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CHANGGUI ZHANG

ABSTRACT. This paper follows our previous work [14]. A function is called
theta-type when its asymptotic behavior near any root of unity is similar like
as what happened for any Jacobi theta function. It will be shown that only
four Euler infinite products have this property. This will be obtained by inves-
tigating the analyticity obstacle of a Laplace-type integral of the exponential
generating function of Bernoulli numbers.
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1. INTRODUCTION

In his last letter to Hardy, Ramanujan wrote that he had discovered very inter-
esting functions that he called mock ¥-functions. He claimed that these functions
enter into mathematics as beautifully as the ordinary ¥-functions.

However, as said in Watson’s L.M.S. presidential address [9], the first three
pages where Ramanujan explained what he meant by a “mock J-functions® are
very obscure. Therefore, Watson quoted the following comment of Hardy: a mock
I-function is a function defined by a g-series convergent when |q| < 1, for which
we can calculate asymptotic formulae, when q tends to a “rational point” €*™/% of
the unit circle, of the same degree of precision as those furnished for the ordinary
P-functions by the theory of linear transformation.

One of the most important questions concerning Ramanujan’s mock ¥-functions
would be to find a natural way which might lead one to meet and realize these
“modified” Y-functions. By writing the third order mock ¥-functions into the form
of confluent g-hypergeometric series, we shall consider certain linear ¢-difference
equations that have a non-Fuchsian singular point in the Riemann sphere CU {co}
[8]. These functional equations are like those satisfied by theta functions and their
variants such as Appell-Lerch series or Mordell’s integral. So to speak, one can
decompose each Ramanujan’s third order mock J-function into simple elements
among which the ordinary ¥-functions and Euler infinity products will be appearing.
This transcendental analysis will allow one to compare mock ¥-functions with the
ordinary ¥-functions, and this general point-view will be cleared up in one series of
papers, including our previous work [14] and this one.

In [14], we gave a definition of what we call theta-type, false theta-type and mock
theta-type functions, in the direct line of the above-mentioned comment of Hardy.
It is shown that every Appell-Lerch series is mock theta-type except a very few
cases for which it becomes false theta-type.

In this paper, the values of z for which the associated Euler infinity product
(2; q) oo 1s theta-type will be determined. Like as what done by Euler I'-function for
the theory of hypergeometric functions, it is commonly recognized that the Euler
infinity products play a central role in the whole theory of g-series.

In the below, we will start with Ramanujan’s theta functions and outline some
principal results that will be established in this paper. We conclude this introduc-
tion by a plan of the sections that follow.

1.1. Ramanujan’s two-variable theta functions. Let D be the open disk |¢| <
1 in the complex plane. As in [2, Chapter 16], we denote by f(a,b) the Ramanujan’s
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two-variable theta function defined by

(L.1) flab) = 3 anri/zpnen-n/2
for ab € D. Given (z,q) € C* x D, we let 6(z;q) be the following Jacobi theta
function:

(1.2) O(x;q) = ¢""V%am
nez
By using the Jacobi triple product identity, it follows that, letting ¢ = ab,

(1.3) fla,b) = 0(a;q) = (—a; @)oo (=05 @)oo (¢5@)oc -
Here, the expression (z;¢) denotes the Euler product defined by
(1.4) (@:0)00 = [J (1 = 2¢™).

n>0

Especially, the following functions are in the heart of the Ramanujan’s theory
about theta-functions and modular equations [2, Entry 22, p. 36]:

¢(a) = f(g,9), (@)= fl¢,4°), f(=q)=f(=a.—4").
By (1.3), one finds that (loc. cit.)
(=40 (€% ¢%) (0% 4% _
(L5) o= (¢50%)o0 (0% ¢%)s0 | via) = (:6%) [0 = (@)
In what follows, we will reserve the notation f for any general function under
consideration. In order to avoid any confusion, we will write 7(g) instead of f(—g),
this is to say:

(1.6) m(q) = f(=q) = (¢ @)os -
As in [2, Chapter 16], one adds the following Ramanujan’s x-function to complete
the above list of ¢, 1 and 7:

oy (@44 _ m(@®)m(e?)
(1.7) (@) = (~6: )00 = (5= = )

Here, the equality in the middle can be found by replacing (x, q) with (g, ¢?) in the
“duplication” formula

(1.8) (=% Qoo (73 Qoo = (276 )00 »

while the last one can be obtained by considering (z,q,n) = (¢,q,2) or (z,q,n) =
(¢%,¢% 2) in the “decomposition” formula

(1.9) (23 0)o0 = (25" )00 (244" oo - (24" 114" )oo, M E Lo
In a similar way as what done for (1.7), one deduces from (1.5) that ¢(q) and
1 (q) can be expressed as follows:

(1.10) P(q) =

Definition 1.1. Let f(a,b) and 7(q) be as in (1.1) and (1.6). We denote by ®(q)
and TI(q) the respective multiplicative group of analytic functions in D which is
generated by the following sets:

{f(=d',—d"): G k) € 220},  {m(d"):k € Zso}.




4 CHANGGUI ZHANG

It is clear from the above, therefore, that the Ramanujan’s functions ¢, v and
X belong to II(q), as well as 7 itself. Furthermore, II(q) is clearly a sub-group of
®(q). In the meanwhile, considering both (1.8) and (1.9) (with z = ¢ and n = 2)
yields the following relations:

N (@)

(1.11) (D) =7(a), (6D @)
T () oy 7)) 7(e?)
12 ) =y = = g

Here, the first equality is exactly the same as (1.6) and the last one has already been
n (1.7). It follows that the Euler products (+¢;¢*)., where k € {1,2}, belong to
both groups II(q) and ®(q).

In this paper, we will explain how to show that, modulo any ramification operator
q — ¢* with k € Z~g, the above Euler products included in (1.11) and (1.12) are
the only possible Euler products belonging to the group ®(q). Namely, we have the
following

Theorem 1.1. Let x = z0q” with z¢ € C, |zo| = 1 and B € Z>o, and let ¢ be any
root of unity. The following conditions are equivalent.

(1) z € {q7 -q,¢*,—¢*}.
(2) (z; ¢ oo € II(g).
(3) (7:¢%) € ®(q).
(4) (73¢°)o0 € T \ {0}
(5) (3¢%)e0 € €\ {0}.

In the above, T¢\ {0} (resp. €.\ {0}) denotes the multiplicative group of germs
of non-zero functions satisfying the condition stated in (1.13) (resp. in (1.16) with
fo(t) € tCJt] there). The above result will be proved in §6.3, by an analytical point
of view, with the help of Theorem 1.2 stated in the paragraph that follows.

1.2. Behavior of theta-type functions at all roots of unity. From now on,
we will let ¢ = > and 7 € H, where H denotes the usual Poincaré’s half-plane
37 > 0. To simplify, we will write e(a) = 2™ for all a € C. Following our
previous work [14], we recall that, given ¢ = e(r) with r € Q or ic0, a function f(q)
is said theta-type as ¢ =5 ¢ and one writes f € %¢, if there exist a quadruplet
(v, \, 1,7), composed of a couple (v,\) € Q x R, a strictly increasing sequence I
without finite limit and a C*-valued map  defined on I, such that the following
relation holds for any N € Zsq as 7 =5 7

1

(1.13) Fa)=(2)"e0) (> k) al +ola).

keIn(—oo,N]
Here and in the following, # = 7 — r and ¢; = e(—%); if r = ioco, # = —1 and
q1 = 4.

a.v, [

In the above, the symbol “¢ 3 (7 (resp. “r % 7”) could be read as “gq
almost radially converges to ¢” (resp. “r almost vertically converges to r”). When
¢ denotes a root of unity e(r), this means that ¢ tends to ¢ in some open sector
of vertex at ¢ and symmetrical with respect to the radius O( of the unit circle
lg| < 1 (resp. T tends to r in some open sector of vertex at r and symmetrical with
respect to the vertical half straight-line  + iR™ in the half-plane ST > 0). If ( =0



ONLY FOUR EULER INFINITY PRODUCTS ARE THETA-TYPE FUNCTIONS 5

and 7 = 100, the above sectors are replaced by symmetrical sectors with respect to
half-lines from the origin of the complex plane or some vertical unbounded strips
in the Poincaré’s half-plane. See (2.7) for more details for the definition of %,.

By convention, f = 0 if, and only if, I = @ in (1.13). When I # 0, letting
k =minI and ¢ = (k) there implies that

(114) @) =c(2) e~ 5) (1+ Ai(a).

7

Here, fi denotes some exponentially small function as ¢ = (, this means that
f1 = o(e="/I71) for some & > 0.

The above relation in (1.14) suggests us to introduce a class of functions that
will be said to have one exponential-finite expansion. Let a = e(a), with a €
R U {ico}(= OH U {ioc}). In the same way as what done for (1.13), we define the
radially symmetric sectors at a and vertically symmetric sectors at . Let A} and
A? denote respectively the sheaf of germs of analytic functions in such symmetric
sectors at a and at @. The map f + f oe defines an one-to-one correspondence
from A7, onto AY,.

As before, let 7 = 7 — . We remember that the local coordinate 7 needs to be
read as —% if @ = ico. Let A5 ™! be the sub-sheaf of A, consisting of exponentially
small functions for 7 “% 0, and let AS™! = {f € A" : foe € AS7'}. See also
(5.3) for a reformulation of AS~1, in line with [5, p. 175, 1.2.4]. If C{t} denotes
the ring of germs of analytic functions at ¢t = «, it is well-known that

(1.15) ATt nc{#} ={0}.
Definition 1.2. Let g =e(7), 7 € H, a = e(a), a € IH U {ico}, let f € A”.

(1) One says that f(q) admits an exponential-convergent expansion as g —%
a and one writes f € €, if there exist (c,v,0) € C x Q x R, fo(t) € tC{t}
and f1 € A=Y such that the following relation holds for 7 £ a:

i v 5 “
(116) @) = (1) ¢S + 1(M) (14 A(@)
(2) If, moreover, fo(t) € tC[t] in (1.16), one will say that f(q) admits an
exponential-finite expansion as ¢ — a and write f € &,.

Let U be the set of all roots of unity. In view of the above definition combined
with the relations stated in (1.14) and in (1.15), it is easy to see the following

Remark 1.1. (1) For any ¢ =e(r) € UU{0}, it follows that T¢ C & C €.
(2) The data (c,v, 0, fo) appearing in (1.16) is unique. O

A key point in the course of the proof of Theorem 1.1 will, therefore, consist of
proving that if (;¢%)oc € €, then x € {£q, +¢*} necessarily. This will be obtained
by means of the following

Theorem 1.2 (Main Theorem). Let r € QN [0,1) and ¢ = e(r) € U. Given
any germ w of analytic function at 7 = r in C such that w(r) € R, one has
(W(T) | T)oo € €¢ if, and only if, w(r) = §(n+ m7) for some (n,m) € Z2.

In the above, the notation (.|.)s is defined as follows: if © = e(z) and ¢ = e(7),
we write

(1.17) (2] T)oo = (%3 @)oo -
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When r = 0, Theorem 1.2 will be deduced, in §5.4, from the modular-like formula
established by Theorem 1.3 in the below. The general case r € (0,1) N Q will be
reduced to the previous case 7 = 0 by considering a finite number of linear fractional
transformations; see §6.2.

1.3. Stokes phenomenon and analytic obstruction. Let us consider Theorem
1.2 with r =0 and ¢ =1, and let f(q) = (W(T)|7T)oo- As w(7) is a germ of analytic
function at 7 =0, f(q) is defined only for 7 near zero in H. This implies that f is
defined and analytic near ¢ = 1 but |¢| < 1. By (1.16), if f € €, then one can find
(c,v, 9, fl) eCxQxRx A1§71 such that

T

(118) Fola) = (5)" e(=2) (L+ fala) 7(a)

can be analytically continued into a germ of analytic function at 7 = 0 in C, that
is to say, for ¢ in some neighborhood of ¢ =1 in C. Here, it may be worthwhile to
notice that fl denotes certain function defined only for ¢ <55 1 inside the unit disc
lal <1, with (1+ fi(¢)(1+ fi(g)) =1 and f € AF7".

However, by putting z = w(r) — 3 into the formula in (1.22) in the below,
we will see that the function Fy(q) like as in (1.18) can be expressed by means
of a Laplace-type integral; see (1.21). It is known that such integral admits an
asymptotic expansion that is generally a divergent power series, and this yields
the so-called Stokes phenomenon. The corresponding function becomes analytic in
some neighborhood of 7 = 0 only when the Stokes multiplier is trivial, which gives
the necessary condition stated by Theorem 1.2 for f to belong in €;. All this will
be explained in Sections 3 and 5.

In order to get an expression as in (1.18) for any Euler infinite product, we let

1 1 1

-1 12
what is an exponential generating function of Bernoulli numbers; see (3.1). Given
de (=%,%), define

(1.19) B(t) =

) 1 1
(120) Vg = Vvd+ = {’7’ eC: ?R(Tezd) > 0}, H; = (Vd — 5) N (—Vd + 5) R
and consider the integral
ooeid zZu —zZUu d
e — € U

for (z,7) € Hq X V4. One can notice that Hy represents the strip delimited by two
straight lines passing respectively through the points of affix :i:% and remaining all
perpendicular with the direction of argument —d. See Figure 1.

The following result will play an important role for the study of the asymptotic
behavior of an Euler infinite product.

Theorem 1.3. Let Q = Uge(—x =)Hyx Vg and let B(z|T) be the analytic continu-
ation in Q of the function By(z|T) given by (1.21) for d € (=%, %). The following
relation holds for all (z,7) € Q with T € H:

1 _ La(e|7)+B(|m) (2= 1/2) 1
(1.22) (z+ 5 [ 7)o = A(z]T)e ( = -
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b/ | L

/
L/ @\;

AV AVARES.

FIGURE 1. The domain H, represents the intersection of the half-
plane V; — % with its opposite half-plane —V; + %

where -
Alz| 1) = e(=5,) V1+e(2)
and
(1.23) Lo(z]7) = W = /0 log (1 + e(2) 1) %

In (1.23) in the above, log means the principal branch of the complex logarithm
function; Liy denotes the traditional dilogarithm function as considered in [11]. The
proof of the above theorem will be given in §3.4.

In [13], we found a modular-type relation for Euler infinite product (z; ¢)o, that
is intimately linked with an asymptotic formula of Ramanujan. See Theorem 4.2
together with [3, p. 265 Entry 6 and p. 268 Entry 6’]. In §4.4, we will show that
this modular-type relation is equivalent to the statement given by Theorem 1.3.

1.4. Plan for the rest of the paper. This will be divided into five sections
and the paper will be concluded by the proof of Theorems 1.1 and 1.2 in §6.3.
Schematically, Sections 3 and 4 constitute one part that can be read together and
independently of the rest of the paper, but they will be used in the sections that
follow. Here are some key-stages of what follows.

In §2, we will start with some general remarks about Theta-type functions.
Special properties of the Ramanujuan’s two-variables theta function f(a,b) will
be found in §2.2 for = agq® and b = byg®. Thus, one can get, in Theorem 2.2,
a family of Euler infinite products that have an exponential-finite expansion at a
given root of unity. This gives a proof for one simple part of Theorem 1.2. After
that, we will make use of the #-modular formula to find that all composite Jacobi
theta functions satisfy Definition 1.2; see Theorem 2.4.

Sections 3 and 4 are mainly devoted to two integrals related to the exponential
generating function of Bernoulli numbers; see (3.2) and (1.21). These integrals can
be read as of Laplace-type, and they depend of the choice of the path starting
from O to infinity. Two types of singularities are contained there: fix and movable
singularities. Theorem 3.1 says that the two branches of the function defined by
the first integral have a difference that can be expressed in terms of Euler infinite
products.

In §3.2, by considering the integral in (1.21) as a symmetrical form of the integral
in (3.2), we shall propose an analysis in line with the so-called Stokes’ phenomenon.
This gives an expression relating any Euler infinite product into its modular counter-
part; see Theorem 1.3. In a previous work [13] (see also [12]), we obtained a similar
expression that makes an analytic sense to an asymptotic formula of Ramanujan. In
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order to clarify the relation between this result and the above-mentioned Theorem
1.3, we consider, in §4, the analytic continuation of all these functions used there.
Finally, it will be shown that these two expressions are equivalent; see Theorem
4.3.

It may be of interest to notice that the approaches used in our previous paper [13]
allow one to unify eta and theta-modular relations and other modular-type relations
for Lambert series. But in the present paper, Theorem 1.3 is established with the
help of classical modular formulas.

The remaining two sections are putting behind the hard part of the proof of
Theorem 1.2. In §5, we shall give the necessary condition to an Euler infinite
product to have an exponential-convergent expansion at ¢ = 1, i.e. 7 = 0. The
crucial point in our strategy is to express this condition in terms of the analyticity
(obstacle) of the functions introduced above with Bernoulli integrals. Fortunately,
one can make use of Ramis-Sibuya’s Theorem to find that all these functions have
in general a divergent but Gevrey asymptotic expansion; see Theorems 5.2, 5.3 and
5.4. In this way, one obtains a few family of Euler infinite products that belong to
¢, as stated by Theorem 5.1.

The lastest section will permit to pass any root of unity to 1 by means of modular
transforms based upon continued fractions. For doing this, we shall investigate, in
§6.1, the degenerate cases of Bernoulli integrals when 7 goes to the real axis. This
is to say that the general elliptic curve will be replaced by a circle, with only a
period. Thanks to Theorems 6.2 and 6.3, one knows that, while 7 tends to a real
point from H, the related Bernoulli integrals remain analytic and one can iterated
modular transforms until the last T-variable goes to zero. This is done, in §6.2,
by representing any rational number into continued fraction. In 6.3, we outline
a summary about previously-stated results related to Theorem 1.2 and complete,
therefore, the proof of Theorem 1.1 with the help of Theorem 1.2.

2. THETA-TYPE FUNCTIONS AND EXPONENTIAL-CONVERGENT EXPANSIONS

Let (2] 7)s be as in (1.17). For any n € Z>, it follows that
(2.1) (Z|T)oo = (2| T)n (2 4+ 07 | T)oo
where (2] 7)o =1 and (2| 7), = (1 —e(2))...(1 — e(z + (n — 1)7)) for n > 1. This
is equivalent to say that

(@5 @)oo = (#30)n (24" | @)ox »

where (x;q), = (2| 7)n. Similarly like as in (1.17), define
(2.2) 0(z|7) = 0(x;q)
for x = e(z) and ¢ = e(7).
2.1. Preliminary commentaries on Theta-type functions. As before, let U
denote the set of roots of unity. We start with commentaries about the real meaning
of the relation given in (1.13) as ¢ 2% 0. First of all, given ¢ € U, we will say that

“q X5 07 along the direction ¢ if there exists (e, R) € (0,7) x Rsq such that ¢ — 0
in the open sector V((; ¢, R) defined in the punctuated plane C\ {0} as follows:

(2.3) V(Ge,R)={geC": |arg§| <elql < R}.
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When V =V ({;¢, R), we let T(V) denote the set of analytic functions satisfying
the condition in (1.13) for ¢ — 0 in V. Consider f € T(V); since 7 = —1 and
T= ﬁ log q, one obtains that

]_ ’
(2.4) flg) = (@2mlog=)"e¥/ 80 ( " (k)¢ +o(qV)),
q keIn(—oo,N]

where N = 472X, In view of the fact that /1989 = 1 4 o(¢g") for all N € Z>o
as |qg| — 0, it follows that the exponent X\ in (2.4) can be arbitrarily chosen.
Furthermore, in the whole theory of g-series including mock-theta functions, the
functions are generally analytic at ¢ = 0 in the unit disc. For this reason, it will be
convenient to take simply A = A = 0. In this way, (1.13) will be read as follows for
q—inV:

(2.5) f@)=Crlog= (Y k)¢ + o).
q keIN(—oo,N]

Similarly, (1.16) needs to be interpreted in the following fashion, with fo = 0:
1 — K
(2:6) flg)=c(2mlog )"q *(1+0(¢"),

where k > 0. This implies that €(V)) = &(V). Moreover, one can notice that (2.6)
remains in accordance with (1.15); see Remark 1.1 (2).
The “global sheaves” located at zero for all directions can be defined as follows:

(2.7) Xo = U ryerz, (Ncev X (V((i e, R)))
for X € {T, €, ¢}, Tt is easy to see the following
Remark 2.1. (1) One has Upez.,q " C{q} C Tp C & = &.

(2) One has C(q) C € and C(q)N €& =C(q)NTe =C forall ( € U.

In the above, Upez.,q¢~ " C{q} is the fraction field of the ring of the germs of
analytic functions at ¢ = 0, which is simply the set of all meromorphic functions at
the origin. To see the second assertion of this remark, one can easily observe that
all meromorphic function at ¢ = ¢ € U belongs to €. By considering the logarithm
of any non zero f(q) € C(g), one obtains that C(q) N &, = C(qg) N T, = C for all
¢eU.

We will call ramification operator of order v # 0 the application p, that sends
each function f(q) into p, f(q) = f(¢”). When ¢ € U, we write

(2.8) pve = fl@) = pucfla) = f(Cq").

It follows that p, = p, 1.
Given X € {%, ¢, ¢}, define

It may be useful to observe that X* = N¢epu(oy X where X7 = X¢ \ {0}, due to
the analytic character of the functions included in each set under study.
Lemma 2.1. Let X € {%, ¢, C}.

(1) X is stable under any given operator p, ¢ with (v,() € Qs x U.
(2) Given ¢ € UU{0}, X constitutes a multiplicative group.
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Proof. (1) Using (2.8), one finds that X¢ = p,¢, (X¢,) for (¢, (1, ¢, v) € UP x Qso
such that {; (5 = ¢. Thus, one obtains that

prc(NeevXe,) = NeevXeey = NerevXer -
This implies the invariance of X by p, ¢, for p, ¢ Xo = Xo (see (2.7)).
(2) When ¢ € U, this comes directly from the respective definition of T¢, &, and
Cc in (1.13) and (1.16) with fo € tC{t} or t € tC[t]. For ¢ = 0, see (2.5) — (2.7).
This finishes the proof. O

2.2. Case of Ramanujan’s two-variables theta-function. Let f(a,b) be the
Ramanujan’s two-variables theta-function given by (1.1).

Theorem 2.1. Let (ag, a1, B, 1) € Q* such that oy + B1 € Qso, and let a =
e(ag + a17) and b =e(By + p17). Then f(a,b) € .

Proof. Let 0(z| 7) be as in (2.2), and let v = a3 + 81. From (1.3), one deduces that
fla,b) = 0(ap + aq7| ") with 7/ = ag + Bo + v7. Letting ¢ = e(ag + 1), one can
find suitable (\, 1) € Q? such that

(2.10) fla,b) =pucgla), gla) =0\ +pr|7).
By [14, Theorem 1.1], one knows that 8(z|7) € ¥ for any given z € R@® R7. So,
considering both Lemma 2.1 (1) and equality (2.10) gives that f(a,b) € . O

Consequently, one obtains easily the following

Corollary 2.1. (1) One has Il(q) C ®(q) C T* C TF for all ¢ € U.
(2) If x € {&q,+q?}, then (x;¢?) o € E*.
Proof. (1) Tt suffices to remember that 7(q) = f(—q) = f(g,q?) as stated in (1.5).

(2) By (1.11) and (1.12), it follows that (z; ¢?) € II(q), this together with Remark
1.1 (1) implies the wanted result. O

We shall prove the part “if” of Theorem 1.2 in the below.

Theorem 2.2. Assume w(r) = 3(n+ mr), where n € {0,1} and m € Z.

(1) One has (w(7)| 7)o € €.

(2) Moreover, (w(7)|T)eo € € for some ¢ € U if, and only if, w(r) € {, 3, 3+

1 T
T, 5 + 5}
Proof. Let Ay = {r,%,%+ 7,3+ Z}. By applying Corollary 2.1 (2) and replacing
q? with g there, one obtains from Lemma 2.1 (2) that, for 2 € A, (2|7)e € €%,
80 (2] 7)o € €F for all ( € U.
Now, assume that w(r) = §(n+m7), where n € {0,1} and m € Z. One can find

a unique z € A, such that w(7) = z +m/7 with some m’ € Z. Let

(1) [ 7)se
9(q) Clrw
By using (2.1), one finds that g(q) € C(\/q).

(1) One remembers that (z|7)s € €* C €*. Since g(g) represents a rational
function of the variable /g, one obtains from Lemma 2.1 (2) and (3) that g(¢) € €,
50 (w(T) | T)eo € €.

(2) By using Lemma 2.1 (2) and Remark 2.1 (2), one finds that g(¢) € &, for
some ¢ € U if, and only if, g(q) is a constant function. In this way, one gets that
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(w(T) | 7)o € € if, and only if, w(7) € A, which completes the proof of Theorem
2.2. (]

2.3. Exponential-convergent behaviour of composite Euler infinite prod-
ucts. Thanks to Euler [1, p. 490, Corollary 10.2.2 (b)], one can write that, for all
z € C,

qn(n—l)/Q

(2.11) (73 q) oo :nzom

(=z)"

Lemma 2.2. Givenw € C{7} and 6 € C, if w(0) > 0, then ( win) 16— 1) € €1.

T

Proof. By using (2.11), one gets that

wir) o 1, (—1)"e(—20))
(_7|5_;)oo_1+z (5_%‘5_1)

T a1 “n 2 T

where (.|.), is defined as in (2.1). Since e(d — %) € A5~ for any v > 0, it follows
that, when w(0) > 0,

w(1)
w(7) 1 e(—=) <1
_ 2N s 2 -1 T/ <
( T 9 T)OO 1—e(6—1) mod Aj
=1 mod .A§_1 .
This finishes the proof. O
Proposition 2.1. Letw € C{r}, § € C, and let
o w(7) 1
fl@= (-2 s 1)

for all ¢ = e() with T £% 0 in H. One supposes that w(0) € R.
(1) One has f € ;.
(2) One has f € €1 in each of the following cases:
(a) w(0) > 0.
(b) w € C[r] and w(0) € R \ Z.
(c) w=a+br€Z<o® (C\Z)r.
Proof. Let n be the smallest non-negative integer such that n = n, > —w(0). For
simplify, we define
Woo (T 1
welm) =)+l = 57), folg) = (<D 15 Ly

and
fula) =1~ e(ks — LR

Thus, one can write

, k=0,...,n—1.

f) = X D
(2.12) = fo(@) f1(q) - fa—1(q) foo(a) -

Since ws(0) > 0, Lemma 2.2 implies that fo, € € C €;. In view of Lemma 2.1
(1), one needs only to show that the statements of Proposition 2.1 remain true with
each f instead of f.
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If w(0) + k < 0, one writes

oo AEE DRy (@D Ry
This gives that
. W(T) + k <—1
(2.13) log(fr(q)) = —2mi — mod C® Ay~ .

Otherwise, if w(0) + k = 0, one obtains that w(0) € Z<o and k = n,, = —w(0).
When fi # 0, it follows that w(7) # ¢7 for any ¢ € Z. In this case, one finds that

w(r) = w(0)

(2.14) log(fk(q)) = log(l —e(— =

)) =vlogT mod C{r},

where v € Z>.

(1) By considering both relations in (2.13) and (2.14), it follows that f; € €;.
This implies the first assertion of Proposition 2.1.

(2) First of all, if w(0) > 0, one notices that n, < 0 and the relation in (2.12)
becomes f = fo. Thus, f € &; as stated in (2) (a).

When w(0) € Reo\Z, it follows that w(0)+k < 0 for all integer k € [0,n). Thus,
the relation in (2.13) implies that, as w € C[r], fr € ;. This gives the assertion
in (2) (b).

Finally, if w(0) € Z<o and k = —w(0), considering the relation in (2.14) yields
that fi € € if, and only if, w(7) —w(0) € (C\ Z)7. This, together with (2.13),
gives (2) (¢) and then completes the proof of Proposition 2.1. O

2.4. The exponential-finite behaviour of composite Jacobi Theta func-
tions. Let 6(z|7) be as in (2.2). We shall understand in what manner the com-
posite function of 6 with a real analytic function behaves in terms of Definition
1.2.

Theorem 2.3. Given any real-valued analytic function w on R, O(w(7)|T) € &
forall ¢ € U.

The traditional four Jacobi theta-functions can be defined in terms of 6 as follows:

(215) Di(elm) =e(-2+ T+ )BE+517), Oas]m) = e(~E + )07,
(2.16) d3(17) =6z + LIm), da(z]) =0+ L+ 517,

For the definition of the above ¥-functions, we are referred to [10, p. 464 &
p. 487], where 7z and 77 need to be read as z and 7, respectively.

By taking into account Lemma 2.1 (2), it is easy to see that Theorem 2.3 is
equivalent to the following

Theorem 2.4. All the statements of Theorem 2.3 remain true if the 0-function is
replaced with anyone of the Jacobi 9-functions ¥;(z|7), 1 < j < 4.

The proof of Theorem 2.3 will be based upon both the theta-modular formula
in (2.18) and Proposition 2.2 in the below. Indeed, let ¢ = e(Z), where (p,m) €
Z x Z~o and p A'm = 1; by convention, we write 0A1=1. We fix a, fin Z in a
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such manner that fm — ap = 1; in other words, M =: ( ;Yl :i > € SL(2;Z).
As before, 7 = 7 — £ it will be convenient to define

- 1
(2.17) S My T8 1o

mr —p m27r  m

Lemma 2.3. Let p € Z, m € Z~q such that p Am =1, and let 7' be as in (2.17).
Then:

1 €1 ) 1 15, 2z 7 z 1.,
218) Bz +-|7) =/ le(—(zr—2+Z-Tyg -
(218)  0e+5In = oy zelg e+ g +5 -5 G +517),
where €1 = e1(a, —B,m, —p) denotes an 8-th root of unity.
Proof. This follows from [6, Theorem (2), p. 179]. See also [14, (1.20)]. |

Proposition 2.2. Given § € C andw(1) € C{r} withw(0) € R, one has 9(—@ | 6—
1) € ¢,. Furthermore, when w(0) € R\ Z and w € C[r], this function belongs to
&

Proof. Let 7/ =0 — % By the triple product formula (1.3), one can write

w(T)

025 ) = fola) frla) fola).
where
fol) = (17 Al = (-2 4 L p@ =@ 4D

One knows that fo(q) € %, so fo(q) € € C €. In view of Lemma 2.1 (1),
Proposition 2.2 follows by applying Proposition 2.1 to each of fi(q) and f2(q). O

A7) 7)o

Proof of Theorem 2.3. Consider ¢ = e(£), with (p,m) as in Lemma 2.3. By

m

using the relation 7 = 7 4 £, one finds that
1 1
1 — — — = p++F(#
(219) W)+ 5= =),
where
P 1 1 ., _ w(T+p/m)—w(p/m)
2.2 —w(E)+——=, F(#)=
@20)  p=wly o1, FG) :
Thus, it follows that
1 1 12 1 1 T X .
~9 (W(T)-F%—E) +§(w(7')—§) 3= + co + ¢o(7),
where
2
_ M Lo,— 1y Lt e
and )
. . TE(T R
wo(T) = —p (F(T) — F(O)) — é ) € TR{7}.

Replacing z with w(7) — 3 in the modular relation (2.18) yields that

(221) ) = O[22 4 ) o).
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where C and f; are given as follows:

R N RC L !

By using (2.17), one can write f; in the following manner:

wi(m??) | « 1
2.22 =0(————|— - —
(2.22) fla=0(— 51—~ —52)
where
t+ t—
(2.23) wi(t) = maw(——2) 4 2 e Ry}
m 2
By using the following identification:
T m2t, w e wi, 5<_>_ﬁ,
m

one can apply Proposition 2.2 (1) to the above function f; defined in (2.22). This
implies that f; € €. O

3. STOKES’ANALYSIS AND MODULAR PROPERTIES ABOUT EULER INFINITE
PRODUCTS

This section prepares §4 and §5, and aims at establishing an integral expression
of the Euler infinite product (z;¢)s by means of the so-called Stokes’ analysis.
Indeed, we shall show that Euler infinite product (x;¢) is closely related with an
integral involving the exponential generating function of the Bernoulli numbers; see
(1.21) and Definition 3.2. This integral contains two species of singularities, one of
whom is fixed and the other one is mobile. By analyzing all these singularities, a
formula will be found to make the link between (z;q)c and its modular counter-
part (z1;¢1)c0, in such a way that the modular part is considered as exponential
small-remainder.

The principal result of this section is Theorem 1.3, that will play a central role
in the proof of Theorem 1.2.

3.1. An integral associated with the exponential generating function of
Bernoulli numbers. Following [1, Definition 1.2.3, p. 12], we let Bs, to denote
the Bernoulli numbers for positive integers n :
1 1 1
By==, By=—-——, Bg=—
2 4 30 ) 6 49 )
Let B be the function defined by (1.19). One can notice that B represents the
exponential generating function of (Bs,) as follows (cit. loc.):

(3.1) B(t)=)_ (]2323! 2=t

n>1

In what follows, we shall consider the following integral:

d

(3.2) ba(z|7) = /0 Tt gy M

e —1 u

where d is a given number in (=%, 7), z and 7 are complex numbers such that the
associated integral by converges.
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As B(t) = O(¢) at t = 0 in C, the above integral in (3.2) converges at u = 0 for
all values of (z,7) in C x C. With regard to the convergence at infinity, we define

(3.3) Vi ={reC:R(re') >0}, V; ={reC:R(re'") <0}
and
(3.4) Ui={z€C:z2+1€V/}.

By using (1.19), one finds that B(t) — £+1/2 when Rt — f+oo. Therefore, bg(z|7)
defines two analytic functions, one in Uy X VdJr and the other in Ug x V.
Geometrically, Uy represents the half-plane containing the point at origin and
delimited by the straight-line —1 4+ e~%*t 3R while Vdi are half-planes separated by
the straight line ei(_d“‘l)R One can find that the interval (—1,00) belongs to Uy

for every argument d € (—Z,Z). See Figure 2.

29 2
d
/ /Z{/
0/~ Voo
U, Vi v Ty

FIGURE 2. Half-planes Uy, V; and VdJr

+
L\J\:!
&.

\

/

Let
(3.5) WH =Uge—z,5yUa x Vi7", W™ =Uge—z,5)Ua x Vy .
Since
Ude(~z,5)Vq =C\ (00,0}, Uae(—z,5)V; =C\[0,00)
it follows that
(3.6) (=1,00) x (C\ (=00,0]) c W, (=1,00) x (C\[0,00)) CW™.

Definition 3.1. We call Bernoulli integral any expression bq(z | T) as given in (3.2)
and we will define b* (2| 7) and b~ (2| T) respectively in WT and W™ by applying
the analytic continuation procedure to by(z|T) from Uy x V; and Uy x V; as d

runs through (—%5,%).

If no confusion is possible, we will write b(z|T) instead of b (2| 7).

We shall make use of the following result to express the difference bt (z|7) —
b~ (z|7) in their common domain W NW~.

Lemma 3.1. If 1 € H and z € H, then:

(3.7) S L _eme) gtz m)n)

=in 1—e(nr)

Proof. This follows from [2, p. 36, (21.1)]. |

By (3.6), one finds that ((—1,00) x (C\R)) C WF N W~. In what follows, we
will write C\R=H U (—H).

Theorem 3.1. Let (z,7) € WH N W~™. The following assertions hold.
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(1) If T € H, then:

(=(+D/T] =1/T)e

(38) BT =) = o T

(2) If Te H™ = (—H), then:

(3.9) bH(z|7) — b (2| 7) = —log (z4+1)/7]1/T)oo

(1/711/7)o0

Proof. (1) By the standard argument of analytical continuation, it suffices to prove
(3.8) for (z,7) € (—1,00) x H. Thus, one chooses d; € (—%,0) and dy € (0, %) such
that 7 belongs both Vdf and V, . The contour integral in (3.2) allows one to write
that

b¥(z|7) = b7 (2|7) = By (2]7) = By, (2|7)

id id

ocoe" 1 ocoe’ 2 —
e " —1 du
3.10 = — —B —.
(3.10) ([ -] B
Since both d; and ds belong to (—% 2 %), the two half straight-lines used in the

contour-integral (3.10) are separated in the u-plane by the half straight-line £,
defined as follows:

={u e C": R(ru) =0, Ru > 0};

see Figure 3.

+
le do

FIGURE 3. 7 belongs to the common domain VdJlr NV, while the
directions d; and dy are separated by the half-line £,

By observing that the function B(7u) admits simple poles u = 2nwi/7 (n € Zso)
on the line £, applying Residues Theorem to the second member of (3.10) yields
that

b (s r) b (e|r) = 30 L enED

=i e(n/T)—1
Le(—n(z+1)/7) 1 e TL/’T
3.11 = -
(3:.11) Zn 1—e(—n/T) Zn 1—e(—n/7)"
By using the relation in (3.7), the above expressmn in (3.11) implies that

bH(z|7) — b (2] 7) = —log((~ 212 1 _1

= D)) Floa((- |~ D).
so that one obtains (3.8).
(2) When 7 € H ™, the above proof can be adopted as follows: choose d; € (0, %)
and dy € (—%,0), and observe that the simple poles of B(7u) to which Resides
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Theorem is applied become u = —2nwi/7T (n € Zsp). An direct calculation implies
finally (3.9), what ends the proof of Theorem 3.1. O

3.2. A symmetrical Bernoulli integral. Consider the integral given in (1.21)
for By(z|7), where d € (=%, %). One can observe two species of singularities for
this integral:
(1) The fixed singularities over the imaginary axis iR, due to the simple zeros
of the denominator e*/? — e=%/2,
(2) The mobile or parametric singularities that depend of the value of 7, due
to the simple poles of the generating function B(7u).

The choice of the direction argument d needs to avoid the first singularities; once a
suitable argument d given, the analytic continuation on the corresponding sectors
VgljE is made up of an analysis about the second family of singularities. See Figure
4 in the below, which is to be compared with Figure 3.

. 0\
: Zee;;)zsffe_u/g * \ * poles of B(tu)

\di

FIGURE 4. Fixed singularities on the imaginary axis and mobile
singularities depending of 7 viewed in the u-plane

We shall explore these singularities to find global relations about the function
B(z|7) considered in Theorem 1.3. One will see that each of both types of sin-
gularities allows one to get a functional equation, as stated in Theorems 3.2 and
3.3 respectively. Our approach is inspired by the so-called Stokes’ analysis for the
analytic theory of ordinary differential equations; see [?].

First of all, comparing this integral By(z | 7) with bg(z|7) in (3.2) yields

(3.12) Ba(z|7) :bd(fz—%h) fbd(z—%h).

One deduces that B(z|7) is well-defined for all (z,7) such that 7 € Vi and
+2+1/2 € V| or, equivalently, for (z,7) € Hy x V. See (1.20) for the definition
of Hy and Vy, where V; = Vj.

In this way, one obtains two analytic functions whose domains of definition are
respectively Hy x V7 and Hy x V;; these functions will be denoted by B} (z|7)
and B (2| 7).

Lemma 3.2. The following relations hold for all d € (=%, %):

(3.13) Bi(z|7) = B, (2| =7) = =By, .(2]7)

and

(3.14) By (z|7) =By (2| —7) = —B;Zrﬂ(z | 7).

Proof. By (3.3) and (1.20), it follows that V,\ =V, = =V, and Hyrr = Hy

for all d € (=%, 5). Thus, one deduces (3.13) and (3.14) directly from the identity
B(-t) = —B(%). O
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The symmetry stated in Lemma 3.2 allows us to deal with only the case of

d € (—%,Z) most of the time. Thus, as what happened for the functions b*(z|7),

the families (B] )4er and (B )aer, where I = (=%, %), yields two global functions
by the analytic continuation procedure.

Definition 3.2. Let

(3.15) OF =Uge—z,5)Ha x V)", Q7 =Uae—z 2)Ha x V.

We will denote by B* (2| 1) and B~ (2| T) the respective function defined in Q* and
Q= by the corresponding family (B;')de(_%,%) and (By )ac(—= =) If there is no
possible confusion, we will simply write B(z| 1) instead of BY(z|T).

By (3.12), it follows that
1 1
(3.16) Bi(z|7):bi(—z—§|7)—bi(z—§|r).

3.3. Two types of singularities for Bernoulli integral. Let us start with the
fixed singularities contained in the integral (1.21) that defines By(z|7). If one
writes
+ _ +
Ve = Ude(f%,%)Vd )
one can easily see that
Vt=C\(~0,0], V- =C\]I0,+0c0).
So, the common domain V+ NV~ contains two components as follows:
(3.17) VINV-  =HU(-H).

Theorem 3.2. The following relation holds for all (z,7) € QT N Q™ such that
TEMH:

(3.18) B+(z\7)+37(z|7')z—ﬂiz—%—i—v(zh),
where 8(z) and y(z|T) are given as follows:
2
(3.19) Ble) =& - 27%2% 4+ 2Lis (—e(z))
and
e Z /2] T)e
(3.20) ~v(z|7) =log (=i

Proof. Let A = (—=1/2,1/2) x H; by (1.20) and (3.15), one can observe that A C
(Q+ OQ’). By taking into account the standard argument of analytic continuation,
we shall only prove Theorem 3.2 in A.

Let (z,7) € A. By (3.17), 7 € VT NV, thus both BT (z|7) and B~ (z|7) can
be expressed by means of the integral in (1.21) as follows:

(3.21) B+(Z‘T):B;1(Z‘T), B_(Z\T):de’(zh),
where dy € (=%,0) and da € (0,%). By (3.14), it follows that
3
By (z|7) = =Bj(:|7), dy=dotmeE(m ).
This implies that
B (z|7)+ B(|7) = Bf.(:|7) - By (217)
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ooe’ ooe’ eFU _ g—Fu du
:(/O / e"/2—e u/QB(Tu)?'

In the above, d; can be chosen enough near to —3 while da can be infinitely

closed to 7, so that d; and dj are “infinitely near” one to other but are separated
by the axis (0, —ic0). See Figure 5 in the below.

FicURE 5. The integral-contour rotates around the negative
imaginary-axis

Therefore, by Residues Theorem, one finds that

BY(z|r)+ B (z|7) = —2mi ) —Zn) B(=2mint) 5
n>1
52) _ Z(fl)n M B(—2minT).

By using the definition of B in (1.19), one can notice that

11 1
B(-2rinT) = - :
(=2minT) = 5+ 5irn T o) 1

Since 37 > 0, e(—7n) becomes exponentially large as n — +o0; thus, the series in
the right hand side of (3.22) converges and can be expressed as follows:

a(z) _ fo(2)
2 2(7)m7' Y(z17),
where a(z), Bo(z) and (2| 7) are defined in the following manner:
a(z) =log(l + e(z)) —log(1 +e(—2)),
Bo(z) = Liz(—e(z)) — Liz(—e(—2))

(3.23) BY(z|T)+ B (z|7) =

and

vo(z]7) = Z (*:L)" e(;zn) —e(zn) .

= (=mn)—1

On the one hand, because of z € (—1/2,1/2), it is easy to see that «(z) = 2miz.
On the other hand, by using the following relation [11, §2]:

. ]. . 7T2 ]. 2
ng(—;) = —Lig(—2x) — % 3 log” z,

one finds that Sy(2) is exactly the same as §(z) in (3.19).
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Moreover, with the help of the relation in (3.7), one finds that the last term
~o(z|7) in (3.23) can be expressed as follows:

(z4+741/2| 7)o = ol iy
ey Ypn i ORI LR

where v(z|7) is as given in (3.20). Thus, one deduces (3.18) from (3.23) and this
finishes the proof of Theorem 3.2. (]

Yo(z|7) = log (

We return to the second specie of singularities coming from the function B(7u):
this can be seen as a typical situation where Stokes phenomenon occurs.
Theorem 3.3. The following assertions hold for all (z,7) € QT NQ~.

(1) If T € H, then:
(=2-1/2)/7] —1/T)

(3.24) BY(z|7) = B™(z|7) = log ((z=1/2/7] = 1/7)o0

(2) If e H™ = (—H), then:

- +1/2)/7]1/7)s0

2 Bt - B =1 ((z .

(3.25) (217) = B(e1 ) = log (O

Proof. This follows immediately from (3.16) together with (3.8) and (3.9). O

When 7 2% 0 in H, e(—1/7) is exponentially small et it follows that the right-
hand side of (3.24) represents an infinitely small function. This implies that both
BT (z|7) and B~ (z|7) have the same asymptotic expansion as 7 =% 0 in their
respective domain of definition; see §5.1.

3.4. Modularity found by means of Stokes’ analysis on Euler products.
The strategy is to express the function B(z|7) by making use of both Theorem 3.2
and Theorem 3.3. The proof will be completed with the help of the classical § and
n-modular formulas.

Proof of Theorem 1.3. By putting together the relations in (3.18) and (3.24), one
finds that
B(=)

2miT

(3.26) 2B(z|7) =2BY(z|7) = —miz — +8(z|7),

where 3(z) is as given in (3.19) and
(z+1/2[ 7)o (=2 =1/2)/7] =1/T)oo
(=120 T G2 -

We shall use the §-modular formula to simplify the expression of §(z | 7), observing
that

0(z|7) = log

(z2+1/2| 7)o (=2 —=1/2)/7] = 1/T)oo
((z=1/2/7] =1/7)o (=2 +1/2|7)s
If p=0, m =1 and z is replaced with z — 1/2 in the general #-modular relation
(2.18), one gets that 7/ =7, 7 = —1/7 and

(3.27)  4(z|7) =log

+ log

0(z+ 1 |7) = ‘ e(f—(z - 7)2) 0(

2 T 2T 2 T Jr2 T
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Thus, by the triple product formula (1.3), it follows that

(21207 (G 12T 1)
(== 1/2/7] — 1/ Gri2Ne

C(z|7) = \f (1+e(—2)) e(_%(z - 2P (—1/(TTI| T—):O/T)oo .

(3.28)

where

S

Moreover, from the classical n-modular relation, one obtains that

\/Z(_l/Tl B 1/7-)00 — e((7_+ %)/24)

(7] 7)o

Therefore, the coefficient C(z|7) in (3.28) can be read as follows:

(3.29) C(z|7) = (1+e(—2)) e(—%(z - g)z) e((t+ %)/24) .
By gathering together (3.27) and (3.28), one finds that
(z41/2| 7)o

d(z|7) = 2log

(GG—1/2/7] —1/0)m log(C(z[7)).

Finally, the equality in (3.26) implies that
riz B (41207

B(Z|T)=— 5 47TiT+ Og((z_1/2/7—|—1/’7')oo

- % log(C/(z|)) .

So, one finds that

(2 +1/2|T)oe riz  B(z) 1
(z—1/2/7] — 1/T)s0 —B(Z\T)+7+4m,7_+§10g(C(z|T)).

An direct calculation using the definition of §(z) in (3.19) and that of C(z| 1) in
(3.29) shows that the above equation in (3.30) yields (1.22), thus one finishes the
proof of Theorem 1.3. O

(3.30) log

4. ANALYTIC CONTINUATION AND RAMANUJAN’S ASYMPTOTIC FORMULA

The goal of this section consists to bring about as much light as possible about
the set of singularities of the function B(z|7) in the complex z-plane each time
when 7 is fixed in the upper half-plane 7. This will be done either by using
the functional equation deduced from integral representation (1.21) or by putting
analytic continuation process of A(z|7) and La(z|7) into the relation (1.22) of
Theorem 1.3. See Theorem 4.1 in §4.1 and Proposition 4.1 in §4.2.

In our previous works [12] and [13], we found a modular-type relation for Euler
infinite product (z;¢)co, that is intimately linked with an asymptotic formula of
Ramanujan. Compare Theorem 4.2 in the below with [3, p. 265 Entry 6 and p.
268 Entry 6’]. In §4.3, we will deal with some properties of the key-term P(z|7)
appearing in Theorem 4.2. It will be shown that this function is closely linked with
both b*(z|7) and B(z|7) considered in the previous section. We will conclude
this section by Theorem 4.3, which states that Theorems 1.3 and 4.2 are really
equivalent.



22 CHANGGUI ZHANG

4.1. Branch points and analytic continuation domain of Bernoulli inte-
gral. Consider the analytic continuation of the function B appearing in (1.22).
Unless expressly stated otherwise, 7 will be fixed in H and our analysis will be a
priori done about the variable z.

As B(z|7) = B*(z|7) and this last one is related with b*(z|7) by (3.16), we
shall start with the analytic continuation of b*(z|7). By the definition of W+
in (3.5), it follows that for all given 7 € H, with arg7 = ¢ € (0,7), the relation
(z,7) € W+ means exactly z € V" for some suitable d € (—%, % — §). Thus, one
obtains the following equivalence:

(4.1) (z,7) EWY = 2eHUZ,,
where Z, is the half-plane associated with 7 in the following manner:
z+1

Zr={2€C: %

0}.
T<}

One may notice that if z € Z,, then z + zg € Z, for all positive real zy. See Figure
6 in the below.

e
/g—d d
H // //
—
-
Z. /Vd+ 0 =argT
/ I <d<%-46

FIGURE 6. The half-plane Z, contains both the point 7 and the
segment (—1,00)

Lemma 4.1. Let (z,7) € WT, b(z|7) = b*(2|7) as in Definition 3.1 and let
s =z/T. One supposes that T € H. If (z —1,7) € W, then s ¢ (—o0,0] and

(42)  b(z—1]7)—b(z] ) = logT(s) — (s — %)logs—ks— % log 21

Proof. Since (z — 1,7) € WT, relation (4.1) implies that either z € H U (0,00) or
z € H™ but (z/7) <0, so that s ¢ (—o0, 0].
By observing that

d

b(z—l7’)—b(z|r):/oooe B(t) e

relation (4.2) follows immediately from Binet’s formula [1, Theorem 1.6.3 (i), p. 28]
on log I'(z):

ztﬂ
t)

id
1 1 eoe dt
(4.3) logT'(z) = (z — 5) logz —x + 3 log 27 + / B(t)e -
0
Here, first of all, one supposes that R > 0, so the integration path is the half-axis
(0, +00). By using an open interval (0, cce’?) in the half-plane ¢ > 0, this integral
representation can then be valid for all x € C\ (—o0, 0]. O
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It should be noted that the above relation (4.2) is valid for any (z,7) € H x H. If
z ¢ H, we have to avoid the poles of the Gamma function, and the right-hand side
of (4.2) continues to be well-defined over the Riemann surface of log while s ¢ Z<.
Thus, Lemma 4.1 allows one to make the analytic continuation of the function b+
at (z,7) provided that (z+n)/7 ¢ Z<( for all n € Z>;. In other words, one obtains
the following

Remark 4.1. For any fixed 7 € H, b(z|7T) can be continued into an analytic
function on the universal covering of C\ A, where

(4.4) A= Zg_l (S¥) TZSO .

In what follows, to each 7 € H will be associated the half-lattice £, in the
following manner:

(4.5) £, = (B0 — ) ® 7o) U (B0 + 1) & 7E0)

See Figure 7 in the below.

-
RS
3 ~2 T3 —3f
-3 -2 -1 0o+ 3 3 I
AT Ve o2 2 2
X ok vk ok s€ A
X vk vk vk * €Ly

FIGURE 7. The set A, contains all negative integers while all half-
integers belong to L,

Thus, one can state the following

Theorem 4.1. Let 7 € H and let L. be the half-lattice given as in (4.5). The func-
tion B(z|7) can be extended into an analytic function over the universal covering
of C\ L, in such a manner that the following relations hold.

(1) If (= +1/2)/7 € H, then:

(4.6) B(z+1]|7) :B(z|7)—log(1—e(¢)).

(2) If (z+1/2)/7 € H™, then:

(4.7) B(z+1|7) = B(z|7) — log(1 fe(ftl/2

)
Proof. Since B(z|7) is linked with b(+z — 1/2|7) by (3.16), the analytic contin-
uation of B(z|7) follows the same way as what done for b(z|7) in Lemma 4.1.
Particularly, by using (4.4), one obtains the expression in (4.5) about the set £, of
singularities of B(z | 7).

In order to prove (4.6) and (4.7), one makes use of (3.16) together with (4.2).
In this way, it follows that

3 1
B(z+1|7) = B(z|1) = (b(—2z — B |7) —b(—2z — §|7))
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Ho(z = 5 17) = bz + 5 17)
_z+T1/2) +I(Z —|—Tl/2)’

where I(s) denotes the right-hand side of (3.16) for s € C\ (—o0, 0], that is to say,

(4.8) = I

(4.9) I(s) =logT'(s) — (s — %)logs +s— % log 2.

T

(1) One supposes that s € H; as —s € ((C\(—oo, O]), one writes —s = e~
using Euler’s reflection formula, one finds that

s. By

M(s)(—s)= — " =% T

—s sinws s sinws’

which implies that

I(s) +I(—s) = logT'(s) + logT'(—s) — mis — % +log s — log 27

s+ Iy
o —mis+ —
& 2sin s 2

—log(1—e(s)).
Here, for the last implication, one has used the following relations:

2sinms = e(s/2) —ie(—s/2) = 6(__82_/2) (1—e(s)).

=1

(4.10)

By (4.8), putting s = (z + 1/2)/7 into (4.10) yields finally (4.6).
(2) By an argument of the symmetry, one can easily see that if s € H~, then:

I(s)+ I(—s) = —log(l - e(—s)) ,

and this allows one to end the proof of Theorem 4.1. ([

4.2. Functional equations satisfied by A(z|7) and Lo(z|7). Another way to
prove Theorem 4.1 consists of making use (1.22) together with the following fact.

Proposition 4.1. Let A(z|7) and La(z|7) be as given in Theorem 1.5. The
following assertions hold for all T € H.

(1) If z € H, then

(4.11) A(z+1|7)=A(z|7)
and
(4.12) Lo(z+1|7) = La(2]|7).
(2) Ifze H™ = (—H), then:
(4.13) A(z+1|7) =™ A(z|T)
and
2me 1

(4.14) L2(Z+1|T):LQ(ZlT)_T(z+§)'
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Proof. (1) Let z € H and let
r=zx(t)=1+e(z+1)
for t € [0,1]. Since
le(z)] = le(z+t)| < 1,
it follows that %(m(t)) > 0 when ¢ € [0,1]; in other words, y/z(t) does not have
monodromy as ¢ goes from 0 to 1, so one obtains the relation in (4.11) for A(z| 7).
The relation in (4.12) comes from the fact that, for ¢ € [0,1], e(z + ) belongs to
the unit disc, in which the dilogarithm is well-defined and analytic.
(2) By writing
1+e(z) =e(2)(1+e(—2)),
one finds that the following identity holds for all z € H™:
(4.15) Alz|7) = e(5) A(==] 7).
Thus one gets (4.13), by combing (4.15) together with (4.11).
The relation in (4.14) follows from the monodromy property of the dilogarithm
Liz(z) at z = 1. Indeed, let z € H~ and define

for t € [0,1]. Since R(z) < 0, z will describe a circle of radius > 1 when ¢ runs
through [0,1]. Thus, Liz(x(1)) can be expressed as the analytic continuation of
Liz(z(0)) along a circle centered at = 1 and of radius < 1 in the anti clock-wise
direction.
By using the following relation between Lis(zg) and Lis(1 — z) [11, §2]:
2
Lia(1 — zp) = —Lia(x0) + i log 2 log(1 — ) ,
one finds that the monodromy of Lis around x = 1 can be expressed as follows:
(4.16) Lip(1 4 z0e*™) = Lig(1 + o) — 27i log(1 + x¢) .
Thus, one obtains that

(4.17) Liz(—e(z + 1)) = Liz(—e(z)) — 2mi log(—e(2)) .

If 2 — 1/2 from H~, this last equation becomes

Lig(—e(—%)) = Lig(—e(—%)) — 2mi log(—e(—%)) ;
hence, (4.17) can be read as follows:

Lis(—e(z 4+ 1)) = Lio(—e(z)) — 2mi log(e(z + %)) .

With the definition of Ly in (1.23) one deduces immediately the expected relation
in (4.14). O

It should be noted that, in all the relations stated in Proposition 4.1, the analytic
continuation is performed in such a way that the continuation-path linking z to
z + 1 remains entirely either in the upper plane H or in its opposite side. Over the
real axis, A(z|7) vanishes for all half-integers, or more precisely, this function has
branch points there as well as the function La(z | 7). So, one arrives at the following
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Remark 4.2. The above relations in Proposition 4.1 remain valid even for z €
R\ (Z + 1/2), provided that one adopts the following convention: Assertion (1) or
(2) will be applied in case jumping the ramification point situated between z and
z + 1 is made in the upper or lower plane H or H~.

Accordingly, replacing z with z+1 in (1.22) and applying Proposition 4.1 allows
one to find the relations in (4.6) and (4.7) of Theorem 1.3. We omit the details.

4.3. Non-modular term in a Ramanujan asymptotic formula. As in [12]
and [13], let U denote the domain defined in C x H by the relation

(4.18) U= U(;E(O,,T)(Cg X Hs .

Here, Hs is the open sector {7 € H : argT € (0,6)} and Cs is the domain in C
containing the interval (—1,1) and whose complementary equals to the closure of
the union (1 + Hs) U (—1 — Hs). See Figure 8 in the below.

e
H -

‘ = '(5 1+ Hs
Cézc\((1+H§)U(—1—H5))

FIGURE 8. The domain C; contains (—1,1) and is symmetrical
with respect to 0

The following equivalent relations hold for any (z,7) € C x H:
1
(4.19) (2,7) €U = (—z,7)eU (f,f;)eu.
Theorem 4.2 ( [12, Theorem 3.2], [13, Theorem 2.9]). Let (z,7) € U and let
s=z/T. If s ¢ (—00,0] and logs denotes the principal branch of the logarithm,
then:
(4.20)

(2] 7)o =

2ms(1 —e(z T Lip (e(2)) z—1 1
( ( )) ( )es(logsfl)Jr 2 +P(Z\T)( . | _ ;)007

T(s+1) = 24
where I' denotes the Euler Gamma function, Lis denotes the dilogarithm, and where
P(z| 1) denotes the function defined in U by the analytic continuation procedure
from the following integral:

ooc™ gin(2L) t 2, dt
2y Pl = [T - 4
with —m < d < 0.

In the following, we shall discuss the link between P(z|7) and b(z| 7). In view
of the fact that

1 1 1
d—1ta )

Cotif 76“/2_6_%/217?:22'(

it follows that

t 2 eit/2+67it/2 ) )
t

t 2
cot — — — = 2i B(it),
2t
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where B is the generating function given in (1.19). Thus, replacing the integration
path (0, ccei?) with (0,icoe’d) in the integral in (4.21) yields that

ooet?’ zt/T _ —zt/T d
d _ ¢ € a
(4.22) Pi(z|T) = /0 1 B(¢) T
with d' =d+ 5 € (=%, %). Forall (z,7) in U, it follows that
pid’ eid
R <R
R <R,

so that P yields an analytic function P(z|7) in the domain U of C x H.
Comparing the integral in (4.22) with (3.2) allows one to observe immediately
the following

Remark 4.3. Let W' and b(z|7) = bt (2| 7) be as in Definition 3.1. The function
P(z|7) can be expressed as follows:

(4.23) P(z|7)==b(z|7)+b(—2z|T).
Accordingly, it follows that
(4.24) U={(z,7)eEWT:T€H,(—2,7) € WT}.

By Remark 4.1 and the above equation in (4.23), one can observe that, for every
given 7 € H, P(z|7) can be extended into an analytic function on the universal
covering of C\ A®™ | where A®™ denotes the symmetrization of A, that is to say,

(425) Af_ym =A,U (—AT) = (ngl ©® TZS()) U (ZZI (S5) 7Z20> .

See (4.4) for the definition of A; and Figure 7 for the illustration of A™. Fur-
thermore, by gathering together (4.23) with (4.3) and (4.9), it follows that

(4.26) P(2+1|T)—P(ZIT)=I(—8)—I(s+%),

where s = z/7 and I(s) denotes the function defined by (4.9) with the help of
Binet’s formula (4.3).

4.4. Equivalence between Theorem 4.2 and Theorem 1.3. In the follow-
ing, we will express the function B(z|7) in terms of P(z]|7) to find our previous
Theorem 1.3 from Theorem 4.2, and vice versa.

Let © = Q% be the definition domain of B(z|7) as given in Definition 3.2, and
let (2,7) € QN (C x H). Then, (z,7) € Hy x V" for some d € (—3, %) if, and only
if, letting d’ = § — d, all of the following conditions are satisfied:

a2 —1/2 0 z+1/2

)>0, O<argT<d.
Thus, one arrives at the following

Remark 4.4. Let Q = QT be as given in (3.15). The domain QN (C x H) is strictly
included in the above U defined by (4.18), particularly with the following relation:

1/2 —1/2
z+1/ )<07g(u

(4.27) QQ(CXH)Z{(Z—&-%,T)EU:%( ) > 0}.

T
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Let £, be the set of singularities of B(z|7) as given in (4.5). Comparing this
with the definition of A®™ in (4.25) yields that

(4.28) L= (% + AY™) Y (% ® TZ30) -

This goes back to Remark 4.4, including particularly the relation stated in (4.27).
See Figure 9 in the below and compare this with Figure 7.

FIGURE 9. The set A®™ contains all non-zero integers while all
half-integers belong to the half-lattice L,

Moreover, by observing that
eZt/T _ e—zt/*r e(z—l/2)t/7‘ _ e—(z—1/2)t/‘r

_ —zt/T
et/T — 1 - et/2T7 _ g—t/27 te ’

one obtains that
z+1/2
T

).

This is the key-point that permits one to see in what manner both Theorems 1.3
and 4.2 are really equivalent.

(4.29) B(Z|T)=P(Z+%|T)—I(

Theorem 4.3. Theorem 4.2 implies Theorem 1.3, and vice versa.

Proof. In view of the above consideration about the respective domain of definition
of B(z|7) and P(z|7), and by the argument of analytic continuation, one needs
only to prove Theorem 4.3 for z € (—1/2,1/2) and 7 € H. Thus, by replacing z
with z 4+ 1/2, the relation in (4.20) takes the following form:

z-1/2, 1
T T

where A(z|7) and Lo(z | 7) are the same as in (1.22) of Theorem 1.3 and where we
write

(4.30) (z+ % | T)oo = A(z|7) D(2|T) eLz(Z\T)(

2m 1 s'(logs’—=1)+P(z+1/2| T
(4.31) D) =\ F ¢ (log s/~ 1)+ P(=+1/2] 7)

together with

27
If one takes the logarithm for both sides of the equation in (4.31), using the
function I(s) defined by the expression in (4.9) gives that
z+1/2
T

1/2 1
s’—iz—’— / =5+

(4.32) logD(z|T):P(z+%|7)71( ).
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Finally, by (4.29), it turns out that
logD(z|71) = B(z]| 7).

In other words, the equation in (4.30) allows (4.20) to imply (1.22), and vice versa.
By this way, one ends the proof of Theorem 4.3. O

5. CONDITIONS FOR AN EULER PRODUCT TO HAVE AN
EXPONENTIAL-CONVERGENT EXPANSION

In this section, we shall establish the inverse of Theorem 2.2 (1) with { =1 as
follows.

Theorem 5.1. Given w € C{7} such that w(0) € R, one has f € & only if
w(T) = %(n +m7t) for some integers n, m € 7.

The strategy we shall elaborate in this paragraph comes from the following ob-
servation: Replacing z by w(7) in both Theorems 1.3 and 4.2 allows one to obtain,
modulo an exponentially small remainder, the analyticity obstruction of f o e by
the Stokes’s co-cycles on B* or P. In this way, one finds the very rare cases where
f(g) can be exponentially-convergent in the sense of Definition 1.2. This approach
is likely to be linked with Ecalle’s theory of resurgent functions.

So, in what follows, the approach we will make use of is of analytical nature and
it is natural to consider w(7) in the ring of germs of analytic functions at 7 = 0.
In order to be able to treat globally the corresponding functions B and P, we will
be led to the supplementary condition that requires the reality of w(7) at 0.

In §5.1, we shall recall Ramis-Sibuya’s Theorem on Gevrey asymptotic expan-
sions and deduce from that a result that will be applied to the previous functions
B* and P; see Corollary 5.1. In §5.2, we shall deal with exponential smallness of
terms with —1/7.

Paragraph 5.3 can be viewed as the heart of this section, in which we are led to
the equivalent conditions for the functions B and P to be analytic. See Theorems
5.3 and 5.4. In view of all that, we end this section by a proof of Theorem 5.1.

5.1. Ramis-Sibuya’s Theorem on Gevrey asymptotic expansions. Let zg €
C and let R, be the Riemann surface of the function z — log(z — z); let I =
(o1,2) C R and let R > 0. We let V,,,(I; R) denote the sector of vertex at xg in
Rs,, with opening in I and radius R, that is to say:
(5.1) Voo (I R) = {20 + 7€ € I,r € (0,R)}.
We will adopt the following terminologies for any given sector V =V, (I; R):
(1) A germ of sector at xg in V means any domain of the form V,(I; p) such
that p < R.
(2) A proper sub-sector of V means any domain of the form V,, (J; p) such that
JCIandp<R.

If the length of the open interval I is smaller than or equal to 27, any sector
Vio (I; R) is not overlapped in C*; in this case, one will consider V,,(I; R) as a
sector in C. When zy = 0, we will remove the sub-index 0 and write simply
V(I; R) instead of Vu(I; R).

Let V = V(I; R) be a sector in C at 0. By definition ( [5], [7], ...), a given
function f defined and analytic in V' is said to have a power series ) ., anx",
a, € C, as Gevrey or exponential asymptotic expansion at 0 in V if for any proper
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sub-sector U = V(J;p), one can finds C > 0 and A > 0 such that the following
estimates hold for all n € Z>q:

n—1
(5.2) sup|(f(z) — Z ama™)z"| < C A" nl.
zeU m—0
As typical example, the Borel-sum function of a given divergent series, if exists,
admits this series as Gevrey asymptotic expansion. A Gevrey type asymptotic

expansion is also called exponential asymptotic expansion, due to the following fact.

Remark 5.1. [5, p. 175, Théoréme 1.2.4.1 1)] A function f admits the identically
null series as Gevrey asymptotic expansion at 0 in V' if, and only if, f is exponen-
tially small there, that means that, for all proper sub-sector U in V', there exists
C >0 and k > 0 such that, for allz € U, |f(z)] < Ce "/l=l,

For any given sector V =V, (I; R), we will denote by A=~1(V) the space of all
exponentially small functions as x — x¢ in V. It will be useful to observe that the
space AS ! introduced in §1.2 can be written as follows:

(5.3) A = U ANV R)).

I3%,R>0

Remark 5.1 gives a necessary condition for two functions to have a same Gevrey
asymptotic expansion. In practice, one may want make sure a family of solutions
found for a given problem have a same Gevrey asymptotic expansion. The follow-
ing result shows the exponential smallness between each other of the family can
constitute a sufficient condition to the existence of such expansion provided that a
sufficient large number of functions are in our disposal.

Theorem 5.2. [5, p. 176, Théoréme 1.3.2.1] Let Vi, ..., Vi, Vine1 be a family of
open sectors at 0 in C such that Vi,p1 = Vi, V;N Vg1 # 0 for 1 < j <m and that
the whole union UL, V; contains a neighborhood of 0 in C. For every j, let f; be a
given analytic and bounded function in V;. If

fisr=1; mod ASTHV;N Vi),
then all f;’s admit the same Gevrey asymptotic expansion at 0.

The above result is currently called Ramis-Sibuya’s Theorem.

5.2. Exponentially small terms related with Euler infinite products. In
what follows, we will identify the upper half-plane H as the sector V(I; R) with
I = (0,7), R = oo, and denote by AS~!(H) the space of all analytic functions in
H possessing an exponential decrease towards 0 as 7 =% 0. In this way, one can
reformulated Lemma 2.2 as follows.

Proposition 5.1. Let w € C{7}, 6 € C, and let
w(T 1
0 =10g((- 42 5 - 1))
T T
for all T enough near 0 in H. If w(0) > 0, then ¢ € AS™1(H).

Proof. One can take the same argument as that used in the proof of Lemma 2.2. [J

In order to study the asymptotic expansion of our previous functions P(z|7),
B(z|7) and b*(z | 7) introduced in §3 and §4, we give the following simplified version
of Theorem 5.2.
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Corollary 5.1. Let R > 0 and let Iy and I> be open intervals such that
[-e,m—€elC 1 C(—mm), [r—¢€2m—¢ CIyC(0,2m),
where € denoted a fixred number in (0,7). Let
Vi=V(I;R), Va=V(IzR),

and consider two analytic and bounded functions fi and fo defined respectively in
Vi and Vs.
If fi — fo € AS7H(ViNV,), then fi and fo have the same Gevrey asymptotic

expansion and, moreover, the following statements are equivalent.

(1) One of the functions f1 and fa can be continued into an analytic function

at 0 in C.
(2) Both f1 and fa can be continued into an analytic function at 0 in C.
(3) fi=sfom V1NV,

Proof. The existence of Gevrey asymptotic expansion for f; and fy follows imme-
diately from Theorem 5.2.

Let f = > >0 @nx" be the common asymptotic expansion of f; and fo. Since
the length of I; and that of I, are larger that 7, one finds that f; and f, are the
respective Borel-sum functions of f in V; and V5. Thus, the above statement in (1)
implies that f is really a convergent series, so that their two Borel-sums are equal
each other. In this way, one obtains that (1) implies all other statements.

On the other hand, if the statement in (3) is true, then both f; and f, equal
to a same analytic and bounded function in the punctuated disc {0 < |z| < R}.
By Riemann removable singularities Theorem, one finds the statements (1) and
(2). O

5.3. From asymptotics to analyticity for Bernoulli integral and related
functions. Let us come back to the functions b(z|7), B(z|7) and P(z|7) given
respectively in Definition 3.1, Definition 3.2 and Theorem 4.2. By Theorem 2.2, one
can find that all these functions are analytic at 7 = 0 when z takes these special
values w(7) given there. We shall prove that this is exclusively the only case.

Proposition 5.2. Let w € C{7} and let I = (—m, 7). If w(0) > —1, then there ex-
ists R > 0 such that the composite functions b(w(7) | T) is well-defined and analytic
in V(I; R) and is bounded in every proper sub-sector of V(I; R).

Proof. For all T € C*, let D, be the sector containing 0 and bounded by (—oo, —1]U
[-1,—1 — ooT), where [—1,—1 — oo7) denotes the half straight-line starting from
—1 to oo with the direction —7. By combining (3.3) together with (3.4), one can
find that, for all fixed 7 € C\ (—o00, 0], the function b(z | 7) is defined and analytic
for z € D;; see the definition in (4.4) and Figure 7 for the set A, of singularities
of b(z|7) in the case 7 € H.

If w(t) > —1, one can easily see that w(7) belongs to this half-plane D, when
|7| is enough small with 7 ¢ R~. This implies that b(w(7)|7) is well-defined and
analytic in some sector V(I; R), R > 0.

The boundedness of this function over any proper sub-sector comes from direct
estimates done for (3.2). O

In a similar way, one can find that the statement of Proposition 5.2 remains true
if b(z|7) (= bT(z|7)) and I are replaced with b~ (z|7) and (0,27) respectively.
Thus, one obtains the following
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Theorem 5.3. Let w € C{r} and let b(z|T) as in Definition 3.1. If w(0) > —1,
then there exists R > 0 such that b(w(7) | T) admits a Gevrey asymptotic expansion
in V(I; R) with I = (—m,m).

Moreover, b(w(7) | T) can be continued into an analytic function at 7 =0 if, and
only if, w(t) = mt for some m € Z.

Proof. Let R > 0 be as in Proposition 5.2 and write
Vi=V((=m7);R), Va=V((0,2m); R).
Define
fu(r) = b(w(r) [ 7) = bT (w(T) 1), falr) = b (w(T)]7)

for 7 € V1 and V5 respectively. By putting z = w(7) into both relations (3.8) and
(3.9) of Theorem 3.1, it follows that

() +D/7| =1/T)
(=17 =1/T)s0

(5.4) f1(7) = fa(7) = —log

if re HNVyNVs, and that

(w(r) +1)/7]1/T)s
(5.5) fi(m) = fa(7) log (/7 11/7)m
ifreH NNV

One observes that V1 N V5 NR = (. Therefore, by considering Proposition 5.1,
relation (5.4) together with (5.5) imply that fi(7) — fo(7) is exponentially small in
the common domain V;NV5,. This allows us to apply Corollary 5.1 to get particularly
the common Gevrey asymptotic expansion of both f; and fs.

Furthermore, Corollary 5.1 implies that f; can be extended into an analytic
function at 7 = 0 in C if, and only if,

(7w(7) +1 1 1 1

= Do = (21— 2)ee
for all 7 € H, or equivalently,

T T T T
1 1
7M:77 mod Z .
T T

In this way, one finds the necessary and sufficient condition w(7) € 7Z in order to
have an analytic function b(w(7)|7) at 7 = 0 in C. This ends the proof of Theorem
5.3. |

In a similar way as in Theorem 5.3, one finds the following result about B(w(7) | T)
and P(w(7)| 7).

Theorem 5.4. Let w € C{7}, I = (—m,w), and let B(z|7) and P(z|T) be as in
Definition 3.2 and Theorem 4.2. Then, there exists R > 0 such that the composite
functions B(w(7)|7) and P(w(T)|T) represent each an analytic function in the
sector V.=V(I; R) at 0 in C and admits a Gevrey asymptotic expansion as T — 0
in V provided that w(0) € (—1/2,1/2) and w(0) € (—1,1) respectively.
Furthermore, the following conditions are equivalent.

(1) B(w(7)|T) can be continued into an analytic function at T = 0.

(2) P(w(r)|T) can be continued into an analytic function at T = 0.

(3) w(r) =m7/2 for some m € Z.
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Proof. By using (3.16) and (4.23), both B(w(7) | 7) and P(w(7) | 7) can be expressed
in terms of b(w(7) | 7) as follows:

B(w(r) |7) = b(~so(r) — 517) — b{e(r) ~ 5 |7)

and
Plw(r)[7) = =b(w(r)[7) + b(=w(T) | T).

Thus, Theorem 5.3 implies the existence of the sector V(I; R) in what B(w(7)|7)
and P(w(r)|7) are analytic and have a Gevrey asymptotic expansion as 7 — 0
when w(0) € (—1/2,1/2) and w(0) € (—1, 1) respectively.

In order to see that the conditions (1) and (3) are equivalent, one makes use of
the relations in (3.24), (3.25), observing that

vely e z+1/2 _ -z+1/2
2 T T

Finally, combining the expression of P(z|7) in (4.23) with the Stokes’s relations

(3.8) and (3.9) allows one to obtain the following equation: for all 7 € H,

G+ D/T] =1/T)e

—(=2+1)/7] = 1/T)

where P~ (z|7) denotes the function defined by (4.22) with d € (0, 7). In this way,
a similar reasoning implies that both statements (3) and (2) are equivalent. O

mod Z.

P(z|7)— P (z|7) =log

5.4. Necessary conditions for an Euler product to have an exponential-
convergent expansion.

Proof of Theorem 5.1. By using (2.1), one can suppose, without any loss of gener-
ality, that w(0) € [-1/2,1/2).

The rest of the proof will be composed of two parts, relatively independent, each
of which will be devoted to one case of the value of w at 0.

Case (1): w(0) € (—1/2,1/2). By putting z = w(7) into the expression given in
(1.22) by Theorem 1.3 yields that

(656) )= 5 logfla) = A(r) + L(r) + 5 Blu(r) |7) + R(r),

where one introduces the following notation:
1

Ar) = 5= log(e(— 1) VIT @) = — o + 1= loa(1 4+ e(w(r)))
Lir) = -2y = L2 L

On the one hand, as w(0)—1/2 < 0, relation Lemma 2.2 implies that R(7) € A5 *.
On the other hand, it is easy to see that

A(r) eCir}, L(r) = _w

Thus, comparing (1.16) (o = 0) with (5.6) yields that, as f € €;:

mod C{r}.

(57) B(w(r)|7) = vlogT + 2 +p(r) + (1),

where v, A € C, p € C{7r} and ¢ € A§_1.
By Theorem 5.4, one finds that B(w(7)|7) has a Gevrey asymptotic expansion
as 7 — 0 in some sector V' = V(I; R), where I = (—m,m) and R > 0. One finds that
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v=0and A =0 in (5.7). Furthermore, the germ of exponentially small function
will be bounded in any proper sub-sector of V. As the openness of V' is larger that
m, a classical argument such as Phragemen-Lindeloff Theorem implies that 1 = 0;
see also [4] for this matter.

Consequently, all terms excepted ¢ are necessarily null in the expected expression
of B(w(7)|7) in (5.7). This together with Theorem 5.4 (3) imply that w(r) = & 7
with m € Z.

Case (2): w(0) = —1/2. Let w1 (7) = w(T) + 1/2. If w1 (7) = m7 with m € Z<,,
then f =0 and f € €;. Suppose then that wy(7) # m7 for any m € Z<q. In view
of (2.1) and Lemma 2.1 (1), one can suppose that

wi(r) =pr+0(r?) (r—=0€C),

where p > 0.
Putting z = w1 (7) in (4.20) of Theorem 4.2 gives that

f(q) _ \/27'(5;1(8—_‘_6(10;1(7—))) 6( l) 6s(log\971)+L(7')JrP(wl(‘r)|7') Rl(’r),

Y
so that
. 1 T 1 1
(5.8) f(r)= o log 7 +G(T)+ A(r) + o L(T) + 5 P(wi(r)|7)+ R(7).
In the above, s = w1 (1) /7,

logT(s+1) log2m
- - + -
274 271

G(r) = % (logs—1)

T 1 e(wi(r)) —1
21 " 4mi log 2miws (1)
Lis(e(w1(7)))

L(r) = =5 = +log(wi (7))
and
R() = g log Ra(r), Bufr) = (2022 )

Since wy(7)/7 — p > 0 for 7 — 0 € C, it follows that G € C{7}. And this is the
same for the function A(7). Furthermore, by Lemma 2.2, one gets that R € .A§_1.

In order to compare (1.16) with the expression in (5.8), we shall consider L(7)
and P(wy(7)| 7). When 7 makes a complete rotation along a circle around 7 = 0,
the image X = e(w: (7)) forms a circle around X = 1. By (4.16), one finds that

Lis (e (w1 (7-62”"))) — Lig (e (w1 (7’))) = —2milog (e (w1 (7‘))) ,

so that

(5.9) L(re®™) — L(1) = —zm'(““T(T) —1).
Thus, if one defines

(5.10) L(r)=L(r) - (L(T) —1) log,

T

then L is a function without monodromy at 7 = 0.
Let

(5.11) P (r) = w(7) 77_(M —Ur logT 4+ P(wi(7) | 7).
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It follows that
L(7) + P(wi(7) | 7) = L(7) + P*(7).

By comparing (5.8) with (1.16) with the help of (5.9), (5.10) and the above analysis
for G(7), A(t) and R(r), one finds that, if f € €;, then P*(7) mod A5~ can be
continued into an analytic function at 7 = 0. This is possible only when both
condition in the below are fulfilled: (i) wi(7) = a7 for some a € C and, (ii)
P(wi(7)|7) mod A§_1 can be continued into an analytic function at 7 = 0. By
applying Theorem 5.4 as what done for B(w(7)|7) in the above, one obtains finally
that wy (1) = 2 mr, m € Z.

In summary, in both cases (1) and (2), one finds that f € €; implies that

w(0) = $m7 + ¢, with € = 0 or —3. This ends the proof of Theorem 5.1. O

In the above, one can notice that the function L given in (5.10) is analytic at
7=01in C. At the same time, if wy(7) # p7, the function P*(7) defined in (5.11)
would contain two essentially different types of singularities, one being of log-type,
the other being Gevrey-type.

6. ASYMPTOTIC BEHAVIOUR AT AN ARBITRARY ROOT VIA CONTINUED
FRACTIONS

By taking into account Theorem 5.1 together with Theorem 2.2 (1), Theorem
1.2 will be established in full with the help the following

Theorem 6.1. Let r € QN (0,1), ¢ = e(r), and let w(r) be a germ of analytic
function at T = r in C such that w(r) € R. One has f(q) = (w(7)| 7)o € €¢ if,

and only if, there exist n, m € Z such that w(t) = +(n + mr).

The key-point that permits us to pass an arbitrary rational value r to the case of
r = 0 consists of using continued fractions relative to r; see Theorem 6.4. In fact,
one will observe, in §6.1, that the above-introduced functions B and P are analytic
at each generic non-zero rational point.

6.1. Bernoulli integral and associated functions on real axis. We will dis-
cuss the degenerate case 7 € Ry for each of the functions b(z|7), B(z|7) and
P(z|7) considered in Sections §3, §4 and §5. In what follows, we will make use of
the following notations: on the one hand,

(6.1) e € (0, g), We=V((—ee€);0), WE=C\W,;

on the other hand, the letter r will always denote some given positive number.
First of all, we consider the function b(z|7). By Definition 3.1 and Remark 4.1,
b(z| 1) is well-defined and analytic in the domain (—W¢ — 1) x W, where

SWE—1=C\ (- W, —1).

See Figure 10 in the below.
One observes that, if € — 0", then:

We — (0,00), —WS—1—C\ (—o0,—1].

Let A, be as given in (4.4) for all T € H. By replacing 7 with r, we will continue
to write

(6.2) A, ={n+mr:neZ<_1,méeZ<}.
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FIGURE 10. b(z|7) is analytic for z € (-W¢ —1) and 7 € W,

If 25 € (—o0, —1] \ A, we define
—z0]—1

[
(6.3) bzolr) = (2] —1-2 Y [tk
k=1

r

where, for any o € R, [a] denotes the integral part of « and {a} is the corresponding
fractional part, that is a — [a].

Theorem 6.2. Let r € Rug and let A, b be as in the above. Then b(z|r) is
analytic in C\ (—oo, —1] and can be continued to be an analytic function over the

universal covering of C\ A, such that the following relation holds for all zy €
(—o0, —1]\ A,:

(6.4) lim (b(zo + i€ |r) — b(zo — i€| 7)) = b(z0| 7).

e—0t
Proof. Let D(zp) denote the expression in the left-hand side of (6.4). By putting
T =7 into (4.2), one finds that, if z ¢ (—oo, 0], then:
b(z —1[r) = b(z[r) + I(s),
where s = z/r and I(s) is as given in (4.9). Thus, one can write
. 20 . 20 .
D(zo—1)=D 1 I(— —I(— —
(20 = 1) = D(z0) + lim (I(==+ei) = I(—= — €i))
for all zg € (—o00,0] \ A,. By using (4.9), one gets that
22’0 . . 20 . 20 .
(6.5) D(zo—1) = D(zp) + (1 — 7)7‘(‘2 + €l_1>r(r)1+ (logF(T +ei) — 10g1“(7 — €i)).
Let n be any negative integer, say, n = —m, m > 0, and let s € (n,n+1). From
the relation
T(z+m)
(T)m
and the fact that logT'(x + m) is well-defined and analytic for R(x) > n, it follows
that

I'(z) =

lim (logT ) —logT(s — ei)) = — lim (1 N, — log(s — €i),,
E_1>I(I)1+( ogI'(s + €i) — log I'(s — €i)) 6_1>r(r)1+( og(s + €i) 0g(s — €i)m)
= 2min.

Therefore, (6.5) yields that
(6.6) D(z0 — 1) = D(z0) + 2(n — %)m’ + i

Letting zg = (n + do)r with ng € Z.o and §y € (0, 1), the above expression in
(6.6) becomes
D(zp — 1) — D(zp) = —2midg + mi .
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By replacing zy with zyp + 1 and iterating this process, one obtains the finite se-
quences (ng) and (dx) associated with the pair (2o, r) in the following manner:

20+ k= (ng+0)r, ng € Z<
with &), = dk(z0 |7) = {ZE}. Since D(zo + k) = 0 for k > —1 — 2o, one finds that
D(z0 — 1) = —=2(80 + .. + O z9)—1) i + [—20] i

Replacing zo with zg + 1 in this last relation gives D(zp) = b(zo | ), where b is as
given in (6.3), so one obtains the expected relation (6.4) and Theorem 6.2. O

Let € € (0, %) and let We, W¢ be as in (6.1); see Figure 10. By using (3.16), one
finds that B(z|7) is analytic in the domain ((1/2+ W¢) N (=1/2 — We)) x W..
Similarly, from (4.23) one obtains that P(z|7) can be continued to be analytic in
the domain ((—1— W) N (1+ WE)) x We. See Figure 11.

—
H
We
§1

“We -1 We+1

FIGURE 11. P(z|7) is analytic for z € (WS —1)N (WS +1) and
T e W,

By letting ¢ — 0%, one sees that, for any r > 0, B(z|r) is analytic for all
z € C\(—o0,—1/2)U(1/2,00) while P(z|r) is analytic for z € C\ (—oo, —1]U[1, 00).

Theorem 6.3. Let r > 0, let A, and b be as in (6.2) and (6.3).
(1) The function B(z|r) can be continued to be analytic in the universal cov-
ering of C\ ((1/24 A,) U (=1/2 = A,)), and the following relations hold
forall zo e R\ ((1/2+ A,) U (=1/2 = A,)):

(6.7) 613&(3(20 +ie|r) — B(zo — i€ r)) = —5(—|zo| - % |7).

(2) The function P(z|r) can be continued to be analytic in the universal cover-
ing of C\ (A, U(=A,)), in such a way that, for all zo € R\ (A, U(=A,)),

(6.8) el—i>I(I)1+ (P(zo +ie|r) — P(zg — i€ 7“)) = —I;(—|zo| | 7).

Proof. This follows directly from Theorem 6.2 together with relations (3.16) and
(4.23). O

6.2. Continued fractions and modular transforms. Let (p,m) € Z X Zso,
pAm=1,7=2L andlet ¢ = e(r). We will consider the asymptotic behavior of

the Euler product (z|7)s when 7 2% L or equivalently, when ¢ =5 ¢ = e(L£).

The case p = 0 has just been previously treated in Section §5; without any loss of
generality, one will assume in what follows that £ € QN (0,1).

As in (6.3), we will let [a] and {a} to denote respectively the integral and
fractional part of any given real o. The strategy that will be put into place consists
of making use of continued fractions to reduce the general case 7 =% L into the

known case 7 =% 0. This is possible because of the following
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Lemma 6.1. Let r € (0,1), ¢ = e(r), (i = e({-1}), and let w € C{r — r}.
Consider

f@) =) [T)os  gla1) = (wi(m1) [T1)oo
where

g=ce(t), 7= —% + [—%] ., q =e(mn)

and
1

1
wiln) = (n—[=-]) (1 —w(—m))-
Then f € €¢ if, and only if, g € C¢,.

Proof. Let d € Z and let T'(z,7) to be given as follows:
z—1 1
(6.9) (2|T)oo =T(2,7) ( | —;—!—d)oo.

By (1.22) and (4.20), T'(z,7) can be expressed by means of each one of both func-
tions B(z — 1/2|7) and P(z|7) in the following manner:

(6.10) T(z,7) = Az — % | 7) eb2(z=1/2[m)+B(==1/2]7)
and
2ms(1 —e(2)) e(—l)
T(s+1) 24
Putting z = w(7), d = [-r] and 7 = —1/(11 — d) in (6.9) gives
F@=T()g(@m), T(e(r))=T(w(r)).

Thanks to (2.1), one can suppose that w(r) > 0, so that in (6.11), s — w(r)/r # 0
as T =% r > 0. By means of Theorem 6.3, one can find v € C such that

Lig (e(z
sllog s—1)+H3EEN L Pz | 1)

(6.11) T(z,7) =

(6.12) logT(7) = vlog(tr —r) mod C{r—r}.
From (6.12), one obtains that 7' € €. By Lemma 2.1 (1), it follows that f € €,
if, and only if, f/T € €., which is equivalent to say that g € &€,. O

The above operation (g, 7,w) + (¢1,71,w1) considered in Lemma 6.1 allows one
to link two limit rationals r and r; as follows. For any given » € QN (0, 1), one can
iterate the process

19 man) = ({5} 5 ) 2)

and, after a finite number of steps, one arrives at the case where 7 =% 0. This
iteration procedure requires to write r into continued fraction. Thus, to any given
r=2¢cQn(0,1) will be associated the sequences r; € QN [0,1) and d; € Z¢ in
the following manner:

p 1 1
( ) To m’ 0 Ty { 1

bodj=[--](1<j<v),

7’]‘ T

where v denotes the smallest index such that r, =0, i.e. 1/r,_; € Z~o. With the

standard notation for the continued fractions, one can notice that

1 1 1
6.15 r=0,di,—ds...,(—1)""d,] = —
(6.15) [0,d1, —da..., (—1) ] e i,
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Let r be as in (6.15) and let (z,7) € C x H. In the same fashion as in (6.13), we
introduce the r-depending sequence (z;, 7j)o<;j<, as follows: 79 =7, 2o = 2;
i1—1 1
(6.16) Zj:Z]li, Tj:dj— .
' Tj—1 Tj—1

Moreover, for any given w € C{7 — r}, we will write

Wi 1(Tj—-1) — 1
(617) wo(m) = (r),  wy(ry) = L2
Tj—1
where 7; is linked with 7;_; as in (6.16). If we let 7 = 79 < r in H, then 7; % r;
in H, particularly with 7, % 0; thus one can observe that wj € C{r; —r;} for all
positive integer j < v. Furthermore, it is easy to see that 7; € H, with
dj

Tj:MjTj—la Mj< 1

o ) € SL(2:2).

Thus, one can find that
=M1, M=M,..M €SL(2;Z).

Theorem 6.4. Let v, r be as in (6.15), w € C{T—r}, and let 7, w; be as in (6.16),
(6.17), respectively. Let (; = e(r;) and q; = e(t;) for j from 0 to v. Consider

(@) = (w)IT),  filaj) = (wu(75)|7j)o0
for T and T; enough closed to r and r; in H respectively. The following conditions
are equivalent.
(1) fe &.
(2) f; €€ forall j from 1 till v.
(3) w(r) = $(br +n) for some ({,n) € Z2.

Proof. The equivalence between (1) and (2) follows directly from Lemma 6.1.

(2) = (3): One considers j = v in Condition (2), with r, = 0, {, = 1. Thus,
applying Theorem 5.1 to f, implies that w, (7,) = §(n, +my7,) for some suitable
(ny,,m,) € Z%. Moreover, by (6.17) it follows that

1 1
wi(r) = 5 (a7 +b) = wima(m-1) = 5 (@j-17j-1 + bj-1),
where a;_1 = a;d; + b;, bj_1 = —a;. As d; € Z, one finds that

(CLj, bj) € Zz <~ (aj_l, bj—l) € Zz .

This gives the expression wanted in Condition (3) for w(r).
(3) = (2): This follows directly from Theorem 2.2 (1). O

6.3. Concluding proofs. On the one hand, it is clear that Theorem 6.4 contains
Theorem 6.1. On the other hand, one gets Theorem 1.2 by combing Theorem 2.2
(1), Theorem 5.1 and Theorem 6.1.

Proof of Theorem 1.1. Corollary 2.1 gives that (1) = (2) = (3) = (4) = (5) for
Theorem 1.1. To obtain the last implication (5) = (1), one supposes that (z;¢*) €
&, so (x; oo € ¢¢. By applying Theorem 1.2 with ¢? instead of g, one gets that
z = e(z) and z = % + 27/ for some (n,m) € Z*, where 7/ = 27. Considering
Theorem 2.2 (2) with 7/ in the place of 7 yields that z € {7/, 1 + 7/, 37/, + 7'},
so = € {q,—q,q?, —q¢*}. This ends the proof of Theorem 1.1. O
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