N

N

Harnack and Shmul’yan pre-order relations for Hilbert
space contractions

Catalin Badea, Laurian Suciu

» To cite this version:

Catalin Badea, Laurian Suciu. Harnack and Shmul’yan pre-order relations for Hilbert space contrac-
tions. 2015. hal-01232071

HAL Id: hal-01232071
https://hal.science/hal-01232071v1

Preprint submitted on 22 Nov 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01232071v1
https://hal.archives-ouvertes.fr

HARNACK AND SHMUL’YAN PRE-ORDER RELATIONS FOR HILBERT
SPACE CONTRACTIONS

CATALIN BADEA AND LAURIAN SUCIU

ABSTRACT. We study the behavior of some classes of Hilbert space contractions with re-
spect to the Harnack and Shmul’yan pre-order relations. We also discuss the corresponding
equivalence relations, as well as an extension, recently considered by S. ter Horst, of the

Shmul’yan pre-order from contractions to the operator-valued Schur class of functions.

1. INTRODUCTION

Preamble. The geometry of the unit ball By (#) of B(H), the C*-algebra of all bounded
linear operators on Hilbert space, is still not completely understood. The aim of this paper is
to study the behavior of some classes of Hilbert space contractions (i.e., elements of B (H))
with respect to two pre-order relations, the Harnack and Shmul’yan pre-orders, and the
corresponding equivalence relations. Recall here that any binary relation which is reflexive
and transitive is called a pre-order [12, Definition 5.2.2]. It is well-known that given any
pre-order < on Bj(H), if one defines a binary relation ~ on By (H) x Bi(H) by A ~ B if
A < B and B < A, then ~ is an equivalence relation [12, Proposition 5.2.4].

The Harnack and Shmul’yan pre-orders. The Harnack pre-order and equivalence
has been introduced by Ion Suciu [14},[15] in the 1970s based on some operator inequalities
for Hilbert space contractions which generalize the classical Harnack inequality for positive
harmonic functions in the unit disc. The equivalence classes are called the Harnack parts,
and we will denote by A(T') the Harnack part containing the contraction 7. The concept
of Harnack parts, as well as the hyperbolic metric defined in [1§], are the analogues in non-
commutative case of the Gleason parts and metric defined in the context of function algebras.
The Shmul’yan pre-order has been introduced in [13] and studied in [8] under the name O-
pre-order. We denote by Agy(7') the Shmul’yan part of 7.

More specifically, we say that T' is Harnack dominated by T’ (notation T E T") if there
exists a positive constant ¢ > 1 such that for any analytic polynomial p verifying Rep(z) > 0
for |z] <1 we have

(1.1) Rep(T) < cRep(T").

We say that T is Harnack dominated by T” with constant ¢ whenever we want to emphasize

H H
the constant. Thus 7' and 7" are Harnack equivalent if T < T’ and T' < T; we also
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2 C. BADEA AND L. SUCIU

say in this case that T and T’ belong to the same Harnack part. We refer the reader to
[1-4, 8,10k 11}, 14, /15,|17,|18}21},22] for several properties of the Harnack pre-order.

We can define the Shmul’yan domination in the more general case of the unit ball, denoted
B1(H1,Hz), of contractions acting between two Hilbert spaces H; and Hy. Namely, if A, B €
Bi(H1,Hz), then according to [8] one says that A Shmul’yan dominates B if B = A+D - XD 4
for some X € B(Da,Da~). Here, for a contraction T' € By(H1,Hz) we denote by Dy =
(I, — T*T)Y/? the defect operator and by Dy = R(Dr) the defect space of T', where Iy, is
the identity operator on H;. Also, one says that A and B are Shmul’yan equivalent whenever

each of them Shmul’yan dominates the other, while the corresponding equivalence classes, in
Bi(Hi,Hs), are called Shmul’yan parts. It was proved in [8, Proposition 1.6 and Corollary
3.3] that the Shmul’yan equivalence relation in the closed unit ball of B(H) is stronger that
the Harnack equivalence, in general. Also, by [8, Proposition 1.6], A and B as before are
Shmul’yan equivalent if and only if B = A+ Dp+«Y D4 for some Y € B(D,Dp+).

Recently the Shmul’yan pre-order relation has been extended by S. ter Horst [6] from
contractions to operator-valued Schur class functions, that is to the contractive analytic
functions on D. More precisely, let £ be a separable Hilbert space and H*°(£) the Banach
space of all norm bounded analytic functions on D with values in B(E). We denote H® =
H>(C). If H{°(E) is the closed unit ball of H*(E) and F' € H°(E), then the associated
Toeplitz operator is the contraction T on the vector valued Hardy space H?(E) defined by

(Trg)(\) = F(N)g(A) (g € H*(E), A € D).

If F,G € H{°(€) one says that F' is Shmul’yan-ter Horst dominated by G, in notation F = G,
whenever Tr is Shmul’yan dominated by T. We denote by Ay (7') the equivalence class of
T for the equivalence relation induced by the Shmul’yan-ter Horst relation.

Notation and basic definitions. In the sequel 7,7’ € B(H) will be linear contractions
acting on the complex Hilbert space H; V acting on K and V' acting on K’ will denote the
minimal isometric dilations of T and T’ respectively (see [23]). N(T') and R(T) stand for
the kernel and respectively the range of T'. We shall denote by Iy the identity operator on
H, or simply by I if the Hilbert space is clear from the context. In what follows o(7T') denotes
the spectrum of T'. From time to time we will consider the more general case of contractions
between different Hilbert spaces.

The asymptotic limit Sp € B(H) of the contraction T (see, for instance, |7, Chapter 3])
is the strong limit of the sequence {T*"T"},en. It is a positive contraction with || S| =1
whenever St # 0. Notice that H1y = N(I — St) = (), NI — T*"T™) is the maximal
invariant subspace of H for 7' on which T is an isometry, while H, = A (I—S7)NN(I—Sr+)
is the maximal reducing subspace for 7" on which 7 is unitary (see [7]). The reducing isometric
part in H of T can be described (see [20, Proposition 2.8]) as

Hi=Ho \/ T"I-TTHH={heH :V"T""h €M, mn>0}.

n,j20
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We say that T is strongly (weakly) stable if the sequence {T"},cn is strongly (weakly)
convergent to 0 in B(H). Also, we say that T is of class Cy. (respectively, C.g) when T (T%)
is strongly stable, which means Sp = 0 (Sp+= = 0), while T is of class Cyy if it is of class Cj,.
and of class Cg. We say that T is of class Ci. (respectively, C.1) if T"h —-» 0 (respectively
T*"h - 0) for all 0 # h € H. Also, T is of class C1; if both T" and T* are of class Ci..

We say that T € B(H) is quasi-normal if T commutes with 7*7T and that T is a partial
isometry if TT*T =T. We say that T is a hyponormal operator if TT* < T*T.

H
Let T and 7" in By(H). Then (see [15], [8]) T < T’ with constant ¢? if and only if there
exists a (unique) operator A € B(K',K) such that A(H) C H, Aly = I, AV’ = VA and
|All < c. We say in this case that A € B(K', K) is the Harnack operator associated to (T, T").

Organization of the paper. The plan of the paper is as follows. In Section [2| we show

that for two commuting contractions 7' and 7" with T' 2 T’ the Cy.-part in the canonical
triangulation can be fixed (Theorem and we study the relation between the reducing
unitary parts (Theorem . We also show (Theorem that under some commutativity
conditions the Harnack domination of T' by T” is equivalent to Harnack equivalence of the
two contractions, with their Shmul’yan equivalence and also with the existence of a point
2o € D and a B(H)-valued contractive analytic function F' on D such that F(0) = T and
F(z) = T'. In particular, we obtain (Corollary [2.13)) that if T and 7" are doubly commuting
contractions on H such that T is quasi-normal and is Harnack dominated by 7”, then T and
T’ are Shmul’yan equivalent. In Section [3| we study the behavior of C}.-contractions and of
partial isometries with respect to Harnack and Shmul’yan pre-orders. For instance, we show
that Shmul’yan equivalence of two contractions can be described by their pure parts, and this
is applied to Harnack and Shmul’yan parts of a partial isometry. In Section |4 we study some
properties of the Shmul’yan-ter Horst relation, including a description for the equivalence
class Axo(T") of a partial isometry 7', as a constant function in H>(&).

Acknowledgments. The first author was partially supported by the Labex (“Laboratoire
d’excellence”) CEMPI (ANR-11-LABX-0007-01). Both authors were partially supported by
the “Laboratoire Européen Associé CNRS Franco-Roumain” MathMode.

2. COMMUTING CONTRACTIONS IN HARNACK DOMINATION

Recall (see [23]) that the canonical triangulation of a general contraction 7' on H gives a

matrix representation of T on H = N (S7) ® R(St), where N (Sr) is the maximum invariant

subspace for T' on which it is of class Cp., while R(S7) is the maximum invariant subspace
for T on which T™ is of class C'1. This latter means that the contraction PT |W is of
class C1., where P is the orthogonal projection onto R(Sr). The canonical triangulation is

not conserved by the Harnack domination, more precisely N'(St) # N (S7+) in general, when

H
T < T'. However, the classes Cy., C.g and Cy are preserved in both senses by the Harnack
domination (see [2, Theorem 5.5]). On the other hand, the class C1;1 (hence Cy. and C.;) are
not preserved by the Harnack equivalence (see |2, Propositions 5.9 and 5.10]).
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In the following result we show that under the condition of commutation 77" = T'T the
C1.-part in the canonical triangulation can be fixed.

Theorem 2.1. Let T and T’ be commuting contractions on H such that T is Harnack dom-
inated by T'. The following assertions hold :
(i) If T or T' is of class C1. (or of class C.1) then T =T".

(i4) The canonical triangulations of T and T’ have the form

o (@ 5) (2 1)
0o w 0o W

where Q, Q" are of class Cy. on N (St) = N (S) with QQ' = Q'Q and Q E Q', W is of class
C1. on R(St) such that QR' — Q'R = (R’ — R)W.
(i4i) Sy = S% if and only if S = S%,. In this case Sy = Sy, W is an isometry and

H
R = R' = 0; in addition T and T' are Harnack equivalent if and only if Q' < Q.

H
Proof. Assume TT' = T'T and that T < T". It is known from [15] or [§] that there exists an
operator B € B(I%(Dr+),H) such that

T=T+BJ Dy, BS =TB,

where J’ is the canonical inclusion of Dyv into 1% (Dg+) while S’ is the unilateral shift on
[Z(Dyr). Then multiplying the first relation by 77! for n > 1 we infer

Tn — Tn—lTl + BS/(n_l)J/DT/,

or equivalently
T+ T/*T*(n—l) + DT/P'HS/*(n_l)B*.
Since §*" — 0 strongly we have (T*—T"*)T*("~1) — 0 strongly on #, and using that 7" and
T'" commute we get Sp«(T* —T"*) = 0. Therefore, if T is of class C.1, that is N'(Sp+) = {0},

then T'= T’. Similarly, the same conclusion holds if T is of class C. because T* 3 T"*. When
T' is of class Cy. (or C.1) the conclusion T' = T” follows from the assertion (ii) of theorem
proved below, because in this case 7" = W =T on H = R(S7') = R(St). The assertion ()
is proved.

To show (i7), we first notice that A(St) is invariant for both T and T” (by the relation

TT' =T'T). So, T and T" have triangulations on H = N (Sr) ® R(St) of the form

-(0w) (0 w)

0o w 0o w

where QQ' = Q'Q, WW' = W'W and QR + RW' = Q'R + R'W. In addition, since the
joint (closed) invariant subspaces conserve the Harnack domination, one has @ 5 Q' and
1% -Ii W' hence W —Ii W', Also, @' is of class Cp. because @ is such (see [2, Theorem 5.5]).
Therefore N'(Sp) € N(S7v). But W = W' by (i), because W is of class Cj.. This forces
the equality N (S7) = N(S7), so R(St) = R(S7/). Hence the above matrix of 7" is just its
canonical triangulation like that of T.
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For (i) let us assume that Sy = S2 that is St is an orthogonal projection onto R(Sr) =
N (I—St), which becomes a reducing subspace for T and 7". So R=R' =0and T = Q& W,
T' = Q' ® W, while W is an isometry on N (I — Sp) = N (I — S7v) because Q' is of class
Cy. and N(I — S7/) C R(S7+) is the maximum invariant subspace for 7" on which it is an
isometry. Hence S = S%/ = Sr.

Conversely, we suppose that S;v = S7,. Then by (ii) we have that W = T"|g(g,,) is an

isometry. Therefore N'(I — S7) C R(S7) = N(I — S7v). As the reverse inclusion also holds

H
(we use the relation T' < 7" and |2, Lemma 5.1]) we obtain N (I —Sy) = R(S7) = N(I —S77).
We conclude that Sp = S% and, in this case, the relation of Harnack equivalence between T'

H
and T reduces (by (7)) to the relation 77 < T'. This ends the proof. O

Remark 2.2. The matrix representation of 7" in the above assertion (i) was inferred from

the canonical triangulation of 7' on H = N (S7) @ R(St). The same representation for T
can be obtained by considering the canonical triangulation of 77 on H = N (St/) ® R(St)
(as in (47)). Indeed, in this case N (S7) is invariant for T, and using the above assertion

(1), T will have a matrix representation of the form quoted in (i¢) under the last orthogonal
decomposition of H. As Q 5 Q' and Q' is of class Cy., @ will be also of class Cy. on N (S7)
(see |2, Theorem 5.5]). Therefore N'(Sv) C N (St). But T* = T" = W* on R(S1) D R(Sr)
and W is of class C1., so N (S7) = N(S7/). Hence the representation of T in (i) is just its

canonical triangulation.

Corollary 2.3. Let T and T’ be commuting contractions on H such that T is Harnack
dominated by T'. Then N(I — St) = N(I — St) if and only if N(I — St) is invariant for
T (which occurs, in particular, when T' and St commute).

Proof. As we have already mentioned, the inclusion N'(I — Spv) C N (I — St) always holds

and T'=T" on N (I — Syr). Now if N(I — Sp) is invariant for 7" then the relation T' 5 T also
works on this subspace, while by the assertion (i) we have T'=T" on N'(I — St). So, T" is an
isometry on this subspace, which imposes N'(I — S7) = N(I — S7). The other implication
is obvious. (]

This corollary gives conditions under which the invariant isometric part of a contraction
is preserved by Harnack domination. In some cases even the reducing isometric, or unitary
parts can be conserved by Harnack domination, as follows from the assertion (iii) of Theorem
[2.1] In this case the corresponding asymptotic limits are orthogonal projections.

H
If T < T’ then we always have the inclusion H,, C H, between the reducing unitary parts.
However, in general, there is no relationship between the reducing isometric parts H; and

H'. The following result examines the case of commuting contractions.

Theorem 2.4. Let T and T' be commuting contractions on H such that T is Harnack dom-
inated by T', and let H1 and H} be as above. Then :

(i) Hy C H1 and T] =Ty on Hj.

(1) MY reduces T if Hy C N (Dpv).
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In addition, if N(I — St/) reduces T" then Hy = H} = N(I — Stv).

(i4i) If the Harnack operator associated to pair (T,T') is injective (i.e., one-to-one), then
H' reduces T.

(iv) If T and T' are Harnack equivalent then Hy = H).

Proof. To see the inclusion in (¢) we use the above descriptions for H; and #H) with respect
to the minimal isometric dilations V on K and V' on K’ of T and T", respectively. Since

Hll CN(I - Sp) CN(I—ST) ﬂN(DT/)

we have T'=T" on H/. Therefore H} is invariant for 7" and 7' is an isometry on #j.

Now let b € H}. Then V'*T"*™h € H for m,n € N. Let also A € B(K',K) be the Harnack
operator associated to (T,T"), that is satisfying AV’ = VA with A|y = I. Since TT' =T'T
we have

= AVTMh = VT € .

Hence h € H; and so H} C Hi. So (i) is proved and this also implies (iv).
Suppose now that H; C N (D). Then T = T" on Hy, while for h € H} and k € H; & H)
we have T*h € Hy, T"h € M) and

(T*h, k) = (h, T'k) = (T"*h, k) = 0.

So T*h € H} if h € H), and consequently H] reduces T. In addition, since 77 = T is an
isometry on H; it follows that Hy C N(I — Spv). Therefore, if N(I — S7/) reduces T’, then
one obtains H} = H1 = N(I — St/). Thus, the statements in (i) are proved.

For (iii) we assume that the above operator A is injective. For h € H} and m,n € N we
have

AV = VTR = by, € AL

We have used here that T7"*h € H) C Hi. AS hypm = Ahy, it follows that V/"T*™T*h =
hpm, hence T*h € H). Therefore M} is invariant for T*. As TH| = T"H} C H], it follows
that #H) reduces T. The statement (7i7) is proved, and this ends the proof. O

Remark 2.5. If T is an isometry and T 3 T" with T # T then certainly (by Theorem
(7)) one has TT" # T'T. But even under this latter condition the requirement that the
Harnack operator A associated to pair (T,7”) is injective (as in the above condition (ii7)) is
possible only when T is not an isometry. Indeed, if T is an isometry, then AKX’ = H and the
injectivity of A implies K’ = K (since Ah = h, h € H); so T" is an isometry and T = T".

Remark 2.6. Suppose that T —Ii T'. Tt is easy to see that if H; = H} then H, = H,,, but
the converse implication is not true, in general. In fact, it was proved in [2, Example 6.2 and
Proposition 6.3] that there exists a Harnack part which contains a completely non-isometric
contraction and another completely non-unitary contraction which has non-trivial reducing
isometric part. Moreover, such contractions can Harnack dominate a unitary operator (in

this case the right bilateral shift on (2(£) for a Hilbert space £). Hence, in general one has
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H!, C H, under the Harnack domination T B 7 but M) € Hi even under the Harnack
equivalence of T and T".

Notice that even if TT" = T'T with T 3 T’ it is possible that H, = H,, and H} € H;, for
example when T is a hyponormal contraction. Indeed, it is known (see [7]) that in this case
Sr+« = SZ., therefore N'(I — Sr+) C N(I — Sr) and by Theorem (141), or Theorem
(ii), we have

Ho = N(I — Sp) = N(I — Spre) = H..
Also, since N'(Dp+) C N(Dr) this latter subspace is invariant for 7', so N (D) = N'(I — Sr).
On the other hand, by the condition T’ —Ii T" we have N (D7) C N (Dr), while the equality
between the kernels gives T'= T" on N'(Dr). In this last case T” is an isometry on N (Dr),
which shows that the following chain of equalities hold

N(I = Sp) = N (D) = N(Dp) = N(I - Sy),

if the central one is true. This subspace is even the invariant isometric part in H of both T
and 7", and this fact happens if and only if N'(Dy) is invariant for 7”. In addition, if N'(Dr)
reduces T" then the above joint subspace is even the reducing isometric part in H of 7" and,
consequently, of T'.

In the case when N (Dy) is invariant for 77 and T* it follows that N (Dp) = N(Dpv)
reduces T to an isometry. So, for h € N(Dr) we have h = T"™*T'h = T"™*Th which gives

T"*h = T*T*Th = T*T"*Th = T*h € N (Dr).

From this one infers that N'(Dr) also reduces T”, hence T and 7" have the same reducing

isometric part in H (by the previous remark).
We summarize these facts in the following

Proposition 2.7. Let T and T' be commuting contractions on H such that T is hyponormal
and it is Harnack dominated by T'. Then they have the same unitary part. In addition, the
following are equivalent :

(i) N(Dr) is invariant for T';

(it) N(Dr) = N(Dr);

(131) T and T" have the same invariant isometric part in H.

Furthermore, if one of these assertions holds then T and T’ have the same reducing iso-
metric part in H (which is even their joint invariant isometric part) if and only if N'(Dr)

reduces either T' or T.

Notice that if the above condition (i) is satisfied then by Theorem [2.4] (i7) the subspace H}
reduces T. However, in general, H; # Hi when T*(N(Dr)) ¢ N(Dr) and T*(N(D7)) ¢
N (Dr).

Remark 2.8. The canonical triangulations of T" and 7" given by Theorem (74) can be
refined by considering the dual triangulations for their Cp.-parts @ and @', respectively.
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H
Indeed, as Q < Q' and QQ" = Q’'Q we obtain by Theorem |2.1| the matrix representations

Xy , (x Y
(2 @0 2)

on N (S7) = R(Sqg+) BN (Sg+), where X is of class Cp1, Z and Z’ are of class Cy, ZZ' = Z'Z

and Z 5 Z'. We conclude that in the case of Harnack domination of two commuting contrac-
tions their corresponding Cy1, C11 and Cig parts coincide. Also, the Harnack domination is
preserved (in the same order) for their Cyp-parts.

In the particular case when Sp = 5’% and Sg+ = S%* we have (by Theorem that T =
XOZoW,T' = X®Z'®W under the decomposition H = N (I —Sg+) BN (Sg+) BN (I—St),
where X is a coshift (i.e. the adjoint of a shift), W is an isometry and Z, Z' are as above.
The same representations for 7" and 7" are obtained if Spv = S%, and Sg+ = Sé,*.

Let us remark that in the latter cases the contractions 7" and 7" differ only by their
Coo parts Z and Z'. But if the defect spaces Dy and Dz are one dimensional, then it is
known [23, vi.3, Corollary 3.7] that Z’ = f(Z) for some contractive analytic function f on
D. So, in this case any contraction 7" which commutes with 7" and Harnack dominates T
can be intrinsically expressed by 7. In particular, it follows that in the Harnack part of a
contraction T of class Cyy with the defect space one dimensional, those contractions which
commute with 7" are of the form f(7') for some f € H*®, | f|loc < 1. On the other hand,
not any contraction ¢g(T") with g € H* is Harnack equivalent with T. More precisely, the
contraction T as above is even of class Cy (see [23, vi.5, Theorem 5.2]), that is u(T") = 0 for
some u € H*. Hence if o(T) N T # @ then T is not Harnack dominated by u(T") = 0.

Another special case is when the contraction 7' is quasi-normal. Recall here that this
means that 7" commutes with T*7T. Then it is well-known that St = 5’% and Sp« = S2,
(see |19], [20]), so N(I — Sp+) and N(I — St) are unitary and the reducing isometric parts
in H for T' and T", respectively. Hence Sp- = 0, and from what was remarked before and by
Proposition we obtain the following result.

Corollary 2.9. Let T,T" be commuting contractions on H such that one of these is quasi-
normal and T is Harnack dominated by T'. Then T = Z®W and T' = Z' & W on H =
N(ST)®N (I—St), where Z,Z' are commuting contractions of class Cog on N'(St) = N (S7)

H
and Z < Z', while W is an isometry on the subspace
N(I — S7)=N(Dr) =N(Dr) =N — Sp).

Concerning the Harnack domination of a quasi-normal contraction we have the following

main result.

Theorem 2.10. Let T, T" be contractions on H such that T* is quasi-normal and T commutes
with T" and T™T', while T" commutes with TT*. The following are equivalent :
(1) T is Harnack dominated by T';

(13) T is Harnack equivalent to T';
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ii1) There exists an operator B € B(I%(Dy),H) such that
N
(2.2) T=T +BJDy, BS =TB,

where J' is the canonical inclusion of Dy into I3(Drv) and S’ is the natural shift on 13(Dy);
(iv) T is Shmul’yan equivalent to T', that is, there exists an operator W € B(Dgr, Dp+)
such that

(2'3) T=T + Dp«W D

(v) There ezists zo € D and a B(H)-valued contractive analytic function F' on D such that
F(0)=T and F(z) =T".

Proof. Let V and V' be the minimal isometric dilations on K = H @ [%(Dr) and K' =
H@®Z(Dr) of T and T', respectively. Then the matrix representations of V and V’ are given
by

!
(2.4) V= ro , V= r 0,
JDp S J' Dpr S’

where J and S have the same meaning like J' and S’ of above, respectively. Let A be the
Harnack operator associated to T" and T". It is known [15], [§] that A|y = Iy and AV’ =V A.
This last equality yields

Py AV’ = PyV Py A = TPy A
because V(K& H) C K©H. On the other hand, since V'h = T'h & J' Dp:h for h € H we get
Th = PyV Ah = PyAV'h = T'h + Py AJ' Dyoh.

Therefore the operator B := Py A| 12(Dy,) Satisfies the identities of (7it) when T 5 T'. This
shows that (i) implies (47).

Next, the relations from (iii) give a representation of B with respect to the operator
By = BJ' € B(Dy+,H) in the form

[e e} o0
Bd = B S"J'Dphy=ByDrhg+ Y T"BoDyihy,
n=0 n=1

= [By,TBy,T?By, ..d,

for d = {Dphp}nen € 13(Dyy) with h,, € H. So, one can consider the positive operator
Z € B(H) given by
o0
7 = Z T" By BiT*".
n=0
Since by hypothesis T' commutes with T"*T" it follows that D7 reduces T, and we set

Ty =T|p,,. As T and T’ commute we have

TByDy =T(T —T') = (T — T')T = BoDy/T = BTy Dy,
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that is T'By = BoT1. Because T™ is quasi-normal, 77" will be quasi-normal too. Furthermore,
since 7" commutes with 77T one can see, as above, that TT*By = BoT1T}. So one obtains

oo o0
Z = BB+ Z T"BoB;T*" = ByB; + TT* BB + Z BoT"T*" B},
n=1 n=2
o0
= BoB;+TT*ByB;+ Y Bo(TT*)"B;
n=2
o0
= ByB +TT*ByBj + Z TT*T" ' ByB;T*" 1)
n=2
= BB +TT*Z.

This shows that BoBj = D%*Z = Dy« Z Dy« which implies that By = Dp«W for some
operator W € B(Dys, Dr-). This relation, together with the first identity from (ii7), lead to
the identity from (iv). Hence (iii) implies (iv).

To prove that (iv) implies (v) we firstly deduce from (iv) that T*T = T*T"+T*Dp«W Dp».
Thus

D% = I—T*T' —T*Dp-WDyp =Re(I — T*T") — Re(T*Dr-W D7)

1
= 5(1)% + D2, + (T — T (T — T')) — Re(DrT*W Dpr)

v

1
5(D% + D%,) — Re(Dp/W*TDr).

So, for h € H with ||h|| = 1 we have

Dbl < || Drh|? + 2([W || Drhl| < (1 +2|W )| Drhl|

which gives Dp» =Y Dy for some operator Y € B(Dr, Dyv).

On the other hand, from the identity (2.3)) for the pair (7', 7") one obtains a similar identity
for the pair (T"*,T*), therefore as above one has Dp+ = Y,Dp for some operator Y, €
B(DT/* s DT*). This yields T —T™ = DT/W*DT* = DT/W*KDT/*, orT =T + DT/* W*DT/,
where W, = Y W. Using this last equality we get

I-T*T = D% +T*(T' —T)= D% —T"*Dy=-W.Dp
= Dp(I —T"W,)Dy = Dpi(I — T"W,)Y Dr.

Let zg € D be such that the operator X = (1 —|z9|?)"/2(I — T"*W.)Y is a contraction from
Dr into Dp:. Then we have

I =TT = (1 —|2>)"Y?>DpX* Dy,
which ensures that the following operator matrix on ‘H & H is positive definite:

D2 I-T*T
D2 > 0.
-1 L

1—[z0[?
But this is the classical Pick condition for the operator Nevanlinna-Pick interpolation problem
for the data {0,zp} and {7,7’}, which means that there exists a B(H)-valued contractive
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analytic function F' on D such that F(0) =T and F(z9) = T" (see [5], [16]). So, (iv) implies
(v).

It was proved in |17, Theorem 4] (see also Remark below) that the range of a con-
tractive analytic function is contained in a Harnack part, hence the contractions T and T”
satisfying (v) are Harnack equivalent. Therefore (v) implies (ii), and (ii) obviously implies
(7). This ends the proof. O

Because for two contractions 7" and 7" one has T 3 T’ if and only if T* 5 T, a dual
version of Theorem holds when T is quasi-normal and the corresponding commuting
relations are satisfied, that is 77" = T'T, TT'T"™ = T'"T"™*T, T'T*T = T*TT’. In this case
the statements of (i), (iv) and (v) can be also formulated in terms of 7* and T"* instead of

T and T", respectively.

H
Remark 2.11. Using the same notation as in the above proof, if T' < T” then the intertwining
relation AV’ = V A leads to four relations between the entries of the matrices of V and V' in
(2.4) and of A, this latter operator having the form

0 C

with B as above and C € B(I%(Dy),%(Dr)). More precisely, we have the identities (2.2)) as
well as the following ones:

(2.5) A= (I B) H @ 3(Dr) — H @ IE(Dr),

(2.6) CJ Dy =JDr, CS =S8C+ JDrB.

Theorem asserts that only the relations are essential in this case and, in addition,
by the statement (ii) the operators C' and A are invertible.

In particular, from the first relation in it follows that Dy = Cy D+ for some invertible
operator Cy € B(Dyr, Dr). Thus, the identity is equivalent in this case with everyone
of the following two relations :

(27) T=T + Dp«WoDp, T = T + Dy Wi D

Here Wy = WC,' € B(Dr,Dr+), and Wy = CfW € B(Dgv, Dpr), where as above Cy €
B(Dpr+,Dp+) is an invertible operator such that Dp- = C;Dp«. We have used here that

T* X T by Theorem [2.10)

Remark 2.12. By [16, Theorem 4.1] and the proof of |17, Theorem 4], any Shmul’yan part
is a union of ranges of B(H)-valued contractive analytic functions on D. Thus, Theorem
asserts that, under some commuting conditions, a contraction 77 which Harnack dominates
a quasi-normal 7" belongs together with 1" to the range of an analytic functions on D, which
is contained in the Shmul’yan part of T

A consequence of Theorem is the following result, which is an effective extension of
a result from [1] concerning the Harnack domination between two normal contractions, and
which was obtained in [1] in a different way.
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Corollary 2.13. Let T and T’ be doubly commuting contractions on H such that T is quasi-
normal and it is Harnack dominated by T'. Then T and T’ are Shmul’yan equivalent.

Notice that this corollary is not true if the role of T and 7" is interchanged, that is when
T’ is quasi-normal and T is not. For example, the null contraction Harnack dominates any
contraction T with ¢(7") C D and ||T|| = 1, but these are not Harnack equivalent (see |4]).

3. NON-STABLE CONTRACTIONS AND PARTIAL ISOMETRIES IN HARNACK DOMINATION AND
SHMUL'YAN EQUIVALENCE

We have seen in Theorem that a contraction of class C. (or C.1, Cj1) cannot be in
Harnack domination with another, different, commuting contraction. Without the commuta-
tion condition even unitary operators can be Harnack dominated by completely nonunitary
contractions which do not belong to the classes Cy. or C.1. Also, the Harnack part of some
contractions of class C'11 can contain contractions which are not of the same class, for example
partial isometries T' with S7 a non-trivial orthogonal projection (see [2, Example 6.5]). This
also shows that the class of contractions whose asymptotic limit is an orthogonal projection
is not preserved by the Harnack equivalence, in general.

We present now other general facts about C.-contractions or partial isometries with respect

to the Harnack pre-order.

Proposition 3.1. Let T and T' be contractions on H such that T' is Harnack dominated by
T'. The following statements hold :

(1) If T' is of class C1. then either T is injective, or N(T) is not invariant for T".

(23) If S is an orthogonal projection then T and T’ have matriz representations on H =

NI = Sp1) ® N (Str) of the form

V R , )
(3.1) T:<0 Q), I"=ved,

H
where V is an isometry with V*R = 0 and Q,Q’ are of class Cy. such that Q < Q'. In
addition, N'(St+) is invariant for T if and only if Sp = St.. In particular, this happens when
V' is unitary.
Proof. (i). Assume that 7" is a Cj.-contraction, and that N (7T') is invariant for 7”. Since

H
T < T’ there exists by |1, Lemma 1] a constant ¢ > 1 such that |7’ — 17| <1 — 1. So, for
h € N(T) we have | T'h|| < <=1||h||, and by recurrence (as T'h € N'(T)) one obtains

—1\"
e < (S) ol

for every integer n > 1. This yields S7vh = 0 hence h = 0, because N'(S7+) = {0}. Therefore
N(T) it is not invariant for 7" whenever N (T) # {0}. This proves (i).
(ii). Assume that Sy = S2,. So T' =V & Q' on H = H' &N (S7+), where V is an isometry

H
on H' = N(I — Sy) and Q' of class Cp. on N(S7v). Since T' < T" we have T =T’ =V on
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H', therefore H' is invariant for 7. In addition, denoting Q* = T"| (s, We have Q 5 Q'
and @ like @’ are of class Cp. |2, Theorem 5.5]. Hence T' can be represented as in , the
condition V*R = 0 being assured by the fact that V' is an isometry and 7*7T < [I.

The invariance of N'(S7/) to T means R = 0 in . In this case T =V @ Q, which yields
St = I&0 = Spv. The converse assertion is trivial, that is Sp = S implies N'(S7) = N(S7)
and it is invariant for 7. When V is unitary we have R = 0 from V*R = 0. This ends the
proof. O

Remark 3.2. Let T, 7" be as in Proposition (#4) such that T is injective (in particular
of class C;.). Then the isometry V in is unitary. In general, when V is unitary and
T # T’ then T cannot be of class C.. But if V is a shift and Q = Q' is a coshift then it is
possible that T # T" (that is R # 0 in ), T is of class Ci1, and T,T’ are in the same
Harnack part |2, Example 6.5 and Proposition 6.6]. This fact also shows that the assumption
of injectivity of 7" (which holds in particular when 7" is of class C'1) is essential to obtain
a unitary operator V.

We summarize these facts in the following

Corollary 3.3. If T is a nonunitary contraction of class Cy. then St # S2, for every
contraction T" which Harnack dominates T such that T™* is injective.

In the context of hyponormality one obtains the following corollary.

Corollary 3.4. If T' is a contraction of class Cy. (or C.1) which is Harnack dominated by a
cohyponormal (hyponormal) contraction T' then T =T" and it is unitary.

Proof. When T" is cohyponormal one can apply the last assertion of (i7) from above, because
Srr = S2, and T” is unitary on N'(I — Szv). The case when T is hyponormal follows then by
duality. 0

Corollary 3.5. The Harnack part of a nonunitary hyponormal contraction T = U & Q on
H =NI—Sp)BN(Sr+) where U is unitary and Q is of class C.g consists of all contractions
T =U & Q' where Q' is in the Harnack part of Q.

In this corollary 7" cannot be of class C.y and Spv # S2,, in general. But the Harnack part
of a hyponormal contraction can contain only contractions which either are of class Cig, or
have the asymptotic limits orthogonal projections, as we shall see below.

Example 3.6. Consider, for A € C with |A| < 1, the weighted shift T'(\) on }(£), € being
a complex Hilbert space, given by

T(N)(eo,e1,...) = (0, Xeg, €1, ...)

for e = (en)nen € (4(€). Then its adjoint is given by T(A\)*e = (Xey, ez, ...), and for n > 1 we
have

T T(A\)e = (]A2eo, €1, ...) = Sroe.
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Clearly, T'()) is hyponormal, and for A # 0, Sp(y) is invertible. Therefore T'()) is of class
Cy. and T'(N\)* is of class Cpy.. Moreover, T'(\) are all Harnack equivalent for |[A| < 1, which
follows from Theorem below. Also, T'(A\) Harnack dominates the isometries T'(u) with
|| =1 (see [2, Example 6.1]).

On the other hand, T = T'(0) has the property that Sy = S%. We have

N(I - Sr) =N - ST(,\)) = {(en)nen € l12\1<5) teg = 0}

and
N(ST) :N(T) = N(I - ST()\))J' = {(60,0, ) lep € 8}

for 0 < [A] < 1. In fact, T = S@® 0 on I4(€) = N(I — Sr) ® N(Sr) where S is a shift
on N'(I — Sr), hence T is quasi-normal. But this orthogonal decomposition of }(€) is not
reducing for the Cip-contractions 7T'(\) with A # 0, even in the case [A\| = 1 when Sy, = I.
Therefore, in Proposition (i4) the condition St = S% does not imply that N(Sy) is
reducing for T, in general.

Now let 7" # T(\) be another contraction on (4(£) belonging to the Harnack part of 7.
Then N (I — Sv) = N(I — St), hence

N(Sr) C NI = 5pr)* = N(Sr).
So, either N'(S7+) = {0} that is T” is of class Cyg like T, or N (S7/) # {0} and then N (S7/) #
N(Sr) when dim& > 1 and Sy # S7,. But in this case T™|yr(g,, 9 0, therefore

| Prres) T [avesp |l < 1.

When € = C, if N(S7v) # {0} then N(Sp) = N(Sr), so S» = S2,. In this latter case,
any contraction 7" in the Harnack part of T is either a Cyg-contraction, or 77 = S @ Q" with
S = T|n(1-s;) an isometry and [|Q'[] < 1 on N(St), hence with S7v = St an orthogonal
projection.

Notice also that in this Harnack part only 7' = T'(0) is a quasi-normal partial isometry,
the other contractions being either hyponormal (even subnormal) of class Cio (as T'(\) with
0 < |A| < 1), or which do not belong to these classes (as 7" before).

Let us also notice that the reducing isometric part is not preserved by the Harnack equiv-
alence, in general (N (I — St) being only invariant for T'(A\) when A # 0).

In the above example one can easily see that the Harnack part of 7'(0) coincides with
the Shmul’yan part of T'(0). This always happens for any Harnack part containing a partial
isometry, which follows from a more general result on Shmul’yan parts proved below, showing
that Shmul’yan equivalence of two contractions can be characterized in terms of their pure
parts. Recall here (see [5, Ch. V]) that 7" admits a unique decomposition of the form

T:U@Q2H:N(DT)@'DT%’H:./\/’(DT*)@’DT*,

where U € B(N (D7), N(Dr~)) is unitary, and Q € N (Dp, Dp+) is a pure contraction, that
is ||Qh|| < ||| for all nonzero h € H.
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Theorem 3.7. Let T,T' € B1(H) having the decompositions T =U & Q and T' = U’ & Q'
into the unitary and pure parts. If To = 0® Q and T) = 0® Q' then the following are
equivalent :

(1) T and T" are Shmul’yan equivalent in Bi(H);

(i) U =U" and Ty and T} are Shmul’yan equivalent in By (H);

(i19) U =U" and Q and Q" are Shmul’yan equivalent in By (D, Dr+).

Proof. Assume that T and 7" are Shmul’yan equivalent. Then Dy = Dy, N(Dp) = N(Dpv),
Dy« = Dpis, N(Dp+) = N(Dp+), and so U = U’. Hence the representations T'= U & @ and
T'=U & Q' act from H = N (Dr) & Dy into H = N (Dp+) & Dp+, and the same hold for Tp
and Ty. Also, Dr, Dy, € B(N/(Dr) ® Dr) and Dr+, D1z € B(N'(D7+), Dr+) are given by

DTZO@DQ, DTOZI@DQ, DT*:O@DQ*, DTSZI@DQ*,

and similarly for Dy, Dy, Dy and Dry-. Because Q,Q*, Q" and @™ are pure contractions

we have
Do = Dg =Dy, Do+ = Dy = Dr=,
and for the corresponding defect spaces we have

Dr, =Dry=H=N(Dr)®Dr, Dr;=Dg»=H=N(Dr)®Dr-.

Now by the Shmul’yan domination of 77 by T there exists an operator Z € B(Drp, Dy+)
such that 7" = T + Dy« Z Dp. If we identify Dy ~ {0} & Dy, Dy« ~ {0} & Dp+ and Dy, Dp-
as above, we infer from the previous relation between T and T” that @ = Q + Dg-ZDq,
which means that @ Shmul’yan dominates Q' in By(Dr, Dr+) with the bounded operator Z
from D¢ into Dg+. By symmetry one has that @ and @’ are Shmul’yan equivalent, hence (4)
implies (4i).

Assuming now (i4i) we have Dy = Dg = Dg' = Dyv, Dy« = Dg- = Do~ = D+ (Q, Q' as
Q*, Q"™ being pure), and Q' = Q + Dg+Z D¢ with Z € B(Dr, Dr-). This relation leads to

Té =To+ (08 Dg+)(06 Z2)(0@ Dg) =1Tp + DTO*ZODToa

where Zg =00 Z : Dy = N(Dp)®Dp — Drs = N (Dp+)®Dr«. So Ty Shmul’yan dominates
T}, and by symmetry they are Shmuly’an equivalent. Hence (i:7) implies (it).

Finally, we assume U = U’ and that Ty, T are Shmul’yan equivalent. So Dp = Dy,
Dy« = Dy« and we have T, = Tj + DrxZyDr, for some operator Zy € B(Dr,, Dry) = B(H).
Then writing the matrix representation of Zj in the form

Z Z
Zo= 7" ) N(Dr) & Dr — N(Dp+) & D,
Zs 74

from the previous equality one obtains Z; = 0, ZoDg = 0, Dg-Z3 = 0 and Q' = Q +
Dg-ZyDg. As Dg and Dg+ are injective (Q,Q* being pure) one has Zy = 0, Z3 = 0;
therefore Zy = 0® Z4. Putting Z := ZO|{0}@DT we get T = T + Dp+Z D7, which shows that
T Shmul’yan dominates 7’. By symmetry 7" and 7’ are Shmul’yan equivalent, which ends
the proof. O
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A first important application refers to partial isometries.

Proposition 3.8. The Harnack part A(T) of a partial isometry T € Bi(H) reduces to
its Shmul’yan part. In the Harnack part A(T) only T is a partial isometry. Moreover, if
T =U®®O0 from N(Dr) ® N(T) into N(Dp+) & N(T*), where U € BN (Dr),N(Dr~)) is
unitary, then

(3.2) AT) = {T'=UsZ:ZeBWN(T),N(T), |Z] <1}
= {T'=T+ Dp+ZDr: Z € BIN(T),N(T%)), || Z| < 1}

Proof. Let T" € A(T'). Then
N(Dgr) = N(Dr) = R(T"), D = Dr = N(T),

and similarly when 7", T are replaced by T"*,T* respectively. Also 7" =T = U on N (Dy),
therefore 7/ = U @& Z from H = N(Dr) @ N(T) into H = N (Dp+) & N(T*) where Z is the
pure part of 7”. But by the Harnack domination of 7' by 7" one has for all h € N(T')

IT'R|I* = I(T = T)AI* < ¢ Drh®

with some constant ¢ > 1, that is

1THIP < SR,
As Z = Pyr+)T'| i) it follows that [|Z] < 1. So A(T) is contained in the set of the right
hand side of the first equality in , denoted here Ay.

Next, if T, =0® Z for T" =U & Z € A then ||T}|| < 1, and Tj; belongs to the Shmul’yan
part of the null operator on H. But by Theorem this means that 7" belongs to the
Shmul’yan part Agy(7") of T'. Therefore A(T) C Ag C Agp(7") whence we get A(T) = Ag =
Agn(T), that is the former equality in (3.2).

Clearly, this equality also gives an inclusion for the second equality in , since Dy = 061
on H=N(Drp) ®N(T) and Dy~ =0® I on H = N(Dp-) @ N(T*).

Assume now that 7" = T + Dp«Z Dy with Z € B(Dyp,Dr+) and ||Z]| < 1. This implies
T'|x(pr) = TIn(pyy = U and T'|nry = Z, Dr+ being the orthogonal projection on N (T™).
SoT' = U ® Z € A(T) by using the first equality in (3.2)), which shows that the second
equality in (3.2)) occurs.

We finally remark from that only T is a partial isometry in A(7T'). This ends the
proof. (]

Other characterizations for contractions which are Harnack equivalent with a partial isom-
etry are included in the following

Proposition 3.9. The following statements are equivalent for a contraction T on H.:
(1) T belongs to a Harnack part of a partial isometry;
(ii) The range of the defect operator Dy is closed;
(113) {(T*T)" }nen uniformly converges in B(H) to the orthogonal projection on N (Dr).
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Proof. Let W = U @ 0 be a partial isometry. If T is in the same Harnack part as W, then
by (3.2) we have T'=U @ Z with ||Z]| < 1. So Dy =0® Dz and Dy is invertible in B(Dr),
while

(T*T)n =1 (Z*Z)n —-I®0= PN(DT)a

the convergence being uniform in B(H). Hence (i) implies (7).

Now (i7i) implies that the Cesaro means of T*T also converge uniformly to Pyr(p,. Using
the uniform ergodic theorem of M. Lin [9], this implies that DrH is closed. So (4i7) implies
(id).

Finally, if D7H is closed then, by using the representation 7' = T, © T}, into the unitary and
pure parts, we infer that Dy, Dy is also closed. As Dr,, is injective one has 1 ¢ o(7,,T},) which
implies that ||7,|| < 1. Then by Proposition 3.8]it follows that 7" belongs to the Harnack part
of the partial isometry 7, & 0. Thus (i7) implies (7). O

Corollary 3.10. Any contraction T on H for which T*T has only eigenvalues in its spectrum
belong to the Harnack part of a partial isometry.

This corollary shows, in particular, that any compact contraction belongs to the Harnack
(or Shmul’yan) part of a partial isometry. Hence in a finite dimensional Hilbert space any
Harnack part of contractions contains (only) a partial isometry. On the other hand, the
spectral assumption in Corollary [3:10] strictly includes the class of compact contractions, in
infinite dimensional case; for example T' = AI with |[A| < 1 is not compact but satisfies this
assumption.

We record now another special case which completes Theorem [2.10)

Proposition 3.11. The following statements are equivalent for a quasi-normal contraction
T:

(i) T belongs to the Harnack part of a partial isometry;

(i) The Coo-part of T is a strict contraction on N (St);

(7i1) A power T™ with ng > 1 belongs to the Harnack part of a partial isometry;

(iv) The sequence {T*"T"} uniformly converges in B(H) to St = Pr(p,)-

If one of these equivalent assertions occurs, then T belongs to the Harnack part of V &0
on H =N(I — S7) ® N(St), where V- =T|nr(1-s,)-

Proof. The equivalence (i) < (iv) is immediate by Proposition (t31), because (T*T)" =
T*™T™ for n > 1 when T is quasi-normal.

We write now T =V & Q on H =N (I — S7) ® N(St), where V is an isometry and @ of
class Cpo. Notice that N'(Sy) C N (Sp+) and both subspaces reduce T and that @ is a quasi-
normal operator. Thus, the convergence (iv) means ||(Q*Q)"|| — 0, that is o(Q*Q) C D, or
equivalently ||@Q|| < 1. Hence the assertions (i) and (iv) are equivalent.

Condition (iz) implies (iii) for every integer ng > 1. Conversely, if (ii7) holds for some
ng > 1 then by applying (ii) to 7™ one has ||Q™]| < 1 which gives o(Q) C D, and finally
|Q|l < 1, that is (i¢). Consequently (ii) and (7i7) are equivalent.
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Clearly, if ||Q|| < 1 and Qo = JQ € B(Dr,Dr+), where J is the natural embedding of
Dy = N(S7) into Dp» = N (Sp+), then ||Qo|| < 1. Notice that in this case one has Dp C Dy-.
So putting W =V @ 0 we have Dy = 0® I and Dy« = Pyy+) © I on H = N(Dr) © Dr.
Since

N(Dw+) =R(W)=R(V)=N(Dr+), Dw+=N((V")® Dr =D,
one can write Dy =0® I on H = N (Dp+) & Dr=. So we get
T=W+(06Q)=W + Dy-QoDw,
which yields, using (3.2)), that 7" is in the Harnack part of W. This ends the proof. U

Concerning the statement (iv) in Proposition it is known that the sequence {T*"T"}
always converges strongly to S, so (iv) says that the convergence is even uniform whenever
T is Harnack equivalent with a partial isometry.

It is also clear that the uniform convergence in (iv), for a normaloid contraction 7" with
St = S%, ensures that the Harnack part A(T) contains a partial isometry. The converse
assertion is not true in general, for example for T'= C @® 0 on H & H where C is a coshift
(the adjoint of a shift).

Next, we want to see, in a more general context, when a contraction T is Harnack equivalent
with a partial isometry, by using the matrix representation under the decomposition
H = N(I — Sr) ® R(I — Sy). Here we know that V = T|nr(1—sp) is an isometry, but we
have no information on the contractions R from R(I — S7) into N'(I — St) and @ acting on
R(I — St). A first assertion on @ is given in the following preliminary result.

Lemma 3.12. Let T be a contraction having the representation onH=N(I—-S7)®
R(I — St), with V,R,Q as above. The following are equivalent :

(i) N(Dr) is an invariant subspace for T';

(ii) N(Dp+) C N(Dr);

(i7i) @Q 1is a pure contraction on R(I — St).

Proof. Assuming (i) we have N (D) = N(I — St) and R(I — S7) = Dr. As T|p, is a pure
contraction from Dr into Dp- it follows that Q = Pp,T|p, is pure on Dr. So (i) implies
(7i7). Now (ii7) says that Q* = T*|m is a pure contraction, therefore R(I — St) C D+
which yields N (Dr«) € N(I — Sy) € N(Dr). Hence (iii) implies (ii), and obviously (i)
implies (7). O

Assuming the above equivalent assertions (i) — (ii7) one can consider the matrix represen-
tation of T'on H = N (Dr) & Dy with the contractions V, R, @ as above, which can be related
to the decomposition T = U @ Q into the unitary operator U € B(N (D), N'(Dp+)) and the
pure contraction @ € B(Dp,Dp+). Since Dy C Dy~ in this case, it follows that

V:J1U, @J:(g)DT—)DT*:D%@DT,

where J; is the natural embedding of N (Dp+) into N (Dr). Thus, by Proposition and
Lemma [3.12) one obtains the following
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Corollary 3.13. Let T be a contraction on H and R, Q) be the contractions given by

R= PN(FST)T’R(I—SW Q= P’R([—ST)T|R(I—ST)'

The following are equivalent :

(i) The Harnack part of T contains a partial isometry and Q is a pure contraction;

(i) [R*R+ Q*Q| < 1.

Clearly, the above condition (i7) is stronger than ||R| < 1 and ||Q|| < 1, while (i) does
not imply (4¢) without the requirement that @ is pure, that is N'(Dp+) C N(Dr). This last
condition holds for a large class of contractions including hyponormal operators.

4. CONNECTIONS WITH SHMUL'YAN-TER HORST DOMINATION OF SCHUR CLASS
FUNCTIONS

Recall that the condition (i7) in Lemma has been used to described the Harnack
equivalence of a contraction 7' to a partial isometry in terms of contractions R and ) coming
from the matrix of T' with respect to the decomposition H = N(Dr) & Dr. The Shmul’yan
equivalence of arbitrary two contractions can be described by their pure parts when the dual
condition of (i) (that is, with 7" being interchanged with 7*) is assumed, as follows.

Theorem 4.1. Let T be a contraction on H for which N(Drp) C N(Dp+) and having the
decomposition T = U®Q into the unitary and pure parts. Then a contraction T' belongs to the
Shmul’yan part of T if and only if T' = U@ Q' relative to the same orthogonal decompositions
of H as for T, where Q' is pure such that JQ and JQ' are in the same Shmul’yan part in
B1(Dr), J being the natural embedding of Dp into Drp.

Proof. Assume that T and T are in the same Shmul’yan part. By Theorem they have
the decompositions T'= U & Q, T' = U @& Q' with U unitary between N (Dr) = N(Dp)
and N (Dp+) = N(Dpr), and Q, Q" pure from Dr into Dp«. If J € B(Dp«,Dyr) is given by
Jh = h, h € Dy~ and P = J* is the projection of Dy to Dr=, then JQ and Q*P are pure
contractions as @), Q*, and

Djo=Dq, Djo=Dgp=Dg=Dr, Do =Dy

Now @ and @’ are Shmul’yan equivalent, by Theorem so there is an operator Z €
B(Dg,Dg+) = B(Dr, Dr+) such that
It is easy to see that the isometry J intertwines the operators I — QQ* and I — JQQ* P, that
is J(I — QQ*) = (I — JQQ*P)J. Therefore we also have JDg+ = Dg«pJ. Since D ;g = Dg
we get
JQ =JQ + Dg«pJZD ;g = JQ + Dg-pZoD ;q,

where Zy = JZ € B(Dr) = B(Djg,Dg+p). This means that JQ' is Shmul’yan dominated
by JQ, and by symmetry we have that JQ and J@Q' are Shmul’yan equivalent.
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Conversely, let us assume that 7" = U & Q' as above and that the contractions J@Q and
JQ'" are Shmul’yan equivalent in B;(Dr). Then there exists Zy € B(D;q,Dg+p) = B(Dr)
with JQ' = JQ + Dg-pZoDjg. As JP € B(Dr) is the orthogonal projection on Dy« C Dy
and (I — JQQ*P)(I — JP) =1 — JP, we obtain as above that

JQ = JQ+(I-JQQ*P)Y*(JP+1—JP)ZyDjq
= JQ+J(I - QQ")Y*PZyD o + (I — JP)ZyD .

Also, as J is an isometry from Dp» into D, by multiplying to the left side with J* = P we
deduce that

Q=Q+(-QQ)"*7(1-Q Q)"
where Z = PZy € B(Dr) = B(Dg,Dg+). This means that @’ is Shmul’yan dominated
by @, and by symmetry one obtains the reverse domination of @ by @Q’. Hence Q and @’

are Shmul’yan equivalent in By (Drp, Dy+), which by Theorem shows that 7' and T" are
Shmul’yan equivalent in B1(#). This ends the proof. O

Corollary 4.2. Let T be a contraction on H with N'(Dr) C N (Dp+) and having the form
T =U®Q as above. Then the Shmul’yan part Agn(T) of T is

(4.1) A(T) = {T'=U @ PZ € B(H): |T|| < 1, Z € Agn(JQ)},

where P is the projection of Dp onto Dr~.
Moreover, the relation ¢(T") = Z for T' = U @ PZ defines an injective (i.e., one-to-one)
mapping of Asn(T') onto Agh(JQ).

Proof. Let T € Agp(T'). By the previous theorem 77 = U@ Q' with JQ' € Agp(JQ). Letting
Z = JQ' one has PZ = @', therefore T = U & PZ with Z € Agh(JQ). Conversely, let
Z € Agh(JQ). Then Z = JQ + Dg+3X D jq for some operator X € B(DJQ,DQ*P) = B(Dr).
Using the intertwining relation JDg+ = Dg+pJ quoted in the previous proof, this gives

So PZ is Shmul’yan dominated by @, and by symmetry these contractions are Shmul’yan
equivalent in By (Dr, Dy+). Then by Theorem [3.7| we have that the contraction 77 = U + PZ

belongs to Agy(T'), and we get the structure of Agy(7T) from (4.1)). The last assertion of
corollary is now obvious. O

Remark 4.3. The condition N (Dy) C N(Dp+), which means that N(Dp+) is invariant
for T*, or N(Dp+) = N(I — Sp~), covers a large class of non-normaloid contractions which
include the cohyponormal operators. A cohyponormal operator T' can be decomposed as
T=W®&QoonH=N(-Sr)®N(Sr) with W unitary and @ of class Cy.. In fact, if we
compare this decomposition of T' with T'= U & @ from N(Dr) & Dy into N(Dp+) @ Dp»
we have W = Uly(;—s,) and Q = Qo|p;- So TDr = QDr C Dy« C Dy and Q1 :=T|p, =
JQ € B1(Dr) is a pure contraction of class Cyp.. Then from Proposition and Proposition
we infer that T belongs to the Harnack part of a partial isometry if and only if ||@1]| < 1.
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In fact, this last condition is equivalent with that of Corollary (74) for the hyponormal
contraction 7.

Concerning the Shmul’yan-ter Horst relation we have the following result

Theorem 4.4. Let T be a partial isometry on the separable Hilbert space €. A contraction T’
on & belongs to the Harnack part A(T') of T if and only if there exist zg € D and F' € H°(E)
such that F(0) = T and F(z9) = T'. In this case we have F(D) C A(T). The operator
T, viewed as a constant function in H°(E), Shmul’yan-ter Horst dominates any function
G € H° (&) with G(D) C A(T).

Proof. Assume T € A(T). By (3.2) we have 7" = T + Dp«ZDyp = U @ Z with Z €
B(N(T),N(T*)), ||Z]| < 1 and U a unitary operator from N (D7) onto N (Dr+). Since
I — Z*Z is invertible in B(N(T)) we have Dy = 0@ [ = 0@ D,'Dz = (0@ D,")Dy.

Therefore one obtains
T'=T+ Dr+[0® ZD,'|Dy = T + Dy« R' Dy

Hence T' = T' + Dy« RDyv, with R = —R' = —ZD,". We used here that Dy« = Pyyz+).
By using this relation between T and T” one can prove as in the proof of Theorem m
(implication (iv) = (v)) that there exist zp € D and F € H°(€) with F(0) = T and
F(z9) = T’. This forces the inclusion F(D) C A(T), F(D) being necessarily contained in
a Shmul’yan part (as it was mentioned in Remark , which coincides with the Harnack
part A(T') by Proposition

The last remark also proves that if 7' = F(0) and 77 = F(zp) for some zp € D and F
as above, then 77 € F(D) C A(T). In addition, in this case the function F' is given by the
formula (see [5, Ch. XIII, 3])

F\) =T+ ADp-Fy(\)[I + XT*Fy(\)] " 'Dy, XD,
where Fy € H{°(Dr, Dy+). Since T is a partial isometry one has Dy« = N (T*) so T*F1(\) = 0

for A € D. Therefore, we have in this case
(4.2) F(A\) =T+ ADp-Fy(A\)Dp, X €D,

with supycp [|AF1(A)]| < 1. By applying [6, Theorem 2.6] this implies that F' is dominated
by the constant function 7" in H{°(E).

Let now G € H{°(€) be an arbitrary function with the range G(ID) contained in A(T).
Let A € D. Then by the above assertion for the above contractions 7" and G(\) there exist
zy € D and K) € H{°(€) such that K»(0) = T and K)(z)) = G(A). As above, there is a
function F\ € H{°(Dr, Dr+) with

Kx(z) =T+ Dr-Fx(2)Dr, =z€D.
For z = z) this yields
(4.3) G(\) = T + Dp-Fy(2)Dy = T + Dr-Q\Dy, € D.
Here Q) := Fi(2x) € B(Dr, Dr+) is such that ||Qx|| < 1 for A € D.
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Notice that the contraction @)y is uniquely defined by A, G()), z) and K\ € H{°(E) as
above. Indeed, assume that for A € D there are 2}, € D and K} € H{®° such that K}(0) =T
and K} (z}) = G(\). Then K| has the form of F in (4.2)), hence there exists F} € H{°(E)
such that

K\(2) =T + Dp+F\(2)Dr, z€D,
which also gives for z = 2}

G\ =T+ DT*F),\(ZS\)DTy AeD.
From this expression and that in (4.3]) of G we infer

DT* (Q)\ — F)/\(ZS\))DT = O, A€ D,

that is F§(2}) = Qx = Fx(2)), A € D. Hence the mapping Q from D into B(Dr, Dr+) defined
by the formula

Q\)=Qx, AeD,
is well-defined and bounded on D). Then by [6, Theorem 0.2] it follows that the function G
satisfying the relation is dominated by the constant function 7" in H{°(£). This ends
the proof. O

Concerning the last assertion in Theorem [4.4] we remark that 7 is not dominated by
G € H°(€) with G(D) € A(T), in general, that is the corresponding part of 7" in H{°(E)
does not contain all those functions G. For example, when £ = C, the identity function
u(A) = X (A € D) satisfies u(D) C D (the Harnack part of the null operator Oc is the set of all
strict contractions |4]), and ||u||sc = 1. But only functions f € H* with || f||cc < 1 dominate
Oc.

Consider now the equivalence class A (7) in the sense of Shmul’yan-ter Horst of a partial
isometry 7', as a constant function in H{°(£). The following result provides a description of
Ao (T) which is similar to that from Proposition

Theorem 4.5. If T is a partial isometry on a separable Hilbert space £ then
(44) A (T)={F()=T+ Dp«Fo(-)Dr € H*(E) : Fy € H{°(Dr,Dr+), || Folloo < 1}.
Proof. Let F € H{°(£) N Ax(T), T being a partial isometry on €. Then by [6, Theorem 2.6]
there exists a norm bounded function Fy(-) on D with values in B(Dr, Dr+) such that
F(\) =T+ Dp-Fy(\)Dr, X eD.
Since F'(\) € A(T) we have by
Fy(\) = PF(Wpys A€D,

where P, is the projection of £ onto Dr«. In particular, Fy € H{°(Dr,Dr~). Identifying
canonically Dy ~ {0}&Dr and Dy« ~ {0}&Dr« into £ = N (D7)®Dr and € = N (D« )®Dr+
respectively, one can consider the function F; € H{°(€) having the representation Fj(\) =
0@ Fy(\) from N'(Dr) @ Dr into N (Dr+) @ Drp+, for A € D. Obviously, one has I Z0in
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On the other hand, as T’ 2 Fin H{*(€) we have as above

for some function Fj € H°(Dr, Dr+). We have used here that Dp(y) = Dr and Dp(y)« = Dr+
for any A € D. Therefore we get

Fo(A) = PdF(A) = T)lp, = —PDppy-Fo(A)Dpoy oy
= —Dg,-Fo(N)Dpyn),
for A € D. In other words we have
0= Fo(\) + Diyoy Fy(N Dyayy A € D.
By the canonical identifications Dy ~ {0} @& Dy and Dy« ~ {0} @ Dy~ this relation leads to
0= Fi(\) + D, Fj(\)Dpy ), A €D,

But this means that 0 < F} in H®(€), and finally that F} is equivalent in the Shmul’yan-
Horst sense with the null function in H°(£). Then by [6, Corollary 2.7 (i4)] it follows that
| F1]] < 1 which means ||Fy|/co < 1. Thus, an inclusion for the equality is proved.

The converse inclusion in (4.4]) is immediate. Indeed, let F' € H°(€) having the above
form with respect to T' and with a function Fy € H{°(Dp, Dp+) such that || Fy|lec < 1. Then
also ||Fi||ec < 1, F} being as above, and by the same result in [6] we have that F} is in the
equivalence class of the null function in H°(£). Since F(A)|x(py) = Tlnvps), A € D, the
function F' belongs to the equivalence class of T' in H{°(€). This ends the proof. O

According to the terminology of [16] we conclude from and that the Shmul’yan
parts and Shmul’yan-ter Horst parts of partial isometries are centred quasi-balls in B1(£), and
respectively in H°(€). This means that they have the form with || Z|| < &, respectively
the form (4.4) with || Fp||co < €, for some € > 0. We do not have a characterization of all such
parts which are centered quasi-balls.
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