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The tail empirical process of regularly varying
functions of geometrically ergodic Markov chains

Rafal Kulik* Philippe Soulier! Olivier Wintenberger*

Abstract

We consider a stationary regularly varying time series which can be expressed as a
function of a geometrically ergodic Markov chain. We obtain practical conditions for
the weak convergence of weighted versions of the multivariate tail empirical process.
These conditions include the so-called geometric drift or Foster-Lyapunov condition
and can be easily checked for most usual time series models with a Markovian struc-
ture. We illustrate these conditions on several models and statistical applications.

1 Introduction

Let {X,,j € Z} be a stationary, regularly varying univariate time series with marginal
distribution function F' and tail index oz.iThis means that for eachiinteger h > 0, there
exists a non zero Radon measure vqj, on R\ {0} such that v, (R"™\ R"*!) =0 and

B, X € 1)
t—00 ]P)(X() > t)

= VO,h(A) )

for all relatively compact sets A € R"1\ {0}h + 1 satisfying v, (0A) = 0. The measure
Vo, called the exponent measure of (Xo,..., X}), is homogeneous with index —a, i.e.
vou(tA) = t7°vo(A). This definition implies that v, ((1,00) x R") = 1. The purpose
of this paper is to investigate statistical tools appropriate for the estimation of extremal
quantities which can be derived from these exponent measures. The most important tool
is the tail empirical process which we define now.

Let X, ;, i < j, denote the vector (X;,...,X;). Let {u,} be an increasing sequence
such that

1

Jm Fun) = lim oz =0
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We define the (upper quadrant) tail empirical distribution (TED) function M, by

- 1 "
Mn('u) = nF’(un) ; 1{Xj,j+h€un[—00,v}c} , V& (O, OO) .

M, (v) = nF(un){Mn(v)—Mn(v)} , ve(0,00) .

In statistical applications, it is often useful to consider a weighted version of the tail
empirical process (TEP). For a measurable function ¢ defined on R**!  define, for v €
(0, 00),

M) = s 30 (T ) e (K. (L
MY (v) = E[MY(v)] and
M (v) = /P (un) { 317 (v) = M (0) b | (1.2)

The investigation of the asymptotic behaviour of M, has a long and well known story
and no longer necessitates any justification. See [Roo09] for references in the ii.d. and
weakly dependent univariate case. Naturally, when dealing with weakly dependent time
series, some form of mixing conition is needed. The most convenient is absolute regularity
or (S-mixing, which allows to easily apply the blocking method. Many but not all time
series models can be f-mixing under not too stringent conditions such as innovations with
an absolutely continuous distribution. Notable exceptions come from integer valued time
series or more generally, time series with a discrete valued input. It also excludes all long
memory times series which require ad-hoc methods. See e.g. [[<S11]. It is not the purpose
of this paper to discuss these models.

In standard statistical problems, the f-mixing condition with a certain rate and moment
conditions suffice to derive asymptotic distributions. But in extreme value theory for
dependent data, further conditions are necessary. The most important one is the so-called
anticlustering condition, introduced by [Smi92] as a sufficient condition for the extremal
index of a time series to be positive. In the univariate case, it reads

o T P(Xo > U, XG> uy)
lim 1 7 =0 1.3

m1—1’>Ic1>o liﬂ_ili.p et ]P)(X() > Un) 7 ( )
where r, is an increasing sequence such that r,P(X > u,) — 0. Unfortunately, (1.3) is
not implied by any temporal weak dependence condition, and is notably difficult to check.
It has been checked in the literature by ad-hoc methods for several models. We refer to



[Roo09] for examples and further references. See also Section 3. Needless to say, only the
simplest models have been investigated, and more complex time series such as threshold
models remain to be studied in an extreme value context.

In the case of Markov chains, or functions of Markov chains, it was first (implicitly)
proved by [RRSS06] that the so-called Foster-Lyapunov or geometric drift condition implies
the anticlustering condition (1.3). It was later used by [MW13] to obtain large deviations
and weak convergence to stable laws for heavy tailed functions of Markov chains. Let us
mention, though we will not use this property here that the drift condition can also be used
to check the asymptotic negligibility of small jumps in the case 1 < a < 2. It is well-known
from the theory of Markov chains that this drift condition and irreducibility together imply
[-mixing with geometric decay of the S-mixing coefficients. This in turn allows to applying
the blocking technique, without any significant restriction on the number of order statistics
involved in the definition of the extreme value statistics.

The main purpose of this paper is to show that the geometric drift condition can be
used to prove weighted versions of the anticlustering condition, and ultimately to prove
functional central limit theorems for the weighted, multivariate versions of the tail empirical
process introduced above. We only consider finite dimensional tail empirical processes, that
is, we do not study the full theory of cluster functionals developed in a general context
by [DR10]. Such a theory is beyond the scope of the present paper. Still, our main result
provides a tool for the investigation of extreme value statistics of all the time series which
can be expressed as functions of irreducible, geometrically ergodic Markov chains.

The paper is organized as follows. In Section 2 we state our assumptions, including
the geometric drift condition, and main result on weak convergence of the weighted tail
empirical process of a function of a geometrically ergodic Markov chain. In Section 3, we
illustrate the efficiency of our assumptions by studying two models, and also provide a
counterexample which shows that geometric ergodicity, if not necessary, cannot be easily
dispensed with. In Section 4, we illustrate our main theorem with some standard and less-
standard statistical applications. The proof of the main result is in Section 5. The most
important (and original) ingredient is, as already mentioned, to prove that the geometric
drift condition implies a weighted anticlustering condition. This anticlustering condition
(and the other assumptions) allow to apply the very general results of [DR10].

2 Weak convergence of the tail empirical process

Our context is a slight extension of the one in [MW13]. We now assume that {X;,j € N}
is a function of a stationary Markov chain {Y,,j € N}, defined on a probability space
(Q, F,P), with values in a measurable space (E, £). That is, there exists a measurable real
valued function g such that X; = g(Y;).

Assumption 1. o The Markov chain {Y;,j € Z} is strictly stationary under P.

o The sequence {X;,j € Z} defined by X; = g(Y;) is reqularly varying with tail index
a > 0.



o There exist a measurable function V : E — [1,00), v € (0,1), g > 1 and b > 0 such
that for all y € F,

E[V(Y1) ‘ Yo = y] < ”yV(y) + bl{V(y)Sxo} . (2.1)

o There exist an integer m > 1 and for all x > xq, there exists a probability measure v
on (E,&) and € > 0 such that, for all y € {V <z} and all measurable sets B € &£,

P(Y,, € B|Yy=1y) > ev(B) . (2.2)
o There exist ¢ € (0,a/2) and a constant ¢ such that
g]? < eV (2.3)
e [or every compact set [a,b] C (0, 00),
limsup sup %E [V (Yo0)1{sun<g(vo)}] <00 - (2.4)

n—oo a<s<b unF(un)

We will comment on these conditions in Section 2.1. We define formally the limiting
covariances whose existence will be guaranteed by the assumptions of the theorem. In
order to avoid trivialities, we assume that v, (R") > 0 for all h > 0.

cj('v, w) = /I;hﬂﬂ ]_(_007,,,}0(mo’h>1(_oo’w}c(wj7j+h) Vo,j+h(dw) ,

c}l’('v,'w) = /me lb(wo,h)w(wj,ﬂh)1(—oo,v}c(wo,h)1(—oo,w}c(wj,j+h)l/o,j+h(dw) )
Clv,w) = co(v, w) + Z{cj(v, w) + ¢;(w,v)}, (2.5)
CY (v, w) = ¢ (v, w) + Z{cj’(v, w) + ! (w,v)} . (2.6)

Set 1= (1,...,1).

Theorem 2.1. Let Assumption 1 hold and assume moreover that there exists n > 0 such
that

_ 1
lim log!™(n){ Flu,)+ ——— 5 =0. 2.7
n, log <>{ (1) + nF(un)} (2.7)

Let sq > 0 be fixed.

o The process MY converges weakly in (*([so1,00)) to a centered Gaussian process MY
with covariance function C¥ defined in (2.5).

o If1: R 5 R is such that
(@) < R((Jzo| V)P + -+ -+ (lza| V1)) (2.8)
with ¢;+qy < q < a/2 for alli,i’ =0,...,h, then MY converges weakly to a centered

Gaussian process MY with covariance function C¥ defined in (2.6).
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2.1 Comments

(C1) Under Assumption 1, it is well known that the chain {Y;} is irreducible and geomet-
rically ergodic. This implies that the chain {Y;} and the sequence {X;} are S-mixing
and there exists ¢ > 1 such that 8, = O(e™"); see [Bra05, Theorem 3.7]. This is a
very strong requirement, however, it is satisfied by many usual time series models,
under standard conditions. See Section 3. Moreover, the geometric drift condition
has the following consequences.

e Let the stationary distribution of the chain {Y;} be denoted by 7. Then the
drift condition implies that (V') < occ.

e It was proved in [MW13] that the geometric drift condition implies the anti-
clustering condition (1.3). Under this anti-clustering condition, it is well known
in particular that the extremal index of the sequence { X} is positive. See [B509,
Proposition 4.2]. The geometric drift condition is not necessary for this anti-
clustering condition to hold, but when the chain is not geometrically ergodic,
nearly any asymptotic behavior of the tail empirical process is possible. See
Section 3.3.

(C2) Condition (2.4) is an ad-hoc condition which has to be checked for each example. It
is implied by the stronger condition

lim sup sup q—iE [V(YO)]‘{SU%<V(Y0)}] < 0. (29)

n—oo a<s<b unF(un)

It holds for instance if Y, takes values in R, is regularly varying with index o and
V(Yo) =1+ ||Yo||%, g(Yo) = Y(()l) (the first component of Yy).

In order to prove Theorem 2.1, we will use a weighted form of the classical anticluster-
ing condition mentioned above. Precisely, for sequences {u,} and {r,}, we will say that
Condition S(u,,r,,1) holds if for every pair v, w € (0, co),

lim limsu
L—oo n_,oop (un)

Y El (Xon/un)l [ (X n/un)]

L<]jl<rn

1[00,v]c(X0,h/un)1[—oo,w]c(Xj,j-i-h/un)} =0. (S(tun,mn,7))

In Lemma 5.3, we will prove that Assumption 1 and condition (2.8) on the function ¢ imply
this weighted anti-clustering condition. The proof of this result is rather straightforward
but lengthy and we postpone it to Section 5. Here, to illustrate it, we prove that S(u,,, 7y, %)
implies that the series in (2.6) is summable.

Lemma 2.2. Assume that the sequence {X,} is reqularly varying. Assume moreover that
(2.8) and S(uy,,r,,1) hold, then, for all v,w € (0,00), the series Z;‘;1|c;ﬁ('v,w)| is
summable.



Proof. Fix positive integers R > L > 1 and set

Vn (V) = 9 (Xjj1n/tn) Lioo e (X jjin/tn) -

Then, by regular variation, (2.8) and since 2q < «,

c¢v w)l = lim [¢n0( ),lvbn,]( )]
o ) = fim 3 ool )]

T.
M=

Fix € > 0. Applying S(u,,,,1), we can choose L such that, for every fixed R > L

i S Bl ()t ()
LD TR

This yields that for every e > 0, for large enough L and all R > L, Zf:L |c}p('v, w)| <€

and this precisely means that the series > 7~ |c;b('v, w)| is summable. O

3 Two models and a counterexample

The convergence of the tail empirical process has been considered in the literature under
mixing assumptions and additional conditions which have been checked for a few specific
models such as solutions of stochastic recurrence equations (including GARCH processes)
and linear processes. See e.g. [Dre00], [Dre03] and [DMO09]. Our main result provides
a simple condition for functions of geometrically ergodic Markov chains which include
many usual time series models. In the following two subsections, we will prove that the
assumptions of Theorem 2.1 hold (and are easily checked) for two models which have not
been considered (or not fully investigated) in the earlier literature. In Section 3.3, we
will illustrate on a counterexample the fact that the geomtric drift condition, though not
necessary, cannot be innocuously dispensed with.

3.1 AR(p) with regularly varying innovations

Convergence of the tail empirical processes of exceedances for infinite order moving av-
erages has been obtained in the case of finite variance innovation; for infinite variance
innovations it was proved only in the case of an AR(1) process in [Dre03]. We next show
that Assumption 1 holds for general causal invertible AR(p) models.

Corollary 3.1. Assume that {X;,j € Z} is an AR(p) model
=1 Xja+ -+ o Xyt 721,
that satisfies the following conditions:

e the innovations {e;,j € Z} are i.i.d. and regularly varying with index a;
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e the innovations have a density f. not vanishing in a neighbourhood of zero;

e the spectral radius of the matrix

¢1 ¢2 ' ¢p
1 0 0

¥ = . ,
1 0 0

15 smaller than 1.
o if o <2, then > ¥ |¢|? <1 for ¢ =min{l,a}.
Then Assumption 1 holds.

Proof. The AR(p) process can be embedded into an RP-valued vector-autoregressive Markov
chain

Y;=2Y;1 + Z; (3.1)
with
Yj:(Xj ’”7Xj—p+1>T, ij(aj,O,...,O)T.

Since the spectral radius of ¥ is smaller than 1, the stationary solution to (3.1) exists and
is given by Y; =377, Zij_k. Since the innovation {e;} is regularly varying, the chain
{Y;} is also regularly varying with index a. The AR(p) process is recovered by taking
X; = g(Y;) with g(y) = g(v1,...,y,) = y1 and {X;,j € Z} is also regularly varying.
Hence, the first two items of Assumption 1 are fulfilled. Due to the assumption on the
innovations density, the chain is an irreducible and aperiodic T-chain (see e.g. [F'T85]).
Thus, by [MT09, Theorem 6.0.1], all compact sets are small sets.

We now check the drift condition (2.1). Let A be the spectral radius of the matrix X.
Fix € such that v = A+ € < 1. Then there exists a norm || - || on R? such that the matrix
norm of ¥ with respect to this norm is at most ~, that is

sup || Xz|ls <7v.
xeRP
)5 =1

See [DMNS14, Proposition 4.24 and Example 6.35] for more details. Choose such a norm
and for ¢ < a, set V,(y) = 1+ ||ly||% and v, = ||(1,0,...,0)||%. If ¢ < 1, then we will use
the inequality (z+y)? < 29+ y4. If ¢ > 1, then for every n € (0, 1), there exists a constant
C, such that for all z,y > 0,

(z+y)? < (L+n)a?+Cpy . (3.2)



(Take for instance C, = {1 — (1+n)~Y(1=D}1=9) Set ¢, = C, = 1if g < 1 and ¢, = (1+1n)
and C, as above if ¢ > 1. This yields

E[Vi(Y1) | Yo = y] <1+ c[[Zyll% + Cyv Elleol)
<1+ Cq'VqHquz + CqvgE[leo|?] = A\ Vy(x) + b,

where A\, = ¢,/ is smaller than 1 if ¢ < 1 or can be made smaller than 1 by choosing an
appropriately small  if ¢ > 1 and b, = 1 — A\, + C, .v,E[|e1]?]. Since all compact sets are
small, this yields (2.1). Furthermore, |g(y)|? < ¢V,(y) and by regular variation,

. 1
lim — B (VY] = [ [ (14 el (de)

n—00 unF(un) xp>s JRPL
Hence, Assumption 1 holds for all ¢ < a. Conditions (2.3) and (2.4) hold, see Com-
ment (C2). O

3.2 Threshold ARCH
Corollary 3.2. Let £ € R. Assume that {X;} is T-ARCH model
Xj = (blo + b11X5_1)1/2Zj1{Xj71<§} -+ (b20 + 521X5_1)1/2Zj1{Xj712§} , (33)
that satisfies the following conditions:
o bij > 0;

e the innovations {Z;, j € Z} are i.i.d. such that E[|Zf|] < oo forall 5> 0;

the innovations have a density fz not vanishing in a neighbourhood of zero and
bounded;

the Lyapunov exponent
7 =ploghiy’ + (1~ p) log sy + Ellog(| Zu)] .
where p =P(Z; < 0), is strictly negative;
o (b V bo))72E[| Zo|] < 1.
Then Assumption 1 holds.

Proof. Under the stated conditions, the Markov chain { X} is an irreducible and aperiodic
T-chain; see [C1i07]. Since the Lyapunov exponent is negative, [C1i07, Theorem 2.2] implies
that the stationary distribution exists and the chain is geometrically ergodic. The station-
ary distribution is regularly varying and the index of regular variation of X; is obtained
by solving

OBl 2112, <0] + b3 "E]| Z1|*12,50) = 1



see again [C1i07]. To check the drift condition, let ¢ < . Set V(z) = 1+ |z|9. Using (3.2)
we have

=1+ {(blo -+ b11$2)q/21{x<§} -+ (b20 -+ b21$2)q/21{x2§} }E[|Zo|q]
< 1+ (L) {1 ey + 091 Ly YEI Z0l] |21 + B, .

with B, = Cq{b%21{x<5} + 6%21{:@5} HE[| Zo]7]. Finally, since we have here V(z) = 1+ |z|9,
Condition (2.4) holds by regular variation. O

3.3 A Counterexample

The geometric drift condition is not a necessary condition for the conclusions of Theo-
rem 2.1 to hold, but when it does not hold, it is easy to build counterexamples of non
geometrically ergodic Markov chains which exhibit a highly non standard behaviour of
their tail empirical process.

Let {Z;,j € Z} be a sequence of i.i.d. positive integer valued random variables with
regularly varying right tail with index 5 > 1. Define the Markov chain {Xj, j > 0} by the
following recursion:

X, — Xj—l_]- ifXj_1>1,
! Zj lf Xj—l - 1 .

Since # > 1, the chain admits a stationary distribution 7 on N given by

m(n) = “EZ]

To avoid confusion, we will denote the distributions functions of Zy and X (when the initial
distribution is 7) by F; and F, respectively. The tail Fy of the stationary distribution
is then regularly varying with index o = g — 1, since it is given by

 E(Zo— )i eFu)
B =""g@r "~ PR

Assuming for simplicity that P(Zy = n) > 0 for all n > 1, this chain is irreducible and
aperiodic and the state 1 is a recurrent atom. The distribution of the return time 7 to
the atom 1, when the chains starts from 1 is the distribution of Z;. Hence the chain is
not geometrically ergodic since under the assumption on Zy, Ei[k™] = E[x%°] = oo for
all kK > 1. Moreover, the extremal index of the chain is 0, by an application of [Roo88,
Theorem 3.2 and Eq. 4.2].

Let {u,} be a scaling sequence and define the usual univariate tail empirical distribution
function by

>1.

(3.4)

- 1 n
T,(s) = —— 10X, >u, st 3.5
() = a2 M) (35)

j=1



and T,(s) = E|T,(s)] =
lim,, oo nP(Zy > a,) = 1.

Proposition 3.3. o Iflim, oo nFy(u,) =0, then lim, . P(Tn(s) #0)=0.

Fx(uns)/Fx(uy,). Let {a,} be a scaling sequence such that

o IfB € (1,2) andlim,_,o nFz(u,) = 0o, then there exists a 3-stable random variable A
such that for every s > 0, a7 'nEFx (u){Th(s) — Tn(s)} = A.

o If 3> 2, lim, o nFy(u,) = 0o and sy > 0 then the process s — \/nFZN(un){Tn(s) —
T.(s)} converges weakly in >°([sg, 00)) to a centered Gaussian process G with covari-
ance function

(B+1tF st7F
C(s,t) = — , s<t.
0= 5E-1 "B
Remark 3.4. e In the standard situation (for example, under the geometric drift condi-

tion), a non degenerate limit is expected if nFy (u,) — 0o. Since Fi(u,) ~ u,Fz(uy),
it may happen simultaneously that nFx(u,) — oo and nFy(u,) — 0. The appro-
priate threshold is determined by the distribution of Z; and not by the stationary
distribution of the chain.

e In the case 1 < 3 < 2, a;'nFx(u,) = Fx(u,)/Fx(a,) — 0o, thus the tail empirical
distribution is consistent, but since the limiting distribution of the TEP does not
depend on s, it might be useless for inference.

4 Statistical applications

In statistical applications the presence of the sequence {u,} is not desirable. Let k be an
intermediate sequence and let the sequence {u,} be defined by u,, = F* (1—k/n) where F*
is the left continuous generalized inverse of F. If F' is continuous, then k = nF'(u,). Given
a sample Xq,..., X, let X,,.1,..., X,., be the increasing order statistics of the sample. In
statistical applications, the sequence u,, is replaced by X,,.,_x, the k+1 largest observation
in the sample.

In this section, we will give the asymptotic covariances in terms of the tail process
{Y;,7 € Z} or spectral tail process {O;,j € Z}, introduced by [BS09]. The regular
variation of the time series {Xj,j € Z} is equivalent to the existence of these processes
defined as follows: for j < k € 7Z,

P((Yj,....Y) €)= lim P(z7"(X_,,..., X)) € - | | Xo| > 2),

T—00

0; = Y;/[Yo| .

Then |Yp| is a standard Pareto random variable with tail index «, independent of the
sequence {©;,7 € Z}. The tail process provides in some cases convenient expressions
of the asymptotic limits of the estimates, though in any case, these variances must be
estimated.
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Bias issues. When studying estimators, a bias term appears. In extreme value statis-
tics, dealing with the bias means being able to make a suitable choice of the number k
of order statistics that are used. Such a choice is always theoretically possible (see condi-
tions (4.4), (4.14) and (4.8) below). The practical issue of a data-driven choice of k is not
adressed here.

4.1 Convergence of order statistics

Consider the univariate TED and the univariate TEP

Tn — Mn(37 o0, « - - ,OO) = nF’:([u ) Z 1{Xj>un8} , (41)
13(5) = BT (5)] = T (42)
Gn(s) = \/nE(un){T,(s) — Th(s) = M, (s, 00, ...,00) . (4.3)

By Theorem 2.1, G, converges weakly to the Gaussian process G defined by G(s) =
M(s, 00, ...,00). Note that F(u,s)/F(u,) converges to s~ uniformly on every interval
(s, 00]. Define

Fl(uns)

—

B, (s9) = sup

$2>50

and assume that

lim VEB,(so) =0 . (4.4)

n—o0

Corollary 4.1. Under the assumptions of Theorem 2.1 and if additionally (4.4) holds then

n

JE{% - 1} 4 a1G(1) (4.5)

Moreover, the convergence holds jointly with that of MY to MY for any function v satisfying
the assumption of Theorem 2.1.

The proof is a standard application of Theorem 2.1 and Vervaat’s Lemma and is omitted
(see e.g. [Roo09]; [KS11].) The autocovariance function C of the process G is given by (2.5):

C(v,w) = co(v,w) + Z{cj(v, w) + ¢j(w,v)},

j=1
where
P(Xy > unv, X; > u,w)

Cj(Ua ’UJ) = nh_)nolo F’(u ) = /Rj+1 1(1)700) (x(])]-(w,oo)(xj) Vo’j(dw) .
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In the language of [DMO09], the sequence of coefficients {c;} is the extremogram of {X}
related to the sets (v,00), (w, 00). Using the tail process {Y;} or the spectral tail process
{©,}, the coeflicient ¢; can be represented as

¢j(v,w) = v P(Y; > w/v| Yo > 1) = v °E [(O;0/w)E A1] 6 =1] .
This yields

var(G(1)) = C(1,1) = 1 +2§:IP’(Y]- 1Y > 1)

j=1
=142 E[(©,)1A1]|6y=11=> E[(©,)I A1]|6=1].
j=1 JEL

In particular, if the sequence {X;} is extremally independent, which means that all the

exponent measures v, are concentrated on the axes, then ©; = 0 for j # 0 and the

limiting distribution in (4.5) is normal with mean zero and variance a~2.

Counterexample, continued. We now investigate the order statistics for the coun-
terexample of Section 3.3. Consider the case f§ > 2 and lim, o nFz(u,) = co. An
application of Vervaat’s Lemma (see the argument in [Roo09] or [KS11]) yields

nFy () (Tn 0T (1) — 1) & (GoTH)1),

where T}, T,, are defined in (4.1), and T'(s) = s~*, whith a = 8 — 1, the tail index of the
stationary distribution. A Taylor expansion yields

T T (1) = 1~ Ty(T () { T () = T (1)}
Set again u,, = Fi (1—k/n). Then T (1) = Xpm—i/Un, as well as T (1) = 1. Under suit-

able regularity conditions which ensure that 7 converges uniformly in the neighbourhood
of 1, we have

nFy(u) {X— - 1} 4 0 1G(1)
or equivalently,

\/W{X— - 1} o 1G(1)
The limiting distribution is normal with variance 2a~*(ac — 1)~*. If nF,(u,) — 1, then

k ~ u, — oo but in that case, for j = o(u,), u;an:n_j converges weakly to one single
Fréchet distribution with tail index f3.
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4.2 Hill estimator

The classical Hill estimator of v = 1/« is defined as
1 Xoinj
A T ] n:n—j+1 .
Tk ; e ( Xnin—k )

Under the conditions ensuring that X,,.,_/u, —p= 1, the order statistics appearing in the

definitoin of the estimator are all positive with probability tending to 1, thus the estimator
is well defined.

Corollary 4.2. Under the assumptions of Theorem 2.1 and if moreover (/].4) holds,
VE{Y =7} converges weakly to a centered Gaussian distribution with variance

a—2{1+2ip(yj >1|Y > 1)} :a—2{1+2i1@[(@j)m1 | @0:1]} . (4.6)

J=1

This result provides the asymptotic normality of the Hill estimator for all irreducible
Markov chains that satisfy the geometric drift condition. The proof is again a standard
application of Theorem 2.1 and is omitted. The expression for the limiting variance is
justified in Section 5.5. In the case of an extremally independent time series where ©; =0
for j # 0, the variance is simply a2 as in the case of an i.i.d. sequence.

4.3 Estimation of the extremal index
Set Ay, = {xo V ---Vx, > 1} and consider

. P(XoV--VXy >z
R

By conditioning on the last index j < h such that X; > x, we can express this limit in
terms of the spectral tail process:

h—1
vor(An) =1+ P(V_ Y, <1|Yy>1).

i=1

It has been proved in [BS09] that the anticlustering condition (1.3) implies that the right-
tail extremal index 6 of the sequence {X;} is positive, and moreover, 6, = P(max;>; Y; <
1| Yy > 1). Since the drift condition (2.1) implies the anticlustering condition, we obtain

von(Ap)
— 5 € [0,00) .

Set 0, (h) = h™'vg(An). Then a natural estimator of 6, (h) can be defined by

n—h
Z ]'{va"'\/Xj+h>Xn:n7k} - h_an(ungnn—k]-) .
j=1

0, = lim
h— o0

~ 1
9n(h) = %

13



This yields, applying the homogeneity of the measure v,

V{0 (h) = 05 (h)} = h™ My a1, X 1) (4.72)
-+ nT;Lh\/%{Mn(Ungnn_kl) — l/07h(Xn;n_kAh/un)} (47b)
+ nff;}/h\/%{(Xn;n_k/un)_a — 1}V0,h(z4h) + %94_(}1) . (47(3)

In order to prove the convergence, we need an additional condition to deal with the bias
term in (4.7b). For s > 0, define

P(XoV---VX,>u,
By (h, sp) = sup KoV VX > uns) s~ "von(An)
5§50 F(un)

Since the function s — P(XoV -+ V X}, > u,8)/F(u,) is monotone and its limit is contin-
uous, the convergence is also uniform on [sg, 0] for every sy > 0. Therefore, we assume
that the intermediate sequence k is chosen in such a way that

lim VEB,(h,so) =0, (4.8)

n—o0

for a fixed s € (0,1).

Corollary 4.3. Under the assumptions of Theorem 2.1 and if moreover (4.4) and (4.8)
hold, \/k(0,(h) — 0,(Rh)) converges weakly to h~"My,(1) — 6, (R)G(1).

Proof. Since the present assumptions subsume those of Corollary 4.1, X,,.,_x/u, — 1 and
\/E(Xn;n_k/un)_a —1) = —G(1). Moreover, Theorem 2.1 implies that M, (u, ' X,,., 1) N

n

M(1), and the convergence holds jointly. Condition (4.8) implies that the bias term
in (4.7b) is asymptotically vanishing. The result follows. O

Note that we are not estimating the extremal index, but only the quantity 6, (h) which
converges to it as h — oo. Therefore, it is not devoid of interest; and for practical
purposes, h is necessarily finite. Moreover, we can improve on this approximation. Since
{P(Y1V---VY, <1|Yy>1),h>1}is adecreasing sequence with limit 0, for each h > 1,
P(YyV---VY, <1]|Yy>1)is closer to its limit 6, (as h — oo) than its Cesaro mean.
Therefore, it is probably a better idea to estimate this quantity rather than 6, (h). This is
indeed the case for certain models, as noted by [Hs193, Example C]. Since by definition

- <wxz,... 4 <
0. (h) = h0y(h) — (h—1)0.(h—1) = lim PXo sz, ’;ih )1 sz X >7)
T—00 x

an estimator of 0, (h) is defined by

n
1 Z
en(h') = E I{XiV'“VXi{»hflSX’!L:’!Lfk?7Xi+h>X7L:7L7k7} °
=1

14



This estimator was considered by [I1s193] under ad-hoc summabiliy assumption for the
covariances of the indicators in the definition of the estimator which is implied by the
anticlustering condition, hence by the drift condition. It can be similarly proved that under
suitable bias conditions on k, v/k(6,(h) — 0. (h)) converges weakly to a centered Gaussian
distribution which can be expressed as M, (1,...,1,00) —{h0,(h)—(h—1)0.(h—1)}G(1).

4.4 Estimation of the cluster index

In a very similar way, with maxima replaced by sums, we can obtain the limiting distribu-
tion for an estimator of the cluster index. For A, = {z¢ + -+ x; > 1} we consider

P(Xo+ -+ Xy >x) 1

1
brlh) = g i F2) = pron(dn)

It is shown in [MW14] that the drift condition (2.1) implies that
h—o00

Define
1 n—h
7=1

In order to prove the convergence, we need an additional condition. For s > 0, define

P(Xo+ -+ X > uns) s “von(Ap)
— — 0,

D, (h, sg) = sup Fw)

$2>50

We assume that the intermediate sequence k is chosen in such a way that

lim VkD,(h,s0) =0, (4.9)

n—oo

for a fixed s € (0,1).

Corollary 4.4. Under the assumptions of Theorem 2.1 and if moreover (4.4) and (4.9)
hold, Vk(by(h) — by (h)) converges weakly to a zero mean Gaussian random variable.

The proof is similar to the proof of Corollary 4.3 and is omitted.

4.5 Conditional tail expectation

If the tail index of the time series {X,} is a > 1, then the following limit exists:

1 [ee]
lim —E[X), | Xo > uz| = / / xp Vo p(de) = CTE(R) . (4.10)
zo=1 JRI

u—00
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The quantity above is the conditional tail expectation and when h = 0 it is being used
(under the name expected shortfall) as a risk measure, a coherent alternative to the popular
value-at-risk. In the case of bivariate i.i.d. vectors with the same distribution as (X,Y),
statistical procedures for estimating E[Y | X > Qx(1 — p)] when p — 0, where Qx(p) =
F§ (1 —p), were developed in [CEAHZ15]. The limit (4.10) yields the approximation

E[X, | Xo > F(1 - p)] ~ F~(1 - p)CTE(h)

If p &~ 1/n, this becomes an extrapolation problem, related to the estimation of extreme
quantiles. if &,, is an estimator of the right tail index « of the marginal distribution, then
an estimator of the quantile of order p is given by

k 1/én
Xn:n—k <_) .
np

The rationale for this estimator is the approximation F* (1 —p) ~ F (1 — k/n)(k/np)
and the convergence X,,., /F*< (1 —k/n) = 1 established above. A simple estimator of
CTE(h) is given by

1/a

. 1 <
Cn(h) = m ;Xj+h1{Xj>X"1"k}

This yields an estimator of Ej,(p) = E[X}, | Xo > F< (1 —p)]:
A o\ Man o\ Van g
En = Xk <n_p) Cn(h) = (n_p) % ]Z:;Xj—i—hl{Xj >Xpin—k} -

We will focus here on the asymptotic distribution of C,, (k) — CTE(h) suitably normalized.
The application to the limiting distribution of vk {En /En(p) — 1} when p = p, ~n~!is
straightforward, given additional ad-hoc bias assumptions. Define

. 1 «—
Ton(s) = o ;Xj+h1{Xi>unS} : (4.11)
. 1
T, =E|T, = —FE | X, unst| - 4.12
n(s) = E[T5,5(s)] wnF () [Xnlxo>uns}] (4.12)
Regular variation and o > 1 imply
Th(s) = lim T, p(s) = s_a/ / zpvon(day ) = s *CTE(R) . (4.13)
n—o0 SC()=1 RA
We shall assume that
lim Vk sup |Tyu(s) — Th(s)| =0 . (4.14)
n—o0 5>50
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Then

\/E{ 2 (h) — CTE(h)} = X::_k VEk {Tn,h(an_k/un) — Ty (Xn—r /un)} (4.15a)
* Xun_k \/E {Tmh(X":"_k/un) - (Xnn—k/un)_aCTE(h)}

| (4.15b)

+ \/E {(ann—k/un)_a_l - 1} CTE(h) . (4.15C)

If (4.4) holds then we can apply Corollary 4.1. In particular, X,.,_/u, — 1. As usual,
the term in (4.15b) is a bias term which vanishes thanks to (4.14). If a > 2, applying The-
orem 2.1, the term in (4.15a) has a Gaussian limit which can be expressed as M (1) with
Y(x) = z. The last terms converges to —a ™ (a + 1)G(1).

Corollary 4.5. Under the assumptions of Theorem 2.1 and if moreover (4.4) and (4.14)
hold, vk {C’n — CTE(h)} converges weakly to MY (1) — o~ (o + 1)CTE(R)G(1).

5 Proofs

5.1 Proof of Condition S(u,,7,,1)

As mentioned in Section 2.1, the main ingredient of the proof is Condition S(u,,,r,,). In
order to prove that it is implied by the drift condition (2.1), we recall some consequences
of the geometric drift condition. Under condition (2.2), the chain {Y,} can be embedded
into an extended Markov chain {(Y;, B;)} such that the latter chain possesses an atom A,
that is P(s, ) = P(t,-) for every s,t € A, where P is the transition kernel of the extended
chain. This existence is due to the Nummelin splitting technique (see [MT09, Chapter 5]).
Denote by E4 the expectation conditionally to (Yo, By) € A and let 74 be the first return
time to A of the chain {(Y;, B;),j > 0}. Note that 74 is a stopping time with restect to
the extended chain, but not with respect to the chain {Y;}. We assume that the extended
chain is defined on the orginal probability space (€2, F,P) and that the extended chain is
stationary under PP. Then, there exist x > 1 and a constant R such that for all y € F,

E <cE <NV (y) . (5.1)

TA
> ORI Yo =y
7j=1

TA
Z RV (Y)) | Yo =y
7j=1

By Jensen’s inequality, this implies that for all ¢; < ¢, there exists k1 € (1, ) such that

TA
> R Yo =y

J=1

1) < RV@/4(y) . (5.2)

Moreover, Kac’s formula [MT09, Theorem 15.0.1] gives an expression of the stationary
distribution in terms of the return time to A. For every bounded measurable function f,
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it holds that

E[f(Yo)] = mm Z F(Y3) (5:3)

Since V' > 1, the inequality (5.1) integrated with respect to the stationary distribution
implies that E[x™] < co. For ¢ > 0 and 0 < s < ¢t < oo define

Qn(S) == —E [V(Y0>1{sun<Xo}:| )

and Qn(s,t) = Qn(s) — Qn(t).

Lemma 5.1. Let Assumption 1 holds. For every so > 0, there exists a constant N such
that for g1 +q < q, L > h andt > s > sg,

1

Flun)

TA
Z1{Sun<X0Stun}|Xh/un|q1|Xj/un‘q2] < ReTH{QEM (s, 1) + Qu(s, 1)} . (5.4)
j=L

Proof. Let the left hand side of (5.4) be denoted by S,(s,t). Splitting the expectation
between {|X,| < w,} and {|Xp| > u,} yields

1 A
Sn(s7t) S F(un)E Zl{sun<X0§tun}|Xj/Un|q2]
j=L
TA
+ F’(u )E Zl{Sun<Xo<tun}1{un<Xh}|Xh/un|q1|Xj/un|Q2]
n =L

= Sn1(s,t) + Sna(s,t) .
Applying the bound (5.2) and Jensen’s inequality (since g, < ¢), we obtain

1 _
Sn,l(svt) S U%T(UH)E [VqQ/q(Yo)l{Sun<X0§tun}} S NFL Lng/q(S,t) .

18



By the Markov property and the bound (5.2) (and noting that ¢o < ¢ — ¢1), we obtain

TA
Snpa(s;t) = Flu )E Zl{sun<Xogtun}1{un<|Xh}|Xh/un\q1\Xj/un|q2]
n =L

-y
=z E | 1su, <Xo<tun} un <X} X0/ Un| " E Z | X/ un|® | Yy
Lj=L

TA
X/t "B | >R X /1] | Y

Lj=L

= = 1{sun<X0§tun}1{un<‘X’L‘}

= E [1{Sun <Xo<tun}un <| X4} |AXh/un|q1 Vq2/q(Yh)}

= Nug‘zF(un)E (1 st < Xo<tun} L un <X} X0 1 172V 2/9(Y )|

<N-"2  El1,. WA V(YR
— U%F(un) |: { n<Xo<t n} ( h)]

Iterating the drift condition (2.1) (and since V' > 1), we obtain that
b

E[V(Y5) | Yo =y] <~+"V(y) + = < NV(y).
This yields
m;L L
Sna(s,t) < NWE [1{sun<Xo§tun}V(Y0)] <RETQn(s,t)

Lemma 5.2. If Assumption 1 holds, r,F(u,) = o(1), and ¢1 + q2 < q < «, then

1 e
mE Lrashy D Noun <Xotun) sun <X, <tun) Xh/un|q1|Xj/Un|q2] =o(1). (5.5)
n Jj=Ta+1

Proof. Let the left handside of (5.5) be denoted R,,. Then, by the strong Markov property,

E 1{sun<X0}|)(h/TfLrL‘ql]E [Z 1{sun<Xj}‘Xj/un|q2 ‘ fTA] ]

j=Ta+1

Tn+TA
E 1{sun<X0}|Xh/un‘q11{TA>h}E [ Z 1{sun<Xj}‘Xj/un‘q2 ‘ ‘FTA] ]

j=Ta+1

E [1{Sun<Xo}|Xh/un|ql} Ea

Z 1{Sun<Xj}‘Xj/un|q2] .

j=1
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By classical regenerative arguments, Kac’s formula (5.3) and regular variation, we obtain
as n — o9,

TA
.
~ " Ea [ L <x | X |
s By

. TnF(un>E[l{X0>u],;s(01}L|))(o/un|q2] = O(rnF(uy)) .

This yields, applying again the drift condition, Condition (2.4) and Jensen’s inequailty,

R, < O(Tn)E [1{X0>Un80}|Xh/un|q1}
E [Vql/q(Yo) ‘ Xy > Un80:|

E4 Z 1{sun<Xj}|‘Xj/un|q2

i=1

= O(TnF(un>> uln
U S0 q1/q
— O(rp F(un)) (E V(o) L‘;fo = Un ]) —o(1).

O

Lemma 5.3. Let Assumption 1 and (2.8) hold and r,F(u,) = o(1). Then Condition S(u,,r,, 1)
holds.

Proof. By assumption (2.8), and for every v,w € (0, 00), there exists ¢ > 0 such that for
J=h,

0 < Tjoo v} (Xo.n/Un) oo aw)e (X j i/ tn) [P( X o p /un )| | (X g jn /n)|
h

<R, YT e <x X0 | e <y X % (5.6)

11,12,13,14=0

For all 4,7, we can write

Leun <} | Xt [tn]® < Vgeu, <x3 [ Xi/Un|? + 1y <} | Xir fun]

Thus, we can restrict the sum in (5.6) to the set of indices (i1, s, 13,74) such that iy = iy
and i3 = 14 and since h is fixed, there is no loss of generality in restricting further to the
cases i1 = 1o = i3 = iy = 0. For an integer L > 0, splitting the sum at 74 and applying
Lemmas 5.1 and 5.2, we obtain, with ¢; + ¢» < ¢,

1 -
3 E|:ZI{Sun<X0}1{sun<Xj}|X0/un|q1|Xj/un|q2
F(uy) =L
1 Z
< F’(u )E Z1{sun<X0}1{sun<Xj}|X0/un|q1|Xj/un|q2

J=L

1 n
+ F(u )E [Z l{sun<X0}1{sun<Xj}|X0/un|q1|Xj/un|q2]
" j=Ta+1

< ReTHQE(s) + Quls)} +o(1) .
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This proves that S(u,,r,,) holds since @, is asymptotically locally uniformly bounded
by (2.4). 0

5.2 Adapting Drees and Rootzen 2010

The proof of Theorem 2.1 consists in applying [DR10, Theorem 2.8]. We introduce new
assumptions. Let {r,} be an intermediate sequence, that is 7, — oo and r,/n — 0, and
{u,} be a scaling sequence, that is u,, — co. The sequence {r,} is the size of blocks in the
blocking method.

Theorem 5.4. Let {X;,j € Z} be a strictly stationary regularly varying sequence with a
continuous marginal distribution function F, {u,} be a scaling sequence and {r,} be an
intermediate sequence such that Condition S(u,,,1,,1) holds. Assume that the sequence
{Xj,j € Z} is absolutely regular (i.e. beta-mizing) with coefficients {B,,n > 1} and there
exists a sequence {{,} such that

by — 00, Ly)r, — 0, lim npy, /r, =0. (5.7)
n—o0

Assume that there exists 0,m > 0 such that

. = . Tn

X +§
sup Uw ( Oh) 1[0’U}C(X0,h/un)] < 0. (59)
n>1 F(u

Then, for each so > 0, the process MY converges weakly to the centered Gaussian process
MY with covariance function C¥ defined in (2.6).

Proof of Theorem 5.4. We will check the assumptions of [DR10, Theorem 2.8], that is,
conditions (B1), (B2), (C1), (C2), (C3), (D1), (D2), (D3), (D5) and (D6’) therein.

e Conditions (B1) and (B2) hold by stationarity and Condition (5.7).

e Lemmas 5.5 and 5.6 imply (C2) and (C3) and hence the finite dimensional conver-
gence. Since the functionals we consider are sums, condition (C1) is straightforward
given the conditions on [,,.

e Condition (D1) (finiteness of the envelope function) holds and the bound (5.12)
implies (D2).

e Lemma 5.7 implies (D3).

e As shown in [DR10, Example 3.8], conditions (D5) and (D6’) hold for finite dimen-
sional sets of parameters.

0
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We now state and prove the needed lemmas. For conciseness, set, for v, € (0, 0c0),

Tn

U j(V) = V(X jrn/tn) (oo w)e (X jjrn/tn) , Sn(v) = an,j(’v) :

Jj=1

Lemma 5.5. If Conditions S(u,,1,,%) and (5.9) hold, then the series Y 7° |c§’('v, w)| is
summable. If moreover Condition (5.8) holds, then, for all v,w € (0, 00),

o V(S0 (0). S1(w))

—
Jim () C¥(v,w) .

Proof. The first statement was already proved in Lemma 2.2. For a fixed integer L, we
have

cov(Sn(v), Su(w)) E[y (v )zpnj wm JE[¢n,5 (w)]
T () = 2 roF(uy, L+ 2 '

1<5.5/<rn 1<5,5'<rm (u”)

The terms with products of expectations are negligible since by regular variation the nor-
malization which makes these terms convergent is F?(u,). Thus we only deal with the
main terms. Fix an integer L > h. Then, by stationarity,

Eln,;(0)¢n(w)] _ Ely, <>wno< )]

1<j,5'<rn

i 1—35/m) E[thn,0(0)¢n (w)] + E[thn,; () ¢n0(w)]

+ - (1 —1il/rn) [@Dn,o(v)%,j(wil;;1?[%,0(”)%,]-(10)] '

By Condition S(u,,,,1), for every € > 0, we can choose L such that

) .0 ng(w)|| + El| Y o(v), j(w
ey 3 Elnolo)in >£(un)[|¢ ()l _

By regular variation and (5.9), we have

im [ ( wnO - r ¢nj( )¢nj( )]
nLoo< F(u *Z I = ) )




Since we have proved that the series > % \c}l’('v, w)| is convergent, choosing L large enough
yields

lim sup
n—oo

<e€.

S Bles s (0] _ gy, o)

1<),/ <rn ra ()

Since € is arbitrary, this concludes the proof. O

Lemma 5.6. If Conditions S(u,,7,,1) (5.8) and (5.9) hold then for all ¢ > 0 and all
v € (, 00",

lim

B[S0 sy =0
n—0 rnF(un) {|Sn (v)|>e\/nF(un)}
Proof. By monotonicity, the second statement is equivalent to the first one with v = Write

Zn(v,€) = o F (i) [S (v)1 {|Sn (v )|>e\/m}]
1

Tn

anﬂ {|Sn(v)>6\/nF(un)}]

7o F ()
2 Tn
T’n (un) ;]zz-i:-l [¢"l v)¥n;(v)1 {ISn (v)[>eq/nF (un)}
=R, + R .

Let 6 € (0,1) be as in (5.8). Using the elementary bound

1{\Sn(v)\>6\/nﬁ(un)} < ( m z;¢ (5.11)
we obtain
1 Tn Tn
s — ——F [42 (o)) ()] -
roF (up){e/nkF (uy,)}0 ; ; J

Using Holder’s inequality with p = (2+9)/2 and ¢ = (24 0)/0 yields
Tn 1

(ev/nTa) " )

This bound, (5.8) and (5.9) prove that limsup,,_, . R, = 0. Splitting the sum in j in R}

R, <

[w2+6( )]
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at ¢ + L where L is an arbitrary integer, and using (5.11) we obtain

rn  i+L

;];1 [wnz wn]( )1{\Sn(v)\25\/nﬁ'(un)}:| un ZLE ¢n0 ¢”J( )]
9 rn  i+L  Tp
(

Srnpun)( V/nF (u,)) ;];MZEE Yuslo)uslol )

2

* T

E [thno(0)tn (v)] = R, 1 (L) + Ry (L) -

P
Fix n > 0. By Condition S(u,,,,1) we can choose L such that limsup,,_, ., R ,(L) < 7.
Then, by Holder’s inequality

n 1
limsup R, ;(L) < limsup L d

o e (e ) )

Altogether, we have proved that limsup,,_, . Z,(v,€) < n for every n > 0. This concludes
the proof. O

Fix sop > 0 and set S = [sp1,00] (with 1 = (1,...,1)) and

Sy = supzwm i:@bn,i(sol) .
i=1

veS

Thus Lemma 5.6 implies that

. 1 *\ 2 _
i T [CARNY i L (5.12)
Define now
1
p(v, w) = () |1(—o0 0] (T) = 1(—c0,v]e(®)| vou(de)

F’(un) RA+1

Then p is a metric on [0, oo] \ {0} and

p(v, w) = [ (X o/ tn)[ (00 w]e (X 0.p/Un) = 1(—oo wje(Xon/un))] ,

oo Fluy)

for all v, w € [0,00) \ {0}.

Lemma 5.7. If Conditions S(u,,r,,1) and (5.9) hold then, for sy > 0,
1

limlimsup sup — E [(S.(v) = Sp(w))?)] =0.

=0 pooo  wwes rnF(un)
p(v,w)<e




Proof. Set 1, j(v,w) = ¥, j(v) — ¢, j(w) for v,w € (0,00). For every integer L >, by

stationarity we have

~

E[{Sn(v) = Sn(w) (v, w)]]

T F (uy)

2

" Flu)

j=L+1

By Condition S(u,,,,1), for every € > 0, we can choose L such that

Tn

2
limsup sup 7 Z E [|¢n,0(v, w)|[¢n (v, w)|] <e.

n—oo wv,wes (un) J=L+1

By Holder inequality and stationarity we have

L
E{[¢on,0(v, w)[|thn; (v, w)]] < 2(L+1)F(u )E[ no(v,w)] .
This yields
L
lim sup Z [[tbn.0(v, w)|[tn (v, w)[] < 2(L +1)p(v, w) ,

uniformly on S, hence

L
limsup sup —= E [|tono(v, w)||¢y, (v, w)|] < 2(L+ 1)e .
n—oo v,wES
p(v,w)<e j=0

Gathering (5.13) and (5.14) proves Lemma 5.7.

5.3 Proof of Theorem 2.1

E{[tm.o(v, w)|[¢n (v, w)[] .

(5.13)

(5.14)

The proof of Theorem 2.1 consists in showing that Assumption 1, (2.7) and (2.8) imply

the conditions of Theorem 5.4.

e Under Assumption 1, the chain {Y;} is irreducible and geometrically ergodic. This
implies that the chain {Y;} and the sequence {X,} are [-mixing and there exists
¢ > 1 such that 5, = O(e™"); see [Bra05, Theorem 3.7]. Hence Condition (5.7)
holds if we set I, = ¢ 'log(n) and r,, = log'*"(n) for an arbitrarily small n > 0.

e Condition (2.7) and the choice r,, = log'*"(n) imply

lim nF(u,) =00, lim r,F(u,)= I =0.

e e [0F ()72
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e Lemma 5.3 shows that Assumption 1, (2.8) and (5.15) imply Condition S(u,,,r,,, 1)L

e Condition (5.9) follows from regular variation and (2.8). Indeed, for v € [0, 00)\ {0},

we have
| - E :
MNP B U¢ ( n )

1(—00 )¢ (XO,h)]

q:(2+96)

< lim_}sup Z E[|X;/un L(X, Sune}]
n—00 0<ir<h
- Z /Rh+1 |LL’ qi(2+5)1{%/ >c} VO,h(dSL’) .

0<i4,i’<h

All these integrals are finite since by assumption, ¢;(2 4+ ¢) < « for § small enough.

5.4 Proof of Proposition 3.3

Let N,, be the number of returns to the state 1 before time n, that is

N =D 1)
=0

Set also Ty = —o0, To = Xgand T,, = Xog — 1+ Z; + -+ - + Z,, for n > 1. Then, {N,} is
the counting proess associated to the delayed renewal process {T,}. That is, for n,k > 0,

Nn:k@Tk_1§n<Tk,

Since E[Zy] < oo, setting A = 1/E[Zy], we have N,,/n — X a.s. With this notation, we
have, for every s > 0,

n Nn
D 1y sunsy = (Ko = [uns]) + > (Z5 = [uns]) s +Ga (5.16)
j=0 j=1

where ¢, = (n —Tn,) N (Zn, — [uns])+ — (Z; — [un$])4+ is a correcting term accounting for
the possibly incomplete last portion of the path. Since ¢, = Op(1), it does not play any
role in the asymptotics.

e Consider the case lim,,_,o nF%(u,) = 0. Then, for an integer m > A,

P (fj(zj ~ [uns])s # o) < B(N, > mn) + P (Z(Zj — [uns])+ # o)

j=1 Jj=1
<P(N, >mn)+P(3j €{1,...,mn}, Z; > [u,s|)
< P(N, > mn) +mnFy([u,s]) — 0.
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Furthermore,
P ((Xo = [uns])+ # 0) = Fx([uns]) = 0.
This proves our first claim.

We proceed with the case lim,,_,o nF%(u,) = co. Using (3.4) and (5.16) we have

> {108, 2anet — B0 > tns)h = D A(Z =l — El(Zo — ans]) ]}
+ (X0 = funsl)s + (N = ME[Zo — [uns]) <] - (517)

e Consider the case nFy(u,) — oo and 3 € (1,2). Since lim, o E[(Zy — [u,s])4] =0,
we obtain, for every s > 0,

a;1 Z{I{Xj>uns} - ]P)(Xo > uns)}
7=0

(7~ ElZal} S A Fuas] — ElZo A Tuasl]} + 0p(1)

By regular variation of F;, we obtain
var <Z{Zj A [uns] — E[(Zy A [uns])]}) = O(uZnFy(uy,)) .
j=1

The regular variation of /" and the conditions nFy(u,) — oo and nFy(a,) — 1 imply
that wu,/a, — 0. Define h(z) = zv/Fz(x). The function h is regularly varying at
infinity with index 1 — 3/2 > 0 and thus

V/nF VF
T A A C R TR e A C) B PR G B
n—00 ap, n—oo g FZ(an) n—00 h(an)

This yields

&

4" Y {1 sunsy — P(Xo > uns)} = a;' > {Z; — E[Zo]} + 0p(1) |
=0 =1

where the op(1) term is locally uniform with respect to s > 0. Since the distribution
of Zj is in the domain of attraction of the S-stable law and the sequence {Z;} is i.i.d.,
{a,; " (Thps — A 's),s > 0} = A, where A is a mean zero, totally skewed to the right
[-stable Lévy process, and the convergence holds with respect to the J; topology on
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compact sets of (0,00). Since lim, ,,, N,/n = A a.s., and since a Lévy process is
stochastically continuous, this yields, by [Whi02, Proposition 13.2.1],

oY (7~ ElZu]} 4 A

This proves the second claim.

e Consider now the case f > 2. In that case, Vervaat’s Lemma implies that (N, —
An)/y/n converges weakly to a gaussian distribution. Thus, (5.17) combined with
E[(Zy — [uns])+] = O(unFz(uy)), yields

(N = M)E[(Zy — [t8])+] = Op(tn P () /)

Next, we apply the Lindeberg central limit theorem for triangular arrays of indepen-
dent random variables to prove that

e~ El(Z — s} 5 ¥ (0,22

\/nFZ Up,) Z{

By regular variation of F, we have, for all § € [2, 3),
E[(Zo — uns)’] ~ Csud Fy(u,)s*™"
with Cs =6 [[“(z — 1)°"'27%dz. Set
1
Y j(8) = ———=—=—={(Z; — [uns])+ — E[(Zo — [uns])+]} -
U/ NE7(uy,)

The previous computations yield, for 6 € (2,5) and s > 0,

2526
nh_)n;nvar(Y 1(s)) = G103 - 2)
BVl = O (s 2 ) = 0 (Bl ) = o).

We conclude that the Lindeberg central limit theorem holds. Convergence of the finite
dimensional distribution is done along the same lines and tightness with respect to
the J; topology on (0,00) is proved by applying [Bil99, Theorem 13.5].

5.5 Variance of the Hill estimator

Let the processes W and B be defined on [0, 1] by W(s) = G(s~/*) and B(s) = W(s) —
sW(1). Then, the limiting distribution of the Hill estimator is that of the random vari-

able a~'Z, with
1
Z:/ B(S)%.
0 s
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In the case of extremal independence B is the standard Brownian bridge and var(Z) = 1.
In the general case, let v denote the autocovariance function of W, i.e.

v(s,t):s/\t+§:E[(s@?)/\t+(t@?)/\s|@0:1} :

J=1

This yields v(1,1) = 1+ 2372 | E[©F A 1| g = 1] and

var(Z) /1 /1 (s, t) — sy(t, 1) — ty(s, 1) + sty(1, 1)dsdt

st
1
— 7(1,1) / / v 1) g
0 S

Note now that (s,t) = (¢, s) and y(s,t) = sy(1,t/s), so that

/ _2/ _2// S/tlddt
:2/0/0%1@&:2/0 @du

This shows that var(Z) = y(1,1) = 1+23 7 E[©% A 1| ©9 = 1], which proves (4.6).
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