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DERIVED CATEGORIES AND DELIGNE-LUSZTIG
VARIETIES II

by

CEDRIC BONNAFE, JEAN-FRANCOIS DAT & RAPHAEL ROUQUIER

Abstract. — This paper is a continuation and a completion of [BoRo1]. We extend the
Jordan decomposition of blocks: we show that blocks of finite groups of Lie type in
non-describing characteristic are Morita equivalent to blocks of subgroups associated
to isolated elements of the dual group — this is the modular version of a fundamental
result of Lusztig, and the best approximation of the character-theoretic Jordan decom-
position that can be obtained via Deligne-Lusztig varieties. The key new result is the
invariance of the part of the cohomology in a given modular series of Deligne-Lusztig
varieties associated to a given Levi subgroup, under certain variations of parabolic sub-
groups.

We also bring in local block theory methods: we show that the equivalence arises
from a splendid Rickard equivalence. Even in the setting of [BoRo1], the finer homo-
topy equivalence was unknown. As a consequence, the equivalences preserve defect
groups and categories of subpairs. We finally determine when Deligne-Lusztig induced
representations of tori generate the derived category of representations. An additional
new feature is an extension of the results to disconnected reductive algebraic groups,
which is required to handle local subgroups.

Contents

1. Introduction ............ ... ... ... ..l 2
1.A. Jordan decomposition .............. ... ... ..ol 3
1.B. Generation of the derived category .................. 5

1.C. Independence of the Deligne-Lusztig induction of the
parabolicin a givenseries .......................... 5
1.D. Structure of thearticle .............................. 6
2. Notations ............. ... ... 7
2A. Modules .......... .. 7

The first author is partly supported by the ANR (Project No ANR-12-JS01-0003-01 ACORT). The
second author thanks the Institut Universitaire de France and the project ANR-14-CE25-0002-01
PerCoLaTor for their support. The third author is partly supported by the NSF (grant DMS-1161999)
and by a grant from the Simons Foundation (#376202, Raphaél Rouquier).



2 C. BONNAFE, J.-F. DAT & R. ROUQUIER

2.B. Finitegroups ........... ... ... ..ol 7
2.C. Varieties .......... .. 8
2.D. Reductive groups .............ccoiiiiiiiiiiii 8
2.E. Deligne-Lusztig varieties .......................... 9
3. Generation ............ ... ... 9
3.A. Centralizers of {-subgroups ........................ 9
3.B. Perfect complexes and disconnected groups .......... 11
3.C. Generation of the derived category .................. 12
4. Rationalseries ................ ... ... ... ...l 15
4. A. Rational series in connected groups ................ 15
4.B. Coroots of fixed points subgroups .................. 17
4.C. Centralizers and rational series .................... 18
4.D. Generationand series ..................... ... .. ... 21
4E. Decomposition map and Deligne-Lusztig induction .. 22
5. Comparing Y-varieties .................. ... ... ... .. ..., 25
5.A. Dimension estimates and further .................... 25
5B. Setting ........... ... 28
5.C. Preliminaries ............... .. ...l 29
5.D. Comparison of complexes .......................... 32
6. Independence on the parabolic subgroup .................. 37
6.A. Isomorphisms ................ ... . 38
6.B. Transitivity .......... ... ... ... ... il 43
7. Jordan decomposition and quasi-isolated blocks ............ 43
7.A. Quasi-isolated setting .................. ... ... 44
7.B. Clifford theory ........... ... ... ... .. ... .. ..., 45
7.C. Embedding in a group with connected center and Morita
equivalence .......... ... ... 47
7.D. Splendid Rickard equivalence and local structure ... . 49
Appendix A. About /-permutation modules ............. ... .. 53
References .......... ... ... ... . i 55

1. Introduction

Let G be a connected reductive algebraic group endowed with an endomorphism
F,a power of which is a Frobenius endomorphism. Let ¢ be a prime number distinct
from the defining characteristic of G and K a finite extension of Q,, large enough
for the finite groups considered. Let & be the ring of integers of K over Z, and k
the residue field. We will denote by A a ring that is either K, ¢ or k.
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The main tool for the study of representations of G* over A is the Deligne-Lusztig
induction. Let L be an F-stable Levi subgroup of G contained in a parabolic sub-
group P with unipotent radical V so that P =V x L. Consider the Deligne-Lusztig
variety

Yp={gVeG/V|g'F(g)eV-F(V)}.

It has a left action of G' and a right action of L¥ by multiplication. The correspond-
ing complex of ¢-adic cohomology induces a triangulated functor

R, D(ALF) - D”(AG"), M — RT,(Yp,A)®%, . M

and a morphism
RE ,=[2] p]: G(AL") = Go(AG").

LcP

This is the usual Harish-Chandra construction when P is F-stable.

1.A. Jordan decomposition. — Let G* be a group Langlands dual to G, with Frobe-
nius F*. Consider the set Irr(G") of characters of irreducible representations of G*
over K. Deligne and Lusztig gave a decomposition of Irr(G”) into rational series

Irr(GH) = ]_[Irr(GF,(s))
(s)
where (s) runs over the set of conjugacy classes of semi-simple elements of (G*)"".
The unipotent characters of G' are those in Irr(G", 1).
Let L be an F-stable Levi subgroup of G with dual L* ¢ G* containing Cg.(s).
Lusztig constructed a bijection

Ire(L, (8)) = Irr(GF, (), 4 — £RF(Y).
If s € Z(L*), then there is a bijection
(L7, (1)) = Ire(L7, (5)), 4 — 0y
where 7 is the one-dimensional character of L¥ corresponding to s, and we obtain
a bijection
Irr(LF, (1)) = Irr(GF, (s)).
This provides a description of irreducible characters of G” in the rational series (s)

in terms of unipotent characters of an other group, when Cg.(s) is a Levi subgroup
of G*.

Let us now consider the modular version of the theory described above. Let s
be a semi-simple element of G** of order prime to . Consider [ [, Irt(G”, (¢)), where
(t) runs over conjugacy classes of semi-simple elements of (G*)" whose ¢’-part is
(s). Broué and Michel [BrMi] have show this is a union of blocks of 0Gf. The sum
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of the corresponding block idempotents is an idempotent e¢" € Z(0GF), and we
obtain a decomposition

0G"-mod =P 0G" e -mod
(s)

where (s) runs over conjugacy classes of semi-simple ¢’-elements of G*'.

Let L be an F-stable Levi subgroup of G with dual L* containing Cg.(s). Let
P be a parabolic subgroup of G with unipotent radical V and Levi complement
L. Broué [Br2] conjectured that the (0G, OLF)-bimodule H4™Yr(Yy, ﬁ)esLF gives a
Morita equivalence between 0G”eS" and OLFe!". This was proven by Broué [Br2]
when L is a torus and in [BoRo1] in general.

Broué also conjectured that the truncated complex of cohomology GT,(Yy, 0)e"
(well defined by Rickard [Ri] in the homotopy category) induces a splendid Rickard
equivalence between 0G" eS" and 0L e!": it induces not only an equivalence of de-
rived categories, but even an equivalence of homotopy categories, and it induces a
similar equivalence for centralizers of {-subgroups. One of our main results here
is a proof of that conjecture. In order to show that there is a homotopy equiva-
lence, for connected groups, we show that the global functor induces local derived
equivalences for centralizers of {-subgroups. Since such centralizers need not be
connected, we need to extend the results of [BoRo1] to disconnected groups. So,
part of this work involves working with disconnected groups.

We also extend the “Jordan decomposition equivalences” (Morita and splendid
Rickard) to the “quasi-isolated case”: assume now only C¢,(s) Cc L*. We show that
the right action of Lf on HimYr(Yy, ﬁ)esLF extends to an action of N = Ng:(L, eSLF)
commuting with the action of G, and the resulting bimodule induces a Morita
equivalence between 0G"eS" and ONe!". Similarly, we obtain a splendid Rickard
equivalence between 0G"eS" and ONel .

As a consequence, we deduce that the bijection between blocks of 0G"eS" and
ONel" preserves the local structure, and in particular, preserves defect groups.
Kessar and Malle have proven this in the setting of [BoRo1], when one of the blocks
under consideration has abelian defect groups (modulo a central £-subgroup) [KeMal,
Theorem 1.3], an important step in their proof of half of Brauer’s height zero conjec-
ture for all finite groups [KeMal, Theorem 1.1] and the second half for quasi-simple
groups [KeMa2, Main Theorem)].

Let us summarize this.

Theorem 1.1. — Assume C_,(s) C L*.
The right action of L¥ on GI,(Yy, 0)e! extends to an action of N and the resulting
complex C induces a splendid Rickard equivalence between 0GFeS" and ONe!". The

bimodule HY™Yr(C) induces a Morita equivalence between 0GF esGF and ON eSLF.
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The bijections between blocks of 0G* eS" and ONe!" induced by those equivalences pre-
serve the local structure.

Significant progress has been made recently on counting conjectures for finite
groups, using the classification of finite simple groups, and [BoRo1] has proved
useful. We hope this theorem will lead to simplifications and new results.

The character-theoretic consequence of this theorem is that, for groups with dis-
connected center, the Jordan decomposition shares many of the properties of that
for the connected case (commutation with Deligne-Lusztig induction for example).
In type A, the Jordan decomposition of characters links all series to unipotent series
of smaller groups: even in that case, the good behaviour of those correspondences
was known only when g is large (Bonnafé [Bo3] for SLand Cabanes [Ca] for SU).

1.B. Generation of the derived category. — One of the two key steps in [BoRo1]
was the proof that the category of perfect complexes for 0G” is generated by the
complexes RI.(Yg), where B runs over Borel subgroups of G with an F-stable maxi-
mal torus. We show here a more precise result of generation of the derived category
of 0G*. Let & be the set {RT,(Yg)®%,., M}, where T runs over F-stable maximal tori
of G, B over Borel subgroups of G containing T, and M over isomorphism classes of

OTF-modules.

Theorem 1.2. — The set & generates D?(0GF) (as a thick subcategory) if and only if all
elementary abelian (-subgroups of G*' are contained in tori.

This, in turn, requires an extension of the results of Broué-Michel [BrMi] on the
compatibility between Deligne-Lusztig series of characters and the Brauer mor-
phism, to disconnected groups. We are able to achieve this by refining our result
on the generation of the category of perfect complexes to a generation of the cat-
egory of {-permutation modules whose vertices are contained in tori (the crucial
case is that of connected groups). Such a result allows us to obtain a generating re-
sult for the full derived category, under the assumption that all elementary abelian
{-subgroups are contained in tori.

Note that the condition on elementary abelian ¢-subgroups is automatically sat-
isfied if G = GL,(F) or if ¢ is very good for G.

1.C. Independence of the Deligne-Lusztig induction of the parabolic in a given
series. — It is known in most cases, and conjectured in general, that the map RS,
is actually independent of P ([DeLu, Lu2] when L is a torus and [BoMi] when g > 2
and F is a Frobenius endomorphism over F,). On the other hand, the functor 25,
does depend on P. Our main new geometrical result proves the independence after
truncating by a suitable series.
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Let P, and P, be two parabolic subgroups admitting a common Levi complement
L. Denote by V! the unipotent radical of the parabolic subgroup of G* corresponding
to P;.

Theorem 1.3. — Let s be a semi-simple element of L+ of order prime to £. If
CV’{I’WF*V’{(S) C CV;(S) and CVZHF*V;(S) C CF*W(S)
then there is an isomorphism of functors between

28 , :D’(ALFe!")— D?(AG"eS")

LcP;

and #8 , [m]:DP(ALF ! )— DP(AG"e"),

LcP,

where m = dim(Ygz) — dim(Y‘P?1 ).

This is the key result to prove Theorem 1.1. This result shows that when C¢,(s) C
L*, the (0G*, OLF)-bimodule HI™Yr(Yp, @’)QSLF is independent of P, a question left
open in [BoRo1]. We deduce that the bimodule is stable under the action of N =
Ngr(LF, e"). Using an embedding in a group with connected center, we show that
the obstruction for extending the action of L¥ to N does vanish.

1.D. Structure of the article. — We begin in §3 with the study of generation of
the category of perfect complexes, then we move to complexes of /-permutation
modules and finally we derive our result on the derived category. A key tool, due
to Rickard, is that the Brauer functor applied to the complex of cohomology of a
variety is the complex of cohomology of the fixed point variety.

Section §4 is devoted to the study of rational series and their compatibility with
local block theory. Broué and Michel proved a commutation formula between
generalized decomposition maps and Deligne-Lusztig induction. We need to ex-
tend the compatibility between Brauer and Deligne-Lusztig theory to disconnected
groups, and check that the local blocks obtained from a series satisfying C¢,(s) c L*
also satisfy a similar assumption C(OCE(Q))*(S) C (LN CSQ))

From §5 onwards, the group G is assumed to be connected. Sections §5 and §6
are devoted to the study of the dependence of the Deligne-Lusztig induction of the
parabolic subgroup. The first section is devoted to the particular case of varieties
associated with Borel subgroups (and generalizations involving sequences of ele-
ments). It is convenient there to work with a reference torus. This is the crucial
case, from which the general one is deduced in the second section, where we go
back to non-standard Levi subgroups.

The final section §7 is devoted to the Jordan decomposition. We start by provid-
ing an extension of the action of N on the cohomology bimodule by proving that the
cocycle obstruction would survive in a similar setting for a group with connected
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center, where the action does exist. The Rickard equivalence is obtained inductively,
and that induction requires working with disconnected groups.

In an appendix, we provide some results on the homotopy category of complexes
of /-permutation modules for a general finite group.

2. Notations

2.A. Modules. — Let ¢ be a prime number, K a finite extension of Q, large enough
for the finite groups considered, 0 its ring of integers over Z, and k its residue field.
We will denote by A a ring that is either K, 0 or k.

Given % an additive category, we denote by Comp” () the category of bounded
complexes of objects of ¢ and by Ho”(%) its homotopy category.

Let A be a A-algebra, finitely generated and projective as a A-module. We denote
by A°PP the algebra opposite to A. We denote by A-mod the category of finitely
generated A-modules and by A-proj its full subcategory of projective modules. We
denote by G,(A) the Grothendieck group of A-mod.

We put Comp”(A) = Comp”’(A-mod), D?(A)= D”(A-mod) and Ho”(A) = Ho?(A-mod).
We denote by A-perf c D?(A) the thick full subcategory of perfect complexes (com-
plexes quasi-isomorphic to objects of Comp”(A-proj)).

Let C € Comp”(A). There is a unique (up to a non-unique isomorphism) complex
C™d which is isomorphic to C in the homotopy category Ho”(A) and which has no
non-zero direct summand that is homotopy equivalent to 0. Note that C ~ C™ & C’
for some C’ homotopy equivalent to zero.

We denote by End,(C) the total Hom-complex, with degree n term B;_,_, Hom,(C LCh.

Let B be A-algebra, finitely generated and projective as a A-module. Let C be a
bounded complex of (A®, B°°?)-modules, finitely generated and projective as left
A-modules and as right B-modules. We say that C induces a Rickard equivalence
between A and B if the canonical map B — End’,(C) is an isomorphism in Ho(B ®,
B°PP) and the canonical map A — Endj,,,(C)°P? is an isomorphism in Ho(A®, A°PP).

2.B. Finite groups. — Let G be a finite group. We denote by G°PP the opposite
group to G. We put AG ={(g,g7")lg € G} € G x G°P". Given g € G, we denote by |g|
the order of g.
Let H be a subgroup of G and x € G. We denote by x, the equivalence of cate-
gories
x,:A(x'H x)-mod — AH-mod
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where x,(M)= M as a A-module and the action of & € H on x,(M) is given by the
action of x'hx on M. We also denote by x, the corresponding isomorphism of
Grothendieck groups

x, : Go(A(x ' Hx)) — Gy(AH).

We assume A = 0 or A = k in the remainder of §2.B.

An (-permutation AG-module is defined to be a direct summand of a finitely gener-
ated permutation module. We denote by AG-perm the full subcategory of AG-mod
with objects the {-permutation AG-modules.

Let Q be an {-subgroup Q of G. We consider the Brauer functor Br : AG-perm —
k[N;(Q)/Q]-perm. Given M € AG-perm, we define Bry(M) as the image of M? in
(kM)q, where (kM) is the largest quotient of kM = k®, M on which Q acts trivially.

We denote by br,, : (AG)? — kC(Q) the algebra morphism given by bry (3., A,8) =
D secoo) g8 Where A, € A for g € G. Given M € AG-perm and e € Z(AG) an idem-
potent, we have Bry(Me) =Bry(M)bry(e).

Let H be a subgroup of G, let b be an idempotent of Z(AG) and ¢ an idempotent
of Z(AH). Let C € Comp”(AGb ® (AHc)°"?). We say that C is splendid if the C’s
are /-permutation modules whose indecomposable direct summands have a vertex
contained in AH.

2.C. Varieties. — Let p be a prime number different from ¢ and F an algebraic
closure of F,,. By variety, we mean a quasi-projective algebraic variety over F.

Let X be a variety acted on by a finite group G. We denote by GI.(X, A) the complex
of étale A-cohomology with compact support of X constructed as 7 <,4mx of the
Godement resolution (cf [Roul, §2], [DuRou, §1.2], and [Ri]). This is an object
of Ho’(AG-perm), well defined up to a unique isomorphism. We will denote by
RT,(X, A) its image in D?(AG).

Assume A = 0 or k and let Q be an ¢-subgroup of G. The inclusion X? — X
induces an isomorphism [Ri, Theorem 4.2]

GI,(X?, k) — Brg(GI,(X, A)) in Ho”(kNg(Q)-perm).

2.D. Reductive groups. — Let G be a (possibly disconnected) reductive algebraic
group endowed with an endomorphism F, a power F°? of which is a Frobenius
endomorphism defining a rational structure over a finite field F, of characteristic
p. We refer to [DigMi2, DigMi3] for basic results on disconnected groups.

A parabolic subgroup P of G is a subgroup containing a parabolic subgroup P,
of G° and normalizing P, (then P° = P.). Let V be the unipotent radical of P,. A
Levi complement to V in P is a subgroup of P of the form Np(L,), where L, is a Levi
complement of Vin P, (then L° =L, and P=VxL).
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We denote by V(G, F) the set of pairs (T, 8) where T is an F-stable maximal torus
of G and 0 is an irreducible character of TF.

Given an integer d, we denote by V (G, F) the set of pairs (T, 8) € V(G, F) such
that the order of 0 is prime to d. We put V,(G, F)=V(G, F)if A=K and V,(G,F) =
Vi(G,F)if A=0 or k.

2.E. Deligne-Lusztig varieties. — Given P a parabolic subgroup of G with unipo-
tent radical Vand F-stable Levi complement L, we define the Deligne-Lusztig vari-
ety

Yv=Yy=Yp=Y; ={gVeG/V|g'F(g)eV-F(V)}.
This is a smooth variety, with a left action by multiplication of G and a right action
by multiplication of L¥ (note that the left and right actions of Z(G)" coincide). This
provides a triangulated functor

%G

21) S . DbALF) — DP(AGF)

M  — RL(YyA)&:, M
and a morphism
RE ,=[2F ,]: G(AL") = Gy(AG").

LcP

We put XS = {gP e G/P | g ' F(g) € P- F(P)} = YS/L.

3. Generation

The aim of this section is to extend [BoRo1, Theorem A] to the case of discon-
nected groups, and to deduce a generation theorem for the derived category.

In this section §3, G is a (possibly disconnected) reductive algebraic group.

3.A. Centralizers of {-subgroups. — Let P be a parabolic subgroup of G admitting
an F-stable Levi complement L, and let V denote the unipotent radical of P. It is
easily checked [DigMi2, Proof of Proposition 2.3] that

(3.1) = ][] &%
geGl /GoF

It follows immediately from (3.1) that
(3.2) #8_,oIndY, ~ 2S¢

LcP LocPe

If G=P-G°, then we have
(3.3) RE 5.0 Resifp ~ Resgfp oS

L LcP’

F o
~IndS,, o R ..
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Proposition 3.4. — Let Q be an {-subgroup of L¥. Then:

(@) The group Cg(Q) is reductive.

(b) Cp(Q) is a parabolic subgroup of Cg(Q) whose unipotent radical is Cy(Q) and admit-
ting C(Q) as an F-stable Levi complement. In particular, Cy(Q) is connected.

(¢) The natural map Cg(Q)/CGy(Q) — (G/V)2Q is an isomorphism of (Cg(Q), C(Q))-varieties.

(d) (V- FV)AQ =G(Q)- FCV(Q)-

(e) The natural map Yg“j((g)) — (YS$)AQ is an isomorphism of (Ce(Q), Gi(Q)F)-varieties.

Proof. — Every non-trivial finite {-group contains a non-trivial normal central sub-
group. So an easy induction argument shows that it is enough to prove all the
statements of this proposition whenever Q is cyclic. So let I € L* be an {-element
and let Q = (I).

(a) and (b) follow from [DigMi2, Proposition 1.3, Theorem 1.8, Proposition 1.11].

(c) Note that that both varieties are smooth (for (G/V)2?, this follows from the fact
that Q is a p’-group and G/V is smooth). The injectivity of the map is clear.

Let us prove the surjectivity. Let gV € (G/V)*?. Then, g~'lgl~' €V or, in other
words, g7'lg €Vl =1V. But g 'lg is an {-element, so it is semisimple, hence it nor-
malises a maximal torus of P° (see [St, Theorem 7.5]). We deduce that g'l g belongs
to the unique Levi complement L’ of P containing this maximal torus (see [St, The-
orem 7.5]). Since all Levi complements are conjugate under the action of V, there
exists v € Vsuch that v'g7llgv eL. But v-igligv €V, so gv € C4(l) = Cg(Q), as
desired.

The tangent space at V of (G/V)*? is the AQ-invariant part of the tangent space
of G/V at V. That last tangent space is a quotient of the tangent space of G at the
origin. It follows that the canonical map Cg(Q) = G*? — (G/V)*? induces a surjec-
tive map between tangent spaces at the origin. Consequently, the canonical map
Ce(Q)/ Gy(Q) — (G/V)AQ induces a surjective map between tangent spaces at the ori-
gin. We deduce that the map is an isomorphism.

(d) The number of F-stable maximal tori of L is a power of p (see [St, Corol-
lary 14.16]). Since Q is an £-group, it normalizes some F-stable maximal torus. Us-
ing now the root system with respect to this maximal torus, we deduce that there
exists a Q-stable subgroup V' of Vsuch that V=V'-(VNF(V)) and V'NF(V)=1. There-
fore, V- F(V)=V’- F(V) and the result follows.

(e) follows immediately from (c) and (d). ]

To complete the previous proposition, note the following result.
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Lemma 3.5. — Let P be an (-subgroup of G* x (L¥)°PP such that (Y$)" # @. Then there
exists an {-subgroup Q of L such that P and AQ are conjugate under the action of G* x 1.

Proof. — Let Q c LF (respectively R c G") denote the image of P through the second
(respectively first) projection and let yV e (Y$)".

If g € R, then there exists [ € Q such that (g,!) € P. Therefore, gy IV = yV, hence
y~'gyV=1"'V. This implies that y 'Ry c QV. We denote by n: R — Q the com-
position R — y~'Ry — QV —» Q. Since R (respectively Q) acts freely on G/V, the
previous computation shows that 1 is an isomorphism, and that

P={(g,n(g) | g<€R}

Now, there exists a positive integer m such that F™(P) = P and y'Ry c PF".
So y'Ry acts by left translation on P /L. Since y 'Ry is a finite {-group and
|PF" /LF"| = |VF"| is a power of p, it follows that y 'Ry has a fixed point in Pf" /LF".
Consequently, there exists v € V such that y'/yvL = vL for all [ € R. In other
words, (yv)'R(yv) c L. This means that, by replacing y by yv if necessary, we
may assume that y 'Ry c L. Therefore, y 'Ry =Qand P={(yly~',1)| L €Q}.

Now, y 'F(y)€ V- F(V) but, since F(yly )= yly™! for all ] € Q, we deduce that
y'F(y)€ Ce(Q). So

y'F(y)e(V- F(V))N Ce(Q) = Gy(Q)- F(Gy(Q)) € C(Q)
(see Proposition 3.4(b) and (d)). So, by Lang’s Theorem, there exists x € C;(Q) such
that y'F(y)= x"'F(x). This implies that h = yx~' € G", and
P={(hin7',1)| 1 €Q},

as expected. O

3.B. Perfect complexes and disconnected groups. — Given M a simple AG"-module,
we denote by #%(M) the set of pairs (T, B) such that T is an F-stable maximal torus of
G and B is a Borel subgroup of G containing T such that RHomj} . (RT, (Y, A), M) # 0.
We then set d(M) = min gjca ) dim(Yg). The following two theorems are proved

in [BoRo1, Theorem A] whenever G is connected.

Theorem 3.6. — Let M be a simple AG"-module. Then % (M) # @. Moreover, given
(T,B) € %(M) such that d(M) = dim(Yg), we have

Home(AGp)(RFC(YB, A), M[—l]) =0
forall i # d(M).
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Proof. — By (3.2), we have
Homps(gr)(RT(Yg, A), M[—i]) = Homps(ger (R (Yg , A), Resg,. M[—i]).

Since M is simple and G°F < G, it follows that Resgfp M is semisimple. Since the
theorem holds in G°f' (see [BoRo1, Proof of Theorem A]), we know that %(M) is not
empty. The second statement follows from the fact that, if two simple AG**-modules
M, and M, occur in the semisimple module Resgfp M, then they are conjugate under
G, and so d(M,)=d(M,)=d(M). O

Theorem 3.7. — The triangulated category AG” -perfis generated by the complexes RT.(Yg, A),
where T runs over the set of F-stable maximal tori of G and B runs over the set of Borel sub-
groups of G containing T.

3.C. Generation of the derived category. — In this section §3.C, we assume A= 0
or k.

Let Q be an (-subgroup of G and let M be an indecomposable /-permutation
A[G" x Q°PP]-module with vertex AQ. We denote by #[M] the set of pairs (T,B)
such that T is an F-stable maximal torus of G contained in a Borel subgroup B of G
such that Q normalizes (T, B) and such that M is a direct summand of a term of the

F  TF0 red . . Ce(Q)
complex (ResS, Som GI(Yg,A)) " . We set d[M]=ming gea dim(Y 5 ).

Lemma 3.8. — If Q normalizes a pair (T C B) where T is an F-stable maximal torus and
B a Borel subgroup of G, then %[M] # @. Moreover, given (T,B) € #[M] such that
d[M] = dim(Yeq), the degree i term of the complex (Resgiig,;f,p Gl“C(YB,A))reOl has no
direct summand isomorphic to M if i # d[M].

Proof. — Note that Ngrqu(AQ) = (Ce(Q)F x 1)AQ, and we identify Cg(Q)F with
Ngrxqow(AQ)/AQ via the first projection. Let V be an indecomposable projective
kCg(Q)F-module such that M(AQ, V)~ M (cf Appendix), and let L be the simple
quotient of V.

Now, let B, be a Borel subgroup of Cg(Q) admitting an F-stable maximal torus

T,,. Let B be a Borel subgroup of G containing B, (then B, = C3(Q)).
F Ty, °PP re sge
We set D = (Resgjgip XTQ GTC(Ygg(Q), k)) d. By Proposition 3.4(e), we have

Brag(GT,(Yg, A) ~ GI, ((Y§)*, k) ~ GI(Yg¢'?, k)~ D
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in Ho? (k Cg(Q)F). It follows from Lemma A.2 that M is a direct summand of the i-th

GF xThoPP re .
term of (ResGF Xzopp GL.(Y§ ,A)) if and only if V is a direct summand of D*. So the
result follows from Theorem 3.6. Note that d[M]=d[V]=d(L)= dingg(Q). O

Let ./ be the thick subcategory of Ho”(AG") generated by the complexes of the
form

GI,(Yp,A)®,p L
where

- T runs over F-stable maximal tori of G

— B runs over Borel subgroups of G containing T

— P is an ¢-subgroup of Ng:(T,B)

— and L is an AP-module, free of rank 1 over A.

Let % be the full subcategory of AG"-mod consisting of modules whose inde-
composable direct summands have a one-dimensional source and a vertex P which
normalizes a pair (T € B) where T is an F-stable maximal torus and B a Borel sub-
group of G.

Theorem 3.9. — We have .o/ = Ho?(A).

Proof. — Given N an indecomposable AG"-module with a one-dimensional source
L and a vertex P which normalizes a pair (T € B), where T is an F-stable maximal
torus and B a Borel subgroup, we set d[N] to be the minimum of the numbers d[M],
where M runs over the set of indecomposable £-permutation A(G" x P°PP)-modules
with vertex AP and such that N is a direct summand of M ®,, L.

Note that if M is an indecomposable {-permutation A(G" x P°PP)-module with
vertex properly contained in AP, then the indecomposable direct summands of
M ®,p L have vertices of size < |P|. Since the A(G' x P°PP)-module AG is a direct sum
of indecomposable modules with vertices contained in AP, we deduce that there is
an indecomposable /-permutation A(GF x P°PP)-module M with vertex AP and such
that N is a direct summand of M ®,, L.

We now proceed by induction on the pair (|P|, d[N]) (ordered lexicographically)
to show that N € .¢/. Fix M an indecomposable {-permutation A(G” x P°PP)-module
M with vertex AP and such that N is a direct summand of M ®,, L, with d[N] =
d[M]. Let (T,B) € M ]be such that dim(Yg)=d[M]and let D = (Resg,::gﬁ’p: B G (YG,A))red.
If i # d[M], then Lemma 3.8 shows that the indecomposable direct summands
M’ of D' have vertices of size < |P|, or have vertex AP and satisfy d[M’'] < d[M].
Therefore, the indecomposable direct summands N’ of D’ ®,, L have vertices of

size <|P| or have vertex P and satisfy d[N’] < d[N]. We deduce from the induction
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hypothesis that D'®,, L € .¢/ for i # d[N]. Since N is a direct summand of DV, , L
and D ®,p L € ./ by construction, we deduce that N € .</. O

Corollary 3.10. — Assume that every elementary abelian (-subgroup of G* normalizes
a pair (T C B) where T is an F-stable maximal torus and B a Borel subgroup of G. Then
DY(AGF) is generated, as a triangulated category closed under direct summands, by the
complexes ?/'ZTGcB(Indg L), where T runs over the set of F-stable maximal tori of G, B runs
over the set of Borel subgroups of G containing T, Q runs over the set of {-subgroups of T*
and L runs over the set of (isomorphism classes) of AQ-modules which are free of rank 1
over A.

Proof. — Since the category D?(AGF) is generated, as a triangulated category closed
under taking direct summands, by indecomposable modules with elementary abelian
vertices and one-dimensional source [Rou3, Corollary 2.3], the statement follows
from Theorem 3.9. O

Remark 3.11. — 1t is easy to show conversely that if D?(AGF) is generated by the
complexes QZchB(Ind(T; L) as in Corollary 3.10, then D?(AGF) is generated by inde-
composable modules with a one-dimensional source and an elementary abelian
vertex that normalizes a pair (T C B) where T is an F-stable maximal torus and B
a Borel subgroup

In particular, the generation assumption for A = k implies that all elementary
abelian ¢-subgroups of G are contained in maximal tori.

The particular case G* = GL,(F,) (for arbitrary n) is enough to ensure that DY(H)
is generated by indecomposable modules with elementary abelian vertices and one-
dimensional source, for any finite group H — this fact is a straightforward conse-
quence of Serre’s product of Bockstein’s Theorem, but we know of no other proof.
It would be interesting to find a direct proof of that result for GL,(F,).

Recall that an element of Go(AG") is uniform if it is in the image of > R¥(Gy(AT")),
where T runs over the set of F-stable maximal tori of G.
One can actually describe exactly which complexes are “uniform”.

Corollary 3.12. — Let T be the full triangulated subcategory of D"(AGF) generated by
the complexes RS (M), where T runs over the set of F-stable maximal tori of G, B runs
over the set of Borel subgroups of G containing T and M runs over the set of (isomorphism
classes) of AT"-modules. Assume that every elementary abelian (-subgroup of G* normal-
izes a pair (T C B) where T is an F-stable maximal torus and B a Borel subgroup of G.

An object C of D*(AGF) is in 7 if and only if [C] € Go(AGF) is uniform.
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Proof. — The statement follows from Corollary 3.10 and from Thomason’s classifi-
cation of full triangulated dense subcategories [Tho, Theorem 2.1]. O

Remark 3.13. — Note that Corollary 3.12 holds also for A = K: in the proof, Corol-
lary 3.10 is replaced by Theorem 3.7.

Examples 3.14. — (1) If G=GL,(F) or SL,(F), then all abelian subgroups consisting
of semisimple elements are contained in maximal tori. This just amounts to the
classical result in linear algebra which says that a family of commuting semisimple
elements always admits a basis of common eigenvectors.

(2) Assume G is connected. Let 7, (respectively m,) denote the set of prime
numbers which divide |Z(G*)/Z(G*)°| (respectively which are bad for G), cf [BoRol,
End of §11]. We set ©=m, Un,. Now, if £ ¢ 7 and is ¢ is an {-element of G, then
Cg(t) is connected and is a Levi subgroup of G. An induction argument then allows
to show the following fact.

(3.15) If € & 7, then all abelian (-subgroups of G* are contained in maximal tori.

So Corollary 3.10 can be applied if ¢ ¢ m. This generalises (1).

Counter-example 3.16. — Assume here, and only here, that £ = 2 (so that p # 2)
and that G = PGLy(F). Let ¢ (respectively ¢’) denote the class of the matrix ((1) _01)

(respectively ((1) (1))) in G. Then (t,t’) is an elementary abelian 2-subgroup of G

which is not contained in any maximal torus of G (indeed, since G has rank 1, all
finite subgroups of maximal tori of G are cyclic).

4. Rational series

4.A. Rational series in connected groups. — We assume in this section §4.A that
G is connected.

Let (T, 8) e V(G, F) and let ® (respectively ®") denote the root (respectively coroot)
system of G relative to T.

Let d be a positive integer divisible by § and such that (wF)4(t) = t7*° for all
t €T and w € Ng(T). Let { be a generator of IF;d 5~ Recall that the map

N: Y(T) — TF
A Npap(M) =AM P+ F7(AQ)
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is surjective. Weset 0¥ =0 oN: Y(T) —» K* and
®V(0)=d"NKer(6").

Note that ®"(0) is closed and symmetric, hence it defines a root system. We de-
note by W7 (T, 0) its Weyl group. It is a subgroup of the Weyl group Ng(T)/T and it
is contained in the stabilizer Wg(T, 0) of 6.

This can be translated as follows in the dual group. Let (G*, T*, F*) be a triple dual
to (G, T, F) [DeLu, Definition 5.21]. Let s € T*" be the element corresponding to 6.
This provides an identification of the coroot system ®" with the root system of G*
and, through this identification,

®'(0)={a" €®" | a’(s)=1}.

The group WZ(T, 0) is identified with the Weyl group W*°(T*, s) of C_,(s) relative to
T* while W(T, 0) is identified with the Weyl group W(T*, s) of C.(s).

Recall that (T, 6,) and (T,, 8,) are in the same geometric series if there exists x € G
such that (T,,0,)) = “(T},0)) and x'F(x)T, € W(T,,0,). The pairs are in the same
rational series if in addition the element s, € T corresponding to * 6, is G*"-
conjugate to s;. We have now a direct description of rational series.

Proposition 4.1. — The pairs (T, 6,) and (T,, 0,) are in the same rational series if and
only if there exists x € G such that (T,,0,")=*(T,,0)") and x~' F(x)T, € Wg(T,, 6,).

Proof. — Note that given x € G such that *T, is F-stable, then x' F(x) e Ng (T)).

Let T be an F*-stable maximal torus of G* and let s; € T be such that the G*"-
orbit of (T%,s;) corresponds to the GF-orbit of (T;,60;). Then the statement of the
proposition is equivalent to the following:

(x) s, and s, are G**"-conjugate if and only if there exists x € G* such that (T}, s,) =
Y(T%,8) and x~' F*(x)T* € W(T%, s,).
So let us prove (x).

First, if s, and s, are G*'"-conjugate, then there exists x € G*/" such that s, = x5, x 7.

Then T* and x'T;x are two maximal tori of C;,(s;), so there exists y € Cg,(s;) such
that yTfy~' = x7'T;x. Then (T}, s,) = *¥(T%, 5;) and

(xy)'F*(xy)=y ' F¥(y) € Ca.ls),
as desired.

Conversely, assume that there exists x € G* such that (T}, s,) = *(T%, s;) and x ' F*(x)T* €

W*(T%, s;). By Lang’s Theorem applied to the connected group Cg,(s;), there exists
1

y € C2.(s;) such that x 'F*(x)= y'F*(y). Then xy ' e G and s, = xy~'s;yx .
The proof of (x) is complete. O
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We can now translate the properties of regularity and super-regularity defined
in [BoRo1, §11.4]. Let P be a parabolic subgroup of G and let L be a Levi subgroup
of P. We assume that L is F-stable. Let 2 c V(L, F) be a rational series.

Proposition 4.2. — The rational series Z is (G, L)-regular (respectively (G, L)-super-regular)
if and only if W (T, 0) C L (respectively Wg(T, 0) C L) for some (or any) pair (T,0)€ Z'.

Proof. — This follows immediately from [BoRo1, Lemma 11.6]. ]

4.B. Coroots of fixed points subgroups. — We consider now again a non-necessarily
connected reductive group G.

We fix an element g € G which stabilizes a pair (T,B) where B is a Borel sub-
group of G and T is a maximal torus of B. Such an element is called quasi-semisimple
in [DigMi2] and [DigMi3]. For instance, any semisimple element of G is quasi-
semisimple. Recall from [DigMi2, Theorem 1.8] that (G8)° is a reductive group, that
(B8)° = B8 N(G8)° is a Borel subgroup of G8 and that (T¢)° = TN(G8)° is a maximal
torus of BS. We shall be interested in determining the coroot system of the fixed
points subgroup (G8)°.

Let @ (respectively ®") be the root (respectively coroot) system of G° relative to T.
Let ®(g) (respectively ®'(g)) denote the root (respectively coroot) system of (G8)° rel-
ative to (T8)°. If Q is a g-orbit in ®, we denote by ¢, € F* the scalar by which gl acts
on the one-parameter unipotent subgroup associated with a (through any identifi-
cation of this one-parameter subgroup with the additive group F). We denote by
(®/g)* the set of g-orbits 2 in ® such that there exist a, f € Q2 such that a+ € ®. We
denote by (®/g)? the set of other orbits. We set

b[g]={Qe(®/g)" | ca=%1}U{Qe€(®/g)" | ca=1}.

Finally, if Q € (®/g)* (respectively Q € (®/g)"), let Q' = 2> " (respectively Q' =
> s @”). Note that Q' is g-invariant, so it belongs to Y(T)% = Y((T#)°).

Proposition 43. — ¢'(g)={Q | Qed[g]}.

Proof. — The statement depends only on the automorphism induced by g on G°
and can be proved with assuming that G° is semisimple. Since this automorphism
can then be lifted uniquely to the simply-connected covering of G° (see [St, 9.16]),
we may also assume that G° is simply-connected. Therefore, g permutes the ir-
reducible components of G° so an easy reduction argument shows that we may
assume that G° is quasi-simple. Let U denote the unipotent radical of B, U~ the
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unipotent radical of the opposite Borel subgroup and, if « € ®, let U, denote the cor-
responding one-parameter unipotent subgroup. We also denote by G, the subgroup
generated by U, and U_,: it is isomorphic to SL,(F) because G° is simply-connected.
Let us first assume that (®/g)* =@. Then, if Q € ®/g, the subvariety Ug =] [,., U,
of U or U~ does not depend on the order chosen on ©Q to compute this product.
Moreover, it is an abelian g-stable algebraic group and U§ # 1 if and only if ¢, =1.
The subgroup (Ug, U_g) is a direct product of groups isomorphic to SL,(F) which are
permuted by g. It then follows that the coroot corresponding to the one-parameter
subgroup U? (if ¢, = 1) is equal to Q. The fact that these U§ are all the one-
parameter unipotent subgroups of (G8)° follows from [St, Proof of Theorem 8.2].
Let us now assume that (®/g)* # @. Then it follows from the classification of
simple root systems that G° is of type A,, and g acts on T by the automorphism
t — "¢~!, where wj is the longest element of the Weyl group of G° relative to T. A
straightforward computation gives the result in this case. O

Remark 4.4. — 1f Q € (®/g)?, then it follows from the classification that || is even,
and so the order of g is even.

4.C. Centralizers and rational series. — Let g € G" be a quasi-semisimple element
of G. Let (S,0) € V(Ci(g), F). We then set §* = Cg.(S). It follows from [DigMi2,
Theorem 1.8(iv)] that S* is a maximal torus of G° (containing S). It is stable under
the action of g, so we have a map %, : 8" — §*, t — 17'gtg™" = [g, t] (which is
a morphism of groups because S* is abelian). If t = Z,(s), then 818 ¢---8""'t =
Lgn(s). In particular, if 1 € (§87)8 = KerZ,, then 1 = Z,.(s). This shows that any
element of (§%)¥ N.Z,(S*) has order dividing the order of g. Consequently, since
((S*)%)° =S (see [DigMi2, Theorem 1.8(iii)]), we get

(4.5) S"=S-%,(S") and SN.Z,(S") is finite of exponent dividing the order of g.

Now, if H is a g-stable finite subgroup of S* of order prime to the order of g then
Hé& C §° (because (§7)8/8 is of order dividing the order of g by [DigMi2, Proposi-
tion 1.28]) and

(4.6) H = H® x Z,(H).

So, if the linear character 0 has order prime to the order of g, then it can be extended
canonically to a linear character 8% of St as follows: 67 is trivial on jfg(S*F ), is
trivial on elements of $*F of order prime to the order of 6 and coincides with 6 on
S¥. The fact that 87 is trivial on .Z,(S*") is equivalent to

4.7) 0" is g-stable.
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Note that, since $* N C;(g) =S by [DigMi2, Theorem 1.8], we may identify the Weyl
group of C;(g) relative to S to a subgroup of the Weyl group of G° relative to S*.
Through this identification, we get:

Lemma 4.8. — If the order of 0 is prime to the order of g, then Wy, (S, 0) € We-(S*,07)
and Wee, (S, 0) € We (87, 67).

Proof. — Let w e Wee (S, 0). Then w stabilizes ST = Cg.(S) and its action on S com-
mutes with the action of g. So it follows from the construction of * that w stabilizes
0+.

Let us now prove the second statement. Let a" be a coroot of CS(g) relative to S
such that 6"(a")=1. Let s, , denote the corresponding reflection in Wgé(g)(s, 0). Itis
sufficient to prove that s, , € W, (S*,07). Then it follows from Proposition 4.3 that
there exists a coroot Y of G° relative to S and m € {1, 2} such that

a'= migi(ﬂv),

where r > 1 is minimal such that g"(fY) = . It follows from Remark 4.4 that, if
m =2, then g has even order. Now,

r—1
1= 0+Y(av) :l_[9+(gl(ﬂV))m — 9+Y(ﬂV)mr,
i=1

because 0+ is g-stable. Since m and r divide the order of g, mr is prime to the order
of 87, so this implies that 6*(5")=1. In particular,
Sﬁ’ Sg(/i)’ veey Sg"*l(ﬁ) S VV(;(S-F, 9+)

It follows from [St, Proof of Theorem 8.2, Statement (2")] that then s, , belongs to
the subgroup generated by sg, Se(5),- -, Sgr1()- O

Let (Ty, 6,),(T,, 0,) € V(G, F). We say that (T, 6,) and (T,, 8,) are geometrically con-
jugate (resp. in the same rational series) if there is ¢ € Ngr(T;) such that (T}, *0;) and
(T,, 0,) are geometrically conjugate (resp. in the same rational series) for V(G°, F).
We denote by V(G, F)/ = the set of rational series.

Let Q be the subgroup of G generated by g.

Corollary 4.9. — Let (8;,6,),(S,, 0,) € V g, (Ng(Q), F) .
(a) If (Sy,6,) and (S,, 0,) are geometrically conjugate in Ng(Q), then (ST, 0) and (S}, 0,
are geometrically conjugate in G.
(b) If (Sy, 6,) and (S,, 0,) are in the same rational series of Ng(Q), then (S7,0,") and (S, 0,
are in the same rational series of G.
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So, the injective map Vq,(Ng(Q), F)— Vg1 (G, F), (S, 0)— (S*, 07) induces a map
iS :Vigr(N(Q), F)/ = — V(G F)/ =.

Proof. — (a) If (S,,0,) and (S, 8,) are geometrically conjugate in Ng(Q)° = CS(g) then,
by definition, there exists x € Cg(g) such that S, = *S; and 6, = *0) = WY (as
linear characters of Y(S,)). Since x commutes with g, it sends .Z,(87) to Z,(S;), so it
is immediately checked that ,¥ = *0,"Y = F)g Y. The case of geometric conjugacy
in Ng(Q) and G follows immediately.

(b) If (S,, 0,) and (S, 8,) are in the same rational series of C;(g), then, by Proposi-
tion 4.1, there exists x € C3(g) such that T, = *T,, 6, = ¥ (as linear characters of
Y(S,)) and x'F(x) € Wgé(g)(sl, 0,). So the result follows from (a) and from Proposi-
tions 4.1 and 4.3. The case of rational series in Ng(Q) and G follows immediately. [

Let L be an F-stable Levi complement of a parabolic subgroup P of G containing
g. Then Cy(g) is an F-stable Levi complement of Cp(g).

Corollary 4.10. — Let 2 € Vo, (C(g), F)/ = be a rational series. If 2" is (G°,L°)-
regular (respectively (G°,L°)-super regular), then 2 is (C(g), C.(g))-regular (respectively
(Co(8), CC(8))-super regular).

Proof. — This follows from Proposition 4.2 and Lemma 4.8. O

The results above extend by induction to general nilpotent p’-subgroups. Let Q
be a nilpotent subgroup of G* of order prime to p. Fix a sequence 1 =Q, C Q, C
-+ C Q, = Q of normal subgroups of Q such that Q;/Q;_; is cyclic for 1 <i<r. Let

G; =Ng(Q C---CQy).

The construction above defines a map
(4.10) V10 (Gis1/Qi» F) =V op(Ng,/0,(Qi+1/Qi), F) = V(G /Q;, F)
that preserves rational and geometric series.

Fix 0< j<i<r. Let (T,0) € V|q/(G;, F). Since @ is trivial on Q; N'T*, it factors
through a character 8’ of (T/(TNQ;))" =T* /(T*NQ;). We obtain a pair (T/(TNQ;),0) €
Vi01(G;/Qj, F). This correspondence defines a bijection V|, (G;, F) = Vior(Gi/Q;, F)
that preserves rational and geometric series.

Composing those bijections with the map in (4.10), we obtain a map

Vior(Gi1, F) = Vigr(Gy, F)
and composing all those maps, we obtain a map

V|Q|’(]VG(Q1 C-rC Qr)» F) - V|Q|/(G, F)
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Finally, composing with the canonical map V o/(Cg(Q), F) = Vo (Ng(Q, C---C Q,), F),
we obtain a map

Vior(Ge(Q), F)— V(G F)
that preserves rational and geometric series. Note that this map depends not only
on Q, but on the filtration Q, C --- C Q,. Summarizing, we have the following propo-
sition.

Proposition 4.11. — Let Q be a nilpotent subgroup of G* of order prime to p. Fix a
sequence 1 =Q, C Q, C--- C Q, = Q of normal subgroups of Q such that Q;/Q;_, is cyclic
for1<i<

The constructions above define a map

i Viol(Ce(Q), F)/ = = VG, F)/ =

Let L be an F-stable Levi complement of a parabolic subgroup P of G containing Q. Let
X €V or(C(Q), F)/ = be a rational series. Then

— C(Q) is an F-stable Levi complement of Cp(Q)
zf i, (2)1s (G°,L°)- -regular then 2 is (C(Q), C7(Q))-regular
zf i % ) is (G°, L°)-super reqular then 2 is (C (Q), C;(Q))-super regular.

The map i ig is actually independent of the choice of the filtration of Q, cf Remark
4.15.

4.D. Generation and series. — Given (T, 0) € V,(G, F), we denote by e, the block
idempotent of AT* not vanishing on 6.

We have now a generalization of [BoRo1, Théoreme A].

Given 2 € V,(G, F)/ =, let 6, be the thick subcategory of (AG")-perf generated by
the complexes RI(Y3)e; where (T, ) runs over 2 and B runs over Borel subgroups
of G° containing T.

Note that we obtain the same thick subcategory by taking instead the complexes

RT,(Yg)e, where ¢y =), ENr (LB iy (0) ey

Theorem 4.12. — Let 2 € V (G, F)/ =. There is a (unique) central idempotent e, of AG"
such that 6, = (AGF ey )-perf.
We have a decomposition in central orthogonal idempotents of AG"
1= Z €y
2€V,(G,F)/=
Proof. — Note first that the theorem holds for G° by [BoRol, Théoréme A]. Let
(T;,0;,)€V,(G, F) for i € {1,2}. We have
RT, (Y Je; , RL,(Yg Je; )~ Hom}..(RL,(Yg Je;, €D RLL(Yg)er,):

teNgF (T5,B,)/T]

Homj,(
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The connected case of the theorem shows this is 0 unless (T, 8,) and (T,, 8,) are in
the same rational series of (G°, F) for some ¢.

We have shown that the categories 6,, and 6, are othogonal for 2,#%,. The
theorem follows now from [BoRo1, Proposition 9.2] and Theorem 3.7. ]

Let Z € V,(G,F)/ =. Let .o/, be the thick subcategory of Ho”(AG") generated by
the complexes of the form

Grc (YBr A) €y ®rp L,
where

— (T, 0) runs over &

— B runs over Borel subgroups of G° containing T

- P is an ¢-subgroup of Ng:(T,B)

— and L is a AP-module, free of rank 1 over A.

Let B, be the full subcategory of AG" e, -mod consisting of modules whose inde-
composable direct summands have a one-dimensional source and a vertex P which

normalizes a pair (T € B) where T is an F-stable maximal torus and B a Borel sub-
group of G.

Theorem 4.13. — Let 2 € V,(G, F)/ =. We have .</,» = Ho"(,).

Proof. — By Theorem 4.12, we have GI,(Yy,A)ey ®,p L € Ho”(%B,) if (T,0) € . 1t
follows that .<7,, ¢ Ho?(%,) and ./ = Doev, (G r)=-F». Consequently, the theorem
follows from Theorem 3.9. ]

4.E. Decomposition map and Deligne-Lusztig induction. — The following result
generalizes [BrMi, Théoreme 3.2] to non-cyclic ¢-subgroups and to disconnected
groups (needed to handle the non-cyclic case by induction).

Theorem 4.14. — Let Q be an {-subgroup of G". The map i (cf Proposition 4.11) is
independent of the filtration of Q and we denote it by i, = ig.
Let Z €V,(G, F)/ =. We have

bry(ey )= Z eoy

Xei, ig
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Proof. — Assume first that Q is cyclic. Let b be a block idempotent of kCg(Q) such
that bry(e, )b #0. Let V be a projective indecomposable b k(Cgr(Q)/Q)-module and
M = M(Q, V). There is a unique block idempotent ¢ of kG” such that br,(c)b # 0.
We have e, c#0. Note that Mc = M, hence Me, = M. By Theorem 4.13 and
its proof, there exists (T,0) € 2, B a Borel subgroup of G° containing T with Q C
Ngr(T,B) such that V is isomorphic to a direct summand of a component of Br,(GI,(Yg, k)eg®yq
k). It follows that bBr(GI,(Yg/, k)ey ® o k) # 0, hence bbrg(ey) # 0. This shows that
the rational series % of (Cg(Q), F) containing b contains (T, 8), where T, = C(Q)
and 0’ is the restriction to Tg of a Ngr(T, B)-conjugate of 0. It follows that i(#)=2".

So, we have shown that given # € V,,(Cs(Q), F)/ = with ey brg(ey) #0, then % €
i71(&). Since Dy cv,c.ry=Prol€2) =1 =2 v, (co@),r)= 8- it follows that bry(e,) =
Z@eig_l(.%') €.

By transitivity of br,, we obtain the formula for br, for a general Q by induction
on |Q|, with i, replaced by i, . This shows that actually i, is independent of the
chosen filtration of Q. O

Remark 4.15. — Let Q = Q' x Q” be a product of two cyclic groups of coprime or-
ders. Fix a filtration Q; = Q" and Q, = Q. We have i = ij. It is easy to deduce now
from Theorem 4.14 that i, is independent of Q for any nilpotent p’-group Q.

Broué-Michel’s proof of Theorem 4.14 for G connected and Q cyclic relies on the
compatibility of Deligne-Lusztig induction with generalized decomposition maps.
This does generalize to disconnected groups, as we explain below. A direct ap-
proach along the lines of Broué-Michel is possible, based on the results of [DigMi3].
While we will not use the results in the remaining part of this section, they might
be useful for character theoretic questions.

Let 7 be a set of prime numbers not containing p. An element of finite order of G
is a m-element (resp. a 7’-element) if its order is a product of primes in 7 (resp. not
in ).

Let g be an automorphism of finite order of an algebrac variety X. Write g =1x =
x1 where [ is a m-element and x a 7’-element. The following result is an immediate
consequence of [DeLu, Theorem 3.2]:

(4.16) D (1) Tr(g, HIX, Q@) = D (=1) Tr(x, HL(X', Q).

i>0 i>0
Proof. — Write x = su = us, where s has order prime to p and u has order a power
of p. Then [, s and u commute and have coprime orders. By [DeLu, Theorem 3.2],
we have

D (1) Tr(g, HIX, @)= > (—1) Tr(u, HL(X'*, Q)

i=20 i20
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and D (1 T HEX, Q) = D (1) Tr(w, HA((X')', Q).
i20 i20
So the result follows from the fact that X' = (X!)* because (Is) =(l, s). O

Given H a finite group and h € H a m-element, we have a generalized decomposi-
tion map from the vector space of class functions H — K to the vector space of class
functions on n’-elements of Cy(h) given by d;(f)(u) = f(hu) for u a n’-element of
Cy(h).

The following result generalizes the character formula for RE [DigMi2, Proposi-
tion 2.6], which corresponds to the case where 7 is the set of all primes distinct from

p,

Proposition 4.17. — Let P be a parabolic subgroup of G, let V be its unipotent radical, let
L be a Levi complement of P and assume that L is F-stable. Let g € G* be a m-element. We
have

GF G _ Cs(g) LF
d °Ryp= Z R e)cCunle) © dg © Xy
xe€Cq(g)F\GF /LF
ge*L

Proof. — Given H a finite group, we denote by H, (respectively H,/) the set of n-
elements (resp. m’-elements) of H. The proof follows essentially the same argument
as the proof of the character formula (see for instance [DigMil, Proposition 12.2]).
Let A be a class function on L and let u € Cg(g)", be an 7’-element. By definition of
the Deligne-Lusztig induction and by using (4.16), we get

RS (Mgu) = |LF|Z Z ML) (1) Tr((g u, Lv), Hi(Yy, Q).

leLf vecy (1) i>0
_ IS0 reN
- i Z AMLw) D 1) T((w, ), HUOW, Q).
leLt veCy (1) i20

But it follows from Lemma 3.5 that Y& £ & if and only if there exists x € G' such
that x~'gx = [. Moreover, in this case, then Y& ~ Y by Proposition 3.4. There-
fore,

RS ,(Agu) = F|Z > AxT'gxv) D> (1) Tr((u, v), HI Y ¢, Q).

F
|L | |CG(g XEGFUEC ) i>0

= o |CG(gF|Z Z de(x*(/l))(v z( 1) Tr((u, v), H (YEE) Q).

xeGF veCxy,
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Now, if x € G'' is such that g € *L, then
|Ce(g)F |- ILF|
|C.(g)F| '
So the result follows. O

Ca(g)" xL7 | =

5. Comparing Y-varieties

From now on, and until the end of this article, we assume G is connected.

The aim of this section is to prove the preliminary statements necessary for our
proof of Theorem 1.3. Roughly speaking, the main result of this section (Theo-
rem 5.16) is almost equivalent to Theorem 1.3 whenever L is a maximal torus. As
Theorem 1.3 will be proved by reduction to this case, Theorem 5.16 may be seen
as the crucial step. In the course of the proof, we will also obtain Corollary E as a
consequence of some of our geometrical results.

In this section §5, we fix an F-stable torus T contained in an F-stable Borel sub-
group B and we denote by U its unipotent radical. We put W = Ng(T)/T. We denote
by ® the associated root system, by ®* the set of positive roots and by A the basis
of . Let a € ®, we denote by s, € W the corresponding reflection and by a" € ®"
the corresponding coroot. We put T,, =Im(a’) C T and we denote by U, the one-
parameter subgroup of G normalized by T and associated with a. We define G, as
the subgroup of G generated by U, and U_,.

5.A. Dimension estimates and further. — We fix in this section four parabolic
subgroups P,, P,, P; and P, admitting a common Levi complement L. We denote
by Vi, V,, V3 and V, the unipotent radicals of P,, P,, P; and P, respectively.

We define the varieties

Y 25=1(& V1,8V, 83Vs) €G/V, x G/V, xG/V, | g7'g, €V, -V, and g, ' g; €V, - Vs},
Q/f}zﬁ ={(&1V1,8:V2, 83V3) € ¥ 55 | g1—1g3 €V, Vs}

and Y15 =1(&1V1,8:Vs) €G/Vi X G/V; | g, g5 €V; - V3.
We denote by 7,3 : % f}2’3 — %, , 5 the closed immersion and we define
71-1’3 : @5}2’3 — @1,3

(81V1,8: V2, 83Vs) — (81V1,8V3).
All these varieties are endowed with a diagonal action of G, and the morphisms i, 3
and 7, 3 are G-equivariant.

Proposition 5.1. — We have:
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(a) dim(V;)=dim(V,)=dim(V;).
(b) dim(%, ,5)—dim(%, ;) = dim(V;)+ dim(V, N V;)—dim(V; NV,) —dim(V, N V;).
(c) dim(%,,3)—dim(#, 3) = 2(dim(V, NV3)—dim(V, NV, N V3)).

Proof. — (a) is well-known. Also,
dim(%,,5) = dim(G/V,)+dim(V;-V,/V,)+dim(V,-V;/V;)
= dim(G/V;)+dim(V,)—dim(V, NV,)+dim(V,)—dim(V, NVj)
while
dim(%,;) = dim(G/V,)+dim(V,-V;/V;)
= dim(G/V,)+ dim(V,)—dim(V, NV;).
So (b) follows from the two equalities (and from (a)).

Let us now prove (c). For this, we may assume that T C L. Let ®; denote the set of
roots a € ® such that U, cV;. Then &, U—®, =, U—, =3 U—P;. In particular,

(I)l U_¢1 - ((I)l U@z Uq)g) U_(q)l ﬂ(I)z ﬂ@g)).
Therefore
2|¢1| - |¢1 Uq)z U@:))l + |¢1 ﬂ@z m¢3|.
On the other hand, by general facts about the cardinality of a union of finite sets,
@1 UD, UPs| = D]+ Py + @3] — [ NP, | — D) N D3| — [P, N D3|+ @) NP, N D5,

Hence (c) follows from (a), (b) and from these last two equalities. O

Let d, 3 =dim(V; NV;)—dim(V, NV, NV;). By Proposition 5.1, we have

L, . .
dy ;= E(dlm(@l,Z,B)_ dlm(@l,s))-
Let
Ki3: G/(VinV;) — BT
g(VinV;) — (gVy,8Vs)
and k.0 G/(VinV,NVy) — v,

gvinV,NV;) — (gVy,8V,, gVs).

Both maps are G-equivariant morphisms of varieties.

o g0 Cl . . . .
Proposition 5.2. — The maps Kk, 3 and K7, , are isomorphisms of varieties.
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Proof. — The fact that x, 5 is an isomorphism is clear. It is also clear that x¢, ., is a

closed immersion. It is so sufficient to prove that k¢, , is surjective.

So, let (g,Vy,8.V2,83Vs) € #¢ .. Using the G-action and the fact that k5 is an

1,2,3°
isomorphism, we may assume that g, = g3 = 1. Therefore,

82 €(Vi-V3)N(V3-Vs,).
By the uniqueness of the factorisation of elements in a big cell, we have
(V1 -V2)N (V- V5) = (V,NV3)- Vs

So there exists h € V,NV; such that hV, = g,V,. It is then clear that (g, V,,g,V,, g5V5) =
k¢ .(h), as desired. d

1,2,3
Corollary 5.3. — The map m, 3 is a smooth morphism with fibers isomorphic to the affine

space of dimension d, 5. Moreover,

dim(%, ,5)—dim(@¢ ) =dim(#%*, ) —dim(#¥, ;) =d, .

1,2,3 1,2,3

Proof. — Using the isomorphisms «,; and K?,z,g of Proposition 5.2, the map ;3

may be identified with the canonical projection G/(V,; NV3) — G/(V; NV, NV;). The
corollary follows. O

Let us now define
@f,lz,sA = {(g.V1,8 V>, g5V5,8.V.) €G/V, xG/V, x G/V; x G/V, |
gl_lg2 eV, V,, gz_lg3 eV, Vs, g;1g4 ev;-V,
and g;'g, €V, -V,},
Y =&V, 8V & Vs 8V EXL, ., 1 8 g€V, -V},

1,2,3,4 1,2,3,4
and Y =&V, 8 V2, &V, V) €Y, , 1 8, '8 €V, Vi)
Then:

Corollary 5.4. — Assume that at least one of the following holds:
(1) V,CV,-V,.
(2) V,CV, -V,
(3) VsV, -V,
(4) V, CV,-V,.

c2 cl,3
Then Y 3a=Y 1234
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Proof. — Using the fact that the map (g,Vy, 8 V., 83V, 84V4) — (84V4, &1V1, & V2, 85V3)
induces an isomorphism @/fl2 a4 ™ @dl ,3 (With obvious notation), we see that it is
sufficient to prove only one of the statements.

So let us assume that V, cV, - V;. Let (g,V,, 8 V>, 85V3, 8.V4) € @/1d2 34’ Then g;'gs =
(87'82)(8,'83) €V, -V, Vs = V1 V; and so Q/fﬁ A= @fé 34- D0 it remains to prove that
(&1V1, 8.V, 85V3, 8.V4) € Q/l 534 Using the action of G and the 1somorph1sm K‘l 34 of
Proposition 5.2, we may assume that g, = g5 =g, =1. But then g;'g,=g,' €V, C

V,-V,, as desired. O

Remark 5.5. — Let w,, w, and w; be three elements of W and let us assume here
that V, =U, V, = “1V, V5 = “1*2V; and V, = "1*2%3V,, Then the conditions (1), (2), (3)
and (4) of Corollary 5.4 are respectively equivalent to:

(1) Hw,ws) = lwy w, ws)+ 1 (w,).
2) Hw,w,) = lwy)+ 1(ws).
) Hw,ws)=lw,)+ I(ws).
(4) Hw, w,) = lw, w, ws) + 1(ws).

5.B. Setting. — We fix a positive integer r. Given a family of objects m,,..., m,
belonging to a structure acted on by F, we put m;.., = F°(m;) for 1< j<r and
e=0.

Let n=(n,,...,n,) be a sequence of elements of Ng(T). We denote by w; the image
of n; in W and we put w=w, --- w,.
We define

Y(n)={(g,U,8,U,...,g,U)€(G/U) | g; —= gj V1< j<7}

where g; OB gj+1 means g]._1 gj+1 € Un;U. This variety has a left action by multipli-
cation of G* and a right action by multiplication of T**.

We fix a positive integer m such that F”(n;) = n; for all i. The action of F™ on
(G/U)" restricts to an action on Y(n).

Given Z a variety of pure dimension n, we put Rl“cdim(Z, A) = RI(Z,A)[n](n/2),
where (n/2) denotes a Tate twist.

Given 2 < j <r, we denote by Yj.l(n) the F"™-stable closed subvariety of Y(n) de-
fined by

Yj.l(n) ={(8:U,8.U,...,gU)€Y(n) | gj__llgj+1 €Un;_,n;U}
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and we denote by Y}’ (n) its open complement. They are both stable under the action
of GF x T*F. We denote by 7, : (G/U)" — (G/U)~" the morphism of varieties which
forgets the j-th component and we set

cim)=(ny, ny,..., Moy Mj My R, n,)
Hwi)+ Hw;)—l(w;_w;)

2
Let iy, ; :Yj.l(n) —Y;(n) denote the closed immersion and

and dj(n)=

Ty YSm) = Y(c,(m)

denote the restriction of ;. Note that 7, ; is (G",T*F)-equivariant and commutes
with the action of F”. The next lemma follows from Corollary 5.3.

Lemma 5.6. — If 2< j <, then m, ; is a smooth morphism with fibers isomorphic to an
affine space of dimension d;(n). Moreover, the codimension of Y;‘(n) in Y(n) is also equal to

The map 7, ; induces a quasi-isomorphism of complexes of (AG*, AT**)-bimodules
(5.7) RIL(YS (), A) — RI(Y(c;(n)), A)[—2d ;(n))(—d;(m)).

Composing this isomorphism with the morphism i:;’]. : RI(Y(n),A) — RI"C(Y?(n),A),
we obtain a morphism of complexes of (AG", AT**)-bimodules

W, ; : REY™(Y(n), A) — R[™(Y(c;(n)), A)

which commutes with the action of F”, and whose cone is quasi-isomorphic to
RTS™(YP(n), A) 1],

5.C. Preliminaries. — We first recall some results from [BoRo1].

We denote by B the braid group of W, and by o : W — B the unique map (not
a group morphism) that is a right inverse to the canonical map B — W and that
preserves lengths. We extend it to sequences of elements of W by o(w;,...,w,) =
o(w,)---o(w,).

We denote by n — 71 : Ng(T) — W the quotient map. We fix o : Ng(T) = BX T a
map (not a group morphism) such that ¢(nt)=c(n)t for all t €T and such that the
image of o(n)in B = (BxT)/T is equal to o(71). We extend it to sequences of elements
of Ng(T) by o(ny,...,n,)=0c(n,)---o(n,).

The following result is [BoRo1, Proposition 5.4].

Lemma 5.8. — Let n' be a sequence of elements of Ng(T). Then:
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(@) If o(n) = o(n’) (they are elements of B x T), then the varieties Y(n) and Y(n') are
canonically isomorphic GF-varieties-T**.

(b) If o(n) = o(0) (they are elements of B), then the varieties Y(n) and Y(n') are (non-
canonically) isomorphic G* -varieties-T"*.

Proof. — (a) is proved in [BoRo1, 5.5], while (b) is [BoRo1, Proposition 5.4]. ]

Using Lemma 5.8(a), we shall now write Y(n) = Y(n') when &(n) = &(n’). Strictly
speaking, Lemma 5.8(a) says that these two varieties are only isomorphic but, since
this isomorphism is canonical, we shall use the symbol = to simplify the exposition.

We define the cyclic shift sh(n) of n by

sh(n)=(n,,...,n,, F(n,)).

The next result is proved in [DigMiRo, Proposition 3.1.6] for the varieties X(w) and
X(w’). The same proof shows the more precise result below.

Lemma 5.9. — The map
Y(n) — Y(sh(n))
(&U,...,80) — (&U,...,8U F(g)U)
induces an equivalence of étale sites. Moreover, it is a morphism of G" -varieties-T"*, where
t €TF acts on Y(sh(n)) by right multiplication by n; 't n,. Consequently, the diagram

nl,*

Db(Awale(wl)F) Db(ATwF)

f%sh(n) f%n

D?(AGF)

1s commutative.

Assume in the remaining part of §5.C that 3 < j <r (in particular, r > 3). Note
that c;_,(c;(m)) = ¢;_,(c;_;(mn)). Consider the diagram

U, i

RT"™(Y(n), A) RT"™(Y(c;(m)), A)
(510) lI}n,j—l ‘ch(n),j—l

RES™(Y(c; (), A)

RLA™(Y(c;_y(c;(m), A).

cj1(n),j—1
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It does not seem reasonable to expect that the diagram (5.10) is commutative in
general. However, it is in some cases.
Let us first define the folowing two varieties:

Yo (n)= Y?_I(Cj(n)) XY¥(c;(n) Yj.l(n)

jr]_l

and Y ) =Y (g () Xy, Y, ().

]_lrj

More concretely, they are the closed subvarieties of Y(n) defined by

Y m={gU,...gU)eYn) | g U 2 ¢ Uand g U 2L g U}
and | |
Y;'l_l,j(n) ={(gU,...,g&,U)eY(n) | gj—ZU St incale il gj+1U and gj_2U j—2Mj-1 g]U}

Lemma 5.11. — If Y;l,]._l(n) :Y?_Lj(n), then the diagram (5.10) is commutative.

Proof. — For the purpose of this proof, we also define

_ v 1
INT;(n) = Yj.’]._l(n) ﬂY‘;_Lj(n)

and FIB(n) = le_l(cj—l(n)) XY(¢j1(c;m) le_l(cj(n))-

Again, concretely,

FIB](n) = {(gIU,gZU,...,grU)E(G/U)r |
(&.U,...,8,.U,g,U,...,g.U)€Y(c;(n)),
(&.U,...,8;1U,8;11U,...,8,U)eY(c;(n)

nj_znj_] n]
gj+1U}

and g;_,U

and INT,(n) ={(g,U, gU,...,g,U)FIB;(n) | g, ,U — g;U}.

This shows that all these varieties fit into the following commutative diagram, in
which all the arrows of the form < are closed immersions and all the arrows of
the form —» are smooth morphisms with fibers isomorphic to an affine space:
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(5.12) Y(n)

ln,j—l ln,j

Y4 (n) | Yd(n)

cl cl
Y]._Lj(n) YS. (n)

Ton,j-1 \ / Ton.j
[ | NT;(n) [ |

Y(c¢;_y(n)) ‘ FIB;(n) _ Y(c;(n))
Leiym),j—1 / \ Lej(m), j—1
Yj'l_l(cj—l(n)) u Y?_I(Cj(n))
Tejy(m),j—1 Tejm), j—1

Y(c;—i(c;(n))

Note that the three squares marked with the symbol B are cartesian. By the proper
base change Theorem, the composition e m),j-1°Pnj is obtained as the compo-
sition of (i, j_; o i)* with the inverse of the isomorphism induced by (”cjfl(n), j—10 7).

Similarly, the composition W, ) ;1 o, ; is equal to the composition of (i, ;o i) with

the inverse of the isomorphism induced by (70¢,(n),j—1© n')*. The lemma follows. [

Lemma 5.13. — Assume that one of the following holds:

(1) Hwjowi)=Hw;-)+ Hw;_,).

(2) Hwjyw))=Lw)+ (w))

B) Hwjw;)=lw;,w;_yw;)+ (w;).

(4) Hwjqw;)=lw;_)+ l(w;,w;_wj).
Then the diagram (5.10) is commutative.

Proof. — 1t is sufficient, by Lemma 5.11, to prove that, if (1), (2), (3) or (4) holds,

then Y;{j_l(n) = Y;l_ l,j(n)‘ This follows, after base change, from Corollary 5.4. ]
5.D. Comparison of complexes. — We start with the description of varieties of

the form Y,"(n’) in a very special case, which will be the fundamental step in the
proof of Theorem 5.16.
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Letw=n=(w,,...,w,). Given a € A, we define a subgroup of T’*!

S(a,w)={(a,,...,a, ) €T |a] s,a,8, €Ty, a7 ' w; a;w ' =1for2<i<r

and a}, w,F(a))w,' =1}.

Let x € {1, s,}. The group morphism

1 -1 -1 -1, -1 —1
yWNXAXT W, Wey W Xax— wy - w, )

T-T", a—(a,xax™
restricts to an embedding of T*** in S(a, w).

Givena=(ay,...,a,)and b=(by,..., b,) two sequences, we denote the concatena-
tion of the sequences by aeb=(a,,...,a,, by,..., b,).

Lemma 5.14. — Let a € A and and let § be a representative of s, in Ng(T)NG,. We assume
that G, ~ SL,(F). There exists a closed immersion Y($ en) — Y, (($,s~) en) and an action
of S(a,w) on Y, (($, $7') em) such that

YP((3,57) o) 2 V(S o) s S(t, W),

as G'-varieties-T"F .

Proof. — Given i €{1,...,r}, consider a reduced decomposition w; =s;;---s; .. We
put W= (811,..., 81,4, 215+ S2,d,1 -+ S1»--+» Sr,q,)- Note that S(a,w) is isomorphic to
the group S(s, e W, 1 e W) defined in [BoRo1, §4.4.3]:

S(s, oW, 1 eW)— S(a,w), (ay,..., al+d1+---+dr) = (a,, ay, Aotgys Aotdi+dys -+ Aot dy+-+d, ).

The following computation in SL,(F)~ G,

#) 1 x\(0 1\(/1 y\(0 —1\(1 z\ [(l—xy X+z—Xxyz
0 1){—1 oJlo 1/\1 o0 J\0o 1) \ —y 1—yz
shows that the map
Uax(Ua\{l})XUa - UaTavgua
(1, Uy, U3) — W SUST g
is an isomorphism of varieties. Therefore, one may forget the second coordinate in
the definition of the variety Y, ((s, s~!)en) and we get
Yo'((s,$)en) ~ {(gU,gU,...,g,U)| g7'g €UT,$U and

5].5 n n ny_q n
615 gU —+ gU =+ ... == g U~ F(g)U}.

We will use this description of Y, ((s, ') en) towards the end of this proof.

This description shows that the group S(a,w) acts on Y,'(($, $7!)en) (as the restric-
tion of the action by right multiplication of T"*! on (G/U)"*!). Also, as UsU is closed
in UT,, $U, the natural map Y(s en) — Y,"((s, §7')en) is a closed immersion. We have
embeddings T — §(a,w) and T"F — S(a,w) and

S(a, w)=T%"".S(a,w)’ =S(a,w)*- T
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(see [BoRol, Proposition 4.11]). The stabilizer of the closed subvariety Y($en) under
this action is T so it is readily checked that this induces an isomorphism of G*-
varieties-T*F

Y($ o) X pqur S(at, W) — Y5°(($,57") o),

as desired. 0

The next theorem is the main result of this section. It provides a sufficient condi-
tion for ¥, ; to induce a quasi-isomorphism R[4™(Y(n), A)e, — RLE™(Y(c;(m)), A)ey.

Given x,y € W, we put
ot (x,y)={aecd" | x (a)e—®" and (xy) '(a)e®"}.
We define N, : Y(T) - T%*, A — Npa;,, r(A(Q)) (cf §4.A).

Theorem 5.16. — Let 0 : T*Y — A* be a character. Let j € {2,3,...,r} and assume that
O(N,(wy - w;_y(a") #1 for all @ € d*(w;_y, w;). We have RI,(Y;"(n), A)ey =0 and

W, ;.0 : RET™(Y(m), A)eg — RLI™(Y(c;(m)), A)ey

is a quasi-isomorphism of complexes of (AG*, AT*¥)-bimodules commuting with the action
of F™.

Proof. — If 2< j < r, we denote by 2 (n, j, 8) the following property:
P(n,j,0) For all @ € ®"(w;_,, w;), we have O(N,(w, ---w;_,(a")) #1.

We want to prove that 2 (n, j, 0) implies that RFC(Y?p(n), A)eg =0. By [BoRol1, Propo-
sition 5.19 and Remark 5.21], it is sufficient to prove it whenever G = G, so we will
assume that G=G.

So assume from now that 2(n, j, 8) holds. We will prove by induction on I(w;_,)
that RFC(Y‘;.p(n),A)eg = 0. Note that the induction hypothesis does not depend on
r. But, first, note that, if j >3, then #(n, j, 0) is equivalent to #(sh(n), j —1,0 o
n;) and that the morphism constructed in Lemma 5.9 sends Y;"(n) to Y}*,(sh(n)).
Thus RI,(Y;"(n),A)ey = 0 is equivalent to RI,(Y}" (sh(n)),A)ey., = 0. By successive
applications of this remark, this shows that we may assume that j =2.

First case: Assume that [(w,) =0. This means that n, € T and it follows from Lemma 5.6
(or Lemma 5.8(a)) that Y,"(n) =@. So the result follows in this case.

Second case: Assume that I(w,) =1 and n,n, =1. Let a € A be such that w, = s, and
we may assume that n, = § is a representative of s, lying in G,. Note also that, since
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we assume that G = G, we have G, ~ SL,(F). Define S =S(e, (w3, ..., w,)). Lemma 5.14
shows that

RT,(Y,"(n), A)ey =RTL(Y(S, 13, ..., 1), A) ® ypsawr RIL(S, A)ey.

But ®*(w,, w,) = ®*(s,, s,) = {a}, so (N, (a")) # 1 by hypothesis. Note also that
T*F NS° acts trivially on the cohomology groups of the complex RI(S°), as its action
extends to the connected group S°. Since N,,(a") € §° (see [BoRo1, Proof of Proposi-
tion 4.11, Equality (a)]), this proves that RI,(S, A)e, =0 and so RI(Y," (n),A)ey =0, as
desired.

Last case: Assume that I(w;)= 1. So let us assume now that I(w,)=>1. Let a € A be

such that w, = s, w;, with I(w/)=[(w;,)—1. Let s be a representative of s, in G, and

let n/ = $7'n;. We will write n’ = (n/, n,,..., n,). Then n{ is a representative of w; and,

by Lemma 5.8(a), we have Y(n) = Y(s en’) (see also the remark following Lemma 5.8).
It is well-known that ®*(w,, 1) = {a} ] [ s,(®*(w], 1)). Therefore

sa(<I>+(wl’, wz)) it [(w]w,) < l(w,w,),

#) O™ (w,, w,) = {{a}]_[sa(q’+(w1’» wy)) if H(w]wy)> 1w, w,).

Let us now consider the diagram (5.12) with n replaced by sen’ and j is replaced
by 3. We can apply Lemma 5.13 (since the hypothesis (1) holds), so we only need to
prove that R[,(Y;"(sen’), A)ey =RI(%,A)eg =0, where % is the complement of Y§,(s e
n') in Y$(s en’). But the fact that RI,(Y; (s en'),A)ey = 0 follows from the induction
hypothesis (indeed, by (#), the Property 2?(s en’,3,0) is fulfiled. So it remains to
show that RI(%,A)ey = 0. Using the fact that the square (i’, 7, Tsup 3, i (5em)3) Of the
diagram (5.12) is cartesian, and using also Lemma 5.6, it amounts to prove that
RIL(Y,(c3(s em’), A)eg = 0. Note that c;(s en’) = § e ¢,(n’). Two cases may occur:

e Assume first that I(w]w,) < I(w, w,). Then Y,”(c;(s en’) = @, and the result fol-
lows.

e Assume now that I(w]w,) > I(w, w,). Then, again by Lemma 5.8(a), we have
Y(sec,(n')) =Y((s, 7 )ecy(n)) and, through this identification, Y,"(c;(sen’)) is identified
with YoP(($,$71) e ¢,(n)). So the result now follows from the second case (thanks to
(#)). O

Remark 5.17. — Theorem 5.16 provides a comparison of modules, together with
the Frobenius action. Consider the case A = K. We have an isomorphism of KG*-
modules, compatible with the Frobenius action

H!(Y(n), K) ®grur Ky ~ H 2" (Y(c;(n)), K) ® xrur Kp(—r).

where r =d;(n).
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Following the same lines as in the proof of Theorem 5.16, we obtain a new proof
of the following classical result.

Theorem 5.18. — If A is a field, then R, =R,,.

Proof. — By [BoRo1, Proposition 5.19 and Remark 5.21], it is sufficient to prove the
Theorem whenever G = G, so we will assume that G=G. Also, by proceeding step-
by-step, it is enough to prove that R, = R.,m). For this, let Rl"ﬁ}’j denote the class of
the complex RFC(Y?p(n),A) in Go(AGF ® AT*F). We only need to prove that RFES. =0.

Proceeding by induction on I(w;) as in the proof of Theorem 5.16, and following
the same strategy and arguments, we see that it is enough to prove Theorem 5.18
whenever j =1, n; = § = n;', where § is a representative in G, of s, (for some
a € A). By Lemma 5.14, it is sufficient to prove that the class RT,,, of the complex
RT,(S(a, w), A) in Gy(AT***F @ AT*F) is equal to 0.

Now, let T denote the subgroup of T ¥ x T¥¥ consisting of pairs (f,, #,) such that
tit, € S(a,w)° and let RT” denote the class of the complex RI(S(a,w)°) in Gy(AT).
Then RT,,, = Ind%.""" ™"
connected group, hence T acts trivially on the cohomology groups of §(a,w)°. Since
the Euler characteristic of a torus is equal to 0, this gives RI” =0, and consequently
RI, =0, as desired. O

R°. But the action of T on S(a,w) extends to an action of a

Corollary 5.19. — Let n’ =(nj, n,,...,n’,) be a sequence of elements of Ng(T), let x € W
and let w’ denote the image of nin,---n!, in W. We assume that A is a field and that
w’ = x"wF(x). Then the diagram

, Xy
Go(AT™F) Go(AT™F)
R, R,
Go(AGF)

1s commutative.

Proof. — Letn” =(x""',ny,ny,...,n,, F(x)). Then, by Lemma 5.9,

Rn” = Rn.(F(x)’F(jC)—l) o X,.
But, by Theorem 5.18, R, =R, =Ry and Rye(r(s), rs-1) = Ry = Ry O
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Corollary 5.20. — Let T’ be an F-stable maximal torus of G and let B’ and B” be two
Borel subgroups of G containing T'. Then RS, _,(0")=RS,_,,(0) for all 6" € Irr(T'F).

T/CcB’ T'cB”

Proof. — Let g’ and g” be two elements of G such that B'=4B, B” =8B and T' =
€T =¢&"T. Let n’ = g 'F(g’) and n” = g’ 'F(g"), and n = g'"'g”. Then n, n’, n” €
Ng(T) and n” = n='n’F(n). The result follows now from Corollary 5.19 and [BoRol,
§11.1]. O

Remark 5.21. — Corollary 5.20 is well-known. In [DeLu, Corollary 4.3], this result
is first proved “geometrically” for 8’ =1 [DeLu, Theorem 1.6] by relating the vari-
eties Xg, and Xg,,, and extended to the general case using the character formula [DeLu,
Theorem 4.2]. Note that this result is then used in [DeLu, Theorem 6.8] to deduce
the Mackey formula for Deligne-Lusztig induction functors.

In [Lu2], Lusztig proposed another argument: the Mackey formula is proved
“geometrically” and a priori [Lu2, Theorem 2.3], and Corollary 5.20 follows [Lu2,
Corollary 2.4].

Our argument relies neither on the Mackey formula nor on the character for-
mula: we lift Deligne-Lusztig’s comparison of X§, and X§, to a relation between

the varieties Yg, and Yg,, (here U’ and U” are the unipotent radicals of B’ and B”

respectively).

Remark 5.22. — Some of the results in [BoRo2] (Lemma 4.3, Proposition 4.5 and
Theorem 4.6) rely on a disjointness result used in [BoRo2, Line 16 of Page 30]. This
disjointness result was “proved” using the isomorphism in [BoRo2, Line 18 of Page 30]:
it has been pointed out to the attention of the authors by H. Wang that this equality
is false. However, Wang provided a complete proof of this disjointness result [Wa,
Proposition 3.4.3], so [BoRo2, Lemma 4.3, Proposition 4.5 and Theorem 4.6] remain
valid.

Another proof of this disjointness result has been obtained independently by
Nguyen [Ng] (with slightly different methods). Using a version of Remark 5.17,
Wang and Nguyen have been able to keep track of the Frobenius eigenvalues.

6. Independence on the parabolic subgroup

We assume in this section §6 that G is connected. We fix an F-stable maximal
torus T of G and we denote by (G*, T*, F*) a triple dual to (G, T, F).

We fix a family of parabolic subgroups Py, P,,..., P, admitting L as a Levi com-
plement. Given 1< j <r, we denote by V; the unipotent radical of P;. We denote
by V, the sequence (Vj,...,V,).
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The identification of the root system of G with the coroot system of G* allows
us to define parabolic subgroups P}, P},..., P*, admitting a common F*-stable Levi
complement L* and such that L* and P* and are dual to L and P; respectively. We
denote by V; and V’ the unipotent radicals of P; and P’ respectively.

Finally, we fix a semisimple element s € L*" whose order is invertible in A.

6.A. Isomorphisms. — As announced in the introduction, the isomorphism of
functors described in Theorem 1.3 is canonical. So, before giving the proof, we will
explain how it is realized. For this, let us define

Yy, ={(g1V1,...,ngr)eG/V1x---xG/Vr |V jef{1,2,....,r}, gj—lgjﬂevj-vjﬂ}

and, if 2< j <r,we set

Y:,”j = {(glvl’gZVZ) . "grvr) EYV. | g]__llg] E‘,i—l 'Vj+l}'

It is a closed subvariety of Yy, and we denote by iy, ; : Yo j < Yy, the closed im-
mersion. Let Yy ; denote its open complement. We define the sequence c;(V,) as

obtained from the sequence V, by removing the j-th component. We then define
v, Yy, — Yo
as the map which forgets the j-th component and we set
d](V.) == dim(V]_l ﬂV]+1)— dim(V]_l ﬂV] ﬂV]‘Fl)'

Note that G* acts diagonally on Yy, by left translation, that L” acts diagonally by
right translation, and that this endows Yy, with a structure of G”-variety-L”. The
varieties Yy and Yy’ are stable under these actions, and the morphisms iy, ; and
Tly,,; are equivariant. As for their analogues i, ; and 7, ; defined in §5.B, we have
the following properties, which follow from Corollary 5.3 by base change.

Lemma 6.1. — The map my, ; is smooth with fibers are isomorphic to an affine space of
dimension d ;(V,). The codimension of YCl in Yy, is also equal to d;(V,).

We deduce that my, ; induces a quasi-isomorphism of complexes of (AG", ALF)-
bimodules
RI(Yy, j A) = RL(Ye v, Al=24,(V)(—=d;(V.))

The closed immersion iy, ; : YC Pl 27 mduces a morphism of complexes of (AG", ALF)-
bimodules

iy, ; *RL(Yy, j,A)— Rl“c(Yf,lﬂj,A)
which, composed with the previous isomorphism, induces a morphism

Wy, ; 1 RE™(Yy,, A)— RISV ), A).
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The main result of this section is the following.

Theorem 6.2. — Let j€{2,3,...,r} such that Cvs;ilﬂvsjﬂ(s) - Cvs;(s). We have
RT(Yy ;, A)e =0,
hence Wy, ; induces a quasi-isomorphism of complexes of (AG", AL")-bimodules

im Foo~ im F
Wy, s RT™(Yy, ;,A)e” — RI? (Y, Ael

Proof. — The proof will proceed in two steps. We first prove the theorem when L is
a maximal torus: in fact, it will be shown that it is a consequence of Theorem 5.16.
We then use [BoRol, Theorem A’] to deduce the general case from this particular
one.

First step: Assume here that L is a maximal torus. Let a,,..., a, be elements of G such
that (L,P;) = %(T,B) for all i € {1,2,...,7r}). As usual, we set a,,, = F(a,). Now,
let n; = a;'a;,,. It follows from the definition of the a;’s that n; € Ng(T). We set
n=(ny,...,n,). Note that n,n,---n, = a;'F(a,). We denote by w; the image of n; in
W and we set w = w,w,---w,. It is then easily checked that the map

(glvl) e grvr) — (glvlal) e grvrar)
induces an isomorphism of varieties
YV, S Y(n)

which sends Y{'}”]. to Yj.l(n). Moreover, conjugacy by a; induces an isomorphism
T¥F ~LF and it is easily checked that the above isomorphism is (G*, L* )-equivariant
through this idenfication. Now, to s is associated a linear character of L which,
through the identification T“* ~ L, defines a linear character 0 : T*/ — A*.

By Theorem 5.16, we only need to prove that Condition Cv;flmv%(s) C Cv; (s) is
equivalent to #(n, j, 0). So let us prove this last fact. The property Z(n, j, 8) can be
rewritten as follows:

Property 2 (n, j,0). If a € ®* is such that O(N,(w; ---w;_,(a"))) =1 and
(w;w;) " (a) e ®*, then w].‘_ll(a) ePpr.
If we set s’ = al_lsal eT¥F, then 2 (n, j, 0) becomes equivalent to
Cur-wjag,(s') N W WigF Wi gE,

By conjugating by a,, and since “™~"U* =V}, we get that 22(n, j, 0) is equivalent to
C‘,j,_l(s)ﬂV’;.+1 CVz, as desired.

Second step: The general case. Let us now come back to the general case: we no longer
assume that L is a maximal torus. Since RI(Yy, j,A)eSLF = RI(Yy ;, A) ®rr ALF el
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. Foq. . /F
and since AL"e!" lives in the category generated by the complexes 2], _, (AT el ),

where B’ runs over the set of Borel subgroups of L admitting an F-stable maximal
torus T whose dual torus contains s (see [BoRo1, Theorem A’]), it is sufficient to
prove that

) RL(Yy?, A) @y R (AT el )=0.

T/CcB’
So let (T, B’) be a pair as above. Let U’ denote the unipotent radical of B’, let T* be
an F*-stable maximal torus of L*, containing s and dual to T" and let B* be a Borel
subgroup of L* containing T* and dual to B'. It is immediately checked that

Yy, Xpr Y, ~ Yuw.,
(as GF-varieties-T'Y). Here, we have set U'V, = (U'V,,...,U’V,). Moreover, through

this isomorphism, Yy j¥1r Yy, is sent to Yov. j hence, by applying the first step of this

proof, we only need to prove that Cyv:_ nuv:,,($) € Cyny:(s). This follows directly
from the assumption. O

Remark 6.3. — Theorem 6.2 provides a comparison of modules, together with the
Frobenius action. We have an isomorphism of (AG", AL")-bimodules compatible
with the Frobenius action

H!(Yy;,Ael > H > (Y v, Ae (—r).
where r =d;(V,).

Let sh(V,)=(V,,...,V,, V). The map
shy, : Yy, — Yonv,)
(glvl» .. -»ngr) _ (gZVZr &V F(glvl))
is (G",LF)-equivariant and induces an equivalence of étale sites. Therefore, it in-
duces a quasi-isomorphism of complexes of bimodules

shy : RT,(Ygyv,) A) — RI(Yy,, A).
Applying twice Theorem 6.2, we obtain the following result.

Corollary 6.4. — Let je{2,...,r} and assume that
Cvj'flﬂvjq,l(s) C CVj(S) and CV’;.ﬂVj.+2(s) C CV‘;H(S)'

The map Wy, soshy, oWy . is a quasi-isomorphism of complexes of (AG", ALF)-bimodules

im Foo~ im F
RE™(Y, v,y Aoy — RI(Y v, Ae)

In the case r =2, Corollary 6.4 becomes the following result.
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Corollary 6.5. — Assume
CVTQF*VT(S) C CV;(S) and CV;mF*V;(S) C CF*VT(S)

The map Wy, v, » s © sh

1 , .. , F ATF
Vv, © Y Fvy)2,s 18 @ quasi-isomorphism of complexes of (AG", AL")-
bimodules

im B~ im F
RTY™(Yy,, A)e — RTI™(Yy,, Ael .
As a consequence, we obtain a quasi-isomorphism of functors between

#S8 , [dim(Yy,)]: D?(ALY e ) — D’ (AG" e€")

LcP,
and RS, [dim(Yy,)]: D"(AL el ) — D"(AG" ).
Remark 6.6. — The isomorphism of functors of Corollary 6.5 comes with a Tate

twist. Keeping track of this twist has important applications [Wa], [Ng].

Remark 6.7. — Let us make here some comments about the condition
((€V1,V2) CVTQF*VT(S) C CV;(S) and CV;mF*V;(S) C CF*VT(S)

Note that if Cy:(s) = Gy(s), then Condition (6y, v,) is satisfied.
Since Gy:(s) is connected, it follows that if C;,(s) C L*, then Condition (6y, y,) is
satisfied.

Example 6.8. — Of course, Condition (%6y, v,) is fulfiled for all s. Gluing the quasi-
isomorphisms obtained from Corollary 6.5, we get a quasi-isomorphism of com-
plexes of bimodules

Ov,v, : RL,(Yy,,A) — RI,(Yy,, A).
But, since Yy", =, it is readily checked that Oy, y, = Idgr (v, A)-

Example 6.9. — Similarly, Condition (6y, rwv,)) is fulfiled for all s. Gluing the quasi-
isomorphisms obtained from Corollary 6.5, we obtain a quasi-isomorphism of com-
plexes of bimodules

Ov, rv,) : RL(Yy,, A) — RL(Yry,), A).

But, since Yy! ., =, it is readily checked that @y, p,) = F.
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Remark 6.10. — If (6y, y,) holds, we denote by

F

Ov, v, Rl“fim(sz,A) — RTI™(Yy,, A)e!

the quasi-isomorphism defined by Oy, v, = Wy, v, 2 © shf,ly o \Il‘ 12" Assume
moreover that (6y,y,) and (%y,y,) hold, so that the quasi—lsomorphlsms of com-

plexes Oy, v, ; and By, y, ; are also well-defined. It is natural to ask the following
Question. When does the equality Oy, y, ; =By, v, ;© Oy, v, s hold?

For instance, taking Example 6.8 into account, when does the equality 6y', & =
Oy, v, s hold?

We do not know the answer to this question, but we can just say that the equality
does not always hold. Indeed, if m is minimal such that F™(V;) = V;, then the
isomorphisms Oy, rv,)s, Orw,),F2(v,),s7- - - » OFr—1v,)v, are well-defined and all coincide
with the Frobenius endomorphism F (see Example 6.9), and so

@V, F(Vy),s °@FV, ) F2(Vy),s OG)F'1V] ]—F #1d= @vlvls

(see Example 6.8).

Example 6.11. — Let P, be a parabolic subgroup admitting an F-stable Levi sub-

group L, containing L. We denote by V, the unipotent radical of P, and L the corre-

sponding Levi subgroup of a parabolic subgroup of G* containing L*, which is dual

to Ly. We assume in this example that CZ,(s) € Lj. Then it follows from [BoRo1, The-

orem 11.7], Corollary 6.5 and Remark 6.7 that we have an isomorphism of (AG", AL¥)-
bimodules

F

H®(Yy,, A) ®y RL™ (Y, Ae! " > RTIM(Yy, A)el,

where d, = dim(Yy,).

Remark 6.12. — Let us consider the Harish-Chandra case: assume that V, and V,
are F-stable. The functors Zf , and %[, are isomorphic without truncating by

any series [DipDu, HoLe].
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6.B. Transitivity. — We will provide here an analogue to Lemma 5.13 in the more
general context of this section. Assume in this subsection, and only in this sub-
section, that 3 < j <r (in particular, r > 3). Since c¢;_;(c;(V.)) = ¢;_i(c;1(V.)), we can
build a diagram

Uy, j

RTI™(Yy,, A) R[I™(Y, v, A)

(613) lI}V,,j—l qlcj(vo)vj_l

Ve v, i1

RISV, v, A) RISV, (v A)-

It does not seem reasonable to expect that the diagram (6.13) is commutative in
general. However, we have the following result, obtained from the results of section
§ 5.A below by copying the proof of Lemma 5.13.

Lemma 6.14. — Assume that one of the following holds:
(1) V]'_z CV]‘+1'V]‘_1.
(2) Vj—l CV]'_z‘V]'.
(3) V] CVj—l'Vj+l'
(4) Vj+1 CV] 'Vj—2'

Then the diagram (6.13) is commutative.

7. Jordan decomposition and quasi-isolated blocks

In this section, we assume G is connected. We fix an F-stable maximal torus T of
G and we denote by (G*, T*, F*) a triple dual to (G, T, F).

We start in §7.A with a recollection of some of the results of [BoRo1] on the van-
ishing on the truncated cohomology of certain Deligne-Lusztig varieties outside the
middle degree. We fix an F-stable Levi subgroup L and consider s € G* of order
invertible in A such that C;,(s) C L* (and we take L minimal with that property). We
show that the corresponding middle degree (AG”, ALF)-bimodule H™?)(Y,, A)el”
does not depend on the choice of the parabolic subgroup P, up to isomorphism,
thanks to the results of §6. In particular, it is stable under the action of the stabilizer
N of eSLF in Ng:(L).

Section §7.B develops some Clifford theory tools in order to extend the action of
ALF on HImO?)(Y,, A)e!” to an action of N. We apply this in §7.C by embedding G
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in a group G with connected center. This provides a Morita equivalence, extending
the main result of [BoRo1] to the quasi-isolated case.

In section §7.D, we show that the action of L on the complex of cohomology
C =GI, (YP,A)eSLF also extends to N, and the resulting complex provides a splendid
Rickard equivalence. This relies on checking that given Q an ¢-subgroup of L*,
the complex Brpo(C) arises in a Jordan decomposition setting for Cg(Q), and then
applying the results of the Appendix. The main difficulty is to prove that br,(e"")
is a sum of idempotents associated to a Jordan decomposition setting for Cg(Q). An
added difficulty is that the group C¢(Q) need not be connected.

7.A. Quasi-isolated setting. — We fix a semisimple element s € G*" whose order
is invertible in A. Let L* = Cg. (Z(C °*(s))°), an F*-stable Levi complement of some
parabolic subgroup P* of G*. Note that L* is a minimal Levi subgroup with respect
to the property of containing Cg,(s) and £ { Cg.(s) : C..(s)].

We denote by (L,P) a pair dual to (L*, P*). Note that P is a parabolic subgroup of
G admitting L as an F-stable Levi complement. The unipotent radical of P will be
denoted by V. We put d = dim(Yy).

The group Cg.(s) normalises L* and we set N* = Cg.(s)f" - L*: it is a subgroup
of Ng.(L*) containing L*. Via the canonical isomorphism between Ng.(L*)/L* and
Ng(L)/L, we define the subgroup N of Ng(L) containing L such that N/L corresponds
to N*/L*. Note that N* is F*-stable and so N is F-stable.

Let us first derive some consequences of these assumptions. Note that N*/L* =
(N*/L*)F* = N*F" /L*", so that N/L = (N/L)¥ = Nf/LF. Also, N*/" is the stabilizer, in
Ng.r+(L¥), of the L*"-conjugacy class of s. Therefore

(7.1) N is the stabilizer of e"" in Ngr(L).

It follows that esLF is a central idempotent of AN”. By [BoRo1, Theorem 11.7], we
have

H' (Yy, A)eX" =0 for i#d.
Our first result on the Jordan decomposition is the independence of the choice of
parabolic subgroups.

Theorem 7.2. — Given P’ a parabolic subgroup of G with Levi complement L and unipo-
tent radical V', then H‘Cﬁm(Yv)(YV,A)eSLF ~ HImW)(Yy,, A)er as (AGF, ALF)-bimodules.
The (AG", ALF)-bimodule H? (Yy, A)eSLF is N¥ -stable.

Proof. — The first result follows from Remark 6.7 and Corollary 6.5.
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Let n € N¥. The isomorphism of varieties G/V — G/"V, gV — gVn~' induces an
isomorphism of varieties Yy — Y.y. As a consequence, we have an isomorphism of
(AGF, ALF)-bimodules

HY (Y, A)~ 2, (HY (Yo, A),

where n,(H%(Y.y,A)) = HY(Y.y, A) as a left AG"-module and the right action of a €
ALF on n*(Hf (Y.y, A)) is given by the right action of nan™ on HY(Y.y, A).
Since n fixes eSLF, we deduce that

F

F
HY(Yy,Ae! ~n, (H (Y., Ae! ).

On the other hand, the first part of the theorem shows that

F

HY(Yy, e >H (Y., A)e!.

It follows that HY(Yy, A)e" ~ n,(H?(Yy, A)e!"). =

Recall that, if N* = LF (that is, if Cg.(s)"" cL*), then H? (YV,A)eSLF induces a Morita
equivalence between AG” esGF and ALF eSLF by [BoRo1, Theorem B’]. Note that the
assumption in [BoRol, Theorem B’] is Cg.(s) C L*, but it can easily be seen that
the proof requires only the assumption Cg.(s)"" c L*. Theorem 7.2 shows that this
Morita equivalence does not depend on the choice of a parabolic subgroup.

We will generalize the Morita equivalence to our situation. The main difficulty is
to extend the action of Lf on Hf(YV,A)eSLF to N¥.

7.B. Clifford theory. — Let us recall some basic facts of Clifford theory. Let k be
field. Let Y be a finite group and X a normal subgroup of Y. Let M be a finitely
generated kX-module that is Y-stable.

Given y €Y, let N, be the set of ¢ € Endy(M)* such that ¢(xm)=yxy'¢(m) for
all x € X and m € M. Note that N N, =N, , forall y,y’ €Y.

Let N = Uy <y Ny, a subgroup of End,(M)* containing N, = End,x(M)* as a normal
subgroup. The action of x € X on M defines an element of N,, and this gives a
morphism X — N. The Y-stability of M gives a surjective morphism of groups
Y = N/N, y —N,.

Let Y = Y x5, N. There is a diagonal embedding of X as a normal subgroup
of Y. There is a commutative diagram whose horizontal and vertical sequences are
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exact:
1 1
X X
1 —— Endy (M)~ Y Y 1
1 —— Endy (M)~ V/X Y/X —1
1 1

The action of X on M extends to an action of Y if and only if the canonical mor-
phism of groups Y — Y has a splitting that is the identity on X. This is equivalent
to the fact that the canonical morphism of groups Y/X — Y /X is a split surjection.

There is a split extension of groups
1— 1+ J(Endyx (M) = Endyx (M)* — Endix (M)"/(1+ J (Endiy (M))) — 1.

If £flY : X], then every group extension 1 — 1+ J(Endyx(M)) - Z — Y/X — 1
splits, since 1+ J(Endyx(M) is the finite extension of abelian groups

(14 J(Endix(M))")/(1 + J(Endyx (M))") = J(Endyx (M))' / J(End,x (M),

and those are k(Y /X)-modules. Consequently, if [Y : X] € k*, then the action of X
on M extends to an action of Y if and only if the extension

1 — Endix(M)*/(1+ J(Endix (M))) = ¥ /X (1 + J (Endix (M) = Y /X — 1
splits.

Consider now Y a finite group with Y and X two normal subgroups such that
X=YnXand Y =YX. Let M = Indi((M). We define N,, N and Y as above,
replacing M by M.

We define amap p : N, - N,, ¢ — (@a®@m — yay™ ® ¢(m)) for a € kX and
m € M. This gives a morphism of groups N — N extending the canonical morphism
Endyx(M) — Endyx(M) and a morphism of groups V/X — Y /X giving a commuta-
tive diagram

1 —— Endy (M)~ V/X Y/X —=1

1 —— Endyg(M)* Y/X Y/X —1
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It induces a commutative diagram

1 — Endix(M)*/(1+ J (Endyx (M))) — ¥ /X (1+ J (Endix (M))) Y/X 1
1 — Endyz(M)*/(1+ J(Endye (M) —= ¥ /X(1+ J (Endicz (M) Y/X 1

Assume the inclusion
End,x(M)*/(1+ J(Endyx(M))) — Endyz(M)* /(1 + J(Endyx(M)))

splits (this happens for example if Endkg(lnd);(M N/ T (Ende(Indi((M ))) ~ k" for some
n). If the surjection Y /X(1+ J(Endyg (M) — ¥ /X splits, then the surjection Y /X(1+
J(Endyx(M))) — Y /X splits.

As a consequence, we have the following proposition.

Proposition 7.3. — Let Y be a finite group and Y, X be two normal subgroups of Y. Let
X=YnNnX. Weassume Y =Y X. Let k be a field with [Y : X] € k*.
Let M be a finitely generated kX-module that is Y -stable. We assume that

Endyz(Ind} (M))/ ] (Endyx (Ind (M) ~ K" for some n.

If Indf(M ) extends to Y, then M extends to Y.

7.C. Embedding in a group with connected center and Morita equivalence. —
We fix a connected reductive algebraic group G containing G as a closed subgroup,
with an extension of F to an endomorphism of G such that F? is a Frobenius en-
domorphism of G defining an F,-structure, and such that G = G- Z(G) and Z(G) is
connected (cf [DeLu, proof of Corollary 5.18]).

Let T=T- Z(G), an F-stable maximal torus of G. Fix a triple (G*,T*, F*) dual to
(G, T, F). The inclusion i : G — G induces a surjection i*: G* » G*. Let L=L- Z(G), so
that L* = (i*)"'(L*). Let N=NL.

Let J be a set of representatives of conjugacy classes of {’-elements 7 € G*" such
that i*(f)=s. Note that J c L*/".

G _ G* LF _ Lo -1
Lemma 7.4. — Wehave e$ =3 ef and el =Y \rprDic, ney n'.

Proof. — The first statement is a classical translation from G* to G, cf for instance
[Bo3, Proposition 11.7].

Let § be a semisimple element of G*" such that i*(§)=s. If A # K, we will assume
that § has order prime to ¢ (this is always possible as we may replace § by its ¢’-part
if necessary). Note that § € L*".
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Let n € N*" such that n§n~! is L*/"-conjugate to §. Then n € L*/" - Cg.(5). Since
i*(Ce.(5)) € Cg.(s) c L, it follows that i*(n) € L**". We have N*/"/L*" = N*" /1",
hence n e L*".

It follows that N*/"/L** acts freely on the set of conjugacy classes of L*/" whose
image under i* is the L**"-conjugacy class of s. Through the identification of N*f" /L*F”
with N¥/LF, this shows that given 7 € J, the stabilizer in N* of efip is LF. O

Theorem 7.5. — The action of kG esGF ®(kLF esLF)Opp on H4(Yy, k)esLF extends to an action
of kG* esGF ® (KNF esLF)OPP. The resulting (kG* esGF, kNF eSLF)-bimodule induces a Morita
equivalence.

Proof. — Let P=P-Z(G) and let P* = {*"!(P*). Note that L (resp. L*) is a Levi comple-
ment of P (resp. P*) and it is F-stable (resp. F*-stable) and the pair (L*, P*) is dual to
(L,P).
We put
X =(GF x (LF)°PP). ALF, ¥V =(G* x (NF)°PP). ANY,

X =G x(LF)°PP and ¥ =G x (NF)oPP,

Let Yy =Y$. The stabilizer in X of the subvariety Yy of Yy is X, hence we have an
isomorphism of X-varieties Ind§ Yy — Yy.

Let M = HY(Yy, k)eX, a (kX(eS" ®e"))-module. Let M =IndX M, a (kX (eS" ®e"))-
module. We have an isomorphism of (kX (eS" ® e!"))-modules M — H%(Yy, k)e!".

Wepute=3;  el’. Wehave el =3 . nen™' and e is a central idempotent
of kLF (Lemma 7.4).

The kX-module M is Nf-stable (Theorem 7.2), hence the kX-module M is N*-
stable as well. It follows that given 7 € J and n € N¥, we have n*(Hf(?)efiF) o~
Hf(f{)eni:n,1 as kX-modules. The classical Mackey formula for induction and re-
striction in finite groups shows now that

HY, k) > el ) ~Res}Ind(H!(V)e/"),
neNF JLF
hence
M ~ Resg Indg(Me).

Lemma 7.4 shows that Me induces a Morita equivalence between kG’ eS" and
kLFe (cf [BoRo1, Theorem B’]). In particular, it is a direct sum of indecomposable
modules no two of which are isomorphic.

Since ekN” induces a Morita equivalence between kL"e and kN”e!", we deduce
that the right action of L on M ~ Me ®;j, ekNF extends to an action of N¥ com-
muting with the left action of G' and the extended bimodule M’ induces a Morita
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equivalence between kG’ eS" and kN¥el". It follows that

Endk;((M) ~ Endk(NF x(if)opp)(kNF eSLF ).

Given ny,n, € Nf with n,¢n,Lf, the central idempotents n,en;! and n,en;' of
kLF are orthogonal. It follows that

5 ~ - NF LF
Endk(pr(ip)opp(kNFe}F)z l_[ Endk(pr(ip)opp)(kNFnen_l)z(Z(kLFe))[ ),

neNF /LF
We deduce that End;x(M)*/(1+ J(End;5(M))) ~ (k*)" for some r. Since [V : X]=[N:
L] is prime to ¢, it follows from Proposition 7.3 that the action of X on M extends
to an action of Y. Denote by M’ the extended module. We have Res}? Indg(M e ~
Me ~ Res)’:;(M e, hence Indg(M "V~ M’. It follows that Indg(M /) induces a Morita

equivalence between kG"eS" and kN”el". We have

Endk@: (Indg(M')) al Endk@:(k(}F@kGF M) A Homk(;p (M, M®kNF kNF) al EndeF (M)®kNF ]CNF.

The canonical map kNF eSLF — End,¢r (Indg M’) is an isomorphism, hence the canon-
ical map kNe!" — End;q-(M’) is an isomorphism as well. Also, M is a faithful
kGF eSGF -module, since M = Indgi M is a faithful kG* eSGF -module. We deduce that

M’ induces a Morita equivalence between kG’ eS" and kN”e!". O

7.D. Splendid Rickard equivalence and local structure. —

Theorem 7.6. — The action of kG* eSGF ® (kLF esLF )°PP on GI,(Yy, k)eSLF extends to an ac-
tion of kG" eS" ® (kN el )PP, The resulting complex induces a splendid Rickard equiva-
lence between kG esGF and kN¥ eSLF.

Proof. — e Step 1: Identification of End; . (GL,(Yy, k)eSLF) in Ho?(k(LF x (LF)epp)).

Let C =(GI.(Yy, lc)eSLF )4, The vertices of the indecomposable direct summands of
components of C are contained in AL" by Lemma 3.5. Let Q be an ¢-subgroup of
L”. We have Br,o(C) ~ GFC(Yg‘G,((S)), lc)er(eSLF) in Ho” (k(Cgr(Q) x Cpr(Q)°PP)) by Propo-
sition 3.4. Let 2 be the rational series of (L, F) corresponding to s, so that eSLF =e,.
Theorem 4.14 shows that

bro(ey )= Z ey.
Ye(ip)H(X)

Let 27 be the rational series of (G, F) corresponding to s. We have 2" c 2.
Given % € (ia)‘l(% ), let %" be the rational series of (CZ(Q), F) containing %. We
have ig(@’) = 2" and Proposition 4.11 shows that % is (C3(Q), C;(Q))-regular. It

follows from [BoRo1, Theorem 11.7] that HZ(YESES)) ,k)ey =0 for i ;édingf((g)), hence
ch(YgS((g)) ,k)ey =0 for i# dingS((Si. We have shown that the cohomology of Bry(C)
is concentrated in a single degree. Note that Res.c,,.(g)(Brag(C)) is a perfect complex,
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hence its homology is projective as a kCgr(Q)-module. We deduce from Theorem
A4 that

End}, (C)~Endper)(C) in Ho”(k(L" x (LF)°PP)).

o Step 2: Study of Endyob (ar x(r e (IndgF: 55 b GLL(Yy, k)el").

Let C’'= Indgiig)ﬁ; C. Let P be a complex of k(N x (NF)°PP)-proj with P! =0 for
i > 0, together with a quasi-isomorphism P — kN of k(N x (N¥)°PP)-modules. As
the terms of C’ are projective kG"-modules, we have a commutative diagram

Endyor carxoveyom) (C7) End s ke xuryore)(C7)
Homyob (nr xne ey (KN, End . (C”)) —— Homygp (e xnr oreyy (P Endi . (C)
Using the isomorphisms of complexes in Hob( k(NF x (NF)opp))
End; g, (C')~Ind J& 1" (Endy . (€)

and
OPP

EndDb kGF) (C )~In deX LF) Opp (EndDb kGF) (C)),
we deduce that

End?CGF(C/) ~ EndDb(ka)(C’) in HOb(k(NF X (NF)OPP))'
Now, the canonical map
HOmHob(k(NF x(Np)opp))(kNF, EndDb(kGF)(C’)) — HomHOb(k(NFx(NF)Opp))(R EndDb(kGF)(C/))

is an isomorphism, since Endp,gr)(C’) is a complex concentrated in degree 0. It
follows that the top horizontal map in the commutative diagram above is an iso-
morphism, hence we have canonical isomorphisms

~ ~ GF x(NF)opp d
EndHob(k(GFx(NF)OPP))(C/)_)EndDb(k(GFx(NF)OPP))(C/)_)Endk(GFx(NF)OPP)(IndGFi opp H{ (Yy, k).

e Step 3: Construction of a direct summand C of IndGFX Opp (GF (Yy, Ic)eLF)

GF NF opp

We have shown (Theorem 7.5) that there is a direct summand M’ of IndGFX LFjorp HY(Yy, k)

whose restriction to G' x (L¥)°PP is isomorphic to Hd(YV, k). Let i be the correspond-

ing idempotent of Endygr xnryoer (Indgpi f: 0;; H.(Yy, k)) and j its inverse image in

Endyyob 1 crxne ey (C') Via the isomorphisms above. We have a surjective homomor-
phism of tinite-dimensional k-algebras

Endcompr(cr < yorey)(C - Endyyop x6r xour porey) C’).

Consequently, j lifts to an idempotent j* of Endcomp(k(ar xne)ere)(C”). It corresponds

to a direct summand C of C’ quasi-isomorphic to M’ and ResGFX?:F))O;; (C) is a direct

GF x(NFyopp ®INF-LF
summand of Resg . rom (C') = C [NT-L7],
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o Step 4: C lifts GI(Yy, k)e!”

Let C =, < ; <, C; be a decomposition into a direct sum of indecomposable ob-
jects of Ho”(k(G" x (L¥)°PP). This induces a decomposition M =@, ¢ ; < , M;, where
M; =H%C;) and M; and M, have no isomorphic indecomposable summands for
j#Jj’ (cf proof of Theorem 7. 5) We have ReSGFX LF) SEE(C ~@Pi<;j<nC 7 in Ho? (k(GF x
(L¥)°Pp) for some integers a; >0 and @, < ;< , H a (C;)P% ~M. It follows that a; =1

for all j, hence Resgpigf: 055 (C)~ C in Ho?(k(G* x (LF)°PP). This shows the first state-
ment.

e Step 5: Rickard equivalence.

We have shown above that End},.(C)~ Endpser)(C) in Ho? (k(NF x (NF)°PP)). On
the other hand, Endpgr)(C) ~ Endgr (M’) ~ kNF eSLF. It follows from Corollary A.5
that C induces a splendid Rickard equivalence. O

We now summarize and complete the description of the Jordan decomposition of
blocks.

Theorem 7.7. — The complex of (0G* esGF, OLF eSLF)-bimodules GI.(Yy, ﬁ)eSLF extends to
a complex C of (0GF eS", ONF e )-bimodules. The complex C induces a splendid Rickard
equivalence between 0GF eS" and ON* el

There is a (unique) bijection b — b’ between blocks of 0GF eS" and ONFe'" such that
bC~Cb'.

Given b a block of 0G" eS", then:

— the bimodule H d‘mYV(b Cb’) induces a Morita equivalence between 0G* b and ON* b’

— the complex b C b’ induces a splendid Rickard equivalence between 0G" b and ON* b’

— there is a (unique) equivalence (Q, b)) — (Q, bg) from the category of b’-subpairs to
the category of b-subpairs such that boBrao(C)=Brag(C)by,. In particular, if D is a
defect group of b’, then D is a defect group of b.

Proof. — Theorem 7.6 provides a complex C’ of (kG* esGF ® (kNF esLF)OPP)-modules
inducing a splendid Rickard equivalence. By Rickard’s lifting Theorem [Ri2, Theo-
rem 5.2], there is a splendid complex C of (0G* esGF ®(ONF esLF )°PP)-modules, unique
up to isomorphism in Comp(0(G" x (NF)°PP)), such that kC ~ C’. Also, [Ri2, proof
of Theorem 5.2] shows that GI(Yy, 0)e!" is the unique splendid complex that lifts
GI,(Yy, Ic)esLF. As a consequence,

Resg, o (C) = GL,(Yy, 0)e
By [Ri2, Theorem 5.2], the complex C induces a splendid Rickard equivalence.

Since H(bkCb’) induces a Morita equivalence, it follows that H%(b C b’) induces
a Morita equivalence (cf e.g. [Ri2, proof of Theorem 5.2]).
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The existence of the bijection between blocks follows from the isomorphism of al-
gebras Z(0G* eSGF) = Z(ONF eSLF) induced by the Morita equivalence, and the block-
wise statements on Morita and Rickard equivalence are clear.

By [Pu, Theorem 19.7], it follows that the Brauer categories of kG b and kN* b’
are equivalent, and in particular, kG" b and kN* b" have isomorphic defect groups.

U

Remark 7.8. — Assume Cg.(s) ¢ L*. Fix a block b of 0GF eSGF. Kessar and Malle
have proven that if either b or b’ has a defect group that is abelian modulo the ¢-
center of G*, then b and b’ have isomorphic defect groups [KeMal, Theorem 1.3].

Example 7.9. — Assume in this example that CZ,(s) = L* and that (Cg.(s)/CZ.(s))"
is cyclic. The element s defines a linear character § : L¥ — ¢* which induces an
isomorphism of algebra OLF el ~ gL e!". The linear character § is stable under the
action of N¥ so, since N*/LF is cyclic, it extends to a linear character §* : N/ — 0*.
Again, §* induces an isomorphism of algebra ON'e!" ~ oNFel". Combined with

this, Theorem 7.5 provides a Morita equivalence between ON” e and 0GFeS".

Example 7.10 (Type A). — Assume in this example that all the simple components
of G are of type A (no assumption is made on the action of F). Then C¢,(s) =L* and
Ce-(5)/ C¢.(s) is cyclic. Therefore, Example 7.9 can be applied to provide a Morita

equivalence between ON" el and 0G"eS".

Remark 7.11. — This article was announced at the end of the introduction of [BoRo1].
Unfortunately, we have not been able to settle the problem of finiteness of source
algebras. On the other hand, in addition to what was announced in [BoRo1], we
have provided an extension of the Jordan decomposition to the quasi-isolated case.
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Appendix A

About /-permutation modules

Let us recall here some results of Broué and Puig, cf [Brl, §3.6]. Let G be a fi-
nite group and P an {-subgroup of G. First, an indecomposable {-permutation
0G-module M has a vertex containing P if and only if Brp(M) # 0. Also, given V
an indecomposable projective k[N;(P)/P]-module (it is then an /-permutation kG-
module), there exists a unique indecomposable {-permutation ¢ G-module M(P, V)
such that BrpM(P, V) ~ V. Moreover, every indecomposable ¢-permutation 0G-
module with vertex P is isomorphic to such an M(P, V).

The following lemma is a variant of [Bou, Proposition 6.4].

Lemma A.1. — Let M and N be {-permutation kG-modules and let 1) € Hom;s(M, N).
Assume that all indecomposable summands of M (respectively N) have a vertex contained
in P (respectively equal to P), and that Brp(y) is a split surjection. Then ) is a split
surjection.

Proof. — Proceeding by induction on the dimension of N, we can assume that N is
indecomposable. Fix a decomposition M = &p,.; M; where M; is indecomposable for
all i € I and let ¢; : M; — N denote the restriction of . Since Br(y)) is a split surjec-
tion and Brp(V) is indecomposable, we deduce that Brp(1)';) : Brp(M;) — Brp(IN) is an
isomorphism for some i € I (because Brp(M;) is equal to zero or is indecomposable).

By the above classification of indecomposable ¢-permutation ¢G-modules, this
forces M; to be isomorphic to N. Let ¢’ : N — M; be an isomorphism. Then
Brp(y;¢") =Brp(y;)Brp(y)’) is an isomorphism, so it is not nilpotent. Therefore, ;)
does not belong to the radical of End,(IV), hence it is invertible (because End ;s (N)
is a local ring). So v; is an isomorphism, as desired. O

Lemma A.2. — Let C be a bounded complex of {-permutation kG-modules, all of whose
indecomposable summands have a vertex contained in P. Let D be a bounded complex of
finitely generated projective k[Ng(P)/Pl-modules. We assume that Brp(C) is homotopy
equivalent to D.

Then there exists a bounded complex C' of {-permutation k G-modules, all of whose direct
summands have a vertex contained in P, such that C’ is homotopy equivalent to C and
Brp(C’) is isomorphic (in Comp?(kG)) to D.
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Proof. — Up to isomorphism in Ho”(kG), we may assume that C = C™. We write
C =(C*,d*). We will first show by induction on the length of C that Brp(C) =
Brp(C)®d. So let n be maximal such that C"™ # 0. We fix a decomposition C"*! =
D;c; M; where M; is indecomposable for all i € I and we denote by p; : C"*' — M;
the projection.

First, assume that the composition

Brp(cm) 24 g oney PP gy

is a split surjection for some i such that Brp(M;)# 0. Then it follows from Lemma A.1
that p;d™: C" — M, is a split surjection: this contradicts the fact that C = C™d. So the
complex

Brp(d")

0 — Brp(C") ———— Brp(C""') —0
has no non-zero direct summand that is homotopy equivalent to 0. By the induction
hypothesis, the complex

Brp(d" ™
.o —— Bry(C") Brpld™ ), Bry(C") — 0

has no non-zero direct summand that is homotopy equivalent to 0. It follows that
Brp(C)=Brp(C)ed.

We deduce from this that D ~Br(C)® D’, where D’ is homotopy equivalent to 0.
So M is a sum of complexes of the form 0 — M M -0 (up to a shift), hence there
is a bounded complex C’ of {-permutation kG-modules, all of whose indecompos-
able summands have vertex P, such that Brp(C’)~ D’. Therefore Brp(C & C')~ D, as
desired. O

The following lemma is close to [Bou, Proposition 7.9].

Lemma A.3. — Let G be a finite group and C a bounded complex of {-permutation kG-
modules. Assume H'(Bry(C))=0 for all i # 0 and all £-subgroups Q of G.
Then C ~ H°(C) in Ho?(kG).

Proof. — Replacing C by C™¢, we can and will assume that C has no nonzero direct
summands that are homotopy equivalent to 0.

Let i > 0 be maximal such that C'#0. The map d;_ ) = Bro(d; ') : Bro(C™") —
Bry(C?) is surjective for all {-subgroups Q. It follows from [Bou, Proposition 6.4]
that d/! is a split surjection: this contradicts our assumption on C. So C' =0 for
i > 0. Replacing C by C*, we obtain similarly that C/ =0 for i < 0. The lemma
follows. OJ

The following theorem is a variant of [Rou2, Theorem 5.6].
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Theorem A.4. — Let G be a finite group, H a subgroup of G and P a Sylow (-subgroup
of H. Let C be a bounded complex of {-permutation k(G x H°PP)-modules all of whose
indecomposable summands have a vertex contained in AH.

Assume Hompxc,(0)(Brag(C), Brag(C)i]) = 0 for all i # 0 and all {-subgroups Q of
H.

Then End} .(C) is isomorphic to Endpsc)(C) in Ho?(k(H x H°PP)).

Proof. — Let R be an {-subgroup of H x H°PP. By [Ri2, proof of Theorem 4.1], we
have Brg(End; .(C)) =0 if R is not conjugate to a subgroup of AH, and given Q < H
an /-subgroup, we have

in Comp(k(Cyy(Q) x Cyy(Q)°P?)).
Note that the terms of Br,o(C) are projective for kCg(Q), hence
Hi(End;CG(Q)(BrAQ(C))) Homp (e, (o (BrAQ(C) BrAQ(C)[Z])
and this vanishes for i #0. Consequently,

Brpo(End; ;(C)) > Endps ke (0)(Brag(C))

in DP(k(Cy(Q) x Cy(Q)°PP)).
The conclusion of the theorem follows now from Lemma A.3 applied to the com-
plex End; .(C). O

Corollary A.5. — Let G be a finite group, H a subgroup of G, b a block idempotent of 0 G,
c a block idempotent of AH. Let C be a bounded complex of {-permutation (AGb,AH c)-
bimodules all of whose indecomposable summands have a vertex contained in AH. Assume
Homyp (¢, (0)(Brag(C), Brag(C)i]) = 0 for all i # 0 and all {-subgroups Q of H and the
canonical map kH ¢ — Endp )k C) is an isomorphism.

Then C induces a splendid Rickard equivalence between AGb and AH c.

Proof. — Theorem A.4 shows that the canonical map kHc¢ — End; ,(kC) is an iso-
morphism in Ho?(k(H x H°PP)). It follows from [Ri2, Theorem 2.1] that kC induces
a Rickard equivalence between kGb and kH c. The result follows now from [Ri2,

proof of Theorem 5.2]. O
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