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APPELL-LERCH SERIES VIEWED AS MOCK THETA

FUNCTIONS

CHANGGUI ZHANG

ABSTRACT. The goal of this paper is to prove that the quotient of a first
order Appell-Lerch series by a suitable theta-function can be written, near
every given root of unity, as the sum of two functions, one of which has a
finite limit and the other one has an asymptotic behavior like as one Jacobi’s
theta-function when ¢ tends to this root. In order to simplify the exposition,
we propose the definition of what we mean almost theta-type function, false
theta-type function and mock theta-type function. The utilization of continued
fractions and linear fractional transformations plays a central role in this paper.
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INTRODUCTION

The Ramanujan’s mock-theta functions have a ultimate link with Appell-Lerch
series. For this nice subject, one can see the short paper [19] of K. Ono in the
Notices of the AMS or, more extensively, the classical references such as [30], [11],
[2], [12], [39], [32], etc .... The goal of our paper is to study the asymptotic behaviour
of these series near every root of unity, in the hope of contributing later to a best
possible knowledge of the world of the Ramanujan’s mock-theta functions.

0.1. Appell-Lerch series, ¢g-difference equations and Gevrey asymptotics.
In [16], one can find the following definition of Appell-Lerch series Ry :

0 kn? /2 p2knzmi o0 1.2
q e(3n°kr + nkz)
0.1 Ry ( = _—
( ) Z w|T Z —qn €2w7rz Z l—e(m'—i—w) ’

where k € Zsg, 2 € C, w € C\ (Z® 7Z), 7 € H and where ¢(.) is defined by the
relation e(a) = 2™ for all a € C. By considering the relation

1 — e(knt + kw)
1+e(nt+w)+..+e((k—1)nt+ (k—Lw)’

1—e(nr+w)=

one finds from (0.1) that

=

-1

(0.2) Ry(z,w|7T) =) e(lw)Ry(kz + ¢1,kw]|kT)
‘

provided that w ¢ %Z @ 7Z. This implies that the first order Appell-Lerch series

Ri(z,w|7) plays a basic role.

By direct computation, two functional equations can be easily found: on the one
hand,

Il
<

o0

Z e(3(n+ 1)%kr + nkz — 1kr)
S 1—e((n+1)7 4+ w)

(0.3) = e(—k(z + g)) Ru(z,w | 7);

Re(z+Tm,w+7|7) =
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and on the other hand,

=1
Ri(z,w|7) — e(w) Re(z + E wlr) = n;me(?ﬁm + nk2)
(0.4) = Js(kz | k),

where ¥3(z|7) denotes one of four classic theta-functions of Jacobi [20, p. 166,
(76.1)]. Putting k = 1 into the relation in (0.4) yields that

(0.5) Ri(z,w|7) —e(w) Ri(z 4+ m,w|7) =93(2| 7).

In the above, one sees that each series Ry(z,w|7) can be considered as special
solution of some functional equations using difference operators of the form z +— z+
7, as in the classical theory of elliptic functions. In fact, in [6] and [7], Appell studied
elementary decomposition of the elliptic functions of the third kind, introduced by
Hermite [15]. Later, Lerch [16] studied several series with the view of writing a
general elliptic function as linear combination of simple ones, where the factors may
be theta functions. These series appeared also in the analytic theory of numbers
and in particular in the theory of quadratic forms; see [17].

Remember that the traditional elliptic functions are all meromorphic functions
in C that have two periods. The corresponding multiplicative model is to say that
an elliptic function is simply a meromorphic function in C* that is left invariant by
the ¢-difference operator = — gx. As in the theory of differential equations, a g-
difference equation may be singular and the structure of its analytic solutions may
be made depending on whether the singular point is Fuchsian or non-Fuchsian; see
[28], [26] and the references therein. It will be useful to observe that the relation of
Ri(z,w|7) in (0.5) can be transformed into a non-homogeneous and non-Fuchsian
linear g¢-difference equation of the first order.

This is why, in this paper, we shall take the point of view of singular-irregular
g-difference equations. Namely, apart from a factor of theta function, Ry (z,w|T)
is exactly the sum-function along a spiral for the g-Euler series E(z;q) ( [27], [34]):

(0.6) E(zq) =Y ¢ "2 ()",
n>0

Moreover, to this same divergent series is associated one other family of sum-
functions by means of Gaussian kernel [33], which contains the well-known Mordell
integrals [18]; see also [1]. Comparing these different sum-functions will furnish
exponentially-small functions, that are in fact of modular-like type. In other
words, modular-like transforms, exponential-scales changes or Stokes phenomena
may come together. This implies the role that the singularities analysis of ¢-
difference equation may play inside the theory of theta-like functions.

Beside, Watson has written several papers about Ramanujan’s mock-theta func-
tions, and one of the most popular may be [30]. At p. 78 of this paper, he said: It
can be proved that these expansions possess the property that (for a complex) the
error due to stopping at any term never exceeds in absolute value the first term ne-
glected; in addition, for a positive, the error is of the same sign as that term*. The
footnote here is the following: This property... It is the fact that these expansions
are asymptotic (and not terminating series) which shows that mock theta-functions
are of a more complex character than ordinary theta-functions.

This quotation shows that G.N. Watson knew well the natural role played by
the asymptotic expansions for the mock-theta functions of Ramanujan. In the
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following, we will make use of the theory of Gevery asymptotic expansions, whose
origin can go back to G. N. Watson [29], with his famous Lemma. In fact, the theory
of Gevrey asymptotic expansion is an exponential-type asymptotic analysis, and
such an approach provides a framework around which the exponentially smallness
appears in a natural fashion; see [8] or [25].

0.2. Organization of the paper. The rest of this paper is divided into five sec-
tions, the last one being included in Appendix. In §1, we shall propose the defini-
tion of what we mean theta-type function, by establishing that the classical Jacobi
theta functions are really theta-type. This definition suggests how to distinguish
one mock theta-type function from one false theta-type. By using all that, we will
arrive at the statement of our main result of this paper, Theorem 1.3. This implies
the following one:

The quotient of Ri(z,w|T) by a suitable theta-function can be written, near
every given root of unity, as the sum of two functions, one of which has a finite limit
and the other one has an asymptotic behavior like as one Jacobi’s theta-function
when ¢ tends to this root.

In the above, the decomposition will depend of the root of unity about what we
study the asymptotic behavior. It will be important to notice that the finite part can
not be uniformly bounded for all roots except a very few number of cases which
are related to the half-periods. This is an essential distinction existing between
one false theta function and one mock theta function, as observed by Ramanujan
himself.

In §2, we will start with the analytic continuation of a Mordell integral G(z; q),
that is a sum-function of the divergent series E(x;¢) given in (0.6). The central re-
sult of this section is Theorem 2.1, which allows one to consider this Gg-summation
even for complex ¢ of module |¢| < 1. Found by means of Laplace transform, this
result implies the analytic obstruction with respect to the parameter x of this sum-
function on the one hand and a generalized reciprocity law for Gauss sums on the
other hand. See Theorems 2.2 and 2.5.

The sum-function L(z, i; q) of E(z;q) will be studied in §3, and one will see that
this is related to Rp(z,w|7) via some theta-function factor. This sum-function
and G(z;q) yield a modular-like formula, and using this with continued fractions
and linear fractional transformations allows one to get the asymptotic behavior of
L(x, u;q) at every root of unity of g. So, Subsection 3.3 and Theorem 3.6 play an
important role for this section. Notice that Theorems 3.7 and 3.11 give conditions
about the parameters z and p or, equivalently, about z and w, for obtaining a
false-theta type function.

In order to keep the reading smooth and easy, we will complete the proof of
certain statements in §4. Finally, in §A, we will give some definitions and properties
that we need in this paper in matter of Gevrey asymptotic analysis and g-Borel-
Laplace summations.

1. NOTATIONS, DEFINITIONS AND MAIN RESULT

Let D be the open unit disc |¢| < 1, and let D* = D\ {0}. As usual, we let H
denote the Poincaré’s half-plane 3z > 0. By the map e : 7+ e(7) = 2™, the
analytic space H is identified to the universal covering of D*. In the whole paper,
U denotes the set of all roots of unity, that will be identified with QN[0,1) via the
relation U = e(Q N [0,1)). By convention, e(a) = 0 when a = ico.
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In order to be able to use the linear fractional transformations for discussing
the asymptotic behavior at a given root of unity, we shall extend the usual radial
convergence into what we will mean almost radial convergence, and this will be
defined in §1.1. Thus, in §1.2, we will give the definition of an almost theta-type
function and that of false-theta or mock-theta in this class of functions. Some
general properties of these functions, like as the algebraic structure between them
and their dominant terms, will be described in §1.3.

As basic examples of theta-type functions, we will discuss Jacobi theta-functions
in §1.4, that will be used later for the mock-type properties stated for Appell-Lerch
series. Some functional relations will be mentioned in §1.5 for these series, before
giving the main result of this paper, Theorem 1.3, in §1.6.

1.1. Modular group, radial convergence and exponential smallness. For
any given a € dD*, by radially symmetric sector at a inside D* we mean any sector
Va(d, r) defined for d € (0,7) and r € (0, 1) in the following way: if a # 0,

d
(1.1) Va(d,r) = {qeD*: |arg(1_g)\ <G la—al<r};
otherwise, one writes
. d
(1.2) Vo(d,r) = {q € D* : |argq] <35 gl <r}.

With a view to extending the usual notion of radial convergence, we shall say that
q almost-radially tends towards a € OD* and we will write ¢ 253 a, if ¢ — a within
some radially symmetric sector at a inside D*.

Let o € 9H U{ioo}; by vertically symmetric sector at a in H we mean any sector
Vo (6] p) defined for § € (0,7) and p > 0 as follows: if a # ioco,

T—« 1)
(1.3) V(Jt((5|p):{7'€?'-£:|a1rg(T)|<§7 IT—a| <p};
otherwise, one sets
T 1)
(1.4) Vioo((5|p):{7'€7-l:|8Lrg€\<§7 7| > p}.

We shall say that 7 almost-vertically tends towards o and we will write 7 =% «, if
7 — « inside some vertically symmetric sector at « in H. See Remark A.1.

The modular group SL(2;Z) acts naturally on H by the linear fractional trans-
formation 7 — M for all M € SL(2;Z). One can find that this action is compat-
ible with the above-introduced convergence notions in the following manner. Let
a € ID*, o € OH U {ico}, and assume that a = e(«). Then the following conditions
are equivalent for ¢ = e(7):

(1) ¢ =% a;
(2) 7% q;
(3) M1t %% Ma for any M € SL(2;Z).

Moreover, if 2(; and A denote respectively the sheaves of germs of analytic
functions in radially symmetric sector V,(d,r) and in vertically symmetric sector

Vo (0] p), with a = e(a), then one can notice the following one-to-one correspon-
dence:

(1.5) A fr foeeAY.
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A function ¢ € AY will be called exponentially small as 7 “% « and written
@ € €0 if there exist 6 € (0,7), p > 0 and & > 0 such that () = o(e™"/I7=])
on V,(0]p). Here and in the following, the local coordinate 7 — a needs to be read
as 1/7 if a = ico.

1.2. Definition of almost theta-type functions. Given a € dDU{0}, we let &"
to be the space of all f € A" that has a Gevrey asymptotic expansion as ¢ — a,
this implies particularly that f(q) = O(1) as ¢ 2% a for every f € &7. With the
help of the application f +— f given in (1.5), one can define the sub-space &Y inside
2A2. See (A.3) and Remark A.2 for more details. If no confusion is possible, we will
drop the upper indices r and v and simply write &, and &, there.

In order to understand what might mean Ramanujan mock theta functions, we
will make use of the following

Definition 1.1. Let ¢ =e(7), 7 € H, a = e(a) € UU {0}, and let f € AL.
(1) One says that f(q) is of theta-type as ¢ =5 a and one writes f € Ty, if
for all N € Z>y, there exist (v,\) € Q X R, a finite set I = I, v C R and
a C*-valued map v = vqo,n on I such that the following relation holds for
% o

Tyo .
(1.6) Fl) = ()" eO7) (Q_a(k) ai + olat’)
kel
where 7 =7 —a and ¢ = e(—1).
(2) One says that f is of almost theta-type as ¢ 2% 4 and one writes
f €%, if there exists 9 € T, such that f — 9 € B,

In (1.6) and in what follows, we make use of the following notational convention.
(1) For all k € R, ¢f = e(—%) as 1 = e(—1).
(2) When ¢ =0 and « = ioco, 7 should be read as —%, and ¢ = q1.
(3) The summation »_, ;(...) should be read as null whenever I = ).

Definition 1.2. Let f be an analytic function defined in D* or in the universal
covering D*.
(1) One says that f is a theta-type function and one writes f € T, if f € T,
for all ¢ e UU{0}.
(2) One says that f is a false theta-type function and one writes f € §, if
f ¢ T and there exists ¥ € T such that f(q) —Y(q) € &¢ for all { e UU{0}
and that, furthermore,

(1.7) sup | lim (f(q) —J(q)) | < oco.
¢el ' g—¢
(3) One says that f is a mock theta-type function and one writes f € I,
if f € %¢ for all ¢ = UU {0} and, moreover, f is not a false theta-type
function.

In his last letter to Hardy, Ramanujan emphasized the boundedness condition
(1.7) that appeared for Rogers false theta-functions; see [30]. However, as most
of mathematicians of his time, Ramanujan used the usual notion of asymptotic
expansion instead of the Gevrey one, what would be latter initiated in [29] by
Watson.
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Beside, in [13, p. 98-99], one can find the definition of a mock 0-function and
that of a strong mock 0-function; see also [3]. Our above definition in (3) may be
seen to be situated between these two definitions. In order to avoid the confusion,
we choose to call them theta-type instead of theta.

1.3. Some general properties of almost theta-type functions. With regard
to the uniqueness of the decomposition of a theta-type function at a given point,
one can notice the following

Remark 1.1. Given f be as in (1.6), if Io n # 0 for some non-negative integer
N, then the pair (v,\) is uniquely determined, independently of N. Moreover,
Io,n C g nr and fya_,M|I v = YaN for all M > N.

Indeed, let I, = Un>ola N, and write I, = {ko, k1, ko, ...} as an strictly increasing
sequence. If ¢y = v(ko), taking the logarithm for both sides of (1.6) gives that

(1.8) log f(q) = —2mi k—? + Ulog(é) +logco + A7+ o(e /171y |
7 7

where x > 0. This implies the uniqueness of (v, A, ¢g). The next coefficients y(ky,)
for n > 0 can be determined successively by replacing in (1.8) the function f with
its k,,-th remainder given as follows:

fa) = (L) e0n (Y k). =
kel, k<kn

For simplify, we shall call respectively dominant term of f at a and principal
part of f at a, the expressions t,(f) and P,(f) given as follows:

7

(1.9) ta(£)(@) = 0 (3)" €M) 1"

and

(1.10) Pu()(@) = ()" ) (D A(k)ab) -
k€la0

In (1.9) in the above, cg = (ko) and ko = inf{k € I, n : N € Z>}; by convention,
to(f)=01if I, y =0 for all N > 0.
In this way, if t,(f) # 0, (1.6) implies that

(1.11) f(q) = ta(f)(@) (1 + o(q7))

for some x > 0. Beside, for any I = I, ny, N € Zxg,

(112 f@) =P+ (2) 0D (X 9k ek +ofa).
kel k>0

Consequently, f is exponentially small if, and only if, P,(f) = 0.
As to the algebraic structures of ¥, one can notice the following

Proposition 1.1. (1) The sets ¥, and ¥ are stable for the product between
two functions.
(2) If Tk ={f € Tu : ta(f) # 0}, then T constitutes a multiplicative group.
(3) ¥ is stable by the ramification operator q — q* for all v € Qsg.
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Proof. (1) This follows directly from (1.6). Indeed, let I and J be two increasing
sequences in R without (finite) accumulation point. Their sum

I+J={k+k:(kK)elxJ}
represents also an increasing sequence that admits no finite limit in R. This together
with (1.6) imply that fg € ¥, if everyone of f and g is given in T,,.
(2) Let f € T, If one writes f = t,(f) (1 + ¢) instead of (1.11), then one can
easily see that (1 + ¢)~! € T,, which implies that % € %4. Thus, one gets that T
is a multiplicative group, in view of the assertion given in (1) for .

(3) Tt suffices to observe that each ramification operator gets roots of unity
moving ones from others. (|

In what follows, we will see in what manner the decomposition of f € ¥, into
fa + 94 € B, + T, may be unique or almost unique. We start with the following

Proposition 1.2. Let a = e(a) e UU{0}, 7 =7 —«, and let f € T,. One has
f € &, if, and only if, P,(f) is of the form P,(f)(q) = c¢7" e(AT), where ¢ € C,
n € Z>o and A € R.

Proof. f € &, implies that, as 7 =2 0, one can find complex numbers a,, such that

M
Fl@) = ani™+O@FMT
n=0
for any non-negative integer M. Let ng = inf{n : a,, # 0}.
(i) If ng < oo, taking the logarithm of both sides of this last asymptotic relation
on f(q) yields that

log f(q) = nglog 7 + log(an,) + O(7).

In view of (1.8), this may be possible if, and only if, v = —ng and kg = 0. In
this way, one finds that I, = {0} and v € Z<o. By (1.10), this gives that
P,(f)(q) = c7™e(A7), with c € C*, n = —v € Zp>0 and A € R.

(ii) If ng = oo, f(q) is Gevrey flat, so this is exponentially small for 7 <% 0;
see [25, p. ?7]. This is equivalent to say that P,(f) =0, by (1.12). O

In view of (1.12), Proposition 1.2 gives the following

Remark 1.2. For every f € ,NT,, one can find n € Z>p, c € C, A € C and
K > 0 such that f(q) = 7" e(A\7) (c + o(e"/1T1)) for + % 0. 0

With regard to writing an almost theta-type function in terms of theta-type
functions, the following result will be useful.

Proposition 1.3. Let a = e(a) e UU{0}, 7 =7 — a, and let (¥1,92) € Ty X Tq.
The following conditions are equivalent.

(1) P — V9 € B,,.

(2) Py(V1) — Pa(92) € B,.

(3) There exist (n,d) € Z2,, (c1,¢2) € C*, (A1, A2) € R? and k > 0 such that

91(q) — V2(q) = 7" (cre(M7) + cate(Xa?) + o(e /I71))

for T 2%,
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Proof. The conditions included in (1) and (2) are trivially equivalent. Furthermore,
the implication (3) = (1) is clear. For seeing (2) = (3), one observes that (2) implies
that P,(¥1) = P,(¥2), for ¥ — J2 is bounded near ¢ = a; see (1.11). Thus, one
deduces the condition in (3) by applying to both ¢#; and 5 the relation given in
(1.12), with the help of Proposition 1.2. |

The condition in Proposition 1.3 (3) requires that the exponent v in (1.6) is a
non-positive integer for both ¥; and 2. This implies immediately the following

Proposition 1.4. Let a = e(a) € UU{0}, f € Ta, (g1,91) € o X Ty, (g2,02) €
B, x T,, and assume that f = g1 + 91 = go + V2. If P,(01) # 0 and the exponent
v in the expression of P,(¥1) given by (1.10) is not a non-negative integer, then
g1 — go is exponentially small for ¢ £ a. O

1.4. First examples of almost theta-type functions. Given (C,\) € C x R,
it is obvious to see that the function ¢ = e(7) — Ce(A7) is a theta-type function.
Especially, one finds that any constant function is theta-type.

Proposition 1.5. Any theta-type function f that is assumed to be analytic at every
point T = a € Q in C is necessarily of the form Ce(At), where C € C and A € R.

Proof. Choose some « € Q and let a = e(a). Unless f = 0, the analyticity of f at
7 = « implies the equality I, y = I 0 = {0} holds in (1.6) for all N > 0. See also
Remark 1.2. (]

One of the most simple false theta-type functions may be f(q) = 14+¢ = 1+e(7).
Indeed, as 7 2% 0, 7+ = 7 and f € &y, for f is analytic there. Thus, applying
Remark 1.2 yields that f ¢ T, so f is not a theta-type function. This gives
directly that f € §. In this same manner, one can observe the following

Proposition 1.6. Let I be a finite set of R possessing at least two elements, v be
a C*-valued map on I, and let f(q) = > ,c;V(k) e(kT).

(1) f €3 if, and only if, the set I NR.o admits at most one element.
(2) feMif, and only if, the set I "R admits at least two elements.

Proof. One sees that f € Ty N &, for all ¢ € U, for f is analytic at 7 = r for all
r € Q. First, assume that I NR.q = 0. As f is exponentially small for 7 <% ico,
f € &g, this implies that f € §.

Next, assume that I contains one unique negative number, denoted by ky. By
letting g = f — (ko) e(ko7) and ¥ = (ko) e(ko7), one finds that f € §, in view of
Proposition 1.5.

Finally, assume that I contains two negative numbers kg and k;. By noticing
that e(kor) and e(ky7) are unbounded for 7 “% jco, none of these terms may
belong to the Gevrey part of the decomposition of f for 7 <% joco. Beside, by
Proposition 1.5, v(ko) e(koT) + v(k1) e(k17) ¢ F¢ for all ( € U. This gives that
fem. O

In line with Proposition 1.6 in the above, one may consider situations in which
the set I contains an infinitely many points. This will be the case for the classical
Jacobi’s theta-functions. We shall see that their specializations on R@&7R are really
of theta-type in the sense of Definitions 1.1 and 1.2.
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For all z € C, we define 6(z| 1) to be the following Jacobi theta-function:
1
(1.13) O(z|71) = %e(gn(n— 1T +nz).

By comparing this with the definition of ¥y (v |7) in [20, p. 166, (76.1)] for k = 1,
2, 3, and 4, where ¢ should be read as 6(%7’), it follows that

(1.14) Oi(z|7) = e(—§+g+i)0(z+%|7),
(1.15) Da(z]7) = e(—5 + 2) 0z 7).

(1.16) Vs(z|7) = 0(z+ g 17),

(1.17) Da(z|7) = 0(z+%+%|7').

See also the right-hand sides of the expression in (0.4) for ¥s.
Let (p,m) € Z x Zsq be such that p A m = 1, and assume that (o, 3) € Z>

ab) _[a-=BY). F=r—2
Y= (50 o w01 7=

and observe that m7 — p = m7. By making use of (1.14), one obtains that

satisfying fm—ap = 1. Let (

€1 i 1., 1 1 22 z 1, ,
=—/=e(=(7" - —(1-— - =)0 =
vm %6(8(7- )+ 2( mi')z 2%) (mf' + 2 ™),

where €; = ¢1(a, —3,m, —p) denotes an 8-th root of unity and

(1.18) 6(z + % |7)

- 1
(1.19) g8 —+ 2
mrT —p mT m
By noticing that 7/ — 7 = ——= — 7 and that
1 z 22 1 1 5
8w amr @ % Tam)

the relation in (1.18) can be written as follows:

1 €1 i 1 1., 7 z 1,
1.2 0 = =—4/z¢e(— —)—=)0 =
Given z € R, = R® 7R, we will write
_J1 21 ¢ 7
(1.21) p(Z|T){|1—e(z0)| el

It is worth noticing that p(z | 7) = 0 if, and only if, z € Z & 7Z.
Lemma 1.1. Let z = 29 + 17, (20,21) € R?, and let f(q) = 0(z + §|7). Then
f € %g. Moreover, if

1

L.
(1.22) k=k(z|T,00) = 3 15161%’21 ~3 -/

one can find ¢ € C such that |c| = p(z|7T) and to(f)(q) = cq (=2 n,

2
)

This follows immediately from the fact that, by definition, 6(z + % | 7) is a sum
of exponential functions with respect to 7. For the proof, see §4.1.
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Theorem 1.1. Let f(q) = 0(z + 3| 7) be as in Lemma 1.1. Then f € T.
Furthermore, let r = £ m > 0, <:1 :g) € SL(2,Z), ¢ =e(r), T =7—,

q1=e(—%), and let 7" as in (1.19). One assumes that T =5 r. If

1 1
(1.23) HZH(Z|T,7“)=§IJ1Ei£1|mzo +pz1—§—€‘2
and z' = (azg + Bz1) — (mzo + pz1)7’, one can find ¢ € C such that |c| = p(2" | 17)
and
C ) 1 n/mz

(1.24) te(f)lg) = T ;6(—§((221)2+1)7ﬁ) q

The strategy is to use the modular relation in (1.20) for leading any rational
point 7 = r into 7/ = oo, in such a way one can apply Lemma 1.1. For more details
on the proof, see §4.2.

Applying Proposition 1.1 (2) gives the following

Corollary 1.1. Given uy, ..., ug and vy, ..., vy two finite families of elements in
ReR)\ (Zo1Z), if
B O(uy + % | 7) ... 0(ug + % | 7)
fla) = O(vy + % [7)...0(v, + % |7)’
then f € X. O

Using the expressions of ¥y, ..., ¥4 given in (1.14) - (1.17) implies the following

Corollary 1.2. If z = 2o+ 217 with (29, 21) € R?, then the Jacobi’s theta-functions
01, U2, U3 and Y4 are theta-type in the sense of Definition 1.2.

Proof. Tt suffices to combine Theorem 1.1 with the fact that e(ar +b) € ¥ for any
given (a,b) € R?; see Propositions 1.5 and 1.1 (1). O

1.5. Appell-Lerch series and functional equations. In the literature, every
Appell-Lerch series is associated with an order k as indicated in (0.1). In addition
to the decomposition formula of Ry in terms of R; as given in (0.2), it is useful to
recall the following important

Theorem 1.2 (M. Lerch [16]). Let k € N* and let Ry(z,w | T) be as in (0.1). Then:

k—1
k+ k k + k
(1.25) Rk(z,wm:ch(z,w\T)Rl(kij%,kHST_ +27|kT)7
s=0
where
0(k Kl k
(1.26) Os(z,w|r):e(kz+sw+(s,%+})7) (kz + (s + £)7 | k7)

8 8 O(kw — & |kr)

Proof. This is due to M. Lerch [16, ?7], who gave the following expression for
Cs(z,w):
1 1. 5(kz + s7[ k1)

Cs(z,w|T) = 6(k2+ (s — g)w—k (s —k+ §)7+ 4) 91 (kw | k7)

In view of the relations in (1.14) and (1.16), this is equivalent to the above expression
stated in (1.26). O
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In the whole paper, we shall consider only the case of k = 1. Write 93 in terms
of 6 as in (1.16), and consider the functional equation
(1.27) O(z|T)=e(z)0(z+7]|T).
One obtains from (0.4) that

Ryi(z,w|T)
0(z+ 5|7)

Cew—z— LyFazrnwin)

(1.28) 27 0(z+ %T|T)

:]_7

what suggests the following

Definition 1.3. For all (z,w) € C? such that neither w nor w—z belong to Z&7Z,
define

Rl(w—z—%—i—%,wh)
9(w—z+%|7)

(1.29) L(z,w]|7) =

Given 7 € H, let 7 be the associated real parametrization of C, that is the map
defined from R? onto C by 7, (20,21) = 2 = 20 + z17. In this way, it is possible
to see L(z,w|7) as a function of 7 possessing four real parameters zg, z1, wo and
wi. We shall study the asymptotic behavior of this function in relation to these
parameters when 7 =% r € Q. If R, = =, (R2), one sees that R, will be reduced
into the real axis when 7 = r, so our study concerns the platitude of the parameters
space C? towards R2.

Definition 1.4. Let 7, as in the above, R, = 7, (R?), Z, = 7, (Z?), and let
11 11

1. Q: _— = _— = — Q .
(1.30) (535l % 55 9 =m(®)

We define

(1.31) R%gT ={(z,w) ER; xR, : w#0, w# zmodZ,}
and

(1.32) Ol =R N (2 x Q).

To any given (¢,m) € Z? can be associated the translation (a,b) — (a+£,b+m)
on R2. This gives rise to the usual action of the (sub-)group Z, on R,. By extending
this action on R?gﬂ one sees that the corresponding fundamental domain is merely

Q?’e;. With regard to the effect of this action on L(z,w | 7), we notice the following

Proposition 1.7. The following relations hold for (z,w) € R

1dT-
(1.33) Liz+l,w|T)=L(z,w+m+n7|T)
for all (¢,m,n) € Z3, and
(1.34) L(z,w|7)+e(z) L(z—T,w|T)=1.

Proof. (1) From (0.3) (with k = 1) and (1.27), it follows that L(z,w 4+ 7|7) =
L(z,w|7). Furthermore, one sees that both R; and 6 are left invariant when
their respective arguments z and w are increased by one. This implies that L(z +
l,w|7)=L(z,w+1|7) = L(z,w| 7). Thus, one gets (1.33).

(2) This is equivalent to (1.28). O
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Let n € Z~gq, and let
n—1

(1.35) Pu(z|7) =Y (-1)Fe(k(z+nr -

k=0

k—1

T)) .

By iterating the functional equation in (1.34), one gets that
Liz+nr,w|t)=1—e(z4+n7)L(z+ (n—1)71|7) = ...,

what gives

n+1

(1.36) L(z+nr,w|7) =P,(2|7) + (-1)"e(n(z + 7)) L(z,w|7).

Replacing z with z — n7 in both sides of (1.36) yields that
-n+1
2

(1.37)  L(z—nr,w|7) = P_,(z|7) + (-1)"e(—n(z + 7)) L(z,w| 1),

where

-1
P_,(z|7) = (-1)""e(n(—z+ n 7)) Po(z —n7| 7).
By using the definition of P,(z|7) in (1.35), one can find that

n

(1.38) Poo(z|m) ==Y (-1 e(~k(z —nr -

k=1

Proposition 1.8. Letn € Z, ¢ € U, and let (z,w) € ngr Then L(z+nt,w|T) €

‘i’c if, and only if, L(z,w|T) € ig.
Proof. Assume that n € Z¢, and consider L(z£n7, w | 7) instead of L(z+n7,w | 7).

By (1.35) and (1.38), both Py (z|7) are analytic for 7 € C, so they belong to &.
Moreover, by Proposition 1.5, one knows that

(=1)"e(£n(z + Entl

7')) €T NG,.

Since both T, and &, are stable for the product of functions (see Proposition 1.1
(1)), one obtains the desired equivalence with the help of the relations in (1.36) and
(1.37). O

1.6. Main result and basic steps of the proof. The goal of the rest of this
paper is to obtain the following

Theorem 1.3. Let (z,w) € Qfgﬂ and consider f(q) = L(z,w|T) be given in
(1.29). Then f € M except in the following cases:
(1) ze{3.53-3%,—-%} andw € {3,45 — 5,—%}, in which case f is a constant

function.
(2) ze {3, —-%,-%} and w ¢ {3,2 — Z,—Z}, in which case f is a false

theta-type function that is not analytic at any T =1 € Q.

As to the proof of Theorem 1.3, letting k = 1 in the middle expression of (0.1)
and expanding this with respect to ¢ implies that Ry(z,w|7) € Ty when ¢ =5
0 exponentially. By considering both Proposition 1.1 (2) and Lemma 1.1, the
expression in (1.29) yields that L(z,w|7) € %p. To treat any root of unity instead
of 0, the step to be followed is to find a modular-like formula like as (1.20) for
the f-function. We shall see that such formula can be obtained by a viewpoint of
the analytic theory of ¢-difference equations. Indeed, to the functional equation in
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(1.34) corresponds a singular g-difference that admits two natural solutions coming
from a same formal power series. One of these solutions being L(z,w | 7), the other,
denoted in the below by G(z|7), can be expressed by means of Mordell integral.
This is to say, a certain Stokes analysis will give some modular-like relation. After
all that, we shall consider the analytic continuation of G(z | 7) on one hand and the
linear fractional transformations on the other hand. In this way, we shall complete
the proof in §3.8.

Finally, in view of the functional relations in (1.33) and Proposition 1.8, Theorem
1.3 implies the following

Corollary 1.3. Let (z,w) € ]R?’G;, and consider f(q) = L(z,w|T).
(1) If2¢ {3, —2,-2} mod Z&® 7Z, then f € IN.
(2) Otherwise, f is either a finite combination of e(AT) with A > 0 or a false

theta-type function that is not reqular at any 7 =1r € Q. O
1.7. Symmetry on parameters and generate cases. Letting k = 1 and taking
—n instead of n in the summation formula of (0.1) yields that
(1.39) Ri(z,w|7) = —e(—w) Ry (T — z,—w|T).
Furthermore, letting k = 1 and s = 0 in (1.26) gives that
T 0(z+5[7)  0(z—3FI|7)

Colerw|m) =€~ 5) g3 1) ~ Bw— L)

Thus, by (1.25), one finds that

0(z—35|7) T 1 T 1

(1.40) Rl(szh):e(w_l|7_)R1(w+f+fszff|7).
)

Proposition 1.9. The following identities hold for (z,w) € ]R%’E;T:

(1.41) Liz—71,w|1)=e(—2)L(—z —7,—w|T)

and

(1.42) Liz—71,w|T)=e(—2)L(—z —T,w — 2| T).

Proof. By using (1.29), one deduces respectively (1.41) from (1.39) and (1.42) from
(1.40). O

The identity in (1.41) will be useful for finding the special values under the
condition 2w € Z@TZ; see §3.7. Beside, by (1.34), the relation in (1.42) is equivalent
to the following one:

(1.43) Liz—7w|7)+ L(—2z,w—2z|7)=1.

This last identity permits to interchange the conditions w ¢ Z @ 7Z and z — w ¢

Z @ TZ, to what the parameters z and w are assumed to be subject in Theorem 1.3.
By using (0.1) with k = 1 and (1.29), one finds the following residues at w = 0

for Ry and L:

Res(Ry(z,w|7) :w=0) = é

and ]

0) R
2rf(—z+3|7)"

This together with (1.43) suggest us to introduce the following

Res(L(z,w|7) :w =
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Definition 1.5. (1) For any z € C, we define
% . 1
(1.44) Ri(z|7) = Ri(%,0]|7) :ilinm(Rl(z’wh)_m)'

(2) If z ¢ Z® 17, we define

1

(A45) L) = 1(017) =l (L wln) - o oe )
and
* I N H ¢
(146)  L(zlm) = L',z ]7) =l (Lleo 2+ w]m) + 5o
Since m satisfies the homogeneous equation associated with (1.34), namely
2

y(z) +e(z)y(z — 1) = 0, one finds that L(z,w|T) —
This implies that

m satisfies (1.34).

(1.47) Lz|t)+e(z)L(z—7|T)=1.
Similarly, one obtains that
(1.48) L*(z|1)+e(z) L*(z—7|T)=1.

Proposition 1.10. The following relations holds for z ¢ 7 ® 7Z:
1 i 0(—z+3]|7)

(1.49) L(z|T) = m - W

where 0/ (—z + 1 | 7) denotes the derivative of 6(z | T) with respective to the variable

z at —z—&—%, and

(1.50) Liz|n)=1-L"(—z—1]|7).

1
(Rl(—z—g+§|7)

Proof. (1) By observing that, as w — 0,

T 1 T 1
Rl(w727§+§?w|7_)7R1(727§+§7w‘7_)+0(w)7
one deduces from (1.44) that

T 1 T 1 )
Rl(w—z—§+§,w|7)=R1(—z—§+§|7)+727rw+0(w).

Thus, considering the second order Taylor series of (w —z+ 3 | 7) at w = 0 allows
one to write the relation in (1.29) into the following form:

Ri(—2— % +3, + 52 0'(-z+ %
Lz w|7) = (=2 -3 21w|7-) 2rw (1 — (=2 12|T)w)+0(w).
0(=z+37) 0(=z+3|7)
This implies immediately (1.49).
(2) This follows immediately from (1.43). O

In view of (1.50), one will consider only the function L(z|7). Theorem 1.3 can
be completed as follows.

Theorem 1.4. Given z € Q, \ {0}, let f(q) = L(z|7). Then f € M except when
z € {%, % — %,—%}. Moreover, the following identities hold:

(1.51) =1, E-Tim-—rn-Iin=1.
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By using the functional equation in (1.47), one obtains that
n—1 1 1
L(z|71) = Z(—l)ke(kz - §k(k’ —1)7) + (=1)"e(nz — in(n —1)7) L(z — n7|7)
k=0
for all positive integer n. Thus, one deduces from Theorem 1.4 the following state-
ment, which completes Corollary 1.3.

Corollary 1.4. Given z € (R@® TR)\ (Z @ 7Z), let f(q) = L(z| 7).
(1) If2¢{3,3—3%,—%} mod Z® 7Z, then f € IM.
(2) Otherwise, there exists a finite numbers of pairs (cn,An) € R x Rxg, 0 <
n < N, such that f = Z,JI:O cne(AnT). O

The above Theorem 1.4 will be proved in §3.9.

2. ASYMPTOTIC BEHAVIOR OF MORDELL INTEGRAL

Let (z,w) € R?gﬂ and consider L(z,w|7) in (1.29). If one writes z = e(z),
u = e(w) and

(2.1) L(z,u;q) = L(z,w][7),

where ¢ = e(7), then the equation in (1.34) becomes
x

(2.2) ) +oy(5) =1.

This g-difference equation admits z = 0 as singular irregular point, following [26]
and [33].

Let E(z;q) = S s0q M Y/2m . This is a formal solution of (2.2), and is
divergent for all z # 0 in C because of |¢| < 1. In §3, the function L(z,u;q) of (2.1)
will be seen as a g-Borel sum of E(z;q) defined by (A.10); see (3.1).

In this section, we will consider the ¢-Borel-sum of this series defined with the
help of (A.9). Indeed, applying this together with (A.6) to E(az;q) yields the
following g-sum over the whole Riemann surface C* of the logarithm:

o [T w/rq) dE
(2.3) G(z;q) /0 1€ &
In the above, the integration path is any straight-line starting from 0 to infinity in
the principal cut-plane C\ (—o0,0]. One can verify that G(x;q) is solution of the
g-difference equation included in (2.2), as said by Proposition A.3.
Putting £ = €7 in the integral of (2.3) yields the following expression:

2q73/8 o e(U*lOg(q:E))Q/anq

- \/2rx ]n(l/q) s COSh(O’/Q)

where the integration is taken along a horizontal line with a distance at most 7 from
the real axis. Thus, the integral appearing in (2.3) is of Mordell type; see [18], [1]
and [38].

G(x;q) do,

Proposition 2.1. The function G(x;q) satisfies the following modular-type rela-
tion:

. log(ze2™h)

(2.4) G(g; q) = 2miw(e™a; q) G(ezmT;e ),
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The proof will be given in §4.3, by considering the link between both ¢-Borel-sum
functions G(z;q) and L(z,u;q); see (3.2) and its equivalent form (4.8).

Remember that in (2.3), G(z;¢) is defined for 2 € C* and ¢ € (0,1). In §2.1,
we shall consider the analytic continuation of G(x;¢q) with respect to ¢ when the
“parameter” x represents a germ of analytic function of ¢; see Theorem 2.1. This
permits to find the analytic obstruction for the composed function to become ana-
lytic at ¢ = 1 in C; see Theorem 2.2. One will see that the analyticity depends of
whether the parameter = belongs to the set of half-periods {#¢™ : 2n € Z}.

In line with Theorem 2.1, we will define the function G(z|7) and consider the
asymptotic behavior of this function for 7 =% 0 when z € R, = R @® 7R and
7 € C\ [0, —ic0). See Definition 2.1 and Theorem 2.3 in §2.3. This last theorem
together with the modular-like relation (2.4) and its equivalent form (2.30) give the
asymptotic behavior of G(z | 1) for 7 £ ico; see Theorem 2.4 in §2.4.

The last three subsections of this section will concern the evaluation of G(z|7)
when z represents one half-period or when 7 is reduced to a rational number.
Especially, we will give a proof of a law of reciprocity on some generalized Gaussian
sums; see Theorem 2.5 in §2.6.

2.1. Analytic continuation of Mordell integral. The function G(z;q) defined
by (2.3) is not uniform for the argument z. Indeed, if the integration-path [0, c0)
is replaced with [0,00e™2™) in (2.3), the corresponding integral gives G(xe?™;q).
Applying the Cauchy residue theorem to this integral over the contour composed
of two half straight-lines —[0, 00) (= [00,0]) and [0, coe™2™) yields that

—Te

(2.5) Gxe?™: q) = G(x: q) — 2miw(S—:q) .

Let ¢ denote a germ of analytic function at ¢ = 0 € C such that ¢(0) # 0. We
shall choose an argument of ¢(0), consider ¢ as an analytic function valued in C*
and then get the composed function G(p(e);e¢) for € ~ 07 in Ryg. In view of
(2.5), we shall assume that arg(¢(0)) € (—m,7].

Theorem 2.1. For any R > 0, let Vg = {e € C* : |¢| < R, |arge| < 3m/2}. Let @
to be a germ of analytic function at t =0 in C such that ©(0) # 0, and define
(2.6) p(€) = G(p(e);e™)

for all enough small € > 0. Then ¢ can be continued to be an analytic function in
Vg for some suitable R > 0. Moreover, one has the following properties.

(1) If arg(¢(0)) € (—m, 7] and p(0) # —1, then ¢(e) admits a Gevrey asymp-
totic expansion as € — 0 in Vi and

1
o(e) = m

(2) If p(0) = —1 = €™, (t) = —e" ¥ ®+3) and

+O(e).

(2.7) B(e) = p(e) +iy 5o e B W,
€

then ¢(€) admits a Gevrey asymptotic expansion as € — 0 in Vi and

G(e) =1+ ¢'(0) + O(e).
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Proof. With the help of (A.8), writing x = e® and ¢ = e+~ % in (2.3) yields that

oco+ic —a
2¢

\/27r /oom 1+eots 2

where the real number ¢ will be chosen in such manner that ¢ + S(s) € (—m,m).
Letting s = log(¢(€)), the above integral shows that

G(e’;e™°)

do

oco+ic 25

o(e) = F / ooﬂcmdg'

If R > 0 is chosen enough small such that o(t) is well defined in the disc |t| < R, one
can get an analytic function for € € Vi by replacing the horizontal integration-path
with oblique lines L in (2.8) as shown in the the following figure.

(2.8)

.a+677i L

Pl
.a—|—4ﬂ'i/
Sl =
—00 +ic e cotic
Pl °
. The values “@” of log(— 90(6)) 5

e constitue the barrier for L

FIGURE 1. The horizontal line (—oo + ic, 0o + ic) can be replaced
by an oblique line L, which is not vertical !

Especially, when arg(¢(0)) € (—m, 7] and ¢(0) # —1, applying Proposition A.1
shows that ¢ has a Gevrey asymptotic expansion. Indeed, let & = 02/2, write the
integration path as union of two segments both starting from 0 to infinity on the
two sides of the plan, and define
1 1

-+ -
1+p(e)e? 2 14+ p(e)e 772

(2.9) F(e,0) =
It follows that

(2.10) ole) = -¢ 4

e F(e,0)e ok
where the integration-path, initially equal to [0,+00) for arg(¢(0)) # m, needs to
be deformed with a half-circle when arg(¢(0)) becomes 7; see Figure 2 in the below.

Therefore, applying Proposition A.1 to this last integral in (2.10) yields the
expansion of ¢. Namely, since

2 *© s do 1
F(0,06) = —(1+ 0O(a)), / e =I'(<)Ve= Ve,
0.6) = o1+ 0@). [t L -1 Ve Ve
one finds the limit of ¢(€) for e — 0.
Otherwise, suppose that ¢(0) = —1 = €™, so that one can write ¢(e) =
e“W(9+3) | with () € C{e}. From (2.8), it follows that
(2.11) 9= Y - [T R,
) €) = —— U(e), €) = ———do,
v V 2me /oo+ic 1—e°



APPELL-LERCH SERIES VIEWED AS MOCK THETA FUNCTIONS 19

[ ] [ ]
a+ 2mi a+ 2mi
[ ] [ ]
a a
- @ — * - % - W
—a o0 —a o0
[ ] [ ]
1 _ 1
. a:1n(—m)<0 a—ln(—w(o))>0

FIGURE 2. The segment [0,+00) is deformed with a half-circle
when arg(p(0)) =7 and ¢(0) # —1!

where ¢ € (—2m,0). By making use of Residues Theorem, one can find that

oco+ic oo— zc 7§+r¢;()
(2.12) / / do = —2mi.

oco+ic 1 —e?

Let

L cotic B
(2.13) H(e,0) = 3 ( + I(e) = / H(e,o)e™ 2 do.

—oo+1ic

( ) 1 ( oco+ic —oo—ic) ——+w(e) p
Io)=1 / - / CET e,
2 —oo+ic co—ic 1 —e”

from (2.12) one gets the following expression for the function ¥ defined in (2.11):
U(e)=1I(e) —mi;
consequently, one finds that
e 3e(0)? o = be((9)?
(2.14) ple) = ——=— () —mi), &(e) = ——7=—1(e).
2me 2me

Moreover, the function H (e, o) defined by (2.13) can be continued to be an even
analytic function for ¢ € C\ (2miZ*), with H(e,0) = 5 — ¢(e). Thus, one can
choose ¢ = 0 in the integral in (2.13), in such manner that one obtains the Gevrey
asymptotic expansion of I(€) as € — 0, with

I(€) ~ H(0,0) /oo =% do = /2me (% —(0)) = V2re (14 ¢'(0)) .

— 00

This finishes the proof. ([

2.2. Analytical obstruction and half-periods. The following theorem states
for what functions ¢ the corresponding composite function o(e) defined by (2.6)
represents an analytic function in a neighborhood of € in C.

Theorem 2.2. In Theorem 2.1, the Gevrey function ¢(€) or $(€) can be continued
to be analytic at e = 0 in C if, and only if, there exists some n € Z such that

plt) = "D or () = T

respectively.
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Proof. Let
3
Vip={e€ Vr:argee (—?ﬂ-, —g)}
The function ¢ can be continued to be a germ of analytic function at € = 0 if, and
only if, p(ee*™) = p(€) in V. Consider the integral representation of ¢(e) in (2.8)
and express the difference (p(ee?™) — ¢(¢)) by a contour integral. By the Residues
Theorem, one finds that, for € < 0 enough closed to zero,

i a—2kmni)? a )2
(2.15) 30(6627”) _ @(6) — 9 Z(e_( 221: ) _ e_( +2(k2t1) ) ) ’
k>0

1
w(e)

where a = log(——r5) — 5, =7 < ¥(a) < ¢ (see Figure 1). Let o = R(a) and, for all

integer k, let ay, = S(a) — 2km; it follows that
_ (a—2kmi)? af—a® ooy,
e 2e =e < e e v,

Thus, by considering the dominant terms in the right-hand side of (2.15) as e — 0™,

one finds that p(ee?™) = ¢(¢) if and only if
o, S

for all k € Z>g. It follows that ap = m and 2a € Z, which gives that a = i + Ge
for some n € Z.

Beside, when ¢(0) = —1, we consider the integral representation of I(e) given
by (2.13). By writing the function H(e, o) in the following form:

_ (1-2¥¢(e))o
1= 020
2(1 —e) ’

it follows that H (e, o) is analytic for all o € C if, and only if 2¢(¢) € Z; thus, in
view of (2.14), one finds the condition for ¢(e) to be analytic at € = 0 in C. O

H(e o) =

The choice arg(¢(0)) € (—m, 7] in Theorem 2.1 can be replaced with the opposite
choice arg(p(0)) € [—m, 7). Indeed, the change & — % of the integration-variable in
(2.3) implies that

x 1 1

2.16 G(—;q9) = —-G(—;q).
(216) (Zia) = 1 Glsa)
Remark 2.1. Let ¢(t) be as given in Theorem 2.1 and let

€2t

20 p1(e) = Glpr(e);e™ ).
(1) If ¢(0) # —1 and arg((p(0)) € (—m, 7], then arg(v1(0)) € [-m,m) and

v1(€) admits a Gevrey asymptotic expansion as € — 0 in some sector Vg.
(2) If p(0) = —1 = ™, p(t) = —e@D=2) gnd

B1(e) = Glpr (™) iy [ 5= e78 WOTDEOT),
€

then ¢1(0) = e~ ™ and p1(€) admits a Gevrey asymptotic expansion as
€ — 0 in some sector Vg.

p1(t) =
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Furthermore, if ¢(€) and $1(€) are the asymptotic expansion of ¢ and @1 or @
and @1 respectively, the following identity holds in the algebra Cl[e]] of formal power
series of the variable e:

(2.17) P1(e) = e “p(e) p(e) .

Proof. The relation in (2.17) follows immediately from (2.16). We omit the details.
U

Thus, for any given germ of analytic function ¢(t) at ¢ = 0 in C such that
©(0) # —1, the asymptotic expansion of G(¢(€);e™¢) can be found by considering
either arg(¢(0)) € (—m, @] or arg(¢(0)) € [—m,m). However, by (2.5), one can
notice that, when ¢(0) € (—o00,0), the choice of arg((¢(0)) = 7 or —=x yields
one plat function with respect to €; in other words, the difference between the
corresponding functions becomes infinitely small as e = —log g — 0.

2.3. Asymptotic behavior of Mordell integral at unity. Theorem 2.1 implies
that, if () is defined and analytic in the whole complex plane, then the correspond-
ing function G(p(€);e¢) can be continued to be an analytic function in Vg, with
R = oo. Thus, for any given (29,21) € C?, letting e = —27iT and ¢(¢) = e(z9+217)
yields that the function 7 — G(e(zp + 217);€e(7)) can be continued to be analytic
for all 7 € H, where
H={reC": —m<argr < 2r}.
Here, the Poincaré’s half-plane # is identified to be a subset of H.
In the rest of this paper, we will make use of the following notation:

(2.18) H= {recC :—g <argT < %} (=C\ [0, —ic0)).

It is worth noticing that # contains the real axis excepted the point at origin.

Definition 2.1. If z = 29 + 217, with (20, 21) € C? and 7 € H or, more generally,
T € H, we define

(2.19) G(z|7) = Gle(z);e(r)), w(z|T)=wle(z);e(r)).
Especially, by the definition of w(u;¢q) in (A.8), one can obtain that

(2.20) wiz|7) = % %e(% (: = 2)%)-

It follows that .
w(z+1|7)= —e(z—: 2)w(z|T)

and

(2.21) wiz+71)=e(z)w(z|7) =w(—2]|7).

The relation in (2.5) can be read as follows:

(2.22) Glz+1]7) = G(z|7) — 2mico(—= + % 7).

This suggests us to consider only the case of R(z20) € (—3, 3].

Theorem 2.3. Given z = zg+ 217 with (29,21) € C?, let G(2|7) as in (2.19), and
let H as in (2.18). Then 7 — G(z|T) represents an analytic function for T € H
possessing the following asymptotic behavior as T — 0 there.
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(1) If R(z0) € (—3.3] and 2z # 1, then G(z|7) admits a Gevrey asymptotic
expansion as T — 0 in H, with
1
2.23 lim G(z|7) = ——.
(2.23) T GE17) = T

(2) If 20 = %, then the function G(z|T) can be put into the following form:

i |1 T 1
. 4 = — — —_— —_— — 2
(2.24) 6 17) = b Lo+ 1) +atea ).
where g(z1 | 7) admits a Gevrey asymptotic expansion as T — 0 in 7:[, with

lim g(z1|7) =1+ 2.
T2%0

Proof. 1t suffices to apply Theorem 2.1, by observing that

e=—omir, ot)=e(z)e " p(0) = (), ()= 5 - =1

O

2.4. Asymptotic behavior of Mordell integral at origin. To every ¢ = e(7)
with 7 € H will be associated the pair (71, 1) as follows:

1
(2.25) g=e(m), T=--.
It is obvious to see that 7 =% j00 in H if, and only if, 7y <% 0 there; in this case,
q goes to 0 exponentially rapidly.
From the functional equation of G(x;¢) in (2.2), one finds that

1
(2.26) G(Z|T):1+6(Z+§)G(Z—T|T);
thus, one can consider only the case of R(z21) € (—3, 3.

Theorem 2.4. Let z = 2o+ 217, with zg, z1 € C. One has the following properties.
(1) If R(z1) € (=3, %] and 2 # 3, then G(z|T) can be put into the following

202
form:
- 1 T)2
z—5+3
(2.27) G(z|7) = 1—2'\/76((22)) o(1),
T 2T
where o(1) admits a Gevrey asymptotic expansion as T <5 ico in H with
) e(z1)
2.28 lim T)=——F7—.
(2:25) AP T )

(2) If 21 = 3, then G(z|T) can be put into the following form:

1 T fi (-5 +7) 1
(2.29) G(ZIT)=1—2€(ZO+2)—Z\[6(227_) (1—g(=2] —;))7
where g is the function defined in Theorem 2.3 (2) by (2.24).

Proof. We shall apply Theorem 2.3 together with the modular-like relation given
in (2.4). By making use of the notation in (2.25), one can write (2.4) into the
following equivalent form:

(2.30) Glz—7|7)=2miw(z+ L

5‘7’)G(*(2’+1)7’1‘7’1)
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As z = zg + z17, from (2.21) it follows that
1
(2.31) G(z|71)=2miw(—z — 5 |T)G(z1+1— (20 + 1)1 | 1) .

By using both (2.26) and (2.22) with ¢; instead of g, one finds successively that

G(zl +1- (ZO + 1)7—1 ‘7—1) = 6(—21 + ZoTl) (1 — G(Zl +1— 2z |7'1))
=e(—z1 +20m) (1 — G(z21 — 271 | 11)

. 1
+2’/TZOJ(—§ — 21 =+ 2071 "7'1)) .

A direct computation shows that

1 1
w(—z— 3 |T)e(—z1 + 20m1) = —w(—2 + 3 | 7)

and that
(245 1Tl =2+ 207 ) =
w z B T)W 2 Z1 2071 | T1 _47T2.
Thus, the relation in (2.31) can be expressed as follows:

Gz|7) =1-2miw(—2z+ % [7) (1 —G(z1 — z2om1 |7'1))

- 1 T)\2
i (z—35+73)
2.32 =1—iy/—e(—2—2—
( ) ! Te( 2T

) (1 — G(Zl — 2071 ‘Tl)) .
When R(z1) € (—3, 3] and 2 # 3, one writes (1) = 1 — G(21 — 2071 | 71) to
obtain (2.27) from (2.32). The relation in (2.28) follows from (2.23) of Theorem 2.3

(2), in view of the fact that 7 %% joo iff 71 £ 0.
When 21 = £, (2.24) with 7y = —% implies that

~— N

1 i [T (20 — 1)2 1
G(5*2071|7'1):*§ ge(*TZ)JFQ(*ZM *;)
which allows one to deduce (2.29) from (2.32). O

2.5. Values of Mordell integral at half-periods. We shall consider some spe-
cial values of the function g(z;|7) introduced in the above by (2.24). Letting
z =1+ 27 in (2.26) gives

—e(z17)G(z — 1)+ G(z| 1) =1,
that together with (2.24) imply that
(2.33) glz1|T)=14e(z17)g(z1 — 1| 7).
When z; =0 or %, one will find that

1 1 7
(2:34) g0l =1, g5Im)=1+5e(2),
by considering the following

Remark 2.2. The following relations hold for all T € H.:

(2.35) G(—

(2.36) G(ﬁ:% I7)=1F
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and
(2.37) G(i2+ I7) = 1+;e(;)¥;\/26(;).

Proof. Since G(— % |7) = (\/6; q), putting ¢ = £ into (2.9) yields thatF'(e,5) = 1,
50 (2.12) gives (2.35). Another way to obtain that is to use (2.16) and the functional
equation (2.26).

Putting z = e(—%) in (2.22) yields that

1 1
G(§ |7) = G(—§ |7) — 2miw(0| 7).
By gathering (2.26) together with (2.16), one finds that

ﬂ"L

(2.38) Gle™z;q) =1+ — xG( iq) -
Applying this to x = 1 = ¢(0) gives that
1 1
G(5\7)+G(*§\7) =2,

which implies the values given in (2.36) for G(+1 | 7).
Putting = e(3) = /¢ in the relation (2. 38) yields that
1 T 1 7
_Z =1 -9 Y_G(=+ =
Gz + 517 = 1+ e(]) = VAG(Toia) =2+ ()~ Gl5 + 5 17),
where the last implication is obtained with the help of the functional equation
(2.26). Thus, by combining this with (2.22) for z = 7, one obtains that
1 7 T
14 -e(D)Friw(——
G(j:2—|— |T) = +26(2)¥mw( 2\7‘),
which are equivalent to (2.37). O

By (2.24) and (2.33), one finds that, for any integer n, every function g(§ |7)
can be expressed as polynomials of e(+7). Furthermore, by taking into account the
functional equations in (2.26) and (2.22), the above formulas in (2.35), (2.36) and
(2.37) allow one to obtain explicit expressions for the functions G(k+ (n+ 1)7|7)
and G(k + 5 + 27|7) when k, n € Z. This shows that, as stated in Theorem
2.2, the corresponding functions ¢(€) and @(¢€) are all analytic at € = 0 in C, with
€ = —2miT.

2.6. Reciprocity law for generalized Gauss sums. In order to evaluate G(z | )
for € Q\ {0}, welet ( =e(r), r= £ € (0,1), (p,m) € Z>1 X Z>1, pAm = 1. If
x = e(z), we define

(2.39) h(z;¢) = h(z Zx Cn(n 1)/2
and
p—1
(2.40) d(m;():d(z|r):Ze(%(n+%+%+z)2).

n=0
By expanding
p p

1 1
(n+§+%+z)2:(§+%+z)2+(2+%+2z)n+n(n—1),
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it follows that

(2.41) dla:¢) = "5 GTE T h(ay:01),
where (1 = e(7) and z1 = —Cre(%7).

The goal of this section is to express the value of G(z|r) in terms of h(z|r).
Lemma 2.1. Let r = £ and d(z|r) as in the above. For any given z € C,
1 m
(2.42) G(z+p|r) :G(z|r)+e(—§) ;d(z\r)
Proof. Let ¢ = ( = e(r). By (2.22), it follows that, for all integer n,
11 T\ 9
(§(§+Z+n+ 3) )
what together with (2.40) imply (2.42), by noticing that —iv/i = e(—3%). O

G(Z+n+l|7”)=G(z+n|r)—i\/7

e
r

Theorem 2.5. The following identities hold for G(z|r), where r =
pAm=1.
(1) If mz+ % ¢ Z, then:

Wzt 5| —r) —e(=§) /5 d(z]7)

(2.43) G(z|r)= T+ e(ma)
(2) If mz={(+ % and { € Z, then:
1 1 m
(2.41) e+l =1) = e(—g) /T a1
and
S h(z+3] —r)—e(=%) /2 Zd(z|r
(2.45) Glz|r) = = il =0 —elp) iy frdle ).

—2mim

Proof. Putting 7 = r into the functional equation in (2.26) yields that

Glz+mr|r) =1—e(z+mr)G(z+ (m—1)r|r)

=1—e(z4+mr)(1—e(z4+(m—1))G(z+ (m—2)r|r))

= Z_ (=1)"e(nz — %n(n —1)r) —e(mz) G(z|r).

Thus, by using the function h(z; () defined in (2.39), one gets that
1
(2.46) G(z+pl|r)=—e(mz)G(z|r) + h(z + B | — 7).

(1) When e(mz) # —1, gathering (2.46) with (2.42) yields (2.43).

(2) When e(mz) = —1, it follows that the relations in (2.46) and (2.42) must
be the same, so one finds the equality in (2.44). Furthermore, by taking the limit
z— 2 = 2=~ + L in (2.43) gives immediately (2.45). 0

m

Remark 2.3. The identity in (2.44) is the so-called reciprocity theorem for gen-
eralized Gauss sums; see [9, p. 13, Theorem 1.2.2].
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2.7. Values of Mordell integral at real half-periods. In order to simplify, we
will write

1 9 1 9
(2.47) h1(Z|C)—%£h(Z\T)7 dl(Z|C)—%$d(Z|T)-
Thus, (2.45) can be read as follows:
1 1 1 m
(2.48) G(z|r):75(h1(z+§|fr)fe(fg) Edl(z\r)).
Remark 2.4. (1) If p is even, then:
r 1 1 m T
2.4 e ) =) Rty =1
(2.49) h(-F+ 51 =) - ey [ d-F1n
(2) If p is odd, then:
r 1 1 m T
2. LS =) =e(—2) [ d(—=
(2.50) MG+ 51 =) =e(=g)y - d=5 )
and
(251) M=%+ 51 =) = e(=3)y [ = di (=5 ) = -7
‘ Wi Tl 7 ATy el Ty

(3) If m is even, then:

@52 0] - —el-p) [Tyl =27 e(ge+ L) 2

@59 H5 =)= [ty 4§ =2 el 15 ed) 2
(4) If m is odd, then:

(254) hO] = 1) = e(—5) /2 5 |1),
(2.55) Ml 1) :e(—;)ﬁd(i;+;|r),

@256 M) =) —e(5) [T I =~ 27 e(gB+ 2) /5.

and

257 ha(5 | =r)=e(=g) [ g5 1) = = (el (7)), [5)).

Proof. This follows from Remark 2.2, with the help of Theorem 2.5 and (2.48).
Moreover, one sees that some of these formulas can be found by elementary method
as in [9, p. 44, 9 and 10 |. O

Remark 2.5. When z = 0, there is no close-form for G(0|r) but one can make
use of the following relation:

(2.58) G(011) = 5 (b5 | =r) = e(=g), [5d01).
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3. ASYMPTOTIC BAHAVIOR OF APPELL-LERCH SERIES

As in [34] and [27], we will call a g-spiral any set of the form {aq™ : n € Z},
where a € C*. This set will be denoted as ag” or [a;q]. By following (A.6) and
(A.10), to every given u € C* \ [1;¢] can be associated the ¢-Borel sum of E(z;q)
along the g-spiral [—u;gq]. Let S=wd E denote this sum-function, this is to say:

. 1 1
S[*M‘I]E(I. q) = 2 :
) €.
£€[—uq] L+¢ Q(x,q)

where 0(t;q) = 3, 7 ¢""~1/2t". By the functional relation

)

0(q"t;q) =t g """V 20(tq)  (ne),
it follows that

—wid] £ 1 1 Uy r nln—
SIS (2 q) = Z g B (_;) q"(n/2,
ez q 24

Comparing this with the definition of L(z,u;¢) in (2.1) and the expression of
L(z,w|7) in (1.29) gives that

(3.1) Lz, u;q) = S E(aiq).

In other words, L(x, u;q) is the g-Borel sum of E‘(:c, q) along the spiral [—u; g].

In §3.1 in the below, we will recall a modular-like relation for L(z,w | 7) that can
be found by a viewpoint of Stokes analysis on sum-functions of divergent power
series. By means of this formula, we will deduce, in §3.2, that L(z,w | ) is of almost
theta-type for ¢ =5 1; see Theorem 3.5. In order to extend this approach to any
root of unity, we will introduce, like in the classical theory of elliptic functions, a
family of linear fractional transformations associated to any given root of unity in
§3.3.

From §3.4, we shall consider the asymptotic behavior of L(z,w | 7) when ¢ tends
to any non-trivial root of unity. By Theorem 3.6, we shall show that this function
can be decomposed by a natural manner into a Gevrey function plus a theta-type
function. This key result will be proved at the end of §3.5. In §3.6, we shall see
that, even the Gevrey part of L(z,w|7) at each root ( = e(£) has a finite limit,
this limit becomes increasing as m — oo except for very few special values of z.
These values are non-zero half-periods, for what the associated function L(z,w |T)
is constant or false-theta; see Theorem 3.9 in §3.7. Finally, in §3.8, we will complete
the proof of Theorem 1.3.

3.1. Modularity viewed from Stokes phenomenon. The above sum-function
L(x,u; q) is the unique solution of the ¢-difference equation in (2.2) that is analytic
for x € C*\ [u; ¢] and admits a simple pole at each point of the spiral [u; ¢]. Beside,
the Mordell integral G(z;q) of (2.3) is also a solution of (2.2) and a sum-function
of the g-Euler series E(m, q). Thus L(z,u;q) — G(x; q) satisfies the homogeneous
equation y(z) + zy(7) = 0 and is infinitely flat when 2 — 0. This is a Stokes
phenomenon as currently observed in the analytic theory of ODE. In this way, one
can find the following

Theorem 3.1. ( [38, Theorem 1.2]) Let C* be the Riemann surface of logarithm,
and let m : C* — C* be the associated natural map. The following relation holds
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for allw € C*\ ¢* and x € C* with m(x) € C*\ (ug?):

™ log x log u 472

(3.2) L(z,u; q) = G(ze ™ q) — 27Tiw(e—; q) L(e*™1oxa ™ Toxa ; eloxa ),
x

Proof. Putting & = — in [38, Theorem 1.2], one can find that fo(e™™ \/gz,/q) =
G(z;q), which implies (3.2), for gx(—/qz,/q) = L(z, \; q).

The above relation in (3.2) will play an important role for what follows. Indeed,
this is a modular-like relation, for L(x,u;q) is expressed by means of the modular

wiable (s, ,01) = (e(852),(325) (= 2.

Theorem 3.2. For all (z,w) € R7;

(33) L(zw|r) = Gz |7) + O |7 (2, 2] - 1) - 1),
where

e : 1
(3.4) Cz|T1) = —2mw(@;q) = 2miw(—z+ 5 | 7).

Proof. Using (2.1), (2.19) and (3.4) allows one to write the relation in (3.2) into
the following form:

1
(3.5) L(z,w|7) =Gz —1|7)+C(z| 1) L(Z, 2| = =).

T T T

Thus, one reduces (3.3) from the functional equation in (2.22) for G(z | 7). O

By considering the definition of w(z|7) in (2.20) and the classical modular for-
mula for 0(z; q) [4, p. 626, (D.4.2)], the factor C(z | 7) defined in the above by (3.4)
has the following alternative expressions:

i 4T —3)2  10(=2+3| 1)
3.6 C — _ o 2 2 _ T 2 T
(3.6) (z]7) ! 7'6( 2T ) T 9(—Z+%|T)

Remind that the second expression requests that z ¢ Z & 7Z.
Beside, from the definition of L(z,w|7) in (1.29), it follows that

1
(3.7) Ry(zw|7) = 6(z+ 5 | 7) L(=z +w— 5 + J,w| 7).

Theorem 3.3. The following relation holds for all z € C and w € C\ (Z ® 7Z):

T T 1 zZ w 1
where
C(— —r41
(3.9) Cleyw|ry = LCETw 5 517)
T C(—z—%+§|7)

Proof. This follows directly from the relation in (3.5). O
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3.2. Almost theta-type properties at origin and unity. By Lemma 1.1, one
knows that 6(z|7) € Ty for all z € R, = R® 7R. In a similar way, one can prove
the following

Lemma 3.1. Given (u,v) € R; x R;, one has Ri(u,v|7) € Ty provided that
v¢ ZDTL.

This follows directly from the definition of R; in (0.1) with k = 1. For the proof,
see §4.4. By considering Proposition 1.1 (2) and both Lemmas 1.1 and 3.1, one gets
immediately the following

Proposition 3.1. Given (z,w) € R?gﬂ it follows that L(z,w|T) € Tp. O

This can be easily generalized as follows.

Remark 3.1. Let I be a finite set of real numbers and v be a C*-valued function
on I. If

f(@) = L(z,w| )+ Y (k) e(kr),
kel
then f € Ty provided that (z,w) € R%gr O

We shall give the dominant term of L(z,w | 7) for 7 %% ico. As often as possible,
we will denote by @ for any function that is exponentially small.

Proposition 3.2. Let u = ug+ w17, v =vg + v17, with u;, v; € R, (vo,v1) & Z?,
and let f(q) = Ri(u,v|7). One assumes that uy € (—3,3) and 7 5 ico in H
(1) If vy € (=1,0) and u+v # —% mod Z, then:

(3.10) F(@) = (e(ut 3) —e(=0)(1+ 2).
(2) If v1 € (~1,0) and u+v = —% mod Z, then:

(3.11) Flq) = { (()B(T) — e(—ZU)) (1+2) gz i: i % .
(3) If vi =0, then f(q) = %(vo) (1+2).

The proof can be done by direct calculations; see §4.5. Proposition 3.2 and
Lemma 1.1 give the following

Theorem 3.4. Let (z,w) € R%gﬂ z=z9+ 21T, w = wy+ w7, and let f(q) =
1—L(z,w|7). One assumes that 7 5 ico. If either wy < z < 3 andwy € (—1,0]
or z1 € [—3,%] and w; € (0,3), then Py(f) = 0.

The proof will be given in §4.6. Indeed, one can find ¢ € C* and x > 0, depending

of (20,21, wo, w), such that to(f)(g) = ce(kT) in each of the cases involved in
Theorem 3.4.

Remark 3.2. Given (z,w) € Qfgﬂ let f(q) = L(z,w|T). If either wy > 0 or
wy <0 but z1 > wy, then to(f)(g) = 1.
This follows from Theorem 3.4, for L(z,w|7) =1 — fi(q) and Py(f1) =0. O

Theorem 3.5. Given (z,w) € Q%gr, the function L(z,w|T) belongs to ;.
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a.v,

Proof. Let f(q) = L(z,w|7). When ¢ <% 1, it follows that + = 7 == 0, —1

100 and that ¢; = e(—%) 2% 0 exponentially. By Remark 3.1, it follows that

L(2,2| — 1) -1 € ;. Thus, by considering the fact that C(z|7) € T, applying
Proposition 1.1 (2) to the last term of the relation in (3.3) implies that f(q) —
G(Z ‘ 7') € T.

On the one hand, Theorem 2.3 (1) gives that G(z|7) € &1 provided that z =
zo + 21T, 29 € (—%, %) Under this last condition, one obtains that f € T, in view
of Definition 1.1 (1).

On the other hand, assume z = % + 217, apply (2.24) of Theorem 2.3, and make
use of the first expression of C(z|7) in (3.6). It follows that
(3.12) G(%+z17'|7')—0(%+z17'|7') =g(z1|7),
where g admits a Gevrey expansion for 7 2% 0 in H as stated by Theorem 2.3 (2).
Thus, (3.3) becomes

what gives that f € ;. (]

3.3. Continued fractions and modular transforms. In the above, the asymp-
totic behavior of L(z,w | 7) stated by Theorem 3.5 for ¢ 23 1 or 7 2% 0 was found
by means of the modular-like relation in (3.3). It is worth noticing that L(z,w|7)
is left invariant if one increases or decreases by an integer anyone of the entries z,
w and 7. This idea applied to both sides of (3.3) leads one to make use of the
continued fractions to reach any root of unity for ¢, as in the classical theory of
theta-functions.

As usual, let [a] and {a} denote the integral and fractional parts of any real a:
(3.13) [al €eZN(a—1,al; {a} =a—1[a] €[0,1).
Given r € (0,1) N Q, we define o = r and, for n > 0,
(3.14) Tn41 = {—1}, My, = —[—1} .

T'n Tn

Let v to denote the positive integer such that r,_; # 0 and r, = 0, this is to say,
r,—1 becomes the inverse of certain positive integer, m,,l,l' By convention, we will
write m, = 0. By using the standard notation [.,.,...] [5, 7?], r can be represented
by the following continued fraction:

(3.15) r= [O,mo,—ml,...,(—l)”m,, .

First, to the sequence (r,,my) of (3.14) will be associated a family of linear
fractional transformations (7 +— 7,) as follows:
-1

(3.16) 0 =T, Tht1=—+m, nmeZN0,v]).
T’n

01 1
M, (1,,), this means that 7,41 is the Mobius transformation of 7,, associated with
M, € SL(2,Z) on H. In this way, one gets that, for all integer n in [0,v + 1]:

(317) Tn:Mn(T()) :MR(T), Mn :Mnfl...Mfl.

Letting M_; = (1 0) and M, = (m" _01> for n > 0, one finds that 7,41 =
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Lemma 3.2. Let r =
(3.16) orin (3.17). The

(3.18) 2% — T 25 <— 7, 250

€ (0,1)NQ, (p,m) € Z%,, pAm =1, and let 7, as in

s 3k

where 0 < n < v, and

(3.19) TOTL ... Ty =m(T — 7).

Moreover, there exists a € Z such that m Aa =1 and
1 «

3.20 e

( ) Tv+l m2(r—r) m

Proof. Comparing (3.14) with (3.16) yields directly the relations of equivalence

included in (3.18).

Let A(t) =79 71 ... 7. By the definition of 7, given in (3.17), let

anT + B - an Bn
21 =, M, = L(2,7).
<3 ) i 7n7-+5n <7” 6”) €5 ( )

The relation Mn+1 = M,, M,, implies that

(an+1a ﬁn+1) = mn(anaﬁn) - (’Yna 511) ) (7n+175n+1) = (aann) .
Thus, one finds that A(7) = a, 7+5,. By (7?), it follows that «, = m and 8, = —p,
which gives the equality in (3.19).
Furthermore, the foregoing consideration on (a,,3,) gives that M, is of the
following form:

(3.22) My = <§fL :g) € SL(2,Z).

In this way, (3.21) with n = v + 1 implies the expression of 7,11 in (3.20). O

Secondly, given z = zg + 217 € 2, we define the sequence (2,) for 0 <n <v+1
as follows: 2, = zn,0 + 2n,17n € Q,, with

(3.23) 0 ) g, (0 ) 4 (0
—Znt1,1 "\ —Zn1 0/’

where 6 € Z. In the above, Zp = z, s0 29, = 2; for K =0 or 1. It can be easily seen
that

(3.24) Syl = Zn (mod Z) < Zn,0 > _ 1, ( 20 ) n <5n,0) 7
Tn —Zn,1 —Zz1 (Sn,l
where 6n,07 57“1 € 7.

Lemma 3.3. The sequence (2,) defined in (3.23) has the following properties.

(1) %2, =0 4f, and only if, 2,41 = 0.
(2) 2, € {%,—%Tn,% — %Tn} if, and only if, 2,41 € {%,—%Tnﬂ,% — %Tn_H}.
(3) k(z|71,7) = k(Zn | Tn,™n) = K(Zut1 | Tut1, 00), where k(z | T,00) and k(z | T,7)

are defined in (1.22) and in (1.23).
Proof. The relations of equivalence stated in (1) and (2) follow directly from the
second relation in (3.24).
(3) For n < v, let r, = B2, (pn,dn) € Z>o X Z>o0, pp Ndn = 1. By (3.14), it

follows that — 4= = Entl — m,,, thus
Pn n+41

(325) dn+1 =DPn, DPntl = MnPn — dy, .
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By the second relation in (3.24), 2410 = Mp2no + 21 + 0 and zp111 = —2n0,
where 6 € Z. Thus, dyt12n+41,0 + Pnt12n+1,1 = dn2n,0 + DnZn,1 + 0Dy, what implies
E(Zn+1 | Tnt1, "nt1) = K(Zn | Tn,mn) for n < v, by (1.23). By combining this together
with (1.22), one obtains the same equality for n = v, with d,1; = p, = 0 and
Pv+1 = —dp, = —1. O

Letting n = v + 1 in (3.24) gives the following
Remark 3.3. Let a, 5 be as in (3.22). Then:
(3.26) 241 = (azo + Bz1) — (mzo + pz1)Tvy1 mod (Z S 1,117Z).

In what follows, we consider two examples for illustrating the general results
established in the above.

Remark 3.4. Forr = %, where m € Z>3, it follows that mg =m, v =1,
1 1

n=-—+4m, m=-— -

T m2t  m’

where 7 = 7 —r. Thus, the definition of (£,) in (3.23) becomes: 29 = z = 20 + 217,
21 = Z1,0 -+ 21,171 = (mzo + 21+ 5) — 2071 and
(327) 29 = 22,0+ 22,1T2 = —20 + 5 — (mZo +z1 + 5)7‘2 R
where § and &' denote some suitable integers.
Remark 3.5. Let p € Z>a, k € Z>o andm =kp—1. Forr =2 mg=4k,r = %,
my =p, V=2,

L] 1k
kQ(T—%) Pm% BT T T m
By (3.23), 20 = 2 = 20+ 217, 21 = (k2o + 21 +0) — 2071, 22 = mzo +pz1 + ' —
(kzo + 21 + 0)T2 and
(3.28) 23 = 23,0 + 23,173 = —kzg — 21 + o (mzo + pz1 + (5’)7’3 .
In the above, 8, &' and 8" belong to Z.

1
m=——+k, Tp=-—
T

3.4. Modular-like formula at an arbitrary root of unity. Let r € QN (0,1),
and keep the corresponding construction of (r,, my) and 7, in (3.14) and in (3.16),
respectively. Let z and w be given in ., consider the sequence (Z,) of (3.23), and
define (w,,) in the same fashion as what was done for (Z,). By Lemma 3.3 (1), one
can easily see that w ¢ {0, z} if, and only if, @, ¢ {0, 2,}, where n =1, ..., v + 1.
This gives that

(3.29) (z,w) €QFR. = (Zn,0y) €Qn. 1<n<v+1).

This relation in (3.29) in the above implies that once L(z,w | 7) is well-defined,
the functions L(Z,,dy, | 7,,) continue to be well-defined till n = v 4+ 1. By using
the first relation in (3.24) and iterating the modular-like formula in (3.3), one finds
that
(3.30) L(z,w|7) = gn(2|7) + Cu(2 | 7) L(Zn41, Wns1 | Tns1)
where g, and C,, are determined recursively as follows. We let g_1(z|7) = 0 and
C_1(z|7)=1;for n € [0,V NZ,

(3.31) Cn(2]|7) = Cpoa(2|7) C(2n | T0)
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and
(3.32) In(z|T) = gn-1(z|7) + Cpo1(2]7) (G(én | ) — 1) .

Remark 3.6. Forn € [0,v) NZ, both C,(z|7T) and g,(z|7) are analytic at 7 =1
in the cut-plane C\ [0, —ico). Moreover, it follows that

(3.33) ‘Cu,l(z 1) | = vm.

lrer

Indeed, from (3.31), one gets that
(3.34) Cu(z|m) =[] CCklm)-
k=0

Combining this together with the first expression of C'(z|7) in (3.6) yields that
-\ “ 1 22 + T — 1 2
(3.35) Culz|7) = (i)t I )& (2t =1y
ko ' Tk 87k

By (3.18), it follows that, as 7 “% r, 7, % 74 € (0,1) for k < n < v. Thus, each
new variable 73, describes a neighborhood of 7, in C\ [0, —ico) when 7 remains in
an enough small open-disc centered at r in this cut-plane. In this way, one finds
that 7 — Cp(z|7) is analytic at 7 = r. This implies also the analyticity of g,, for
each G(Z | 71,) is analytic for 73, ~ r; # 0 as stated by Theorem 2.3.
By combining (3.19) with (3.20), it follows that
mT . 1 .
ToeTy—1 = =-miT41=——aT.
Ty m

Thus, letting 7 2% 7 yields that rq...r,_; = % One deduces immediately (3.33)

from (3.35). O
Letting n = v into (3.30) yields that
(3.36) L(z,w|7) = g,(2]7) + Co(z|7) LEvy1; Wppr [ Tog1) -

This relation extends the modular-like formula of (3.3) to the case of r € (0,1)NQ.
In order to identify this parameter r, we let

(3.37) Clz|mr)=Cyz|7) =[] CGex|m).
k=0
(3.38) 9(z|7,7r) = g,(2[7) =< C(z]|7,7)
and
(3.39) Iz, w|m,7) =C(z|7,7) (L(Zg1, Wog1 | Tog1) + ) -

Here, we set ¢ = 0 or 1 when z,9 # 3 or z,0 = 5. By (3.24) and (3.26), it follows
that 2,0 = —2z,41,1 = mzo +pz; mod Z. Thus, ¢ = 0 or 1 when mzy + pz; + % #0
or =0 mod Z.

Consequently, (3.36) can be read as follows:
(3.40) L(z,w|7T)=g(z|7,7r)+ 3z, w]|T,7).
Theorem 3.6. Given (z,w) € Q%%T and r € QN (0,1), one has g(z|1,7) € G,
Yz,w|7,r) € T and L(z,w|T) € T¢ for ¢ =e(r).

The proof will be given in §3.5 in the below.
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3.5. Almost theta property at an arbitrary root of unity. We begin with
the following
Lemma 3.4. Let z € Q. and let C(z|7,r) be in (3.37).
(1) If z #0, then:
9(_2u+1 + % |Tu+1)
m(7—r)0(—z+%|7) '
(2) If z =0, then there exists an 8-th root of unity, (s, such that

(3.42) |7,y = 5 e(%(T )

m T—7T

(3.41) C(z|7,r) =

Proof. (1) By Lemma 3.3 (1), none of 2, is null, so one can make use of the second
expression of C(z|7) in (3.6). Thus, by considering the definition of 75 in (3.16)
and the first relation in (3.24), (3.34) with n = v becomes:

L ocE el -

Cz|rr) = B2 Tk

(zlm7) TOTLTy iy 0(—2c + 5 | k)
B 1 L 0(=Zhg1 + 5 | Thg)

T Ty (=2, + % | %)

Consequently, from (3.19) one deduces the expression of C(z|7,r) in (3.41).
(2) When z = 0, it follows from Lemma 3.3 (1) that 2, = 0 for k till v + 1.
Putting 2, = 0 and n = v in (3.35) yields that

Clelmr) = ()| 22 A, (),
T0T1---Ty

where
v 1 v+1 v
Ay(r) = ;O(Tk + 7‘7;) = ;O(Tk — Th1 +ME) =T — Tyt +];)mk;

see (3.14) and (3.16) for the integers my. Finally, setting

1 v
(3.43) (s = _6(§ (5v + I;)mk))
gives (3.42), with the help of (3.19). This achieves the proof. O
Comparing (1.19) with (3.20) yields that 7/ = 7,11, i.e.:
1 Q
(3.44) Tot1 =T'=—m2€_ +E’ aAm=1.

In this way, Lemma 3.4 implies the following
Proposition 3.3. Given z € Q,, one has C(z|1,7) € T¢.
Proof. Let f(q) = C(z|7,7) € T(. First, assume z # 0 and let

5 1 1
(3.45) fi=02m 5 lmn). fold) =m(r =)=z + 5| 7).
The relation in (3.41) gives that f(q) = ;;Egg By Theorem 1.1, one knows that

both fi, fo € T¢ and that t.(f2) # 0, so Proposition 1.1 (2) implies that f € .
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Next, assume that z = 0. By (3.44) and the fact that 7 = 7+ r, (3.42) becomes:

(3.46) cO]r,r) \F\/7 (7 + ))

where ¢’ € U. This implies C(0|7,r) € Z¢. O

Proof of Theorem 3.6. Let f(q) = L(z,w|7). We shall make use of the decom-
position of f(¢) given in (3.40) and show that g(z|7,7) € &¢ and I(z,w| 1, r) € Z¢.
By letting n = v into (3.32), it follows that

(3.47) 9z T)=gu_1(z|T)+ Cooi(z]T) (G(é,, |7) — 1) )

By Remark 3.6, both g,_1(z|7) and C,_1(z|7) are analytic at 7 = . As 7 &%
0, one knows that 7, == 0; see Lemma 3.2. Following Theorem 2.3, we shall
distinguish two cases: 2z, = zyo + 2,17, With 2,9 € (— 2, 2) or 2,0 = %

First, assume 2,9 € (—31, 3); it follows that g(z|7,7) = g,(z|7) and ¢ = 0 in

(3.38). On the one hand, by Theorem 2.3 (1), G(2, | 7,) has a Gevrey asymptotic
a, T+ 8y
Yo T+Su
a Mobius transformation, this asymptotic expansion can be expressed in terms

of the variable 7 near 0, thus G(2,|7,) € &,. By considering Proposition A.2,
one finds that g(z|7,7) € &,. On the other hand, by writing 7,41 as in (3.44),
one deduces from Proposition 3.1 that L(Z,41, W41 |7u41) € T¢. Therefore, by
combining Proposition 1.1 (1) with Proposition 3.3, letting ¢ = 0 in (3.39) implies
that J(z,w|1,r) € T.

Next, assume z,,9 = 1; it follows that ¢ = 1 in both (3.38) and (3.39). Similarly
to the relation in (3.12) in the second part of the proof of Theorem 3.5, one finds
that

expansion for 7, =% 0 or, equivalently, for 7 <% 0. As 7 +— 7, = is

1
G ) =Clz+zin|m) +9(zv1 7).

2
Thus, comparing (3.36) with (3.40) gives
(3.48) g9(z|7r) = go1(2]7) + Coma(z]7) (9(z0a |7) — 1) -

Applying Theorem 2.3 (2) implies that g(z,1|7,) € ®.. In this way, one can see
that g(z|7,7) € &.. Moreover, by Remark 3.1, L(Z,41, Wy1 | To41) + 1 € T¢, this
implies that 9(z,w|7,7) € T in (3.39). Thus, one obtains Theorem 3.6. O

Remark 3.7. Letr =2, (=e(r), T =7-1r,q = e(—%), and let f(q) = C(z|7,7)
be as in (3.37). If
1 1,

(3.49) k=73 (mzo +pz1 —0 — 5)

with § € Z N (mzo + pz1 — %, mzg + pz1 + %], then there exists ¢ € C* such that

(3.50) te(£)(g) = Le(2((22)? + 1)) g

f

puiilms) . lc| =1 if 2 # 0 or z = 0, respectively.

Moreover, |c| = )

For the definition of p(z|7), see (1.21). It is easy to observe that (3.46) gives,
in fact, (3.50) for z = 0. Thus, assume z # 0 and let f; and f2 be as in (3.45).
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By (3.44), one knows that q; = e(m?7,41). In view of the relation t¢(f) =

te(f2)”
applying (1.22) to f1 and (1.23) to fo yields (3.50) with
1 N
K=y (zu411 + 5)2 — K(Zp41 | Togr,00) + k(2| T, 7).
By Lemma 3.3 (3), x(Z,41|Tv41,00) = k(2| 7,7r). So, the expression of 2,4 in
(3.26) gives immediately the relation stated for « in (3.49). O

Remark 3.8. Let r, {, 7, ¢1 be as in Remark 3.7, and let f(q) = ¥(z,w|7,7) be
as in (3.39). One can find ¢ € C* and k > 0 such that

t 1 Nk
(3.51) te(f)lg) =c¢ \/;@(8((221)2 +1)7) 41
provided that either (i) wyy11 >0 or (1) wy111 <0 but 2411 > Wyt1,1-

Indeed, let fi(q) = C(z|7,7) and fa(q) = L(Zv+1, Wy+1|7T) + <. The relation in
(3.39) says that f = f1fo. By Remark 3.2, tg(f2)(¢) = 1+ ¢ # 0 in each of both
cases (i) and (ii) in the above. Using (3.50) gives to(f1), which together with the
relation t¢(f) = te(f1) te(f2) yield the expression stated in (3.51). O

3.6. One necessary and sufficient condition for the boundedness of limits.
By Theorem 3.6, one knows that g(z | 7,7) € &, where ( = e(r). So, for all z € 2,
and r € QN (0,1), we define
(3.52) v(z,r) = lim g(z|7,7).

T—T
Let 7 = 2. m € Z-o and p Am = 1. By Theorem 2.3 and Remark 3.6, it follows
from (3.47) and (3.48) that either

—~

p p_ P e(21,0) p_ P
3.53 Ly=g, Lol Ey- =2 o Loy,
(3.53) V(Z’m) g 1(Zo+m21|m) 15 e(z0) 1(Zo+m21|m)
where 2,0 # 3, or
p p p p p
(354) ’Y(Zv 7) = gV—l(ZO + —2 ‘ 7) + Zy,1 CV—I(ZO +—2z ‘ 7)
m m m m - 'm

when 2,0 = 3. In the above, |C,_1(z0 + £21 | £)| = /m, by (3.33). This implies
that, in general, v(z, £) is unbounded as m — oo. See Theorems 3.7 and 3.11 in
the below.

In order to simplify the exposition, we shall consider the case of r = %, m € Zxo,
for which case both 7,, and 2, have been given in Remark 3.4; see (3.27).

Theorem 3.7. Let M C Zxo be such that #M = oo. The following conditions are
equivalent.

(1) SUPemMm h/(zv %” < 0.
(2) z € {%,% — %T,—%T}.

The proof will be given at the end of this section. For doing that, it will be
convenient to introduce the following notation:

1
(3.55) E(z) =E(z|7)={m € Z>o: mzy+ 21 = 3 mod Z}

and

(3.56) N(z) =N(z|7) =Z>2 \ E(2| 7).
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Remark 3.9. (1) #E(2) = oo if, and only if, #E(z) > 2. If this is the case,
then z € Q & 7Q.
(2) When zy =0, either E(z) =0 or N(z) = 0. This last equality holds if, and
only if, z = —%T.
(3) When z # —37, #N(z) = occ.
(4) When zo = 3, #E(2) = 0o if, and only if, z1 € {0,—1}.

Indeed, if both m and m + d belong to E(z), where d > 0, then dzg € Z, thus
one gets that 29 € Q and z; € Q. Furthermore, one sees that m + nd € E(z) for
all n € Z>1, what implies the assertion stated in (1). The other assertions can be
directly seen from (3.55) and (3.56). O

In what follows, we shall assume that z € Q. \ {—37}. By Remark 3.9 (3), N(z)
contains an infinitely many integers.

Proposition 3.4. Let z = zo + 217 € Q; \ {—17}. We assume that m — +o0 in

N(z).
(1) If zo # 3. then:
1, U(z,m) e(zo) 1
(3.57) V(z, E) T 1t elz L mz) e(z1 + mz0) M= T T+ e(z0) + (E)v
where |[U(z,m)| = 1.
(2) If 20 = 3, then:
1 1 1, 7 1
(3.58) 'y(z,a) =A(z,m)e(%(zl—|—§) +§)\/T>n+z1+0(a),
where
1 1

A = T ety "2

Proof. By the definition of N(z) in (3.56), it follows that z1 o # % Thus, letting
p=1and v =1 1in (3.53) gives that

e(mzo + z1)

Ly agly o _emata)
(3.59) Yz ) =Glaot ] ) -1 1+ e(mzo + 21)

Z1 1
C(zo0 + ™ | E)'

(1) First, assume that zg # % By Theorem 2.3 (1), it follows that, as m — +oo,

z1, 1 1 1
3.60 G —|—)=——4+0(—).
(3.60) Go+ 2 1) = Trery +O0G)
This together with (3.59) and (3.33) (with v = 1) imply (3.57).
(2) Now, assume that zg = 1. Letting 7 = = in (2.24) gives that

R S I T RPE SR Y
G(2+m\m)— 5 1/m€(2m(21+2))+9(21|m)

1 21 1

(3.61) = —50(204—% E)+9(21|E>-

By Theorem 2.3 (2), one knows that g(z1 | L) = 142, +O(L) for m — +o0. Thus,
putting together (3.59) and (3.61) yields (3.58). O
Proposition 3.5. Let z = zg + 217 € Q.. One supposes that #E(z) = co and one
assumes that m — +oo in E(z).
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(1) If 20 # 5, then:

where |V (z,m)| = |zo].
(2) If 20 = 5, then y(z, =) = 21 + O(L).

Proof. By (3.55), it follows that z1,9 = 3. Thus, due to (3.54), (3.59) needs to be
modified as follows:

(3.63) 1) = Glao+ 2| ) =1 -2 Clao+ 22 ),

where —zp = 21,1, by Remark 3.4. This allows one to complete the proof by using
(3.60), (3.61) and (3.33) (with v = 1). We omit the details. O

Proof of Theorem 3.7. Let My = MNN(z) and M; = MNE(z). By hypothesis,
#M = o0, so one can find at least one of My and M; that contains an infinitely
many integers.

Assume first that zo # 3. By considering both (3.57) and (3.62), one obtains
that sup,,cn [7(2, )| < oo implies that #Mj < co, #M; = oo and that zo = 0.
Furthermore, in view of Remark 3.9 (2), this is possible only if z = —%T.

Now, consider the case of zg = % On the one hand, if #M, = oo, (3.58) implies
that sup,,en, |7(2, )| < oo if, and only if, A(z,m) = 0 for m € My. Thus, one
finds that (—1)™ = e(z1), so z1 € {0, —1}. On the other hand, in view of Remark
3.9 (4), the case (2) of Proposition 3.5 in the above occurs only for z = 1 and

1

z2=3— 77' This achieves the proof. (I

3.7. False theta-type functions and half-periods. One knows that Z, = Z &
77 is the period set for the elliptic functions associated with double periods 1 and
7. Assume w € ) such that 2w € Z, and w # 0. This means exactly that w € A,
if one lets

1 1

Since L(z,—w|7) = L(z,w|7), putting z = 3 in the “reflection” relation (1.41)
yields that L(3 — 7,w|7) = 0. Thus, L(3,w|7) =1, by (2.26). At the same time,
it follows from (1.41) and (2.26) that

L(—z—7,w|7)=-e(2) L(z —T,w|7) =1— L(z,w|T)
One obtains that L(z,w|7) = 3 when 2z = —7 mod Z. This gives the following

Remark 3.10. The following statements hold.
()IfZ—fande{ Z,3— %} then L(3,w|7) = 1.
(2) Ifze{-%,5 -3} andweAT\{z}, then L(z,w|T) = 3. O

The set A, defined in (3.64) contains the non-zero half-periods of the funda-
mental domain €2,. One can also notice that Remark 3.10 is similar to Remark
2.2 for G(z| 7). The following result is certainly known in the classical theory of
elliptic functions or g-series, although one can rediscover it from [10, Theorem 3.13
& Remark 3.14].
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Theorem 3.8. Let w, w' € C\Z ® 7Z. Then the following identity holds for all
z € C such that neither z — w nor z —w’ belong to 7 ® 77:
(T7)3.0(w—w + F,w+w —z+%|7)
Ow+ 3, w—z+3,—w+3w—z+1|r)
O

(3.65) L(z,w|7)— L(z,w'|7) = —

In the right-hand side of (3.65), the factor (7|7)s is defined as follows: for
x=e(z) and z € C,

(3.66) (21700 = (@30)00 = [J (1 — zg™).
n>0

By putting together this last theorem with Remark 3.10, one arrives at the following

Theorem 3.9. The following assertions hold.
(1) Ifw e C\ (3Z) ® TZ, then:
1 (178 b+ 5 +3w—5|7)
0(w7w+ %7%+ %afg |T)

(2) Ifwe C\Z® ZZ, then:

T 1 (7]7)3 0w, w+ F | 7)
L(—--,w|T)=<— i — .

(3) If w e C\Z®TZ such that w — 3 — + ¢ Z® 17, then:

LA T ot Gt 51T
Proof. This follows from Theorem 3.8 combined with Remark 3.10, by letting re-
spectively (z,w') = (3,-3), (—%,%) and (3 — Z,3) in (3.65). O

The triple product identity [4, p. 497, Theorem 10.4.1] says that
(3.67) 0(z+%\7):(7|7)00(z|7')00 (T—2]T)oo -
Replacing (z,7) with (7,37) in this formula yields that
o(t + % [37) = (373700 (T|37) 00 (27|37 )00 = (7| T) o -
Thus, applying both Theorem 1.1 and Proposition 1.1 (3) gives the following

Remark 3.11. (7]7)s € %. O

Another way to get this is to use the classic Dedekind n-modular formula; see [20,
p. 145, (67.4)]. By combing this last Remark 3.11 with Theorem 3.9, Proposition
1.1 (2) and Corollary 1.1, one obtains the following

Corollary 3.1. Let (z,w) € Q?’E;T, and let f(q) = L(z,w|T).

(1) If both z and w belong to A., then f is constant.
(2) If z€ A, and w ¢ A, then f is a false theta-type function, i.e.: f € F. O



40 CHANGGUI ZHANG

3.8. Mock theta-type properties and the proof of Theorem 1.3. Let (z,w) €
Q?’E;T, and consider f(q) = L(z,w | 7). We start with the following

Theorem 3.10. Let ¥ € T, and define g(q) = f(q) — ¥(q). One assumes that
g€ B¢ forall( €U. If 2 ¢ A., then one can find U C U such that

(3.68) sup{ lim |g(q)] : (€U } =00.
q+5¢
In order to find such set U of roots of unity satisfying (3.68), we shall make use
of the following

Proposition 3.6. Let r € (0,1)NQ, ¢ =e(r), and let y(z,7) be as in (3.52). Let
(g,9) be as in Theorem 3.10. If w111 > 0 or if wyr11 <0 but 2411 > Wog1,1,
then:

(3.69) lim g(q) =~(z,r).

q—C
Proof. Let g(q) = g(z|7,7) and I(q) =z, w|T,7). The identity in (3.40) says that
f = g+9. By Theorem 3.6, one knows that § € &, and ¥ € T¢. Moreover, Remark
3.8 implies that P;(¥) # 0 when w,41,1 > 0 or when wy411 < 0 but 2,411 >

wy41,1- Thus, applying Proposition 1.4 gives that g is, in fact, exponentially close
to g as ¢ tends to ¢ radially. This implies (3.69). O

In what follows, we shall consider two species of roots of unity:
(1) (= 6(%) with m € ZZQ.
(ii) (=e(L) withm =kp —1, (k,p) € Z>o.
Notice that the behavior of y(z,7) in the first case (i) has been mentioned by
Theorem 3.7. Before giving the proof of Theorem 3.10, we discuss the second case
(ii) to get a statement similar to Theorem 3.7.
Given z = zg + 217 € Q; \ A;, choose k € Z>5 such that kzy + 21 # % mod Z,
and consider r = £ with m = kp — 1, p € Z>,. Similarly to the notation E(z) and
N(z) introduced in (3.55) and (3.56), we define:

(3.70) E'(:)=E(z|1,k)={p€Z>a: (kp—1)20 + pz1 = % mod Z}
and
(3.71) N'(z) =N'(z|1,k) =Z>2 \ E' (2| 7,k) .

By Remark 3.5, one obtains that 210 = k2o + 21 + 9 € (f%, %), where 0 € Z.

Proposition 3.7. Let z, r, p, m and k be as in the above.
(1) If p € N'(z), then there exist Uy and Uz € C such that |Uy| = |Uz| =1 and

U, zo 1 Us/m
3.72 =G -1+—= (G -——]-)-1 .
(3:72) (z) (ot ar|n) =1+ VT (Glero p | p) )+ 1+ e(mzo + pz1)
(2) If p € E'(2), then there exist Uy and U € C such that |Uy| = |Uz| =1 and
U, 20 1

(3.73)  ~v(z,7) =G(z0 + 217 |7) — 1+ (G(z1,0 — " ;) —1) + 21,0 U2 vVm.

NG
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Proof. This can be proved by using the same method as for Propositions 3.4 and
3.5. Indeed, by Remark 3.5, one sees that v = 2 in both (3.53) and (3.54). Thus,
one obtains finally both (3.72) and (3.73) by using the definition of ¢; in (3.32) and

the module of C; stated in (3.33). O
Theorem 3.11. For any M’ C Z>2 such that #M’ = oo, one has
p
3.74 sup |v(z, = 0.
(3.74) s b, )l

Proof. This follows from Proposition 3.7. Indeed, when p — oo, r — % Theorem

2.3 (1) gives that G(z1,0 — 2| %) — m Thus, from (3.72) it follows that
2z 1 Ui Vk Us /M 1
=G —|=)-1- O(-

(zr) (20 + k |k) 1+ e(kzo + 21) + 1+ e(mzo + p21) (p)’

where U] = Uy e(kzg + 21). A similar formula can be found by using (3.73). By
hypothesis, z ¢ A;, this implies that if p € E'(2), then 219 # 0. So, one gets

(3.74), for \/m — o0 as p — oo. O
Proof of Theorem 3.10. For any a € R, we will denote by (a) the number in
(—%, %} that equals to a modulo Z. Tt is useful to notice that, as z € Q,, (21) = 21
unless z; = —1.

2
First, consider the case of r = % with m € Z>9, and let M = M_ UM, with

M — {m € Zsy : (mawg + wy) € (—%,0)}

and

1
M+ = {m S ZZQ : (mZ() +21) < (mwo +U}1) € [0, 5}} .

One finds that #M_ = oo except when wy = 0 and (w;) € [0, 2] or when wy = 1
and wy € {—%, 0}. For this last case with wg = %, one sees that #M = oo, due to
fact that z # —%7’. It follows that #M = oo except when the following conditions

hold:

— 1
(375) zo=wy =20, zZ1 > (wl) S [0, 5] .
Furthermore, Proposition 3.6 and Remark 3.4 imply that
1
lim  g(q) = (2 —)
= e(5s) (@ ( m

for all m € M. Thus, Theorem 3.7 gives (3.68) for U = {e(L) : m € M} except
when (3.75) is satisfied.

Assume then (z,w) € Q%ﬂ; be such as in (3.75). Since z ¢ A, and w # 0, it
follows that z; # f% and w; # 0. Let k € Z>2, and define M’ = M’_ U M/, with

—_— 1
r . ot
Mi—{pGZZQ.(p'LUl)G( 270)}
and

S 1
M/Jr = {p S ZZQ : (pzl) < (p’LUl) c [07 5]} .
Applying Proposition 3.6 and Remark 3.5 yields that, letting m = kp — 1,
. p
lim  g(q) = (2, =)
q“Se(L) ) ( m
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for all p € M’. One observes that #M’ = oo except when wy = —%, and this last
case remains impossible because of (3.75). Thus, #M’ = co. Consequently, if one
lets

U:{e(kpp_l):pGM/},

one gets (3.68) with the help of Theorem 3.11. This achieves the proof of Theorem
3.10. 0

Proof of Theorem 1.3. By combing Theorem 3.6 with Corollary 3.1, it remains
only to prove that f ¢ § when z ¢ A,. Thus, in view of (1.7), one deduces Theorem

1.3 from Theorem 3.10. This achieves the proof of Theorem 1.3. (]

3.9. Proof of Theorem 1.4. Let z = 29+ 217, 29 € (—%,1], 21 € [-3, 3), and let

f(q¢) = L(z| 7) be given by (1.45). Firstly, by (1.44), one finds that, for all u € C:
e(In’r +nu) 1

3.76 R = -2

( ) 1) Z 1—e(n1) +2

nez*

By taking the logarithmic derivative with respect to z both sides of the Jacobi’s
triple product (3.67), one gets that, for u # % mod Z @ 77Z:

(3.77)

9’(u|r):2ﬂ_iz( e(u+ nt) e(—u+ (n+1)7) )

O(u|T) "0 1+e(utnr) L+e(—u+(n+1)7)

Therefore, it follows that
T 1 i 0'(—z+3|7)

(378) Rl(—Z - =+ *) - % m
2

513 €%.

Beside, one knows from Lemma 1.1 that 8(—z + % |T) € Ty, Thus, by considering
Proposition 1.1 (2), the expression of f(q) in (1.49) together with (3.78) imply that
fe%.

Secondly, one notices that the modular-like relation in (3.3) is reduced into the
following form:

(3.79) L(=17) = G(a 1) + O |7) (] = 1)~ 1),

where G(z|7) and C(z|7) are the same as in Theorem 3.2. Indeed, if one writes
1
2rwl(—z+ 5 |7)’

fzw|T) = L(z,w|T) -

then the formula in (3.3) together with the second expression of C(z|7) in (3.6)
give that
z w 1
flewln) = Gl + O 1) (72 = 1)~ 1),
Thus, taking the limit w — 0 in this last relation yields immedia:cely (3.79). More-
over, by using both (3.79) and Theorem 2.3, one finds that f € ¥;.
Thirdly, given » € (0,1) N Q, one makes use of the sequence (r;, 7, Z;)o<j<v+1
defined in §3.3, where g = r, r, = 0 and r,41 = co. In addition to the functions
C(z|7,r) and g(z|7,r) introduced in (3.37) and (3.38), one sets

(3.80) Iz|7mr)=C(z|1,7) (L(,%VH [7v41) + c) ,
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where ¢ takes either 0 or 1 in the same manner as in (3.39). Therefore, iterating
several times the above relation in (3.79) yields the following identity, which is
similar to (3.40):
(3.81) L(z|7)=g(z|1,r)+9(z]|7,7).
By the same manner as what done for the proof of Theorem 3.6, this last relation
in (3.81) shows that f € T¢, where ¢ = e(r).

Fourthly, let A, = %, %(1 —7), *%7’} as in (3.64). By using both Theorems 3.7

and 3.10, one finds that if f € 9, then z ¢ A,
Finally, it remains only to consider the value of L(z|7) when z belongs to the
set A,. Since
1 1 1
9(72+T+§ | 7) :9(z+§ |7) = 76(2)9(Z+7'+§|T),
it follows from (1.41) that
1
2rwb(—z+71+1|7)

L(z—7,w|T)—
)
2rwb(z+7+ 3 |7)

=e(—z) (L(—z—1,—w|7) +

By letting w — 0 in this last equality, one obtains that

(3.82) Liz—7|7)=e(—2)L(—2z—7|7).

It is easy to see that L(z + 1 |7) = L(z — 3 | 7). By gathering (1.47) and (3.82), it
follows that

(3.83) Liz|T)+ L(—=z2—7|7)=1,

which gives the value of L(3 — Z|7) and L(—%|7). Furthermore, from (1.47)
one finds that L(—z — 7| 7) = e(2) (1 — L(fz|7')), so (3.83) becomes L(z|T) —

e(z) L(—z|7) = 1 — e(z), which gives the value of L(1 |7), as stated in (1.51). In
this manner, one completes the proof of Theorem 1.4. O

4. COMPLEMENTARY PROOFS

In this section, we will consider the statements mentioned in the previous sections
for which we have not made the proof. One common point for these statements
is that they are somewhat easy to be understood but their proof may be techni-
cally hard and/or long. Especially, this is the case for Proposition 3.2 in §4.5 and
Theorem 3.4 in §4.6.

4.1. Proof of Lemma 1.1. One assumes that ¢ == 0, so 7 =% ico. By the
second item of the notational convention stated after Definition 1.1, 7 = 7 and

q=dq1.
Let
1
(4.1) p(n) = pe, () = nln— 1)+ nz,
for all n € Z, and let J = p(Z). Define the C-valued map % on J as follows:

(4.2) k)= > (-D"e(nzn) (k).

p(n)=k
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Write J* = {k € J : (k) # 0}, and set Iy = J* N (—oo, N] for all non-negative
integer N. Thus, letting [ = Iy, v = f~y|l and v = X = 0 gives the relation in (1.6)
for f=0(z+ % | 7), and this implies that f € .

Let [z1] and {21} be respectively the integral part and fractional part of z1; see
(3.13). Putting n = —[21] into the functional relation

0(z + % +n7|7) =e(—n(z+ %) - %n(nf 1)7) 9(z+ L | 7)

yields that

f(@) = e(n(z+ %) + %n(n - 1)7)0(2" + % |7)

1 1
(4.3) = e(k(zl) T — [21](20 + 5)) 0(z' + 5 [ 7).
In the above, 2/ = 2y + {z1}7 and

As {z1} €[0,1), it is easy to see that the dominant term of 6(z'+1 | 7) for r =% ico
equals to 1 or 1 — e(zp) if {zl} # 0 or {z1} = 0. Replacing [z1] with z; — {#1} in
(4.4) gives k(z1) = —3(21 — 1)? + K, where k = ({21} — )?. This implies Lemma
1.1, with (1.22) and (1 21).

4.2. Proof of Theorem 1.1. Let f(q) = 6(z + 3| 7). Thanks to Lemma 1.1, it
suffices to prove that f € T, for all C = e(r), where r € Q N [0,1). Without loss of

generality, one can suppose that r = £ with p € Z, m € Z~g and p Am = 1.
Consider (1.20), set
1., 7 z 1
_L -0 iy
J1(q) \F\/> m) 8>’ f2(q) (m% 2|7'),

and write f = fifo. As 7 2% 1 it follows that 7 2% 0 and 7/ 25 j00; see (1.19).
On the one hand, by using 7 = 7 4 £, one writes z = (20 + £ 21) + 217, which
gives that
(z + L)2 = (20 + Lot L)2 + 221 (20 + Lot L)f'—&—z%#.
2m m 2m m 2m
Thus, if one lets

2 1 1 P 1
4.5 A=_2L_ = k== b IR
(45) 2 8’ ot st )
and )
_4a P -
c1 = e(—2z1(z0 + | + 2m)) ,

m
then one gets that (¢ = e(—%))

(4.6) filg) =a \/Ze(ﬁ) at

which implies that fi € T¢, by (1.6).
On the other hand, by (1.19), one finds that
z 21wt Ean oz

« /
s =+ —— == —+ (matpa)(—-7).
mi m mT m m
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In this way, one gets that

!/
(4.7) fa(q) = 0(2p + 217" + % 7)), =24= % , 2] =-—mzo—p2.
By applying Lemma 1.1 to this theta-factor fo relative to 7’ in (4.7), one obtains
this is theta-type as 7/ =55 ico, s0 fo € T¢. Therefore, Proposition 1.1 (1) implies
that f S ‘EC, for f = flfg.

In order to get t¢(f), we let ¢’ = e(7’). From the relation in (1.19), one deduces
that ¢ = m/qre(2). Since ap + 1 = fm, it follows that z) = az + Bz in
(4.7). Replacing then (7, ¢, z) with (77, ¢’,2’) in Lemma 1.1 gives t¢(f2) in terms of
z' =z, + z{7'. Furthermore, comparing the expression of k given in (4.5) with that
of 2| in (4.7), one finds that k = —13 (2] — )2, which gives the relations in (1.24)
and (1.23). This completes the proof.

4.3. Proof of Proposition 2.1. We shall consider only the equivalent form (2.30)
of (2.4). By (2.22), one can write (3.5) into the following form:

(4.8) L(z,w|7)=G(z|7) + 2miw(—2z + % |7) L*(z,w|T),
where
(19) L wln =o)L Y D)

Replacing (z,w,7) with (21, % —1) in (4.8) yields that the function L* of (4.9)
becomes:
z

L*(z,w]|T) = e(;) (G((

Here, in view of (4.9), (1.41) and (2.26), one can express L** as follows:
(

z+1

|*;)+27T’Lw(* +§|*;)L )
L™ =e

=L(z—1,w|7)

=e(—2) (1 - L(z,w|7)).

—2)L(—z—T1,—w|T)

By observing that

1 z+1 1 1 e(z—2)
w(—z+§|r)w(— +§|—*)=?,
one deduces from (4.8) that
1 z z+1 1

L(z,w|71)=G(z|7) + 2miw(—2z + 3 [ 7) e(;) G(

This is to say:

- G(z|7) =2ﬂiw(—z+%|T)e(E)G(2+1 L
T

T T

By (2.26), one knows that 1 — G(z|7) = e(z) G(z — 7|7). Thus, one finds the
expected relation in (2.30) by using the following identity:

1 z 1
w2t 5 |7 e(E) =z + 5|7 el2).
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4.4. Proof of Lemma 3.1. Consider the expression of R;(z,w|7) obtained by
letting k = 1 in (0.1), replace z with v = ug + u17 and w with v = vo + v17, and
define
(4.10) A — e(3n*7 + nu) _ e(3n*7 + nuiT + nuo)

1—e(nt+v) 1—e(nt +v17 4+ vg)

for n € Z. As 7 2% oo, it follows that

1
(4.11) A, = Ze(§n27+ (nuy + nl + lv1)T + nug + Lvg)
£>0
for n > —wvq, and
L o
(4.12) A, = —Ze(in T+ (nuy — nl — lvy)7T + nug — Lvg)
>1

for n < —vy. Thus, when vy ¢ Z, by letting I = I UI_ with

1
I, = U420{§n2 +nup + (n+v1)l:in>—v,}

and )
I_ = Uez1{§n2 +nup —(n4+v)l:n< —vl} ,
one finds that I N (—oo, N] is finite for any given N € Z>(. This implies that

Ri(u,v|7) € Ty. When vy € Z but vy ¢ Z, one adds A_,,, to the above exponential
expansions of A,’s and this completes the proof.

4.5. Proof of Proposition 3.2. Let A, be as in (4.10). Since e(ar) = & for
a >0, from (4.11) and (4.12) one gets that

(4.13) n+vy >0 = A, :e(n(g—i—ul)T—i—nuo)(l—l—@)

and

n(n — 2)
2

(1) Assume that v; € (—1,0). The relation in (4.13) implies that for n > 1,

(414) n+v1<0 = A,= —e(( +nup —v1)T + nug — vo) (1+2).

A, 3
(4.15) A“ =e((n =7+ (5 +u)7 +uo) (1+2).
Similarly, from (4.14) one gets that

A 3

(4.16) " ! :6(7717'4*(5*’&1)7’7’&0) (1+2)
forn <0. Asu; € (f%, %), it follows that A,y1 = A, @ and A_, = A_,, 11 @ for
all n > 1. Thus, one reduces that
(4.17) fla)=4 (1+2)+4A (1+92).
By letting n = 1 and n = 0 in (4.13) and (4.14) respectively, one gets that
(4.18) Ar=e(5+u) (14+2), Ao=—e(-v) (1+2).

By hypothesis, u+v # —7 mod Z, this implies e(g—f—u) —e(—v) # 0. Moreover,

letting p = min(—vy,uy + 1), one finds that

e(% +u) —e(—v) = ce(pr) (14 2).
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In the above, ¢ = 1 or e(ug) — e(—vp) or —1 when u; + £ +v; <0 or =0 or > 0,
respectively. In this way, using both relations in (4.17) and (4.18) yields the wanted
asymptotic relation in (3.10) for f(q).

(2) When v; € (—1,0) and v+ v = —% mod Z, it follows that u; = —3 — vy,
thus u; € (—3,3). Let p = min(2 — uy, 2 + uy); one has p > 1. Therefore, (4.15)

and (4.16) imply that
(4.19) Apy1 = Aje(er) @, A_, =Age(cer) @
forn > 1and ¢ € (1, p). Keep the relation in (4.17), replace (4.18) with Ay =

and A; = %, and observe that

1
1—e(v)

e(—v) —e(T +v)
(1—e()(1—e(r+v))
provided that 2v # —7 mod Z. The first relation in (3.11) is thus reduced from
(4.19), for min(1, —2v1) < c.

If 2v = —7 mod Z, a direct computation shows that 4,11 + A_, = 0 for all
n € Z>o, what gives f(q) = 0.

(3) When v; = 0, one obtains that A,, = & excepted n = 0. This completes the

proof of Proposition 3.2.

Ao+ A; = = (e(r) — e(—2v)) (1 + @)

4.6. Proof of Theorem 3.4. By using the functional equation in (2.26), the re-
lation in (1.41) can be written into the following form:
L(—z—7w|T)=1-L(z,—w|T1)
or, equivalently:
(4.20) flo)=e(z) f~(a),  f-(@)=1—L(—z—w][7).
Assume that w; € [—%,1] and z; € [-3,4]. Let u = —z + w + Z, write
u = up + u17, and observe that u; € [—3,3]. By applying (2.26) with (1.29), it

follows that

Ry(u+ 1,
L(zyw|7) =1 e(z) Lz — 1y |7) = 1 — e(z) St 2:17)
Out+3+35|7)

This gives the following expression of f(q):
Ri(u+ L wl|r)
4.21 =e(z) ——2 7

In view of (4.3) and Lemma 1.1, one can notice that

1
(4.22) 0(u+%+§|7):1+®7 1—e(up) + 2, —e(g—u) (1+2)
when u; € [-3,2) or = 1 or € (3, 2), respectively.

Case of wy € (—%,0). This gives that z; — w; € (—1,1) and u; € (—3,1).
Apply Proposition 3.2 (1) to Ri(u+ %,w|7), and remind that u+ 3 + w = -7 <
z=2w+T+ % It follows that, if z # 2w 4+ 7 + % mod Z, then:

1 1
e(z) Ry(u+ W |7) = e(z) (e(~z2+w+T+ 5) —e(—w)) (1+ @)
(4.23) = —(e(w+7)+e(z—w)) (1+2).
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(la) If z; < wy, then u; € (3,1) and combing (4.21) together with (4.22) and
(4.23) yields that

(4.24) to(f)g) = 1.
(1b) If 23 = wy but 29 # wy, then uy = % and, by the same manner, one deduces
that
(4.25) to(F)(q) = 00

e(wg —z9) — 1~
(lc) If z1 > wi, then u; € (—31,1) and applying (4.23) together with (4.22)
implies that
(4.26) to(f)(q) = —e(z —w), —(1+e(2wo—20))e(z—w), —e(w+T7)
when 21 < 2wy + 1, 23 = 2wy + 1 or z; > 2wy + 1, respectively.
fz=2w+7+ % # % mod Z, then z; = 2wy + 1. Since 2w, > —1, Proposition
3.2 (2) implies that

e(z) Ri(u + %7w|7') =—ez-2w)(1+9)=¢e(r)(14+2).

By observing that u; € (0, 1), from (4.22) one deduces that

(4.27) to(f)(q) =e(7).

If 2=2w+ 7+ 1 =1 mod Z, one finds that f(z,w|7) = 0.
Case of wy = 0. It follows that wy ¢ Z and u; = —z + 3 € [0,1]. Applying
Proposition 3.2 (3) and relation (4.22) yields that

e(z)

m o z1 € (0 %]
(4.28) to(f)(q) = (T~ e(wo)) (i ioe(—zo + wo)) 21=0
e(wp) L
7% z1 € [*5,0)

Case of wy € (0,3). By (4.20), it follows that to(f) = e(z)to(f-). Replacing
(z,w) with (—z, —w) in (4.24) (4.25) and (4.26) gives the following results.

(2a) If 21 > wy, then:

(4.29) to(f)(q) = e(2).
(2b) If z; = wy but zg # wo, then:

(4.30) to(M)@) = ————~—

(2¢) If 1 < wy, then:
(4.31) to(f)(q) = —e(w), —(1+4e(z0—2wp))e(w), —elz—w+7)

when 21 > 2w; — 1, 23 = 2w; — 1 or z; < 2wy — 1, respectively.

Finally, one gets the statement of Theorem 3.4 by putting together (4.26), (4.27),
(4.28), (4.29), (4.30) and (4.31).
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APPENDIX A. GEVREY ASYMPTOTIC EXPANSION AND ¢-ANALOGS OF
BOREL-LAPLACE SUMMATION

To help with reading the Gevrey and q-Gevrey analysis part of this paper, we
will recall, in §A.1, the definition of a Gevrey type asymptotic expansion and some
results in relation with Laplace transform and exponential decay. This is very closed
to the classic Borel-Laplace summation. So, in §A.2, we will discuss two g-analogs
of this summation, which are used in §2 and §3 of this paper.

A.1. Some elements of Gevrey asymptotic analysis. Let 2o € C, I = (o, 8) C
R, a < 8, R € (0,00], and let C be the universal covering of the punctuated plane
C\{zo}. One denotes by V(zo; I, R) the open sector of vertex xo given by

(A1) V(xO;LR):{gce((ff;::arg(x—xo)el,|x—xo|<R}.

Remark A.1. Let V,(d,r), Vo(d,r), Vo(d]p) and Vieo(d | p) be as in (1.1) — (1.4),

and let a = arg(—a), with 0 = 0. It follows that, for any a € ID* and o € IH:

. d_ d T—d m+d
Va(d7r) = V(CL, (Cl— §7G+§)7T)a Va(6|p) :V(O{,( ) ) 2 )7p) .
Furthermore, Vi (8 | p) = V(5| 0) \ a(3] ). 0

In what follows, Gevrey asymptotic expansion should be read as Gevrey asymp-
totic expansion of the first order in [25, p. 57, Definition 1.2].

Definition A.1. Let V = V(zg;I,R). A given analytic function f in V is said
to have a Gevrey asymptotic expansion as x — xg in V and will be denoted by
f € 6(V), if there exists a complex coefficients power series Y, < an(x — o)™ with
the following property: for any J € I and p € (0, R), one can find C > 0 and A > 0

such that
N-1

’f(m) - Z an(x — xo)"‘ < C AN Nz — x|V
n=0
for all (x,N) € V(xo;J,p) x N.

Let C[[z — x0]] be the space of power series of variable (z — ) and let T denote
the C-linear map that associates to every f € &(V) its asymptotic expansion in
C[lz — x0]]. By [25, p. 60, Proposition 1.2], it follows that ker T = &°(V'), where
¢%(V) denotes the space of exponentially small functions in V. This implies that,
if T(f1) = T(f2), then f; is exponentially close to fo as x — z¢ in V.

Proposition A.1. Letd € R, § > 0, and let U = V(O; (d—46,d+59), oo). Let o =

7Y 250 anl" represent an analytic function in U such that [p(§)] < C [¢]7 eBlel
for all £ € U, where v € [0,1), C >0 and B > 0. Consider its Laplace transform:

d

(A.2) o) = | T ot de.

Then f defines an analytic function in V' such that ¥ f(z) admits the power series
Y so@n T(n+1—v) 2™ as Gevrey asymptotic expansion for x — 0 in V, where

™

1 T
V—V(O,I,E), I_(d—6—§,d+5+2).
Proof. This follows from a direct computation using I'(a+1) = fooo e~t ¢ dt, where

R(a) > 0. See [25, Proposition 1.5] for a similar statement. O
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Given (xo,d) € C x R, let &,, 4 denote the sheaf of functions having a Gevrey
asymptotic expansion as x — g in some sector of vertex zy containing the segment
(w9, 20 + Re'?) for enough small R > 0, i.e.

(A.3) Gra= |J &V(20;L,R)).

I3d,R>0
Proposition A.2. Fvery &,, q4 constitutes a sheaf of rings containing as sub-ring
the space of germs of analytic functions at x = xg in C.

Proof. By [25, p. 58, Proposition 1.1 (ii)], each &(V) is, in fact, an algebra con-
taining all functions analytic at x = xzg. (I

Remark A.2. The sheaves &), and &, considered in the beginning of §1.1 can be
expressed as follows:

6, =.4, &, =064z,
where a is the same as the one in Remark A.1. O

A.2. ¢-Borel-Laplace summation methods. The Borel-Laplace summation ma-
tches each suitable power series with its Borel-sum. This process consists of two
consecutive transforms: the Borel transform, applied to the given power series, and
the Laplace transform, that gives the Borel-sum by means of an integral like as
in (A.2). For example, one sees that the power series E(z) = 3, o (—1)"nlz" 1,
known as Euler series, is divergent for all  # 0. By definition, its Borel-sum is
obtained as follows:

A4) D (Dl = Z<—1)"f"=ﬁ - /o 1i56_5/$d5.

n>0 n>0

In (A.4) in the above, the last integral is the Borel-sum of E(z), and it admits
this series as the asymptotic expansion for x — 0. Moreover, one can find that both
E(m) and its Borel-sum satisfy the differential equation 2y’ +y = z. In this way,
the Borel-Laplace summation, when it may be applied, gives an analytic solution
in some sector whose asymptotic expansion is the given power series.

The usual g-analog n!, of n! is defined by the relation n!, = ((lqiq;)’“:l. While
replacing ¢ with ¢!, one obtains the following g-analog of n! : nl, ¢ "("=1/2,
This gives the divergent series Y, ., (=1)"¢~"("~V/2nl x"*+! which satisfies the
following g¢-difference equation:

y(z) —y(7
T ( 1(q)+y(x):x
T q
or, equivalently,
(A.5) E 12y +ayE) = -1)
. - —1-a)y(z) +ay(=)=(-—-1x.
q Y oy q

The point = 0 is a non-Fuchsian singular point for (A.5). From the analytic
classification viewpoint of ¢-difference equations (see [26]), this equation plays the
same role as (2.2). It can be easily seen that the ¢-Euler series F(x;q) given in
(0.6) is a formal solution of (2.2). In this way, the summation process in (A.4) is
replaced with the following g-analog:

(a6) S (-nrgrrn2gn o S e = L o (),

n>0 n>0 1+ g
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where L, denotes a g-Laplace transform such that
(A.7) Ly(§")(w) = q " D/2gm

The condition in (A.7) can be really interpreted as the solution to the moment
problem associated with the sequence (¢~™("~1)/2),. This problem being undeter-
mined, one can have several g-analogs in (A.6). In [33] and [34], two g-Laplace
transforms have been considered as follows.

First, assume ¢ € (0, 1), let

(A.8) w(ﬁ‘i)%li(l/q)ew (teCr),
and define

e &
(4.9) Lie@ = [ et F.

Secondly, for ¢ € C with 0 < |¢| < 1, let 0(t;q) = >, s (=172 and define

(A.10) L)@ = Y *(2(5)

geuqz 9 T q)

where u denotes a non-zero complex number which indicated the discrete integration-
path.

Each of both g-summations constructed in the above, when it may be applied to
a given power series, gives rise to a g-Borel sum for this series.

Proposition A.3. Fvery g-Borel sum of a power series satisfying a linear q-
difference equation is an analytic solution of the same functional equation in some
suitable domain. Moreover, this sum-function admits the power series as asymptotic
expansion as r — 0.

Proof. See [33] and [34]. O
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