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ON THE STABILITY OF THE WULFF SHAPE

JULIEN ROTH

ABSTRACT. Given a positive function F' on S™ satisfying an appropriate con-
vexity assumption, we consider hypersurfaces for which a linear combination
of some higher order anisotropic curvatures is constant. We define the varia-
tional problem for which these hypersurfaces are critical points and we prove
that, up to translations and homotheties, the Wulff shape is the only stable
closed hypersurface of the Euclidean space for this problem.

1. INTRODUCTION

The stability of hypersurfaces for volume preserving variational problem has a long
history since the first result for the stability of constant mean curvature in the
Euclidean space by Barbosa and do Carmo [3]. Many authors have been interested
in stability problems in various contexts, like for other space forms and/or higher
order mean curvatures (see [I 2, 4 [5 [7, [8 [0l 1O, 12] for instance). In 2013,
Veldsquez, de Sousa and de Lima [21] defined the notion of (r,s)-stability which
generalizes the classical notion of stability for the mean curvature or r-stability
for higher order mean curvatures. They prove that the only compact (r, s)-stable
hypersurfaces in the sphere or the hyperbolic space are geodesic hyperspheres.
This result was recently extended for hypersurfaces of the Euclidean space by da
Silva, de Lima and Veldsquez [20].

On the other hand, during the last decade, an intensive interest has been
brought to the study of hypersurfaces of Euclidean spaces in an anisotropic setting.
Many of the classical characterizations of the geodesic hyperspheres have an
analogue with the Wulff Shape as characteristic hypersurface, like anisotropic Hopf
or Alexandrov-type theorems (see [111, 13} 14l [I6] 17, 18]). In particular, in [I7],
Onat proved that a closed convex hypersurface of the Euclidean space with linearly
related anisotropic mean curvatures H = agHY +a1HY +aoHY + -+ +a,_1HE |
is the Wulff shape. The hypothesis that X (M) is convex is crucial in Onat’s result.

The aim of this short note is to prove an anisotropic analogue to [20]. This
extend to the anisiotropic (r, s)-stability the results of [I8], [13] and [6] and give
an other characterization of the Wulff shape as the only hypersurface (up to trans-
lations and homotheties) which have linearly related anisotropic mean curvatures,
without assuming that X (M) is convex. Namely, we prove the following
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2 JULIEN ROTH

Theorem 1.1. Let n,r,s three integers satisfying 0 < r < s < n—2. Let F:
S™ — Ry be a smooth function satisfying the following convezity assumption

Ap = (VdF + FId|TzS")m >0,

for all x € S™ and let X : M™ — R"™! be a closed hypersurface with pos-
itive anisotropic (s + 1)-th mean curvature H£|-1- Assume that the quantity
Z;:r ajijﬁLl is constant, where a,,--- ,as are some nonnegative constants (with
at least one non zero) and b; = (j + 1)(;1) for any j € {r,--- s}

Then X : M™ — R"* s (r, s, F)-stable if and only X (M) is the Wulff shape W,

up to translations and homotheties.

The notion of (r, s, F)-stability will be defined in Section

2. PRELIMINARIES

2.1. Anisotropic mean curvatures. Here, we recall the basics of anisotropic
mean curvatures. These facts are classical, hence, we will not recall their proofs.
First, let F' : S* — R, be a smooth function satisfying the following convexity
assumption

(1) Ap = (VdF + FId|Tz§n)z >0,

Let (M™, g) be a compact, connected, oriented Riemannian manifold without
boundary isometrically immersed into R®*! by X and denote by v a normal unit
vector field. Let X7 = X— < X,v > v be its projection on the tangent bundle of
X(M).

The (real-valued) second fundamental form B of the immersion is defined by
B(X,Y)=(Vxv,Y),

where < -,- > and V are respectively the Riemannian metric and the Riemannian
connection of R™"*!. We also denote by S the Weingarten operator, which is the
(1,1)-tensor associated with B.

Let Sp = Ap o S. The operator Sg is called the F-Weingarten operator and its
eigenvalues x1,--- , Kk, are the anisotropic principal curvatures. Now let us recall
the definition of the anisotropic high order mean curvature HX". First, we consider
an orthonormal frame {e,--- ,e,} of T, M. For all k € {1,--- ,n}, we set

—1 . .
_ n 11y F F
UT_<T) . Z E<j1...jr>si1j1”'8%jr’
1<115"'7ZT‘<”
1<j17"'7j7‘<n

where the 5’5 are the coefficients of the F-Weingarten operator. The sym-

jl . '.]’I"

{i1, -+ i} and {j1,---,jr} are different or if there exist distinct p and ¢ with
iy

Ji g

bols € ( et ) are the usual permutation symbols which are zero if the sets

i, = iq. For all other cases, € > is the signature of the permutation
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111 . . . .
( 1 " ) Then, the r-th anisotropic mean curvature of the immersion is de-

]1"']7’
o\t
Hf_(r) Or.

fined by
We denote simply HY the anisotropic mean curvature H{". Moreover, for conve-
nience, we set H{' =1 et HY | = 0 by convention.

For r € {1,---,n}, the symmetric (1,1)-tensor associated to H}" is
1 iail"'ir F F * *
PT:F Z 6(j,j1...jr Sivin -+ Sing.€i @€
1<7;7i17"' 7i7‘<n
1<jaj17"' a.j?“gn

We also define the following useful operators T,, = P.Ap. Note that T;. is symmetric.
Moreover, we have these classical facts about the anisotropic mean curvatures (see
[10] for instance).

Lemma 2.1. For any r, we have

(1) P, is divergence-free,

(2) tr(P.) = (n—1r)oy,,

(3) tr(P. SF) (r+1)ory1,

(4) tr(P.S%) = 010011 — Ory2.

Lemma 2.2. Letr € {1,-n—1}. If H.41 > 0, then For all j € {1,--- 1},

(1) Hf >0,

(2) HFHJFJr1 HﬁrQ > 0. Moreover, equality occurs at a point p if and only
if all the anisotropic principal curvatures at p are equal. Hence, equality
occurs everywhere if and only if M is the Wulff shape, up to translations
and homotheties.

Finally, we recall the anisotropic analogue of the classical Hsiung-Minkowski for-
mulas [I5]. The proof can be found in [10] and uses in particular the fact that P,
is divergence-free.

Lemma 2.3. Letr € {0,---n —1}. Then, we have

/M (F(V)Hf +H (X, v)) dvg.

2.2. The variational problem. In this section, we describe the stability problem
that we will consider. For this we introduce the anisotropic r-area functionals

(2) A p = (/M F(u)aTdvg> )

for r € {0,...,n — 1} and where dv, denotes the Riemannian volume form on M.
Now we consider a variation of the immersion X. Precisely, let € > 0 and

(3) X: (—e,6) x M — R
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such that for all ¢t € (—e,¢), X; := X(t,-) is an immersion of M into R"*! and
X(0,-) = X. We denote by o,(t) the corresponding curvature functions, by A, r(t)
the r-area of X; and finally we set

() fi= (%),

where v; is the unit normal to M induced by A&;. Finally, we denote by g; the
induced metric on M.

Note that
o) ()= =boir [ HE (@),
where b1 = (r + 1)(7«11) cf. [I3]. We also consider the volume functional
(6) V) = / Xt dv.
[0,6)x M

It is easy to see, cf. |4, Lemma 2.1], that V satisfies

(7) 0= [ o,

and so X preserves the volume if and only if [ v Jtdvg, = 0 for all t. Moreover,
according to [4, Lemma 2.2], for any function fo : M — R such that [, fodvy =0,
there exists a variation of X preserving the volume and with normal part given by
fo.

Now, let 7 and s two integers satisfying 0 <r < s<n—-2anda;, j=r---,ssome
nonnegative real numbers with at least one non zero. We consider the following
anisotropic (r, s)-area functional B, 5 p defined by

(8) an)p = ZajAjy.
Jj=r

This functional appears naturally when considering hypersurfaces with linearly re-
lated higher order anisotropic mean curvatures. Indeed, we consider varaitions of
M that preserve the balanced volume, the Jacobi functional associated with this
anisotropic (r, s)-area is given by

Trsk @ (g,6) — R
t — Brsrp(t) + AV (L),

where A is a constant to be determined. From () and (), we have imeediately
Tort)= [ z% fo ) vy,

S
Hence, we have, like in the isotropic context, that X satisfies Zajijﬁrl =
j=r
constant if and only if X it is a critical point of the functional 7, s r, or equiva-
lently, if and only if X is a critical point of B, s r for variations that preserve the
balanced volume. Now, we give the definition of the anisotropic (r, s)-stability that
we call (r, s, F')-stability.
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Definition 2.4. Let n,r,s three integers satistying 0 < r < s < n — 2. Let
F :S* — R4 be a smooth function satisfying the following convexity assumption
@) and let X : M™ — R™"*! be a closed hypersurface satisfying

S
g ajijJﬂ_l = constant.
j=r

Then, X is said (r, s, F)-stable if B, »(0) > 0 for all volume-preserving variations
of X.

We consider the Jacobi operator J, (0) defined on the set JF of smooth

functions on M with / fdvg = 0. From the definitions, we have clearly

M
B, p(0) = J (0)[f] where f € F defines the variation X'. Therefore, the
(r, s, F')-stability corresponds to the nonnegativity of the Jacobi operator.

We finish this section by giving the second variation formula for this varia-
tional problem.

Lemma 2.5. For any variation of mathcalX of X preserving the balanced volume,
the second variation formula of B, s r att =0 is given by

S

r (0 = T O] = = 3G+ Vs [ (Lif + (T 0 ) ) py,

j=r M

where f € F is the normal part of the variation X.

Proof: The proof comes directly from the second variation formula for each func-
tional A; p. Indeed, from [13], we have

T p(0) ==+ 1ay /M (Ljf +({Tj o dv, dv>f) Jdvg

Then, we have just to multiply by a; and sum from r to s to get the result. O

2.3. Some lemmas. Now, we fix some notations and give some usefull lemmas.
First, we define the following operators. For any f € C*°, we set

ijp[f] = Ljf + <Tj 9] dV, dV>f

and
S

RT,S,F = Z(] + 1)ajlj;F[f]'

Obviously from this definition and Lemma 2.5 we have
Tor Ol == [ R rlfldv,

First, we recall this lemma due to He and Li [I3]. The proof of this lemma follows
the idea of [I9] and uses Lemma 211

Lemma 2.6. For any j € {r,---,s}, we have

(1) Lp[(X,v)] = —(grad o1, XT) = (j + D)oy,
(2) Ljp|F(v)] = —(gradoj41, (gradsn F) ov) + 01041 — (§ + 2)0j42.
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Now, we have this last lemma about the symmetry of R, s p w.r.t. the Lp-scalar
product. Namely, we have

Lemma 2.7. For any two smooth functions f and h over M, we have

/ R plf]dvy = / FRos vy,
M M

Proof: The proof is fairly standard. First, we compute

/thfdvg = /hdiv(Tij)dvg
M M

- / (T;V f, Vh)dv,
M

- / (T;Vh,V f)dv,
M

/ fdiv (T;Vh)dv,
M

- / fL;hdv,,
M

where we have used the symmetry of 7T; and the divergence theorem.
Hence, from the defintion of I;  and the above identity, we get immediately that

/ hi; p[fldvg = / fI; p[h]dvg.
M M
Finally, multiplying by a;b; and aking the sum over j from r to s, we get
/ hRy s, 7[fldvg = / fRry.s,r[h]dvug.
M M

This concludes the proof. (I

Now, we have all the ingredients to prove the main result of this note.

3. PROOF OF THEOREM [ 1]

First, it is not difficult to see that the Wulff shape Wy is (r, s, F)-stable. Indeed,
the Wulff shape has all its mean curvatures H JF constant and is (j, F')-stable, that

S
is, A7 (0) > 0, for any j € {0,---,n — 1} (see [13]). Therefore, Zajijj}irl is
Jj=r
clearly constant and since the constants a; are nonnegative, it is also clear that

’:"/,S,F(O) = Z aj ;IF(O) =0,
Jj=r
which means that the Wulff shape is (r, s, F')-stable.

Conversely, suppose that X : M™ — R"*! is (r, s, F)-stable. By definition, we
have 7, p(0)[f] = 0 for any smooth function on M satisfying Joy fdvg = 0. We
choose the particular test function f defined by

f=aF @)+ B(X,v),
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/ > ab;F(v)H] | dvg
M

j=r

with a = and 8 = ZajijﬁH. First, remark that
F(V) j=r

[ is a constant by assumption. Moreover, using the anisotropic Hsiung-Minkowski
formulas (Lemma [2Z3]) we have

/M fdvy, = /M(aF(u)+ﬁ<X,u>)dvg
= a/M (v)dv, + / Zaj HE (X, v) | dog
= / dvq—f—ZaJ / J_HXudvq

= a/ F(V)dvg—Zajbj/ F(v)HF dv,
M = M

= a/ F(V)dvg—/ ZajbjF(V)HJF dvg
M M\

= a/M F(v)dvg — a/M F(v)dvy =0

Hence, the integral of f vanishes and f is eligible as a test function. Hence, we have
o (Of] = = [y fRrs.pfldvg > 0. Now, let’s compute R, s r[f]. We have

S

Resrelfl = > G+ Dale(f]

j=r
s

= Z(] —+ l)ajIj,F[aF(l/) + B<X7 I/>]

= Y6+ Doy (aLr [FW)] + BLe[(X,v)]).

Jj=r
From Lemma [2.6] we have
Rr,s,F[f] = Z(] + 1)aj [Oz( — (grad0j+1, (gradSnF) o V> + 010541 — (j+ 2)0’j+2)

Jj=r

+ﬁ( —(gradoji1, X") = (j + 1)Uj+1)
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Since Y3°_ . (j + Dajoj41 = Y.°_, a;bjHJ\ | = constant, we get
Rrsrlf] = Z(j + 1)a; la(010j+1 -+ 2)Uj+2) - B0+ 1)Uj+11

Jj=r

= > ab; [a(”HFHﬁA —(n—j- 1)HjF+2> — B0+ 1)Hﬁ11
Jj=r

Moreover, we have

T Ol = - /M FRoe [ fdvg

_ /M (4P W) + BX, 1) )Ry p 1 1dv,

) _ /M (P W)Ry )+ BI R (X, 0)] ) oy,

where we have used Lemma 27 The first term in this intergal is

aF()Resrlf] = > ajbF(v)|a® (nHFHf:Ll —(n—j- 1)Hf+2) —af(j + 1)Hf11]
Jj=r

a®(n—j—1)(H"Hj}, — H\p) + (G + )H H,

= ) a;bFv)
Jj=r

(10) —aB(j + 1)Hf“+11.

S

The second term in (@) is, using Lemma and the fact that ZajijjFﬂLl is
j=r

constant,

BIRrsp[(X,)] = BFY (G + DL p[(X,v)]
j=r
= B> (G +1a ( —(gradoj, XT) = (j + 1)0'j+1)
j=r
= B a;(i+ 1205

= —BfY abi(j+1)HS,

Jj=r

(11) = - Z a;b;( + DB(aF () + BX,0) ) HE, .
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Now, putting (@) and ([I0) in ([III), we get

Tl rOf] = =) ajbj(n—j—1)a /M F(v) (HTHJ}y — Hfy5) dog
=3 abi(j + 1)a? / F)H" Y, dv,
, M
—|—Z 2a;b;(j + 1)04[3/ F(v)HF,  dv,
j=r M

(12) ZaJ ]+1ﬂ2/ HE (X, v)dv,.

Using the anisotropic Hs1ung—M1nkowsk1 formulas again, we have

ZZCLJ j—|—1[32/ J+1XVdvg— Z2aj ]+1)ﬂ2/M ()Hfdvg,

J T

and therefore, (I2]) becomes

T rOU] = - Zajbj(n —j—1a’ /M F(v) (H"Hjy = Hfy) dvg
(13) — Z:: a;bj(j +1) /M F(v )(HFH o? = 2H] of + Hfﬁz)dug

Now, at a point = on M, we consider the following second order polynomial
Pipa(z) = F(v )(HFH P 2% —2HY, Bz + Hfﬂz).
The discriminant of P r is
A= 4B FW?((H)? = HTHS T ) = 482 W) Bl (HF, — HOHT).

Since, by assumption, Hs11 > 0, by Lemma 22 we have that Ijrl > 0 and
H f - H F H; F > 0. Hence, A is nonnegative and since the term of degree 2 is
F(v )HFH 1 > 0, then Pjp.(2) > 0 for any z € R. In particular, for z = a, we
obtain

H"H] o® —2H[, a0+ H 3> >0

Reporting this in ([I3]), we get
T O < = Y abyn =i = 1a? [ F) (B = 1Y) oy

Finally, since F(v) > 0 and ]’171}7111]13_1 Hﬂ2 0 by Lemma 2.2] we get that

T r(0)[f] <0.

Since, by the (r, s, F)-stability assumption, we have J; (0)[f] > 0, we deduce
that
T m(0)[f] = 0.
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This means that each term in the right-hand side of ([I3]) vanishes. In particular,

we have
> ajbi(n—j—1)a /M F(v) (H"HF, — HE,,) dvy =0,
Jj=r

and so for each j € {r,--- s},

/ F(v) (H'HJ,, — H[ ;) dvg = 0.
M

Since F(v) >0 and HFHf, | — Hf,, > 0, we get that at any point z of M,

J
FgF F
HYHE,, - HE, =0.

Thus, by Lemma 22 we conclude that X (M) is the Wulff shape, up to translations

and homotheties. This concludes the proof of Theorem [Tl O
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