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LYAPUNOV EXPONENTS FOR RANDOM CONTINUOUS-TIME
SWITCHED SYSTEMS AND STABILIZABILITY

FRITZ COLONIUS* AND GUILHERME MAZANTI!

Abstract. For linear systems in continuous time with random switching, the Lyapunov ex-
ponents are characterized using the Multiplicative Ergodic Theorem for an associated system in
discrete time. An application to control systems shows that here a controllability condition implies
that arbitrary exponential decay rates for almost sure stabilization can be obtained.
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1. Introduction. Linear systems with switching coefficients are of considerable
interest in theory and applications. The present paper considers systems in continuous
time with random switching and develops methods to describe the exponential growth
rates, i.e., the Lyapunov exponents. This is used to analyze stabilizability properties
of control systems with random switching.

Systems with deterministic switching have been extensively studied, cf., e.g., the
monograph Liberzon [20] and the surveys Lin and Antsaklis [21], and Shorten, Wirth,
Mason, Wulff, and King [27]. An important motivation for our work comes from
the theory of persistently excited control systems where switching means that the
control is put on or off. These deterministic systems have been studied in a number
of papers, with many results in special situations, cf. Chaillet, Chitour, Loria, and
Sigalotti [5], Chitour and Sigalotti [10]. In particular, it is known that here, contrary
to the situation for autonomous linear control systems, controllability does not imply
stabilizability with arbitrary decay rates.

The analysis of random switched systems in the present paper is based on the
classical Multiplicative Ergodic Theorem due to Oseledets (cf. Arnold [1]). It turns
out that a direct application of this theorem to systems in continuous time with
random switching is not feasible, since in general they do not define random dynamical
systems in the sense of [1] (cf. Example 2.6). Instead, we apply the Multiplicative
Ergodic Theorem to an associated system in discrete time and then deduce results for
the Lyapunov exponents of the continuous-time system. We remark that Lyapunov
exponents for continuous-time systems with random switching are also considered
by Li, Chen, Lam, and Mao in [19]. They assume from the beginning that they
have random dynamical systems and hence use the classical Multiplicative Ergodic
Theorem.

The considered linear equations with random switching form Piecewise Determin-
istic Markov Processes (PDMP). These processes were introduced in Davis [12] and
have since been extensively studied in the literature. For an analysis of their invariant
measures, in particular, their supports, cf. Bakhtin and Hurth [2] and Benaim, Le
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Borgne, Malrieu, and Zitt [3], also for further references. An important particular
case which also attracts much research interest is that of Markovian jump linear sys-
tems (MJLS), in which one assumes that the random switching signal is generated
by a continuous-time Markov chain. For more details, we refer to Bolzern, Colaneri,
and De Nicolao [4], Fang and Loparo [13], and to the monograph Costa, Fragoso, and
Todorov [11]. The case of nonlinear switched systems with random switching signals
has also been considered in the literature, cf. e.g. Chatterjee and Liberzon [6], where
multiple Lyapunov functions are used to derive a stability criterion under some slow
switching condition that contains as a particular case switching signals coming from
continuous-time Markov chains. We also remark that several different notions of sta-
bility for systems with random switching have been used in the literature; see, e.g.,
Feng, Loparo, Ji, and Chizeck [14] for a comparison between the usual notions in the
context of MJLS. The one considered in this paper is that of almost sure stability.

The main results of this paper are (i) a Multiplicative Ergodic Theorem, Theorem
4.1, for linear continuous-time switching systems. This is based on a careful analysis of
the relations between the Lyapunov exponents for an associated discrete-time system
— which does define a random dynamical system — and those for the system in
continuous time; and (ii) Theorem 6.1 showing that arbitrary decay rates may be
achieved for linear control systems with random switching by choosing appropriate
linear feedback laws. This is in contrast to the situation for deterministic switching
by persistent excitations, as mentioned above.

The contents of this paper is as follows:

Section 2 constructs the random signals acting on the coeflicients of the con-
tinuous-time system. Example 2.6 shows that, in general, one does not obtain a
random dynamical system and Remark 2.7 discusses the relation to previous works
in the literature. Section 3 introduces an associated system in discrete time, shows
that it defines a random dynamical system, and discusses the relations between the
Lyapunov exponents for continuous and discrete time. This leads to the formulation
of a Multiplicative Ergodic Theorem for the continuous-time system in Section 4.
Section 5 derives a formula for the maximal Lyapunov exponent. Finally, Section
6 presents the application to almost sure stabilization with arbitrary decay rate of
linear control systems with random switching signals.

Notation: The sets N* and N are used to denote the positive and nonnegative
integers, respectively. For N € N* we let N := {1,..., N} and R} := [0,00),R% :=
(0, 00).

2. Continuous-time linear switched system and random switching sig-

nals. Let N,d € N* and A;,..., Ay € M4(R). This paper considers the continuous-
time linear switched system

where the switching signal « belongs to the set P defined by
P :={a: Ry — N piecewise constant and right continuous} .

Recall that a piecewise constant function has only finitely many discontinuity points
on any bounded interval. Given an initial condition x¢p € R? and o € P, system (2.1)
admits a unique solution defined on Ry, which we denote by ¢.(-;zg, ). In order
to simplify the notation, for i € N, we denote by ®! the linear flow defined by the
matrix A;, i.e., ®! = et for every t € R.
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We consider in this paper that the signal « is randomly generated according to a
Markov process which we describe now. Let M € My (R) be a stochastic matrix, i.e.,
M has nonnegative entries and Zjvzl M;; =1 for every i € N. Let p be a probability

vector in RV i.e., p € [0,1]" and Z?’:lpi = 1. When necessary, we will regard p as
a row vector p = (p1,...,pn). We assume in this paper that p is invariant under M,
i.e., that pM = p. Finally, let pi,...,un be probability measures on R} with the
Borel g-algebra B and with finite expectation, i.e., ijr tdp;(t) < oo for every i € N.

Whenever necessary, we will use that pq,...,uy define probability measures on R
with its Borel o-algebra, that we also denote by 98 for simplicity.

The random model for the signal « can be described as follows. We choose an
initial state ¢ € N according to the probability law defined by p. Then, at every time
the system switches to a state ¢, we choose a random positive time T according to
the probability law p; and stay in 4 during the time T, before switching to the next
state, which is chosen randomly according to the probability law corresponding to the
i-th row (Mw)é\[:1 of the matrix M. Let us perform this construction more precisely.
Recall the construction of product o-algebras (see, e.g., Halmos [17, §38, §49]).

DEFINITION 2.1. Let Q = (N x RN and provide Q with the product o-algebra
3= (BN) x BV, Endow (Q,F) with the probability measure P defined, for n € N*,
i1,-esin €N, and Uy, ..., U, € B by

P ({21} x Uy X {iz} X Uz x -+ X {in} x Up x (N x ]RJF)N*\ﬂ)

= Piy iy (U1) Miyip priy (U2) - - - My, i, i, (Un)-

For a given measurable space X, we denote by Pr(X) the set of all probability
measures on X. The next result shows that the construction from Definition 2.1 is
actually a Markov chain in the state space N x Ry. For the definitions of Markov
process and its transition probability, initial law, and transition operator, we refer to
Hairer [16].

PROPOSITION 2.2. Forn € N*, let z,, : Q@ = (N x RN — N x Ry denote the
canonical projection onto the n-th coordinate. Then (x,)5% is the unique Markov
process in N x Ry with transition probability P : N x Ry — Pr(N x R,) defined by

P(i.O)({j} x U) = Myjui;(U),  VijeN, VteR,, YU €E®B,  (22)
and with initial law vy given by
({7} xU) =pjp;(U), Vje N, VU € B. (2.3)
The transition operator T : Pr(N x Ry) — Pr(N x Ry) of this chain is given by

N
Tv({j} x U) = > v({i} x Ry)Myp;(U),  Vje€N, VU € B. (2.4)
i=1
Proof. Observe that IV x Ry is a complete separable metric space. Then by
[16, Proposition 2.38], it suffices to show that, for every n € N* iy,...4, € N, and
Uy,...,U, €95,

P({il} x Uy x {ig} x Uy X+ x {in} x Uy, X (MxRJr)N*\ﬂ)

= / / t / P(inflatnfl)({in} X Un)
{11} xUL J{i2} xUz {tn—1}xUn_1
dP(in,Q, tnfg)(infl, tnfl) e dP(il, tl)(i27 tg)dl/l (7;17 tl). (25)
3



The definitions (2.2) and (2.3) of P and vy immediately give

/ / / Plin-1,tn1){in} x Uy)
{in}x Uy J{iz}xUs {in—1}xUn—1
dP(in—2,tn—2)(in—1,tn—1) - dP(i1,t1)(i2, t2)dv1 (i1, 1)

:/ // M, i, i, (Un)
i Jus Jua

M, i, dpi,  (tn-1) - Miyi,dpi, (t2)pi, dpi, (t1)
= M, _yi, i, (Un)Mi, i, iy (Un—1) - Miyin i, (U2)piy iy (U),

and thus (2.5) holds. The expression of the transition operator follows immediately
from its definition (see, e.g., [16, Definition 2.31]). O

REMARK 2.3. The canonical projection of N xR onto N transforms the Markov
chain from Proposition 2.2 into a discrete Markov chain in the finite state space N
with transition matrix M and initial distribution p.

To construct a random switching signal o from a certain w = (in, ty)02; € €,
we regard (i,,)22; as the sequence of states taken by « and t,, as the time spent in
the state i,. For this construction to be well-defined, one needs to check that the
switching times of such « tend to co. The next proposition shows that this is the case
in a subset of € of full measure.

PROPOSITION 2.4. The subset Qg of Q2 defined by

Qp = {(imtn);’f_l €N Zt" =00 and t, > 0 for every n € N*}
n=1

satisfies P(Qp) = 1.
Proof. We write Q¢ = Q' N Q" with

Q= {(in,tn)ff_l €N

>t o).
n=1
Q" = {(in, tn)s2y € Q| t, >0 for every n € N*}.

Then it follows that

P(Q") =P ( {(15,15)721 € Q| tn > 0}> =1,

13

since for every n

P{(ij t;)520 € Q[ tn >0 = Y pi, My M, i, 1, ((0,00)) = 1.

(il,...,in)eﬂ"

Denoting by ¢ the complement of " in 2, we have

it" < oo} C {(in,tn);?f:l €eQ| lim ¢, = 0}

n—oo

= {(in,tn)zo_l €

n=1
-NuN {(in,tn)f_leQ’tm<}€}, 26)
k=1r=1m=r
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For k,r, K € N* with K > r, let

T,k) K . o0 1
ER = () 4 lin,tn)3ly € Q |t < -

m=r

(N xRy x (N x [0, 1/k))K_’"+1 X (N x Ry )N\E

U H ({i;} x Ry) x H ({i;} x [0,1/k)) x (N x R )N \E,

(31,e-yix )ENK j=1 Jj=r

This union is disjoint, and thus

K K
HD (E;ék) - Z Piy H Mij—lij H 'u'ij ([O’ 1/k)> S ,umax(k)KirJrl7

(i1,i)ENK  j=2 j=r

where pimax (k) = max;en 1:([0,1/k)). Then pmax(k) — 0 as k — 0o, and hence there
exists k. € N* such that pmax(k«) < 1. Since, for every r, k € N*, the sequence of sets

o0
(E}}k) is decreasing, we obtain that
K=r

P ( ﬁ {(i’mtn)zo—l €N ’ tm < kl}> = KIEHOOP(EW o ) =0.

m=r

This shows that P(Q') = 1 thanks to (2.6). O

We now associate to each w € y a signal a € P.

DEFINITION 2.5. We define the map a : Qo — P as follows: forw = (in,t,)52, €
Qo, we set so =0, s, =Y p_y t for n € N*, and a(w)(t) = i, for every n € N* and
t € [Sn—1,5n)-

Notice that a is well-defined since > 7 | ¢, = oo for every w = (in,t,)22; € Qo.
When necessary, we regard a as a function a : ) — P defined almost everywhere.

In order to consider solutions of (2.1) for signals « chosen randomly according to
the previous construction, we use the solution map ¢, of (2.1) to define the map

Ry xRixQy — R¢
Qorc'{ + 0 (27)

(t; o, w) = we(t; 2o, (w)).

A natural idea to study the exponential behavior of the switched system with
random switching signals described by ¢, would be to apply the continuous-time
Oseledets’ Multiplicative Ergodic Theorem (see, e.g., Arnold [1, Theorem 3.4.1]) to
obtain information on the Lyapunov exponents for ¢,.. To do so, ¢, should define
a random dynamical system on R% x Q, i.e., one would have to provide a metric
dynamical system 6 on 2 — a measurable dynamical system 6 : R; x Q@ — Q on
(Q,F,P) such that 6; preserves P for every ¢t > 0 — in such a way that ¢,. becomes
a cocycle over 0 (for the precise definitions of random dynamical system, metric
dynamical system, and cocycle, see, e.g., [1]). However, in general the natural choice
for 0 to obtain the cocycle property for ¢, namely the time shift, does not define
such a measure preserving map, as shown in the following example.

EXAMPLE 2.6. Fort > 0, let 6; : Q — Q be defined for almost every w € 2
as follows. For w = (ij,t;)52, € Qo, set so = 0, s, = Zj,lt for k € N*. Let
n € N* be the unique integer such thatt € [s,_1,5,). We define 0(w) = (i5,t7)52, by
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i =inyj—1 for j €N, t] = s, —t, 1] =tnqj1 for j > 2. One immediately verifies
that 0; corresponds to the time shift in P, i.e., that, for every t,s > 0 and w € §,

one has

a(bw)(s) = a(w)(t+ s).

However, the map 6; in (,F) does not preserve the measure P in general. Indeed,
suppose that p; = 01 for every i € N, where §1 denotes the Dirac measure at 1. In
particular, a set E € § has nonzero measure only if E' contains a point (ij,t;)52, with
t; =1 for every j € N*. Forr ¢ N* and iy,...,i, € N, let

E={i1} x {1} x - x {i,} x {1} x (N x Ry)N'\E.

ThenP(E) = pi, My, -+~ My, and, fort >0, 0, (E) is the set of points (i i, t5)52
such that, setting s = 0, s}, = Zf 1 j fork € N*, andn € N* the unique integer such
that t € [s},_1,s5), one has s}, —t =1, thpjo1=1forg=2....r,and iy ; | =1
forjer. Ift ¢ N, then s, =t +1 ¢ N, and thus there exists j € n such that t; # 1.
We have shown that, if t € N, then, for every w = (i},17)32, € 0y YE), there exists
J € N* such that t; # 1, and thus P(9;*(E)) = 0, hence 0; does not preserve the
measure P.

REMARK 2.7. For some particular choices of pui,...,un, the time-shift 0; may
preserve P, in which case the continuous-time Multiplicative Ergodic Theorem can be
applied directly to (2.7). This special case falls in the framework of Li, Chen, Lam, and
Mao [19]. An important particular case where 0; preserves P is when py, ..., un are
chosen in such a way that a becomes a homogeneous continuous-time Markov chain,
which is the case treated, e.g., in Bolzern, Colaneri, and De Nicolao [4], and in Fang
and Loparo [13]. Our stability results from Section & generalize the corresponding
almost sure stability criteria from [4, 13, 19].

3. Associated discrete-time system and Lyapunov exponents. Example
2.6 shows that in general one cannot expect to obtain a random dynamical system from
re in order to apply the continuous-time Oseledets’ Multiplicative Ergodic Theorem.
Our strategy to study the exponential behavior of . relies instead on defining a
suitable discrete-time map ¢.q associated with ¢, in such a way that p,q does define
a discrete-time random dynamical system — to which the discrete-time Oseledets’
Multiplicative Ergodic Theorem can be applied (see, e.g., Arnold [1, Theorem 3.4.1])
— and that the exponential behavior of ¢,. and ¢,q can be compared.

3.1. Associated discrete-time deterministic system. In this subsection we
define a discrete-time deterministic system from the continuous-time system (2.1)
determined by its solution map ..

DEFINITION 3.1. We say that an increasing sequence o = (s,)5% of nonnegative
real numbers with sg = 0 and lim,_.., s, = o0 is compatible with a signal o € P if
(s, ,5011) 15 constant for every n € N, and we denote

Q:={(a,0) € P x RY | 0 is compatible with o}.
For (a,0) € Q with 0 = (8,)52,, we consider the difference equation
Tpt1 = eA”(“n)(s"Jrl S")(En. (31)

System (3.1) is obtained from (2.1) by taking the values of a continuous-time solution
at the discrete times s,. The sequence (s,)5%, contains all the discontinuities of «
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and may also contain times with trivial jumps. The solution of (3.1) associated with
(a,0) € Q and with initial condition zo € R? is denoted by ¢q4(-;xo,, ). Notice
that the solution maps ¢, and ¢4 satisfy, for every zo € R? and (o, 0) € Q,

¢c(0; 0, ) = o,
oe(t; o, ) = (Dta‘_(i';) (c(Sn;xo, ), if t € (sp, Spt1] for some n € N, (3.2)
and

@d(03x07 «, U) = X0,

a(sn) (pa(n; zo,a,0)), for n € N. (3.3)

Sn+1—Sn

@d(n + 17 To, U) =<
It follows immediately that, for every n € N,
©e(8n; o, @) = @a(n; xo, , 0). (3.4)

We characterize the asymptotic behavior of systems (2.1) and (3.1) by considering
the associated Lyapunov exponents defined as follows.

DEFINITION 3.2. Let (a,0) € Q and o € R%\ {0}. The Lyapunov exponent for
the continuous-time system (2.1) is

. 1
Ac(@o, @) = lim sup - log [|pc (t; o, ) | (3.5)
t—o00 t
and the Lyapunov exponent for the discrete-time system (3.1) is

1
Ad (2o, a, 0) = limsup — log || ¢a(n; zo, o, o) . (3.6)
n—oo N

The main difference between (3.5) and (3.6) lies in the terms + and L. In order
to be able to compare them asymptotically, one needs an additional hypothesis.
DEFINITION 3.3. Let (ov,0) € Q with 0 = (s,)2%,. We say that (o, 0) is regular

if the limat

— i On
m(a, o) = nl;ngo . (3.7
erists and is a positive real number.
THEOREM 3.4. Suppose that (a, ) € Q is regular. Then, for every xo € R4\ {0},
the Lyapunov exponents of the continuous- and discrete-time systems (2.1) and (3.1)
are related by

)\d(‘x07 a, U) = m(a, O.)AC('/'U(% OZ)

Proof. Write o = (8,,)22,. Let us first show that Aq(zo, o, 0) < m(a, o)A (20, @).

n=0"

For every n € N* one has, by (3.4),

1 Sp 1
—log [lpa(n; zo, @, 0)|| = = — log [[¢c(sn; z0, )| -
n T Sp

One clearly has limsup,,_, . ilog”goc(sn;xo,a)ﬂ < limsup,_, ., +1og [[¢c(t; 2o, )|
and then the conclusion follows since ** — m(a, o).
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We now turn to the proof of the inequality Ad(zo, a,0) > m(a, o) (0, ). Let
C,v > 0 be such that ||®jz| < Ce ||| for every i € N, x € R?, and ¢ > 0. For
zo € R4\ {0} and t > 0, let n; € N be the unique integer such that t € (s,,, Sn,+1]-
Then

(x(snt)

1 1
7 10g [l (t: w0, )| = 7 log [ @711 (s, w0, )|

1 Sn log C t—s 1
— glog Hfbf_(;ft)(gad(nt;xo,oz,a))” < , + n oty ;log loa(ne; zo, a, o) -
(3.8)
Since t € (sp,, Sn,+1)], one has
t—s E
0< M < Zmtl g 0, (3.9)
t Sn, t—o0
where we use (3.7) to obtain that 2% — 1 as t — co. We write 1 = %n% Since
n
t € (Snys Sn,+1], one has 5t € [s,:tﬂ ) S"T‘t) Now
. N 1 . Tt . ng + 1 1 1
lim =——— and lim = lim — = ,
=00 Sy, m(a, U) t—00 Sp, 41 =00 \ Sp,+1 Snp+1 m(a, U)

and thus %t — —L < as ¢ — oco. Using this fact and inserting (3.9) into (3.8), one

t m(a,0)
obtains the conclusion of the theorem by letting ¢ — oco. O

3.2. Discrete-time random dynamical system. We have constructed, in
Section 3.1, the discrete-time system (3.1) associated with the continuous-time system
(2.1). In this subsection, we use (3.1) and the probabilistic setting from Section 2
to construct a random dynamical system in discrete time, to which we will apply
Oseledets’ Multiplicative Ergodic Theorem in Section 4. Thanks to Theorem 3.4, this
will allow us also to get information on the Lyapunov exponents of the continuous-
time system. In order to perform this construction, one needs to choose, for each
w € Qp, a sequence o compatible with a(w).

A sequence o that is compatible with a certain o € P corresponds to a sequence
of times where we observe the continuous-time solution map ¢. to define the discrete-
time map ¢q. A natural choice, considering the fact that the probabilistic model from
Definition 2.1 is a Markov chain, is to choose ¢ as the sequence of transition times of
this chain, as follows.

DEFINITION 3.5. We define the map s : Qy — RI_\L as follows: for w = (in,
tn)521 € Qo, we set s(w) = (s, (w))22g with so(w) =0, sp(w) = > p_, t forn € N*.

Notice that, for every w € Qp, s(w) is compatible with a(w). We define the
random discrete-time system ¢.q by

(3.10)

{ NxRixQy — R?
Prd - (n;zo,w) +—  wa(n;xo,a(w),s(w)).

We also define the random Lyapunov exponents A, and A\q for 7o € R%\ {0} and
almost every w € Q) by

Are (20, w) = Ac(z0, @(w)), Ard (o, w) = Aa(z0, @(w), s(w)). (3.11)
8



A natural way to define a discrete-time metric dynamical system on (Q,§,P) is
to consider the shift operator. Let 6 : Q2 —  be defined by

9<(in7tn)$zo:1) = (in+1,tn+l>$zo:1- (3-12)

PROPOSITION 3.6. The measure P is invariant under 0.
Proof. Tt suffices to show that P(§~1(E)) = P(E) for every set E of the form

E={i1} x Uy x - x {in} x Uy x (N x Ry)N'\2
for some n € N*, ¢1,...,%, € N, and Uy,...,U, € B. For such a set F/, we have
N
= [ J{i} x R x {i} x Up x -+ x {in} x Uy x (N x Ry )V N2t
i=1

and the previous union is disjoint, so that

:]:

sz,uz (R ) M, s, (Ur) ZJ 1ij i (Uj)

j=2

n

j:2

= pi, i, (U1) HMZJ 1@#% ) =P(E),
j=2

since pM =p. O

Thanks to Proposition 3.6, 6 is a discrete-time metric dynamical system in (9, §,
P). Moreover, since the shift operator 8 : Q —  satisfies 8(Qg) = Qo, 0 also defines a
metric dynamical system in (Qg,§, P) (where § and P are understood to be restricted
to Qo)

An important question regarding the metric dynamical system 6 in (Q,F,P) is
to determine whether it is ergodic. To characterize the cases where such ergodicity
holds, we start by providing the following definition.

DEFINITION 3.7. Let (2,F) be the measurable space from Definition 2.1 and
v € Pr(N x Ry). We define the probability measure P, in (Q,F) by requiring that,
for everyn e N*, iy,...,1, € N, and Uy,...,U, €5,

P, ({zl} x Uy x {ig} x Ug x - x {in} x Uy, x (V% RJF)N*\Q)
= v({ir} X Ur)Miyiy piy (U2) - -+ Mi, i, i, (Un). (3.13)

REMARK 3.8. If v({i} x U) = p;u;(U) for every i € N and U € B, then P,
coincides with the measure P from Definition 2.1. Moreover, as in Proposition 2.2,
for every v € Pr(N x Ry), P, is the probability measure associated with a Markov
process in N x Ry with transition probability P given by (2.2), transition operator T
given by (2.4), and with initial law v.

LEMMA 3.9. The measure P, is invariant under the shift 0 if and only if v({i} x
U) = v({i} x Ry)p(U) for every i € N, U € B, and (v({i} x RJF))f\Ll is a left
eigenvector of M associated with the eigenvalue 1.

9



Proof. Notice that P, is invariant under 6 if and only if Tv = v. Hence P, is
invariant under 6 if and only if

v({j} x U) Zu {i} x R\)Myp;(U),  Vje€N, VU € B. (3.14)
=1

If (3.14) holds, we apply it to U = Ry to get that (v({i} x RJF))?LI is a left eigenvector
of M associated with the eigenvalue 1, and it then follows that v({j} x U) = v({j} x
R4 )p;(U) for every j € N and U € B. The converse is immediate. O

Let

N

V= {qe[O,l]N Zqizland qM:q}, (3.15)

=1

which is a non-empty convex subset of RY. An element ¢ € V is said to be eztremal
if it cannot be written as ¢ = tq1 + (1 — t)g2 for some ¢ € (0,1) and ¢1,g2 € V with
@1 # q2. With each ¢ € V, we associate a probability measure v, € Pr(N x R}) by
setting

I/q({i} X U) = qi,ui(U), Vi € ﬂ, U € 8B. (316)

As a consequence of Lemma 3.9, the map g — v, is a linear bijection between V' and
the set of all probability measures v in N x Ry for which P, is invariant under the
shift §. Hence, one obtains immediately from Hairer [16, Theorem 5.7] the following
result.

PRrROPOSITION 3.10. Let ¢ € V.. Then the metric dynamical system 0 is ergodic

n (Q,%, qu) if and only if q is an extremal of V.

REMARK 3.11. When M is irreducible, V' contains only one point q and hence 0
is ergodic for the measure P,

Now that we have defined the random discrete-time system (3.10) and provided
the metric dynamical system 6, we can show that the pair (0, ¢.q) defines a random
dynamical system.

PROPOSITION 3.12. (0,¢.q) is a discrete-time random dynamical system over
(2,3,P).

Proof. Since 6 is a discrete-time metric dynamical system over (2, §,P), one is
only left to show that ¢.q satisfies the cocycle property

wra(n +m;xo,w) = ©ra(n; @ra(m; zo,w), 0™ (W), Vn,m €N, Vzy € R, Yw € Q.
(3.17)
Let w = (in,tn)o2; € Qo. Then it follows immediately from the definitions of a and
s that for n,m € N,

n m+n
Sn(om(w)) = Ztk+nl = Z ty = 3n+m(w) - Sm(w)v
k=1 k=m+1

(0™ (w))(sn (0™ (w))) = insm = a(w)(snim(w)).

We prove (3.17) by induction on n. When n = 0, (3.17) is clearly satisfied for every
meN, zo € R% and w € Q. Suppose now that n € N is such that (3.17) is satisfied
for every m € N, 2o € R%, and w € Qq. Using (3.3), we obtain

wra(n + 15 ora(m; o, w), 6™ (w))
10



0™ (w (0™ (w m
= (b‘:§+l((973)(5;8))(755(923)(&))) (Sard(n; Sard(m; Zo, w)a o (w)))

a(w)(sn+m(w))
Sntm4+1(W)=8ntm(w
which concludes the proof of (3.17). O

Since our goal is to compare the asymptotic behavior of (2.7) and (3.10) using
Theorem 3.4, we need to show that (a(w),s(w)) is regular for almost every w € Q.
To do so, we first consider the structure of the matrix M, using classical notation for
Markov chains (see, e.g., Seneta [26]).

DEFINITION 3.13. Let M € Mn(R) be a stochastic matriz. Fori,j € N, we
say that i leads to j if i = j or there exist r € N* and i1,...,i, € N such that
My My 4, -~ M;,; > 0. We say that i and j communicate if ¢ leads to j and ¢ leads
to j. This is an equivalence relation and we decompose N into the corresponding
R’ € N* equivalence classes C1,...,Cr. Fori,j € R, we say that C; leads to C; if
there exist i* € C; leading to some j* € C;. A class C; is said to be essential if it
does not lead to another class, and inessential otherwise.

At least one essential class exists. Up to a permutation in the sets of indices N
and R, we can assume that C1 = {1,2,...,n1}, Co = {n1 + 1,n1 +2,...,n1 + na2},
o, Crr={n1+--+nrp_1+1,...,n1+ - +npg} for some ny,...,ng € N* and
that M can be written as

) (@rd(n + m;o:o,w)) = @rd(n +m + 1;1:0’("))7

R 0 0 -~ 0
o B~ 0 --- 0
0 0 P 010
M= : : , (3.18)
o 0 0 --- Pp
* Q

where R is the number of essential classes, P; is the square matrix corresponding
to the essential class C; for ¢ € R, and @ is the square matrix corresponding to
all inessential classes. The following proposition gathers some classical properties of
stochastic matrices. Its proof can be found in textbooks on the subject, such as Seneta
[26, §4.2].
PROPOSITION 3.14. Let M be a stochastic matriz decomposed as (3.18).
(i). Fori € R, P, € M,,(R) is an irreducible stochastic matriz with a unique
invariant probability p* € R™. We extend p* to a vector in RN by setting to
0 its components not in C;, and write p* = (p?)évzl;
(ii). Every probability vector ¢ € RN invariant under M can be decomposed as
q=aip* + -+ arp® for some ay,...,agr € [0,1] with Zf;l a; = 1.

REMARK 3.15. If follows from this proposition that the set V' defined in (3.15)
is the convex hull of {p*,...,p%}, and that ¢ € V is an extremal of V if and only if
q=p' for somei € R.

For a probability vector ¢ € [0,1]", we define the probability measure P4 in the
measurable space (£2,§) by setting P? = P, , where v, is defined in (3.16) and P,,
is given in Definition 3.7. Thanks to Lemma 3.9, P? is invariant under # if and only
if gM = q. Let a1q1 + -+ + axqr be a convex combination of probability vectors
q1,---,qr € [0,1]Y. Thanks to Definition 3.7 and (3.16), one obtains that, for every
Ec 37

Po1di+-Fara (E) = o P (E) + -+ P (E) (319)
11



As a consequence of Proposition 3.10 and Remark 3.15, one immediately obtains the
following result.

COROLLARY 3.16. Let g € RY be a probability vector with gM = q and p', ..., p"
be as in Proposition 3.14(i). The map 0 is ergodic for the measure P? if and only if
q=p' for somei € R.

We now provide a decomposition of the space €2 according to the essential classes
Ci,...,Cgr. For i € R, we set

Q' = {w = (in,t,)02, € Q| Ing € N* such that i,, € C; for n > no},

and
R .
Q' =0\ Jo.
=1

Then clearly Q = Uf;o Q' and the union is disjoint. For i € R, the set Q¢ is the set of
all sequences (i, t,)2, such that (i,)22, eventually enters the class C; and remains
in this class.

PROPOSITION 3.17. Let ¢ = ayp* +---+agp® € V be as in Proposition 3.14(ii).
Then, for every i € R, PY(Q) = ;. In particular, P1(Q°) = 0.

Proof. Since the components of p’ corresponding to indices not in C; are all zero

and M has the form (3.18), one obtains that PP’ ((Cj X R+)N*> =1, and thus

PP () = PV’ (Q N(C; x R+)N*) =5, (3.20)

where §;; denotes the Kronecker delta. The conclusion follows immediately from
(3.19) and (3.20). O
We can now prove that (a(w),s(w)) is regular for almost every w € €.
PROPOSITION 3.18. The map w — m(a(w),s(w)) is invariant under 6 and, for
every i € R such that P(Q%) # 0 and almost every w € Q°,

mlaw)s@) = 3} [ tau o). (3.21)

jec; R+
where, fori € R, p' = (pé);y:l are the probability vectors from Proposition 3.14(i).
In particular, (a(w),s(w)) is regular for almost every w € Q.

Proof. Consider the map f : Qg — R% given by f((in,tn)i2;) = t1. For every
keN, fob*((in,tn),) = txr1. By Birkhoff’s Ergodic Theorem (see, e.g., Petersen
[24, Chapter 2, Theorem 2.3]), there exists a function f* € L'(€2, R, ), invariant under
0, such that, for almost every w € €,

Sn(w)

n—1
) | k(o
lim = nlggo - g—o o0 (w) = f"(w),

n—oo N

and, moreover, f* is the conditional expectation of f given the o-algebra of invariant
sets over 0, i.e., for every set A € § with §71(A4) = A,

[ 1@ = [ )
12



Write p = ap* + -+ - + agp™ as in Proposition 3.14. Since, for every i € R, the set
Q" is invariant under 6, we have

Sw)dP(w) = [ f(w)dP(w).
Qi Qi

By Corollary 3.16, € is ergodic with respect to PP’ for every i € R, and thus f* is
constant PP’ -almost everywhere on §2; since PP' (Q%) = 1 and the restriction of P to
is precisely o;PP", one obtains that f* is constant P-almost everywhere in Q¢. Hence,
for every i € R and almost every @ € €07,

a; fH(w) = . fw)dP(w) = oy . fW)dPP (w) = oy Z pz- /R+ tdp;(t),

Jj€C;

which proves (3.21). Since its right-hand side is a positive real number and the sets
Q¢ for which P(Q) # 0 cover € except for a set of measure zero, the regularity of
(a(w),s(w)) for almost every w € ) follows. O
An immediate consequence of Theorem 3.4 and Proposition 3.18 is the following.
THEOREM 3.19. For every o € R%\ {0} and almost every w € 2, the Lyapunov
exponents of the continuous- and discrete-time systems (2.7) and (3.10), given by
(3.11), are related by

Ard(zo,w) = m(a(w), s(w))Are(xo,w).

As a final result in this section, we prove the following proposition, which evaluates
the average time spent in a certain state k.

PROPOSITION 3.20. Let k € N. For everyi € R such that P(2%) # 0 and almost
every w € QF,

e .1 a0 =k _ /]R 1y (1)
T—o0 T - i ’
g; P; /]R+ tdpu; (1)

where L denotes the Lebesgue measure in R and Lo, is the characteristic function of
the set C;.
Proof. Fix k € N. Let ¢ : Q@ — R, be given by

. o ) t1, ifi=k,
o ((ins tn)n=1) = { 0, otherwise.

Then, by Birkhoff’s Ergodic Theorem, there exists a function ¢} € LY(Q,R,) invari-
ant under € such that, for almost every w € Q,

n—1
lim —
n—oo N

pr(0w) = o (w), (3.22)
j=0

and, for every i € R,

| e = [ @@,

i

13



As in the proof of Proposition 3.18, one shows that, for every i € R, ¢} is constant
almost everywhere on Q°. Writing p = a1p' + -+ + agp® as in Proposition 3.14, we
get, for i € R and almost every w € Q°,

i) = [ @@ =ai Y p; [ oy = et 0p, [ tdn(t)
& JE€C; Ry
(3.23)
By definition of e, for every w = (ip,t,)52, € €,

n

n—1
Doen(tlw) =Yty = L{t € 0,50 (w)] | @(w)(t) = k}.
=0 j=1

ij:k

Hence, using Proposition 3.18 and combining (3.22) and (3.23), we obtain that, for
every i € R with P(Q%) # 0 and almost every w € QF,

_ n—1
oSS0 @O =K 182
n—00 Sn(LU) n—0oo Sn((U) n =0

e (R)p, J, tdpn(t)
- Yjec, P fR+ tdp;(t)’ (3.24)

Let w € € be such that (3.24) holds and take T € R,. Choose ny € N such that
Snp(w) <T < $ppg1(w). Then

%ﬁ{t €0, 7] [e(w)(t) =k} < L{t € [0, snr 1 (W)] | a(w)(t) = k}

Snp (W)
and

1

L{t € [0, snp (w)] | e(w)(t) = K}
SnT+1(w)

%E{t € [0,7] | a(w)(t) = k} >

The conclusion of the proposition then follows since, by Proposition 3.18, SZIEU()“)J) —1
as n — oo for almost every w € 2. 00 /

REMARK 3.21. The choice of the compatible sequence in this section is not unique,
and one might be interested in other possible choices. The times s,(w) in the sequence
s(w) correspond to the transitions of the Markov chain from Proposition 2.2. However,
if some of the diagonal elements of M are mon-zero, then the discrete part of the
Markov chain, i.e., its component in N, may switch from a certain state to itself.
In practical situations, it may be possible to observe only switches between different
states, and another possible choice for the sequence s(w) that may be of practical
interest is to consider only the times corresponding to such non-trivial switches. This
can be done if My; # 1 for everyi € N, i.e., if the Markov chain in the discrete space
N has no absorbing states, in which case we have almost surely an infinite number of
switches between different states. Defining 0 as the shift to the next different state, 6
defines a metric dynamical system if we suppose that, instead of having pM = p, we
have pM = p, where MZJ = 1= M fori,j € N with i # j and M;; =0 fori € N.
The counterparts of the previous results can be proved in this framework with no extra
difficulty.
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REMARK 3.22. Fven though we only consider in this paper the case where p is
invariant under M, our results can be generalized to the case of any probability vector
p by using the following three facts. First, for any probability vector q € [0,1]V, the
Cesaro mean of the sequence (gM™)52, namely % Z;:Ol gM?3, converges asn — oo to
an invariant probability vector (see, e.g., Meyer [23, Chapter 8]). Secondly, if (¢,)5%;
is a sequence of probability vectors in [0,1]N converging to some probability vector q €
[0, 1]V, then P%(E) — P4(E) uniformly in E € § (which can be shown directly from
(3.13)). Finally, if ¢ € [0,1] is a probability vector and qo = lim,,_~ % Z;:ol gM?7,
then P4(E) = PP (E) for every set E € § invariant under 0 (which follows from
the fact that P1(0~1(E)) = P (E) for every E € §). With these three properties,
when the probability vector p € (0,11 is not invariant under M, it can be replaced
in the previous results by the invariant probability vector given by the Cesaro mean
q= % Z;:& pM?7 and the proofs can be adapted accordingly without much extra effort.

REMARK 3.23. The fact that systems (2.1) and (3.1) are linear has been used only
in the proof of Theorem 3.4, where one uses an exponential bound on the growth of the
flows @} = e, namely that there exist constants C,y > 0 such that ||e?|| < Ce*
for every t > 0 and i € N. If we consider, instead of system (2.1), the nonlinear
switched system

i) = faw(@(t)),

where fi,..., fx are complete vector fields generating flows ®*, ... ®N, and modify
the discrete-time system (3.1) accordingly, all the previous results remain true, with
the same proofs, under the additional assumption that there exist constants C,vy > 0
such that ||®}(z)|| < Ce? ||z|| for every t > 0, i € N, and x € R?. However, the
results from the next sections do not generalize to the nonlinear framework.

4. Multiplicative Ergodic Theorem. In this section, we apply the discrete-
time Oseledets’ Multiplicative Ergodic Theorem (see, e.g., Arnold [1, Theorem 3.4.1])
in the one-sided invertible case to system (3.10) and we use Proposition 3.18 and
Theorem 3.19 to obtain that several of its conclusions also hold for the continuous-
time system (2.7).

Recall that, for i € N, we consider 4; € My4(R) and &} = e?it. TLet A :
Q — My(R) be the function defined for w = (i, t,)3%; by A(w) = e4i1?1 so that
ora(n;zo,w) = A(0"w)pra(n — 1;z0,w) for every zp € RY, w € Qp, and n € N*.
For w € Qp and n € N, we denote &(n,w) the linear operator defined by &(n,w)z =
ora(n; z,w) for every z € R?, which is thus given by &(n,w) = edintn ...editt for
w = (i5,t;)52; € Qo and n € N*.

THEOREM 4.1. There exists_an invariant measurable subset QcQ of full P-
measure such that, for every w € Q,

(). the limit ¥(w) = lim, 00 (@(n,w)Té(mw))l/% exists and is a positive defi-

nite matriz;

(ii). there exist an integer q(w) € d and q(w) vector subspaces Vi(w), ..., Vg (w)

with respective dimensions di(w) > -+ > dg)(w) such that

V;J(w)(w) c---C V1(w) = Rd,

and A(w)V;(w) = V;(0(w)) for every i € q(w);

(iii). for every zo € R\ {0}, the Lyapunov exponents A\a(zo,w) and Aw(zo,w)
15



exist as limits, i.e.,

1

Ard(z0,w) = lim. —log ll¢ra(n; zo,w)|l,
1

Are(0,w) = lim 7 log [|re(t; zo,w)ll ;

(iv). there exist real numbers \}(w) > --- > )\s(w)(w) and AJ(w) > -+ > Ag(w) (w)

such that, for every i € q(w),

Md(0,w) = M (@) <= Arel0,0) = X (W) == 20 € Vi(w) \ Vi1 (w),

where V(y41(w) = {0};

(v). the eigenvalues of ¥(w) are ESICUSSES eAS(W>(w),'
(vi). q(0(w)) = q(w) and, fori € q(w), di(B(w)) = di(w), A} (0(w)) = A} (w), and
X(B(w)) = A5 (w); -
(vii). if 0 is ergodic, q is constant on Q, and so are d;, A3, and \$ for i € q.
Proof. Let us show that Oseledets’ Multiplicative Ergodic Theorem can be applied
to the random dynamical system (6, p.q). Recall that there are C' > 1, 4 > 0 such
that, for every i € N and ¢ € R, ||| < Ce . Then, for w = (in,t,)5%, € Qo,

log™ || A(w)®!|| <log C + 411, so that

N
/Qlog+ | A(w)™! || dP(w) < logC+72pi/ tdu;(t) < .

i=1 Ry

Then Oseledets’ Multiplicative Ergodic Theorem can be applied to (6, ¢rq), yielding
all the conclusions for ¥, ¢, d;, Vi, Ara(z0,w), and A{. The conclusions concerning
Are(z0,w) and A§(w) in (iv), (vi), and (vii) follow from Theorem 3.19, with A$(w) =

A (w
TEmEmE
a limit.

Notice that ||e=4z|| < Ce ||z| for every i € N, € R? and t > 0, and hence
|e*ta|| > C~te™7"||z||. Let t > 0 and choose n; € N such that ¢ € (sp, (w), $n,+1(w)]-
Then, proceeding as in (3.8), one gets

One is now left to show that the Lyapunov exponent A.(xg,w) exists as

log C t— sy,
t K t

1 1
7 log llere(ts 2o, )| = — + 7 loglera(ne; zo, W)l

Using (3.9), we thus obtain that

N |
lim inf = log ||y (t; o, w)|| > Ard (T0,w) = Are(0, W),
t—oo t

1
m(e(w),s(w))
which yields the existence of the limit. O

5. The maximal Lyapunov exponent. We are interested in this section in
the maximal Lyapunov exponents for systems (2.7) and (3.10), i.e., the real numbers
A§(w) and A{(w) from Theorem 4.1(iv). We denote these numbers by S, (w) and
A4 (w), respectively. Before proving the main results of this section, we state the
following lemma, which shows that the Gelfand formula for the spectral radius p holds
uniformly over compact sets of matrices. This follows from the estimates derived in

Green [15, Section 3.3]. For the reader’s convenience, we provide a proof.
16



LEMMA 5.1. Let A C M4(R) be a compact set of matrices. Then the limit

lim [|A™ "™ = p(A)

n— oo

s uniform over A.
Proof. Let € > 0 and define a continuous function F': A — Mg4(R) by

1
— A
p(A) +e

Then F(A) is compact and for every F'(A) € F(A) its spectral radius is p(F'(A)) =

p(pxg‘)ﬁa < 1. Fix A € A. Then (see, e.g., Horn and Johnson [18, Lemma 5.6.10]) there

is a norm ||| , in R% with [|[F(4)], < w. Then for all B in a neighborhood
Uof A

F(A) =

L+ p(F(A))
5 :

Since all norms on M,4(R) are equivalent, there is 54 > 0 such that for all B € U
1+ p(F(A))>”

IE(B)]l4 <

IF@) < a LB Iy < B lF @G < o (2

Then there is N € N*, depending only on A and ¢, such that for all n > N and all
BeU,

1 n n
SE e B = IE@ <,
implying ||B"||1/n < p(B) +e¢. Since this holds for every B in a neighborhood U of A

and ||B”||1/n > p(B) for every n € N*, one obtains the uniformity of the convergence
in U, and the assertion follows by compactness of A. O

We can now prove our first result regarding the characterization of A, and A4 .
THEOREM 5.2. For almost every w € ), we have
1
d — T =
)\max(w) - nh~>ngo n IOg || @(n,w)” . (51)

If 0 is ergodic, then X4 is constant almost everywhere and its constant value satisfies

max

1 1

M < it [ oz |#n.)| () = lim + [ 1og]| o) aP). (5

Proof. Notice that (5.1) and (5.2) do not depend on the norm in My4(R). We fix in
this proof the norm induced by the Euclidean norm in R%, given by || A|| = \/p(ATA).
Notice that, in this case, [[ATA|| = /p((ATA)?) = p(ATA) = | A%

By Theorem 4.1(v), e*max(®) is the spectral radius p(¥(w)) of ¥(w). Using the
continuity of the spectral radius and Theorem 4.1(i), one then gets that

Amax@) — 1im p [(@(n,w)T@(n,w))l/zn] .

n—oo

By Gelfand’s Formula for the spectral radius,
M) _ e T H T k/2n |1k
e nhﬁn;o kli)n;o (®(n,w)" ?(n,w)) .

(5.3)
17



oo

The sequence of matrices ((@(n, w)T @ (n, w))1/2n) | converges to ¥(w), hence this
sequence is bounded in My(R). By Lemma 5.1, the limit in Gelfand’s Formula is
uniform, which shows that one can take the limit in (5.3) along the line k = 2n to
obtain
Mnax@) = Tim || B(n,w)T B(n,w)||*" = Tim || (n,w)|Y" .
n—oo n—oo

Hence (5.1) follows by taking the logarithm.

If 6 is ergodic, then, by Theorem 4.1(vii), A4 is constant almost everywhere.
Let m € N*. By (5.1), for almost every w € ,

)\d

max

— lim —— log | #(nm, w)] . (5.4)

n—oo NM
One has @(nm,w) = &(m, "~I™w) .. &(m, ™w) d(m,w), and thus

n—1

1 1
— log || ® < — ) log | &(m, 0™ w)]|. 5.5
08120 < L 5 g | #(m. 07 (55
Since 0™ preserves P and log | ®(m, )| € L*(Q, R), Birkhoff’s Ergodic Theorem shows
that

n—1

1 N |
lim. %kzzologH@(m,H )l = /Q log || #(m, w)|| dP(w). (5.6)

Combining (5.4), (5.5), and (5.6), one obtains the inequality in (5.2). The sequence
(fqlog || @(n,w)|| dP(w)) is subadditive, since &(n + m,w) = é(m,0"w)d(n,w) for
n,m € N and 6 preserves P. This subadditivity implies that the equality in (5.2)
holds. O

Under some extra assumptions on the probability measures p;, ¢ € IN, one obtains
that the inequality in (5.2) is actually an equality.

THEOREM 5.3. Suppose that 0 is ergodic and that there exists r > 1 such that,
for every i € N, f(O,oo) t"du;i(t) < co. Then A\, is constant almost everywhere and
given by

Mae = inf. - [ Tog | #(n.)]| () = lim + [ 10g]| B(n, )] aP)

X

n—o00 N,

Proof. One clearly has, using (5.1), that

Mo = [ Man@)P(w) = [ lim log | #(n, )] dB(e).

The theorem is proved if we show one can exchange the limit and the integral in
the above expression, which we do by applying Vitali’s convergence theorem (see,
e.g., Rudin [25, Chapter 6]). We are thus left to show that the sequence of functions
(L 1log || @(n, )H)Zozl is uniformly integrable, i.e., for every ¢ > 0, there exists § > 0
such that, for every E € § with P(E) < 4, one has & UE log || @(n, w)|| d]P’(w)| <e.

For w = (in,t,)3%; € Qy and n € N*, one has ®(n,w) = edintn...eduti Let
C,~ > 0 be such that HeA"t < Ce for every i € N and ¢t > 0. Then

log | #(n,w)|| < nlogC+7 Y t; =nlogC + ysn(w),
J=1
18
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where s(w) = (sn(w))3%,. Hence, it suffices to show that the sequence () is
uniformly integrable.
For n € N* and E € §, we have, by Holder’s inequality,

n n 1
sn(w) 1 1 " ES 1 a
509 Py = = /t-dIP’(w) <2 (/ tr-d]P’(oJ)> P(E)” < K+P(E)7,
(5.7)
where 1 + L =1 and K = max;en f(o 00) t"du;(t) < oo. Equation (5.7) establishes

the uniform integrability of (%)Zozl, which yields the result. O
As an immediate consequence of Proposition 3.18, Theorem 3.19, Theorem 5.2,
and Theorem 5.3, we obtain the following result.
COROLLARY 5.4. Suppose that 6 is ergodic. Then A . and A3

max max are constants
almost everywhere satisfying

1
Max < inf = [ log || ®(n,w)| dP(w), 5.8
o < inf [ 10| B(0.) | dP() (53)
AC — )\gla.x
max N .
> im1 Pi fuh tdpi(t)
In particular, if
there exists n € N* such that / log || @(n,w)|| dP(w) < 0, (5.9)
Q

then systems (2.7) and (3.10) are almost surely exponentially stable.

If we have further that there exists r > 1 such that fR+ t"du;(t) < oo for every
i € N, then (5.8) is an equality and (5.9) is equivalent to the almost sure exponential
stability of (3.10) and to the almost sure exponential stability of (2.7).

6. Application to stabilization of control systems with arbitrary decay
rate. In this section, we consider the linear control system

#(t) = Az(t) + Ba)Ua(r)(t), (6.1)

where z(t) € R?, A € M4(R), o : R, — N belongs to the class P of right continuous,
piecewise constant switching signals, and, for j € N, u,;(t) € R™ for some positive
integer m; and B; € Mg, (R). System (6.1) is a switched control system with
dynamics given by the N equations & = Az + Bju;, j € N.

Our main motivation to consider (6.1) comes from the analysis of linear systems
of the form

#(t) = Az(t) + a(t)Bu(t) (6.2)

with persistently exciting signals « (see, e.g., Chaillet, Chitour, Loria, and Sigalotti
[5], Chitour, Colonius, and Sigalotti [8], Chitour, Mazanti, and Sigalotti [9], Chitour
and Sigalotti [10], Mazanti, Chitour, and Sigalotti [22]). A (deterministic) measurable
signal « : Ry — [0, 1] is called a persistently exciting (PE) (T, p)-signal with constants
T>p>0if forevery t >0

4T
/t a(s)ds > p. (6.3)
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In this framework, one is interested in stabilizing the system by a linear feedback
u = Kz with K depending on A, B, T, but chosen uniformly with respect to the
(T, p)-signal . It is also of interest to determine the decay rates that can be achieved
by such feedback laws K. In particular, [10, Proposition 4.5] shows that there are (two
dimensional) controllable systems for which the achievable decay rates are bounded
below, even when we consider only PE signals « taking values in {0,1} instead of
[0,1]. Our main result, Theorem 6.1, implies that, in the probabilistic setting defined
below, one can get arbitrarily small (almost sure) decay rates for the generalization
(6.1) of system (6.2), which is in contrast to the situation for persistently excited
systems. An explanation for this fact is that the probability of having a signal o with
very fast switching for an infinitely long time, such as the signals used in the proof of
[10, Proposition 4.5], is zero, and hence such signals do not interfere with the behavior
of the (random) maximal Lyapunov exponent.

Let M € My(R) be an irreducible stochastic matrix, p be its unique invariant
probability vector, 1, ..., un be probability measures on RY with its Borel o-algebra,
and consider the probability space (€2, F,P) from Definition 2.1. We consider system
(6.1) in a probabilistic setting by taking random signals a(w) as in Definition 2.5, i.e.,
the random control system @(t) = Az (t) + Ba(w)(t)Ua(w) ) (). The problem treated in
this section is the arbitrary rate stabilizability of this system by linear feedback laws
u; = Kjx, j € N. More precisely, consider the closed-loop random switched system

:L'(t) = (A + Ba(w)(t)Ka(w)(t)) :L'(t) (64)

We wish to know if, given A € R, there exist matrices K; € My, 4(R), j € N,
such that the maximal Lyapunov exponent AS . of the continuous-time system (6.4),
defined as in Section 5, satisfies X . (w) < A for almost every w € Q. Notice that,
since we assume that M is irreducible, the discrete-time metric dynamical system 6
defined in (3.12) is ergodic (see Remark 3.11), and hence, by Corollary 5.4, A
constant almost everywhere in (2.

For j € N, let

c .
max 18

V; = Range (B; AB; --- A%!Bj). (6.5)

Notice that, by Cayley-Hamilton theorem, for every n € N, all columns of A"B;
belong to V;. Some of the spaces V; may have dimension zero.

THEOREM 6.1. Let A € M4(R), Bj € Mgm,(R) for j € N and some m; € N*,
and suppose that the spaces V1,. ..,V defined in (6.5) satisfy V1 @ --- @& Vy = R,
Then, for every A € R, there exist matrices Kj € My, a(R), j € N, such that the
mazimal Lyapunov exponent S .. of the closed-loop random switched system (6.4)
satisfies XS . (w) < X for almost every w € (.

max

Proof. For j € N, let n; = dimV;. Up to a linear change of variables in

R? we can suppose that Vi = {e1,...,en, },Vo = {€n,41,-+1Cnidngtr-- s VN =
Cryddmn_141s+++sCni4+. . 4+nn b In this case, for j € N, the matrices A and B; have
{ 1+ tny—1+1 y Cnat.+ N} ) J ) j
the block structure
A 0 0 0 0
0 A 0 0 0
A=10 o A; o |0 BT b |’ (6.6)
0 0 0 An 0
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with A; € M,,;(R) and b; € My, 1, (R). Whenever n; # 0, it follows immediately
from the definition of V; that the pair (A4;,b;) is controllable. Denoting by P; =
(en1+...+n].71+1,...,en1+,,,+n].)T € My, 4(R), we have that b; = P;B; and A; =
PjAPjT.

Let C > 1, 8> 0 be such that, for every j € N and every ¢t > 0, HeAth < CePt,
Thanks to Cheng, Guo, Lin, and Wang [7, Proposition 2.1], we may assume that C is
chosen large enough such that the following property holds: there exists L € N* such
that, for every v > 1 and j € N, there exists a matrix k; € M, », (R) with

< Cyle™,  WteR,. (6.7)

He(A.H-bjkj)t

Let K; = k;jPj € My, 4(R). With this choice of feedback laws, we have

Ay 0 - 0 )
0 Ay - 0 )
A+BjKj: 0 0o - Aj+bjkj 0 ’
0 0 0 An
and thus, for every t € R,
eMt 0 0 0
0 et 0 0
A+B; K;)t _ :
AT = 0 0 e(Aj+bik;)t 0
0 0 0 ... ANt

Since M is irreducible and p is invariant under M, we have p; > 0 for every j € N.
The irreducibility of M also provides the existence of » > N and (¢f,...,i) € N”
such that {i7,...,iy} = N and Mz -+ M= ;= > 0. In order to apply Corollary 5.4,
consider

/ log [ 8(r,w) | dPw) = 3 pi My Mi, i,
Q (i1,0sip)ENT

/ logHe(A+BirK7zr)tT...e(A+BnKn)t1 dpi, (t1) - - - dpg, (t,).  (6.8)
(0,00)"

Since Z;VZI PIP; = 1dq and PjeATBEIPT — 0 if j # k, we have, for every
(i1,...,1,) € N" and (t1,...,t,.) € R",

e(ATBi Kip)tr | o(A+Biy Kij )ty

N N N

JiTn
jr=1 j1=1 jo—=1
N
= E pijje(AJrBwKw)tr e pijje(A+BnKn)t1 pijj,
Jj=1
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I
] =

P],Te(Aj+5jwbj’fj)tr e A8 byks )t P;. (6.9)
j=1
Since, for every j € N and ¢ > 0, we have [[e?!|| < CeP* and Hemﬁbﬁki)t” <

C~te™ 7, we get, for every (iy,...,i,) € N" and (t1,...,t,) € R%,

He(AJrBirKir)tr ceATBu Kt | < NOTyrEef ity (6.10)

When (iy,...,4,) = (if,...,4), we can obtain a sharper bound than (6.10). For
j € N, denote by N(j) the nonempty set of all indices k € r such that i} = j, and
denote by n(j) € N* the number of elements in N(j). Then

‘)PJTB(Aj+5ji¢bjkj)t,. o e(Aj+5ji’lﬂbjkj)t1Pj“ < Cr,yn(j)Le—’y Chen() th B Thenn ) b

which shows, using (6.9), that

N
”e(A+Bi7*: Kt |, e(A""Bi’l‘ Kix)ta < Z CT,Yn(j)Le—’Y 2ken) th B Xrer\n() th
=1
< NCT,YTLef'yminkeﬂtk erﬁ maxyer tk. (611)
Let

Ey = max/ tdu;(t),
€N (0,00)

Epin = / min tkduq(h) A (t;) >0,
(©

L00)T ker

Epox = / max tgpdpgx (t1) - - - dpix (tr) < 00.
(0

o0)7 REL

Then, combining (6.10) and (6.11), we obtain from (6.8) that

/ log || #(r,w)|| dP(w) < N™ (log(NC™) + rLlog~y + r3E)
Q
+ Pis Mizis - My iz (1og(NC") +7L1ogy — YEmin + BEmax) . (6.12)

The right-hand side of (6.12) tends to —oco as vy — 0o, which can be achieved by (6.7).
Hence it follows from Corollary 5.4 that the maximal Lyapunov exponent of (6.4) can
be made arbitrarily small. O

REMARK 6.2. By writing the matrices A and Bj, j € N, in the form (6.6),
system (6.1) can be seen as N independent control systems such that, at each time,
only one of them is controlled, while the others follow their uncontrolled dynamics.

REMARK 6.3. In order to establish a more precise link between Theorem 6.1
and the case of deterministic persistently excited systems treated in [5, 8, 9, 10, 22],
consider the case of (6.1) with a(t) € {0,1}, By =0, By = B, and (A, B) controllable.
Moreover, in order to simplify, we assume that, in the probabilistic model of o, trivial
switches do mot occur, which amounts to choosing

0 1
=i o).
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with unique invariant probability vector p = (%, %) In general, such signals a(w)

cannot be persistently exciting. In fact, suppose that gy satisfies po((0,T]) < 1 for
every T' > 0. Then

P{w € Q| 3T > p > 0 such that a(w) is a PE (T, pu)-signal} = 0. (6.13)

Indeed, since a (T, p)-signal is also a (T', 1')-signal for every T' > T and 0 < 1/ < p,
we have

{weQ|3IT > p >0 such that a(w) is a PE (T, p)-signal}

U U {w e Q| a(w) is a PE (T, p)-signal}
T>0 pne(0,T]

U U {w e Q| a(w) is a PE (T, p)-signal}.
TeN* %EN*

If a is a PE (T, p)-signal, the PE condition implies that o cannot remain zero during
time intervals longer than T — p, and thus

{w e Q| a(w) is a PE (T, p)-signal}
CH{w = (in,tn)p; €Q|VneN" 4, =0 = t, <T —u}. (6.14)

Since i, takes the value 0 infinitely many times for almost every w € Q and po((0, T —
u]) < 1, the right-hand side of (6.14) has measure zero, and thus (6.13) holds.

However, one can link the random signals a(w) with a weaker, asymptotic notion
of persistence of excitation. A (deterministic) measurable signal o : Ry — [0,1] is
said to be asymptotically persistently exciting with constant p > 0 if

t

o1 >,

hglogf i, a(s)ds > p
It follows easily from (6.3) that every persistently exciting (T, )-signal is also asymp-
totically persistently exciting with constant p = 4. Proposition 3.20 implies that, for
almost every w € €,

o1 B fR+ tdul(t)
tlirglog ; a(w)(s)ds = th tdpuo(t) +fR+ tdus (t)’

and thus, in particular, almost every signal a(w) is asymptotically persistently exciting
fR+ tdp (t)

G ETTOR

with constant p = T
o R+
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