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Abstract. For a class of linear switched systems in continuous time a controllability condition
implies that state feedbacks allow to achieve almost sure stabilization with arbitrary exponential
decay rates. This is based on the Multiplicative Ergodic Theorem applied to an associated system
in discrete time.
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1. Introduction. Let N be a positive integer and consider the family of N
control systems

i‘i(t) = Aixi(t) —&—ozi(t)Biui(t), 1€ {1,...,N}, (1.1)

where, fori € {1,..., N}, z;(t) € R% is the state of the subsystem 7, u;(t) € R™ is the
control input of the subsystem i, d; and m; are non-negative integers, A; and B; are
matrices with with real entries and appropriate dimensions, and «; : Ry — {0,1} is a
switching signal determining the activity of the control input on the i-th subsystem.
We assume that at each time the control input is active in exactly one subsystem, i.e.,

N

Z_fl ai(t) =1for all t € R,. (1.2)
This paper analyzes the stabilizability of all subsystems in (1.1) by linear feedback
laws u;(t) = K;z;(t) under randomly generated switching signals a1, . .., ay satisfying

(1.2), and the maximal almost sure exponential decay rates that can be achieved with
such feedbacks.

System (1.1) is a switched control system, where the switching signals ay, ..., ay
affect the activity of the control input. Switched systems have been extensively studied
in the literature, both for deterministic switching signals, such as in the monographs
Liberzon [23] and Sun and Ge [30] and the surveys Lin and Antsaklis [24], Margaliot
[25], and Shorten, Wirth, Mason, Wulff, and King [28], and for random switching
signals, such as in the monographs Costa, Fragoso, and Todorov [12] and Davis [14],
and papers such as Benaim, Le Borgne, Malrieu, and Zitt [3], Cloez and Hairer [11],
and Guyon, Iovleff, and Yao [18]. Such systems are useful models in several applica-
tions, ranging from air traffic control, electronic circuits, and automotive engines to
chemical processes and population models in biology.

An important motivation for our work comes from the theory of persistently
excited control systems, in which one considers systems of the form

#(t) = Ax(t) + a(t)Bu(t), (1.3)
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with z(t) € R?, u(t) € R™, A and B matrices with real entries and appropriate di-
mensions, and « a (T, u)-persistently exciting (PE) signal for some positive constants
T > p, i.e., asignal o € L*°(R4, [0,1]) satisfying, for every ¢t > 0,

t+T
/t a(s)ds > p (1.4)

(cf. Chaillet, Chitour, Lorfa, and Sigalotti [5], Chitour, Colonius, and Sigalotti [§],
Chitour, Mazanti, and Sigalotti [9], Chitour and Sigalotti [10], Srikant and Akella
[29]). Notice that, when « takes its values in {0, 1}, (1.3) can be seen as a particular
case of (1.1) by adding a trivial subsystem (cf. Remark 5.2). The stabilizability
problem for (1.3) consists in investigating if, given A, B, T, and pu, one can find a linear
feedback u(t) = Kz(t) which stabilizes (1.3) exponentially for every (7', u)-persistently
exciting signal o. This problem has been considered in [10], where the authors provide
sufficient conditions for stabilizability and prove that, in contrast to the situation for
autonomous linear control systems, controllability does not imply stabilizability with
arbitrary decay rates, even if one considers only persistently exciting signals taking
values in {0,1}. The main result of our paper, Theorem 5.1, implies that, if one
requires the feedback to stabilize (1.3) for almost every randomly generated signal
a (with respect to the random model described in Section 2), then one can retrieve
stabilizability with arbitrary decay rates, giving thus a positive answer to an open
problem stated by Chitour and Sigalotti.

In this paper, in order to study the stabilizability by linear feedback laws of (1.1),
we rewrite it as

o~ ~

x(t) = Al‘(t) + Ba(t)ua(t) (t), (1.5)
where
I t) A1 0 0 0 0
xg(t) 0 Ao 0 0 0
B R ' s e
x(t) = w;i(t) €R% 4= 0 0 A; 0 |’ b= Bi |’

xn(t) 0 o --- 0 - An 0

(1.6)

d=dy+---+dy,and a: Ry — {1,..., N} is defined from ag,...,ay : Ry — {0,1}
by setting «(t) to be the unique index i € {1,..., N} such that a;(t) = 1. We then
look for linear feedback laws of the form wu;(t) = K;P,x, where P; € My, 4(R) is the
matrix associated with the canonical projection onto the i-th factor of the product
R? = R% x ... x R, With such feedback laws, (1.5) reads

@(t) = <E+ Ea(t)Ka(t)Pa(t)) x(t).

Before considering the stabilizability of (1.5), we begin the paper by the stability
analysis of the linear switched system with random switching

.T(t) = La(t).%‘(t), (1.7)

where Ly,...,Ly € M4(R) and o : Ry — {1,..., N} is as before. We characterize
its exponential behavior through its Lyapunov exponents, using the classical Multi-
plicative Ergodic Theorem due to Oseledets (cf. Arnold [1]). It turns out that a direct
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application of this theorem to systems in continuous time with random switching is
not feasible, since in general they do not define random dynamical systems in the
sense of [1] (cf. Example 2.5). Instead, we apply the Multiplicative Ergodic Theorem
to an associated system in discrete time and then deduce results for the Lyapunov
exponents of the continuous-time system. We remark that Lyapunov exponents for
continuous-time systems with random switching are also considered by Li, Chen, Lam,
and Mao in [22], but under assumptions on the random switching signal a guaran-
teeing that the corresponding switched system is a random dynamical system, which
allows the direct use of the Multiplicative Ergodic Theorem in continuous time.

The considered linear equations with random switching (1.7) form Piecewise De-
terministic Markov Processes (PDMP). These processes were introduced in Davis [13]
and have since been extensively studied in the literature. For an analysis of their in-
variant measures, in particular, their supports, cf. Bakhtin and Hurth [2] and Benaim,
Le Borgne, Malrieu, and Zitt [3], also for further references. An important particu-
lar case which also attracts much research interest is that of Markovian jump linear
systems (MJLS), in which one assumes that the random switching signal is generated
by a continuous-time Markov chain. For more details, we refer to Bolzern, Colaneri,
and De Nicolao [4], Fang and Loparo [15], and to the monograph Costa, Fragoso, and
Todorov [12]. The case of nonlinear switched systems with random switching signals
has also been considered in the literature, cf. e.g. Chatterjee and Liberzon [6], where
multiple Lyapunov functions are used to derive a stability criterion under some slow
switching condition that contains as a particular case switching signals coming from
continuous-time Markov chains. We also remark that several different notions of sta-
bility for systems with random switching have been used in the literature; see, e.g.,
Feng, Loparo, Ji, and Chizeck [16] for a comparison between the usual notions in the
context of MJLS. The one considered in this paper is that of almost sure stability.

The contents of this paper is as follows:

Section 2 constructs the random signals « in (1.5) and (1.7). Example 2.5 shows
that, in general, (1.7) endowed with such random switching signals does not define a
random dynamical system, and Remark 2.6 discusses the relation to previous works
in the literature. Section 3 introduces an associated system in discrete time, which
defines a random dynamical system in discrete time. We discuss relations between
the Lyapunov exponents for continuous- and discrete-time systems and state the con-
clusions we obtain from the Multiplicative Ergodic Theorem. Section 4 derives a
formula for the maximal Lyapunov exponent, which is the main ingredient in the
stability analysis of (1.7). Finally, Section 5 presents the main result of this paper,
namely that almost sure stabilization can be achieved for (1.1) with arbitrary decay
rate under a controllability hypothesis.

Notation: The sets N* and N are used to denote the positive and nonnegative
integers, respectively. For N € N* we let N := {1,..., N} and Ry := [0,00), R} :=
(0, 00).

2. Random model for the switching signal. Let N,d € N*and L,...,Ly €
M4 (R) and consider System (1.7) with a switching signal « belonging to the set P
defined by

P :={a: Ry — N piecewise constant and right continuous} .

Recall that a piecewise constant function has only finitely many discontinuity points
on any bounded interval. Given an initial condition z¢ € R% and o € P, system (1.7)
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admits a unique solution defined on Ry, which we denote by ¢.(-;zg, ). In order
to simplify the notation, for i € N, we denote by ®' the linear flow defined by the
matrix L;, i.e., @i = el for every t € R.

We suppose in this paper that the signal « is randomly generated according to a
Markov process which we describe now. Let M € My (R) be an irreducible stochastic
matrix, i.e., the irreducible matrix M has nonnegative entries and Z;\le M;; =1 for

every i € N. Let p be the unique probability vector in RY 1nvar1ant under M,
ie., p € [0,1]V is regarded as a row vector p = (p1,...,pn) With Z _1pi =1 and
pM = p. Finally, let ui1,...,un be probability measures on R* with the Borel o-
algebra B with finite expectation and denote by 7; the expected value of pu;, i.e.,
T = fR*+ tdu(t) € (0,00) for every i € N. Whenever necessary, we will use that
Ui, ..., 1y define probability measures on R4 with its Borel o-algebra, that we also
denote by B for simplicity.

The random model for the signal « can be described as follows. We choose a ran-
dom initial state ¢« € N according to the probability law defined by p. Then, at every
time the system switches to a state i, we choose a random positive time T according
to the probability law u; and stay in ¢ during the time 7', before switching to the next
state, which is chosen randomly according to the probability law corresponding to the
i-th row (M;;)N j=1 of the matrix M. Let us perform this construction more precisely.

DEFINITION 2.1. Let Q = (N x RN N and endow Q with the product o-algebra
3= (B(N)xB)N (cf. Halmos [20, §38, §49]), where B(N) is the o-algebra containing
all subsets of N. We define the probability measure P in (Q,F), forn € N* iy,... i, €
N, and Uy,...,U, €8, by

P <({21} x Up) x ({ig} x Ua) x -+ x ({in} x Uyp) x (N X RJF)N*\E)
= iy iy (U1) Miyin iy, (U2) -+ - My, i, i, (Un).

REMARK 2.2. The construction from Definition 2.1 is a Markov chain in the state
space N x Ry. More precisely, denoting by Pr(X) the set of all probability measures
on a given measurable space X and by z,, : @ = (N xRN — N xR, the canonical
projection onto the n-th coordinate for n € N*, one has that (x,)22, is the unique
Markov process in N x Ry with transition probability P : N x Ry — Pr(N x Ry)
defined by

PG, t)({j} x U) = M;jp;(U), Vi,j € N, Vt e Ry, VU € B, (2.1)
and with initial law vy given by
n({j} xU) =p;ju;(U),  VjieN,VUeB.

The transition operator T : Pr(N x Ry) — Pr(N x R.) of this process is given by
N
v({i} x U) =Y v({i} x Ry)Mp;(U),  VjeN, VU € B. (2.2)
=1

(For the definition of a Markov process and its transition probability, initial law, and
transition operator, we refer to Hairer [19].) This can be proved by a straightforward
computation using the definition of P and [19, Definition 2.13 and Proposition 2.38].
Notice that the canonical projection of N xRy onto N transforms the Markov process
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(20)22 into a discrete Markov chain in the finite state space N with transition matriz
M and initial distribution p.

To construct a random switching signal « from a certain w = (i,,%,)22; € 2, we
regard (i,)22; as the sequence of states taken by « and ¢,, as the time spent in the
state i,.

DEFINITION 2.3. We define the map a : Q — P as follows: for w = (in, ;)52 €
Q, we set so =0, s, = > p_ity for n € N*, and a(w)(t) = i, fort € [sp_1,5,),
n € N*.

Notice that a(w) is not well-defined if w = (iy,, ¢,,)22, € Q is such that > 7 | ¢, <
oo. However, a straightforward argument using the definition of P shows that 270;1 tn
= oo for almost every w = (in, t,)5%2; € £, and hence a : Q@ — P is well-defined almost
everywhere on Q. In the sequel, we denote by Qg the set of w = (ip, )22, € Q for
which Y7 | ¢, = o0, so that P(€p) = 1 and « is well-defined on Q.

In order to consider solutions of (1.7) for signals o chosen randomly according to
the previous construction, we use the solution map ¢, of (1.7) to provide the following
definition.

DEFINITION 2.4. We define the continuous-time map

Ry x R% x Qg — R?
Pre { (2.3)

(t;iv(hw) — Soc(t; xo,a(W)).

For xy € RY\ {0} and almost every w € Q, we define the Lyapunov exponent of the
continuous-time system (2.3) by

1
Are(@o,w) = limsup 5 1og [lpre(t:30,) (2.4)
t—o00

The Lyapunov exponent ), is used to characterize the asymptotic behavior of
(2.3). A natural idea to obtain information on such Lyapunov exponents would be
to apply the continuous-time Multiplicative Ergodic Theorem (see, e.g., Arnold [1,
Theorem 3.4.1]). To do so, ¢, should define a random dynamical system on R% x Q,
i.e., one would have to provide a metric dynamical system 6 on {2 — a measurable
dynamical system 6 : Ry xQ — Q on (Q, §,P) such that 8; preserves P for every ¢t > 0
— in such a way that ¢, becomes a cocycle over §. However, in general the natural
choice for 6 to obtain the cocycle property for ¢,., namely the time shift, does not
define such a measure preserving map, as shown in the following example.

EXAMPLE 2.5. Fort > 0, let 6; : Q — Q be defined for almost every w € §
as follows. For w = (ij,t;)52; € Qo, set so = 0, s, = Z?Zl tj for k € N*. Let
n € N* be the unique integer such thatt € [s,—1,s,). We define 0,(w) = (i},t7)52; by
i =inyj—1 for j €N, t] = s, —t, 1] =tnqj_1 for j > 2. One immediately verifies
that 0y corresponds to the time shift in P, i.e., for everyt,s > 0 and w € g, one has

a(biw)(s) = a(w)(t+ s).

However, the map 0; in (Q,§) does not preserve the measure P in general. Indeed,
suppose that p; = 01 for every i € N, where §; denotes the Dirac measure at 1. In
particular, a set E € § has nonzero measure only if E contains a point (i;, tj)J‘?';l with
t; =1 for every j € N*. Forr € N* and i1,...,i, € N, let

B = ({in} > {1]) % ({ink x {1]) x (0 x R)™
5
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ThenP(E) = p;, M; i i, and, fort >0, 0;*(E) is the set of points (i5,t5)52

such that, setting s = 0, s}, = Z?:l t; fork € N*, andn € N* the unique integer such

122 "

that t € [s},_1,5s5), one has s}, —t =1, thejo1=1forg=2....r, and iy ; | =1
forjer. Ift &N, then s, =t+1¢N, and thus there exists j € n such that t; # 1.
We have shown that, if t ¢ N, then, for every w = (i},17)52, € 0; "(E), there exists
J € N* such that t; # 1, and thus P(Q[l(E)) = 0, hence 0; does not preserve the
measure P.

REMARK 2.6. For some particular choices of p1,...,un, the time-shift 6, may
preserve P, in which case the continuous-time Multiplicative Ergodic Theorem can
be applied directly to (2.3). This special case falls in the framework of Li, Chen,
Lam, and Mao [22]. An important particular case where 0 preserves P is when
W1y, N are chosen in such a way that a becomes a homogeneous continuous-time
Markov chain, which is the case treated, e.g., in Bolzern, Colaneri, and De Nicolao
[4], and in Fang and Loparo [15]. The results we provide in Section 4 generalize the
corresponding almost sure stability criteria from [4, 15, 22] to randomly switching
signals constructed according to Definitions 2.1 and 2.3.

3. Associated discrete-time system and Lyapunov exponents. Example
2.5 shows that in general one cannot expect to obtain a random dynamical system
from ¢ in order to apply the continuous-time Multiplicative Ergodic Theorem. Our
strategy to study the exponential behavior of ¢, relies instead on defining a suitable
discrete-time map ,q associated with ¢, in such a way that .4 does define a
discrete-time random dynamical system — to which the discrete-time Multiplicative
Ergodic Theorem can be applied — and that the exponential behavior of ¢, and ¢.q
can be compared.

DEFINITION 3.1. For w = (i, t,)22, € Q, we set sp(w) = >.p_, ty for n € N*
and so(w) = 0. We define the discrete-time map prq by

{NdexQO—HRd
@rd -

(n;mo,w) = Sprc(sn(w);l'o,b.)). (31)

For xy € RY\ {0} and almost every w € Q, we define the Lyapunov exponent of the
discrete-time system (3.1) by

. 1
Ard (%o, w) = lim sup — log [|¢ra (n; o, w)]| - (3:2)
n—oo M

The map p,q corresponds to regarding the continuous-time map ¢, only at the

switching times s, (w). It is the solution map of the random discrete-time equation
Ty = elintng, 4. (3.3)

System (3.3) is obtained from (1.7) by taking the values of a continuous-time solution
at the discrete times s,(w). The sequence (s, (w))52, contains all the discontinuities
of a@(w) and may also contain times with trivial jumps. The Lyapunov exponent A.q
characterizes the asymptotic behavior of ¢.q.

Notice that the solution maps ¢, and ¢.q satisfy, for every xop € R? and almost
every w = (in,ty)52, € 0,

Sorc((); Zo, w) = To,

ore(t; xo,w) = @?EU;Z’((ZL)(LU))@TC(S”(W); xo,w), for n € Nand t € (s,(w), spt1(w)],

(3.4)



and

¢rd (05 29, w) = o,

era(n+ 1;z0,w) = @?fff(s"(w))cprd(n;xo,w), for n € N. (3.5)

We now prove that ¢.q defines a discrete-time random dynamical system on RY x
Q. To do so, we must first provide a discrete-time metric dynamical system 6 on
(©,5,P), which can be chosen simply as the usual shift operator. Let 6 : Q@ — Q be
defined by

O((in: tn)nz1) = (int1s tnsr)ns- (3.6)

One can easily verify, using Definition 2.1 and the fact that pM = p, that the measure
P is invariant under 6, and thus 6 is a discrete-time metric dynamical system in (2, §,
P). Moreover, since 6(€g) = Qo, 6 also defines a metric dynamical system in (Q, §, P)
(where § and P are understood to be restricted to £2g).

We now consider the ergodicity of §. We start by providing the following defini-
tion.

DEFINITION 3.2. Let (,5) be the measurable space from Definition 2.1 and
v € Pr(N x Ry). We define the probability measure P, in (Q,F) by requiring that,
for everyn € N* iy, ... i, € N, and Uy,..., U, € B,

Bo (i) > U2) x (fia) x Ua) x -+ x ({i} x V) x (0 x B)"\2)
= I/({’Ll} X Ul) ivig Mig (UQ) Min,lin,uin(Un). (3.7)

REMARK 3.3. If v({i} x U) = p;ju;(U) for every i € N and U € B, then P,
coincides with the measure P from Definition 2.1. Moreover, for every v € Pr(N x
Ry), P, is the probability measure associated with a Markov process in N x Ry with
transition probability P given by (2.1), transition operator T given by (2.2), and with
initial law v.

LEMMA 3.4. The measure P, is invariant under the shift 0 if and only if v({i} x
U) = p;u;(U) for everyi € N and U € B.

Proof. Notice that P, is invariant under 6 if and only if Tv = v. Hence P, is
invariant under 6 if and only if

N
v({j} x U) =Y v({i} x Ry)Mi;p;(U),  Vj €N, VU €. (3.8)
=1

If (3.8) holds, we apply it to U = R to get that (v({i} x R+)) _, is a left eigenvector
of M associated with the eigenvalue 1. Since M is irreducible, we then obtain than
v({i} x Ry) = p; for i € N. It follows that v({j} x U) = p;u;(U) for every j € N
and U € 8. The converse is immediate. O

Lemma 3.4 shows that the only invariant measure for # under the form P, is the
measure P from Definition 2.1. In particular, we obtain immediately from Hairer [19,
Theorem 5.7] the following result.

COROLLARY 3.5. The metric dynamical system 0 is ergodic in (Q,§,P).

Now that we have defined the random discrete-time system (3.1) and provided
the metric dynamical system 6, we can show that the pair (6, ¢.q) defines a random
dynamical system.



PROPOSITION 3.6. (0, prq) is a discrete-time random dynamical system over
(2,5, P).

Proof. Since 6 is a discrete-time metric dynamical system over (2, §,P), one is
only left to show that (.4 satisfies the cocycle property

©ra(n 4+ m; o, w) = Pra(n; ora(m; zo,w), 0™ (W), VYn,m €N, Vo € RY, Vw € Q.
(3.9)
Let w = (in,tn)52; € Qo. Then it follows immediately from the definitions of & and
sp that, for n,m € N,

n m—+n
= Ztk+m = Z tk = Sntm(W) — sm (W),
k=1 k=m+1

a(0™(w))(sn (0™ (W) = intm = a(w)(Sn+m(w))-

We prove (3.9) by induction on n. When n = 0, (3.9) is clearly satisfied for every
m €N, zg € R?, and w € Q. Suppose now that n € N is such that (3.9) is satisfied
for every m € N, 2o € R%, and w € Q. Using (3.5), we obtain

Qprd(n +1; (prd(m. o, w)’ em(w))

0™ (w))(8n (0™ (w m
= 00 L) ooy P (3 a3 70,0), 67 ()

a(w) (Sn+7n (w))
Sntm+1(W)=Sntm (W)(prd

= (n+m;zo,w) = @ra(n +m+ 1;z0,w),
which concludes the proof of (3.9). O

We now compare the asymptotic behavior of (2.3) and (3.1) by considering the
relation between the Lyapunov exponents A, (g, w) and Aq(zo,w) of the continuous-
and discrete-time systems. We first establish the following result.

PROPOSITION 3.7. For almost every w € 0, one has

N
. sn(w) _ .
Jm — = = -E,l pz/ tdu;(t) g DiTi =: M. (3.10)

Proof. Consider the map f : Qg — R% given by f((in,tn)i2;) = t1. For every
k€N, fobF((in,tn)%;) = trr1. Since 0 is ergodic, Birkhoff’s Ergodic Theorem
shows that, for almost every w € €,

. Sn(‘*”)_ k:
Jim = —nlggo;Zfoé) /f ) dP(w Zpl/ tdpug(t)

as required. O

The next result provides the relation between A.. and A.q.

PROPOSITION 3.8. For every zo € R\ {0} and almost every w € €, the Lyapunov
exponents of the continuous- and discrete-time systems (2.3) and (3.1), given by (2.4)
and (3.2), are related by

)\rd (-7;0; W) = mArc (an W).
Proof. Let us first show that A\rq (2o, w) < mA(2g,w). For every n € N*| one has

Sn(W) Sniw) log “(Prc(sn(w);x()?w)” :

8

1
= log [[¢ra(n; zo, w)|| =
n n



Moreover

n—oo n

. 1
hmsupmlog”gam(sn(w);xo, w)|| < hmsup logHgorC(t xo, w)|l,

and then the conclusion follows since 22} s m as n — oo for almost every w € Q.

We now turn to the proof of the inequality Arq(zo,w) > mArc(zo,w). Let C,y >0
be such that ||®iz|| < Ce ||z|| for every i € N, z € R?, and t > 0. For 2o € R\ {0}
and t > 0, let n; € N be the unique integer such that ¢ € (s, (w), $n,+1(w)], which is
well-defined for almost every w € €. Then

1 w)(sn
108 ne 1570, 0) | = 7 g |25 50D e s, ()50, 0)|
w)(sn, (w log C t—s W 1
HCba( )((;)( ))@rd(nt;xo,w H < gt +r— ( )+¥logllwrd(nt;xo7w)||-
(3.11)
Since t € (sp, (W), $p,+1(w)], one has, for almost every w € Q,
O S t— Snt(w) S Snt+1(w) -1 07 (312)
t Sn, (w) t— o0
where we use (3.10) to obtain that s’;f(lf;) — last — co. We write + = %n% Since
t € (Sn, (W), 5n,+1(w)], one has =t € P T sfﬁ) Now
. Tt 1 . ny ny+1 1 1
lim = — and lim ——— = lim — = —,
A m B @ ek s @)  sen@)) " m

and thus % — L
m

: as t — oo. Using this fact and inserting (3.12) into (3.11), one
obtains the conclusion of the theorem by letting ¢ — oo. O
We also find it useful to prove the following proposition, which evaluates the
average time spent in a certain state k.

PROPOSITION 3.9. Let i € N. For almost every w € §2, one has

i LT a@®) =8 _pim
T—o0 T - ;

where L denotes the Lebesgue measure in R.
Proof. Fix i € N. Let ¢; : Q@ — R4 be given by

t1, ifip =1,

il(ins tn)pZi) = {

0, otherwise.

Then, by Birkhoff’s Ergodic Theorem, one has, for almost every w € €2,

n—1

1 ;
nhﬁn;o - jz::o vi(Pw) = /ngi(w) dP(w) = piT. (3.13)
On the other hand, by definition of a, for almost every w = (in,t,)52; € Q,

S (i) Ztgfc{te 0,50 (w)] | alw)(®) = i}
=0 =1



Hence it follows from Proposition 3.7 and (3.13) that, for almost every w € €2,

i L€ snw][aw)(®) =i} .~ n Z% i) = BT (314

n—00 Sp, (w) n—00 Sn

Let w € € be such that (3.14) holds and take T € R,. Choose ny € N such that
Spp(w) <T < $ppy1(w). Then

%ﬁ{t €0, Tl a(w)(t) =i} < L{t € [0, snr11(w)] | a(w)(t) =i}

1
Snp (W)

and

2 L{t € [0, 5n, ()] | @(w)(t) = i}

, |
L e DT aW)(t) =i} 2 —0

The conclusion of the proposition then follows since, by Proposition 3.7, &;:7(15}30 —1
as n — oo for almost every w € Q. O

REMARK 3.10. The choice of s, in Definition 3.1 is not unique, and one might
be interested in other possible choices. The times s,(w) correspond to the transitions
of the Markov chain from Remark 2.2. However, if some of the diagonal elements
of M are non-zero, then the discrete part of the Markov chain, i.e., its component
in N, may switch from a certain state to itself. In practical situations, it may be
possible to observe only switches between different states, and another possible choice
for sp(w) that may be of practical interest is to consider only the times corresponding
to such non-trivial switches. Defining 6 as the shift to the next different state, 0
defines a metric dynamical system if we suppose that, instead of having pM = p, we
have pM = p, where Mm = 1MM fori,j € N withi # j and M;; = 0 fori € N.
(Notice that M;; # 1 for every i € ﬂ since M is irreducible.) The counterparts of the
previous results can be proved in this framework with no extra difficulty.

REMARK 3.11. The fact that systems (1.7) and (3.3) are linear has been used
only in the proof of Proposition 3.8, where one uses an exponential bound on the
growth of the flows ®! = eli', namely that there erist constants C,~y > 0 such that
||6Lit et for everyt >0 and i € N. If we consider, instead of system (1.7), the
nonlinear switched system

B(t) = faq (2(t)),

where fi,..., fn are complete vector fields generating flows ®', ..., ®N, and modify
the discrete-time system (3.3) accordingly, all the previous results remain true, with
the same proofs, under the additional assumption that there exist constants C,y > 0
such that H<I>% . However, the next
results do mot generalize to the nonlinear framework.

In order to conclude this section, we apply the discrete-time Multiplicative Er-
godic Theorem (see, e.g., Arnold [1, Theorem 3.4.1]) in the one-sided invertible case
to system (3.1) and we use Proposition 3.8 to obtain that several of its conclusions
also hold for the continuous-time system (2.3).

Let L : Q — My(R) be the function defined for w = (i,,t,)5%; by L(w) = efiuts,
so that ¢.q(n;mo,w) = LO" 'w)pa(n — 1;20,w) for every g € R4, n € N*, and
almost every w € Q. For n € N and almost every w € 2, we denote ®(n,w) the linear
operator defined by @(n,w)x = prq(n;z,w) for every x € R, which is thus given by
B(n,w) = elintn...elult for w = (ij,t;)72, € Q and n € N*.
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PROPOSITION 3.12. There exists a measurable subset Q C Q of full P-measure
and invariant under 6 such that
(i) for every w € Q, the limit ¥(w) = lim,_, (@(n,w)T@(n,w))l/% exists and
is a positive definite matriz;
(i1) there exist an integer ¢ € d and q integers dn > --- > d, such that, for
every w € ﬁ, there exist q vector subspaces Vi(w), ..., Vy(w) with respective
dimensions dy > --- > dg such that

Vyw) C - C Vi(w) = RY,

and L(w)Vi(w) = Vi(8(w)) for every i € q;
(iii) for every zo € R\ {0} and w € Q, the Lyapunov exponents \a(zo,w) and
Are(xo,w) exist as limits, i.e.,

. 1
Ara(0,0) = Tim_ = 1og a3 70, )]

. 1
)\rc(l”o,w) = tllglo E log H(prc(t;anw)” 5

(iv) there exist real numbers Ay > -+ > )\2 and A > -+ > A such that, for every
t€qandw € (AZ,

Ard(zo,w) = )\? = Aelzo,w) = A <= 20 € Vi(w) \ Vig1(w),

where Vi1 (w) = {0};

~

(v) for every w € Q, the eigenvalues of U(w) are M > > e’\g, and their
respective algebraic multiplicities are m; = d; — dij1, with dg4q = 0.

Proof. Let us show that Multiplicative Ergodic Theorem can be applied to the
random dynamical system (6, o;q). Recall that there are C > 1, v > 0 such that,
for every i € N and t € R, |[eft|| < CeVl*l. Then, for w = (in,t,)5; € Qo,
log" || L(w)*!|| < log C 4 ~t1, so that

N
/ log™ ||L(w)i1H dP(w) <logC + ’YZPiTi < oo.
Q

i=1

Then the Multiplicative Ergodic Theorem can be applied to (6, ¢.q), yielding all the
conclusions for ¥, q, d;, Vi, Ara(20,w), and A{. The conclusions concerning A, (zg,w)
and X{ in (iv) follow from Proposition 3.8, with A = LY. One is now left to show
that the Lyapunov exponent A..(zo,w) exists as a limit.

Notice that ||e~%i'z| < Ce* ||z|| for every i € N, € R? and ¢ > 0, and hence
||eLita|| > C~te™"[|z||. Let t > 0 and choose n; € N such that ¢ € (s, (w), Sn,+1(w)].
Then, proceeding as in (3.11), one gets

log C t— sy,
4 K t

1 1
7 1og llere(ts 2o, )| = — + 7 Loglra(ne; o, W)l

Using (3.12), we thus obtain that
o1 1
hglogf;log | re(t; o, w)|| > EArd(xmw) = Are(0, w),

which yields the existence of the limit. O
11



4. The maximal Lyapunov exponent. We are interested in this section in
the maximal Lyapunov exponents for systems (2.3) and (3.1), i.e., the real numbers
A$ and A{ from Proposition 3.12(iv). We denote these numbers by ¢, and A
respectively. Before proving the main results of this section, we state the following
lemma, which shows that the Gelfand formula for the spectral radius p holds uniformly
over compact sets of matrices. This follows from the estimates derived in Green [17,
Section 3.3]. For the reader’s convenience, we provide a proof.

LEMMA 4.1. Let A C M4(R) be a compact set of matrices. Then the limit

lim [|A"]"" = p(A)

n— oo

is uniform over A.
Proof. Let € > 0 and define a continuous function F': 4 — My4(R) by

1
—A
p(A)+¢€

Then F(A) is compact and for every F(A) € F(A) its spectral radius is p(F(A)) =

p(l)zg?-i)rs < 1. Fix A € A. Then (see, e.g., Horn and Johnson [21, Lemma 5.6.10]) there

is a norm ||| , in R? with [|[F(A)[|, < w. Then for all B in a neighborhood
Uof A

F(A) =

1+ p(F(4)

1P(B) < =25

Since all norms on M 4(R) are equivalent, there is 84 > 0 such that for all B € U

1 +p<F<A>>>”.

P < B4 IPEB) Ly < 5 1P < pa (FH2

Then there is N € N*| depending only on A and ¢, such that for all n > N and all
BeU,

1 1/n 1/n
BV = |[FB)|V < 1,
i O
implying HB"HI/" < p(B) + e. Since this holds for every B in a neighborhood U of

A and ||B"||1/" > p(B) for every n € N*, one obtains that the convergence in U is
uniform, and the assertion follows by compactness of A. O
We can now prove our first result regarding the characterization of A, and A4 .
PROPOSITION 4.2. For almost every w € ), we have

d
)‘max

.1
= nh_}rgo - log || @(n,w)|| . (4.1)

Moreover,
M,<nﬂlfbwﬂnmwmwzhml/bwgn@wmm. (4.2)
max = ,EN* n Q ’ n—oon Jq ’

Proof. Notice that (4.1) and (4.2) do not depend on the norm in M (R). We fix in
this proof the norm induced by the Euclidean norm in R, given by | A|| = \/p(ATA).

ATA|| = \/p((ATA)?) = p(ATA) = | A,
12

Notice that, in this case, }



By Proposition 3.12(v), eXmax is the spectral radius p(¥(w)) of ¥(w) for almost
every w € . By continuity of the spectral radius and Proposition 3.12(i), one then
gets that

Mowx = i [ g 1/2n} — lim L H T k/2n | Mk

e —nll_{r;op ((n,w)" &(n,w)) —nlglréokli}rr;o ((n,w)" &(n,w)) ,
(4.3)
using also Gelfand’s Formula for the spectral radius. The sequence of matrices

oo

((@(n,w)Té(n,w))1/2n> converges to ¥(w), hence this sequence is bounded in
n=1

M_g(R). By Lemma 4.1, the limit in Gelfand’s Formula is uniform, which shows that
one can take the limit in (4.3) along the line k = 2n to obtain
Nax — 1 T v oy 1/n
e = nhﬁngo | ®(n,w)" &(n,w)|| = nlin;o | ®(n,w)|| ™.
Hence (4.1) follows by taking the logarithm.
In order to prove (4.2), fix m € N*. By (4.1), for almost every w € €,

1
A= lim — log||® } 4.4
max = 1 ——log || @(nm, w)| (4.4)

One has &(nm,w) = &(m, "=D"w) .- &(m, 0"w) P(m,w), and thus

n—1

1 1 ke
%log | @(nm,w)]|| < — kzzolog | @(m, 0™ w)]|. (4.5)

Since 6™ preserves P and log || @(m, -)|| € L'(©2, R), Birkhoff’s Ergodic Theorem shows
that

n—1

1 i 1
nh—?;o% kgolog H@(mﬂmkw)H = —Alog”@(m,w)\\ dP(w). (4.6)

m

Combining (4.4), (4.5), and (4.6), one obtains the inequality in (4.2). The sequence
(Jolog || @(n,w)|| dIE”(w))n is subadditive, since ®(n + m,w) = ®(m, §"w) P(n,w) for
n,m € N and 6 preserves P. This subadditivity implies that the equality in (4.2)
holds. O

Under some extra assumptions on the probability measures p;, ¢ € IN, one obtains
that the inequality in (4.2) is actually an equality.

PROPOSITION 4.3. Suppose there exists r > 1 such that, for every i € N, one
has f(O,oo) t"du;(t) < oo. Then X is given by

max

1 1
)\ila){: inf f/log”@(n,w)”dIP’(w): lim f/logH@(n,w)Hd}P’(w).
ne nJo N Jo

n—

Proof. One clearly has, using (4.1), that

1
Mo = [ Mo @) = [l log | #(n,)] dP().
Q Qnoeen
The theorem is proved if we show one can exchange the limit and the integral in
the above expression, which we do by applying Vitali’s convergence theorem (see,
e.g., Rudin [27, Chapter 6]). We are thus left to show that the sequence of functions

13



(Llog|[®(n,-)[)]", is uniformly integrable, i.e., for every € > 0, there exists § > 0
such that, for every E € § with P(E) < 8, one has X | [, log || #(n,w)| dP(w)| < e.

For w = (in,t,)2%,; € Qo and n € N*, one has @(n,w) = elintn ... elirti Tet
C,v > 0 be such that ||e*|| < Ce* for every i € N and t > 0. Then

log || #(n,w)|| < nlogC+7 Y ti =nlogC + ysn(w),

i=1

where s,(w) = D1, t;. Hence, it suffices to show that the sequence (7"):11 is
uniformly integrable.
For n € N* and F € §, we have, by Holder’s inequality,

/Esny(zde(W) = ii/EtidP(W) < %i (/glt{dIP’(W))i]}D(E)j/ < K+P(E)7,

i=1

where r’ € (1,00) is such that £ + & =1 and K = maxieﬂf(o ooy B dpi(t) < oo.

Equation (4.7) establishes the uniform integrability of (%”):o:17
sult. O

As an immediate consequence of Proposition 3.7, Proposition 3.8, Proposition
4.2, and Proposition 4.3, we obtain the following result.

which yields the re-

COROLLARY 4.4. The mazimal Lyapunov exponents NS, and N\, satisfy
1
X = N < 0+ [ log |00, dP(w). (4.8)
neN* N Jq
In particular, if
there exists n € N* such that / log || #(n,w)| dP(w) < 0, (4.9)
Q

then systems (2.3) and (3.1) are almost surely exponentially stable.
If we have further that there exists r > 1 such that fR+ t" dp;(t) < oo for every
1 € N, then the inequality in (4.8) is an equality and (4.9) is equivalent to the almost
sure exponential stability of (2.3) and to the almost sure exponential stability of (3.1).
We conclude this section with the following characterization of a weighted sum

of the Lyapunov exponents \{, i € N.

7

PROPOSITION 4.5. Suppose there exists v > 1 such that, for every i € N, one
has f(o ooy U dpi(t) < oo. Then

q N
i=1 i=1

where m; s as in Proposition 3.12(v).
Proof. Thanks to Proposition 3.12(v), one obtains that, for almost every w =
(inatn)%ozl S Qa



which yields

Zmz = logdet ¥(w) = lim logdet(@(n,w)TQ(n,w))l/Qn

1/n n
1
_ L, ty . _ .
= nlgrolo log <| | det e”ix ) = nlgrolo - kgltk Tr(L;,).

k=1

Then

q q
d _ d _ -
;mmi _/szlxi dIP(w)_/inggonZtkTr L;,) dP(w)
:nhﬁngoﬁZ/tkTr i) dP(w szTzTI'

where we exchange limit and integral thanks to Vitali’s convergence theorem and to
o0

the fact that (S”(w)) = (23, L‘k) _, is uniformly integrable, as shown in the

proof of Proposition 4 3 ]

5. Main result. In this section, we use the stability criterion from Corollary
4.4 to study the stabilization by linear feedback laws of (1.1). As stated in the
Introduction, we write (1.1) under the form (1.5), which is a switched control system
with dynamics given by the N equations & = Az + Eiui, i€ N.

We consider system (1.5) in a probabilistic setting by taking random signals a(w)
as in Definition 2.3, i.e., the random control system &(t) = ﬁx(t) +]§a(w)(t)ua(w)(t) (t).
The problem treated in this section is the arbitrary rate stabilizability of this system
by linear feedback laws u; = K;P;x, i € N, where we recall that P; € My, 4(R) is the
projection onto the i-th factor of R = R% x ... x RN . More precisely, we consider
the closed-loop random switched system

x(t) = (A + Ba(w)(t)Ka(w)(t)Pa(w)(t)) x(t). (5.1)

We wish to know if, given A € R, there exist matrices K; € M,,, 4,(R), i € N,
such that the maximal Lyapunov exponent AS . of the continuous-time system (5.1),
defined as in Section 4, satisfies A .. < A. Our main result is the following, which
states that this is true under the controllability of (A;, B;) for every i € N.

THEOREM 5.1. Let N € N*, dy,...,dy,m1,...,mn € N, A; € M4, (R), B; €
M, m( ) fori € N, and assume that (A;, B;) is controllable for every i € N. Define
A and B as in (1.6). Then, for every A € R, there exist matrices K; € My, 4,(R),
1 € N, such that the mazimal Lyapunov exponent N\ .. of the closed-loop random
switched system (5.1) satisfies AS . < A.

Proof. Let C > 1, B > 0 be such that, for every ¢ € N and every t > 0,
||6Ait Thanks to Cheng, Guo, Lin, and Wang [7, Proposition 2.1}, we
may assume that C' is chosen large enough such that the following property holds:
there exists D € N* such that, for every v > 1 and ¢ € N, there exists a matrix

K; € Mmi,di (R) with

X

He(Ai"rBiKi)t < CryDe_’Yt, Vit € R;. (5'2)
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Let K; = K;P; € My, 4(R). Then

A 0 .- 0 e 0
0 Ay --- 0 e 0
ATBiKi=14 A, + BK, o |
0 0 0 AN
and thus, for every t € R,
At o ... 0 0
0 ed2t ... 0 0
A+B, Rt : : . : . :
AT = 0 0 ... elAitBiK)t . 0
0 0 0 ... ANt

Since M is irreducible and p is invariant under M, we have p; > 0 for every ¢ € N.
The irreducibility of M also provides the existence of » > N and (if,...,i5) € N”

such that {i7,...,i;} = N and Mz --- M= ;= > 0. In order to apply Corollary 4.4,
consider

/Q log| 6| dBwW) = S pi M, My,

(il,...,ir)eﬂr

/ IOg"e(3+§irl?ir)tr...e(méilfﬁl)h dpi, (t1) -~ dpss, (). (5.3)
(0,00)7

Since Ef\il PYP, = Id; and Pie(g"ré’f(’i)tPJT = 0 if i # j, we have, for every
(il,...,ir) GMT and (tl,...7tr) S ]RT,

e(A\+§irl/€ir)tr . e(A\+§i1 Ril)tl
N R N SO N
_ Tp (A+B;, K; )t Tp (A+B;, Kt Tp
= [ S PIp, | eAtBuKidte | N7 pIp; | eA+Buky Prp;,
Jr=1 Jji=1 jo=1

PP eAtBiKi)tr . pT po(A+Bi K )t pT p,

|
.MZ

s
Il
—

7

I
.MZ

Il
-

PTe(Ai+5iirBiKi)tr . e(Ai+5iilBiKi)t1Pi' (54)
K2

Since, for every ¢ € N and t > 0, we have ||eAit < CePt and |}e<Ai+Bin)t|| <
C~yPe™7t, we get, for every (iy,...,i,) € N and (t1,...,t.) € R},

He@@iﬁir)tr e AHBu R || < NOTATPeB It (5.5)

When (iy,...,4,) = (i],...,4)), we can obtain a sharper bound than (5.5). For
i € N, denote by N(i) the nonempty set of all indices k& € r such that i} = ¢, and
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denote by n(i) € N* the number of elements in N(7). Then

which shows, using (5.4), that

PiTe(AiJr‘Sm; BiK;)t, . e(Az‘Jr‘sn;BiKi)thiH < Cr,yn(i)De—’Y YkenN@) te B 2 her\N () tk-’

He(A+Bi: Kig)tr | [(A+Bis Kin)ta

N
< § CT,Y"(i)De*V >ken() tkeﬁzk€£\N(i)tk
=1

< NCT,.yrDef'yminkeﬁtkerB maxpyer tk. (56)
Let

Ey = max 7,
ieN 79

Enin = / minty dpgs (t1) - - - dpix (£) > 0,
(0

Sk ker

Eoax = / max ¢y dp;s (t1)--- dpsix (t) < oo.
(0,00)"

ker

Then, combining (5.5) and (5.6), we obtain from (5.3) that

/ log || @(r,w)|| dP(w) < N7 (log(NC") + rDlog~y + rBEp)
Q
+pis Mizis - My i (1og(NC") +rDlogy — vEmin + 78Emax) . (5.7)

The right-hand side of (5.7) tends to —oo as v — oo, which can be achieved by (5.2).
Hence it follows from Corollary 4.4 that the maximal Lyapunov exponent of (5.1) can
be made arbitrarily small. O

Recall that the main motivation for Theorem 5.1 comes from the stabilizability
of persistently excited systems (1.3) under linear feedback laws. It was proved in [10,
Proposition 4.5] that there are (two dimensional) controllable systems for which the
achievable decay rates under persistently exciting signals through linear feedback laws
are bounded below, even when we consider only persistently exciting signals « taking
values in {0, 1} instead of [0, 1]. Theorem 5.1 implies that, in the probabilistic setting
defined above, one can get arbitrarily large (almost sure) decay rates for the gener-
alization (1.5) of system (1.3), which is in contrast to the situation for persistently
excited systems. An explanation for this fact is that the probability of having a signal
« with very fast switching for an infinitely long time, such as the signals used in the
proof of [10, Proposition 4.5], is zero, and hence such signals do not interfere with the
behavior of the (random) maximal Lyapunov exponent.

REMARK 5.2. In order to establish a more precise link between Theorem 5.1
and the case of deterministic persistently excited systems treated in [5, 8, 9, 10, 26],
consider the case of (1.3) with a(t) € {0,1} and (A, B) controllable. This is a special
case of (1.1) if we let Ay = A, By = B and add a trivial second subsystem with
dy = mg = 0. In this remark, o denotes the signal oy from (1.1), instead of the signal
a from (1.5). In order to simplify, we assume that, in the probabilistic model of a,
trivial switches do not occur, which amounts to choosing

0 1
=1 o).
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with the unique invariant probability vector p = (%, %) Notice that the assumptions
of Theorem 5.1 are satisfied in this framework.

In general, such signals a(w) cannot be persistently exciting. In fact, suppose that
the measure po satisfies pa((0,T)) < 1 for every T > 0 (recall that p; determines how
long the system remains in the state i, and that i = 2 corresponds to the activation of
the trivial subsystem). Then

P{w € Q| 3T > p > 0 such that a(w) is a PE (T, p)-signal} = 0. (5.8)

Indeed, since a (T, u)-signal is also a (T', p')-signal for every T > T and 0 < p’ < p,
we have

{weQ|3IT > pu >0 such that a(w) is a PE (T, p)-signal}

U U {we Q| a(w) is a PE (T, u)-signal}
T>0 pne(0,T)

U U {w e Q| a(w) is a PE (T, p)-signal}.
TEN* LeN-

If « is a PE (T, p)-signal, the PE condition implies that o cannot remain zero during
time intervals longer than T — p, and thus

{we Q| a(w) is a PE (T, p)-signal}
CH{w = (in,tn)p; €Q|VneN" 4, =2 = t, <T —u}. (5.9)

Since i, takes the value 2 infinitely many times for almost every w € Q and pus((0,T —
u]) < 1, the right-hand side of (5.9) has measure zero, and thus (5.8) holds.

However, one can link the random signals a(w) with a weaker, asymptotic notion
of persistence of excitation. A (deterministic) measurable signal o : Ry — [0,1] is
said to be asymptotically persistently exciting with constant p > 0 if

1 t
liminf — [ «(s)ds > p.

t—o0 0

It follows easily from (1.4) that every persistently exciting (T, pu)-signal is also asymp-

totically persistently exciting with constant p = %. Proposition 3.9 implies that, for

almost every w € €,
1 ¢ T1

lim — ds =
tl>r£ot 0 a(w)(s) 5 T1 +7’2’

and thus, in particular, almost every signal a(w) is asymptotically persistently exciting
with constant p = —— > 0.

T1+T2
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