,.) 2 dsq(dz)

IA

J sup J | F(x + K(x,2)) - F(x) |3 q(dz)ds
0

x€E
dp(x,Qp(x0,9))

and combining the two last inequalities we get

T T
(| ts s <M >0 )+ | Y.< ||An||§]sf sup Vel ds. (6)
0 0

x€E

=T dp (x. (o, <e
Finally,
T T ~
IE(J Ls, <ed [[1Als |I1) SJ sup || bp(x) [l ds (7)
0 0 x€E
dp (%, p(xo,5))<e
and the conclusion comes by plugging the two last inequalities in (5). O]

3.2 Adjunction of non-expansive domains

We provide now an extension of Theorem 3.2, which allows to study cases where a family of
transformation is used to get non-expansivity of the vector field along the whole trajectory
of the dynamical system. It will be useful to study two-dimensional competitive diffusions
in Section 5. We use again the notation

br(x) =b(x)+ Jp(x (J [F(x+ H(x,z))—F(x)]q(dz)

14



when it is well defined and we decompose the domain D into a family of subdomains D; and
require the following set of assumptions.

Assumption 3.3. (i) The domains D and (D; :i = 1,...,N) are open subsets of RY and the func-
tions F; are defined from an open set O; which contains D; and

DculN.D;,  F eC*0;,R%.

Moreover F; is a bijection from D; into F(D;) whose Jacobian is invertible on D;.
(ii) There exist a distance d on UﬁlDi UE and cy,c, > 0 such that foranyie{l,...,N}, x,y € D;,

c1d(x,y) <[| Fi(x) = Fi(p) [l2< c2d (x, ).

(iii) For each i € {1,...,N}, forany x e END;,
| 1Fitr Hn2) - Fitolg(az) < oo
X

Moreover the functions x € END; — b(x) and x e END; — j (x + H(x,2)) — Fi(x)]q(dz) are
extendable to the domain D; and these extensions are still locally Lzspchztz.

(iv) There exist a continuous flow ¢(.,.), €9 € (0,1), k > 1 and a positive function T(.) such that
for any xo € D (t(k,x¢) : k =0,...,x) and (n(k,xo) :k =1,...,k — 1) such that

0=1(0,x9) <t(1,x0) <... < t(x,x9) = T(xq), n(k,xg) €{1,...,N}

and for any € € (0,&¢], xo € D, k <k —1and t € (t(k,xq), t(k+1,x0))

$(x0,0)=x9,  Ba(Pp(xo,t),€) C Dykx,) and 5 ¢(x0, =br,.,,, (P(x0, ).

This allows us to make an adjunction of domains D; where we can find a transformation F;
to obtain a non-expansive vector field and then compare the process to a dynamical system
which may change of domains a finite number of times. This adjunction will be used in the
continuous case (H = 0) in Section 5. Let us recall that in that case by = b does not depend
on the transformation F, we require that B;(¢(xo, t), ) is included in one of the subdomains,
while ¢ is directly given by

)
¢(x0,0) = xg §¢(XOI t) = b(¢p(xo, 1)).

Recalling the notation 1 = (Jpbg) o F71,

0? . .
Z ; x; an V()0 x) + L[F (x+ G(x,2) = F(x) = JE(¥)G(x, 2)]q(d2)

l]_

and

d . .
-y a—F<x>§—;<x>a,i”<x>ak‘”<x>+L[P(HH(x 2+ Glx,2)) - F(x)Pq(d2),

£ Xi
i,j,k=1

the result can be stated as follows.
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Corollary 3.4. Under Assumption 3.3, we assume that for each i € {1,...,N}, Y, is (L;, a;) non-
expansive on F;(D;).

Then for any xo € END and ¢ small enough and T > 0 such that 4a;T exp(2L;T) < € for i €
{1,...,N}, we have

k-1 (k+1,x0)AT
H)xo sup d(th ¢(X0, )) > 5) <C ZJ‘ Vd,s(Fn(k,xo)fxOI t)dtr
t<TAT(xg) k=0 Ztkxo)AT

where C is a positive constant which depends on d, c¢1,¢cp,(L;:i=1,...N) and x and

VaelFxgs)=  sup  {e 2 | Ve(x) I +e 1 Dp(x) Il

x€E

d(x,9(xg,5))se

The proof follows the proof of Theorem 3.2 and rely on Proposition 2.3. More precisely,
we need the following lemma which is an adaptation of the previous proof. We note

b,(T) = 2V2exp(L,T), a,(T)=b, (T)cl en(T) = czcl;i%") T a e(OT)I

forn=1,...,N and observe that a,(T) > 1.

Lemma 3.5. Under the assumptions of Corollary 3.4, for any xo e END, k=0,...,k -1, ¢ €
(0, €nk,x,) and T = 0 such that 4o, )T exp(2Lyk x,) T) < €, we have

IPxo sup d(th ¢(x0, )) 2 Ean(k,xo)(T)]
t(k,xg)<t<t(k+1,x9)AT
t(k+1,X0)/\T

< P Xt btk 0)) > )+ Ca, | Vg o (1) Py X0 S)ds
t(k,xg) AT

where Cq ., is a positive constant which depends on d and c;.

Proof. We apply Proposition 2.3 to the process F,,y,)(X) on the time interval [¢(k, xo), t(k +
1,x9) A T). For that purpose we first note that by Assumption 3.3 (iv), we have

ot ¢(X0, )_ Fukxg) ((P(xO; t))

on the time interval (t(k,x), t(k + 1,x9) A T). Thus t — ¢(x¢,t) can be derived on the right at
time t(k, xo) and the equality hold on the interval [t(k, xo), t(k+1,x9) A T). As in the previous
proof, we use a function F; € Cz(le RY) which coincides with F; on D;. Then we write the
semimartingale decomposition of F;(Y;) on the time interval [t(k, xq), t(k + 1,x0) A T) and we
get the counterpart of (4):

t
Y, = Fn(k,xo)(Xt) = Yt(k,xo) + j(k )lle,,(k,XO)(Ys)dS +A: + Mtc + Mtd (8)
t »X0
Let us note
T(k,xg,e) = TDHWO) & Fyong tk+1,x0)
= 1nf{t € [t(k,XO), T(Xo)) :dx ¢ Dn(k,xo)i dﬁ " )(X,(I)(Xo, t)) < E)} A t(k + 1,X0)
n(k,xq

16



and

I(k,xo, T) =[t(k,xq), T AT(k,xo,€)).
Moreover F,, = F,, and Vg = pp, on F,(D,) = F,(D,) and this vector field is (a,,L,) non-
expansive on F,(D,). By Proposition 2.3 for p = g = 1, we get for ¢ > 0 and T such that
4an(k,x0)Texp(an(k,xO)T) <&

Py| sup dg (X, Plxo b)) =€ )
tel(kx,,T)
< H’(df”(kx (Xit(xo)r Xt(k,x0))) = €/bn(k,x0)(T)) + lellE(f Lis,_<epd 1Al ||1)
0 I(k,xo,T)
+c1,de-2[IEU s, <epd ll< M© >5||1)+ E| ) s <llAY, ||%J]
I(k,xo,T) sel(k,xy,T)

Recalling (6) and (7), we obtain

IPXO [ Sup dﬁn(k,xo)(Xt’ (P(xo’ t)) Z E]
tel(k,xo’T)
) ]P(dl?"(k»xo)(Xt(kfxo)’xt(k,xo))) > E/bn(k,xo)(T)) + Cc,l J;(k X T)Vl?n(k,xo)fg(xol s)ds. (9)
s X0,

for some constant C}; positive. Now we use Assumption 3.3 (i), which we write

cd(x,y)<dg  (xy)<cd(xp)
for x,y € Dy(k,x,) since then Fn(k,xo) = Fyy(k,x,)- By Assumption 3.3 (iv), for any t € [#(k, x¢), t(k +
1,x0)) and € € (0,¢; &9), _

an(k,xO) (<P(xo, t), 5) c Dn(k,xo)'
It ensures that

= >
TDn(k,xO)rgan(k,xO) - t(k + 1’ XO)

and I(k,xo, T) = [t(k,x0), T At(k+1,xq)). Moreover, for any t € I(k,xo, T),

{ sup dfn(k,xo)<xt,¢<xo,t>><e}c{ sup d(xp¢<x0,t>><e/c1}
tel tel

(k,x0,T) (k,xo,T)
and
(A€ k00 < /€2t TV} € {d, - itk Stkan) < /Bty (T)
and - .
an(k,xo),s(xO'S) < (Cfl + CI2)Vd’€/Cl (Fa(kxp) X0, 5)-

We obtain from (9)

Py,| sup d(thqb(xO’t))Zg/Cl]
tEI(k,Xo,T)
e . 5 TAt(k+1,x9)
<P|d(X ) >—— |+ Chlcy n 14 F ,X0,8)ds.
< ( (Xt(kxy)r Xt(k,x,)) Can(k,xO)(T))+ qler +¢ )L(k»xo) d,e/c; (Fr(k,x,) X0, 8)ds
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Using finally the quasi left continuity of X, this inequality can be extended to the closed
interval I(k,xq, T) = [t(k,x), T A t(k + 1,x9)], which ends up the proof by replacing ¢ by
€Caby(k,x)(T)- O

Proof of Corollary 3.4. Let xo € END and ¢ < min(¢; : i = 1,...,N) and T > 0 such that
4a;Texp(2LT) < e foreachi=1,...,N. Lemma 3.5 and Markov property at time t(k,xg) A T
ensure that

H)xo( sup d(th (P(xOI )) 2 Ean(k,xo)(T)’ sup d(th (f)(xol )) < 5]
(k,xo)<t<t(k+1,x0)AT t<t(k,xo)AT

(k+1,%0)AT
< Cyyq j V4 &/10)(T) (Fri(k xo)» X0, 5)ds.
t(k,xo)AT

for each k = 0,...,xk — 1. Noting Ak(xO,T) = I;<k@y(ix,)(T) and recalling that a,(T) > 1, by
iteration we obtam for e <min(e;:i=1,...,N)/Ac(xo, 1),

K—1
Py | sup d(Xy, §(xo, 1) > eAg(xo, T)
k=0 \t(kxo)<t<t(k+1,x9)AT
k+1 Xo) AT
< ch 1 f L Vd,eAk(xo,T)(Fn(k,xo)ixOls)ds'
»X0) A

This ensures that

H)xo ( sup d(Xy, p(xo,t)) 2 €A (xo, T)]
0<t<TAT(x,)

t(k+1,x0)AT

k-1

Ty

< Cqe, Ax(x0, T ZJ V a,en, (xo,T) (Fn(k,x) X0, 5)ds,
—o 7 tk,xp)A

Adding that (n(k,xg) : k = 0,...,x) takes value in a finite set and that A,(x, T) is bounded
with respect to xy by a constant depending only on «, (L; : i = 1,...,N), ¢; and c; yields the
result. O

4 Coming down from infinity for one-dimensional Stochastic Dif-
ferential Equation

In this section E C IR, D = (a,o0) for some a > 0 and following the beginning of the previous
Section, we assume that X is a cadlag Markov process which takes values in E and is the
unique strong solution of the following SDE on [0, c0) :

t
X, = x0+J b(Xs)ds+f o(X,)dB; +j j H(X,_,z)N(ds,dz) + J J X,_,z)N(ds,dz),
0

for any x, € E, where (X, By) is a measurable space; B is a Brownian motion; N is a Punctual
Point Measure (PPM) on R* x X with intensity dsq(dz); N, B and X, are independent. We
make the following Assumption, which is the counterpart of Assumption 3.1 and will be
convenient.
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Assumption 4.1. Let F € C*((a’, ), R), for some a’ € [~c0,a) such that E C (a’,0).
(i) For any x > a, F'(x) > 0 and F(x) — oo as x — oo.
(ii) For any x € E,

L( |F(x+ H(x,z))—F(x)|g(dz) < o
and

be(x) = b(x) + F'(x) ™! (L[F(x +H(x,2z)) - F(x)]g(dz)

can be extended to E U (a,0) and that this extension is locally Lipschitz on (a, o).
(iii) For any x > a, bp(x) < 0.

Let us first note that F is then a bijection from (g, 00) into (F(a), ).
As in the previous Sections, we consider now the flow ¢ given for x, € (a,00) by

d
¢Pr(x0,0) = xo, g%(xo; t) = bp(¢pr(xo, 1)),

which is well and uniquely defined and belongs to (4, ) on a maximal time interval denoted
by [0, T'(xg)), where T’(xg) € (0, 00]. We first observe that ¢r(x, t) is increasing with respect
to xg. It can be seen by recalling that the local Lipschitz property ensures the uniqueness
of solutions and thus it prevents the trajectories from intersecting. Then T’(x) is increasing
and its limit when x; T oo is denoted T’(c0). Moreover

¢r(o0,xg) = x})igloo ¢r(xo,t)

is well defined for any ¢ € [0, T'(c0)).
Using that bp(x) < 0 for x € (a,0), we get for any x € (4,00), and t < T'(xg),

d(xot) 7
dx =t.
.J;O bp(x)

L, bpl<x> =

and then ¢(co,t) < oo for any t € (0,T’(c0)) and t € [0, T’(c0)) — ¢p(c0,t) is continuous. We
then say that the dynamical system instantaneously comes down from infinity and we have

P(o0,t) = inf{s >0: —r bpl(x) dx < t}.

Otherwise, T'(c0) = +o0 and ¢ (oo, t) = +oco for any t > 0.

Either

Our aim now is to derive an analogous criterion for stochastic differential equations using
the results of the previous Section. Letting the process start from infinity requires some
additional work. Let us give a condition useful for the identification of the adherence values
of (P, : x € E).

Definition 4.2. The process X is stochastically monotone if for all xy,x; € E such that xy < x1,
forall t >0 and x € R, we have

P, (X; > x) <P, (X, > x).
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The A-coalescent, the birth and death process, diffusions and several of their extensions
satisfy this property. But the Transmission Control Protocol does not and we refer to the
examples of forthcoming Section 4.2 for details.

4.1 Weak convergence and coming down from infinity

We note R = R U {co} which we endow with the distance

d(x,y)=le —e”|

and recall that R is then polish. We also note w(f,5,[0,T]) = sup, ,.r, |t—s|§63(f:9’fl‘)' The
notations of the previous section become

Wp = (F'bp)oF7Y,

bp(x) = F”(x)o(x)? + L[F(x +G(x,z)) - F(x) - F'(x)G(x,2)]q(dz)

and

Ve(x) = (F'(x)o(x))? + L[F(x +H(x,2) + G(x,2)) - F(x)]*q(dz).

In this Section, for convenience we introduce

Vielat)= sup  {e?Vp(x)+e ' bp(x),
x€ENDg .(a,t)

where using the convention F(co) = 0o, F~!(c0) = 00, we set

Dre(a,t) = (a, F " (F((o0, 1)) +£)).
Finally, we introduce the following key assumption to use the results of the previous Section.

Assumption 4.3. The vector field g is (L, «) non-expansive on (F(a), o) and for any € >0

J' Vi (@, 1)dt < co. (10)
0
We note that in dimension 1, ¢ is (L, «) non-expansive on (F(a), o) iff for all x >y > F(a),

Ye(x) - p(y) < L(x—-p)+a.
First we give sufficient conditions for the convergence of (IPy),cf.

Proposition 4.4. We assume that X is stochastically monotone.

(i) If E ={0,1,2,...}, then (IP,) cp converges weakly as x — co in the space of probability measures
on ID([0, T], R).

(ii) If Assumptions 4.1 and 4.3 hold and Lo ﬁ < +oco and for any K > 0,

lim sup P, (w(X,9,[0,T])>¢)=0, (11)

0—=0x e, x,<K

then (IP,) e converges weakly as x — oo in the space of probability measures on ID([0, T],R).
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The convergence result (i) concern the discrete case 0 = 0. It has been obtained in [11] when
the limiting probability IP, is known a priori and the process comes down from infinity. The
proof of the tightness of (i) follows [11] and rely on the monotonicity and the fact that the
states are non instantaneous, which is here due to our cadlag assumption for any initial state
space. The identification of the limit is derived directly from the monotonicity and the proof
of (i) is actually a direct extension of Lemma in [4] for the case of birth and death processes.
This proof is omitted.

The tightness argument for (ii) is different and can be applied to processes with a contin-
uous part. Here the control of the fluctuations of the process for large values relies on the
approximation by a continuous dynamical system using Assumption 4.3 and the previous
Section. Then the tightness on compacts sets is guaranteed by (11) and we refer to the proof
below.

In the next result, we assume that (IP,),cp converges and IP, is then well defined as the
limiting probability. We then determine under Assumption 4.3 when (and how) the process
comes down from infinity.

Theorem 4.5. We assume that Assumptions 4.1 and 4.3 hold and that (P, : x € E) converges

weakly as x — oo in the space of probability measures on ID([0, T],R) to IP,.

(1) If
1
< 400,
J-oo br(x)
then
P (Vt>0:X; <+o00)=1 and Py (limP(Xt) —F(¢pp(oo,t))=0]=1.
tl0+

(ii) Otherwise P, (Yt > 0: X; = +00) = 1.

After the proof coming just below, we are considering several examples.
For the A-coalescent, we recover the speed of coming down from infinity of [5] using F = log
and in that case V is bounded.
For birth and death processes with polynomial death rates, we can use F(x) = x# (8 < 1)
and get a finer approximation of the process by a dynamical system. Then V is no longer
bounded and has to be controled along the dynamical system coming down from infinity.
When proving that birth and death processes do not come down from infinity, we are looking
for F such that Vi is bounded to use the result above, see the examples.

Let us turn to the proofs of the two last results and start with the following lemma, where
we recall the notation D = (a, ), dp(x,v) = |F(x) — F(y)| and

Tp,e p(x) = inf{t € [0, T'(xg)) : Ax € D, dp(x, pp(xq,1)) < €} A T'(x0).
from the previous Section.

Lemma 4.6. Under Assumptions 4.1 and 4.3, for any xo € END, € >0and T < Tp  p(xo) such
that 4aT exp(2LT) < €, we have

T
Py, [supdp(X;, Pr(xo,1)) = s) < Cexp(4LT)f VF}E(Q, t)dt,
t<T 0

where C is a positive constant.
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Proof. Assumption 3.1 and the (L, @) non-expansivity of ir are guaranteed respectively by
Assumptions 4.1 and 4.3. Thus, we can apply Theorem 3.2 on the domain D = (4, o0) and for
any xo € DNE and € > 0, we have

P,, sup  dp(X;, Pp(xg,t)) > e] < Cexp(4LT) JTVF,E(XO,S)dS.
t<T ATp . (%) 0
Now let t < Tp . p(x() and x € E such that dg(x, ¢p(xg,t)) < e. Then
F(a) < F(x) < F(¢pp(xo,t)) + €
and combining the monotonicities of the flow ¢y and the function F,
F(a) < F(x) < F(¢p(oo,t)) + ¢

Thus x € Dg .(a,t) and o
VF,& (xo; t) < VF,s(al t),

which ends up the proof. O

Proof of the Proposition 4.4 (ii). The fact that X is a stochastically monotone Markov process
ensures that for all xg,x; € E, xg <x1,k>0,0<t; <...<ty, ay,...,ar €R,

P, (Xy, 2ay,..., Xy, 2 ar) <Py (Xy, 2 ay,..., Xy > ag).

It can be shown by induction by using the Markov property at time t; and writing Xfl e

Xflo + B, where X* is the process X starting at x and B is a non-negative random variable 7;
measurable. Then
IPX()(th Z al,. . .,th Z le)

converges by monotonicity as xy — oo, which identifies the finite dimensional limiting dis-
tributions of (IP, : x € E) when x — co.

Writing T% = T’(c0)/2 > 0, we note that ¢p(co, T%) € (a,00) and ¢Pp(xg, T?) T Pp(oco0, T).
Using the monotonicity of t — ¢r(x, t) herited from b < 0, there exists ¢y € (0,1] and @ > a
such that for any ¢ < ¢ and xy € E N [a, ),

Tp,e,r(x9) > T (12)

Then, for any ¢ € (0, o], Lemma 4.6 yields

limsup IPXO[ sup dp(Xy, ¢p(xp, 1)) = 5) < Cl(e, Tp), (13)

Xg—00,x0€E t<TNT,

and Assumption 4.1 guarantees that for each ¢ >0, C(¢, Ty) — 0 as Ty — 0.

Let us turn to the proof of the tightness. Without loss of generality we can assume a > 0.
Noting that d(x,y) < |x—y|on [0, 00) and writing dp(x,y) = d(F(x), F(y)), we get for any Ty < T*?,

limsup P,
Xog—00,xg€E

t<T,

{sup%(xt, F(xo, 1) > e} U {dr (Xg,, dr(x0, To)) = e}] <CleTo).  (14)
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By monotone convergence of ¢r(x, t) to ¢pr(co, t) and continuity of pr(co,t) on [0, T'(e0)), we
obtain the uniform convergence of F(¢p(xg,t)) to F(¢pp(co,t)) in (R,d) for t € [0, T%]. Then

limsup PP,

Xg—00,x9€E t<Ty

{Sude(th¢F(°° t)) > } U {dp(X1,, pr(o0, Tp)) > 5}] < C(e, Tp).

Using the continuity of t € [0,T%] — F(¢g(co,t)) in (R,d), we can find 6 > 0 such that
w(F(¢(00,.)),0,[0,Ty]) < €. Then,

{w(F(X),0,[0,Ty]) = 2¢} C {supE(Xt, ¢p(oo, 1)) > s}.

t<T,

Adding that inf,¢(, ;) F'(x) > 0 for any b > a and d(x,y) — 0 as x,y — oo, for any ¢,1 > 0, there
exist T, > 0 such that

limsup P ({w(X,5,[0,Ty)) 2 &} U {d(X1,, pr(oo, Ty)) > €}) <1.

Xg—00,X9€E

The assumption f b j < +oo ensures that ¢r(co, T) < co. Then K := F~1(F(¢p(co, Ty)) + €) is
finite and recalling that b (x0, Ty) T P(o0, Tp) as x¢ T oo,

limsup Py, ({w(X,5,[0,To)) 2 ¢} U {Xg, 2K}) <7,

Xg—090,X9€E
Moreover (11) ensures that,

lim sup P, (w(X,6,[0,T-Tp])>2¢)=0
004 €[0,K]

Combining these limits we get

lim limsup P, (w(X,06,[0,T]) > 2¢) < 27.

00y Xo—00,x0€EE
and the tightness is proved. ]

Proof of Theorem 4.5. Using Assumptions 4.1 and 4.3, we can apply Lemma 4.6. We recall
the notation T = T’(c0)/2 and Tp . p > T* for € small enough and x( large enough from (12)
in the previous proof. We get for any t;, € (0,7%) and T < T” and ¢ small enough,

limsuplPxO[ sup dp(X;, ¢p(xg,t)) > e] <C(gT),

Xg—00 to<t<T
where C(e,T) > 0as T — 0.
We first consider the case (i) and the dynamical comes down from infinity. Then ¢(co,t) <

oo on [tg, T*] and ¢(xg,.) converges to ¢(co,.) uniformly on [ty, T*] using again the monotonic-
ity of the convergence and the continuity of the limit. We obtain for T < T%,

limsup]Pxo( sup dp(X;, (oo, t)) > E] <C(eT),

Xg—>00 to<t<T
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and the weak convergence of (IP, : x € E) to [P, yields
P, sup dP(Xt1¢F(°°ft)) >el< C(E,T),
tg<t<T*AT
As the right hand side does not depend on t, letting tq | 0 and then T | 0 yields
lim IPOO( sup dp(X;, Pp(oo,t)) > e) =0,
-0 0<t<T

where the instantaneous coming down from infinity of ¢ ensures that ¢(co,t) < co for any
t€(0,T]. Then

P, (limF(Xt) —F(¢p(co,1)) = o) =1
tl0+

and P (Vt > 0: X; < o0) = 1, which proves (i).

J =

we use first that T’(co) = co. Moreover ¢p(xg,t) T oo as xg T co and A > 0 and for any ¢ > 0, for
xo large enough, Tp 4 p(x¢) > t. Then using again Lemma 4.6, for any t > 0, we have

For the case

limsup Py (drp(Xy, Pp(xo,t) 2 A) < C(A, 1)

Xg—00,x9€E

and
P (X; <00) < C(A,t),

where C(A,t) > 0 as A — co. Then
IPoo(Xt = OO) = 1,

which ends up the proof since X is cadlag under P,,. O

4.2 Examples

We consider now some examples, namely A-coalescent and birth and death processes, which
are discrete Markov processes, and the TCP which is a PDMP (Piecewise Deterministic
Markov Process). This allows us to apply the previous results in different ways and illustrate
the assumptions required and the choice of F. In particular, we recover classical results on
the coming down from infinity and refine some of them. Here o = 0 and the condition al-
lowing the compensation of jumps (Assumption 4.1 (i7)) will be obvious.

Several extensions of these results could be achieved, such as mixing branching coalescing
processes or additional catastrophes. They are left for future works, while the next Section
will consider a class of diffusions in higher dimension.
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4.2.1 A-coalescent [24, 5].

Pitman [24] has given a Poissonian representation of A-coalescent. We recall that A is a
finite measure on [0,1] and we set v(dy) = y~>A(dy). Without loss of generality, we assume
that A[0,1] =1 and for simplicity, we focus on coalescent without Kingman part and assume
A({0}) = 0. We consider a Poisson Point Process on (R")? with intensity dtv(dy) : each atom
(t,v) yields a coalescence event where each block is picked independently with probability y
and all the blocks picked merge into a single bock. Then the numbers of blocks jumps from
ntoB,,+ IBW<,1, where B, , follows a binomial distribution with parameter (1,1 - ). Thus,
the number of blocks X; at time ¢ is the solution of the SDE

t ol
X=xo- [ [ e Yo,
o o [O,I]N[ Z’ e

1<i<X,_

+

N(ds,dy,du)

where N(dt,dy,du) is a PPM with intensity dtv(dy)du and here E =IN = {1,2,...}, x = [0, 1]V,
q(dz) = q(dydu) = v(dy)du, 0 =0, and

H(x,z):H(x,(y,u))z—(—1+ Z 1ui<y] .

1<i<x

We follow [5] and we denote for x € (1, 00),
D=(leo)  F=loglx)  pl= [ (e = Leapvidy)
(0,1]

In particular F meets the Assumption 4.1 (i) with a = 1 and a’ = 0. Moreover for every x € N,

hp(x) = X[F(X +H(x,2)) - F(x)]q(dz)
- [ 10g(w)q(dz)
JX x

_ (" Bx,y + 1B,f,y<x _ ¢(X)

= Jon v(dy)]E(log(—x )) =-— th)
where h is bounded thanks to Proposition 7 in [5]. Thus,

ey Plexp(x)
V() = hp(F () = = 20 + hexp(x).

Moreover h can be extended to a bounded function on (0, o), which is C 1 and such that the
previous identity hold for any x > 0. Then Assumption 4.1 (ii) is satisfied.

Lemma 9 in [5] ensures that x € (1,00) — 1(x)/x is increasing. Then ¥ is (0,2 || h ||,) non-
expansive on (0, c0). Moreover

bE(x) = F'(x)" he(x) = =(x) + xh(x)

is also locally Lipchitz on (1, 00) and the associated flow ¢ is well defined on (1, 00). Adding
that ¢(x)/x — oo as x — oo, we get bp(x) < 0 for x large enough and Assumption 4.1 (iii) is
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checked.
Finally, br = 0 since 0 = 0 and G = 0 and the second part of Proposition 7 in [5] ensures that

(log (Bx,y + :BLN ))2]

is bounded for x € IN. Then Assumptions 4.1 and 4.3 are satisfied with a = 1,4’ = 0. Moreover
(IP, : x € N) converges weakly to IP.,, which can be derived from Proposition 4.4 (i) since X
is stochastically monotone. Thus Theorem 4.5 can be applied and defining w; = ¢p(co, t), we
have

Vels) = [ [Pl Hix ) - FoPgda) = | vty

[0,1]

(i) If
1
< 400,
L, br(x)
then w, € C1((0,00),(0,0)) and w;, = ¥ (w;) + wih(w,) for t > 0 and
. ¢
P, (Vt>0:X,<c0)=1 and H)Oo(hm—:O): 1.
tl0+ Wy

(ii) Otherwise P (Yt > 0: X; = +00) = 1.
To compare with known results, let us note that bp(x) ~ 1(x) as x — co and
| gteeee ] 5
——dx<oo & < +00
P(x) oo UE(%)

so that we recover here the criterion of coming down from infinity obtained in [6]. This
latter is equivalent to the criterion initially proved in [25]:

[ee]

Zy;l < 00,
n=2
where
n _
== | Hnzadz)=) (k- 1>(k) y(1 - )" (dy)
[0,1] = [0,1]

Remark 1 : let us note that this condition can be rewritten as JOO 1/b(x)dx < oo, where b(x) is a
locally Lipschitz function, which is non-increasing and equal to —y,, for any n € IN . But the proof
cannot be achieved using F = 1d, even if b(x) is non-expansive since Vj;(x) cannot be controlled.

Finally, when the process comes down from infinity, we can use Lemma 6.1 to check that
br(x) ~ 1(x) as x — oo ensures that

. 1
Wi ~110+ Vbr where v, = 1nf{s >0: L de < t}

satisfies v/ = (v;) for t > 0. Thus, we recover here the speed of coming down from infinity
of [5].
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Remark 2 : We have here proved that the speed of coming down from infinity is w using the general
result given above and [5] and then observe that this speed function is equivalent to v. It is possible
to recover directly that v is the speed of coming down from infinity by using Proposition 2.3 and a
slightly different decomposition of the process X following [5] :

log(X;) =1log(Xy) — J;t V(Xg)ds + Lt J: J[o,1]N log

where Ay = jot h(Xs)ds is a process with finite variations. This could also be done directly by ex-
tending the result of Section 3 and adding a term with finite variations in the decomposition using
Section 2.

Xo_+ (—1 + Zisxs, Ly<y
X

N
) N(ds,dy,du) + A,,

Remark 3 : let us also mention that the speed of coming down from infinity for some = coalescents
has been obtained in [21] with a similar method than [5]. The reader could find there other and
detailed information about the coming down from infinity of coalescent processes. Finally, we
mention [22, 23] for stimulating recent results on the fluctuations the A- coalescent around the
dynamical system v, for small times.

4.2.2 Birth and death processes [27, 4] .

We consider a birth an death process X and we denote by Ay (resp. i) the birth rate when
the population size is equal to k € E = {0,1,2,...}. We assume that gy = Ay = 0 and y; > 0 for
k > 1 and we note ) I
= —, mp=——kL (k>0
H1 M1 Mk

We also assume that

1
Zm:oo. (15)

Then the process X is well defined on E and eventually become extinct [18, 19]. It is the
unique strong solution on E of the following SDE

t =)
Xt = XO + j J- (123/\&, - 1/‘XS,<Z§/\X<,+I‘X5, )N(ds, dZ)
0 Jo ‘ ‘

where N is a Poisson Point Measure with intensity dsdz on [0,00)?. Lemma 2.1 in [4] ensures
that (IP, : x € E) converges weakly to IP,. It can also be derived from Proposition 4.4 (i) since
X is stochastically monotone. Under the extinction assumption (15), the following criterion
for the coming down from infinity is well known [1]:

S= y}i_r)&IEn(To) = Zni + Z/\nlnn Z 7; < +00.

i>1 n>1 i>n+1

The speed of coming down from infinity of birth and death process has been obtained in
[4] for regularly varying rate (with index p > 1) and a birth rate negligible compared to the
death rate. Let us here get a finer result for a relevant subclass which allows rather simple
computations. In population dynamics, it is a classical model for independent birth and

27



polynomial competitive death rate, which contains in particular the logistic birth and death
process. It can be extended easily to larger classes provided that the birth and the death rates
have the same asymptotic behavior and in particular it could include Kingman coalescent
or other coalescent without multiple collisions.

Corollary 4.7. We assume that there exist ¢ >0, b > 0 and p > 1 such that
Ak = bk, py = ck® (k>1).

Then for any a € (0,1/2),

P, |lim t"=0)(X,/w, -1)= 0] =1,
tl0+

where
wy ~¢ )0+ [t/ (0~ 1)]1/(1_0)-

This complements the results obtained in [4], where it was shown that X;/w; — 1 as t |
0. The proof used the decomposition of the trajectory in terms of the first hitting time
of integers. The fact that X satisfies a central limit theorem when t — 0 under P, (see
Theorem 5.1 in [4]) ensures that the previous result is sharp in the sense that it does not
hold for a > 1/2.

Proof. We consider a € (~1,c0) and the C? function
F(x)=(1+x)* (a€(0,1/2)).
Assumption 4.1 can be checked with a’ = —1. We have here x = [0, ), g(dz) = dz,
H(x,z) = 1,cp, = 1) <o<h i,

and
hp(x) = L[F(HH(%Z))—F(x)]q(dZ)=((x+2)“—(x+1)“)/\x+(xa—(x+1)“)ﬂx

for x € {0,1,...}. This function can be extended in a locally Lipschitz function on (-1, o0) such
that for x > 0,

he(x) = ((x+2)% = (x+1)%)bx+ (x% = (x+1)%)cx?

Moreover

hF (X) ~x—o0 —cax?te!

and hp(x) is negative for x large enough since p > 1 — a. Thus, there exists a > 0 such that
Y = hp o F~! is non-increasing on (a,00) and 1f is non-expansive on (F(a), o). Here

bp(x) = F'(x) 7 hp(x)=a ' (1 +x) " %he(x) = —c(1 + x)° + O(xmax(e-L1) (16)

as x — oo and using Lemma 6.1 in Appendix with 1 (x) = bp(x) and ¥, (x) = —cx? (or making
direct computations)

(00, 1) ~j04 [ct/(0 = 1)]V 1),
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Finally
Ve(x) = ((x+2)% — (x + 1)“)2/\x +((x+1)* —x”‘)zyx ~ a?cxPria—?

as x — co. Adding that for any T > 0, there exists ¢y > 0 such that ¢(oco,t) < cot/1-0) for
t €[0,T] and that
F—l (y) — yl/a _ 1’

then for any € > 0, there exists c(’) > 0 such that forany t < T,
Veelat)<e™ sup{VF(x) : 0<x < ((Pp(oo, t)+1)% + )/ - 1} < cp(t/1me)yor2a=2,
Then, for a < 1/2,
j Vi e(a,t)dt < oo,
0

since (p+2a —-2)/(1-p)=-1+(2a—-1)/(1 —p) > —-1. Assumptions 4.1 and 4.3 are satisfied
and Theorem 4.5 (i) can be applied and defining w; = ¢ (oo, t), we have for any a € (0,1/2),

P (lim X{* —w{ = 0).

t}0+

This ends up the proof. O

Remark. Finally, we note that using (16) and forthcoming Lemma 6.2, the previous result can be
stated for a <(p—1)A1/2 as

X 1]=0]=1
e 1) =)=

P, (lim ¢%/(1-0)
t10+ [

Let us finally illustrate the criterion to know when the process comes down from infinity
for the critical case where the competition rate is slightly larger than the birth rate.
Corollary 4.8. We assume that there exist b > 0, f > 0 and ¢ > 0 such that

Ae=bk,  pp=cklog(k)f  (k>1).

If p>1, then P (Vt > 0:X; <+o0) =1.
Otherwise, Py (Vt > 0: X; = +00) = 1.

Proof. The proof can be achieved using the functions F(x) = log(1 + x) or F(x) = (1 + x)* on
(-1, 0), for some a € (0,1/2). Indeed the function

he(x) = L[F(x + H(x,z))—F(x)]g(dz) = bx(F(x + 1) = F(x)) + ¢(F(x - 1) — F(x))xlog(x)ﬁ

is well defined on (0, o) and and its derivative is negative for x large enough. So
Y(x) = he(F~! (x))
is decreasing and thus non-expansive for x large enough. Moreover
VE(x) < (Ax + ) (F(x) = F(x = 1)) < Cxlog(x)P (F(x) - F(x— 1))?

is bounded and Assumption 4.3 is satisfied. Then the result comes from Theorem 4.5 by
noting that

be(x) = (F'(x))""hg(x) = =O(xlog(x)")
as x — oo. Then JOO %(X)dx = +oo iff § > 1, which ends up the proof. O
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4.2.3 Transmission Control Protocol

The Transmission Control Protocol (TCP) [3] is a model for transmission of data, mixing a
continuous (positive) drift which describes the growth of the data transmitted and jumps
due to congestions, where the size of the data are divided by two. Then the size X; of data at
time t is given by the unique strong solution of

t
Xs_
Xt:x0+bt—J l{ugr(Xs_)} 25 N(ds,du)
0

where xy > 0, b > 0, r(x) is a continuous positive non-decreasing function and N is PPM on
[0,00)? with intensity dsdu. This is a classical example of Piecewise Deterministic Markov
process. Usually, r(x) = cxP, with p =0, c > 0. First, let us note that the process is not
stochastically monotone and the convergence of (IP, : x > 0) is left open. The choice of F is
a bit more delicate here owing to the size and intensity of the fluctuations. Consider F such
that F’(x) > 0 for x > 0. Here

br(x) =b+r(x)F (x)" (F(x/2) - F(x)),
he(x) = bF’(x)+7r(x)(F(x/2) - F(x)) and ¥p(x) = hpo F~1. As soon as r is differentiable, we have
hp(x) = bF”(x)+ r'(x)(F(x/2) = F(x)) + r(x)(F'(x/2)/2 = F(x)).
Finally
VE(x) = r(x)(F(x/2) - F(x))?

and we cannot use F(x) = (1 + x)” or F(x) = log(1 + x)? since then the second part of As-
sumption 4.3 does not hold. We need to reduce the size of the jump even more and take
F(x) = log(1 +log(1 + x)). The model is not stochastically monotone but Lemma 4.6 can be
used to get the following result, which yields a criterion for the coming down from infinity
depending on the growth of r(.).

Corollary 4.9. (i) If there exists ¢ > 0 and > 1 such that r(x) > clog(1 + x)P for any x > 1, then
forany T >0, n >0, there exists K such that

inf P, (At<T:X,<K)>21-1.

XOZO

(ii) If there exists c > 0 and B < 1 such that r(x) < clog(1+x)f for any x > 0, then for any T,K > 0,

lim P, (3t<T:X,<K)=0.

Xop—00

Thus, in the first regime, the process comes down instantaneously and a.s. from infinity,
while in the second regime it stays at infinity. In particular, if r(x) = cxf and B,c > 0, the
process comes down instantaneously from infinity. If § = 0, it does not, which can actually
be seen easily since in the case r(.) = ¢, X; > (x + bt)/2Nt, where Nj is a Poisson Process with
rate c and the right hand side goes to oo as x goes to infinity for any t > 0.

Proof. Here E =[0,00) and we consider

F(x) =log(1 +log(1 + x))
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on (a’,00) where a’ € (—1,0) is chosen such that log(1 +a’) > —1. Then

o 1
Flx) = (1+x)(1 +log(1 +x)) > 0.

Moreover
F(x/2)—F(x) =log (1 —¢&(x)),

where
_ l+log(1+x/2) _log(2)+O(1/(1 +x))

1+log(l+x) 1 +log(1+x)

e(x) =

We consider now
r(x) = clog(1 + x)P

with ¢ >0 and g € [0,2]. We get
br(x) =b+clog(1l +x)P(1+x)(1 +1log(1 +x))log (1 —e(x)) ~ —cxlog(x)ﬁ
as x — co. Thus,

|
—dx < +o00
,[x) br(x)

if and only if g > 1. Moreover hy(x) < 0 for x > a where a is chosen large enough. Thus, h is
non-increasing on (4, ) ¥r = hp o F~! is non-expansive on (F(a), o). Finally

VE(x) = clog(1 + x)P log(1 - e(x))? ~ clog(x)ﬁ_2

as x — oo and Vp is bounded since < 2. So Assumptions 4.1 and 4.3 are satisfied and we
can apply Lemma 4.6. Then we use Lemma 4.6 to get for any x; >0 and A >0,

c(T)
A2

Py, Su? |F(X¢) = F(pp(xo, 1)) 2 Al <
1<

(17)

where C(T) > 0as T — 0.
We can now prove (i). By a simple coupling argument, X; < X; a.s. for t > 0, where X; is
a TCP associated with the rate of jumps

7(x) = clog(1 + x)P"?

where f > 1. Then ¢p(x(,t) < ¢(co,t) and this latter is finite for any ¢ > 0 since > 1 ensures
that the dynamical system comes down from infinity. Letting T — 0 in (17) then yields (i).
To prove (ii), we use similarly the coupling X; > X; with 7(x) = clog(1 +x)f and g < 1 and let
A — ocoin (17). O
4.2.4 Logistic diffusions [7] and perspectives

The coming down from infinity of diffusions of the form
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has been studied in [7] and are linked to the uniqueness of the quasistationary distribution
(Theorem 7.3). Writing X; = 24/Z;/y, it becomes

dXt = dBt - q(Xt)dt,

where g(x) = x71(1/2 - 2h(yx?/4)/y). Under some assumptions (see Remark 7.4 in [7]), the
coming down from infinity is indeed equivalent to

R |
—dx < 00,
J q(x)

which can be compared to our criterion in Theorem 4.5. Several extensions and new results
could be obtained using the results of this Section. In particular one may be interested to mix
a diffusion part for competition, negative jumps due to coalescence and branching events. In
that vein, let us mention [20]. This is one motivation to take into account the compensated
Poisson measure in the definition of the process X, so that Lévy processes and CSBP may be
considered in general. It is left for future stimulating works.

Let us here simply mention that a class of particular interest is given by the logistic Feller
diffusion :

dZ, =\lyZ,dB, + (1 Z; — aZ})dt.

The next part is proving new results both on the speed of coming down of this diffusion and
the scaling limits of birth and death process to this diffusion. This part actually deals more
generally with the two dimensional version of this diffusion, where non-expansivity and the
behavior of the dynamical system are more delicate.

5 Uniform estimates for two-dimensional competitive Lotka Volterra
diffusions

We consider the 2 dimensional continuous stochastic process X = (X1, X(2)) defined as the
unique strong solution of the following SDE

axV = xW(r —axV - ex?)dt + oy xVaB

ax'? = xPr,-bx? —ax"dt + o, x1PdB?,

for t > 0, where a,b,c,d > 0. This is the classical stochastic (Lotka Volterra) model for two
competitive species. The coefficients a and b are the intraspecific competition rates and c,d
are the interspecific competition rates. We assume that

a,b,c,d>0

or a,b >0 and ¢ = d = 0 so that our results cover the (simpler) case of one-dimensional
logistic diffusions. Here again for simplicity we write

1 2
x; = plxo,t) = (2, x1?)

the dynamical system starting from x; solution of

(1))/ _ xil)(,{l —axil) —cxiz))

Py = xP (- b —axlY), (18)
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We compare for a suitable distance the diffusion X to the flow ¢(xy, t). It relies on the appli-
cation of the results of Section 3 to a well chosen family of transformations

B
Fﬁ,y(x):( xlﬁ], x € (0,00)?, Be(0,1], >0,
VX

and we use Poincaré compactification technics for flows to describe the dynamical system
coming from infinity and derive the behavior of the process X coming from infinity.

5.1 Uniform short time estimates and coming back to compact sets

We consider the domain
D, ={x€(0,00)%: % > a, x, > at}

and the distance dg on [0,00)? defined for g > 0 by

dy(x,y) = \/le — PP+ 1xb — 9012 =l Fpa (%)~ Fp1(9) 12

and we note
Tp(xg) = inf{t > 0: ¢(xo,t) € D}

the first time when the flow ¢ starting from x; exits D.

Theorem 5.1. Forany f€(0,1), a >0and € >0,

lim sup P,

sup  dg(Xy, P(xo, 1)) = €| =0.
T—)OxOEDn

tST/\TDa (Xo)

This yields a control of the stochastic process X by the dynamical system for large initial val-
ues and times small enough. We are not expecting that this control hold outside D,. Indeed,
the next result shows that the process and the dynamical system have a different behavior
close to the boundary (0, 00) x {0} U {0} x (0, c0). The proof below can not be achieved for g =1
since then the associated quadratic variations are not integrable at time 0. Heuristically,
\Z;dB, is of order V1/tdB,, which is not becoming small when ¢ — 0 and the fluctuations
are not vanishing for d; in short time.

We note @ € (—m, 1) the oriented angle in the trigonometric sense between two non-
zero vectors of R? and we write

1

= —ab—cd(b—C,a—d).

Xoo

when ab # cd. We now describe the way the process comes down from infinity, which yields
the following classification.

Corollary 5.2. We assume that oy > 0,0, > 0 and let xq € (0,00)>.
(i) If a>d and b > c, then for any 1 € (0,1) and € > 0,

lim limsup P, | sup |[[tX;—xxl2>e[=0,
=0 rooeo nT<t<T
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If furthermore x is colinear to x.,, the previous limit hold also for 1 = 0.
(ii) If d > a and ¢ > b and (x,, xg) # 0, then for any T >0,

lim P, (inf{t >0:x" =0} < T) =1,
r—00

where i = 1 when (x;x\oo) €(0,7t/2) and i = 2 when (x;x\oo) € [-n/2,0).
(i1i) If a < d and b > c, then for any T > 0,

lim PP, (inf{t >0: X2 =0} < T) =1

r—o00

(iv) Ifa=d and b = c, then

lim limsup P, (sup || X — (axél) + bxéz))_lxo ll2> e) =0.
t<T

T-0 roe0

In the first case (i), the diffusion X (and the dynamical system) comes down from infinity in
a single direction x,, with speed proportional to 1/t. They only need a short time at the be-
ginning of the trajectory to find this direction. This short time quantified by 7 here could be
made arbitrarily small when x, becomes large. Let us also observe that the one-dimensional
logistic Feller diffusion X; is given by Xil) for ¢ = d = 0. Thus, taking x( collinear to x,, (i)
yields the speed of coming down from infinity of one-dimensional logistic Feller diffusions:

lim lim P, (suplatXt -1>¢]=0. (19)
T—0r—oo t<T

In the second case (ii), the direction taken by the dynamical system and the process depends
on the initial direction. The dynamical system then goes to the boundary of (0, c0)? without
reaching it. But the fluctuations of the process make it reach 0. When the process starts
in the direction of x,,, additional work is required to describe its behavior, linked to the
behavior of the dynamical system on the associated unstable variety coming from infinity.
In the third case (iii), the dynamical system ¢ goes to the boundary (0, c0) x {0} when coming
down from infinity, wherever it comes from. Then, as above, the diffusion X (2) hits 0. Let us
note that the dynamical system may then go to a coexistence fixed point or even to a fixed
point where only the species 2 survives. This latter case occurs when

Tz/b>T1/C, T2/d>T1/(Z

and is illustrated in the third simulation below. Obviously, the symmetric situation happens
when b<candd <a.

Moreover, in both cases (ii —iii), when the diffusion hits the boundary, it becomes a one-
dimensional Feller logistic diffusion whose coming down infinity has been given above (19).
In the case (iv), the process comes down from infinity in the direction of its initial value, at
speed 1/t.

Finally, let us note that this raises several questions on the characterization of a process start-
ing from infinity in dimension 2. In particular, informally, the process coming down from
infinity in a direction xy which is not x, has a discontinuity at time 0 in the cases (i —ii —iii).
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Simulations. We consider two large initial values x such that || xy ||;= 10°. We plot the dynam-
ical system (in black line) and two diffusions (in red line) starting from these two initial values.
In each simulation, Ty = 1,7, = 4 and the solutions of the dynamical system converge to the fixed
point where only the second species survives. The coefficient diffusion terms are o1 = 0, = 10. We
plot here F(x;) and F(X;), where

F(x,9) =(X,Y) = (log(1 + x),1og(1 + v))
to zoom on the behavior of the processes when coming close to one of the axis. The four regimes
(i —ii—iii —iv) of the Corollary, which give the ways the process can come down from infinity, are

successively illustrated.
One can also compare with the pictures of Section 5.3 describing the dynamical system.

Two simulations for two large initial conditions (a=b=1, c=1.5, d=2)

Two simulations for two large initial conditions (a=b=1, c=0.5, d=0.2)

Two simulations for two large initial conditions (a=b=c=d=1)

Two simulations for two large initial conditions (a=b=1, c=0.5, d=2)
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5.2 Uniform scaling limits of competitive birth and death processes

Let us deal now with competitive birth and death processes and consider the scaling limits
to the dynamical system ¢ given by (18). We provide here estimates for these convergences
which are uniform with respect to the initial values in a cone in the interior of (0,00)?. The
birth and death rates are given for population sizes 11,1, > 0 and K > 1 by

n ny
/\{{(nl,nz):/\lnl, yf(nl,nz):ylnl+an1.—1+cn1.—
K K
for the first species and by
K _ K _ ) m
Ay (ny,np) = Aany, py (n1,12) _y2n2+bn2.?+dn2.f

for the second species and we assume that

AL —p1 =1, Ay — o = 15

Dividing the number of individuals by K, the normalized population size XX satisfies
t
XK =xo+ J HX(X,_,z)N(ds, dz),
0 J[0,0)

where writing 7X = AKX + 4K for convenience,
HK (x,2) = 1 ( Lok (k) = LK (k)<< (k) '
R\ (k< (k) ~ HaK (K <z—of (Kx)<AK (K (K0)
and N is a PPM with intensity dsdz on [0, c0) x [0, 00). We set
D, = {(x1, %)) € (a,00) 1 x1 > axy, X > axy),

which will be required both for the control of the flow and the the control of the fluctuations.
We only consider here the case
b>c>0, a>d>0,

ora=d>0and b=c>0, since we know from the previous Corollary (see also forthcoming
Lemma 5.6) that it gives the cases when the flow does not go instantaneously to the boundary
of (0,00)? in short time when coming from infinity and thus it does not exit D, in short time.

Theorem 5.3. Forany T >0, f€(0,1/2) and a, & > 0, there exists C > 0 such that for any K > 0,
K C
sup Py (supdp(X;, p(xp,t) =€) < —.
erDa t<T K

We use here (L, ag) non-expansivity of the flow, see the proof below. The statement could
be refined and in particular additional work should allow to make T go to infinity when
K goes to infinity. The optimal power f = 1/2 is reminiscent from results obtain for one
dimensional logistic birth and death process in Section 4.2.2.
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5.3 Non-expansivity of the flow and Poincaré compactification

The proofs of the three previous statements of this section rely on the following lemmas. The
first one provides the domains where the transformation Fg ,, yields a non-expansive vector
field and is the key ingredient to use the results of Section 3 for the proof the Theorem 5.1
and Theorem 5.3. The next lemmas describe the behavior of the dynamical system starting
from infinity. This relies on the extension of the flow on the boundary at infinity using
Poincaré’s technics. These lemmas will be used in the proofs of the three statements.

We recall that a cone is a subset C of R? such that for all x € C and A > 0, Ax € C. We are using
in particular the convex components of open cones, which are open convex cones. For S a
subset of IR?, we denote by S the closure of S. Recalling notations of Section 3, we have here

Wr = (Jpbp) o F ' = (Jrob) o F7!

where
T1X] —ax? —cx; x, )

b(x) = b(x1,x2) = (12x2 —bx5 —dx;x)

and we define T = max(t, 7p). Let us write
qp = 4ab(1 + )’ + 4(p*> - 1)cd

for convenience and consider the open cones

_ _ 2
Dg, = {xe(0,00)2:4/3’(1+/3’)(adx%+bcx%)+qﬁx1x2—(cy_lex; ﬁ—dyxi ﬁxg) >0}

and
Cpy = {x €(0,00)%: x1/x5 € (0,m)U(xy, —11,xp, + 1)U (1/11,00)},
writing x,, = (d)/z/c)l/(zﬁ_l) when it is well defined.

Lemma 5.4. Let € (0,1] and y > 0.
(i) The vector field VE, , is T non-expansive on each convex component of the open cone F(Dg,,,).
(ii) Ifq/; >0and p=1/2and c#0, then

{(Xl,XZ) € (0, 00)2 X1 = X),XZ} C Dﬁ’V'

If qg > 0 and B <1, then there exists n1 > 0 such that

{(xl,xz) €(0,00)?: x5 < qxl} U {(xl,xz) €(0,00)%: x; < nxz} C Dg,y-

(1ii) If qp > Oand p#1/2and B # 1 and c # 0 and d = 0, then there exist n > 0, A > 0 and
p > 0 such that for any x,v which belong both to the complementary set of B(0, A) and to the same
convex component of the cone Cy ,,, then

($r,, ()= Pr,, @) (x=9) < gl x ol x - 5.

In the particular case a,b >0 and c =d =0, for any f € (0,1] and y > 0, Dﬁ,y = (0,00)2. But
this fact does hold in general. We need the transformations Fg ,, for well chosen values of y
to get the non-expansivity property of the flow on non-bounded domains, while g < 1 will be
required to control the fluctuations. Let us finally note that (0, c0)? may not be coverable by
a single domain of the form Dy ,, and the adjunction procedure of Section 3.2 will be needed.
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Proof of Lemma 5.4. (i) We write for y € [0,00)?,

Yy, () = P1(¥) + P28, (9),

where

1/

+ Cy—l/ﬁyl/ﬁ)

ﬂrlyl) /33/1 (‘W
r opy(®) =
BT2v2 2By /))y (b)/ 1/{33} /ﬁ+dyl/ﬁ)

First, iy is Lipschitz on [0, c0)? with constant 7 since € (0,1]. Moreover, writing Ag,(x) =
]lPZ,ﬁ,y(Pﬁ,y(x)) we have

1P1(V)=(

2a(1+ B)xy +2cfx, oy lxbn Pt dyxgxi_ﬁ]

Ag o (x)+ A% (x)=— -
/3:7’( ) ,B,)/( ) (Cy_lexz ﬁ_f_d)/xgx} P 2b(1 + B)xy + 2dpx;

This can be seen using (3) or by a direct computation. As > 0 and x € (0,00)?, the trace of
Apy(x )+A;3 7/( x) is negative, while its determinant is equal to

(2a(1 + B)x; +2¢fx2)(2b(1 + )z + 2dpxy) — (cy~'xfx, P+ dyxﬁx{‘ﬁ)Q. (20)

It is positive when x = (x1,x3) € Dg,,, and then the spectrum of Ag, (x) + A*ﬂ 7/( x) is included
in (-o0,0]. Recalling table 1 in [2] or the beginning of Section 2, we obtain that ¢, is
non-expansive on the open convex components of Fg, (Dg ). Then VE,, is T non-expansive
on the open convex components of Fg,(Dg,). Let us finally observe that Dg, and thus
Fg,(Dg,,) are open cones, which ends up the proof of (i).

(ii) The first inclusion comes from the fact that x; = (dy2/c)/(?f=Vx, implies that
(cy 1x’fx2 P cJIyx1 p ﬁ) =0,
while the second inclusion is obtained by bounding

1.p

(cy X1 X, -p d)/x1 P ﬂ)

<(cp ™' P +dynf) x

when x, < 77x;. Letting 77 be small enough such that 48(1 + g)ad > (cy~'n'=F + dynP)? ends
up the proof in the case c¢,d > 0, while the case ¢ = d = 0 is obvious.

(i1i) The proof uses the notations and computations of (7,ii). We write
D(x) = det (Aﬁ,y(x) + A*ﬂ’y(x)), T(x) = trace (Aﬁ,y(x) +A%’y(x))
and recall that the value of D(x) is given by (20) and for any x € [0, 00)%—{(0,0)}, T(x) < 0. Let

xo # 0 such that D(x) > 0, then there exist v{,v, > 0 such that for any x in a ball V centered
in xo, we have —v; < T(x) <0 and D(x) > v,. Soforany A>0and xe€ V),

T(Ax) = AT(x) € [-Av1,0),  D(Ax) = A2D(x) € [A%v;, o0).

38



Writing E(.) the minimal eigenvalue of Ag ,,(.) + A;’y(.), we have for any x € V,

since D (resp. T) gives the product (resp. the sum) of the two eigenvalues. We obtain that
there exists y > 0 such that for any x in the convex cone C generated by V, the spectrum of
Apgylx )+AE 7/( x) is included in (—co,—2p || x ||]. Then for any x,y €C,

(2,8, (X) =25, @)-(x=9) < —pllx Ll x =2 115,
using again [2]. Moreover ¢, is Lipschitz with constant T and we get
(g, () =gy W)(x =) < (T—pllx ) 1 x = 113 -
We conclude using (i7) and respectively xy = x,, and xo = (0,1) and xy = (1, 0). O

To describe the coming down from infinity of the dynamical system, we use the following
compactification of [0, c0)?

X1 X5 1
L+x+x) 1+x;+x) 14+x; +x;

F(x) =F(x,x3) = = (¥1,%2,93)

The application F is a bijection from [0, c0)? into the simplex S defined by

S=el01Px(01]:p1+p2+y3=1}cS={pe[0,1P :p1 +p2+p3 =1}
We note dS the outer boundary of S :

39S =8 -8={(v1,1-1,0): 91 €[0,1]) = {lim F(rx):xe [0,00)2—{(0,0)}}.

r—00

The key point to describe the direction of the dynamical system ¢ coming from infinity is
the following change of time. It allows to extend the flow on the boundary and is an example
of Poincaré ’s compactification technics [13]. More precisely, we consider the flow @ of the
dynamical system on S given for zy € S and t > 0 by

0
_(D(ZOrt) = H((D(ZOJ)); (21)

(D(Zo,O):Z(), Bt

where H is the Lipschitz function on S defined by

H'1,v2,93) = vival(b-0)ya+(d—a)y1]+v193l(t1 — 12 = ¢)yp —ay; + 371
H(y1,v2,93) = wival(a—d)y; +(c=b)ya]+voy3l(t2 — 11 —d)y; — by, + 9370
H(y1,v2,93) = p3(ayi + b3 + (c+d)y192 - 119195 — T29293)-

The study of @ close to dS is giving us the behavior of ¢ close to infinity using the change
of time ¢ € C!([0, 00)? x [0, ), [0, o0)) defined by

0
¢(x9,0) = xo, E(P(X()x ) =1+ ¢(xo, ) 1 -
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Lemma 5.5. For any x € [0,00)? and t > 0,

F(¢(xo, 1)) = D(F(x0), p(x0, t))-

Proof. We denote by (y; : t > 0) the image of the dynamical system (x; : t > 0) through F :

yr = F(x;) = F(¢(x,1)).

Then
v/ =G(x;)=GoF ()
where , , X
G(l)(x X ): (d_a)x1x2+(b_c)x1x2+('f1_TZ—C)X1X2—[1X1+’1’1x1
2 (]. + X1+ X2)2
and , , X
G(Z)(x x ) — (C_b)xle +(a_d)x2x1 +(T2_T1 _d)x2x1 —bx2+’[2x2
R (1 +Xx1+ X2)2
and ) )
G(3)(x x )_ axy +bx2+(C+d)x1x2—’[1x1 —TyXy
1,A2) — .

(1 +X1 +X2)2

Using that x; = y;/y; and x, = y,/y3, we have

GoF ()= -H(y)
Y3

for y = (v1,92,93) € S. The key point now of the theory of Poincaré is that H can be extended
continuously to S and that the trajectories of the dynamical system (z; : t > 0) associated to
the vector field H :

zi = H(z)

are the same than the trajectories of (v, : t > 0) whose vector field is G o F~!. Indeed the
positive scalar 1/y3 only change the norm of the vector field and thus the speed at which the
same trajectory is covered. The associated change of time v; = ¢(x,, t) such that

Zy, =Vt = F(x;)
can now be simply computed :
V= = 1 o, 1)
L OO ) v
which completes the proof. O]

We introduce now the hitting times of cones to control the direction of the flow ¢,

t_(xg,x,€) = inf{(?s,\x) €[-¢,+¢]}, ti(xp,x,€)= inf {(?s,\x) Z [-2¢,+2¢]},
>0 s>t_(x0,X,€)

where we recall that x; = ¢(x(,s) and with the convention inf @ = co. We also introduce the
direction x; defined by
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* X=X ifb>canda>d.
. xl:(1/a,0)ifb>canda£d;0rifc>bandd>aand(x;x\oo)>0.
e x;=(0,1/b)ifa>d and b<c;orif c>band d >a and (xg,xo,) < 0.
* x; =X if a=d and b = ¢, where for x; € (0,0)?,

— X0

Xo=———-.
axgl) + bxf)z)

We prove below that x; gives the direction from which the dynamical system comes down
from infinity using the previous compactification result. We can then specify the speed of
coming down from infinity of the dynamical system ¢.

Figure 1 : dynamical system close to infinity. We draw below the four regimes of the compactified
flow @ starting close or on the boundary dS and the associated behavior of the original flow ¢.
The fixed points of the boundary are fat.

S RN
N

»

&

\

Lemma 5.6. (i) For any T > 0, there exists cp > 0 such that || ¢(xo, t) |1 < cp/t for all xq € [0,00)?
and t € (0,T].
(ii) For all xo € (0,00)? and € > 0,

lim t_(rxg,x;,€) =0, lim t,(rxg,x;,€) > 0.

r—00 r—00

(iii) Moreover,
limlimsup| | tp(rxo, t) I =l x|y | =0.
=0 oo

Proof. (i) Using a > 0, we first note that

() < -
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in the time intervals when xgl) > 21;/a. Solving (xil))’ = —(xil))za/2 proves (i).

(ii) We use the notations of Lemma 5.5 and the dynamics of z; = ®(zy, t) on the invariant
set dS is simply given by the vector field H(y;,¥,,0) for y; €[0,1], y; +v, = 1:

HY(91,95,0) = ~H P (91,95,0) = 9192[(b — ¢)y2 + (d — a)p; |-

The two points (1,0,0) and (0,1,0) on dS are invariant for the dynamical system.
Let us first consider the case when a # d or b # c. There is an additional invariant point in
the interior of dS if and only if

(b—c)(a—d)>0.

This invariant point is then unique and given by

1

m(b—c,a—d,O).

Zeo =
Thus, if (b—c)(a—d) <0, H'((0,0,0)) N dS = {(1,0,0),(0,1,0)} and z; starting from the
boundary JS goes either to (1,0,0) or to (0,1,0). Then by Lemma 5.5 the dynamical sys-
tem z, = F(x;) starting from z, close to the boundary dS goes either to (1,0,0) (and then
x; = (1/a,0)); or to (0,1,0) (and then x; = (0,1/b)). The fact that t_(rxg,x;,€) goes to 0 as r
goes to infinity is then due to vy = 1+ || rxg ||;— o0 as r — co. Moreover t,(rx,x;, €) is not
becoming close to 0 as r goes to infinity since the speed of the dynamical system (x; : t > 0)
is bounded on the compacts sets of [0, 0)2.
Otherwise (b —c)(a—d) > 0 and

H7((0,0,0)) N dS ={(1,0,0),(0,1,0), z, .

Then we need to see if z,, is repulsive or attractive on the invariant set dS. In the case ¢ > b
and d > a, this point is attractive and z, is a a saddle and
Zeo = lim F(rxy).
r—00
So Lemma 5.5 now ensures that the dynamical system x; takes the direction x; = x.,, when
starting from a large initial value. Similarly, t_(rxg, x;, €) goes to 0 and ¢, (rx, x;, €) does not.
In the case b < c and a < d case, y,, is a source and the dynamical system z; either goes to
(1,0,0) (and then x; = (1/4,0)) or to (0,1,0) (and then x; = (0,1/b)). This depends on the po-
sition of the initial value with respect to the second unstable variety and thus on the sign of

(X0, Xoo)-
Finally, the case a = d and b = c is handled similarly noting the whole set dS is invariant.

(iii) We know from (i7) the direction of the dynamical system coming from infinity so we

can reduce its dynamics close to infinity to a one-dimensional and solvable problem. Indeed,

in the case x§1) =0, weset 0 = xgz)/xgl) €[0,00). We write

xt = ¢(rxo, t)

and for any ¢ > 0 small enough and ¢ € [t_(rxg, x,€), t,(rxg, x;, €)], then (x/t,?l) <2e¢and

|xi2)/x§1) —61| <u(e), (22)
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where u(e) — 0 as ¢ — 0. It ensures that
i = (a+cO+u(e)(x ) < () < Tixf!) = (a+ 0 - ue))(x()?

and if additionally xil) > |ty|/u(e), we get

Xy

—(a+cO;+2u(e)) < < —(a+cO;-2u(e)).

Since xgl) > 0, Lemma 5.5 ensures that ratio xiz)/xil)is bounded uniformly for r > 1 in com-

)< MTxil) for t € [0, T]. Using this

from below in (18), we obtain for any ¢ > 0,

o . 2
pact time intervals. Then there exists Mt > 0 such that xi

bound to control x,(fl)

£ (r) = inf{t >0: x5 <y |/u(6)} € (0, 0]

and
t; = liminft(r) > 0.

r—00
Writing t_(r) = t_(rxg, x1,€), t,(r) = t,(rxg, x, €) for simplicity, we have
1 (1) _ 1
1 = 1
(a+cOp +2u(e))(t—t_(r) + 1/x} | (a+c0; = 2u(e))(t —t_(r) + 1/x)")

’

for any t € [t_(r),t;(r) At (r)]. Using (ii), t_(r) — 0 and t, = liminft,(r) > 0 as r — co. Using
(i) and xgl) =0, we get xg()r) — o0 as r — oo. Then for any t <ty Aty,

(1) 1

1
<lim inftxff) <limsuptx, ' <

a+cO;+2u(e) = rooo oo a+cO;—2u(e)

Letting ¢ go to 0, we obtain

limlimsup |tx§1) —1/(a+cO;)| = 0.

=0 5o

Recalling (22) ends the proof in the case x}l) # 0. The case x}z) # 0 is treated similarly . [

Finally, we need the following additional results on the dynamical system coming from
infinity. It allows to decompose the trajectory of the dynamical system in D, = (a,c0)? in
time intervals when it belongs to a subdomain for which we know a transformation giving a
non-expansive flow. Recall that Tp(xy) = inf{t > 0: ¢(x(,t) € D} and

dg(,9) = I — P2 41—y =l Bg () Fp )l

Lemma 5.7. (i) Let a >0, p €(0,1), N € N and (D;);=1, N be a family of open convex cones of
(0, 00)? such that
(0,00)? =UN  D;.
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Then, there exists k € N and (t(k,xg) : k =0,...,x) and (n(k,xq) : k =1,...,x — 1) such that for
any xg € D,

0=1(0,x0) < t(1,x9) <... <t(x,x9) = Tp,(x0), n(.,x9) €{1,...,N}
and for € small enough, k <x—1 and t € [t(k,x¢), t(k +1,x()), we have
Edﬁ (p(x0,t),€) C Dy xy)-
(ii) In the case, x] = X € (0,00)?, for any xq € (0, 00)? and € > 0,

liminf Tp _(rxq) > 0.

r—o00
(iii) In the case x; = (1/a,0), for any xq € (0,00)? and € > 0 and T > 0, for r large enough,
Tp, (rxg) = inf{t > 0 : p(rxo, 1)? <e)<T.

Proof. (i) We define

Df ={xeD,ND; : By, (x,€) C Dj}
and we first observe that for ¢ small enough,
N 2¢
UiZ1 D" = Dy,

since the open convex cone D; is the domain between two half lines of (0,00)? and their
collection fori =1,...,N covers (0,00)2. We define

ub(xo) =inf{t > 0: Pp(xo,t) € DF},  vh(xo) = inflt > ul(xo) : p(xo,t) & Df}
and by recurrence for k > 1,
ul(xo) = inf{t > vl | (x0): Pp(xo,t) € DF),  vi(xo) = inf{t > ui(xo): Pp(xo,t) & D).

Let us then note that

S=UN,F(D;), dS=UY 0FD),

where
OF(D;) = F(D;) - F(D;) = {(£,1-,0) : t € [a;, b; ]}

for some 0 < a; < b; < 1. The dynamical system (z; : t > 0) given by @ has been introduced
in (21) and is defined on S. On the boundary dS, it is given by (zil),l - zil),O) where zil)
is monotone. Outside this boundary, (z; : t > 0) goes to a fixed point since the competitive
Lotka Volterra dynamical system (x; : t > 0) does.

Then the numbers

M'(xq) = max{k : v]i(xo) < oo}

are bounded for xg € D, and i € {1,...,N}. This yields the result using the time inter-
vals [u;(xg),v;(xo)] which provides a covering [0, Tp_(xo)] for i = 1,...,N whose cardinal is
bounded with respect to xy € D,,.

(ii) comes simply from Lemma 5.5 which ensures that in the case x; = x,, the dynamical
system comes down from infinity in the interior of (0, 0)?, see also the first picture in Figure
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1 above.

(iii) We use again the dynamical system (z; : t > 0) given by @ and more precisely here
the continuity of the associated flow with respect to the initial condition. Indeed, in the
case x; = (1/a,0), the trajectories of (z; : t > 0) starting from r large go close to (0,1,0) and
then remain close to the boundary (0, c0) x {0} until getting close to the fixed point on this
boundary. This ensures that (x; : t > 0) exists from D, through (0,00) x {€}. The fact that
this exit time Tp, (x() goes to zero is due to the fact that the dynamics of (x; : t > 0) is an
acceleration of that of (z; : t > 0) when starting close to infinity, the change of time being
given by 1+ || ¢(xo, ) I 0

5.4 Proofs of Theorem 5.1 and Corollary 5.2 and Theorem 5.3

We can now prove the Theorem 5.1 using the results of Section 3. Here d=2, H =G =0,
(i)

g =0if j=iand
1 2
o' )= oyE, 03 (x) = 0y
Moreover
2 2 _ p-1
- I Fgy i), o ] olx
bp, (X)=%) —5=(x)o; (x)"=zp(B-1)| 1% (23)
f 21’:1 92xi Z 2 P V‘fzzxgl
and
2 2 26-1
oF , 2,28
, ( ox
Vpﬁ,y(x):Z( aiy(x)ail)(x)) :ﬁz((yalz)zlxgﬁ_l)' (24)
i=1

Proof of Theorem 5.1. To use Corollary 3.4, we first find a suitable covering of (0,c0)? by a
finite number of convex open sets (D; : i = 1,...,N) for which the non-expansivity hold.
For that purpose, let us deal with the case ¢ # 0 (and then d # 0), while the case c =d =0 is
obvious. We fix § € (1/2,1), which is close enough to 1 so that g5 = 4ab(1+p)*+4cd(p>-1)> 0.
By Lemma 5.4 (ii), we consider the convex components of the open cones (Dg,,, : > 0) which
contain

{x; <nxy} or {xl = xyxZ} or {x; <nxi}

for some 1 > 0 and we recall that x,, = (dy?/c)(?F~1), These convex components are open
convex cones and the collection of these cones for ¥ > 0 yields a covering of (0,00)%. By a
compactness argument, we can extract a finite family of open convex cones from this collec-

tion, which we denote by (Diﬁ :i=1,...,N) and which satisfies
(0,00)* = Uf\;Diﬁ’ Diﬁ C Dgy,s
for some y; > 0. Writing F; = Fg,, for convenience, Lemma 5.4 (i) ensures that the vector

field 1, is T non-expansive on Fi(Diﬁ).

We let now a > 0 and we use Lemma 5.7 (i) for the covering (Dlﬁ :1=1,...,N), so there
exist k € N and (t(k,xg): k=0,...,x) and (n(k,xg) : k =1,...,x — 1) such that for any xy € D,,

0=1(0,x) < t(1,x0) <... <t(x,x0) = Tp,(x;) = T(x0), n(k,x0) €{1,...,N}
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and for ¢ small enough, k <« -1 and t € [t(k,xg), t(k + 1,x()), we have

7 p
Bdﬁ ((P(XO! ) ) cD n(k,xg)"
We consider now the open convex sets
i =pf D,
Then for ¢ small enough, for any x, € D, and t < Tp_(xp), we have ¢(x,t) € D, and

By, (¢(xo,t), )DL D, < UN, DI

Asumption 3.3 is thus checked with D =D, D; = Dﬁ 0, = Dﬁ a2 (i=1,...,N),d=dgand
¢ defined by (18). We can now apply Corollary 3.4 and get

L At(k+1,x0)A
P, | sup  d(Xy,d(xot) 2] ZJ Vdﬁ,s(Fn(k,xo)erft)dt
k=0

t<TATp, (xo) k,xg)A

for some positive constant C. We need now to control V. First we use (23) to see that Epi is
bounded on D, /,. Then for ¢ small enough,

Clle):= sup  I|Tp () <o
x0€Dq, t<Tp, (%)
dg(x,P(xo,t))<e

Moreover by Lemma 5.6 (i), we have

X 2 <c7/t, xiz) <ct/t,

for t € (0,T] and x, € (0,00). So using (24), there exists C/’(¢) > 0 such that for any x; € D,
and t < Tp_(xg),

_ 3 o~ B C.”(g) 1
Vae(Fi,xo,t)=  sup {5 21 Ve, (30) [y +e7 " 11 b, (%) ||1} <e”? téﬁ‘l +e71Cl(e).

xv’:'[O,oo)2
dﬁ(x,(j)(xo,t))Ss

[2CE)
J(;(E Zt;ﬁ_l te 1Ci(e))dt<oo

Adding that

for p <1, we get

lim sup P, sup  dg(X;, dp(xp, 1)) 2 €e[=0
T10 xeD, t<T ATp, (Xo)
for € small enough. This ends up the proof. O

We can now describe the coming down from infinity of the two dimensional competitive
Lotka Volterra diffusion.

46



Proof of Corollary 5.2. Let us deal with (i), s0 x; = x,, € (0,00)% and we fix xy € (0,00)?. By
Lemma 5.7 (ii),
liminf Tp (rxg) >0

r—00

and we use Theorem 5.1 to get for g €(0,1],

lim limsup P, (supdg(X;,x;) 2 €| =0,
t<T

T-0 50

where we write here for convenience
x1 = B(rxo, 1)
Then, using that dg(tx, ty) = tﬁdﬁ(x,y),

lim limsup P, (supdp(tXy, tx;) > €] = 0. (25)
t<T

T-0 roeo

Fix 1 € (0,1). By Lemma 5.6 (ii),

lim t_(rxg, X, €) =0, te = liminft, (rxg, Xs, €) > 0.
r—o0 r—o00

Then for T < t, which is small enough, for r large enough, we have both
t_(rX0,Xoo, €) SNT < T <t (X0, X0 €)
and
[l = lxeo [ | <&
using Lemma 5.6 (iii). We get for t € [y T, T],

o~

|1t Il = %0 [y |+ min(ll £x¢ 112, 1] Xeo ll2) Isin (57, %)|
2(1+ |l xo [l2)e, (26)

ltxe—x0 Il <
<

since for all r; >, >0and 6, — 0, € (-1/2,7/2),
|rlei61 - rzei92| <|ricos(01 — O0,) —1y| + 11|sin(01 — 0,)| < 2(r) — ;) + 15]sin(0 — 6,)|.
Combining (25) and (26) and
| X5 = Xoo 2= X — tx; [l2 + || £ — Xeo [l2
we get

lim limsup P, | sup |[[tX;—xy [,>a|=0,

T-0 roeo nT<t<T
for any a > 0, since the euclidian distance is uniformly continuous from the bounded sets
of (0,00)? endowed with dg to R™. This proves the first part of (i). The second part of (i)
(resp. the proof of (iv)) is obtained similarly just by noting that t_(rxy, x.,€) = 0 (resp.
t_(rxg,Xg,€) = 0) if xq is collinear to x..
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For the cases (ii —iii), we know from Lemma 5.6 that the dynamical system is going to
the boundary of (0,0)? in short time. Let us deal with the case

x;1=(1/a,0)

and the case x; = (0,1/b) would be handled similarly. We fix x, € (0,00)2, To>0,€e,1>0and
p €(0,1). By Theorem 5.1, there exists T < T such that for r large enough

]I)YXO

sup  dp(Xy, P(rxp, t)) = e] <.

t<TATp,(rxo)

By Lemma 5.7 (iii), for r large enough, we have Tp (rx() = inf{t > 0 : (j)(z)(rxo,t) <e}<T.
Thus,

P, (dp(X1y, () d(r20, Tp (1)) 2 €) <17 and ¢ (rxo, Tp, (rx0)) = .
Fix now ¢ > 1 such that cf > 2. We get
0\ LBy (h1)eb
P,, (XTD{(er)) —eP > (P -1)e

IPrxo (dﬁ (XTDE(er)I q’)(ert TDg(er))) 2 5) <1

(2)
Py, (XTD (rx,) > ce)

&

IA

since cf —1 > 1 and ¢ > e. By Markov property, we obtain for r large enough

\%

2 2 5
]Prxo (XéT)O = 0) IP(X( ) <cg, dt e [TDE(rxo)’ TD{(er) + TO] . X)E ) — 0)

Tp, (rxp)

\%

(1-m)p(ce),
where

p(x) =1, (X(Tzo) = 0).

Moreover X(?) is stochastically smaller than a one-dimensional Feller diffusion and o, # 0,
so

li =1.
;IQP(X)

Letting ¢ — 0 in the previous inequality yields

. (2)
llrn_l)gfIPrxo (XzT0 = O) >1-1.

Letting 1 — 0 ends up the proof of (ii —iii). O

We finally prove the scaling limits. Here we use the notations of Sections 3 for xK =
(XK i =1,...,d) and we have x = [0,0), g(dz) = dz and

hK(x) = LW[F(x +HX(x,2)) - F(x)]dz.

Here we consider



and /K is given for x € [0,00)? and i € {1,2} by
e (x) = AK (K) (F9 (x + ¢/K) = FO(x)) + K (Kx)(FD(x - ei/K) — FW) (x)).
We recall that D, = {(xq, %) € (a,0)?: x; > ax,, X, > ax;} and

b(x) = bpy(x) = (

T X1 — axf —CX1X)
TyXy — bxs —dx1x;)

We also recall that
Uk, =hE, o F5y  ¥r, = Ur, bloFgh,  bE (x)= Uk, (<) HE ()

and we introduce

DK, (x) = ﬁ(ﬁ—l)( (ax) + exa)x} ]

2K \y(bx, +dx )x§71

Lemma 5.8. For any a > 0 and p € (0,1) and y > 0, there exists C > 0 such that for any x € D,
and K > 2/a,

(i)
C _
I, () =T, (})b(x) - DSy (0) < Mlx1ly
(ii)
K C
I16F, ()= b < N1 x1
(iii)

F, (x)=¥p, () +Dg, (F5), (x) + Ry (F5 ), (x)),

where || ng(x) Il,< C/K.
(iv) Moreover v,b?ﬁ}y is (C,C/K) non-expansive on Fg ,,(Dg ,, N Dy).

Proof. First, by Taylor expansion, there exists C > 0 such that

B S 2
(z+ é) —zF —%ﬂzﬁ_l - %ﬁ(/j—l)zﬁ_z

< £Z/3_3
K - K2

for any z> a and K > 2/a and 6 € {-1,1}, since 1 + /(Kz) > 1/2. Using then that

W (x) =

Fpy

A1 Kx ((xl +1/K)P —x’f)+Kx1 (1 +axq +cx2)((x1 —~1/K)P —x’f)
yA,Kx; ((x2 +1/K)P —xg) + yKxy (pp +bxy + dxl)((x2 —-1/K)P —xg)
and s

Bx; 1x1(T1 —ax, —cxy) )
VBxy xa(Tp —bxy —dxy)

yields (i), since || x ||, x; and x; are equivalent up to constant when x € D,,.

Tr,,, ()b(x) = (

Then the previous lemma and the fact that there exists ¢y > 0 such that

Il x 1l
K

1Tg,, ()™ Dg, (%) ll2< e

49



for x € D, ensures that there exists ¢’ > 0 such that

xle

165, ()= b(x) [l2< e

Moreover

K K
II’FM "bFﬂerDﬁy( ﬁV)+R/57( /3,7)'

where || ng(x) |[,<c¢”/K for some ¢’ > 0, since f < 1. This proves (ii —iii).

Adding that D/?y o Fﬁly is uniformly Lipschitz on Fj,(D,) with constant L and using
Lemma 5.4 (i), we get that II)II:(ﬁy is (T + L,c”/K) non-expansive on Fg,,(Dg, N Dy). So (iv)
hold. O

Proof of Theorem 5.3. We first observe that (a >d and b >c) or (a =d, b = c) ensures that
qp = 4ab(1 + )’ +4cd(B*—1)> 0.

Using now Lemma 5.4 (iii) and following the beginning of the proof of Theorem 5.1, we can
find a covering of D, by a finite collection of open convex cones D; = Dy ,, (i =1,...,N) and
noting F; = Fg,,, there exist y; > 0 such that

(r, (x) = Y, (9)-(x =) < —pi | x 2l x =9 15, (27)

for any x,y € D; which are large enough.

Let us fix ¢ > 0. We note that D, € D, and using Lemma 5.7 (i), we introduce the
sequences (t(k,xg): k=0,...,x) and (n(k,xp) : k=1,...,k — 1) such that

0=1(0,x0) <t(1,x9) <... < t(x,x0) = Tp,(x0), n(k,xg) €{l,...,N}

and for ¢ small enough, for any xy € D,,

_ d
$(x0,0) = xo, By, (¢(x0,t),€) C Dyk,x,) and Eﬂb(xo; t) = b(P(xo, 1))

Using Lemma 5.8 (iii) and adding that || D ( 5, y( X)) 2 7 |l x ||, is bounded for x € D,
there exists C > 0 such that foranyi=1,...,N, for any y € F;(D;),

I+|lvll
K

I 9E () = ¢r,(v) < C

Using again Lemma 5.8 (iii) and now the fact that on the compact domains of (0,0)?, K ||
1/)}(() —1r,(.) I, is bounded and 1f, is Lipschitz, there exists L such that

Il ¢, (x) = 9F () < Ll x = p [l +1/K)

for any x,v in a compact domain.
The assumptions of Lemma 6.3 in Appendix are met and this Lemma ensures that the flow
¢ defined by

— 0 — —
Prwot) =y = bf o t) = YL (7 o, 1))
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is close to the flow ¢; associated to Yr,

¢:(vo,t) = vo, %(ﬁ(yo, Ve (i (9o, 1)

More precisely, || (EK(VO, (]5 (vo,t) ll>— 0 as K — oo, uniformly for t € [0, T| and y, € F;(D;).
Then the flow ¢X(xo,t) = F71(¢X (xo, 1)) is uniformly close to the flow ¢;(xo, t) = F; 1 (¢;(xo, 1))

for t €[0,T] and x( € D; for the distance df, and thus for the distance dg. Moreover

d d
20K (0,1) = bF (9F (x0, 1), = bi(0,) = b(hs(x0. ),

since br, = b. Then cj)lK is close to ¢; = ¢ for the distance dy and for K large enough, we can
define the continuous flow ¢X by adjunction on the time intervals as follows

— d
¢ (x0,0) = xo, Bdﬁ(¢K(X0; t),€) C Dy(k,x,) and §¢K(xof t) = bfn(k,xo)@K(xo’ t))
for t € (t(k,xp),t(k+1,x9)) and k = 0,...,x — 1. Assumption 3.3 is satisfied for D = D,. From
Lemma 5.8 (iv), we know that 1/15_ is (C;, C;/K) non-expansive on F;(D;). Thus, following the
proof of Theorem 5.1, we apply Corollary 3.4 and get for xo € D, and T > 0 and K > 2/a
such that 4C;Texp(2L;T) < Kefori=1,...,N,

L ~t(k+1,x0)A
P,, sup dﬁ(Xt,qbK(xo, Z] ZJ Vd,g(Pf(k’XO)xO,t)dt,
k=0

t<T ATp, (o) k,xo) A

where C is positive constant which does not depend on K, xy. Moreover

K, (i 2 2
pﬁf)(x) = K@) (G + VK =) 4 K 00 (= 1/K)P — )
= %xizﬁ 2xi(1+x; + 1)

for some C’ > 0. Then for x € D,,

c”, 5 2 Cc” 5 5
|| VFI;V(X) ||1S ?(Xlﬂ(l +X2/X1) +X2ﬁ(1 +X1/X2)) < ?0( (JCIIg +X2'B).

Moreover we know from Lemma 5.6 (i) that xt S Cr/t for t € [0,T]. Then we have for
xg € D, and ¢ small enough and T < Tp ,

T Cmg—z T 28
Vds(Fﬁylei )dt< K t dt.
0 0

Using the fact that [, t72#dt < co for p < 1/2, we get

Ay 1 ' k+1 xo C/I’I
—2
J Vd,E(Fn(k,xO);xo, t)dt <e —a
t(k,xo)A K
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Recalling that the flow ¢X is uniformly close to the flow ¢ for the distance dg when K goes
to infinity, we obtain for any ¢ > 0 (small enough),

2Ca

sup P, sup dﬁ(XtK,(P(xo,t)) >el|<e i

X0€D, t<TATp, (xo)

for some C, positive. To conclude, let us fix ay, T > 0 and observe that

. 0
T, = inf Tp (xg) o
XoeDao @
since in the case b > ¢ >0, a > d > 0, we know from Lemma 5.6 (ii) that the process comes
down from infinity along the vector x,. So we can choose a > 0 small enough so that T, > T.
The last inequality becomes

ZCa

sup Py, (supdg(X(, plxo, 1) 2 €| <7225,
XOEDIX() tST K
and hold for K > max (2/a,4C;Texp(2L;T)/¢ : 1 <i < N), which ends up the proof. O

Remark. Let us mention an alternative approach. Using Proposition 2.3 (or extending the Corol-
lary of Section 3), one could try to compare directly the process X and to the flow ¢ (instead of
¢X) and put the remaing term RX in a finite variation part A,.

6 Appendix

We give here first two technical results to study the coming down from infinity of dynamical
systems in one dimension with polynomial drift.

Let 1 and 1, be two locally Lipschitz function defined on (0, o) which are negative for
x large enough. Let ¢p; and ¢, the flows associated respectively to ¢; and ;. Let us state a
simple condition to guarantee that two such flows are equivalent near +co.

Lemma 6.1. If
1

¥ (x)

dx < oo

P1(X) ~xeo P(x)  and J '

: 1
L, () X

and if additionally ¢, (oo, t) ~ct ™ as t — 0 for some o <0 and ¢ > 0, then

then

Pa(00,t) ~p_0 ct™7.

Proof. Let € € (0,1) and choose x; > 0 such that

0> 1y (x) > (1 +&)Py(x)

for x > x1. Then for any xq > x,
t
b1l 1< (1 40) [ a(itros
0
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for t small enough. Then, ¢;(xg,t) < ¢P(c0, (1 +¢€)t) and

$1(00,t/(1+€)) < Pp(0o, )

for t small enough. Proving the symmetric inequality ends up the proof. O]

In the case of polynomial drift, we specify here the error term when coming from infinity.

Lemma 6.2. Let p>1,c>0,a > 0,¢ >0 and
P(x) = —cxP(1 +r(x)x™),

where r is locally Lipschitz and bounded on (x, o).
Denoting by ¢ the flow associated to 1, we have

Ploo,1) = (ct/(p = 1)L+ 1)),
where 7 is a bounded function.
Proof. As7is bounded, there exists ¢; > ¢, such that
—cx?(1+c1x7%) < P(x) < —cxP(1 +cx7%),

so for some ¢; > ¢} and x large enough

—ex P(1-chx%) < < —cx (1 -cyx79).

Then

P (xo,t) P(xo,t) dx P(x0,t)
—CJ x (1 —céx‘“)dxsf — S—c‘[ x7O(1—cyx™%)dx,
$(x0,0) b(x0,0) (%) $(x0,0)

where the middle term is equal to . Letting xy — oo

c
oo, )07 < —1(j>(oo,t)—0+1 < (oo, 1) 0,

We know from the previous lemma that ¢(co,t) ~ (co™! t)1/(1=0) a5 t — 0 and we get here
p(oo,t) = (ct/(p— 1)1+ O~ o=V 1=0)) = (ct/(p — 1)) 1-O(1 + O/ 1071,
which ends up the proof. O]

We need also the following estimates. Let 1 and X be locally Lipschitz vectors fields on
an open domain D C IRY with respective flows ¢ and ¢X. We write again Tp(x,) the maximal
time when the flow ¢ started at x( is well defined and belongs to D.
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Lemma 6.3. Let T > 0. We assume that there exist A>1, ¢,L,yu> 0 and ¢ € (0,1] such that

1+ || x |l

1) =95 () o< e—¢

forany x e D and K > 1, and

1) =95 ) < Ll x = p Il +1/K)
forany x,y € DNB(0,A +2) and K > 1, while

($(x) = p@)(x=p) < —pll x Ll x =y II5,
for any x e DN B(0,A) and y € B(x, €).

Then, for every K such that K > max(Zi—ieZLTJ#) , for all xo € D and t < Tp(xg),
K 1 AT €
| ¢(x0,t) —P™ (x0, 1) [[< — max|2Le” " ,3—|.
K p
Proof. Let T >0and K > maX(ZLeZLT,3I%).

When x; = ¢(xo,t) € DN B(0,A)° and xf = ¢Px(xo,t) € B(x;,¢€), then the assumptions above
and Cauchy Schwarz inequality give

d
ap e x I = 20 00) = () (e - 21)

= 2(p(xs) = (). (= x5) + 2(p(xf) = Pre(x5)). (x; — x)

1+ || xf ||
K 2 K
< 2l=pllxe ol x = x¢ l2 +C—Kt e =x I
Moreover || x; ||,> A and xf € B(x,, €) give
1+ || xK 1 £
vl (14 € 5

Ix 1, ~A A

so || x; — xX |l,€ [3¢/(K p), €] implies

d K 2
= lx == 1<

This means that when x, € DN B(0,A)", the gap || x, —xX ||, tends to decrease when it is larger
than 3¢/(Ku) but smaller than e.

Moreover by assumption and Cauchy-Schwarz inequality,

d
—llxe=xf 115 20 x; = xp llall ) = () 112

dt

IA

IA

2
K |2 K
2L =2 g+ e =2l
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as soon as x; and xf both belong to B(0,A+2). Let now xq € DN B(0,A). On the time interval
when x; € B(0,A + 1) and

L
K

X;—X > =
= 112>
we have

d K |2 K 2
Eﬂxt—xt < 4L || x; —x; I3 -

We can apply Gronwall lemma to get
L
e —xf o< 2 e <

and x; € B(0,A + 1) (and thus xX € B(0,A + 2)).
Gluing these estimates yields

L c
K 2LT

— < 2= ,3—
|| x; —x; || max( e )

for t < T, which completes the proof. O]
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