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Abstract

We study systems of combinatorial Dyson-Schwinger equations with an arbitrary number
N of coupling constants. The considered Hopf algebra of Feynman graphs is NV -graded, and
we wonder if the graded subalgebra generated by the solution is Hopf or not.

We first introduce a family of pre-Lie algebras which we classify, dually providing systems
generating a Hopf subalgebra; we also describe the associated groups, as extensions of groups
of formal diffeomorphisms on several variables.

We then consider systems coming from Feynman graphs of a Quantum Field Theory. We
show that if the number N of independent coupling constants is the number of interactions
of the considered QFT, then the generated subalgebra is Hopf. For QED, ¢* and QCD, we
also prove that this is the minimal value of N.

All these examples are generalizations of the first family of Dyson-Schwinger systems in
the one coupling constant case, called fundamental. We also give a generalization of the
second family, called cyclic.
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Introduction

In a Quantum Field Theory (shortly, QFT), the Green functions are developed as a series in the
coupling constant, indexed by the set of Feynman graphs. These series can be seen at the level
of Feynman graphs. They satisfy a certain system (S) of combinatorial Dyson-Schwinger equa-
tion (briefly, SDSE), which uses combinatorial operators of insertion, and allows to inductively
compute the homogeneous components of the Green functions, according to their loop number
[1, 14, 15, 16, 17, 18, 19, 20, 24, 25, 26, 28|. Feynman graphs are organized as a Hopf algebra
Hrg, graded by the loop number, and we consider the subalgebra H gy of Hrg generated by the
components of the unique solution of (S). A natural question is to know if the graded subalgebra
generated by the Green functions is Hopf or not. This problem, and related questions about the
nature of the obtained Hopf subalgebras, are the main object of study in [6, 7, 8, 9]. It turns
out that in the case of QED or (3, which are QFT with only one interaction, this subalgebra
is indeed Hopf; this is not the case for QCD, with its four interactions. A possibility in this
last case is to refine the graduation, or equivalently to introduce more coupling constants, which
makes the subalgebra H Szf generated by the components of the solution bigger; we shall prove
here that there exists a N*-graduation of the Hopf algebra of QCD Feynman graphs, such that
H(s) is a Hopf subalgebra.

The aim of this text is to study SDSE giving a Hopf subalgebra when the Hopf algebra of
Feynman graphs is given a NV-graduation, generalizing the results of [7] for the loop number
graduation. Recall that if we consider only one coupling constant, the Hopf algebra of graphs we
consider is N-graded, and we obtained two families of SDSE, called fundamental and cyclic, and
four operations on SDSE, allowing to obtain all SDSE giving a Hopf subalgebra. The graded
dual of this Hopf subalgebra is the enveloping algebra of a pre-Lie algebra, described in [9]. In
the fundamental case, the constant structures of this pre-Lie algebra are polynomial of degree
< 1. We generalize this definition to the NV-graded case (definition 8); these objects are called
degl pre-Lie algebras. Their classification is done in theorem 24. As enveloping algebras of free
pre-Lie algebras are Grossman-Larson Hopf algebras [10, 11], dually the enveloping algebra of a
degl pre-Lie algebra can be embedded in a Connes-Kreimer Hopf algebra of decorated rooted
trees [4, 5], giving in this way a family of SDSE such the associated subalgebra is Hopf (theorem
27). We also describe the group associated to such pre-Lie algebras; they all contain a group of
formal diffeomorphisms.

We then proceed to SDSE coming from a QFT. We first study all the possible graduations
of Hrg which are defined from combinatorial datas associated to Feynman graphs, such as the
number of vertices, of internal or external half-edges or edges, or the external structure: we
prove that such a NV-graduation is associated to a matrix C € My, y|(Q), where V is the set
of possible vertices in the Feynman graphs of the theory (proposition 38); the rank of C' is of
special importance here. We show how to lift these systems at the level of decorated rooted trees,



using a universal property, and we recover in this way SDSE associated to degl pre-Lie algebras
previously described, if the rank of C is the cardinality of V. We may ask the question of the
minimal rank of C required to obtain a Hopf subalgebra: it is smaller than |V|. In QED or ¢, as
this cardinality is 1, the answer is obviously 1; for QCD, we prove in proposition 44 that it is also
|[V| = 4. The main idea is to produce primitive Feynman graphs with an arbitrarily large number
of vertices of any kind, and we conjecture that for any QFT with enough primitive Feynman
graphs, the minimal rank of the graduation is the number of interactions of the theory. We shall
conclude with a generalization of the second family of SDSE in the N-graded case, namely cyclic
SDSE.

This article is organized as follows. The first section contains reminders on Connes-Kreimer
Hopf algebras of decorated rooted trees, their universal properties, their graduations and their
graded duals. In the second section, we introduce the notion of combinatorial SDSE in Connes-
Kreimer Hopf algebras; we give three operations on SDSE, and also study the effect of changing
the graduation of the subalgebra Hs) generated by the unique solution of such a SDSE. We
then introduce and classify degl pre-Lie algebras in the next section, which dually give us a
first family of NV-graded SDSE. The group associated to these pre-Lie algebras are described
in the fourth section. Feynman graphs of a given QFT, their Hopf-algebraic structure and their
SDSE are introduced and studied in the next section. The last, independent, section deals with
a generalization of cyclic SDSE.

Aknowledgment. The research leading these results was partially supported by the French
National Research Agency under the reference ANR-12-BS01-0017.

Notations.

1. Let M and N be nonnegative integers. We denote by [M] the set of integers {1,...,M}
and by NI the set of nonzero elements of NV.

2. The canonical basis of KV (and of Z") is denoted by (e1,...,en).

3. Let a,b € K. We denote by F,,(X) the formal series:

> a(a—b)...(a—bk— bX)% if b#0,
wa(X):;)a(a ) <ka! ( 1>>Xk:{$;ifb>:8‘ £0

Note that for all a,a’,b € K, Fyta p(X) = Fyp(X)Fo p(X).

1 Hopf algebras of decorated trees

Let us start with a few reminders on the Connes-Kreimer Hopf algebras of decorated trees
[4, 5] and related algebraic structures. We consider a nonempty set D, which we call the set of
decorations.

1.1 Definition and universal property

Definition 1 1. A tree is a finite graph, connected, with no loop; a rooted tree is a tree
with a pointed vertex, called the root; a rooted tree decorated by D is a pair (T,d), where T
is a rooted tree and d is a map from the set V(T') of vertices of T to D; for all v € V(T),
d(v) is called the decoration of v. The set of isoclasses of rooted trees decorated by D is
denoted by TP.

2. The algebra HP of rooted trees decorated by D is the free commutative associative algebra
generated by TP. By definition, the set FP of rooted forests decorated by D, that is to



say monomials in TP, or finite disjoint unions of elements of TP, is a basis of HP. The
product of HP is the disjoint union of decorated rooted forests.

Examples. We draw rooted trees with their root at the bottom.

1. The rooted trees decorated by D with n < 4 vertices are:

va, @ € D; 12, (a,b) € D? "=\ L (ab,e) € DB
c d c c c c d d, c g
ST T T VY R N N Y

2. The rooted forests decorated by D with n < 3 vertices are:

1; ea, @ € D; 12, vaeb = wpea, (a,b) € D?;

N =N 1 = 1Y, aebee = earces = ei = ecenea, (a)b,c) € D3,
The algebra H? can also be defined by a universal property [4, 27]:

Proposition 2 Let d € D. The linear endomorphism By of HP sends any rooted forest
F € FP to B4(F) € TP obtained in grafting the different trees of F' on a common root decorated by
d. This family of endomorphisms satisfy the following universal property: if A is a commutative
algebra, and for alld € D, Ly : A — A is a linear endomorphism, there exists a unique algebra
morphism ¢ : HP — A such that for all d € D, ¢p o By = Lgo ¢.

d
Example. If a,b,¢,d € D, By(.,1¢) = b\}ac .

This universal property can be used to define the Connes-Kreimer coproduct of HP:

Proposition 3 1. There exists a unique coproduct on HP such that for all d € D, for all
r e HP:
Ao Bd(l‘) = Bd($) ® 1+ (Id &® Bd) o A($)

With this coproduct, HP becomes a Hopf algebra. Its counit is the map:

.. HP — K
’ FEFD — 5F,1-

2. Let A be a commutative Hopf algebra, and for all d € D, let Ly : A — A a linear
endomorphism such that for all x € A:

The unique algebra morphism ¢ : HP — A such that for alld € D, ¢ o By = Lgo ¢ is a
Hopf algebra morphism.

This coproduct admits a combinatorial description in terms of admissible cuts. For example,
if a,b,c,d € D:

A"K&f :bL&C®1+1®bK/; I OIG 4 ea @V e @1 4180 @ vat eaee @ 15,

Here is another application of the universal property:



Proposition 4 Let a = (ag)qep be a family of elements of K. We denote by ¢, the unique
Hopf algebra endomorphism of HP such that for all d € D, ¢ o By = aqBq o ¢. For any forest
F € FP| denoting by V(F) the set of vertices of F:

¢a(F): H ad(v) F.

veV (F)

Consequently, if for all d € D, ag # 0, ¢4 is an automorphism.
Proof. We consider the endomorphism ¢ defined by:
VEeF?, oF)=| [[ @ |F
veV(F)

Let F,Fi,F, € FP. As V(R F) = V(F) UV(F), o(F1Fy) = ¢o(F1)p(F,), ¢ is an algebra
endomorphism. As V(By(F)) = V(F) U{root(F)}, ¢(Ba(F)) = aqgBi(e(F)). Consequently,
po By =ayqBgoy. By unicity in the universal property, ¢ = ¢q. g

1.2 Graduation and duality

Definition 5 1. ANN_graded set is a pair (D, deg), where D is a set and deg : D — NV
is a map. For all o € NN, we put Dy = deg= (). We shall say that the NV -graded D is
connected if Do = () and if for all o« € NV, deg™!(a) is finite.

2. Let D be a NN-graded connected set. For all forest F € FP | we put:

deg(F) = Y deg(d(w)).

veV (F)
This induces a connected NV -graduation of the Hopf algebra HP, with:
Vo e NV (HP), = Vect(F € FP | deg(F) = a).
Moreover, for this graduation, By is homogeneous of degree deg(d) for all d € D.

If D is a NV-graded connected set, then, as H” is a graded connected Hopf algebra, its
graded dual (HP)* is also a Hopf algebra [13, 23]. As a vector space, it can be identified with
HP, by the help of the symmetric pairing defined by:

VF,G cFP (F,G) = sporg,

where sp is the number of symmetries of F. The coproduct A’ of (HP)* is given by:

VT1,..., T € TP, ATy ... Ty) = ) (HT) ® (HT) .
]

IC[k] \icl il
Its product * is given by graftings: this is the Grossman-Larson product [10, 11, 12|. For example:
b b
TR TINRTSPRNEVE +fz.

Note that this graded dual does not depend of the choice of the connected graduation of D.



By the Cartier-Quillen-Milnor-Moore’s theorem, (H”)* is the enveloping algebra of a Lie
algebra g”. By construction of the coproduct A’, the set TP is a basis of g”; by definition of
the Grossman-Larson product, for all 7,7’ € TP:

T, T = Z grafting of T on v/ — Z grafting of 7" on v.
v EV(T) veV(T)

We define a product * on g” by:

T+T = Z grafting of T on v'.
W EV(T)

For any z,y € g, [z,y] =  *y — y * 2. For example:

c b
.C*IZ:cVab—i—IZ, 1%, =1,
This product is not associative, but is pre-Lie:

Definition 6 A (left) pre-Lie algebra is a pair (V,*), where V is a vector space and x is a
bilinear product on V', such that for all z,y,z € V:

(xxy)xz—xx(yxz)=(yxx)*xz—y=*(r*2).
If (V, %) is pre-Lie, the bracket defined by [x,y] = v *y — y x x is a Lie bracket.

Moreover, Chapoton and Livernet proved, using the theory of operads, that g” is a free
pre-Lie algebra |2, 3:

Theorem 7 Let A be a pre-Lie algebra and let ag € A for all d € D. There exists a unique
pre-Lie algebra morphism ¢ : g” — A such that ¢(.4) = aq for all d € D. In other words, g”
18, as a pre-Lie algebra, freely generated by the elements .4, d € D.

1.3 Completion

We graduate H” by the number of vertices of forests, that is to say we consider the graduation
induced by the map deg : D — N, sending every element of D to 1. This graduation induces a
distance d on HP, defined by:

d(f,g) = g—val(f=g)

The metric space HP is not complete: its completion is denoted by HP. As a vector space, it
is the space of commutative formal series in T?”. The product of H”, being homogeneous of

degree 0, is continuous, so can be extended to HP: this gives the usual product of formal series.
Similary, for any d € D, By, being homogeneous of degree 1, is continuous so can be extended
to a map By : HP — HPD.

2 Multigraded SDSE

2.1 Definition

Definition 8 Let D = DiU...1UDys be a partitioned set. Let (fq)aep be a family of elements
of K{{x1,...,zp)). The system of Dyson-Schwinger equations (briefly, SDSE) associated to these
elements 1is:

Vi e [M], X; = Z By(fa(X1,- .., Xnm)),
deD;

—M
where X = (X1,...,Xy) belongs to HP



By convenience, we generally index the family of unknows by [M], but it is of course possible
to index them by any finite set.

Proposition 9 Let (S) be a SDSE. It has a unique solution.

Proof. If X = (Xy,..., X)) is a solution of (5), then for all 7, X; is a infinite span of trees,

so belongs to the augmentation ideal ’Hf . Hence, it is enough to prove that (S) has a unique
—M
solution in ’Hf . Let us consider the following map:

—M —
O:
(Xl,...,XM) — Z Bi(fd(le-”aXM))

deD; i€[M]

—M
As By is homogeneous of degree 1 for all d, we obtain that for all f,g € HP

d(©(f),0(f)) < 5d(f,9)-

1
2

—M
So © is a contracting map. As HP is complete, © has a unique fixed point (Xi,...,Xy),
which is the unique solution of (5). O

Remarks.

1. As the D; are disjoint, the nonzero X; are sum of trees with roots decorated by elements
of D;, so are algebraically independent.

2. If X; =0, we can delete the i-th equation of () and replace fq by (f)|,—0 for all d € D,
without changing Hg).

We now assume that all the X; are nonzero (and, as a consequence, are algebraically
independent).

Definition 10 Let D be a connected N -graded set, inducing a connected N -graduation of
the Hopf algebra HP. Let (S) be a SDSE on D.

1. The unique solution of S is denoted by X = (X1,...,Xn), and the homogeneous compo-
nents of X; are denoted by X;(a), i € [M], o € NV,

2. The subalgebra of HP generated by the X;(a)’s is denoted by H(s)-
8. We shall say that (S) is Hopf if Hs) is a Hopf subalgebra of HP.

Note that H(g) depends on the choice of the graduation.

Example. Here is an example of SDSE. Le us fix £ > 1 and dp,...,dr € N. For any
a = (ap,...,a;) € [N]F*! we put:

deg(a) = doeay + . .. + deq, € zN.
The set of decorations is:

D ={a € [N]**" | deg(a) € NV \ {0}}.



The Hopf algebra HP inherits a connected NV-graduation. We consider the SDSE:
(S)rap: Vi€ [N], Xi= Y Bia ((1+Xa1)d1 ...(1+Xak)dk(1+Xi)d°+1). (1)
a€[N]k
In particular, if (dy,...,dr) = (0,1,...,1), this gives:
Vi€ [N], Xi= Y Bl (1+Xa,).. (14 Xq,)).
a€g[N]k

Taking k = 2, the components of X are a commutative version of the elements of Definition
20 in [6], which generate a Hopf algebra isomorphic to the free Faa di Bruno Hopf algebra on
N variables. We shall prove that it is indeed a Hopf SDSE, related to the Fad di Bruno Hopf
algebra on IV variables.

2.2 Simplification of the hypotheses
Lemma 11 Let (S) be a Hopf SDSE, and let d € D. If f4(0,...,0) =0, then fq =0.

Proof. Let i € [M], such that d € D;. As f4(0,...,0) = 0, .4 does not appear in Xj,
and .q never appears in any element of H(g). Let us assume that f; # 0. As the X are

algebraically independent, f4(X1,...,Xn) # 0, and there exists a linear form g on 7/-15, such
that g(fa(X1,...,Xn)) = 1. Then (g ® Id) o A(X;) is an element of Hg), where the term
9(fa(X1,...,XN))ea = .q appears: this is a contradiction. So f; = 0. O

Consequently, if H gy is Hopf and f4,(0,...,0) = 0 for a certain dy € D;, we can rewrite the
i-th equation of (S) in the following way:

Xi= > Ba(faX1,...,Xun)).

deD;\{do}
We now assume that for all d, f4(0,...,0) # 0.
Lemma 12 We consider the two SDSE:
(S):Vie[M], X; =Y Ba(fa(X1,...,Xu)),

deD;
fd Y]_,...,YM)
deD;
For all d € D, we put ag = f4(0,...,0). Let ¢, be the Hopf algebra isomorphism defined in

proposition 4. Then for all i € [M] X ba(Yi); H(sy = da(H(sr)) and (S) is Hopf, if and only
if, (S") is Hopf.

Proof. We put:

gd(xl,...,xM):%

As ¢q0 By = f4(0,...,0)Bg 0 ¢, for all d, we obtain:
= Y ¢a0 Balga(¥1, ..., Yur))

deD;

= > fa0 0)Ba © ¢a(ga(Y1s -, Yar))

deD;

= > fa(0,...,0)Ba(ga(¢a(V1), -, $a(Yar)))

deD;

= " Balfa($a(Y1),- -, $a(Yar)))-

deD;



So (¢a(Y1), ..., 0a(Yar)) is the unique solution of (.5). O

We now assume that f4(0,...,0) =1 for all d € D.

Lemma 13 Let (S) be a Hopf SDSE, dy,ds be two elements in the same D;, of the same
degree. Then fq, = fa,-

Proof. Let us denote by a the common degree of d; and dy. The homogeneous component

of X; of degree o has the form .4, + .4, + .. .; consequently, if we consider the linear forms:
HP — K HP 5 K
fi: D fa: D
FeF — 5F7~d17 FeF — 6F7°d27

then the restriction of f1 and f; to Hg) are equal. As H gy is Hopf:
Jao (X1, X)) = (1d @ f1) 0 A(Xy) = (1d ® f2) 0 A(X;) = fa, (X1, X))
So fa, = fd,- O
Note that, if the SDSE is Hopf, we can write it under the form:

Vie[M], Xi= ) > B | (falX1, o X)) = Y BialfalX,... Xu))-

aeNY \ieD;,deg(i)=a aeNN

:Bi,a

2.3 Operations on SDSE

Definition 14 Let D = DiU...UDy; be a NV -graded connected partitioned set. We consider
the SDSE given by:
(S) Vi€ [M]v X; = Z Bd(fd(Xb' .. 7XM))
deD;

1. (Change of variables) Let a = (aq,...,apn) be a family of nonzero scalars. The SDSE
obtained from (S) by the change of variables associated to these coefficients is:

(S)a: Vi€ [M],Yi=> Ba(falmYi,... anYu)).
deD;

2. (Restriction) Let I C [M]. The restriction of (S) to I is the SDSE given by:

(S)r:Viel, X; = Balga(X;,j € 1)),
deD;

where for all d € I, ga = faju;—0 for ant j¢1 € K[[X;,5 € 1]].

Proposition 15 1. Let (S) be a SDSE and let (S), be another SDSE, obtained from (S)
by a change of variables. We define the coefficients aq, d € D, by:

aqg=a; ifd € D;.

Let ¢, be the Hopf algebra isomorphism defined in proposition 4. The unique solution of
(S)q is:

<ail¢a(X1),...,$¢a(XM)> :

Hence, Hs), = ¢a(H(s)) and (S) is Hopf if, and only if (S)a is Hopf.

9



2. Let I C M. We define the coefficients aq, d € D, by:

1ifde| |Di,
aq = el
0 otherwise.

Let ¢, be the Hopf algebra morphism defined in proposition 4. The unique solution of (S)‘I
18:

(@a(Xi))z’eI'
Hence, H(s),, = ba(H(s)) and, if (S) is a Hopf SDSE, then (S)r is also a Hopf SDSE.

Proof. 1. For all i € [M], we put ¥; = =-¢4(X;). Then:

Yi=— 3 a0 BalfalXi,.... Xar))
% 4e,

= Z Bgo ¢a(fd(X17 s ’XM))

deD;

= Y Balfa(¢a(X1), ..., ¢a(Xn)))

deD;

= Z Bd(fd(a1Y1,---,aNYM))-
deD;

SoY = (Y1,...,Y) is the solution of (5),.

2. Proved in a similar way, noting that ¢,(X;) =Y; if i € I and 0 otherwise. O

Definition 16 (Concatenation) Let (S) and (S) be two SDSE, respectively associated to
partitioned NV -graded sets D = Dy ...U Dy and D' = D} U...U D), and to formal series
(fa)aein) and (fi)aemr). The concatenation of (S) and (S') is the system associated to the
N¥-graded partitioned set DU D' = Dy ... Dy LD, U...UDY, given by:

Zfl <i<M,,X; = Z Bd(fd(X17"'7XM))7
deD;
fM+1<i<M+M, X, = Z Ba(fi(Xnr41, - Xnrgmr))-
aeD}_,,

(S)u(s:

Proposition 17 Let (S) and (S’) be two SDSE. Then (S)U (S") is Hopf if, and only if, (S)
and (S") are Hopf.

Proof. =. Let us assume that (S) U (S”) is Hopf. Then (S) U (S")jar = (S) and, up to a
reindexation, (S) U (S")a4m\ar) = (S”). By proposition 15, (S) and (S’) are Hopf.

<=. Let us assume that (S) and (S’) are Hopf. Then H g (s is isomorphic to Hg)@H gy C
HP @ HP' € HPUD' . As H(s) and H gy are Hopf subalgebras of HP and HP', Hs) @ Hsry 1s
a Hopf subalgebra of HPYP' so (S) LI (S') is Hopf. O

Remark. As in [7], it is possible to define an operation of dilatation for multigraded SDSE.
We will not use it here.

10



2.4 Changes of graduation

Let D be a NV-graded connected set. Let C € My ny(Q). We assume the following hypothesis:
if @ € NV satisfies Do # (0), then Cav € NY'. We give D a NV'-graduation by:

Dy= || Da
aeNN Ca=p
This defines another connected graduation of D. Consequently, H” inherits a second graduation:
D _ D
Hiy = D My
a,Ca=p
Let (S) be a SDSE on D. The solution X of (S) can be decomposed into two ways:

Xi= Y Xi(a)= > X/(B).

aeNN BeENN’

!/

Hence, we obtain two subalgebras, denoted by Hg) and ’H( )

Lemma 18 Under the preceding hypotheses:

1. rH/(S) C Hsy; if Ker(C) = (0), this is an equality.

2. 1If 7-[/(3) is Hopf, then Hs) is Hopf.

Proof. Let 8 € NV'. Then:
X/(8) =Y Xi(a).
Ca=p

Hence, ’HES) C H(s). Let us assume that Ker(C) = (0). Let o € N¥. We put 8 = Cav. As C'is
injective, Xi(8) = Xi(a), so Xi(a) € H(g), and finally Hg) = H(g).

Let us assume that 7-[’(5) is Hopf. We denote by 7, the canonical projection on H”(a). For
all B e NV
Xi(a)if CB = aq,
ra(X{(8)) = § LI
0 otherwise.

Moreover, for all z,y € HP:

T (xy) - Z ﬂ'a’(x)ﬂ-oc" (y)

a'+a''=a
This implies that for all o« € NY, 7, (’HZS)) C Hs). For p=Ca:
A(Xi(a)) = Ao ma(X(8))
= Z (Tor @ Tarr) 0 A(X;(8))

o/ +o/ =a
S Z To <7—[/(S)> & T (’HES))
o/ +ao/ =a

S H(S) & 7‘[(5)
So H(s) is a Hopt subalgebra of HP. O

We shall often restrict ourselves to matrices C' whose rank is N/. One natural question is to
find the smallest N such that there exists a NV-graduation making the studied SDSE Hopf.
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3 A family of pre-Lie algebras

If (S) is a Hopf SDSE, as X; is an infinite span of trees with roots decorated by D;. Moreover,
in H(g), any linear span of rooted trees with roots decorated by D; is a linear span of Xi(a);
hence, we can write the coproduct of X; under the form:

AX)=X; @14 Y PolX1,..., Xp) @ Xi(a).

aeNN

So H(g) is a commutative combinatorial Hopf algebra in the sense of [21]. Hence, its dual is the
enveloping of algebra of a pre-Lie algebra g(g). It is generated by the elements f;(c), dual to the
nonzero X;(a); for all i, j € [M], for all a, 8 € NY there exists a scalar A; j(a, 8), such that:

fi(B) x fila) = i j(e, B) fila + B),
where « is the pre-Lie product of g(gy. When N = 1, if the system is fundamental, we proved in

[9] that these coefficients are polynomial of degree < 1. We here generalize this case for any N.

3.1 Definition and examples
Definition 19 Let (g,*) be a pre-Lie algebra. We shall say that it is degl if there exists a
basis (fi(@))icpm),aeny of 8, and AGI) ¢ KN p9) € K, such that for alli,j € [M], o, f € NN:

£i(B) * fila) = (A" - a+ 00D fi(a + B),

where we denote by - the usual inner product of KN. The elements A% and b®9) will be called
the structure coefficients of g.

Example. We take M = N. The pre-Lie product of the N-dimensional Faa di Bruno Lie
algebra is given by:
fi(B)  fila) = (o + bi5) file + B).
Here, A(J) = €j, and b(hd) = i j-

Let (g, *) be a degl pre-Lie algebra of structure coefficients A®7) and (7). Let \; € K — {0}
for all i € [M]. We put g;(a) = \; fi(a) for all i € [M], a € N, Then:

95(8) * gi(e) = (\AB) - a+ A0 ))gi(a + B).

So the degl pre-Lie algebra with structure coefficients A7) and b(»7) is isomorphic to the degl
pre-Lie algebra with structure coefficients )\jA(i’j ) and )\jb(i7j ): we shall say that these two pre-
Lie algebras are equivalent. Our aim in this section is to find all degl pre-Lie algebras, up to
equivalence.

Lemma 20 Let g be a vector space with a basis (fi(®));cp),aeny, elements AGI) ¢ KN,
bd) € K, fori,j € [M]. We define a product = on g by:

£i(8) * fila) = (AW - a4 50) fi(a + B).

Then (g, %) is a pre-Lie algebra if, and only if, for all i,j,k € [M]:

(A =0 and b9 = 0) or (AGI) = AGR)), (2)
ple) plsk) — p(ik) (k7). (4)

12



Proof. Let o, 3,7 € N¥, i, 4,k € [M]. Then:

(Fe) * f3(8)) * fil@) = fu(y) * (f5(8) * fi(e)
(AW o+ b )(A(J,k B0 fila+ B+ )
— (4l a+b<w (At (a+ﬁ) + 00 fila+ B+ )
= (AW 0+ pED)(ADD — AT - g — ACE - o 4 500 — D) fi(ar 4 B + ).

Consequently:

(g, *) is pre-Lie
Vi, j, k € [M],Ya € NY,

(AGI) o 4 D) (AGR) — AGR)Y = 0,

(AGFR) o 4 plR) ) (ART) — AGT)Y = 0,

(A - o 4 b)) (BUF) — plk) — AGR) L) = (AGK) . o 4 bR (pET) — p(8d) — AGD) . ),
< Vi, j, k € [M],

AWD) =0 or AUK) = AGK)

b(@d) =0 or AGK) = AGK)

AlD) (pGR) — pik)y — plid) AGR) = AGR) (p(kd) — p(id)) — plEk) A(d)

b)) (bGR) — plik)y = pk) (pked) — plE:d)),

which is equivalent to conditions (2)-(4). O

Proposition 21 Let [M] = IgU...U I} be a partition of [M], such that Ir,...,I;; # (0 (note
that Iy may be empty), A1,..., A € KN, by,...,b, €K, and bl(,l) € K for alli € Iy and p € [k].
We define a degl pre-Lie algebra by:

Op.gbg if j € Ig,q > 1,0 € Iyp > 1,
0 ij GIO)

A@ﬂz{Aqﬁje@ﬂzlv p(d) =
b,(f) if j € Iq,q9 > 1,1 € Io.

0 if j € I.

This pre-Lie algebra will be called the fundamental degl pre-Lie algebra of parameters I =
(Io, ..., Ix), A= (A1,..., A) € My (K), b= (b1,...,b) € KF and b,

Proof. Direct verifications prove that these structure coefficients satisfy conditions (2)-(4). O
Remarks.

1. For example, the Faa di Bruno pre-Lie algebra of dimension IV is fundamental, with I; =
{j}forall je [M], [y=0, A=1Iyand b= (1,...,1).

2. The pre-Lie product of such a pre-Lie algebra is given in the following way: if i € I,,, j € I,
a,B € NY,

(Ag -+ 6pgbg) fila+ B) if p,q # 0,

Fi(B) * file) = § (Aq - o+ b)) fia+ B) if p=0,q #0,
0if ¢ =0.
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3.2 Classification of degl pre-Lie algebras

Let g be a degl pre-Lie algebra. We attach to it an oriented graph G(g), defined as follows:
e The vertices of G(g) are the elements of [M].
e There exists an oriented edge from ¢ to j if, and only if, b(@:d) £ 0.

We shall write i — j if there is an oriented edge from ¢ to j in G(g).

Lemma 22 Let g be a fundamental degl pre-Lie algebra and let i — j — k in G(g).

Then, in G(g):
Ci—/=*+D

N,/

7

Proof. By condition (4), if i — j — k, then b(4:)pk) = pERIp(kI) £ 0 50 i — k and
k — j. With the same argument, ask — j — k, k — k. Asj —k —j,j — 7. O

Proposition 23 Let g be a fundamental degl pre-Lie algebra. The graph G(g) has the fol-
lowing structure:

1. The set of vertices [M| admits a partition [M] = Iy U ... Ij.

2. For all 1 < p < k, the complete subgraph of G(g) whose vertices are the elements of I, is,
either complete, either an isolated vertex.

3. For all i € Iy, there exists D(i) C [k], such that for all j € [M], i — j if, and only if,

jie || L.

pED(i)

4. If i € Iy, there is no verter j such that j — 1.

Proof. First step. Let iy € [M]. For all p > 1, we denote by J, the sets of vertices j € [M],

such that there exists i1,...,i,—1 € [M], ig — i1 — ... —> i1 —> j. We put J = U Jp

p=1
and we consider a connected component K of the subgraph of G(g) of vertices J. Let us prove
that K is either complete, or is an isolated vertex. First, observe that if j — k in K, by
definition of J, there exists j,—1, such that j,_1 — j — k. By lemma 22, {j, k} is a complete
subgraph of K.

If K has no edge, as it is connected, it is an isolated vertex; let us assume it has at least one
edge j — k. By the preceding observation, {j, k} is a complete subgraph of K, so K contains
complete subgraphs. Let L be a maximal complete subgraph of K. If L C K, as K is connected,
there exists k € K\ L, | € L, such that K — [ or | — k. We already observed that {k,[} is
complete in both cases. Let I’ € L. As L is complete, then k — | — " and I’ — | — k: by
lemma 22, k — ', and I — k: L U {k} is complete, which contradicts the maximality of L.
So K = L is complete.

Second step. We denote by Iy the set of vertices ¢ such that there is no j with j — 7. Let
K be a connected component of the subgraph of vertices [M]\ Iy. If k € K, then k ¢ Iy, so
there exists j € I, such that j — k. By the first step, K is an isolated vertex or is complete.
We denote by I U ... U I} the decomposition of [M]\ Iy in connected components. Let iy € I,
and j such that ig — j. Then j ¢ Iy, so there exists p > 1, j € I,. If I, is an isolated vertex,
then ig — j’ for any j' € I,. If I, is complete, for any j' € I, then ig — j — j', so ig — j'
by lemma 22. Denoting by D(ig) the set of p such that there exists j € I, with 9 — j, then
i9p — j if, and only if, j € I, for a p € D(ip). O
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Theorem 24 Let g be a degl pre-Lie algebra. Up to an equivalence, it is the direct sum of
fundamental degl pre-Lie algebras.

Proof. First case. We assume first that G(g) is complete. Let us choose ig € I. For all j,
b(0:3) =£ 0: up to an equivalence, we assume that b(07) = 1 for all j. Condition (4), with i = g
becomes: for all j,k, bU*) = pk3)  Still by condition (4), as bWk = pk3) £ 0, for all i, j, k,
b(h3) = p(k) Hence, for all 7, j:

b(lv.y) — b(iﬂ:O) — b(i():i) — 1

Condition (2) becomes: for all 4,7, k, AU¥) = AGK) We denote by A®) the unique vector such
that AGF) = A®) for all 4. Condition (3) becomes: for all j,k, A®) = AU). So there exists
a unique vector A, such that for all 4,5, A®) = A. Finally, g is a fundamental degl pre-Lie
algebra, with [M] = I.

Second case. We assume that G(g) is connected. We use the notations of proposition 23.
If there is an edge from 4 to j, by condition (2), for all k, AUK) = AGK) By connectivity,
there exists vectors A®), such that for all 4,5, k, AGF) = AGK) = A We consider the pre-Lie
subalgebra g, of g generated by the elements f;(a), i € I,, « € NY. They are degl pre-Lie
algebras; if p > 1 and I, is not a single element, then the graph associated to g, is complete.
By the first step, up to an equivalence, we can assume that A% is constant on I,,: there exists
a vector A, such that Ak) = Ay for all k € I,, p > 1. Moreover, there exists a scalar by, such
that b(7) = b, for all 4,5 € I,,, if p > 1.

Let j € Iy. By connectivity of G(g), and by definition of Iy, there exists k such that j — k,
so b0k £ 0 and b*J) = 0. By condition (3), A®) =0 for all i, so AU) =0 if j € .

By definition of the graph, if i € I,,, j € I, p,q¢ > 1 and p # g, then b)) = 0. If j € Iy,
then b(7) = 0 for all i. Let i € Iy, j,k € I,, p > 1. If j = k, then b(7) = pF) Tf j £ k, then
I, is complete and j — k in G(g): b9*) = pUk) £ 0. By condition (4), b*) = (9, So there
exists bl(,i), such that b9 = I(,i) for all j € I,,. Finally, the structure coefficients are given in the
following arrays:

iNg | Io| Ih |...| Ig iNj|Io| I1 |...| Iy

IO 0 Al c. Ak IO 0 bgl) o b](;)

A ol : pid) . I 0] b1 |...] 0
S (I : 10 S

So this is a fundamental degl pre-Lie algebra.

General case. Let G1,...,G; be the connected components of G(g). By the second step,
up to an equivalence of g, the pre-Lie subalgebra of g corresponding to these subgraphs are
fundamental degl pre-Lie algebras.

First subcase. Let us assume that there exists ¢ € Gy, j € Gy, with p # ¢, such that AG) £,
By condition (2), for all k, AU*) = AG:#) By connectivity of Gy and G, we deduce that for all
i' € Gy, j' € Gy, for all k, AWK = AU,

Second subcase. Let us assume that for all ¢ € G, j € Gy, A3 =0, As bl9) = 0, for all
a,B € NY foralli € Gy, j€G,, fi(B) * fi(a) = 0.

We define an equivalence relation ~ on [M] in the following way: i ~ j if for all k, AGF) =
AWK) The first subcase implies that the equivalence classes are disjoint union of Gp: we denote
them by Hi,...,H,. The second step gives that the corresponding subalgebras gi,...g, are
fundamental degl pre-Lie algebras. By the second subcase, g=g1 P ... D gn- U
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3.3 SDSE associated to a degl pre-Lie algebra

We here describe the dual of the enveloping algebra of a degl pre-Lie algebra, as a subalgebra
of a Hopf algebra of decorated rooted trees. We use for this the Guin-Oudom extension of the
pre-Lie product [22].

NLemma 25 Let g be a fundamental degl pre-Lie algebra. Foralli € I,, p#0, o, B1,..., 0 €

N :
0 «f one of the j, is in Io,
fin(B1) - £, (Br) = ﬁeﬁl Ay a+by(0pqg—1))fila+ 1+ ...+ Bi) otherwise,
g=1 r=0
where eq = t{p € [k] | jp € I;}. If i € Ip:
0 if one of the j, is in I,
Fin(Br) - fi,, (Br) * fila) ﬁaﬁl Ayt 80— rb)fia+ Byt ...+ By) otheruise.
g=1 r=0

Proof. We proceed by induction on k. The result is obvious if £ = 1. Let us assume the
result at rank k. We assume that ¢ € I,, p > 1. We put:

Fin(Br) - fi,(B) * file) = Py g (@) fila+ B+ ...+ By).
Then:

Fin(Br) - finr (Begr) = filo ):fijrl(ﬂk'Fl) (i (Br) - f5,(Br) * fi(a)
Z Fir(B1) « o (Fiu (Brn) * f3,(Bp)) - f,(B) % file).

If jr41 € Ip, this is zero. Let us assume that jiy1 € I;, ¢ > 1. For all p, let bl(p) be the unique
r such that j, € I,. Then:

fjl(ﬁl)“‘fjkﬂ(ﬁk—l—l) *fz(Oé)
- P(jl, Jk) ( )fjkﬂ(ﬁk—l—l) * fz(Oé +61+...+ ﬁk)

- Z Aq - B+ 0i(p),40a) i1 (B1) - - [, (Bp + Bryr) - - - J3,.(Br) * file)
p=1

= Pjy....gi) (@) (Aq - (+B1+ ...+ Br) + 0pgbg) fila+ Br+ ... + Bry1)

= Pl (@)(Ag - (B + oo+ Br) +bg(eq — 1)) fila+ Br + - .. + Brt1)

= Pljy,..j0) (@) (Ag - a+bg(bpq — g+ 1)) fila+ B1 + ... + Brg1)-

The computation is similar if ¢ € Ij. O

We shall write shortly:

fin(B) - [ (Br) = fila) = P, (@) fila+ By + ...+ Br).

Let Dy v = [M] x NN, Recall that gPM.~ is the free pre-Lie algebra generated by the rooted
trees .a, d € Dyrn. The set Dy n is NV_graded, with deg(i,a) = «, and this graduation is
connected.

If g is a degl pre-Lie algebra, one defines a connected N¥-graduation of the pre-Lie ggﬁv ) by
putting f;(«) homogeneous of degree o. We define a pre-Lie algebra morphism:

¢>;{9(TN) — 0

o (i,a) —7 fZ(Oé)
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Lemma 26 Let T € TPMN. We denote by (r(T),d(T)) the decoration of the root of T.
There exists a scalar \p, such that:

H(T) = A7 fr(r)(deg(T)).
These coefficients can be inductively defined by:

1- TZOia,
)\T:{ if )

ATy .. )‘Tkp(r(Tl) r(Tk)) ( ) ift = (Tl e Tk).
Proof. We proceed by induction on the number n of vertices of T'. It is obvious if n = 1.
Let us assume the result at all rank < n, n > 2. We put t = B; oy(T1...T}). Then T =

Ty1... T % e (i, a) , SO:
(1) = o(11) ... &(Tk) fi)
= A7, .. )‘kar(Tl (1) - - foem (I Tk]) * fi(a)
=y .- )‘TkP(T(Tl),...,r(Tk))(a)fi(a + deg(Th) + ...+ deg(Ty))
= A1y - A Poery),rm) (@) fi(deg (1))
Hence, the result holds for all n. O

By duality, we obtain a Hopf algebra morphism:
Ug): — HPmx
% A
"9 fi(e) — > i

deg(T)=a,r(T)=i 5T

We put ppr = 2‘—;{ for any rooted tree T' € TPM.N | and, for any i € [M]:

X_ZMTT

r(T)=

Ift = B (Tlﬁ1 e Tlﬁ’), where T1,...,T}, are distinct trees, with 7 € I, p > 1, denoting by ¢,
the number of trees ¢’ in Tlﬁ1 . Tlﬁl such that r(T;) € I;:

Y Agz ko
Hr 851 Blﬁ l HHA ca+bg(0pg — 1))
T - 1 qer
gq—1
=y - Tlﬁl |H€|HA natbg(0pg = 7))-
r=0

Consequently, if i € I,,, p > 1:

Xz': ZB(ZO! Hfz,qa ZX ’

aeNN JjE€l,
with:
fi7q7a(X) = FAqva—',-bq&p’q,bq(X) = FAqva,bq(X)qucSp’q,bq(X) = FAq»a,bq(X)(l + qu)(Sp’q.

A similar computation for ¢ € Iy gives:

ZZB(W HFAabq ZX H b b, ZXj

aeNY j€lq j€lq

We proved:
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Theorem 27 Let [M]=IoULU...Ul;, Ay,..., Ay € KN by, b e K 00,00 e K
for all i € Iy. We consider the following SDSE:

k
Viel,p>1 Xi= Y Bio | [[Fagan | DX | (148D X5 ] |,

aeNY q=1 J€lq JElp
vi€lo, Xi= ) Ba HFA A DIRY H W | 2o X
QEN*N ]elq jEIq

The NN _graded subalgebra of HPMN generated by the unique solution of this SDSE is Hopf. Its
dual is the enveloping algebra of the fundamental degl pre-Lie algebra associated to I, A and b.

Example. We choose N =M, I ={1}U...U{N}, A= Iy and b; =1 for all i € [N]. The
associated Hopf SDSE is:

N
(S): Vie] = > Biw | [T+ X1+ X))

aeNY q=1
This is related to the SDSE described in (1). We only conserve as decorations the elements of:
D' = {deg(a) | « € D}.

For all a = (g, ..., a;) € [N]**1, we put B!, = Blag,deg(a))- The SDSE (5) becomes:

N
(Sl) Y1 6 X = Z Bza H 1_|_X pap:qdp(1+Xi)d0+1

a€NF

<~ Vie|[N], X; = Z Bza < Xa) 1“'(1+Xak)dk(1+Xi)dO+l)-

a€eNFk

This is the system of (1), which is consequently a Hopf SDSE.

4 Group associated to a fundamental pre-Lie algebra

4.1 Lie algebra associated to a fundamental pre-Lie algebra

Proposition 28 Let g be a fundamental degl pre-Lie algebra, with parameters I, A and b.
We denote by r the rank of A. Then g is isomorphic, as a Lie algebra, to a fundamental degl
pre-Lie algebra g’ with structure coefficients given by:

- i\Jj 1...k|k+1...M
LY, Lrlrtl..M yad [ 1.k 0 0
1...M| A 0 - by 0

with 0 <r <k < M. We shall say that such a fundamental degl pre-Lie algebra is reduced.

Proof. First step. For any p > 1, let us fix ig € I,. If i € I, \ {ip}, we put g;(a) =
fi(a) = fi,(a) for all « € NN If j € I, q # O:

fi(B) x gi(@) = (Aq - @+ bydp.g)gi( + B).

18



Consequently:

9i(8) * gi(a) = 0'if j € I, \ {io}, fi(B) x gi(a) = 0/if j € Lo.
Replacing the elements f;(«) by gi(a) for all ¢ € I, \ {ip}, these computations proves that g is
isomorphic to a degl pre-Lie algebra ¢, with [M] = I, U... U I}, such that

{io} if ¢ = p,
I, = Iou I, \ {io} if ¢ = 0,

I, otherwise.

Proceding in this way for all p, and after a reindexation, we obtain that g is isomorphic to a
fundamental degl pre-Lie algebra with:

A NG [Tk [k+1..M
1., M Al Ak 0
i\J T . Tk [k+1... M
1 by | O |...] O 0
) 0 :
b(7'7.]):
0
k 0 ... 0| by :
k1. M |60 ] Y 0

If1<i,j<k, ing"

[£5(B), file)] = (Aj - a+ 6 jb;) fila + B) — (Ai - B+ 6i3b5) fi(a + B)
= Aj . Oéfi(Oé + 5) - Az . ,ij(a + ,8)

Hence, the Lie bracket of g does not depend of b.

Second step. Up to a Lie algebra isomorphism, we can now assume that by = ... = by = 0.
Let P € GLi(K). For all i € [k], we put:

gi(@) = pjifi().
J
Then (gi(@));<kaeny U (fi(@))isk aeny is a basis of g. Moreover, if i,j € [k]:
95(B) * gj(@) =D pjrjpirifir(B) * fi(a)
i/7j/

= ij’,jpi’,iAj’ ~afi(a+B)

i/7jl
= [ D_pyrdy | -agila+B).
j/
Similar computations give, if 1 <j <k <i < N:

9;(B) * fila) = ij’,jAj’ ca+ ij',jb? fila+ B).
3 3
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Moreover, if 1 <1<k < j < N:

fi(B) * gi(a) = 0.
Hence, g is isomorphic, as a Lie algebra, to the fundamental degl pre-Lie g’, with A" = AP, and
V@) = 0if i,j < k. Up to a permutations of the rows and the columns of A, we can assume

that:
(A A
= w)

with Ay € GL,(K). As r = Rank(A), there exists Q € M, j_,, such that:
Ay \ [ A
(a)-(%)e
_ (4 e
"= < 0 Ipy >

y_ (L0
=(23)

which finally gives the announced result. U

We then take:

and then:

4.2 Group associated to a reduced degl pre-Lie algebra
Notations. Let p € N* and ¢ € N. We fix a matrix B € M, ,(K). For all i € [p], we denote:
Gi={z;(1+F)|FeKlz,....,zp,u1,-- - Ygll+} CK[[z1,...,2p, Y1, -, ygl]+-

Proposition 29 Let Gg = G X ... x G, C Kl[z1,...,2p,y1,...,Yq)]P, with the product
defined in the following way: if F' = (Fy,...,F,) and G = (Gq,...,G)p) € Gp,

B B B B
F 1,1 F 1,p E q,1 E q,p
€1 Tp I Tp

Then Gpg is isomorphic to the group of characters of a NPT-graded Hopf algebra Hp. The
graded dual of Hp is the enveloping algebra of the reduced degl pre-Lie algebra gp associated to
the structure coefficients:

4 Nl.op| Ay 4 <B b 1...p 0

Proof. We shall write shortly F'e G = G (F,Y (%)B) Let us first prove that Gg is a
monoid. Let F,G, H € Gg.

Fo(GoH):GoH(F,y<§>B>
o)) o) (5
~tlo(ra(E)) o (s (5] }
:H(FoG,y(F;G>B>
—(FeG)eH

20



The identity of this monoid is the element I = (z1,...,z;).

Let A= (A1,.ooy Apy i1, - -+, fg) € (K*)PT2 We define:

GB — GB
Ox:

o — <%E()‘lx17"'7)‘pxpuuly17”’7:u’qu)) . .
i 1<i<p

Let us prove that this defines a action of the torus 7' = (K*)P*? on the monoid Gg by auto-
morphisms. We shall write shortly ¢y ,(F) = %F()\x,,uy). Clearly, ¢, 0 ¢n = dan e and
¢1,1 = Idgy, so this is indeed an action. Let F,G € Gg.

B
S lFeG) = 1@ (F(Aa:,uy),uy ey )

= ¢(A,u) (F) b ¢(A,u) (G)
For all i € [p], A € N/T we put:

GB — K
: A :
G — coefficient of 2z} ... 2"yt .. yh? in Gy

Xi(A) : {
We obtain an action on the torus 7" on these functions by transposition:
AAXi())(G) = Xi(a)(92(G))
= X;() GG(M’, uy)>

1

=5
So this action is given by ¢, (X;(a)) = A\*X;(«). Consequently, denoting by Hp the algebra
generated by the elements X;(«), it gives it a NPT% graduation, for which X;(«) is homogeneous
of degree a: this graduation is finite-dimensional and connected.

AP g X (0)(G).

We define a coproduct A : Hg — Hp @ Hp in the following way:
VX € Hp, VF,G € G, A(X)(F,G) = X(F ¢ G).
As the torus acts by automorphisms, for all A € T":
A(QA(X))(F,G) = X(pA(F 0 G)) = X (oA(F) @ 92(G)) = (63 ® ¢3) o A(X)(F, G).

Hence, A respects the action of T', so respects the graduation implied by this action, and conse-
quently is homogeneous of degree 0. As the graduation is finite-dimensional, A(Hg) C Hy @ Hz.
As Gp is a monoid, Hpg is a bialgebra. As it is connected, it is a Hopf algebra, so Gg is a group.
By construction, the group of characters of Hp is Gg.

By Cartier-Quillen-Milnor-Moore’s theorem, the graded dual of Hp is the enveloping algebra
of a Lie algebra g, whose basis is given by elements f;(«) dual to the elements X;(«). Moreover,
as the composition of Gg is linear in the second variable, the Lie bracket of g is induced by a
pre-Lie product x; by homogeneity, for all 4, j € [p], o, 8 € NPT% there exists a scalar A7) (a, 3)
such that:

£5(8) * fila) = X (0, B) fi(a + ).
Moreover, A7) (q, B) is the coefficient of X;(3) ® X;(a) in A(X;(a + B8)). Direct computations
give that:

q
£i(B) % file) = [y + D Ay sy + 6y | fila+ B),

=1
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so g is isomorphic to gp as a Lie algebra. U

Example. If ¢ = 0, we obtain a Faa di Bruno group of formal diffeomorphisms, with the
composition. This is the case for the SDSE (S)pgp in (1), where A = In. The associated group
is:

G = ({(a;l(l +F1),... ,a;N(l +FN)) ’ Fi,...,Fy € K[[xl,... ,xN]]+},o) .
Proposition 30 Let Vj be the group (K[[z1,...,2p,y1,...,Yqll+,+). The group Gp acts by
automorphisms on Vi by:

B
VFGGB,VPGVO,F%P:P<F,y<§> )

For all v > 0, the group V§ x Gg is isomorphic to the character group of a NP*9-graded Hopf
algebra Hp ., whose graded dual is the enveloping algebra of a fundamental degl pre-Lie algebra
an with structure coefficients:

(4.9) . Z\J 1...p|p+1...p+r _ [p
A N1l...p+r| A 0 A 5 )

N1...p+r 0

Proof. Let F € Gp, P,Q € Vy. Obviosuly, FF — (P+ Q) = F < P+ F < Q. Let
F,G e Gg, P € V. Then:

F

S (£)" (S LEe)

— (G—=P)=P (,y

SRR
—
v
/\

| =

)
e (5)
B

( < > > — P
=(Fe(G)— P.
We define an action of the torus 7' = (K*)P*7 over V; by:
PYA(P) = P(Mz1, .. s \pZp, Y15 - - - 5 hg¥q)-
It is easy to prove that this is an action by automorphisms, and for all F' € Gg, P € Vj:

UA(F = P) = oA(F) — n(P).

A system of coordinates of the group V' X Gp is given by the elements X;(«) defined on Gp
and Yj(«) defined on V' by:

Yi(a) Yo — K
P (P, Pr) — coefficient of 2 in P;.
These elements generate an algebra Hp,, containing Hp. The action of the torus extends the
graduation of Hp to Hp,, making a graded connected algebra. Consequently, it inherits a

coproduct, dual of the composition of the group Vj x Gp, making it a graded connected Hopf
algebra. Note that Hp, contains Hg, and by construction its character group is V" x Gp.
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The composition in Vj x Gg is given by:
(Pryo. P F)e(Qr,....QnG)= (P +F = Q...+ F—=Q FeG).

Consequently, it is linear in the second variable; hence, the graded dual of Hp , is the enveloping
algebra of a pre-Lie algebra g. This has a basis (fi(a));c(,) enr+a U (95 (5))]'6[7«},661\15”’ dual of
the SDSE of coordinates X;(a) and Y;(5). The pre-Lie product of f;(5) and f;(«) is the same
as in gp, and direct computations give:

fi(B) x gi(a) = Aj - agi(a + B), 9§(8) * fi(a) =0, 9;(B) * gi(@) = 0.

So this is indeed isomorphic to a reduced degl pre-Lie algebra, as announced. O

This last result is proved similarly:

Proposition 31 Leta € K" and b € KP. Let Vg, be the group (K[[x1,...,2p, Y1, .., Yqll+, +)-
The group Vi x Gpg acts by automorphisms on Vg by:

B b b
(Py,...,P.,F) > Q=Q|F,y ol e Prta, Py (F1 1... AN
T T Lp

Ifa,. .. ,a® e K" and bV, ... b0 € KP, the group (V, W 1) B+ Bye) po)) X (Vg % Gp) is

a

isomorphic to the character group of a NPY9-graded Hopf algebra Hp . qp, whose graded dual is
the enveloping algebra of a fundamental degl pre-Lie algebra gp with structure coefficients:

qd | NF Jl..p|pHl...pHrs A=),
l...p+r| A 0 B
i\ J l...p |p+1...4+p+r|p+r+1...p+r+s
plisd) . l...p+r 0 0
ptr+l..ptrts|ol al " 0

5 SDSE associated to a family of Feynman graphs

5.1 Feynman graphs
Definition 32 A theory of Feynman graphs T is given by:

o A set HE of types of half-edges, with an incidence rule, that is to say an involutive map

L:HE — HE.

o A setV of vertex types, that is to say a set of finite multisets (in other words finite unordered
sequences) of elements of HE, of cardinality at least 3.

The edges of T are the multisets {t,.(t)}, where t is an element of HE. The set of edges of T is
denoted by E.

Examples.

1. In QED, HEgEp = {~~~ ,—— ,—=a— }, and the incidence rule is given by:
AN AN, —— — —-— .
There are two edges, ~~~ = {~~~~ A~~~ | and —— = {—»— ,—-— } There

is one vertex type, 'v-< ={~~~ ——  —- ]
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2. In QCD, HEgep = {—»— ,—a— .- > .- =4 \QQQ) }, and:

VQCD:{@( &w( @%%’%}

The incidence rule is given by:

There are three edges, Qo (gluon), —s— (fermion) and - - -m=-- (ghost).

3. Let N > 3. In oV, E,n = {——— }. There is only one vertex type, which is the multiset

formed by N copies of . There is only one edge, denoted by

Definition 33 Let T = (HE,V,1) be a theory of Feynman graphs. A 1PI graph G of the
theory T is given by:

o A nonempty, finite set HE of half-edges, with a map type : HE — HE.
o A nonempty, finite set V' of vertices.
e An incidence map for half-edges, that is to say an involution map i : HE — HE.
o A source map for half-edges, that is to say a map s: HE — V.
The following conditions must be satisfied:
1. (Respect of the incidence rule) for any e € HE such that i(e) # e, t(type(e)) = type(i(e)).

2. (Respect of the vertex types) for any v € V, the multiset type(v) = {type(e) | s(e) = v}
belongs to V.

3. (Connectivity and one-particule irreducibility) the set of internal edges of G is:
Int(G) = {{e,i(e)} | e € HE,i(e) # e}.

The source map makes (V,Int(GQ)) a graph. This graph is 1-PI, that is to say that it is
connected and remains connected if one edge e € Int(QG) is deleted.

4. (External structure) the set of external half-edges f G is:
Ext(G) ={e|e € HE,i(e) = e}.
We define type Ext(G) as the multiset {type(e) | e € Ext(G)}. Two case are possible:

(a) typeExt(G) = {t1,t2}, with v(t1) = to. In this case, we shall say that the external
structure of G is of type edge typeExt(G).

(b) typeExt(G) € V. In this case, we shall say that the external structure of G is of type
vertex type Ext(G).

A Feynman graph is the disjoint union of a finite number (possibly 0) 1-PI Feynman graphs,
called its connected components. The set of Feynman graphs of the theory T is denoted by FGr.

We shall only consider theories such that there exists 1-PI Feynman graphs for all type of
external structures.

Examples.
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1. Here are examples of 1-PI Feynman graphs in QED.

External structure Examples

AL

~ | Op-E

2. Here are examples of 1-PI Feynman graphs in QCD.

External structure Examples




External structure Examples

s z‘é%,.s%

e %%,%

3. Here are examples of 1-PI Feynman graphs in 3.

External structure Examples

~ A

Definition 34 1. Let G = (HE,V,i,s) and G' = (HE',V',i,s") be two Feynman graphs
of a theory T. We shall say that G’ is a subgraph of G if:
(o) HE' CHE, V' = s(HE') and s' = s|gp.
(b) For anye € HE', i'(e) =€ ori'(e) = i(e).

2. Let G' be a connected subgraph of G. We define a structure G/G' = (HE", V" i" s") in
the following way:
e If the type of the external structure of G' is a vertex:
(a) HE" = (HE\ HE') U Ext(G’).
(b)) V"=V \V)u{o}.
(¢) For alle € HE":
) {s(e) ifec HE\ HE,
0 if e € Ext(G).
(d) For alle € HE", i"(e) = i(e).
o If the type of the external structure of G' is an edge, let us denote by e; and es its two
external half-edges.
(a) HE" = HE\ HE'.
(b)) V"=V \V".
(c) For alle € HE", s"(e) = s(e).
(d) For alle € HE":
i(e2) if e =i(er),
i"(€) = < i(er) ife =i(ea),
i(e) otherwise.
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If G' is not connected, we put G' = G ... G, its decomposition into connected parts, and
define G/G' = (...(G/G))/GY)...)/G).. It does not depend of the order chosen on the
connected components of G'.

3. If G/G" is a Feynman graph, we shall say that G’ is an admissible subgraph and we shall
write G' C G.

Roughly speaking, G/G’ is obtained by deleting G from G and contracting the hole which
appeared until it vanishes. By convention, G/G =1 and G/1 = G. Observe that if G' C G and
G is 1-PI, then G/G" is also 1-PI, with the same external structure as G.

The set FG(T) is a basis of the Hopf algebra H rg(r) associated to a theory 7 of Feynman
graphs. Its product is given by the disjoint union of Feynman graphs; its coproduct is given by:

VG e FG(T), A(G)= ) G @G/d.
G'CG

Examples. In QED:

Definition 35 Let G be a Feynman graph of a given theory T. The loop number of G is:

w{
O

UG) = tInt(G) — tVert(G) + #{connected components of G}.
Note that because of the 1-PI condition, for all nonempty graph G, {(G) > 1.

We shall prove afterwards that the loop number defines a connected N-graduation of the Hopf
algebra H rg(1)-

5.2 Graduations

Let us fix a theory 7 = (HE,V,t). We look for graduations of the Hopf algebra Hzg(7). We
shall use the following notions:

Definition 36 1. The incidence matriz of T is the matric At = (Gew)ecte vev, where
Qe 45 the multiplicity of e in the multiset v.

2. The reduced incidence matriz of T is the matriz A%- = (ay, ,)ece vey, where:

& if e = {e1,e1},
ev a + a . .
% if e = {e1,ea} with ey # es.

3. Let G € FG(T). We define four vectors related to G:
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(a) Vo = (v4(Q))iey, where vi(G) is the number of vertices v of G such that type(v) = t.
(b) Eq = (hei(G))tene, where he(G) is the number of half-edges e of G such that

type(e) = t.
(¢c) Ei, = (e(G))ice, where e/(G) is the number of internal edges e of G such that
type(e) = t.

(d) Sa¢ = (st(G))tevue, where si(G) is the number of connected components of G of
external structure t.

Examples.
1 0 0 O
1 1 0 0 0
Agep=1| 1 |, Agep=| 0 1 0 0 [, Agn = (n)
1 01 00
1 1 3 4
1 1 0 0 O o
A/QED:<1>= ocp=10 1 0 0 |, ;n=(§>
2 11 3 o
2 2 2

Proposition 37 Let G € FG(T). Then:

1. Eg = ArVg.

2. B, = AL Vg — (A 1d)Sg.

3. The number of external half-edges of G is (1...1)(Ar 21d)Sq.

4. The loop number of G is:
0G) = <%—(1...1)> Ve — ((1...1) <%0> —(1...10...0)> S

Proof. The first three points are easy results of graph theory. The number of connected
components of G is (1...1)Sg; the number of external half-edges of G is given, from the third
point, by (1...1)(A7 2Id)Sc. Hence, the number of internal edges of G is given by:

(1...1)Eg — (1...1)(AF 2Id)Sc
2

The loop number of GG is consequently given by:

ey = Lo VB = (L DAT2ADSe (o g,

_ (%41...1)) VG—<(1...1) (%m) —(1...1)> Se
_ (%-(1...1)) V0—<(1...1) (%0)—(1...10...0)) Se,

which proves the last point. O

We now look for QV-graduations of the Hopf algebra H Fg(7), which only depend on the
combinatorial datas of definition 36-3. According to proposition 37, for such a graduation, there
exists a map f : NIVl x NVIHE 5 QN such that for any graph G, deg(G) = f(Vg, Sq)-
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Proposition 38 Let f: NVI x NVIHEl — QN We consider the QN -graduation of Hrgm
defined by deg(G) = f(Vg,Sq). It is a Hopf algebra graduation if, and only if, there exists
C € My, y|(Q) such that for any Feynman graph G

deg(G) = CVg — (C 0)Sq.

Proof. Let G and G’ be two graphs. Then Voo = Vg + Vi and Sger = Sg + Sar.
Consequently, the graduation respects the product if, and only if, for all G, G’:

f(VG + Var, Sa + SG/) = f(VG, Sg) + f(VG/, SG/).

that is to say if, and only if, f is additive. Hence, f gives a graduation of the algebra Hrg(r)
if, and only if, there exists C' € My y|(Q) and D € My y|4¢|(Q) such that for any Feynman
graph G, deg(G) = CVg + DSq.

Let G’ C G. By definition of G = G/G’, Vg = Vg — Vi + (Id0)Sg and Sgr = S Hence:

deg(G) = CVg + DSq
=CVgn + CV¢gr — C(Id O)SG/ + DSq
=deg(G') + deg(G") — (D + C(1d 0))Sg.

So f gives a graduation of H g (7 if, and only if, for all subdiagram G’ C G, (D+C(1d0))Sg = 0.
As there exists diagrams for any external structure, we can choose G and G’ such that Sg is

the i-th vector of the canonical basis; hence, we have a graduation of Hrg(r) if, and only if,
D+ C(Id0)=0. g

Consequently, any matrix C € My, y|(Q) defines a QN-graduation of the Hopf algebra
M rg(T)- This of course may be not a N/ _graduation, or may be not connected.

Examples.

1...1)A,
1. The loop number ¢ gives a Hopf algebra N-graduation with Cp, = Q

This is a connected N-graduation, as we only consider 1-PI graphs.

2. Let t € &7, and let C be the t-th row of A% the associated graduation is noted deg;.
For all G € FG(T), deg:(G) = e:(G) + s¢(G). This is a N-graduation, which may be not
connected.

3. If deg and deg’ are two graduations of the Hopf algebra H rg(7), then deg © deg’ defined
by deg © deg'(G) = (deg(G), deg’ (G)) is also a graduation of Hrg(r). If deg and deg’ are

respectively given by C' and C’, deg ® deg’ is given by < g, )

5.3 Insertions

Definition 39 Let G and G’ be two Feynman graphs of a theory T .

1. We denote by GY,...,G) the connected components of G'. A place of insertion fof G' into
G is given by:

(a) for all G of external structure of type a vertex t, a pair (v;, f;), where v; is a vertez of G
of type t, and f; a bijection from the set of external edges of G; to the set of half-edges e
of G' such that s(e) = t, compatible with the type, that is to say type(f;(e)) = type(e’)
for all €. Moreover, if G} and G'; are both of external structure of type t, with i # j,
then v; # v;.
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(b) for all G of external structure of type an edge t, a pair (e;, f;) where e; = {el(-l), 62(2)}
is an internal edge of G of type t, and f; a bijection from the set of the two external
half-edges of t into {egl),el(-z)}.

(¢) For all internal edge e of G, the set of components G; such that e; = e is totally
ordered.

Note that the set of places of insertion of G' into G is finite and may be empty. Its
cardinality is denoted ins(G', Q).

F
2. Let F be a place of insertion of G’ into G. The insertion G' — G is the Feynman graph
obtained in this way:

(a) For all G of external structure of type vertez, delete v; and all the half-edges e such
that s(e) = v;; then glue each external edge € of G to i(fi(e')) if if is not equal to
fi(€'); otherwise, €' becomes an external edge.

(b) For each internal edge e, such that there exists components G with e; = e, first
separate the two half-edges constituing this internal edge; then insert all these compo-
nents G, following their total order, by gluing their external edges with the two open
half-edges according to f;.

For any Feynman graph such that ins(G’, ) =# 0, we put:

Bg(G) = o G/ ZG’(—>G

Proposition 40 1. For all graph G, the space I = Vect(G',ins(G',G) # 0) is a left
comodule.

2. For all primitive graph G, for all x € Ig:
Ao Bg(x) = Bg(x) @ 1+ (Id ® Bg) o A(z).
3. We define a graduation on Hrgy with the help of a matriz C € My |(Q). Then for any
Feynman graph G, Bg is homogeneous of degree deg(QG).

Proof. 1. Let G and G’ be two graphs. Then G’ € I if, and only if, the two following
conditions hold:

e Forany t € V, s:(G") < v (G).
e Forany t € &, (s4(G') > 1) = (er(G') > 1).

Consequently, if G' € I and G"” C G’, noting that s:(G'/G") < s¢(G’) for all t € V U &, then
G'/G" € Ig. So Ig is a left comodule.

2. Let G' € FG(T), such that ins(G’,G) # 0. As G is primitive, A(G) = G = @1+1®G, so G

has no proper subgraph. For all insertion place f, let us consider a subgraph H of G’ = G’ i> G.
If H contains internal edges of G” which does not belong to G’, as G’ has no proper subgraph, it
contains all the edges of G, and, as H is a subgraph, it is equal to G. Otherwise, H is a subgraph

of G, and then G"/H = G'/H N G for a particular F”. Summing, we obtain:

1 f f
A(Ba(G) = mz G 5Gelt Y HeG/HSG
’ f HCG
=Ba(G)®1+ Y H® Bg(G'/H)
HCGE

= Bg(G') @1+ (Id @ Bg) o A(G).
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By linearity, the result holds for all z € Ig.

3. Let G and G’ be Feynman graphs, and G” = G’ <£> G. Then Sgr = Sg and Vg =
Vo + Vigr — (Id 0)S¢er. Hence:

deg(G”) =CVg+ CVg — C(Id0)Se — (C 0)Se
= CVg — (C0)Sg + CVer — (C 0)Ser
= deg(G) + deg(G").

So B¢ is homogeneous of degree deg(G). O

5.4 SDSE associated to a theory of Feynman graphs

Let 7 be a family of Feynman graphs. We put V = {t1,...,tx}, € = {tgs1,...,tpri} and
M = k +1. We choose a connected NV-graduation of Hrger) given by a N x k matrix C. In
order to ease the notation, for all i € [k], we put vy, (G) = v;(G) and for all k +1 < j < k +1,
et;(G) = e;(G), for any Feynman graph G.

Notations.

1. For each i, we denote by P; the set of primitive 1-PI Feynman graphs of the theory 7T of
external structure of type ;.

2. Let aq,...,ayn be N indeterminates (the coupling constants). For any graph G, if deg(G) =
(dy,...,dy), we put a®9(@) = 0/111 oz?lVN.

We consider the following SDSE on H zg(7):

k k+1
(S7): Vie[M], X; = Z 9@ p H (1+ X;) H (1 _Xj)—ej(G)

We decompose X; according to the powers of the «;:

Xi= Y a'X;(d).

deNN

It is not difficult to show that X;(d) is homogeneous of degree d, as B is homogeneous of degree
deg(G). The subalgebra generated by the X;(d)'s is denoted by H(g,.

Combinatorially, X; is a span of all connected graph of external structure of type ¢;; its ho-
mogeneous components can be inductively computed by taking all possible insertions of already
computed homogeneous components of X; into primitive Feynman graphs of the good external
structure, in order to obtain the expected degree.

We lift this SDSE to the level of rooted trees. The set of decorations is the set of primitive

connected Feynman graphs:
k+1

p=||P.
i=1

The graduation of ’HgK is given by the degree of primitive Feynman graphs, and we consider
the SDSE on HgK:

k k41
(S7): Vie [M], Y=Y Bg H (1+Y)"@ [ a-y) =@
Gep; Jj=1 Jj=k+1
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The homogeneous component of Y; of degree d is denoted by Y;(d) and the subalgebra of ”Hg K
generated by the Yj(d) is denoted by H g/ ).

Proposition 41 If H(S/T) 1s a Hopf subalgebra of ’HgK, then Hs,) s a Hopf subalgebra
of Hrg(T), and the algebra morphism defined by Y;(d) — X;(d) is a surjective Hopf algebra
morphism from H(S/T) to Hsr)-

Proof. Let T be a rooted tree decorated by D. We shall say it is admissible if for all vertex
v of T, denoting by G the decoration of v and by Gy,..., Gy the decorations of the children of
v, then Gy...Gy € Iz. We denote by A’ the subalgebra generated by all admissible trees. If T
is admissible, then for all admissible cut ¢ of T', P¢(T) and R¢(T) are admissible, so A’ is a Hopf
subalgebra. By definition of (S7), Yi(d) € A’ for all i € [M], d € NV,

One can define an algebra morphism ¢ from A’ to H Fg(T) inductively by:

$(BE(Ty ... Ty)) = Ba($(Th) ... ¢(Ti)),

for all admissible tree BZ (T ...T)). It is well-defined: indeed, if ¢(T1),...,¢(T}) are well-
defined, then for all i, ¢(7;) is a linear span of graphs with the external structure given by the dec-
oration of the root of T;. As Bg(T) ... Ty) is admissible, ¢(T1) ... ¢(Tk) € I, so ¢(BE(Th ... Ty))
is well-defined. As Bg and BZ; are both homogeneous of degree deg(G), an easy induction proves
that ¢ is homogeneous of degree 0. As ¢po B, = Bgo¢ on A’ for all G', ¢(Y;(d)) = X;(d) for all
i € [M] and all d € NYY. By the one-cocycle property of B, and Bg on I, (9 ® ¢)o A =Aog
on A’. Consequently, if H(S'T) is a Hopf subalgebra of HgK, its image H g, is a Hopf subalgebra
of ,H]-'Q(T) . ]

Theorem 42 If Rank(C) = |V|, then H(s;) is a Hopf subalgebra of HE . moreover, the
SDSE (S%) is associated to a degl pre-Lie algebra

Proof. First, observe that, as C' is a N x k-matrix, Rank(C) < k = |V|.

Let us assume that Rank(C') = k. There exists a matrix ¢’ € My, n(K), such that C'C = Idy,.

For any primitive Feynman graph G of external structure ¢; and of degree d, if (e1,...,€epr) is
the canonical basis of KM noting that d = CVg — (C 0)e;:
Vg = C'd + (Idy, 0)e;, Eg = ALC'd — (0 Id))e;.
For all i € [M], for all d € N, we put:
Bf, = > B

GeP;,deg(G)=d
The SDSE can be written as:

k k+1
Yi= > Bua | [Ja+Y)>oa® [T (1 -¥)>raSaeab(14Y)) | ifi <k,
deNN j=1 j=k+1
k k+l1
Yi= Y Big H1+Y vl T (1—¥j)Zraeati(1 —v;) | if i > k+ 1.
deNy j=1 j=k+1

Hence, we recognize the degl pre-Lie algebra with I, = {p} for all 1 < p < k+1, b given by:

s _ [ i<k,
_5i,j ifi>k+1,

!
and A given by the matrix < C; , > O
—ALC
As C' has also rank k:
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Corollary 43 If Rank(C) = |V| = k, the graded dual of the Hopf algebra Hsey is the

enveloping algebra of the reduced degl pre-Lie algebra with structure coefficients given by:

i t\g |1...k|k+1...k+I 1

A \M A 0 A=y
;
1M 0

If C is invertible, then A" = —A’-. Moreover, H(S'T) s tsomorphic to the coordinate Hopf algebra
of the group Vol X Gy

Proof. It remains to consider the case where C is invertible. In this case, C' = C~! and

!
A= C,’ , | We then take A = A'C' = Id]f : O
—ALC — A%
Examples.

1. If there is only one vertex type, we can choose the graduation by the loop number.

1
5 1
2
a) For QED, C = (1), so ¢’ = (2); hence, A = -1 and A = | —1 |. The
( ) ) 2 ) ) ) 2
=1 1
4 2

SDSE is:

1+X1)2k+1

k

= Bg

>t ¥ e (e )
k>1  GeD (k)

14+ Xq)2k
o= o Z‘%< )

k>1  GeDa(k)

B (1 + X )2k
Xg=> a" > Bg ((1 T X)L - X3)2k—1> ’

k>1  GeDs(k)

where D;(k), Do(k) and D3(k) are sets of primitive Feynman graphs with k loops and

respective external structures , ~~~~ and —— . In particular:

Do) = @ it k=1, Dak) = {—»Cﬂ—»}iszl,

() otherwise; () otherwise.

2
(b) In ¢", C = ("7_2), so C' = (%), hence, A = < n=2 ) and A’ = < ! ) The
SDSE is:

k <1+X1)"2_k2+1)
=2 o D, Ba| T — =]
—2

k>1  GeD (k)
2k
(I1+X)n-2
I S ]
k>1  GeDs(k) (1—Xo)»

where Di(k) and Dy(k) are sets of primitive Feynman graphs with & loops and re-
spective external structures the vertex and the edge.
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2. In QCD, we take:

Q

Il
lol= O =
N|—== = O
Nl O© O
NN OO

If G is a QCD Feynman graph, then:
deg(G) = (deg (G), deg (G), deg (@), UG)
_>_ .. .». . LQ_Q_QJ

It is a connected N4-graduation. Moreover, C' = C~!, and:

1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
1 1 2 -4 0O 0 1 0
A= -1 -1 -1 3 |, A= 0O 0 0 1
-1 0 0 0 -1 0 0 0
0 -1 0 0 0 -1 0 0
0 0 -1 0 -1 -1 -3 2

The SDSE is:

(1+ X))+ (1 4 Xo)k2(1 4 X3)o®) (1 + X,)%)
(1= X5)k1(1 — Xg)k2(1 — Xq)ks

(14 X7)F (1 + Xo)k2t (1 + X5)2®) (1 4+ Xy)P%)

(1 — X5)k1(1 _ X6)k2(1 _ X7)k3 > ,

X3 = Z a” Z Bg <(1 XM (14 Xp)(1 4 X)W (14 X) 70

(1= Xs5)k1 (1 — Xg)k2(1 — Xq)ks

(14 X1)P (14 X2)F2 (1 4 X3)°0 (1 + X)W1
(1— X5)F1 (1 — Xg)k2(1 — Xq)ks

(1+ XM (14 Xo)F2(1 + X3)*®) (1 4+ Xy)P®)
(1= X5)R=1(1 = Xg)k2 (1 — Xp)ks ’

Xﬁzza’f Z Ba

keN? GeDg(k)

X7 = Z Oék Z BG <(1 +X1)k1(1 —|—X2)k2(1 +X3)a(k)(1 —|—X4)B(k)> |

(1+ X)) 1+ Xo)k2 (1 4+ X3)R) (1 + X))
(1= X5)k1(1 — Xe)r2~1(1 — X7)ks ’

_ k _ k — Ta1
keN:  GeDr(k) (1= X5)k1(1 — Xg)r2(1 — Xp)ks

with Oé(k‘) = k1 + ko + 2k3 — 4k4 and 5(1(3) = —k1 — ko — k3 + 3k4, and where Dl(k’), Dg(k’),
Ds(k), D4(k), Ds(k), Dg(k) and D7(k) are sets of primitive Feynman graphs of degree k

and respective external structures:

Remark. We can extend the set of considered Feynman graphs by admiting other external
structures, indexed by k+1{+1,...,k+l+m. fork+1 <j<k+land k+1+1<i<k+I1+m,
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let A§i) be the number of copies of half-edges of the j-th type of edge ¢; in the i-th external
structure, divided by 2. We obtain a SDSE given by:

k k+l1
Xi= > Bia|[Ja+Xx)=eSe® [ (01— Xj)%ra®eha®(14+X;) | ifi <k,
deNN Jj=1 j=k+1
k k+1
Xi= Y Bia | [T+ X% T (1= Xj)2raoa®i(l = X;) | if k+1<i<k+1,
deNN Jj=1 j=k+1
k ) k+l1 o k41 @
Xi= Y Bia| [+ x)=%% T (10— X;)=ra®%sah J] (1-X;)% | otherwise.
deNN Jj=1 Jj=k+1 j=k+1

We recognize the degl pre-Lie algebra with I, = {p} forall 1 <p < k+1, Iy = {k+1+1,...,k+
[+ n}, b given by:
0 ifi <k,
b0 = ;i ifk4+1<i<k+l,
A > kL,
O/
—ALC

algebra of coordinates of the group:

and A given by the matrix < > If C' is invertible, H(S’T) is isomorphic to the Hopf

(V)\(k+l+1)70 B...H V)\(k+l+m)70) X (Vol X Gar).

5.5 Minimal rank for QCD

Let us consider a QFT, the SDSE (S%-) associated to it, and a matrix C' giving a connected
NN_graduation. We proved that if Rank(C) = |V|, then H(s,) is Hopf; we would like to know
what the minimal rank of C required to make H(S’T) a Hopf subalgebra is. For QED or ¢, as
|V| = 1, this is obviously 1. If the theory has enough primitive Feynman graphs, this minimal
rank is |V|: we now prove this result for QCD.

Proposition 44 In the QCD case, the graduation induced by C gives a Hopf SDSE if, and
only if Rank(C) = 4.

Proof. We already proved the implication <. We first construct enough primitive Feynman

graphs of external structure . Let (a,b,c,d) € Ni¥. We start with G =

-~
Judiciously gluing the external edges of a copies of \QQQ,, b copies of @, @, c copies of
-

@% and d copies of %x% on the edges —w»— and —=— , creating in this way new

2a + 2b + 3¢ + 4d new vertices of type , we obtain a primitive Feynman graph G’ with:

+a +b +c +d

S O O =
S O O N
S O NN
S = O W
— O O
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Let us assume that H(S'T) is Hopf and that Rank(C) < 3. There exists a nonzero vector
v € Q* such that Cv = (0). We decompose this vector v in the basis:

o O O N
O;NN)
Ob—TOOO
— O O

After a multiplication by a nonzero integer and separation of the terms according to their signs,
we obtain that there exists two different vectors w and w’, such that:

2 2 3 4
0 2 0 0

w=al +0b 0 +c 1 +d 0 ,a,b,c,deN,
0 0 0 1
2 2 3 4

w =d 8 + b g +c (1) +d 8 ca b, d,d eN,
0 0 0 1

Cw = Cuw'.

Let G and G’ be primitive Feynman graphs of external structure \QQ/< such that:

1 1
_| 0 _| 0 /
Ve = 0 + w, Vor = 0 +w'.
0 0
Their degree are:
1 1
0 0
deg(G) =CVg— (C0)| . | =Cuw, deg(G') =CVe — (CO) | . | =Cw'.
0 0

So deg(G) = deg(G'). According to lemma 13, fo = fgr, so in particular, for all i € [4],
v;(G) = v;(G"), which implies that Viz = Vi and finally w = w’, which is a contradiction. We
conclude that Rank(C) = 4. O

6 SDSE associated to coloured graphs
We now generalize multicylic SDSE of [7, 9]. We are interested here in SDSE of the form:
($):¥ie M, Xi= > Bia|1+ Y X,
aeNN J€li o
where the I; , are nonempty sets.

Definition 45 1. A N-coloured oriented graph is an oriented graph G, with a map from
the set E(G) of edges of G into [N]. We denote by V(G) the set of vertices of G. For
al i,j € V(G), for all o = (aq,...,an) € NV, we shall write i - j if there exists an
oriented path from i to j in G, with a; edges coloured by i for all i € [N].
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2. Let G be a N-coloured oriented graph. The SDSE associated to G is associated to the
NN _graded partitioned set D = V(G) x NV :

(Sq): Vie V(G = Y Bia 1+ZX»

a€ENN

3. Let G be a N-coloured oriented graph. We shall say that G is Hopf if, for alli,j,k € V(G),
for all a, B € NY,

(% j and j 25 k) <= (i - j and i 8 k).
(Note that = is always satisfied).

Proposition 46 We consider a SDSE of the form:

(5):Vie[M], Xi= > Bia|l+ Y X,

CVGNN ]elza

It is Hopf, if, and only if, there exists a N-coloured Hopf graph on [M] such that (S) is equal to
(Sc). If this holds, the dual pre-Lie algebra of H s, is associative; it has a basis (fi(@));cv (G),aeny
and the product is given by:

fila+B) if i = j,
51(8) « fie) = { @0
0 otherwise.
Proof. =. First step. Let us assume that (S) is Hopf. We fix 4,5,k € [M] and o, 3,7 € NV,
We put:

1 ifje Ii,a, b 1 ifke ILOH—,B, 1 ifke Ijﬁ,
a= = c=
0  otherwise; 0  otherwise; 0  otherwise.

We obtain:

Xila+B)=iass+alll+...,

k,y
Xila+B+79) =ciatpstblldis +acI3:§ +
Hence:
AXi(a+8+7) = ks @ (besarpstaclii +...)...
=X

As Hg) is Hopf, X is a multiple of X; (a+ ), 80 ab=ac: a =0 or b= c. In particular, if a # 0,
b = c. Hence, for all 4, j, k € [M], for all a, 3 € NY, j € I, o and k € I; 5 if, and only if, i € I; 5

and k € I .

Second step. We define a coloured graph structure G on [M] in the following way: for all
i,j € [M], for all p € [N], there exists an edge from 7 to j decorated by p if, and only if, j € I;,
Let us prove that for all i,k € [M], for all « € NY, k € I, , if, and only if, i —= k in G. We
proceed by induction on |a| = ag +...+ay. This is obvious if |a] = 1. Let us assume the result
at rank |af — 1.

—. Let us choose o and o, such that « = o/ + o, |&/| = |a| — 1 and |&’| = 1. Let
J € I; . By the first step, then k € I, . By the induction hypothesis, i i/> j and j a—"> k, so
i — k.
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<. Let us assume that i — k. We consider a path in G from i to k, of weight a. If j is
the last step, there exists o/, o, such that a = o/ + o, |o/| = |a| — 1 and |o”| =1, i = j and

j == k. By the induction hypothesis, j € I; v and k € I; ov. By the first step, k € I; o.
Hence:

(S):Vie[M], Xi= Y Bia|l+ > X;
aeNy i

So (S) = (S¢). The first step implies that (G) is Hopf.

=—. Let us consider a Hopf N-coloured graph GG. We define a product on the vector space
g = Vect(fi(a))iev(q)aeny by:

fila+p) if i = j,
0 otherwise.

fi(B) * fi(er) = {
Let i,5,k € V(G). For any a, 3,7 € NV:

fila+pB+7)ifi 2 andjiﬂc,

0 otherwise;

(fu(y) * £;(B)) * fila) = {

fila+B+7)ifi 25 andioiék‘,

0 otherwise.

Fe(y) = (f;(B) fi(a)) = {

So * is associative. Hence, g is a NV-graded connected pre-Lie algebra. It is not difficult to prove
that the graded dual of its enveloping algebra, imbedded in HP, is the subalgebra generated by
the solution of the SDSE (S¢), which as a consequence is Hopf. O

An example of coloured graph is given by families of commuting endofunctions:

Proposition 47 Let V be a set and, for all 1 < p < [N], let f, : V — V be a map. We
construct a graph Gy in the following way:

e V(G)=V.

o Foralli,j €V, forall p € [N], i 2 j if, and only if, f,(i) = j.
In other terms, G is the coloured graph of maps f1,..., fn. Then Gy is Hopf, if and only if, for
all p,q € [N], fpo fq=fqo fp-

Proof. =. Let us assume that Gy is Hopf. Let ¢,j € V. We put j = f,(i), 7/ = fp(4),
k = fyofp(i), « = ¢ and B = ¢,. Then i -5 j and i R k, so j Ly ks hence,

fp(j) = fpo fq(]) =k=f4o0 fp(i)-

<. Let us assume that i — j and i Oié k. There exists a sequence pi,...,psm such
that €y, + ...+ €y, =, fp, 0...0 fp, (i) = j. There exists a sequence pi,..., Dy, such that
€+ F€gin =+ B, fgo 0. 0 fy... (i) = k. Note that m = |a|, and m +n = |a + 3.
Moreover, the multiset {p1,...,pn} is included in the multiset {q1,...,Gmin}. We proceed by
induction on n = |B|. If n = 1, let us assume that {q1,...,¢m+n} \ {P1,---,Pm} = {¢r}. The
commutation relation implies that:

far o"'ofqurn(i) =frofao - fo ofqr+1 o”'onmH(i)'

By permuting the p;’s using the commutation relations, we obtain that these two elements are

equal. Hence, f,.(j) =1, 80 j Lok
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Let us assume the result at rank n — 1. There exists k&, such that 4 i GV VANAN k,

B=p"+p8", || =n—1and |8”| = 1. By the induction hypothesis, j AN k', so j Pk O

Example. Let V =Z/NZ, N =1 and:

;. [ BINL — Z/NZ
’ k — k+1.

The SDSE associated to f is a cyclic SDSE of |7, 9].

Remark. There are other examples of coloured Hopf graphs, for example:

[ ] [
AN
1 2
[ ] L]
References
[1] Christoph Bergbauer and Dirk Kreimer, Hopf algebras in renormalization theory: locality

3]

4]

7]

8]

19]

[10]

[11]

[12]

and Dyson-Schwinger equations from Hochschild cohomology, IRMA Lect. Math. Theor.
Phys., vol. 10, Eur. Math. Soc., Ziirich, 2006, arXiv:hep-th/0506190.

Frédéric Chapoton, Algébres pré-lie et algébres de Hopf lies a la renormalisation, C. R.
Acad. Sci. Paris Sér. I Math. 332 (2001), no. 8, 681-684.

Frédéric Chapoton and Muriel Livernet, Pre-Lie algebras and the rooted trees operad, Inter-
nat. Math. Res. Notices 8 (2001), 395-408, arXiv:math/0002069.

Alain Connes and Dirk Kreimer, Hopf algebras, Renormalization and Noncommutative ge-
ometry, Comm. Math. Phys 199 (1998), no. 1, 203242, arXiv:hep-th/9808042.

Loic Foissy, Finite-dimensional comodules over the Hopf algebra of rooted trees, J. Algebra
255 (2002), no. 1, 85-120, arXiv:math.QA /0105210.

, Faa di Bruno subalgebras of the Hopf algebra of planar trees from combi-
natorial Dyson-Schwinger equations, Advances in Mathematics 218 (2008), 136-162,
ArXiv:0707.1204.

Loic Foissy, Classification of systems of Dyson-Schwinger equations of the Hopf algebra of
decorated rooted trees, Adv. Math. 224 (2010), no. 5, 2094-2150, arXiv:1101.5231.

, Hopf subalgebras of rooted trees from Dyson-Schwinger equations, Motives, quantum
field theory, and pseudodifferential operators, Clay Math. Proc., vol. 12, Amer. Math. Soc.,
Providence, RI, 2010, pp. 189-210.

, Lie algebras associated to systems of Dyson-Schwinger equations, Adv. Math. 226
(2011), no. 6, 4702-4730, arXiv:1101.5231.

Robert L. Grossman and Richard G. Larson, Hopf-algebraic structure of families of trees, J.
Algebra 126 (1989), no. 1, 184-210, arXiv:0711.3877.

, Hopf-algebraic structure of combinatorial objects and differential operators, Israel
J. Math. 72 (1990), no. 1-2, 109-117.

, Differential algebra structures on families of trees, Adv. in Appl. Math. 35 (2005),
no. 1, 97-119, arXiv:math/0409006.

39



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

28]

Michael E. Hoffman, Combinatorics of rooted trees and Hopf algebras, Trans. Amer. Math.
Soc. 355 (2003), no. 9, 3795-3811.

David J.Broadhurst and Dirk Kreimer, Ezact solutions of Dyson-Schwinger equations for
iterated one-loop integrals and propagator-coupling duality, Nuclear Physics B 600 (2001),
403-422, arXiv:hep-th/0012146.

Dirk Kreimer, What is the trouble with Dyson-Schwinger equations?, Nuclear Physics B
Proceedings Supplements 135 (2004), 238-242, arXiv:hep-th/0407016.

Dirk Kreimer, Anatomy of a gauge theory, Ann. Physics 321 (2006), no. 12, 2757-2781,
arXiv:hep-th/0509135.

, Dyson-Schwinger equations: from Hopf algebras to number theory, Universality and
renormalization, Fields Inst. Commun., no. 50, Amer. Math. Soc., Providence, RI, 2007,
arXiv:hep-th/0609004.

, The core Hopf algebra, Quanta of maths, Clay Math. Proc., vol. 11, Amer. Math.
Soc., Providence, RI, 2010, arXiv:0902.1223, pp. 313-321.

Dirk Kreimer and Walter D. van Suijlekom, Recursive relations in the core Hopf algebra,
Nuclear Phys. B 820 (2009), no. 3, 682-693, arXiv:0903.2849.

Dirk Kreimer and Karen Yeats, An étude in non-linear Dyson-Schwinger equations, Nuclear
Phys. B Proc. Suppl. 160 (2006), 116-121, arXiv:hep-th/0605096.

Jean-Louis Loday and Maria Ronco, Combinatorial Hopf algebras, Quanta of maths, Clay
Math. Proc., vol. 11, Amer. Math. Soc., Providence, RI, 2010, arXiv:0810.0435, pp. 347-383.

Jean-Michel Oudom and Daniel Guin, Sur [’algébre enveloppante d’une algébre pré-Lie, C.
R. Math. Acad. Sci. Paris 340 (2005), no. 5, 331-336, arXiv:math/0404457.

Florin Panaite, Relating the Connes-Kreimer and Grossman-Larson Hopf algebras built on
rooted trees, Lett. Math. Phys. 51 (2000), no. 3, 211-219, arXiv:math/0003074.

Adrian Tanasa and Dirk Kreimer, Combinatorial Dyson-Schwinger equations in noncommu-
tative field theory, arXiv:0907.2182, 2009.

Guillaume van Baalen, Dirk Kreimer, David Uminsky, and Karen Yeats, The QED (-
function from global solutions to Dyson-Schwinger equations, Ann. Physics 324 (2009), no. 1,
205-219, arXiv:0805.0826.

, The QCD B-function from global solutions to Dyson-Schwinger equations, Ann.
Physics 325 (2010), no. 2, 300-324, arXiv:0906.1754.

Pepijn van der Laan and leke Moerdijk, Families of Hopf algebras of trees and pre-Lie
algebras, Homology, Homotopy Appl. 8 (2006), no. 1, 243-256, arXiv:math/0402022.

Karen Yeats, Rearranging Dyson-Schwinger equations, Mem. Amer. Math. Soc. 211 (2011),
no. 995, x482, With a foreword by Dirk Kreimer.

40



