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Null controllability and finite time stabilization for the heat
equations with variable coefficients in space in one dimension
via backstepping approach

Jean-Michel Coron * Hoai-Minh Nguyen

Abstract

Using the backstepping approach we recover the null controllability for the heat equa-
tions with variable coefficients in space in one dimension and prove that these equations
can be stabilized in finite time by means of periodic time-varying feedback laws. To this
end, on one hand, we provide a new proof of the well-posedness and the “optimal” bound
with respect to damping constants for the solutions of the kernel equations; this allows
to deal with variable coefficients, even with a weak regularity of these coefficients. On
another hand, we establish the well-posedness and estimates for the heat equations with
a nonlocal boundary condition at one side.

Keywords. Null controllability, time-varying feedback laws, stabilization in finite time,
backstepping, heat equation.
AMS subject classification. 93B05, 93B17, 93B52.

1 Introduction

The null controllability of the heat equations has been extensively investigated since
several decades. This was pioneered in [12] by the moment method. Since then, there have
been a few other methods to prove the null controllability of the heat equations. One is
based on the construction of the fundamental solution as proposed [I8| 24]. One is based
on Carleman estimates, as initiated in [14, 23]; see also [I1] and references therein for recent
results. One, as proposed in [29], is via the transmutation method, which relates the null-
controllability of the heat equation to the exact controllability of the wave equation. One,
as proposed in [28], is via the flatness approach; in this approach, x is considered as the
time-variable, see also [15].

In this paper, we give a new approach to obtain the null controllability for the heat
equations with Dirichlet boundary control. This new approach is based on backstepping
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design in which the kernel also depends on time. The backstepping method has been used
as a standard tool to stabilize finite dimensional control systems, see, e.g., [4, 20]. This
method was initiated in [5], 26] to design feedback laws stabilizing control systems modeled
by partial differential equations. Later on, Krstic and his collaborators introduced a key
modification of the method: Using a Volterra transform of the second kind, coming from
the application of the classical backstepping method applied to a spatial discretization of the
partial differential equation, they map the original equation into an asymptotically stable
one. In this context, the first continuous backstepping designs were proposed for the heat
equation [25, B2]. The applications to wave equation appeared later in [19] [34, 31]. Since
then, it has been applied to study the stability of parabolic equations in [32] B3], of hyperbolic
systems in [21] 8 @, 16, [17], of nonlinear parabolic equations in [35], of Korteweg-de Vries
equations in [3] and of Kuramoto-Sivashinsky equations [27]. A concise introduction of this
method applied to numerous partial differential equations can be found in [22]. In this paper,
we implement the backstepping idea to obtain the null-controllability of 1-d heat equations.
We also provide a new method to prove the existence of and to establish the “optimal” bound
for a solution to the kernel equation. Finally, we show how this approach can be used to
stabilize in finite time these equations by means of time-varying feedback laws. For this
end, we establish the well-posedness and estimates for the heat equations with a nonlocal
boundary condition at one side.

Remark 1. For some equations, one needs to use more general transformations than the one
given by the backstepping approach (i.e. a Volterra transform of the second kind). See, in
particular, [1] for wave equations, [2] for compensating the distributed effect of diffusion and
counter-convection in Multi-Input and Multi-Output LTI systems, [6] for KAV equations, [7]
for Kuramoto—Sivashinsky equations. In these last two papers, the existence of these more
general transformations is shown to be equivalent to the controllability (of the linearized
control system).

We consider the control system
wit,7) = (a@)ua(t,2))s + c(@)u(t,z) in (r1,7) x [0,1],
u(t,0) =0, wu(t,1)=U(t) for t € (11, m),

where, at t € (71, 72), the state is u(t,-) € L?(0,1) and the control is U(t) € R. Throughout
this paper, we assume that a € H2(0,1), c € H*(0,1), and

(1.1)

a(x) > 0 for every z € [0, 1], (1.2)

which implies the existence of A > 1 such that 0 < 1/A < a(z) < A in [0, 1] since a is
continuous on [0, 1].

The first goal of this paper is to provide a new way (via backstepping design) to obtain
constructive controls U which steer the control system from a given ug € L?(0,1) to 0
during the interval of time [0, 7], with 7' > 0 given, i.e., u(t,-) — 0 as t — T where u is the
solution of

u(t, z) = (a(x)uz(t,x))z + c(z)u(t,z) in (0,T) x [0, 1],
u(t,0) =0, wu(t,1)=U(t) for t € (0, 7)), (1.3)

u(t=0,-) = ug for x € [0,1].



Let us denote by L?(0,1)* the set of continuous linear maps from L?(0,1) into R. We have
the following theorem.

Theorem 1. Let T > 0. There exists a piecewise constant functional K : [0,T) — L?(0,1)*
such that, for every ug € L*(0,1), ifu € C°([0,T); L*(0,1)) is the solution of with U(t)
defined by

U(t) :== K(t)u(t,), (1.4)

then

u(t,-) = 0 in L?(0,1) as t — T_,
Ut)—>0ast—T_,

where u is the solution of (|1.3).

Let us briefly describe here the idea of the proof of Theorem |1} The operator K(t) in
Theorem [ is of the form

1
K(t)v = /0 kn(1,9)v(y) dy for every v € L*(0,1), (1.7)

for t, <t < tp41 for some sequence (t,)nen — T- and for some sequence of functions (called
kernels) (ky)nen defined in D which is defined by

D= {(z,y) € [0,1]%y < }.

The choice of (t,)nen and (k,)nen are derived from the backstepping approach as follows.
Let (tn)nen be a strictly increasing sequence of real numbers such that tp = 0 and t, — T
as n — oo. We construct the kernel k, (used for the interval of time [t,,t,+1)) using
backstepping design: define, for ¢, <t < t,4+1,

w(t, z) = ult, z) - /0 (e, y)ult, ) dy, (18)

where k,, is chosen such that, for ¢t,, <t < t,,+1 and for u solution of (|1.1J),
wi(t,z) — (a(z)we(t,z))  + Mw(t,z) = 0 for z € [0, 1], (1.9)

for some \,, > 0, damping coefficients. By requiring that (1.9) holds for any u satisfying (|1.1])
with (71, 72) = (tn, tn+1), one obtains the following system for ky:

2a($)%kn(x,x) + ag(x)kn(z,2) + [An +c(z)] =0 for x € [0, 1],
k‘n(fL‘,O) =0 for xx € [0’ 1]7 (110)

(a@)kmx(xa y))z - (a(y)kn,y(x,y))y = [An +e(@)]kn(z,y) =0 in D.

Here and in what follows, we use the notation:

d
%k:(x,:p) = ky(x,x) + ky(z, 2),



where k, and k, denotes the partial derivative of k : D — R with respect to x and y. In fact,
we can verify that such a k,, exists (Lemma and that, indeed, holds if u satisfies ([1.1)
with (71, 72) = (tn, tnt1) and if w is defined by with k,, satisfying (see Lemma |3)).
The control U in is chosen as usual by requiring in order to have

w(t,1) =0 for t, <t < tpy1. (1.11)

Let us point out that, from (L.1]) and (1.8)), we have

w(t,0) =0 for t, <t < tny1. (1.12)
We derive from (1.9)), (L.11]), and (1.12) that
lwt, Iz < e w(tayg, ) - (1.13)

From (|1.13]), we obtain the decay of w as ¢ — T_. To compute u from w, one searches the
kernel [,, such that

u(t,x) = w(t,x) + /ff ln(z,y)w(t,y) dy. (1.14)
By requiring that, for ¢, <t < ty41, :
ur(t, ) = (a(x)ug(t, x)) , + c(x)u(t, z) for z € [0,1], (1.15)
one gets
2a(m)%ln(m,x) + ag(z)lp(z, ) + A + c(z) =0 for x € [0, 1],
Ln(,0) =0 for z € [0,1],  (1.16)

(a($)ln,x($v y))x - (a(y)ln,y(x7 y))y + [)‘n + C($)]ln($a y) =0 inD.

In fact, we can prove that [, exists (Lemma [2) and that, if [, satisfies (1.16]) and if w is
defined by (1.8]) where k,, satisfies (1.10), then (1.14) holds (Lemma [4)). We establish the
following crucial estimates for k,, and [,, (Lemma :

1/2
Hkn”Hl(D) S GCAn and HlnHHl(D) S C)\n, (117)

for some positive constant C' which depends only on a and c: it does not depend on n.
Let us point out that related estimates already appear in [23, Proposition 1]. These related
estimates are proved thanks to Carleman estimates. Our approach is completely different.
From and (1.17), we can derive that u(¢,-) — 0 in L?(0,1) and U(¢f) — 0 in R as
t — T_ by appropriate choices of (t,)nen and of (A )nen (see also [23) p. 343-344]). More
precisely, we prove the following proposition.

Proposition 1. Let T > 0, (Ay)n>0 be an increasing sequence of positive numbers converging
to infinity, and let (t,)n>0 be an increasing sequence which converges to T with tg = 0. Define,
fort, <t <tny1,

1
Ut) = /0 b (L y)uu(t, ) dy, (1.18)
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where ky, is given in (1.10). Set so := 0 and s, := Zz;é M (tgr1 —tr) forn > 1. There exists
a positive constant 7y, depending only on a and c, such that if, for large n,

(tnt1 = tn)An = Y/ At (1.19)

then, for t, <t < tni1,

lu(t, )| 2 < Cem st/ D g, (1.20)

U (t)] < Ce=nt/AHCO=DEC Ay | o, (1.21)

for some positive constant C independent of n and ug. In particular, if in addition that

. Sn
lim ——— = +o0, 1.22
n—+o00 p, 4 /)\n+1 ( )
then
li t,- =0 1.23
tl)r%l_ HU( ) )HL2 ) ( )
lim U(f) = 0. (1.24)

t—=T_

There are sequences (t,)nen and (A, )nen which satisfy ((1.19) and (1.22)): for example the
sequences such that t, = T — 1/n? and A, = n® for large n. Hence, Theorem [1|is a corollary
of Proposition

In this paper, we therefore provide a new constructive control to reach the null control-
lability for the heat equation with variable coefficients via backstepping approach. Our idea
is to use a sequence of kernels (k,)nen in an appropriate choice of time interval [t,,tp+1)
corresponding for a sequence of positive numbers (\,,),en used for damping effect converg-
ing to infinity to stabilize the equations more and more as ¢t goes to 7. To implement this
idea, we need to prove the existence of k, and [,,, and establish estimates given in .
Our analysis is variational and different from the standard one and hence requires some new
ideas. First, to handle the existence of k,, and [,, in the variable coefficients case, we show, in
Lemmal|l} a connection of and with the wave equation defined in [0, 1]?. To this
end, we establish a property of the finite speed of propagation type (see in Lemma [1)).
Known methods to prove the existence of k,, and [,, (in the case a is constant) are based on
special functions or by fixed point arguments (see, in particular, [22] Chapter 4] and [10]).
Second, the proof of is only known for constant a and ¢ using the information of special
functions (see, e.g., [22, Chapter 4]). In the case, a is constant and c is not, it is known that
holds provided that the exponent )\;/ % is replaced by A, (see, e.g., [22, Chapter 4]).
Nevertheless, exponent A, is not sufficient to get the decay of u,, to 0 due to . Estimates
in are given in of Lemma, (1 These follow from an energy type estimate for the
wave equation which is somehow nonstandard in the sense that the energy not only contains
the gradient of the solutions but also the solutions, see ; the standard energy estimate
only gives the exponent \,.

The second goal of this article is to show that the control system (1.1]) can be semi-globally
stabilized in arbitrary time by means of time-varying feedback laws (t,v) € R x L?(0,1)
F(t,v) € R. We look for feedback laws F' satisfying the following three properties.




(P1). The feedback law F' is T-periodic with respect to time:

F(t,v) = F(t +T,v) for every (t,v) € R x L*(0,1). (1.25)

(P2). There exists a strictly increasing sequence (t,)nen of real numbers such that

to =0, (1.26)
lim t, =T, (1.27)
n—-+00
F is of class C' in [t,, to41) x L*(0,1) for every n € N. (1.28)

(P3). The map F vanishes on R x {0} and there exists a continuous function M : [0,T) —
[0, 4+00) such that

|F(t,v9) —F(t,v1)] < M(t)|lva—v1|lz2 ¥ (t,v1,v2) € [0,T)x L*(0,1) x L*(0,1). (1.29)

Before stating our second result, let us comment on the Cauchy problem

w(t,x) = (a(x)ue(t, x))  + c(x)u(t,z) for (t,z) € (s,7) x [0,1],
u(t,0) =0, wu(t,1)=F(t,u(t,-)) for t € (s,7), (1.30)
u(s, ) = ug for z € [0, 1],

where —00 < s < 7 < 400 and ug € L%*(0,1) are given. We use the following definition:
u: [s,7) x (0,1) = R is a solution of (L.30) if u is in C°([s,7); L*(0,1)) is such that, for
every ¢ € C?([s,7) x [0,1]) with compact support in [s,7) x [0,1] and which vanishes on
[s,7) x {0, 1}, one has
1 T rl T
—/ uo(x)&(s, ) dx—/ / u(t, x)&(t, x) dx, dt+/ a(1)F(t,u(t, ))& (¢, 1) dt
0 s JO s
T 1
- / / u(t, ) ((a(2)&(t, z))e + c(x)é(t,z)) dz = 0. (1.31)
s JO

Using, properties and one gets the uniqueness of the solution to the Cauchy problem
(1.30)): two solutions uy : [s,71) X (0,1) = R and ug : [s,72) x (0,1) = R to are equal
on [s, min{r,72}) x (0, L) (see the proof of Lemma [f]). A solution u; : [s,71) x (0,1) = R to
the Cauchy problem is said to be maximal if there is no solution us : [s,72) x (0,1) - R
to the Cauchy problem with 75 > 71 and u; = ug on [s,71) X (0,1). From now on, all
the solutions to the Cauchy problem considered are maximal. As just mentioned this
solution is unique. We denote by ¢ € [s, t(s,ug)) — (¢, s, up) this solution. Let us point out
that, as proved in Lemma@, Properties [(P1)], [[P2)], and [(P3)]imply that t(s,ug) > s for every
(s,up) € R x L%(0,1).

Our second result states that the control system (1.1)) can be semi-globally stabilized in
arbitrary time by means of time-varying feedback laws (t,v) € R x L?(0,1) — F(t,v) € R

satisfying Properties [[P1)], [(P2)] and [(P3)]




Theorem 2. Let T > 0 and I' > 0. There exists a time-varying feedback laws (t,v) €
R x L?(0,1) — F(t,v) € R satisfying Properties|(P1), |(P2), and|(Ps) such that

3(C,T) € (0,400) x (0,T) such that |F(t,v)| < C|lv|}> ¥ (t,0) € [T, T) x L*(0,1), (1.32)
t(s, up) = 400 for every (s,ug) € R x L*(0,1), (1.33)
®(t + 2T, t,up) = 0 for every (t,up) € R x L*(0,1) such that |jug|z> < T, (1.34)

and such that the following uniform stability condition

{ Ve >0, 3n >0 such that, V' € R, Vt € [t',+00), and Yuo € L*(0,1), (1.35)

(luollzz < m) = (|2t ¢, uo)|| < €)

holds

The paper is organized as follows. In Section [2| we establish several lemmas which are
used in the proof of Proposition [I] and Theorem [2| In particular, we prove the existence and
uniqueness of k, and [,, together with estimates on these functions. The proof of Proposi-
tion (1] is given in Section (Let us recall that, as already observed above, Proposition
implies Theorem ) In Section we establish the well-posedness of and various
estimates for the flow ®. Finally, in Section [5] we give the proof of Theorem

2 Preliminaries

In this section, we establish several lemmas used in the proof of Proposition |1l and Theo-
rem 2] The first one is on the stability and a property of the wave equation, which plays an
important role in our analysis and is interesting in itself.

Lemma 1. Let A € R, f € LQ((O, 1)2), and let ay, az, b1, by and ¢ be bounded measurable
functions defined in [0,1]? such that a1 and as are Lipschitz and

1A < ay(e,y),as(a,y) <A and  [b(z,y)l,le(@, )| < A for (,y) € 0,12, (2.1)
for some A > 1, where b = (b1,be). There exists a unique solution
K € L*((0,1); Hj(0,1)) N H'((0,1)?) (2.2)
to the equation
(a1 (2, y) Ka(2,)), — (az(2, ) Ky(,y)),
+b(z,y) - VK (2,y) = A+ c(z, ) K (z,y) = f(z,y) in [0,1], (2.3)
such that

K(z,0) = K(x,1) =0 forz €[0,1] and K(0,y)=K,(0,y)=0 forye]|0,1]. (2.4)



Moreover,

1 1 1
[ 19K @wPdy < Crmaxe@@ VB 1y [ [ @ pPayds forae 0l (25
0 0 0

Assume in addition that a1 (x,z) > az(z,z) for x € [0,1] and supp f C D. We have
K(z,y) =0 4n [0,1]*\ D. (2.6)
Here C denotes a positive constant depending only on A and the Lipschitz constant of (a1, as2).

We consider (2.3)) and (2.4) as a wave system in which z is seen as time variable and y is
seen as space variable and use the following definition for solutions: A function K : (0,1)% —

R is said to be a solution of (2.3]) and (2.4]) if (2.2]) is satisfied, (2.3]) holds in the distributional

sense, and

K(0,-) =0, (2.7)

(Equality is an equality in L?(0,1), while is an equality in H~'(0,1): note that
by and (2.3), K € H?((0,1); H~1(0,1))).

Proof. The existence and uniqueness of K are standard and left to the reader. We next
prove and . We only give the proof in the case a1, a2, b, ¢, and f are smooth and
satisfy suitable compatibility conditions (which are automatically satisfied if the support of
f is included in a compact subset of (0,1] x [0,1]). The proof in the general case follows by
a standard regularizing argument. Since a1, a9, b, ¢, and f are smooth, from the standard
regularity theory of the wave equation, it follows that K is smooth. We begin with the proof
of . We only consider the case A > 0 and large enough. The proof in the other case
is similar and even simpler. Multiplying the equation of K by K,(z,y), integrating with
respect to y from 0 to 1, and using an integration by parts, we have

1
| 3L ) K20 10 ) 2 )+ (0(,) K3 ,0) 5,00, K3 ,0)
0
d 1
4 20(a,) - VR () Kalin) = 3o+ el ) K )| dy = [ Fa)Koalo,)dy,
0
This implies

d 1

i | [0 ) o) Ky - Ay 4y

1 1
=2 [ SR di— [ [a @2 w0 - 0K )

+ 2b(2,y) - VK (2, y) Ko (2,y) — 2¢(z,y) Ko (2, y) K (2, y) | dy.  (2.9)



Integrating (2.9) from 0 to z, using the ellipticity and the Lipschitz property of a; and as
and the boundedness of b and ¢, we obtain, for = € [0, 1],

1
/0 [K2(2,) + K2(z,y)] dy

1 x 1
< [artyay+c [ [ R0 + K] dyds + 1B (2:10)
0 0 0

Set
K (o.y) = K(20,y) for (v,y) € [0.072] x [0,1].

We derive from (2.10) that, for = € [0, \'/?],
1 A A
/ (K3 (@, y) + A7 K (2, y)] dy
0

1 T 1
<¢ [ Raydy+C [ [ R+ X R s dyds + 13 211
0 0 0

Define

1 . . 1 .
Vi(z) = /0 [K2(z,y) + X\ K2(z,y)] dy  and  Va(x) = /0 R (z,y) dy.

1
Vi) = 2 / Kol y) K (2, ) dy < 2V (2) V22 (), (2.12)
0
and from we obtain

Vi(z) < C’(Vg(m) +/Ox Vi(s) ds + |ny%2>. (2.13)

A combination of (2.12)) and (2.13)) yields

Vi) + Vi(o) < C(Vala) + [ Vit ds-+ 1) (214)

We derive that -
/ Vi(s)ds + Va(z) < O||f|22¢:
0

which, together with (2.11)), implies that

1
| [+ 3R] dy < €Ul

Estimate (2.5) now follows by a change of variables and the definition of K.



We next establish that K(x,y) = 0in [0,1]?\ D. Define

1

E(z) =5 /: (al(% YK (z,y) + a2(w,y)K§(m,y)) dy.

We have

1
Ew) = [ (o) Kaalo,n)Kal) + gora(o. ) K3 ,0) ) dy

1
+ [ (ol By ) Koy a.0) + a0 ) K 029)) dy

a %[al($,l‘)K§($7x) +az(w, 2) K (o, )]

An integration by parts yields

1
@) = [ [(@@nkoy), - (@)K, @), Ko dy

1 1 1
+/x (= gara(e K@) + Saza(e,y) K] (@) dy

1
- 5 [al(l‘,$)K§(l‘,I) + a?(l‘7$)K§

(z,2) — 2as(z, 2) Ky (2, 2) Ky(z, 7).
Since aq(z,x) > as(z, x), we derive that
E'(z) < C\)E(x).
Since E(0) = 0, it follows that E = 0. The proof is complete. O

Remark 2. The Lipschitz assumption on a; and as can be weakened; however the uniqueness
does not hold if one only assumes (22.1)): see [30, Theorem 9].

Using Lemma [}, we can establish the following lemma.

Lemma 2. Let A € R, g € H'(0,1) be such that z3/?[g(z)/x]” € L?(0,1). There exists a
unique solution k € HY(D) to the system

k(z,z) = g(z) for z € [0,1],
)=0 for z € [0,1], (2.15)
(a(@)kz(@,9)), = (a(¥)ky(2,9)), = [N+ c(y)lk(w,y) =0 in D.

Moreover, for every z € [0, 1],

/0 Wk, y)I? dy < € max{eE OV} (|lgl2 + 1542/ (5) |22 + 1157295 /5"]13: )

(2.16)
for some positive constant C independent of g, x € [0,1], and .
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Remark 3. The existence, uniqueness, and estimate of k£ are known in the case where a and
c are constant, see [22, Chapter 4].

Proof. We first establish the uniqueness of k. Assume that ¢ = 0. We prove that £ = 0.
Extend k& = 0 in [0,1]2\ D and still denote the extension by k. Then

(a(@)ka(,)), — (aW)ky(z,y)), — [N+ c(y)k(z,y) = 0 in [0,1]%,
k(x,0) = k(z,1) = 0 for € [0,1], and k(0,y) = k;(0,y) = 0 for y € [0,1]. Hence k = 0 by
Lemmal [T} To prove the existence of k, we proceed as follows. Define
p(z,y) = g(x)y/x in D
and set Ky =k — ¢ in D. Then

ki(x,z) =0 for z € [0, 1],
ki(z,0) =0 for z € [0, 1],
(a(@)kra(z,y)), — (a(¥)kiy(z,y)), — A+ c@)]ki(z,y) = fi(z,y) in D,
(2.17)
where
fl (177 y) = _(a(l‘)@x(l‘a y))x + (a(y)gpy(aj, y))y + [/\ + C(Z/)]SO(% y) in D.
One has

1f1ll2oy < Cllgllze + 152 ()12 + Is*2[a(5) /)" =)
By Lemma (1] there exists ko the unique solution to the system
(a(@)k2w(2,y)), — (a(Wkay(z,)), — N+ c@)lk2(z,y) = fa(z,y) in [0,1]%, (2.18)

ko(x,0) = ko(z,1) = 0 for = € [0,1], and k2(0,y) = k2,(0,y) = 0 for y = [0,1]. Here
fo = 1pfi where 1p denotes the characteristic function of D. Applying Lemma [I], we also
have

ko(z,y) = 0 in [0,1]%\ D.

Hence k; can be chosen as the restriction of ko in D and k = k1 + ¢ in D. Estimate (2.16])
follows immediately from the one of ks obtained from Lemma (|

From Lemma [2| we get the following corollary, which gives the existence and uniqueness
of k, together with the first inequality of (1.17]).

Corollary 1. Let A\g > 0. For every A > \g, there exists a unique solution k € H'(D) of the
system
d
2a(a:)%k(x, x) + az(x)k(z,z) + A+ c(x) =0 for z € ]0,1],
k(z,0) =0 for z € ]0,1], (2.19)
(a(@)ks(z,9)), — (a(y)ky(z,y)), — X+ c)]k(z,y) =0 in D.

Moreover,
1kl 1 (D) < N, (2.20)

for some positive constant C independent of A € [Ag, +0).
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Proof. Since a € H?((0,1); (0,+00)) and ¢ € H'(0,1), there exists (a unique) g € H*(0,1)
such that

2a(2)g (7) + az(z)g(x) + A+ c(z) =01in [0,1] and g(0) = 0.
One easily checks that 3/2[g(z)/z]" € L?(0,1). Then (2.19) is equivalent to

k(z,z) = g() for z € [0, 1],
k(x,0) =0 for x € [0, 1],
a(@)l(,9)),, — (aly)hy(e.)), — P+ )k, 9) =0 in D.

—_

The existence and uniqueness of k now follow from Lemma |2/ and estimate (2.20)) is a conse-

quence of ([2.16)). O

Similar to Corollary [I, we have the following consequence of Lemma [2] which gives the
existence and uniqueness of [,, together with the second inequality of (1.17) .

Corollary 2. Let A\g > 0. For every A > \g, there exists a unique solution | € H'(D) of the
system

2a(x)%l(ac, z) +az(z)l(z,2) + A+ c(z) =0 for x €[0,1],
l(l’, 0) =0 forx € [07 1]7 (221)

(a(@)la(@,y)), — (aW)ly(z,y)), + X+ c@)]i(z,y) =0 in D.

Moreover,
1l z1(py < CA (2.22)

for some positive constant C independent of A € [Ag, +00).

The third lemma, whose proof is quite standard and which is known in the case where a
is constant, is on the link between ([1.1]) and ([1.9)).

Lemma 3. Let A >0 and ™ > 71 > 0. Assume that u € LQ((Tl,TQ);Hl(O, 1)) is a solution
to the system

ur(t, ) — (a(@)ug(t, x))  — c(@)u(t, ) = 0 in (11, 72) x [0,1], (2.23)
u(t,0) =0 fort € (11, m2). (2.24)

Define, for i <t < 1o,
wlt.a) =ult.) ~ [ KGoy)ult.y) dy (2.25)
0

where k € H' (D) is the unique solution of the system (2.19). Then w € L*((1,72); H'(0,1))
and satisfies the equation

wi(t, z) — (a(z)we(t, ) + Mw(t,z) =0 in (11,72) x [0,1]. (2.26)

12



Proof. We assume that a and ¢ are smooth and establish (2.26)); the general case follows by
a regularizing argument. The smoothness of a and ¢ imply that £ and v and hence w are
smooth in (71, 72) x [0,1]. We have, from (2.25),

wilt,) = it x) - /0 "k, y)ut ) dy. (2.27)

Using the fact that u(t,2) = (a(x)ue(t, ) + c(z)u(t,z) in (11,72) % [0,1] and integrating
by parts, we derive from ([2.27]) that

wit.a) = ultn) = [ [(ayle.0), + co)ble.]utt. ) dy

T

— k(. y)aly)uy(ty)| +al)k,(@.y)u(t.y)

.
This implies, using also ,
wilto) = w(t.) = [ [(awky @), + k(e )]ult. ) dy
— k(z,x)a(x)us(t, ) + a(x)ky(z, v)u(t, x) + k(z,0)a(0)uy(t,0). (2.28)

From (2.25)), we also have

(a(z)we(t,z)) = (a(@)uy(t, x))  — /OI (a(@)ke(z,y)u(t,y)), dy — i(a(z:)k(a:,:n))u(t,a:)

dx
—a(x)k(z, 2)uy(t, ) — a(x) ke (z, x)u(t, x). (2.29)

Using the fact that u(t, ) — (a(z)us(t,2)), — c(@)u(t,x) = 0 in (11,72) x [0,1], we derive

from (2:23), (228), and (2.29) that

wi(t, z) — (a(z)we(t,x))  + Mw(t, )

- [2a(x)%k(x, ) + ag()k(z, z) + A + c(m)} u(t, ) + k(z,0)a(0)uy (¢, 0)

N /Ox [(a(m)kz(x,y))x — (a(y)k‘y(x, y))y — [)\ + c(y)]k:(:c, y) u(t,y).
With the choice k in , we have
wi(t,z) — (a(@)we(t, ), + Iw(t,z) =0 in (11,72) x [0,1].

The proof is complete. O

The fourth lemma deals with the inverse transform of the map u +— w, where w is defined

by .
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Lemma 4. Let A > 0, let k € H'(D) be the unique solution of (2.19)), and let 1 € H*(D) be
the unique solution of (2.21). Let u € L?(0,1) and define

w(x) :=u(x) — /Ox k(xz,y)u(y)dy for x € [0,1].

We have .
u(r) = w(x) +/ l(z,y)w(y)dy in [0,1]. (2.30)
0

Proof. In what follows, we assume that a and ¢ are smooth, the general case follows by a
regularizing argument. Since a and c¢ are smooth, it follows that k£ and [ are smooth. We
claim that

lavy) = ke + [ ko O1E ) de. (2.31)
)

Admitting this claim, we prove ([2.30). We have, by Fubini’s theorem,
T €T Yy
uw) = [ KGpats) + [t [ut) ~ [ ko ute) de] ay

=)+ [ i)~ kt0) = [t k(€ v acfutrydy = o)

(2.30)) is proved.
It remains to establish (2.31]). Define

i) = bl + [ "k, €)1, ) de. (2.32)

We prove that [ = I. Tt is clear that I(z,z) = k(x, z) = (2, 2) and I(z,0) = k(z,0) = I(z,0) =
0 for z € [0,1]. We have, from ([2.32)),

(2, y) = kol y) + / (@, O, ) dE + k(a,2)l(2, y).
Y
It follows that
(@@)), (Mol ), + [ (ale)bu )16 0) d + al@)ha (o))
)

)k, 2)]1e, ) + al@)k(e, o) . y).
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Using the fact that (a(z)k.(z,y)), = (a(y)ky(z,y))y + A + c(y)]k(z,y) in [0,1]%, we have

(a(x)i$(x,y))x Z(a(x)kgg(x,y))x _|_/
y

T

[(@(€)ky (2, )y, y) + X+ e(©)]k(a, E)U(E, y)] d
+ a(x)ky(z, 2)l(z,y) + % [a(:p)k(az, x)}l(x, y) + a(x)k(x, z)l(x,y)

~(a@ha(.), + [ [ O @O 1), + D+ b, (e )] de
Y

+a(&)ky(z, OIE Y[, — k(z,€)al@)la(& y)|, + al@)ke(z, 2)l(, y)

k(e )1, ) + al@)k(e, 2) . ).

This implies
(0(o)l), ~(a@Mhal), + [ [(@OLLE), + I+ Ol )]k, de

+ a(@)ky(z, 2)l(z,y) — aly)ky(z, y)l(y,y) + k(z, y)a(y)l(y, y)

+ a(z)ky(z, 2)l(x,y) + % [a(:v)k:(x, :U)]l(ac, Y).

Then, using the first equality of (2.21), it follows that
(0@, ), =(a(@ k), + [ (@16 ), + D+ e ) G,
— N+ (@)@, y) — a(y)ky(z, )y, y) + k(z,y)ay)la(y, y).  (2.33)
Similarly, from (2.32)), we obtain
o) = k(o) + [k (60— K I, 9).
Tt follows that
(a(y)ly(x.y)), =( +/y k(z, ) (a(y)ly (&, y)), dy — a(y)k(z, y)ly(y, y)

— k(z, y)( W), y)), — ky(z,y)ay)l(y,y). (2.34)

Using the last equation of (| and - we derive from and - that
(a(z )lx(l‘,y))z — (a(y)ly(z,y)), = A+ C( Ni(, y)-
On the other hand,

(a(@)la(@,y)), — (aW)ly(z,y)), = —\ + c(@)i(z,y).

Hence [ = [ by the uniqueness of the solution to (2.21]). The proof is complete. U
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3 Proof of Proposition

This section is devoted to the proof of Proposition[I} We implement the ideas presented in
the introduction. For ¢,, <t < t,,11, Define w by ([1.8)) where k,, is given in ((1.10). Applying
Corollary [I, we have

w(t, )22 < CeCV u(t, )22 for ty <t < tnyi1. (3.1)
By Lemma 4} (1.14]) holds where [,, is given by ([1.16]). We have, by applying Corollary
Jut, Y|2: < CX2|lw(t, )22 for ty, <t < tny1. (3.2)

and, by using Lemma [3]
wi(t, z) — (a(z)we(t,x))  + Apw(t,x) = 0 for z € [0,1].
From the choice of the control , we obtain
w(t,0) =w(t,1) =0 for t, <t < tpi1.

It follows that

lw(&, )72 < lw(ér, )72 @78 for b, < & < & <t (3.3)
A combination of (3.1)), (3.2), and (3.3)) yields
[ultasr, lIza < CNLem 2t =¥ VA g, |7 (3.4)

We derive from (1.19) and ({3.4]) that, if v is large enough, which will be always assumed,

[u(tngr, )72 < CemAntnar=t)|ju(t,, )72 (3.5)
This, together with the definition of s,, implies
[u(tnsr, )72 < e 1 w(0, )] 72 (3.6)
We have, for t, <t < tpy1,

lut, )72 < O flw(t, |72 <CXe™ ) Jw(t,+, )| 72
<OXge T O (||
<O 21, )|

Sem st AH D (0, )17 (3.7)

which gives (1.20). Here we use (3.2)) in the first inequality of (3.7)), (3.3) in the second
inequality, (3.1) in the third inequality, (1.19) and (3.5 in the fourth inequality, and (3.6

(for t,—1 instead of ¢,+1) in the last inequality. Finally (1.21]) follows from ((1.17)), (1.18]), and
(T.20). O
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4 Some properties of the flow ¢

In this section, we are interested in the flow ® introduced in the Introduction (Section [L).
We start by mentioning a maximum principle for the Cauchy problem

u(t,z) = (a(z)uy(t, x))s + c(z)u(t,z) + f(t,z) in (1,72) x (0,1),
u(t,0) = a(t), wu(t,1)=p6(t) for t € (11, 72), (4.1)
u(0, ) = up(z), for x € (0,1),

which we will use many times in this section. Let 7 and 75 be two real numbers such that
71 < 7o, let a and B € L3(1y,m), let f € L%((11,72) x (0,1)), and let ug € H~1(0,1). Let
us recall that, with this regularity on «, 8 and f, the Cauchy problem is well posed in
O ([Tl, mo); H1(0, 1)): it has one and only one solution in this set and there exists a constant
C > 0 independent of o and 8 € L?(y,m), f € L?((11,72) x (0,1)), and up € H~*(0,1) such
that

lullcoir ml,m-10,1)) < CUll L2y m0) F Bl L2(r170) TN I L2¢(r1,70) 5 0,1)) F w0l -1(0,1)) - (4:2)

The notion of solution to the Cauchy problem has to be understood in the transposition
sense (compare with ): a solution u of is a function u in CO([Tl,TQ];H_I(O, 1))
such that, for every s € [r, 2] and for every £ € LZ((Tl, s); H?(0, 1)) N Hl((ﬁ, s); Hg (0, 1))
such that

— & = (a(2)&)s + c(x)€ in L((11,5) x (0,1)), (4.3)
one has

S

— (0, €1, N g1 gy + (uls, ) (s, N+ / a(1)B(DE(t, 1) dt

_ / " a(0)a(t)Ea(t, 0) dt — / ) /0 F(t 2)E(t 2) dadt = 0. (4.4)

See, e.g., [, Definition 2.36 and Section 2.7.1] for this notion of solution, the well-posedness
and (4.2). Then using a standard smoothing procedure and the classical maximum principle
(see, e.g. [13, Chapter 2]) one gets the following proposition.

Proposition 2 (Maximum principle). Let a and 3 € L*(11,72), let f € L?((11,72) x (0,1),
and let ug € H=1(0,1) be such that

a>0,8>0,f>0,uy>0. (4.5)

then, for every t € [Ty, 7],
u(t,-) > 0. (4.6)

In the next lemma, we derive from this maximum principle an a priori estimate on the

solutions of (1.30)).
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Let us denote by S(¢) : L?(0,1) — L?(0,1), t > 0, the semigroup generated by the operator
v (a(x)vg)  + c(x)o(t,z) with Dirichlet boundary condition: for ¢ > 0 and ug € L*(0,1),
(S(t)uo)(z) = v(t, z) where v € C°([0,+00); L2(0,1)) is the unique solution of

vi(t,z) = (a(z)ve(t,z))  + c(z)v(t,x) i (0,+00) x (0,1),
v(t,0) =v(t,1) =0 for ¢t € (0, +00), (4.7)
v(0,-) = ug.

Lemma 5. Assume that F satisfies Properties and and that |F(t,v)| <

C'||UH1L/22 for (t,v) € [T1,T) x L*(0,1) for some C > 0 and for some 0 < Ty < T. Then, there
exists C1 > 0 such that, for every ug € L?(0,1), for every T1 < s < s’ < T and for every

solution u € C°([s, s']; L*(0,1)) of

ug(t, ) = (a(x)um(t,m))gc + c(z)u(t,z)  for (t,z) € (s,s) x [0,1],

u(t,0) =0, wu(t,1)=F(tult,-)) forte (s,s), (4.8)
u(s, ) = ug for x €[0,1],
one has
lu(t,-) — St — s)uoll 2 < CL(t — )41 + [Juol|f2)/?VTL < s <t < . (4.9)

Proof. Let v(t, ) be the unique solution of the system
vi(t, z) = (a(x)ve(t,z)), + c(z)v(t, ) i (s,s") x (0,1),
v(t,0) =v(t,1) =0 for t € (s,¢),
v(s, ) = ug.

Set w(t,z) = u(t,x) — v(t,x). Then

we(t, x) = (a(a:)wm(t,x))$ + c(x)w(t, x) in (s,5") x (0,1),
w(t,0) =0, |w(t,1)|< C(Hw(t, NME + [, -)HlL/f) for t € (s,5), (4.10)
w(r,-) =0.

Let t € (s,s']. Define

1 (171}4’7’3/2)2
W(rz) = ———¢ st f ,x) € [s,t] x [0,1], 4.11
(ra) = e or (r,) € [s,1] x [0,1] (4.11)

where 79 =t — s. By choosing A > 0 small enough, the smallness of A depends only on a and
¢, we have

W (7, 2) < (a(z)Wa(r, x))m + c(z)W (T, x) in (s,t) x [0, 1].

Set
W(r,z) = CAW (7, z) for (1,z) € (s,t) x (0,1), (4.12)
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where C is a positive constant defined later and

A= (t— )2+ (t — )2 |ug|| 147 (4.13)
We have, for 7 € (s,1),
W(r,1) = CA(T — s +19) "2~ ) > CAR(t — s)] Y21/, (4.14)

and
IW(r, Yz < AVACA(r — 5+ 70) VA Bs7m < AVACA(t — 5) V4 /BN (4.15)

Here in the first inequality we used the fact that, for m > 0,

/OO eV’ dy < ﬁe_m2/2.
- 2

m

Fixing A > 0 small, taking C large enough, the largeness of C being independent of s, £, and
ug, we obtain, for t — s < e~ 7/,

W(r,1) 2 20 (WG IS + lluoll )
> 20(IWr I + o(r I for 7€ (s,1). (4.16)
Let us check that, by the maximum principle (Proposition , this implies that
lw(t,x)] < W(t,x) for almost every x € (0,1). (4.17)
Indeed, the maximum principle leads to (4.17)) if
lw(r,1)| < W(r,1)VT € [s,t]. (4.18)
Let us assume that does not hold. Then, there exists ¢’ € (s,t) such that
lw(r,1)| < W(r,1) VT € [s,1], (4.19)
lw(t', 1) = W(t,1). (4.20)
From and the maximum principle, we get that
lw(t',z)] < W(t, ) for almost every z € (0,1), (4.21)
which, together with the second line of leads to

(', D] < C(IWE L + e )17 (4.22)

From (4.16)), (4.20) and (4.22)), we get a contradiction, which shows that (4.18)) and therefore
also (4.17) hold. Finally ([4.17) yields (£.9)) for t — s < e~7/*. The conclusion in the general

case follows immediately from this. O

Concerning the existence and uniqueness of the flow @, let us prove the following lemma.
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Lemma 6. Assume that F satisfies Properties|(P1), |(P2), and|(P3) Let 0 < s < T. There
exists Ty = Tp(s) > 0 such that, for every ug € L?(0,1), there exists a unique solution

ue C%[s,s +Tp); L*(0,1)) of (1.30). Moreover,

lu(t, )|z < Clluol|rz fort € (s,s+ Tp), (4.23)

for some positive constant C' = C(s) independent of uy and the functions Ty : [0,T) —
(0,+00) and C : [0,T) — [0, +00) can be chosen such that, for every 6 € (0,T],

inf{Ty(s);s € [0, — 0]} > 0 and sup{C(s);s € [0,T — §]} < +o0. (4.24)

Proof. Let us first deal with the uniqueness. Let u; and us be two solutions having the same
initial data at time s and defined at least on [s, s'] x (0,1), with s < s’. Let w : (s,s")x(0,1) —
R be defined by w = uo — u1. One has, for some C' > 0,

we(t, x) = (a(x)wgg(t,x))x +ce(x)w(t,z) in (s,s") x (0,1),
w(t,0) =0, [w(t,1)] < Cllu(t, Y for t€ (s,). (4.25)
’LU(S, ) = 07

It suffices to prove that

w(t, ) = 0 for t > s close enough to s. (4.26)

We proceed as in the proof of Lemma 5| We define W as in (4.11))-(4.12)), with (4.13) now
replaced by

A=1. (4.27)
From ({.14) and (4.15), fixing A > 0 small, we obtain, for t —s < e~** and for every C >0,

W(r,1) > 2C|W(r,-)||2 for T € (s,1). (4.28)

(Compare with (4.16).) Then, proceeding as in the proof of (4.17)), we get, using the maximum
principle,
lw(t,z)| < W(t,z) for almost every x € (0, 1). (4.29)

However, since C' > 0 is arbitrary, it follows from that w(t, ) = 0. This concludes the
proof of the uniqueness.

Let us now establish the existence of u using a fixed point argument. For notational ease,
we assume that s = 0. Set Uy = 0 and, for n > 1, let U,, be the unique solution of

Unt(t,x) = (a(x)Upo(t, z))s + c(x)Up(t,x) in (0,7) x (0,1),
Un(t,0) =0, Uy(t,1)=F(t,Up_1(t,")) for t € (0,7T), (4.30)
Un(t=0,-) =up in L2(0,1).

Define
Whi(t,z) = Ups1(t,x) — Uy(t,x) in (0,7) x (0,1).
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Let 0 < Tp < T. Then, for some C € (0, 4+00) independent of n and uy,
Whi(t,x) = (a(m)me(t?ar))m + c(x)Wy(t,z) in (0,T) x [0,1],
W, (t,0) =0 for t € (0,7),
(Wa(t, D] < Cl[Waa(t, )l 2 for ¢ € (0, To),
Wp(t=0,)=0 in L2(0,1).

(4.31)

By the maximum principle (Proposition [2)) applied to the function

(t.a) > R sup [Wos ()2 + Wl 2)
TG(O,To)

with R > 0 large enough, we have

(Wa(t,2)] < M sup [[Wyy(7, )| 2 for (¢,2) € (0,To) x (0, 1), (4.32)
’TE(O,T())
for some M > 0 independent of n and ug. For 0 < r < 1, let ¢ € C'(R) be such that p(z) = 1
forz <1—r, p(x) =0 for z > 1— (r/2) and |¢'(z)| < 4/r for z € [0,1]. Multiplying the
equation of W, by W,,(t, z)p?(x) and integrating by parts, we obtain

2

/01 ’Wn(t,x)(p($)’2dx + /Ot /01 ’(Wn(t,x)cp(:):))x

t 1
SQAA”W@MM%@W+MMﬂMﬁ
It then follows from (4.32) that, for 0 <r < 1,

1-r t 1-r
/ Wi (t,z)|* dz +/ / Wt 2))? <
0 0 0

Cr?ToM? sup |[Win—1(r,-)||32 for t € (0,Tp). (4.33)
TE(O,T())

A combination of (4.32]) and (4.33) yields the existence of C' independent of r € (0,1), of n,
and of ug, such that

sup ||[Wu(r,)|lz2 < C_'M(T*lTOl/2 + r1/2) sup  ||Wh—1(7, )|l 12
7€(0,T0) 7€(0,T0)

Let us fix 7 € (0, 1) small enough so that CM /2 <1 /4. Then, by choosing Tj small enough,
we obtain

1
sup [[Wa(r, )|z < 5 sup [[Wor(7, )] 2 (4.34)
7€(0,T0) 7€(0,7T0)

Hence (Up)nen is a Cauchy sequence in C°([0,Tp]; L?(0,1)). Let u € C°([0,Tp]; L?(0,1)) be
it’s limit. One can easily verify that u is a solution of ((1.30) on (0,7p). Moreover, by (4.34)),

1
/ lu(t,z)|? dz < Ol|ugl|72 for t € (0,Tp). (4.35)
0

21



Finally, it follows from our proof that (4.24)) can also be imposed.

As a consequence of Lemma [6] we have the following corollary.

Corollary 3. Assume that F satisfies Properties |(P1), |(P2), and|(Ps). Let 0 < s’ < T.
Then there exist C > 0 such that, for every s € [0,5s') and for every ug € L*(0,1), there exists
a unique solution u € CO([S, s'l; L*(0, 1)) of (1.30) and this solution satisfies

Nlu(t, )2 < Cllugllre for every t € [s, s]. (4.36)

We now assume that F satisfies Properties [[P1)], [[P2), and [(P3)] and that (1.32)) holds.
It follows from Corollary |3| that the flow ® is well defined on {(¢,s,ug) € [0,T) x [0,T) x
L?(0,1);t > s}. In order to prove that

@ is well defined on {(t,s,up) € R x R x L*(0,1);t > s}, (4.37)
it only remains to check that, for every ug € L?(0,1) and for every s € [0,T),
®(t,s,up) is converging in L?(0,1) as t — T_. (4.38)
Let ug € L%(0,1) and let s € [0,T). Define, for t € [s,T), u(t) = ®(t,s,up). Let ¢ > 0. It
follows from Lemma [5|and Corollary [3|that ¢ € [s,T) + ||u(t)||r2 is bounded. It then follows
from Lemma [5] that there exists ¢ > 0 such that
|lut) = St —T+ Hu(T —9d)||f2 <e Vte[T—0,T). (4.39)

Let ¢’ € (0,6) be such that

|S(t =T + §)ug — S(S)ugllz2 <e Vte [T —d,T). (4.40)
From (4.39)) and (4.40)), one gets
lu(t) —u(t)||2 <4e Ve [T —8,T), vt € [T —-§,T). (4.41)

This shows that, for every sequence (t,)nen of real numbers in (0,7) converging to T as
n — 400, the sequence (u(t,))nen is a Cauchy sequence in L2(0,1). This concludes the proof

of (4.38) and therefore of (4.37]).

5 Proof of Theorem [2

In this section we prove Theorem Let us first point out that the uniform stability
property (|1.35]) follows from the other conditions. Indeed, we have, by Lemma

@t 5,u0)llz2 < 1 (lluoll 2 + (¢ — )41 + [luo]l =) /2
VI <s<t<T, Yug € L*0,1). (5.1)
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and, by Corollary [3]
®(t,s,u0)| 2 < Cilluollze YVO<s<t< (T+T)/2 Yuy < L*0,1), (5.2)

for some positive constant C independent of ug. Let r > 0, B(r) denote the closed ball of
radius r in L2(0,1). Let ¢ > 0. We derive from (5.1]) and (5.2)) that there exists § > 0 such
that

@t t' up)||r2 <e VOt <t<T,Vug € B(J). (5.3)

Here we also use the fact
®(t,t',ug) = (¢, 7, ®(7, ¥, up)) Vt' <7<t Vug e L*0,1) (5.4)

and take T close to 7. Using (5.4) again, we derive from (5.3) the existence of n > 0 such
that
|®(t, ' uo)||r2 <e VO<t <t<3T, YVuy € B(n), (5.5)

which, together with (1.25)) and ([1.34), gives (1.35) provided that we decrease n > 0 if
necessary so that n <T'. This implies the uniform stability (1.35)).

We next construct F'. For n € N, let \,, and t¢,, be defined by

Ap = (n +1)8 for every n € N, (5.6)
to =0, (5.7)
1
tn=T <1 - 2712> for every n € N\ {0}. (5.8)

By Corollary [1} for some C large enough,

1/2
lknllre < 9 for every n € N. (5.9)
We also know from Proposition [I| that there exists some Cs > 0 such that, for ¢, <t < t,,41,
ut, ) g2 < Coe /4T g s, (5.10)
U] < Cge™ st/ B D@0 | 2, (5.11)

where s, = ZZ;& Mi(tgs1 — tg) for n > 1 and sg = 1. It is easy to verify that

nll)riloo (tntl/;%m = +oo and ngl}-loo P n f;m = +400.
Fix o and B be two real numbers such that
4<a<fpB<hb. (5.12)
Let (fin)nen and (vp)nen be defined by
i =€ ™" and v, == e’ VneN. (5.13)
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For n € N, we choose a function ¢, € C}(R) such that 0 < ¢, < 1, ¢,(s) = 1 for s < py,
and ¢,(s) = 0 if s > 2u,. Fix N a large (see below) positive integer. We define F' in the
following way for ¢, <t < ty41,

1
F(t,v) ::/ En(Liy)v(y)dy Yt € [tn,tnyr) withn < N —1, (5.14)
0

1
F(t,v) := @n(|Jv] 12) / kn(Ly)v(y)dy VYt € [tn,tny1) with n > N. (5.15)
0
We derive from (5.9) that, if N is large enough, which is always assumed from now on,

kallzz < €O < (1/(2u)) > V> N. (5.16)

It follows that, for ¢, < t < t,41 with n > N,

1/2

[E(t,0)] < 2[vll7

which gives (1.32). From (the proof of) Proposition [I| we get that
O(T,t,ug) =0 VYug€ B(vy,),VtE [tn_1,tN], (5.17)
O(T,t,up) =0 Vt€ [ty tnt1) withn < N =2 Vuge B(1/vy). (5.18)
Let I" be a positive real number. It follows from that
O(T,t,up) =0 Vtetn,tnt1) withn < N -2 Vuge B(T). (5.19)

(Let us recall that we always assume N large enough and how large N is depends now on I'.)
Again, from the proof of Proposition [I], we have

1
H(I)(tN,t,uO)||L2 < ;VUQ e B (F) ,Vt S [tN717tN]' (5.20)

n

From (|1.25)), (5.1]), and (5.18]), we get that

D27, t,up) = B(2T, T, (T, t,up)) = 0Vt € [tn, T], Yo € B(1/un), (5.21)
which, together with (5.19) and (5.20]), concludes the proof of Theorem O
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