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An Extension of the Product Integration
Method to L' with Applications in
Astrophysics

L. Grammont *', M. Ahues ', and H. Kaboul !

Hnstitut Camille Jordan, UMR 5208, CNRS-Université de Lyon,
23 rue du Dr Paul Michelon, 42023 Saint-Etienne Cedex 2,
France.

Abstract

We consider a Fredholm integral equation of the second kind in
L*([a,b],C), with a weakly singular kernel. Sufficient conditions are
given for the existence and uniqueness of the solution. We adapt the
product integration method proposed in C°([a,b],C) to apply it in
L([a,b],C), and discretize the equation. To improve the accuracy of
the approximate solution, we use different iterative refinement schemes
which we compare one to each other. Numerical evidence is given with
an application in Astrophysics.

keywords Fredholm integral equation product integration method iterative
refinement Kolmogorov-Riesz-Fréchet theorem.

1 Introduction

We consider a Banach space X. Let T" be the integral operator defined by

(1) Ve e X, Vs € [a,b], Tz(s) = /bL(s,t)H(s,t)x(t)dt,
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where (s,t) — H(s,t) is not smooth.
For z in the resolvent set of T, re(T'), and y in X we consider the Fredholm
integral problem of the second kind

(2) Find p € X sit. (T'—zl)p =y,

where I denotes the identity operator on X.

To approximate the solution of this equation, we define a finite rank
approximation T,, of T, so that the approximate equation (7, — zI)p, = y
or (T,,— zI)pn = yn, where y, is an approximation of y, be uniquely solvable
and the sequence of approximate solutions ¢,, converges to the exact solution
¢ when n tends to +o0.

Among them, different classes of methods rely on a sequence of projections
m, converging pointwise to the identity operator I. For example the Galerkin
operator is defined by T,, = =w,T'w,, the projection operator by T,, = =, T,
the Sloan operator by T,, = T'm, and the Kulkarni operator by T,, = T'm, +
T — m, T, (see [6], [10]). These approximations of 7" are all v-convergent
to T (see [3]). This property ensures existence and uniqueness of ¢,, and
convergence to .

In the case of the space X := C°([a, b], C) methods based upon numerical
quadrature have been proposed, such as Nystrom, truncated Nystrém and
subtraction of the singularity approximations (see [4]).

In C°([a, b], C), we also encounter the so-called product integration method
(see [6]). In this space, the assumptions are as follows:

(H1) L € C%[a,b] x [a,b],C).
(H2) H verifies:

b
(H2.1) ¢y := sup / |H (s, t)|dt is finite,

s€[a,b]
(H2.2) limwpy(h) =0, where
h—0

wy(h) = sup }/a |H(s,t) — H(7,t)|dt.

|s—7|<|h], s,7E€[a,b

Let A,,, defined by
(3) a=:tyo<tlp1 < -+ <tpn:=0D,

be a uniform grid of [a, b].
If A, = b—_a, then t,,; = a + ih,, for i =0,1,...,n.
n



For x € C%[a,b],C) and s € [a, ], the linear interpolation scheme is given

by
1

t— [L(S, t)fE(t)]n = h,_ [(tnﬂ; — t)L(S, tn,i—l)x(tn,i—l) + (t — tmi_l)L(S, tnﬂ)iﬂ(tnﬂ,)] s
fori=1,...,n,and t € [t,_1,tn]
T,, is defined by replacing L(s, t)x(t) with [L(s,t)x(t)], in (1).
In this method T}, is a bounded finite rank linear operator defined in C°([a, b], C)
and hence it is compact.
Under hypotheses (H1) and (H2), for z € re(T) and for n large enough,
T,, — zI is invertible and its inverse is uniformly bounded, (see [6]).

In this paper we extend the product integration method to the space X :=
L*([a,b],C). Tt will appear that the properties of the method in C°([a, b], C)
are preserved in L'([a, 0], C).

In Section 2, we present our method and we prove the existence and
uniqueness of the approximate solution and its convergence to the exact
solution.

Section 3 is devoted to the numerical implementation of our algorithm.
The choice of the integer n is limited by the capacity of the computer. The
linear system to be solved is of the order of n. So, it is interesting to im-
prove the accuracy of the approximate solution by applying some iterative
refinement schemes.

Section 4 is devoted to these schemes.

In Section 5, we test our approximation with an academic example.

In Section 6, we apply our method to a problem belonging to Astro-
physics. Our method is compared with the projection method proposed by
Titaud in [1] and [11].

2 Main result: The product integration method
in L'([a,b],C)

We use the following notations:

b
e The norm in L'([a,b],C) is denoted by ||z||; := / |z(s)|ds. The sub-

ordinated operator norm is also denoted by ||.|;.

e The oscillation of a function z in L*([a, b], C), relatively to a parameter



h is defined by

(4) wy(x, h) sup / lz(v 4+ u) — z(v)|dv,

|U\€[0 Ihl]
where z is extended by 0 outside [a, b].

e The modulus of continuity of a continuous function on [a, b] is defined
as

(5) w(z, h) = sup |z(u) — z(v)].

u,ve[a,b},|u—v|§|h\

e The modulus of continuity of a continuous function on [a,b] X [a, b] is
defined as

(6) wa(f,h) = sup | (u) = f(v)].

u,v€[a,b]?,[lu—vl|<|h|
If z € L'([a,b],C) then
(7) hlglo wy(z, h) = 0.
If z € C%[a,b],C) then

(8) lim w(z, h) = 0.

h—0

If feC%a,b]? C) then
(9) Jim wy(f,h) = 0.

The aim of this section is to define the approximate operator 7,,. The

approximate solution of (2) will be, if it exists and is unique, the solution ¢,
of

(10) (T, — z1)pn = v.

T, is constructed so that ¢, — . It is well known that a collectively
compact convergence of T, towards T guarantees the convergence of ¢, to-
wards .

Let us recall the collectively compact convergence :



Definition 1 T,, and T are bounded linear operators from X into X.
The pointwise convergence, denoted by T, = T, means that

Ve e X, ||[Thx—Tz| — 0.
The collectively compact convergence is denoted by T, — T : If T is compact
T, 2T,
and for some positive integer ng, the set
W =Upsp{Thxr 1z € X, |z]| <1}
is relatively compact in X.

We begin by proving that T is a compact bounded linear operator from
L([a, b], C) into itself. Then we propose an approximate operator T, which
is a collectively compact convergent to T'. Endly, we give an error estimation
for the approximate solution in terms of the kernel, the norm of the exact
solution, its oscillation in L'([a, b], C) and the mesh size.

The proof of the compactness in L!([a,b], C) relies on the Kolmogorov-
Riesz-Fréchet theorem which is recalled here below.

As usual, if A is a set of functions, we define

Alg = {fla: f € A},
where f|q is the restriction of f to the subdomain (2.

Theorem 1 (Kolmogorov-Riesz-Fréchet Theorem) Let F be a bounded
set in LP(R?,C), 1 < p < o0.

If
11 li — =
(1) lim [l f =, =0
uniformly in f € F, where
f = f(.+h),

then the closure of F|q is compact in LP(Q, C) for any measurable set @ C RY
with finite measure.

Proof :  See [7]. As one finds a lot of different versions of this theorem in
the litterature, we propose a proof of it in the Appendix in the case ¢ = 1,
p=1and Q= [a,b]. 1

Now, the assumptions are as follows:



(P1) L e C%a,b] x [a,b],C).

Let
cp:= sup |L(s,t)].
(s,t)€la,b]?

(P2) H verifies:

(P2.1) ¢y := sup / |H (s,t)|ds is finite.

te(a,b]

(P2.2) limwgy(h) =0,
h—0

where
‘= sup / |H(s+ h,t) — H(s,t)|ds,
t€la,b]
e (5.0) for s € [a.}
~ H(s,t) for s € |a,b|,
Hs,t) = { 0 for s ¢ [a, b].
Lemma 1
12 1 H, h
(12) Tim (. h) = 0
where
b
(13) e(H,h) := Sup/ |H (s,t)|ds.
t€la,b] Jb—h

Proof : For h > 0,

0 < /b H(s,1)|ds < /b B (s + h,t) — H(s,)|ds < /b\ﬁ(s+ hot) —
His.t)ds < wg(h). '

According to the assumption (P2.2), sup /b |H(s,t)|ds — 0 as h — 0.

t€la,b] Jb—h
This ends the proof. |

Theorem 2 Under the assumptions (P1) and (P2), the operator 7' is linear
from L'([a, b], C) into itself and compact in L'([a, b], C).



Proof :
For all z € L!([a, b],C),

|Tall, = /|/ L(s, ) H (s, t)a(t)dt|ds

IN

b b
[ [ e ol oljstolaras

a

cL/aZ]x(t)]/ab\H(s,t)]dsdt

< cremllz||s,

IN

so T is defined from L*([a,d],C) into itself.

The proof of the compactness of T relies on the Kolmogorov-Riesz—Fréchet
theorem where p =1, ¢ = 1 and Q = [a, b].

We introduce the operator T given by

) [ Tx(s) for s € [a,b],
Tx(s) = { 0 for s ¢ [a,b].

Let A and S be the following subsets of L!(R, C) and L!([a, b], C) respectively:
A= {Tz: x € L'([a,b],C), [|z[l <1},

S:={Tz:z € L'([a,b],C), |z < 1}.

A is a bounded subset of L'(R,C). Indeed ||Tz||; = ||Tz|: < cren|z] <

CrLCp.
Let us prove that ]llir% lmnf — fll1 = 0 uniformly in f € A.
—

For h > 0,

b
Irfe — ol = /]Tx(s+h)—Tx(s)|ds

b

- /_ \Tx(s+h)—Tx(s)|ds+/b |Tx(s)|ds.

—h
Hence

/b " Tals)ds = /b C / " L(s ) H (s, Ba(t)de|ds

—h —h
CLH'TH1€(H7 h) < CL€<H7 h)7

IN



and

b—h b—h b
/ |Tz(s+h) —Tz(s)|ds = / |/ [L(s+ h,t)H(s + h,t)
—L(s,t)H(s,t)]z(t)dt|ds

< / |/ L(s + h, £)[|(HL (s + h 1)
—H (s, t)||x(t)|dtds
+/ |/ |H (s,t)||L(s+ h,t)
—L(s,t)||z(t)|dtds

< crllzliwn(h) + cullz|iw2 (L, h)

< cpwy(h) + cgws(L, h).

So
(14) HThTw — Tle < |lz||s (cpwg (h) + cgws(L, h) + cre(H, h)) .

For h < 0, we have similar bounds.

Then ||7,f — f|l1 — 0 as h — 0 uniformly in f € A.
From the Kolmogorov-Riesz-Fréchet theorem S = A,y is relatively com-
pact so T' is compact. 1

Let us define the approximate operator 7,. Let A, be the partition
defined by (3). For z € L'([a,b],C), we define the operator

tn,z
t— Qn(x,s,t):= hi [(tni—t)L (8, tni1)+(t—tni1)L(s,tn;)] hi/ x(u)du

tn,i—1

fori=1,...,n,and t € [t,_1,tn.].
The approximate operator T}, is given by:

b
(15) Vo € L*([a,b],C),Vs € [a,b], T,z(s) ::/ Qn(x,s,t)H(s,t)dt,
which can be rewritten as

n

(16) T,x(s) = Z CniWni($),

i=1

8



where, fort=1,...,n,

tn,i—l
and

tn,i
W i(s) 1= / Qn(1,s,t)H (s, t)dt.
tni—1

To prove that T, == T, the following lemmas are needed.

Lemma 2 Fori=1,...,n,
b
(17) / o i(s)]ds < hncren.
For h € RT,
b
(18) / wni(8)|ds < hucre(H, R),
b—h

b—h
(19) / |wn7i(s +h) — wn,i(s)}ds < hpegwo (L, h) + hypepwy(h).

Proof : For t € [tyi—1,tnl

1
Qn(L S, t) - h_ [(tn,z - t)L<S> tn,ifl) + (t - tnﬂ;l)L(S’ t”v’)}
C
Qu(1 501 € it 1t~ ] = ex.

n

Hence, by Fubini’s theorem

b b ptn
/ [wn,i(s)lds < cL/ / |H (s, t)|dtds,
a a Jitni-1
< crhnch,
and
b
/ |wn,i(s)|ds < CL/ / H(s,t)|dtds,
b_h b h nz 1
S CLh E(H h

9



Also

b—h b—h  ptn
/ ‘wm(s%—h) —wn,i(s)‘ds < / |/ Qn(1,s+ h,t)H(s+ h,t) —Qn(l,s,t)H(s,t)dt‘(
a a tn,i—1

IN

b—h tn,i
/ / Qa5+ Iy t) — Qu(L, s, ) H(s + b )| dtds
a tn,i—1

+/a / 1Qu(L, 5, 0)(H (s + h,t) — H(s, ))|dtds

tn,i—l

IN

t€la,b]

b
hpwo(L, h) sup/ |H (s, t)|ds
h

bh—
+cphy, sup / ‘(H(s +h,t) — H(s,t)‘ds
| Ja

tela,b

hncgwsa(L, h) + hpcpwg (h).

IN

This ends the proof. |

Lemma 3 For x € L'([a,b],C),

n tn,i
(20) > / |2(1) — nldu < 2w (x, hy),
i=1 Ytni-1
where wy(x, hy,) is defined by (4).
Fort € [a, ],
(21) {Qn(l, s, t) — L(s,t)| < wy (L, hy).
Proof : Fori=1,...,n,

tn,i 1 tn,i tn,i
/ |z(u) — cnildu < h_/ / |z(u) — z(v)|dvdu
tn,i—1 N Jlpi—1 Jlni—1
2 tn,i tn,i
= h_/ / |z(u) — z(v)|dudv
n Jitpi—1Jv
2 tn,i tn,i_v
= —/ / |z(T + v) — z(v)|dTdv
h” tn,i—1 Y0
2 tn,i hn
< — / / lz(T +v) — z(v)|drdv
h” tn,i—1 40
2 hn tn,i
< — / / |z(T 4+ v) — x(v)|dvdr.
h‘” 0 tn,i—1



Hence

tn,ifl

n tn,i 2 hn b
Z/ |z(u) — cpildu < h_/ / |z(T +v) — z(v)|dvdT
i=1 n 0 a
tn,i

< 2 sup / |z(T +v) — x(v)|dv

T€[0,hn] St i—1
= 2w (z, hy).

For i = 1, ey, and t € [tn’ifl, tn,i]a
‘Qn(lv 3, t) - L(&ﬂ’ (2g> hin [(tn,i - t)(|L(3>tn,i—l) - L(S,t)‘) + (t - tn,i—l)(’L<3atn,i) - L(S>t))|}
28 s w(L(s,), hn)hin (b — 1)+ (t — tosr)]

(24) w2 (L, hy),

and the proof is complete. |

Theorem 3 T, is a compact linear operator from L*([a,b],C) into itself and
T, T.

Proof : Due to (17) in Lemma 2, for x € L*([a, b], C), ||Thx|1 < crenlz|)1 so
T, is a linear bounded operator from L'([a, b], C) into itself. As T}, is a linear
bounded operator of finite rank, it is compact. Let us prove that T}, — 7.

11



Lemma 3 implies that
b

b b
Tz — Tall; = /}chﬂ-/ Qn(l,s,t)H(s,t)dt—/ L(s, t)H(s, )a(t)dt] ds
@ =1

tn,i—1
/ | Zn / N

-/ | Z / ((@u15.0) - Lis.0)eto)
+Qnﬂﬁ&tXQm——x@»)fﬂsjﬁh

ds

(cn,iQn(l, s,t) — L(s, t)x(t)) H(s,t)dt

tn,i—1

ds

b _n tn,i
< /Z/ |Qu (L, 5,t) — L(s,t)|[z(t)|| H (s, t)|dtds
a ;—1 Jtni-1
b N tn,i
+/ Z/ 1Qn(1,5,8)||cns — z(t)||H (s, t)|dtds
a ;1 Jtni-1
n tn,i
< culelwaLohn) +cueny [ lens = ol
i=1 Ytni-1
< ceyllz|ywa(L, hy) + 2cgcrwi(x, hy).
Hence
(25) | Thx — Tx||y < cullz|iwe(L, hy) + 2cgepwy (z, hy,).

So we have T, 2> T..

To prove the relatively compactness of S, = {T,z : n > 1, z €
L'([a,b],C), ||z||; < 1} we follow the same scheme as in the proof of the
compactness of 7. We define the operator

. [ Tnx(s) for s € [a,b],
T,x(s) == { 0 for s ¢ [a, b],

and A, as the following subset of L'(R,C)
A, = {Tpx: 2 € L'([a,b],C), ||z|l; < 1}.
A, is a bounded subset of L!'(R, C). Indeed,

(26) | Tazll = 1Tazll < cpenllzlly < cren.

12



Let us prove that }llintl) |7nf — flli = 0 uniformly in f € A,.
—
For h > 0,

b
I Tz — Tozlly = / (Toa(s + h) — Toa(s)|ds
o b
= / |Tx(s + h) — Thx(s)|ds + / |T,x(s)|ds.
a b

—h

Hence, by (18) in Lemma 2,

A

b n b
/b Toa(s)lds <> Jendl | lwai(s)lds

~h p— b—h
1
< h—HﬂﬁthnCLe(H, h)
S CLE(H7 h)a

and because of (19) in Lemma 2,

b—h b—h T
/ |Thz(s 4+ h) — Thx(s)|ds < / Z |cni||wni(s + B) — wyi(s)|ds
a a =

< Z |cn7i|(hncHw2(L, h) + hpcpwg(h)).

i=1
< ||ZE||1<CHUJ2(L, h) + chH(h)) S CHwQ(L7 h) + CLUJH<h).
Hence

(27) HTthx — Tanl < |lz||y (cgwa(L, h) + crwy (h) + cre(H, h)) .

For h < 0, we have similar bounds.

Then |7 f — f|l1 = 0 as h — 0 uniformly in f € A,,.
From the Kolmogorov-Riesz—Fréchet theorem, A, | is relatively compact
so T, =5 T. |

Proposition 1 Let z € re(T). Forn large enough, T, — zI is invertible and
it exists a positive number ¢, > 0 such that

(28) I(T = =DM < ..

Proof : It is a consequence of the collectively compact convergence (see [5]).
1

13



Theorem 4 For z € re(T), and under hypotheses (P1) and (P2), for n
large enough, the approximate operator equation (10) has a unique solution
v, satisfying the following error bound:

(29) lp = pnll < coem ([[@lliwa(Ly hn) + 2cLw1(p, hn)) -
Proof :  According to (25) in the proof of Theorem 3,

(T, = =0) W (T = Th)elh
czcu ([[eliwe (L, hy) + 2cLwi(p, hy))

<
which ends the proof. |

Remark
Often in practice, the kernel H is of convolution type. Let us fix a = 0 and
b = 1. We suppose that there is a function ¢ such that

H(s,t) = g(|s —t])

where g is a weakly singular function defined on |0, 1]. This means that g
satisfies the following properties:

li =

(30) lim g(s) = +o0

(31) g € C°(10,1],R) n L'([0, 1], R)

(32) g > 0 and g is a decreasing function in |0, 1].

Proposition 2 When the factor H in the kernel of the operator T is of
weakly singular convolution type, then H verifies all the conditions imposed
by the product integration methods.

Proof :
(H2.1) Vs € [0,1], we have

/Olg(ls —t))dt = /Osg(s — t)dt + /slg(t — s)dt
= /OSQ(T)dTJr/Ong(T)dT

1
< 2/ g(T)dr < 400.
0

14



(P2.1) is also verified because the variables s and ¢ play symmetric roles.

(H2.2) Let us prove that, for h > 0,

1
lim  sup / (s — t)) — g(17 — #])|dt = 0.
0

h—=0% |s—r|<h
s,7€[0,1]

Let ¢ be the function defined by ¢t — (t) = |g(|s — t|) — g(|]7 — t])].
Suppose that 7 < s. It’s easy to prove that ¢ have an axial symmetry

with respect to £ = st T, over the interval |7, s].
Let .
G(t) := / g(s)ds
0
Then

/01¢(t)dt = /Osz(t)dH/f@zz(t)du/:w(t)dH/:W)dt

_ /Tw(t)dt + 2/£¢(t)dt + /1¢(t)dt
. £
- /0 g(T—t)—g(s—t)dt—i—Q/ gt —7) —g(s —t)dt
—1—/ gt —s)—g(t —T)dt

= G(r) = G(s)+ G(s — 1) +2G(2=T) —2G(s — 7)

2
§—T

+2G(T) +G(1—-35)+G(s—71)—G(1—1)

S—T

_ 4/0 : g(a)da—/ng(a)da—/lljg(a)da

57

4/0 " g(o)do,

IA

(33) wi(h)= sup / 915 — 1) — gl — t])]dt < 4 /029<a>d0—,

Js—7/<h
SO
lim wy(h) =0.

h—0+

15



(P2.2) Let us prove that, for h > 0,

lim Sup/ |g(]s+h —t]) —g(|s —t])|ds = 0.

h—0F ¢e0,1

For ¢t € [0, 1],

/O|a<|s+h—t|>—g<|s—t|>|ds - /0|§<|t—h—s|>—§<|t—s|>rds,

<
SO
1
I — i G —t]) = §(|s — t])|ds =
Jim () = Tim [ alls+ b =) = (s = hlds =0,
which ends the proof. |

3 Iterative refinement

Recall that z # 0 because T is compact and z € re(7T"). Consider that the
solution of (2) is approximated by G,(z)y, where G,(z) is an approximate
inverse of T'— z1.
The accuracy of G,(z)y may be improved using the following iterative re-
finement schemes:

=G

In [11], G},(2) has been one of the following operators :
Scheme A (Atkinson):

Scheme B (Brakhage):

Scheme C (Titaud):



Their convergence properties and error bounds have already been studied
in terms of T', T, and R,,(z) (see [11] pp 40-41). If ¢ is the solution of (2),
Scheme A (Atkinson):

|25 = ol
T < (R ()T = T))" " I,
el
Scheme B (Brakhage):
=5 = ¢l
< || (_Rn(z)<Tn - T)T) Hla
el
Scheme C (Titaud):
(k)
Tn — @ 1 E+1
lon_—elh oy ErR, )@ - 7))
[=lip z

Let us state error estimations for these three refinement schemes for the
approximate operator 7T, defined by (15) in this paper.

Theorem 5 For T, defined by (15), the following error bounds are satisfied:

Scheme A (Atkinson):

-1
Tn - 90”1 < még(h )Z
[ -

L
o — ¢l
Il

Scheme B (Brakhage):

< 2dchch§€(hn)€,

(20-1)

[Ezd el d.\?% 20
- o< £
el B (Z> Em)™,

(20)
[z — ¢lh < <%>2£+15(hn)2£+1
lells z

Y

Scheme C (Titaud):

||5L'7(12£_1)—90||1 da\20,0 o o 201
e < ()T 2ch)E(ha) ¥,

el 2
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|x%2é) - 90||1 daN2641,, 5 o 20
ol < (;) (2cc1)E(hn)™,

(35) E(hy) := 3¢5 crwa (L, hy) + 2cgciwg (hy) + 2cxcie(H, hy),

and
(36) m, = 2d>+ 2cycrd,
(37) d, = max(c,,||R(2)])-

Proof :  Using (25) ,

(T —T,)Tz|| cul|Tx||wo(L, hy) + 2cgepwr (Tx, hy,)

cawa (L, h)||T|| ||| + 2¢aepwi (T, hy).

wi(Tx, hy) = sup ||7Tz — Tz,
u|€[0,hn]

and due to (14),

1T~ TITel < ecowa(Lh TN + 2emerfolls (exwn(hy) + conun(L. ) + coc(H. )
<zl (3¢gcrwa (L, hy) + 2cuciwp (hy) + 2cucie(H, hy))
< [le]i€(hn).
Using (25),

(T = T,)Thx|| < eyl||Thx||wa(L, hy) + 2cgerwi (T, hy,).

As [|[Thoz|y < cregllzll, wi(Thz, hy) = SUD|y(€[0,n] HTufna: — Tanl, and
because of (27),

(T — T)Toxl| < chepwa(L, hy)||z|li + 2cxepl|z|y (cowy (hy) + cpwa(L, hy) + cre(H, hy))
<zl (8ckerwa(L, hy) + 2chciwy (hy) + 2cucie(H, hy))
<zl E(hn)-

o Scheme A

As (T, -T)R,(2)T = (T, - T)Rn(2)(T = T,,)TR(z) + (I, = T)TRz), and
according to (28),

18



[(Ba() (T = D)l = [Ru(2)(T = T)Ru(2) T+ Ru(2)(To —

We have

1(Ra(2)(T3 — 1))l

Then

SO

and

e Scheme B
As

then

and

e Scheme C

| Rn(2)(T — T)T0Rn(2) + Ru(2)(Th —
AT = T)T|l + e (T = T)Ru(2)(T

IN

(2d% + 2cperd®)E(hy)
m,E(hy).

IANIAIA

I < mle(h),

z

I(Bn(2)(T0 = T))

||$7(12€_1) - S0||1 ¢ ¢
Tl Sl

4
|22 = ol

< 2dchchﬁE(hn)é.
[oll1

|G BT~ T)T) " < (Z) e,

(20-1)

lzrn 7 — |l d.\2% 2
LS | R e
w = () ey

||95n - 80”1 d, 2+ 20+1
—_— << .
< ( . ) E(hy)

T)
T)

Ry (2)T||

n ()T
T,)TRz) +

( TR, (2)(T, — T))"™ = (2)"'TR,.(2) (T, — T)TR.(2))"(T, — T),

19
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ICTRAT D) < (B eI, - Ty

d

2\ k+1
< (;) (QCEC%)E(hn)ka
SO
H.T ey _90H1 < ( )25(2 2 2)5(h )26—1
—_— < CHC n ,
[ z e
and
’ 2 _SOHI 2041, 2 9 20
—_— < (= 2¢5,¢7)E(hy,)~".
HSDHI (Z) ( H L) ( )
This concludes the proof. |

Remark 1 The upperbound of Scheme B appears to be the optimal one
among the three error bounds. It improves slightly upon the one of Scheme
C' and is twice better than the one of Scheme A.

4 Numerical Implementations

The approximate equation is T, ¢, — 2@, = vy, i.e.

(38) Vs € [a,b], an] /n’j on(u)du — zp,(s) = y(s).

tn,j—1

By calculating the average over [t,;_1,t,,],7 = 1,...,n, of each member of
the equation, we obtain a linear system of the form (A — zI)z = d, where

(39) A, j) = —/ wyj(s)ds,i,j =1,.
7;; Z1
(40) d(i) = —/ y(s)ds,i=1,...,n
(41) z(i) = —/ s)ds,i=1,.
n i—1
After solving the linear system, the approximate solution can be written as

) = 23 w51l )

20



To measure the quality of the approximation we calculate the relative residual

(T = zD)en — ylh
1yllx

r(en) =

In practice the evaluation of T is often not possible, so we replace it with T,,
where m >> n and we caculate the average over [tp,;—1,tmq|,i = 1,...,m,
of (T — zI)gp, —y and of y. We obtain two vectors of size m, and we caculate
the vector norm in (C™, || - ||1).

5 Numerical Illustration

As an academic example we have taken

— /0 In(|s — t])p(t)dt — p(s) = y(s),

with unique solution ¢(s) = s. The estimations of the relative residual with
m = 100 for the projection method proposed by Titaud in [11] and the
L'([a,b],C) product integration method are shown in Table 1. We observe
that the L'([a, b], C) product integration method is faster than the projection
method.

n  Projection method Integration product method

10 0.0968 0.0246
20 0.0499 0.0087
50 0.0211 0.0018

Table 1: Relative residuals

Figure 1 shows the profile of the matrix A defined by (39). It is a full matrix.

In Figure 2 we chose n = 100, m = 1000 for a relative residual tolerance of
10~'2. We note that Scheme B is the fastest one to reach the tolerance.

The theoretical Remark 1 of Section 3 is confirmed by this numerical exper-
iment.

6 An Application in Astrophysics

The radiative transfer problem is a system of differential equations coupled
with a Fredholm integral equation of the second kind. It describes the energy

21



Figure 1: Matrix A of the academic illustration

o Scheme A
+ Scheme B
*  Scheme C|]
]
i ¢
o)
3 2
1] + m}
>
= -10+F * O -
©
o
o
O
—
_1 00 i I I I 1 1 ]
0] 1 2 3 4 5 6

lterations

Figure 2: Residual convergence with the three refinement schemes of the
academic illustration
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conserved by a beam radiation traveling, such that a beam of radiation can
lose or gain energy through absorbing, scattering and emitting medium. Let
7. be the optical width of the medium, (see [§]).

An example of this equation is

/0 By (15 — t)p(t)dt — ols) = y(s),

w(s)
2

where F/ is the first integral exponential function:

1 675/#
Vv>1, E,(s) :—/ s—dp,
0o MY

and the function w describes the albedo.
In our numerical example w(s) = 0.7 exp(—s) and

(s) = —0.3 for s € [0,50],
YEIZ0 0 for s € [50,100].

0 0 20 % 4 s 8 0 8 % 100

Figure 3: Matrix A of the Astrophysics application

Figure 3 shows the profile of the matrix A defined by (39). It is a sparse
matrix.

The relative residual associated to the approximate solution ¢, obtained
by the projection method and the product integration method proposed in
this paper are shown in Table 2. We observe that the product integration
method converges faster than the projection method.

n  Projection method Integration product method

10 0.0267 0.0172
20 0.0252 0.0145
20 0.0151 0.0075
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Table 2: Relative residuals

For n > 100, the computation of ¢,, is prohibitively costly so that we
will use the refinement schemes introduced in Section 3 to compute the final
approximate solution.

In Figure 4 we chose n = 100, m = 1000 for a relative residual tolerance of
1072, We note that Scheme C is the fastest one to reach the tolerance. This
confirms the results obtained in [9).

Remark 2 In this application, Scheme C is apparently faster than Scheme
B. This could be explained by the difference between the profiles of the corre-
sponding auzxiliary matrices A (see Figure 1 and Figure 3).

o Scheme A
B + Scheme B
B *  Scheme C |]
[}
s * g
._3 * " o o
E * * = | 0O g =
[0 * 0O g
> * O
E_'IO_ ** DDDDDDD_
[<F}
e
o
=
O
—
_1007 1 1 1 1 ]
0 5 10 15 20 25
lterations

Figure 4: Residual convergence with the three refinement schemes in the
Astrophysics application

7 Appendix

Proof of the Kolmogorov-Riesz-Fréchet theorem Without loss of
generality we prove the theorem for the case p = 1, ¢ = 1 and Q = [a, b].
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To simplify the notation, ||.||; denotes the norm in L'(©2,C) and also the
norm in L}(R,C). ||.]|« denotes the norm in C°(Q2,C) and also the norm in
C°(R,C).
As L}(Q,C) is a complete space, we just need to prove that F|q is precom-
pact i.e.: For any € > 0 there exist functions fi, fo, ..., fxv € L'(€Q,C) such
that

Flo C UL Bi(fise),

where B (fi,€) denotes the open ball in L*(Q2, C) centered in f; and of radius
E.

The proof consists in constructing the functions f;. The main idea of the
proof is to apply a convolution regularization process to deal with continu-
ous functions and to be able to apply the Arzela-Ascoli theorem.

Step 1: Regularization process
Let us consider the regularizing sequence defined by

pn(@) == np(nzw),

where

1
o(z) = kexp(—1 — 1:2) for |z] <1,
0 otherwise,

and k is a constant such that ||p|y = 1. For all n € N, p, is infinitely
differentiable. If * denotes the convolution product, and if f € L'(R,C),
pn * f is a regularization of f in the sense that it is smooth: p, * f is infinitely
differentiable. We know that p, * f € L*(R,C) and also p, * f — f in
L'(R,C). We prove a stronger result under assumption (11):

(42) pn* f—f

uniformly in f € F in L}(R, C).

oo F(2) — [(2)] < / @ — ) — F(@)lpuy)dy,
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so that for all f € F,

Lo f@) = 1@lde < [ [" 156 =9 = 1@loo)dody

-/ ' pn<y>( JECEIE f(w)|d:v)dy

< [ putwdy suw I f - £l

3= 3=

= ly|<2
= sup |1, f — fl.
ly|<i

Hence for all f € F,

lon* f = fllv < sup |7 f = flls-

ly|<+
According to assumption (11), for all e > 0, IN; € N :
n>No=|lpn*f—flli <e, forall feF.

Step 2: Application of Arzela-Ascoli theorem to H, :={p,* [ : f € F}a

Here n is fixed. Due to the regularization properties, H, is a subset of
C°%(,C). Let us prove that H, is bounded in C°(€2,C) equiped with the
infinity norm ||.||oc-

As F is bounded in L'(R,C),

lon * flloo < Nlonllooll £l
< Mlpnlloo;

where
M :=sup||f-
feF

Let us prove that H, is equicontinuous.
Let 1,20 € w

o # F(@1) — pox flaz)] = ' [ (outr =) = oo = ) )y

< [ 1o =) = sl = )£l
< 19pnllclos = aallf 1
< MHVanoo,xl_fEﬂv
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where Vp, is the gradient of p,.
According to Arzela-Ascoli theorem, H,, is relatively compact in C°(€2, C) so
it is precompact.

Step 3: Construction of the functions f;

As H, is precompact, for € > 0 there exist functions f; € C°(Q,C),i =
1,..., N, such that
Hn - Ui]\ilBOO(fiag)v

where where By (f;,e) denotes the ball in C°(€,C) centered in f; and of
radius ¢,
lLe:
vpn * f € an Elfz S CO(Qa(C) : Hpn * f - szoo <e.

Step 4: Conclusion

Let us show that F|q is precompact. Let € > 0 and f € F|g. According
to the step 1, ANy € N :

n> No=|poxf— fl1 <e, forall f € F.

Let us fix n > Ny. According to the step 3, there exists i € {1,..., N}, such
that

lon % f = fillo <&

We have
(43) 1f = fillh <llow* f = flli + llon* f = fillr,
b
lon* f— fil L = ‘pn*f(:)s)—f,-(x)‘da:)
< (b=a)llpn = f = fillo
< (b—a)e.
Hence
(44) If = fili < (A +b—a)e.

So Flo C UY, Bi(fi, (1 +b—a)e), and F|q is relatively compact.
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