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Abstract

We construct a (coloured) operad R L in the category of sets that may
be thought of as a combinatorial model for the Swiss Cheese operad. By
adapting Batanin-Berger’s condensation process we obtain a topological
(resp. chain) operad weakly equivalent to the topological (resp. chain)
Swiss Cheese operad. As an application, we exhibit models for relative
loop spaces acted on by Swiss Cheese type operads (in dimension 2).

Introduction

In [BB09], Batanin and Berger introduce the notion of condensation of a coloured
operad. By applying this condensation to the lattice path operad L they obtain a
model for the little cubes operad. More precisely, this means that, in the cate-
gory of topological spaces Top (resp. the category of chain complexes Ch(Z)),
the condensation operad of L is weakly equivalent to the topological (resp. chain)
little cubes operad.

We construct a coloured operad RL in the category of sets that may be
thought of as a combinatorial model for the Swiss Cheese operad.

Let us fix a closed monoidal symmetric category C and a simplicial object
6 : A — C. By adapting Batanin-Berger’s method, we obtain a functor

F : RL-algebra — Coendr (6)-algebra

that sends algebras over RL into algebras over the condensation (2-coloured)
operad Coendgr () in C.

The operad RL is filtered by suboperads RL,,, m > 1 and we have the
corresponding condensed operads Coendr,, (4), m > 1.

We are interested by two choices for ¢:

Oyon ||
§T0p A SetAOP — TOp

and



Oyon Cu(—2Z)
0z : A —— get”” ——> 'Ch(Z)

where dy,,([11]) = Homa (—, [1]) is the Yoneda functor. In this manner, the con-
densation of RL,, leads to a topological operad Coendr,, (é10p) and a chain
operad Coendg,, (07).

The Swiss Cheese operad that we consider is denoted by SC,,, m > 1, and
is the augmented (cubical) version of Voronov’s Swiss Cheese operad SC;*
defined in [Vor98].

For each m > 1, we construct a cellular decomposition of the Swiss Cheese
operad SC,,. This provides a recognition principle that we use afterwards to
show the following.

Theorem 0.1. Let m > 1. Then, the operad Coendr,, (01yp) is weakly equivalent
to the topological Swiss-Cheese operad SC,, and, the operad Coendg ., (0z) is weakly
equivalent to the chain Swiss-Cheese operad C.(SCy,).

For each m > 1, the operad Coendx ,, (6z) admits a weakly equivalent sub-
operad RS ,. This operad RS, may be thought of as a "Swiss Cheese version"
(or "relative version") of the surjection operad S, studied in [MS02, MS03, BF0O4].

Our method in providing a cellular decomposition of the Swiss Cheese op-
erad SC,, mainly uses ideas developed in [Ber97] and gives rise to a recogni-
tion principle. The cells are indexed by a poset operad R, which is a Swiss
Cheese (or relative) version of the extended complete graph operad. Such a de-
composition provides a zig-zag of weak homotopy equivalences between the
Swiss Cheese operad SC,, and the classifying operad of RKC,,. The latter arise
as a comparison object: for any topological RIC,,-cellular operad O (see Defini-
tion 2.7) there is a zig-zag of weak equivalences linking O to the classifying
operad of RKC,,. Thus, we prove the following.

Theorem 0.2. Let m > 1. Then any topological RK,-cellular operad is weakly
equivalent to the Swiss Cheese operad SC,.

The second objective of this paper is to provide models for relative loop
spaces. We focus on the second stage filtration operad RL,. This operad en-
codes couples (M, Z) together with a map M — Z satisfying some prop-
erties. In particular, M is a multiplicative operad and Z is both a weak-left-
module and a left-module over M together with compatibilities (see Section
5 for complete definition). These structures naturally endow M and Z with a
cosimplial structure. And it turns out that the functor F sends such a couple
(M, Z) to the couple of totalizations (Tots M, Tot;Z). Thus, the condensed
operad Coendrr,(d) acts on the couple of (Tot; M, Tot; Z).

Given a pair of topological spaces (X,Y) pointed at * and such that * C
Y C X, there exists a cosimplicial space w(X,Y) such that its totalization
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Totsy,,w(X,Y) is homeomorphic to Q(X,Y). In particular, w(X) = w(X, *)
is a model for the loop space Q)(X, *) = QX. We have the following.

Theorem 0.3. Let (M, N) be a pair of topological monoids pointed at the unit such
that N is a submonoid of M. Let § be Oy (resp. 6z). Then there exists an operad
Coendg r,(6) which is weakly equivalent to the topological operad SCy (resp. to the
chain operad C,.(SC,)) and which acts on the totalization (Totsw (M), Totsw (M, N)).

A model for loop spaces can be provided by Adams’ cobar construction
[Ada56]. Given a 1-connected topological space X, Adams’ quasi-isomorphism
of dg-algebras takes the form

@ :QCIX = CP(QuX).

Here, 03, X denotes the associative Moore loop space of X and CL'(—) stands
for the cubical normalized chain functor. The presence of the cubical chain
on the right side makes natural asking if the cobar construction QC!X can be
thought of as the chain complex of a cubical set with a monoidal structure.
This is the point of view developed in [KS05]. It leads to an easy proof that
Adams’ morphism & is a morphism of dg-bialgebras. Such a compatibility
plays an essential role for iterating the cobar construction, see [Bau81]. We
define the relative cobar construction Q(—, —) and, interpreting it as a cubical
set, we obtain the following.

Proposition 0.4. Let (X,Y) be a pair of two 1-connected spaces pointed at * such
that x* C Y C X. Then Q(C!X,CLY) is naturally a coalgebra and an QCLX-
module. Moreover, there exists a ®-equivariant morphism ¥ : Q(CLX,ClY) —
C(Q(X,Y)) which is a quasi-isomorphism of dg-coalgebras.

With regard to the ®-equivariance of the above morphism ¥, a similar
statement was obtained in [FHT92]. However, both the coalgebra structure
on Q(CLX, ClY) and the coalgebra compatiblity of ¥ are a direct consequence
of the adopted point of view. In particular, Proposition 0.4 allows us to iterate
the relative cobar construction by taking the cobar construction of the relative

cobar construction, i.e.
QQ(CIX,CLY),

provided that X and Y are 2-connected. Note that another way to proceed is
by taking the relative cobar of the cobar constructions, i.e.

Q(QClx, acly).

The second choice is well-adapted to the following consideration. We explain
how to obtain an action of RS> on the couple (QB,Q(B,C)) whenever B is
a 1-reduced bialgebra and C a B-comodule in the category of unital algebras.
As a by-product, taking B = C!M and C = C!N whenever (M, N) is a pair
of monoids, one obtains algebraic counterpart to the fact that Q)(M,N) =
Q(QBM,QBN) is a relative double loop space (where B G denotes the clas-

sifying space of the monoid G).



Outline of the paper. We begin by explaining how we condense a particular
type of coloured operads (SC-split operads) to obtain 2-coloured operads. This
result will be use in Section 3.

In section 2 we consider the (cubical) Swiss Cheese operad SC. For each non
zero natural number m, we construct a cellular decomposition of SC,, indexed
by a Swiss Cheese version of the extended complete graph operad, say RIC,,.
With the third section 3, we describe our main operad RL which is a splitting
operad. Using the condensation process developed in Section 1, one obtains
the 2-coloured operad Coendgr(d). We use results of Section 2 to prove the
following. In the topological setting (§ = d1,p) and the chain setting (6 = dz),
we show the equivalence of Coendg.,, (§) with the topological (resp. chain)
Swiss Cheese operad SC,,. We postpone a technical proof to Section 8.

In Section 4 we exhibit the sub-operad RS, and show that the inclusion RS, —
Coendg,, (0z) is a weak equivalence.

In Section 5 we focus on the operad RL; and its representations.

The remaining Section 6 and Section 7 are devoted to models for relative loop
spaces.

In Section 6 we show that the pair of cosimplicial spaces (w(M),w(M, N))
is a representation of RL, whenever (M, N) are monoids. This implies that
(Tots,w(M), Tots,w (M, N)) is an algebra over Coendr,(dz), and so is a rep-
resentation of RS, by restriction. We make explicit the latter action of the
sub-operad RS».

Finally, Section 7 is devoted to the relative cobar construction.

Acknowledgement The author is supported by "Bolsista da CAPES a Projeto
88881.030367/2013-01".
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1 Preliminaries

In [BB09] Batanin and Berger introduced the notion of condensation of a coloured
operad. It consists of a realization followed by a totalization what "condenses"
all the colours into a single one.

We consider particular coloured operads that we call SC-split operads. Roughly
speaking, the set of colours of an SC-split operad can be split into two subsets
that yield two sub-operads. We modify Batanin-Berger’s condensation process
for the SC-split operads. Our modification consists in condensing separately
the colours of each of the two subsets of colours into one colour. This provides,
in particular, 2-coloured operads.



1 PRELIMINARIES

1.1 SC functor-operads

Let Cbe a closed symmetric monoidal category. Let A and B be two C-categories.
We denote by A ® B the category with the pairs (a,b) fora € Aand b € B as
objects and

Homagg((a,b),(a',b')) := Homa (a,4") @ Homg(b, b')
as hom-objects, where the tensor on the right hand side is the tensor of C.

Definition 1.1. Let k > 0 and j > 1 be two integers. For a (k, j)-shuffle T €
Sh(k, j) we define the category

where U; = Aifi = t7!(s)foral < s < kand U; = Bifi = 771(s) for
ak+1<s <k+j Wecall such a category Dy ; the (k, j)-shuffled category of
(A, B).

Definition 1.2. For a C-functor ¢ : A®F 5 Aand a permutation o € X, we
denote by ¢7 : A®F — A the functor

C}Z(Xlr ey Xk) = Ck(Xcr—l(l)/ ey Xg-—l(k)).

A C-functor & : A®* — Ais called twisting symmetric if there exists C-natural
transformations ¢, : G — ¢}, 0 € Xy, such that ¢p,0, = (¢0;) ¢y, and such
that ¢;; is the identity transformation where id € X denotes the neutral ele-
ment.

For a family of C-functors {{x; : Dg; — B}j>0,j>0,resh(k,) and a permuta-
tiono € Zkﬂ, we denote by C‘Tf,k,j : D,f’]- — B the functor

ki (X1 oo Xiew) = G e (Xom1(1)s s Xom1 (k)

where 7, € Sh(k, j) is the shuffle such that X;-1(1), ..., Xo141j) € D,f”]-. A family
of C-functor {G,; : D,f,]- — B}iz0,>0,tesh(kj) 18 called twisting symmetric if
there exists C-natural transformations ¢, : {rx; — &7, 0 € Yy, such that
bri0, = (¢oy)¢s, and such that ¢;; is the identity transformation where id
denotes the neutral element of ¥y, ;.

Definition 1.3. An SC functor-operad & = {Ck, &}k, j=0,resn(k,j) Over (A, B)
is a family of twisted symmetric C-functors

Fe: A®F 5 A
and a twisted symmetric family

. T
{Crxj i Dpj = Blr0j20,reshir,))

of C-functors, together with natural transformations

yTllsl,...,Sk+j,t1,...,tj : CT,k,j © (5(1) ® ce ® g(k + ])) — CT/,S1+...+Sk+j,f1+...+fjl
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1.1 SC functor-operads

for s1, ...k, t1, -, tj > 0, where &) = s, fori = 1(1),1 <1 < kand
E(i) = s, fori=171(s),k+1 <1 <k+jand, v = 7(1,..., Tsj) where
the shuffle 7; associated to (s, is the identity. These natural transformations
have to satisfy the following conditions.

1. & is the identity functor and &y o {y = &y = k0 ({1 ® ... ® 1) where the
equalities are obtained via the p and ;. 1 respectively.

2. Cid,oil is the idem’ci’cy~ functor and ;401 © Cekj = Cokj = ‘:T"f/f o ((f (1) ®
...¢(k+7)) where &(i) = & fori = t1(I),1 < I < kand (i) = &gy
fori = T‘l(s), k+1 < I < k+ j and where the equalities are obtained
via the pirx; and i1, 1 respectively.

i and the pirs, s, .4, are associative.

,,,,,

4. All the diagrams of the following forms commute:

Cro(Ci ®...98&,)
4)0 © ((Pal X...Q ¢Uk+]-) (PO'(O'l,...,Uk+]-)

G0 (8] ®...08) —— gt

]/lT’,Sl,...,Sk+j,t1,...tj

é’T;k;]' ° (E(]‘) ® e ® E(k + ])) —_— CT/,51+---+Sk+j,t1+---+tj
¢0- © (4)0'1 ® e ® ¢Uk+j) 4)(7((71,...,(7k+j)

ot ot . (01, Ok 17)
2o @M @@ (k) — )

;l’lT/,Sl,.‘.,Sk_*_]',tl,.‘.t]'

where & (i) = ¢ fori = (1), 1 <1 < kand & (i) = &, for
i=1s), k+1<I1<k+j v =1(T1, ) Teyj)-

Definition 1.4. Let ¢ = {{, CT,k/,]-} kK j>0,tesh(k,j) be an SC functor-operad over
(A,B). A G-algebra X is a pair of objects (X4, Xp) € A ® B equipped with a
sequence of morphisms
K - gk(XA/~'~/XA) — X4, k>0,
trpit Copj(X(1), .., X(k+7)) — Xp, k,j>0,7 €Sh(kj),

where X (i) = X4 fori = 77 1(1),1 <1 < kand X(i) = Xp fori = (1),
k+1 <1 <k +j, and subject to the following conditions.

7



1 PRELIMINARIES

1w =1x,;

2. wigon = 1xy;

3. ago ¢, = ay, forall o € Zy;

4 appiopr = agyj forallo € T j;

5. for all iy, ..., ix > 0, the following diagram commute

Hiy, ... iy
é’k o (gﬁ (XA, ey XA) ®...xQ gik(XA/ XA))  — €i1+...+ik(XA/ ey XA)
Cr(ay ®...®w;,) [
Ce(Xa, .. Xa) X4
(493

6. for all sy, ..., Sktjrt1s - tj 2 0, the following diagram commute

yT’rslznvskJrj/tl/---tj

Eopj© (EM(X, e X) @ ... @ Ek+1)(X, 0 X)) —> Corsitotsp ittty (X s X)
‘:T,k,j(&(l) ®.0a&(k+j)) KT 51+ A Sepjt1 ot

CT,k,]'(X/ weey X) XB
Xk,

where, &(i) = a, fori = t71(1),1 <1 < kand &(i) = ays,,_, fori = v-1(1),
k+1 <1 <k+jand X stands here for X4 or Xz whenever it makes sense.

1.2 SC-split operads

Let us fix an arbitrary coloured operad O in C. We denote Col its set of colours,
so that O consists of objects

O(ny,...,nun) €C,

for ny, ..., nx € Col and k > 0 together with the unit I — O(n; n) and substitu-
tion maps

O(ny, ..., nun)R@0O(my,...,myn;) — O(ny,...,nj_q,my, ..., mM,Niq,... Ngh)
satisfying the natural unit, associativity and equivariance axioms.
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1.2 SC-split operads

The underlying category of O is the category O, with the colours n € Col
as objects and the unary operations O, (m,n) = O(m;n) as morphisms. This
way, we have functors

O(—,-,—-): (O, 20, -C, k>1.
———
k

From now, we suppose C endowed with a zero object i.e. an element0 € C
such that 0 ® X = X for all X € C. Let us suppose now that O satisfies the
following hypothesis.

H1. Col = Col. U Col,.

H2. The collection of the O(ny,...,n;n) for n;,n € Col;, k > 1 forms a sub-
operad of O.

H3. The collection of the O(ny, .. .,n]-;n) for n;,n € Col,, j > 1 forms a sub-
operad of O.

H4. The O(ny,...,nj;n) are the zero object for any n € Col if there exists an
1 <i <j,suchthatn; € Col,,j > 1.

We call such an operad an SC-split operad. The sub-operad in H2 is called the
closed part of O; the sub-operad in H3 is called the open part of O.

The underlying category O, contains two particular categories:

o O the sub-category of O, with objects the colours in Col, and mor-
phisms the O, (n, m) for n,m € Col;

o ) the sub-category of O, with objects the colours in Col, and mor-
phisms the O, (n, m) for n,m € Col,.

By H2 and H3 both Of, and ©¢, are C-categories. The category C%% (resp. C%%)
of C-functors from Oy, (resp. from Oy)) to C is a C-category.
For k > 0, we define the C-functor

E0):C% @ @C% - Y%
k

as the coend

C(O)k(Xl/ ey Xk)(i’l) = O(—, ey —,‘1’1) ®(@5)®k Xl(—) X Xk(—);
k k

and for k,j > 0 and 7 € Sh(k, j) we define the C-functor

G(O)p;: <CO)I€j — CY%



1 PRELIMINARIES

by

SO ekj (X1, ooy Xigj) (1) = O(, ., —m) @op, Xa (=) @ -+ © Xy (=),
k+j k

where Oy ; is the (k, j)-shuffled category of (Oj, 0f) and (CO),Z/]. is the (k, j)-
shuffled category of (C%, C%).

An O-algebra X is a family {X(n) },ccor of objects X(n) € C equipped with
morphisms

(1.1) Oy, .ongn)@X(n)®...0 X(ng) — X(n), ny,..,ngn € Col

subject to the natural unit, associative and equivariance axioms. In particular,
from the hypothesis on O, X can be seen as a pair (X, X,) where X, is the
sub-family {X. (1) }necor, and X, is the sub-family {X, (1) },ccor,- We have an
SC analogue to [BB09, Proposition 1.8] or [DS03]:

Proposition 1.5. The functors {(O)y and {(O) ; extend to an SC functor-operad
¢(O), such that the category of O-algebras and the category of ¢(O)-algebras are
isomorphic.

Proof. Let us first show that {J(O)i x>0 and {Z(O)rktkj>0,resn(kj) form an
SC functor-operad. Let us describe the map p+ x; with an example. To simplify
the exposition, we choose T as the neutral element id € X, ; and the j other
shuffles 7; involved in §(O)qs.,t as the neutral element id € X, 11; we
sets(l) = sy +---+s;and t(l) = t; +--- +t;. We denote by n,; the list
Mg 1,-..,M,p Of objects in Of and by m, ;, the list m,4,...,m,; of objects in O,
In this case, the map pg 4, is

E(O)iajjo (E(O)sy (X1, Xsy ) ooer ()it syt (Xs(hot j1) 4 4G-1) 41 s Xs(ht ) +4(7)))
ng kMo, nys
:/ ]O(ﬂo,k,mo,j;—)@)/ L O(ny,;m00) © Xq(111) @ - -

nk+j,sk+j,mj,t]-
® / O(Npsi M 135 110,1) © Xy 1) (1)
N N0 kM0, 59 yoee Dkt Mt
= / o O(ngp, my j; =) ®O0(nys;n01) @
e ® O<nk+j,5k+j’ mj,tj; m(),j) X X1 (1’11’1) X.Q Xs(k+]')+t(j)(mjltj)

'n1,51/~~/nk+j/sk+]-/ ]rj O .
— (M5, M sy Myt —) @ X1 (11,1) @ oo ® Xy 1) (M)

=: O(;’/__//;’/__/ —) ®(Of,)®sl®...®(O{l)®sk+/®(03)®ti X1 ®..Q® Xs(k+j)+t(]')'
51+~-~+5k+j i1+...+ij

The last map is induced by the composition map of O. The associativity prop-
erty of the latter implies that ¢ satisfies the associativity axiom. The unit ax-
ioms 1 and 2 of Definition 1.3 are due to the Yoneda lemma. The twisted sym-
metric condition is obtained from the equivariance of the operad.
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1.3 Condensation

Via the hypothesis H2 and H3, X, and X, can be seen as functors X, : Of, —
Cand X, : O] — Crespectively. The maps (1.1) gives (for T = id):
(12) O(nll ey nk-‘r]'; 7’1) ® XC(”l) ®...0 Xﬂ(nk-i-j) - XU <7’l),

forany ny, ..., ny € Col. and ngy 1, ..., gy j, 1 € Col,. Since these maps satisfy the
associativity and unit axioms, they induce a map

Eiajf(O)(Xey oy Xo) = / Oy, e 1) @ Xe(n1) © .. @ Xo (i)
— X, (n).
This way, we obtain
ap: E(O)(Xe, oo, X)) = X, k>0,
tegj §(O0) ki (X(1), ,X(k +7/)) = Xo, k,j=0,7€Sh(k,j),
where X(i) = X, fori = t1(1),1 < I < kand X(i) = X, fori = 71(I),
k+1 <1 < k+j. We conclude that X is a {(O)-algebra because of the unit,

associativity and equivariance properties of maps (1.2). Conversely, H4 says
that the {(O);’s and the {(O) ;’s recover all maps in (1.1). O

1.3 Condensation

Let 0° : O, — Cand ¢° : O) — C be two functors. We set § = (6,°).
We define the coendomorphism operad Coendg () as the operad in C with
objects:
Coend d)(k) =H ¢ (05,¢(0)k (05, ...,6°)) k>0;
oen (3(0)( )( ) OmCOu< C( )k( ))
k
Coendy o) (8) (k) = Homeop (80, &(O) i (3(1), ., 8(k +))) kj =0, T € Shik, ),

where 0(i) = 6 fori = T 1(1),1 <1 < kand §(i) = ¢° fori = t(I),
k+1 <1 < k+ j; the composition maps are given as follows.
The composition maps

Coendg(o) ((S) (k) (39 Coendg(@) ((5) (Zl) RX... Coendg(@) ((5) (Zk)
— Coendg(o) ((5) (il + ...+ ik)

are given by sending maps f ® g1 ® ... ® g to the composite

5¢ é(o)il—k...—o—ik(éc)
f Xiy,....ix

g(@) (5c 5c) O 0): (6%, ..., E(O); (6
N 7w — C(O)k(8(0), (6%, .., £(0);,(69))



2 A CELLULAR DECOMPOSITION OF THE SWISS CHEESE OPERAD

And similarly for the composition maps

Coendg(0 () (7, k, j) ® Coendg()(6)(1) ® ... ® Coendg(0y(9) (k + /)
— Coendg(o)(é) (T,, $1+ ...+ Sk+jr t+ ...+ t]'),

where Coend;(o)(8)(1) = Coendg()(6€)(s;) for i = T1(1),1 < | < k and
Coendg(@)(é)(l) = Coendg(o)(é) (Tl,k, S, tlfk) fori = Tﬁl(l), k+1 < l < k—|—]

Given an O-algebra X = (X,, X, ), we denote by
Tot s X, := Hom o (6%, Xe);
Totgo X, := Homog (6°, Xo).

In virtue of Proposition 1.5, the couple (Tots X, Tots X,) is a Coendg(o)(0)-
algebra. The action maps

Coendg()(6) (k) @ (Tots Xc) " — Tots X,

are given by sending maps f ® g1 ® ... ® g to the composite

o¢ X,
f M
Z(O) (2, ..., 6%) E(O)(Xe ooy Xo).

S(O)k(81/ - 8x)

And similarly for action maps
Coendg(o) (8)(T,k,j) ® TotsX (1) ® ... ® TotsX (k + j) — Tots Xo,

where Tot; X (1) = Totse X, fori = t1(1),1 <1 < k and Tot;X (1) = Totz X, for
i= Tfl(l ), k+1 <1 < k+j. Unit, associative and equivariance axioms are
deduced from the SC functor-operad properties of {(O).

2 A cellular decomposition of the Swiss Cheese operad

The little cubes operad C has a cellular decomposition indexed by the extended
complete graph operad K, see [Ber97] and [BFV07, 4.1]. We extend this result
to the Swiss Cheese operads SC,,;, m > 1 what provides a recognition principle
for Swiss Cheese type operads. In particular, we construct a poset operad
RK,, that indexes the cells (SCm)("‘) of SC,,. This leads to a zig-zag of weak
equivalences of operads

SCpy < hocolim,er i, (SCy )@ BRK.,
between the Swiss Cheese operad SC,, and the classifying operad of RK,,.

12



2.1 The Swiss Cheese operad

2.1 The Swiss Cheese operad

The Swiss Cheese operad that we use is the cubical version of the one defined
in [Kon99].

Letm > 1. Let Sym : R™ — R™ be the reflection Sym(x1, ...xp) = (X1, ..., —Xm),
and let Half be the upper half space

Half, = {(x1, ..., xm) € R™|x;, > 0}.

The standard cube Cy in R™ is Cyp = [—1,1]*™. A cube C in the standard cube
is of the form C = [xq, y1] X [x2,y2] X -+ X [Xp, Y] with =1 < x; <y; < 1for
1<j<m.

Definition 2.1. Let € := {¢,0}. Forn > 0 and ¢;, c € € we define a topological
Y.,-space SCu(c1, ..., Cp;C) as the empty-set if both ¢ = ¢ and there exists 1 <
i < n such that ¢; = o; for the other cases, it is

o the space of the little m-cubes operad C™ (1) defined in [May?72] for ¢ =
¢

o the empty setif n = 0;

e the one-point space if n = 1;

e in the case s+t = n > 2 with s,t > 0 such that s colours ¢; are ¢
and t colours ¢; are o, the space of configuration of 2s + ¢ disjoint cubes
(C1, ..., Cas+¢) in the standard cube Cy € R™ such that Sym(C;) = C; for
1 <i<sand Sym(C;) = C;for2s+1 < i < 2s + t and such that all the
cubes (Cy, ..., Cs) are in the upper half space.

Remark 2.2. Because of the symmetry conditions imposed by Sym, we may
thought of SC,(cy, ..., ¢n; 0) as the configuration space of cubes (Cy, ..., Cs) and
semi-cubes (Cgy1, ..., Cs+¢) lying into the standard semi-cube {(x,...,x,) €
C0|xm > 0}

Similarly to the little m-cubes operad C") the composition maps
0; : SC(c1, vy i) X SCo(da, ..., dr;ci) — SCi(c1, vy Ci1,d1, ey Ay, €1y ooy Cni €)

are defined as substitutions of cubes. We denote the resulting 2-colours operad

SCo.

Remark 2.3. Up to passage from cubes to discs we have an inclusion of operads
SC;F C SCyy where SC;" denotes the Swiss Cheese operad originally defined
by A. Voronov in [Vor98].

2.2 The SC extended complete graph operad

We define the SC (or relative) extended complete graph operad RK. It is a 2-
coloured poset operad with filtration {RK,,}n>1. Its closed part is Ky, its

13



2 A CELLULAR DECOMPOSITION OF THE SWISS CHEESE OPERAD

open part is KC;;,_1, where {KC;, } >1 denotes the extended complete graph op-
erad defined in [BFV07, Section 4.1].
Given n colours ¢; € € = {c, 0}, we denote by {7, ..., ¢, } the set with

~ {Z if Ci=2¢
Ci =
i if c;i = o.
A colouring and an orientation on a complete graph on {¢j, ..., ¢, } is, for each
edge between ¢; and ¢j, an orientation 0;; (that is, ¢; — ¢j or ¢; + ¢;) and a
strict positive natural number y;; € N> as the colour. A monochromatic acyclic
orientation of a complete graph is a colouring and orientation such that there
exist no oriented cycles with the same colour, i.e. there are no configurations of
the form ¢;; — ¢, = -+ — ¢, = Gy with i, = piyin = -+ = Mgy, = Pigir-
If there exists an i such that ¢c; = o, we set RK(cy, ..., cn; ¢) as the empty
set. Else, the poset RK(cy, ..., ¢y; ¢) is the set of pair (p,0)° of monochromatic
acyclic orientations of the complete graph on {¢j, ...,¢, }. The colouring u is
a collection of y;; for 1 < i < j < n and the orientation ¢ is a collection of
orientations ; for1<i<j<n.
The poset structure is given by

(mo) < (W,0') & Vi<, either (uij,07)) = (i, 01;) or pij < pi .

The filtration (R/C,,)>1 is as follows.
For RK(cy, ..., cu; ¢) with ¢; = ¢ for all i, we set

RIm(c1,rcnsc) = {(1,0) € REK(cq,wscnsc) | pij < nVi<j}

For RK(cy, ..., cn; 0), we set

RICu(c1,rcn0) = {(1,0)° € RE(c1, .. Cus0) | pij < m ifc;=cj=c¢,
pij <m-—1 ifc;=c¢j=o,
(2.1) Hij <m ifi =7,
pij <m-—1 ifi<j,
pij <m-—1 ifi—)l',
pij <m ifi « 1}

Given a permutation ¢ € X, and an element (¢, 7)¢ € RK(cy,...,cn;¢), the
resulting element o - (1, 7)° € RK(cs1(1), s Co-1(n); €) 18 given by permuting
the numbers i by ¢ without changing neither the underline nor the orientation
nor the colouring. For example, the edges i — j of (y, T)¢ with colours y;;
become the edges o (i) — o(j) with the same colours y; ;.

The compositions

RE(c1,.coyCnsc) X RE(C1,1, 00 CLEkp C1) X -+ X RIC(Cpy-eos Cieys Cn)
— R’C(Cl,lr veey cn,kn;c)

14



2.3 Cellular decomposition of SC type operads

send a tuple of RIC(cy, ..., cn; €) X RIC(C1,1, +vnr C1ieys €1) X -+ = X RIC(Cp1s oes Crieys Cn)
to an element in RK(cy 1, ..., Cnk, ;¢) obtained as follows. The sub complete
graphs with vertices in the same block {c;1,...,¢jx,} is oriented and coloured
as in RIC(ciq, ..., Cik;ci); the edges with vertices in two different blocks are
oriented and coloured as the edges between the corresponding vertices in
RK(c1, ..., Cn;C).

Remark 2.4. For m = 1 the conditions where y;; < m — 1 cannot be satisfied.
It follows that, in RKq(cy, ..., ¢y; 0), the tuple (¢, ..., c,4) has at most one open
colour.

2.3 Cellular decomposition of SC type operads

Definition 2.5 ([Ber97]). Let X be a topological space and A be a poset. We say
that X admits an A-cellulation if there is a functor ® : .4 — Top such that:

1. colimye4®(a) = X;

2. <ae A< O(B) CO(a);

3. the inclusions () C O(«) are a closed cofibration;
4. for each « € A, the “cell” ®(a) is contractible.

Given a cell ®(a), we denote its boundary (Ug, @(8)) by 00(a); we de-
note its interior () \ 9@ («) by A(a). A cell with a non empty interior is
called proper; else, it is called improper.

Lemma 2.6. [Ber97, Lemma 1.7] Let X be a topological space X with an A-cellulation.
Then we have the weak equivalences

X 2 colimye 4O (a) «<—— hocolimge 4O (a) —> hocolimge 4(*) = B A,

where B A denote the realization of the nerve of the category A.

Proof. Items 2 and 3 of Definition 2.5 give the left hand equivalence (see [BESV03,
Proposition 6.9] for details); the item 4 gives the right one. O

We recall the notion of symmetric functors and twisted symmetric family of
functors, Definition 1.2. A tuple (¢, ...,cn; 0) with ¢; € € = {¢, 0} is bijectively
determined by natural numbers k, j and T € Sh(k, j); the number k is the num-
ber of closed colours and j the number of open ones.

Letk > 0,and ©,, : RK(cq, ..., cn; ¢) — Top be a functor. For ¢ € ¥, we set
Of(a) := Oy(0 - a).

Let O, : RK(ci,...,cn;0) — Top be a family of functors indexed by k, j
and T € Sh(k,j). Foro € ¥, we set @g/k,j(zx) i= O, 4j(0 - ), where 7, is as in
Definition 1.2.
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2 A CELLULAR DECOMPOSITION OF THE SWISS CHEESE OPERAD

Definition 2.7. A topological 2-coloured operad O with colours € = {c,0}
is called an SC type operad if O(cy,...,cy;¢) is empty whenever there is an i
such that ¢; = 0. For such an operad O, suppose we have given a family of
RK(c1, ..., cn; ¢)-cellulation

O, : RK(c1,...,cn; ¢) — Top
of O(c, ..., cn; ¢) and a family of RK(cy, ..., cy; 0)-cellulation
®T,k,j : R’C(Cl, ey Cny 0) — TOp

of O(cy, ..., cn;0). To stress the dependence of the cells upon (cy, ..., cy; ¢), we
denote O(cy, ..., Cn; c)("‘) for either the cell ®,(a) or the cell @T,k,]-(zx) according
to c. With this notation, the families of cellulations ©,,, O j are said compatible
with the operad structure of O if

'yo((’)(cl,..., cn;c)(“) x O(c11, -y Cl,kl;Cl)(“l) X o X O(Cna, e cn,kn;cn)(“"))

RE (4.
C O(c1,1) s Cn,kn;C)(W (®2,stn))

for all variables ¢, ¢;, ¢; j, &, a;.

Definition 2.8. Let m > 1. A topological SC type operad O is called an
RIC-cellular operad if there is, for each n > 0, a family of RICy,(cq, ..., cu; ¢)-
cellulations

Oy : RKw(c1, ..., cn;¢) — Top

of O(c, ..., cn; ¢) and a family of RIC,,(c1, ..., cy; 0)-cellulations
®T,k,j : RICm(cl, ey Cny 0) — TOp
of O(cy, ..., cn; 0), subject to the following two compatibilities.

1. The cellulations ®, and ©.; are compatible with the ¥,-action. This
means that:

(@) Oy(c-a)=0-0,(a) forall o € ¥,; and,

(b) the family @, : Ry (c1,...,cu;0) — Top is twisting symmetric
such that @‘;k’j(zx) =0 Orpj(a).

2. The cellulations are compatible with the operadic structure of O.
We have the "Swiss Cheese analogue" to Theorem 1.16 [Ber97]:

Theorem 2.9. Let m > 1. Any two topological RIC,,-cellular operads are equivalent.
Moreover, the Swiss Cheese operad SC,, has a structure of an RIC,,-cellular operad.

Proof. Let O be a cellular SC type operad. Analogue to [BFSV03, Lemma 6.11]
is the fact that {hocolimcr(c,,..c.ic)@n (@) }n>0 forms an operad. Moreover,
operad structures are compatible with the equivalences of Lemma 2.6.
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2.3 Cellular decomposition of SC type operads

We show that, for each m > 1, the operad SC,, has a structure of a cellular
SC type operad indexed by RK,,. The "close" part of SC,,, that is the little
n-cube operad C,, is already shown to have a structure of a cellular operad
(indexed by Ky,), cf. [BFV07, Ber97].

We use the description of SC,, via cubes and semi-cubes given in Remark
2.2. The number m > 1 is fixed. For C; either a cube or a semi-cube and
C, either a cube or a semi-cube, we note C;[1,C; if there are separated by a
hyperplane H; orthogonal to the i-th coordinate axis for some i < y, such that
whenever there is no separating hyperplane H; for i < y, the left element C;
lies in the negative side of H;, and C; lies in the positive side of H,,.

Note that, whenever C; is a semi-cube and C; is a cube, if H,, exists, then
C; lies in the negative side of H,,.

Fora = (u,0) € RK(cy,...,cx;0), we set SCi(c1, ..., Cis o)(“) the cell

{(Cl, ey Ck) S SCm(cl, vees Cls 0) ’CZ‘D%.J.C]' if¢; — E] and C]'ijci if ¢; + E]}

To see that SCy,(cy, ..., ck; ¢) is the colimit of its cells, the only delicate point is
to show that if

x € SCp(cy, ..., ck;c)("‘) NSCu(ci, ..., ck;c)(ﬁ),
with neither « < B nor a > p then
x € dSCy(cy, ..., ck;c)(“) NaSCy(c1, . Ci; c)(ﬁ).

Here 05C,(cq, ..., ck; c)("‘) denotes the boundary (J, ., SCu(c1, e Cis c)(W). For
such an x, we construct v € RK(cy, ..., ¢ ¢) such that v < w and ¢y < B as

follows. For each ¢; and ¢; we define a colouring and an orientation as the min-
imum among (yf;,07;) and (yf]-, Uf]
resent the same configuration x. This defines an element v € RK(cq, ..., ¢x; €).

The compatibility with the operadic structure of SC,, is clear.

Let us explain how works the contractibility of the cells. Let us fix a tuple of
colours ¢ = (cy, ..., ¢x; ¢). Recall that the interior of a cell SC,,(¢) ) is SCp, () @)\
(Up<a SCn(c)B)). Contractibility of proper cells (cell with a non empty inte-
rior) onto an interior point is obtained by coordinate-wise contractions starting
from the last coordinate, see [Ber97, Theorem 1.16] for details. For improper
cells we remark the following. If a cell SC,,(c)(*) is improper then at least three
cubes/semi-cubes are involved i.e. k > 3.

Two elements ¢; and ¢; of a are said related by a positive (resp. negative)
monochromatic path of colour v if there existan | > 2 and indices i =: iy, iy, ..., ij_1,
ij ;= jsuchthatc; —¢; , (resp.c; < ¢, )andy; ;,  =vforall0 <r <I-1
Two elements ¢; and ¢; are called an improper pair if there are related by at least
one monochromatic path of colour v such that y; ; > v.

Then, an improper cell is exactly a cell indexed by an elements a which
contains at least one improper pair.

Let a be such an element indexing an improper cell. To such an improper
pair ¢; and ¢; of a one assigns the colour yg,]- defined as the minimal v among

). This minimum exists since « and f rep-
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3 THE OPERAD RL

all the monochromatic paths of colour v satistying y;; > v; also, one assigns
the following orientation ¢; — ¢; if the' path of the minimal colour v = V;,j is
positive, and ¢; < ¢; if this path is negative.

Let B be the element obtained by applying such an assignment for each
improper pair of a. Then B is such that § < a and it has no improper pairs,
so that its corresponding cell is proper. Moreover, by construction it is unique
and maximal for a. Thus, any improper cell has a unique maximal proper cell
and then is contractible. O

Remark 2.10. The inclusion SC,, C SCyy41 is not compatible with the cellular
decomposition.

Remark 2.11. We do not claim our cellular decomposition to be the "finest" one.

3 The operad RL

3.1 Definition of the operad RL

We describe an SC-split operad RL in the category of sets, Set.

The operad R L has a natural filtration by sub operads R L, for m > 1. For
each m > 1, RL,, can be thought of as a mix between the sub operads £,, and
L,,_1 of the Lattice paths operad £ introduced in [BB09].

For m = 2, a description of RL; using planar trees is given in Section 5.

Definition of RL. Let Cat, . be the category of bi-pointed small categories
and functors preserving the two distinguished objects. An ordinal [i] defines a
category freely generated by the linear graph/; = {0 -1 — --- — i}. For two
ordinals [i] and [f], the tensor product [i] ® [f] is the category freely generated
by the graph [; @ [;. The category [i] is bi-pointed in (0, 7); the tensor product
[i]] ® [j] is bi-pointed in ((0,0), (i,])).

The set of colours of RL is

Col = Col. U Col,,

where Col, is the set IN of natural numbers and Col, is the set of natural num-
bers decorated with an underline. Hence, n € Col, whereas n € Col,. In
general a colour in Col is denoted by 7, so that it is either 7 or n.

The set RL (71, ..., fig; 1) is defined as:

Rﬁ(ﬁl,..., ﬁk,' ﬁ) =@
if n = n € Col; and if there is an i such that n; = n; € Col,;

RL(y, ... i) = Caty ([ +1], 11 + 1@ [+ 1] @ ... & [ + 1])

IMore precisely, such a path is not necessary unique. However, if ¢; and ¢; are related by two
monochromatic paths with the same colour v then both have the same direction, either positive
or negative.
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3.1 Definition of the operad RL

else.
The substitutions maps are given by tensor and composition in Cat, ..
For instance, an element x € RL (11, np; n) is a functor

(3.1) x:[n+1] = [m+1] @ [ny +1]

that sends (0,7 +1) on ((0,0), (n1 +1, np + 1)) and is determined by the image
of the n remaining objects of [# + 1] and the morphisms into the lattice [17 +
1] ® [n2 4+ 1].

Example 3.1. The following lattice x belongs to RL(3,2;3):

(3,0) o ———x(4)

Figure 3.1: Lattice paths of (12|211](21)°.

The elements of RL(#1, ..., fiy; ) correspond bijectively to a string of (dec-
orated) natural numbers separated by vertical bars. Indeed, let us consider an
x € RL(7, ..., fig; 11). The relative lattice x is a path from x(0) to x(n 4+ 1) made
of edges in the grid I; ® ... ® ly. By running through x from x(0) to x(n + 1)
we construct the integer-string with vertical bars as follows. To each parallel
edge to the i-axis of the grid |} ® ... ® [y we assign i if n; = n; or i if n; = n;; to
each object x(s) for 1 < s < n we assign a vertical bar. Additionally, we put an
extra labelled according to the nature of the output colour. Example 3.1 gives

x = (12]211]121)°.
Example 3.2.
(121)° € RL(1,0;0) whereas (121) € RL(1,0;0).

Let us expose the corresponding composition on integer-string representa-
tions via an example.

Example 3.3.
(12]14231((24)° 05 (13|213|31)° = (124]1632451||426)°

The composition is at 2 and the second term has 3 outputs. Then one has
renumbered the integer-string (12|14231||24)° by increasing by 2 = 3 — 1 the
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3 THE OPERAD RL

numbers greater than 2; one gets (12]16251|26)°. One has increased the num-
bers of the second integer-string (13|213|31)° by 1 = 2 — 1: (24|324/42)°. Fi-
nally, one has substituted the three occurrences of 2 by the three sub-sequences
24,324 and 42.

We use left action for the symmetric group: for o € Xyand x € RL(7;, ..., Hig; 1),
the string-integer representation of o - x € RL(7,-1(1), -, l5-1(); 1) is obtained
by permuting the number i (resp. i) of the string-integer representation of x by
the number o(i) (resp. o(i)).

Example 3.4. For x = (12/3211/|21)° and o (1) = 2, 0(2) = 3, ¢(3) = 1 we have:
o - x = (23]1322](32)°.
The underlying category of RL. Let Cat be the category of small categories.
Via Joyal-duality:
Cat. .([n+1], [m +1]) = Cat([m], [n]).

The bijection is given by (¢ : [n+1] — [m+1]) < (¢ : [m] — [n]) given
by ¥(i) +1 = min{j|¢(j) > i} and ¢(j) — 1 = max{i|p(i) < j}. We have
immediately that:

RL(n;m) = Homa ([n], [m]);

where A is simplicial category. Thus, the underlying category (RL), of RL is
the category with objects

m={0<1<---<n} forn € N; and
m={0<1<---<n} forneN;

and with hom-sets

Hom([n], [m]) =Homn ([n], [m]);
Hom({[z], [m]) =Homx ([n], [m]);
Hom([n], [m]) =Homx ([n], [m]);
Hom([n], [m]) =@.
The two sub-categories (RL)¢, and (RL), are (canonically isomorphic to) the

category A.
This implies that, for each k > 0, the functor

(ﬁ], veey ﬁk; ﬁ) — Rﬁ(ﬁl, veey ﬁk; ﬁ)

is a multisimplicial /cosimplicial set.
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3.1 Definition of the operad RL

Filtration by sub operads RL,,. Letus define two maps
Cijs cél]- : RL(Hy, ..., ig; 1) — IN.
For1 <i < j <k, we denote by
¢ij : RL(1y, ..., ;1) — RL(7;, 15 11)
the projection induced by the canonical projection
pij [ +1 @ @ [ +1] — [ +1] @ [17; +1].

For x € RL(y, ..., izn) and 1 < i < j < k, we define cij(x) as the number
of changes of directions in the lattice paths ¢;;(x).

The second number cglj(x) is defined as follows. Since x € RL (71, ..., fig; 1),
its integer-string representation is in particular a sequence of numbers (under-
lined or not) between 1 and k. For 1 < i < k, we set i~ (resp. i ) the first
occurrence of i (resp. i) in the integer-string representation. Equivalently, i~
(resp. i) is the first edge of the lattice x which is in the i-th direction. We write
n~ < m~ if the element n~ precedes m™.

For1 <i <j <k weset:

cl-,]-(x) if i~ < Zi,'
cii(x)+1 if i >j;
(3.2) o ()= { D>
cij(x)+1 if i” <j7;
cl-,]-(x) if i~ > j_.

Form > 1, wedefine RL,, (71, ..., ix; 1) as the set of elements x € RL,, (71, ..., Tig; 1)
satisfying the three conditions:

max ci,j(x) < m;

(i)

r?a)x cij(x) <m—1; and,
ij

!
max ¢;:(x) < m.
(ij)or (ij)

Remark 3.5. Changing the filtration defined in (3.2) by:

ci,j(x) +1 if i~ < 1_,'
63 )= ) ET
ci,j(x) if im <j;
ci,j(x) +1 if i > j_.

we get another filtration of RL by sub-operads scL,,. These operads seem to
be more adapted for proving the Swiss Cheese version of Deligne’s conjecture,
at least for m = 2.
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3.2 The operad Coendy ., (6) as a Swiss Cheese operad

We apply the method developed in [BB09, Sections 3.5-3.6]. More precisely,
given a functor 6 : A — C where C is a monoidal model category, we construct a
zig-zag of weak equivalences of operads

Coendg,, (9) DA Coendz; (6)

85 RICWZ/
(3.4)

whenever § satisfies some conditions. Here, B A denote the §-realization of
the nerve of the category A. The intermediate operad RL,, is defined using
homotopy colimits in C applied on a decomposition of RL,, indexed by RK,,.
Such a decomposition is a consequence of the following lemma.

Lemma 3.6. There is a morphism q : RL — RK of filtered operads.

Proof. Letus recall that if x € RL,, (711, ..., i : 1) then:

cz](x) <m if n;=mn;, n;=nj;
cij(x) <m— if n; =mn;, n;=nj
cij(x) <m if im <j;
cz](x) <m-— if i~ >j;
cij(x) <m— ifim<j;
cij(x) <m ifi~>j,

for1<i<j<k
The element g(x) = (i, 0) € RK is defined, for 1 <i < j < n, by:

pij = cij(x)
G =g for i >
GG fori <j.

The fact that q preserves the filtration is clear from its definition. Let us
sketch the proof that g is a morphism of operad by using similar arguments
to [BB09, Proposition 3.4]. It is straightforward to check that the image of g is
contained in a sub-operad RX,, of RK,,. This operad RX,, consists of colour-
ing and orientation on complete graphs that are acyclic, that is, no (polychro-
matic) cyclic orientations are allowed. Such acyclic orientations on a complete
graph on n elements correspond to the choice of a permutation in %,. Then
REK,,(c1,...,cu; ) is the set of pair (,0) of {1,..,m}2) x T, submitted to the
same conditions than in (2.1) (i.e. ¢; — ¢; corresponds to (i) < o(j) and
Ci < ¢; corresponds to o(i) > ¢(j)). An explicit formula for operadic com-
position is given in [BB09, Proposition 3.2] for the non Swiss Cheese case; its
the same formula in our context. In particular, permutations are composed as
in the (Swiss Cheese version of the) Symmetric operad R, and we have an
operadic map RK,, — RX.
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Then, it is sufficient to show that the composite RL,, — RK,, — RX is
a morphism of operads. This follows almost directly from the definition of
g. Since q "reverses" the orientations we have to check that the morphisms
Rev, : ¥, — X,, that send ¢ to Rev, o (0) where Rev, = (3[ 22'}), induce a
morphism of operad Rev : REY — RX. The Swiss Cheese symmetric operad
R consists of sets RX(c, ..., cn; €) to be either X, or empty according to the
usual conditions on the colours; the operadic compositions are defined as in

the classical non colour case. O

Remark 3.7. Our morphism "reverses" the orientations. This is due to the choice
of cellulation of SC,, we have made. However, if scL,, is the operad as in
Remark 3.5, the similar morphism g’ : scL,, — RK,, dose not "reverse" the
orientations.

Let us recall that for 6° : A — C, the functor
E(RLu)(6): A —C

denotes the realization of R L, (k):

ERLu)() () =RLu(k)(—,...,—n) @pc0(—) @+ - ®(—),
k k

where we use implicitly the strong monoidal functor

Set - C

E— ch

ecE

And similarly, for § = (4%,0°), with 4%,° : A — C, the functor
E(RL)es(8) : & > C

denotes the realization of RL,,(k, f).
We use the same functor §° = 6° that we denote by 6. We fix two functors

Oyon ||
§T0p A SetAOP e TOp

and

Oyon Ci(—2)
6z + AN ——> Seth® ———> Ch(Z)

where:
e Jy0n([n]) = Homp (—, [1]) is the Yoneda functor;

o | —|:Set® — Top is the geometric realization; and,
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3 THE OPERAD RL

e C.(—;Z) : Set*” — Ch(Z) is the normalized chain complex.
Fora € Ry (cy, ..., ¢k ¢) and 11; € Col.,, 11 € Col,, we set
(RLm)a(11, ..., 070) = {x € RLy(11,...,057) | g(x) < a}.
Then we have:
RLu(11,...,1h) = colimpic, (c,....cie) (RLy)a(11, ..., 1y 1),
for all (cy,...,cx; ¢) and 7; € Col,, 1 € Col. Thus

C(RLm)K(6) = colimp,, (c,,..c0)& (RLm)a(0)

whenever ¢; = cforall1 <i <k; and

S(RLm)kj(6) = colimpr,cy,...c0, 50) 6 (RLm)a(0),

where T € Sh(k, j) is the shuffle determined by (cy, ..., ck4j; 0).

We suppose C endowed with a monoidal model structure, cf. [Hov99]. The
categories Set®” and Top are considered with the Quillen model structure; the
category Ch(Z) is considered with its projective model structure.

In [BB09, Sections 3.5-3.6] it is proved that, given a standard system of sim-
plices 6, the operad Coendr ., (6) is weakly equivalent to B; RIC, provided that
operad RL,, is strongly é-reductive.

A standard system of simplices § : A — C (cf. [BMO06, Definition A.6])
provides, in particular, a "monoidal symmetric" cosimplicial frame (—) ® A J so
that homotopy colimits are compatible with the symmetric monoidal structure
of C. Moreover, for such a J, the realisation functor (—) @ J preserves and
reflects weak equivalences.

It is proved in [BM06, A.13, A.16] that the functors d,,,, dop and Jz are
such standard system of simplicies.

The strong -reductivity allows us to show that the zig-zag of weak equiv-
alence (3.4) follows essentially from the weak equivalences §(R L )k(0)" —
E(RLu)K(0)? and G(RLw)7kj(0)" = E(RLm)7x;(6)?, foralln >0,k > 0and
j=>0.

We define the strong d-reductivity condition for Coendg ., () similarly to
[BB09, Definition 3.7] by extending it to the functors

S(RLm)xj(0)" — C(Rﬁm)flkl]-(é)o, foralln >0,k >0andj >0,
see next definitions.

Definition 3.8. A weak equivalence in C is called universal if any pullback of
it is again a weak equivalence.

Definition 3.9. Let J be a standard system of simplices in C. The operad RL,,
is called d-reductive if:
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3.2 The operad Coendg, (0) as a Swiss Cheese operad

e for any n > 0 and k > 0, the map &(RL)k(6)" — E(RLwW)k(6)? is a
universal weak equivalence; and,

e foranyn >0,k > 0andj > 0, themap {(RLy)7jj(6)" = E(RLm)ck(6)°
is a universal weak equivalence.

The operad RL,, is called strongly d-reductive if in addition the induced maps
Coendgr, (6)(k) — E(RLw)x(6)?and Coendr, (6)(T,k,j) — C(Rﬁm)T,k,j(é)o
are universal weak equivalence in C.

The proof of [BB09, Theorem 3.8] can be applied mutatis mutandis to the
functors (R L) xj(0). So, we have almost for free the analogue to [BB09,
Theorem 3.8]:

Theorem 3.10. Let 6 be a standard system of simplices in a model monoidal category
C with a zero object. If the operad RL,, is strongly d-reductive, then the operad
Coendp , (0) is weakly equivalent to Bs RK.

Proof. We outline the proof.
We construct a zig-zag of weak equivalences of operads

~

Coendg,, (9) Coendz; (9) — S B;RE .

The intermediate operad RL,, is defined as
RLu(fi1, ..., 7i; 1) = hocolimp e, (¢, ey (RLm)a (M1, - .., ik 1),

for all (c1,...,cx;¢) and #; € Col., 1 € Col.. The properties of the standard
system of simplicies § imply that Coendz7 (6) is an operad.

We denote by &(RL,,) the corresponding SC functor-operad of RLy, s0
that

-~

C(R‘Cm)'(,k,]<(s> = hOCOlimRICm (Cl ..... Ck+j;0)é<7z£m)“ (5)’

for (c1,...,cx; 0) where T € Sh(k,j) is the shuffle determined by (cy, ..., ck+]-;o).
The left hand map Coendz7 (6) — Coendg,, () in the zig-zag is induced by

~ ~

the maps ¢(RLw)k(6) = §(RLm)k() and ¢(RLm)7 () = G(RLm)7k;j(5).
Because of the strong é-reductivity condition, it is sufficient to show that

E(Rﬁm)r,k,j@)o — C(Rﬁm)r,k,j (5)0/

is a weak equivalence (and similarly for &(RL,,)x(6)°). This follows from gen-
eral properties of standard system of simplicies.
To show the other weak equivalence

Coendﬁzm (6) = Bs R,
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3 THE OPERAD RL

)(cco?) =
Hom (9, & (RL,,)<kj(ccd®)) where ccd” is the constant cosimplicial object at 6% =
1c. Then it is sufficient to prove that

we first remark that Bs RK,(cy, ..., Ck+js c) = hocolimp ., (... o jic

Homex (8, E(R L) x,j(ccd®)) — Homea (8, E(R L)1k, (ccd?))

is a weak equivalence (and the same for &(RL,)x(6)°). Since Homga (—, —)
preserves weak equivalences, this is satisfied if

E(RLw) g j(0)" = E(RLm)epj(ccd”)"

is a weak equivalence for all n > 0. Since we have

~

C(REWZ)T,](,]' ((S)” = hocolimRKm(cl Ck+j}U)C(R£m)D‘ ((S),

,,,,,

it remains to show that
E(RLW)(0)" = E(RLy)u(ccd®)" = 1¢

is a weak equivalence for all « and n > 0. By d-reductivity the left vertical
arrow in

g(REm)/x(‘s)n C(Rﬁm)r,k,j(‘s)n
|
C(Rﬁm)zx(fs)o C(Rﬁm)r,k,j(é)o

is a weak equivalence. Moreover, for each (cy, ..., ¢x; ¢) and « € RIC,,(cq, ..., cx; €),
the object (R Ly )q(6)° is weakly contractible. The latter is due to the follow-
ing fact. Properties of the standard system of simplices imply that: the re-
alisation functor (—) ®x J preserves and reflect weak equivalences; the two
objects E(R L)« (6)° and (R L )u(yon)’ @ 6 are weakly equivalent; so that,
it is sufficient to prove that for § = drop, the space §(RLy)a(01op)° is weakly
contractible. O

In Theorem 3.10 we have used our version of [MS04, Lemma 14.8] (see also
[BB09, Lemma 3.9]):

Lemma 3.11. For each m > 1, (c1,...,¢cx;¢) and & € RK (¢, ..., Cx; ), the space
E(RLw)«(O1op)° is weakly contractible.

Proof. The proof is quite similar to [MS04, Lemma 14.8]; it is sufficient to check
that the arguments are compatible with our operads R and RL. We outline
the proof for convenience.

For each « € RK(cy, ..., c; c), we construct a retraction

1 E(RLw)a(Cone(dtop), ..., Cone(d1op))° S E(RLm)a(Stop, s 610p)" 1 0
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3.2 The operad Coendg, (0) as a Swiss Cheese operad

such that p o1 = id. The functor Cone(d1,p) : A — Top is defined as follows.

Cone(Stop)" = iy

Cone(S1op) (f : [I] = [n]) = d1op(F 2 [[+1] = [n+1]),

where f : [[ +1] — [n+ 1] is defined as f(0) = 0 and f(k) = f(k —1) 41 for
1<k<I+1.

The map p sends the class of (x,uy, ..., ux) to the class of (x,duy, ..., d°uy)
where 4V : (5%013 — (5%;1 is the zeroth cosimplicial face operator.

For x € RL, (1, ..., y; 11), with (73, ..., g; 11) according to (cq, ..., cx; ¢), the
map ¢ assigns to the class of (x, uy, ..., uy) the class of (X, uy, ..., ux) where ¥ is the
lattice obtained from x by doubling the first occurrence of i (or i) for 1 <i <k
in its integer-string representation. Thus the lattice X € RL, (71, ..., Hi; 7).

Since Cone((STOp) is contractible, it provides a map
E(RLw)«(Cone(drop), ..., Cone(5top))® = E(R L )u (%, ..., %)° = x
which is a weak equivalence. O

Once again, the proof of the following is completely similar to [BB09, Ex-
amples 3.10].

Proposition 3.12. For 6 being d1op or 67, the operad RL,, is strongly S-reductive.
Consequently, the operad Coendg, () is equivalent to the topological (resp. chain)
Swiss Cheese operad SCy, (resp. C+SCpy) for 6 being dtop (resp. 0z).

Proof. A) The topological case 6 = 6é1pp. Let us recall from [MS04, Proposition
13.4] that, for all kK > 0, we have an isomorphism of cosimplicial spaces

(35) 9?0;7 : C(Rﬁm)k<5T0p)* — (Sjlk"op X C(R‘Cm)k((sTop)o'
The same argumem’c2 applies to show that, forall k > 0, j > 0 and T € Sh(k,j),

(3'6) G%p : C(Rﬁm)r,k,j(‘STop)* — 5:150p X ‘:(Rﬁm)r,k,j(‘sTop)o

is an isomorphism of cosimplicial spaces. Moreover, both the cosimplicial iso-
morphisms (3.5) and (3.6) are compatible with the projection onto the second
factor so that one obtains trivial fibrations 9?0;, and G’T’Z,p for each n > 0. More-
over #’ induces a homeomorphism on Coend ,, (01op ) (T, &, j) = Homa (d1op, dTop) X
¢ (Rﬁm)T,k,j((STop)o. Using the contractibility of Hom (d1op, d1op) ONe gets a
weak equivalence

(3-7) CoendRﬁm <(5T0p) (T/ k, ]) — C(Rﬁm)r,k,j ((STop)O/

2 In Proposition 12.7 and Proposition 13.4 from [MS04] it is sufficient to consider elements

Fujet—1—"0ss

with k U j instead of k.
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3 THE OPERAD RL

which is also universal.
B) The chain complex case 6 = dz. We will show that the maps

(3.8) 07 : C(RLwk(0z2)* — E(RLw)k(0z)°
and
(3.9) 07 : E(RLw)kj(62)" = E(RLm)7x(0z)°

are trivial Reedy fibrations in Ch(Z)”. Indeed, the trivial Reedy fibrations are
objectwise trivial fibrations what implies the dz-reductivity. Moreover, since
0z is a standard system of simplicies, the dz-totalization functor Homep(z)(6z, —)
is a right Quillen functor. Then, the induced maps

(3.10) Coendr, (07) (k) — E(RLy)k(62)°
and
(3.11) Coendgy, (62)(T,k,j) = E(RLm)~x(6z)°

are trivial fibrations in Ch(Z).

Recall that the realization functors | — |5, and | — |5, preserve and reflect
the weak equivalences. Then, since G%)p and G%p are weak equivalences for
each n > 0, we deduce that for n > 0, the maps

(3.12) 0% : Z(RLw)k(62)" = E(RLm)k(62)°
and
(3.13) 0% : E(RLm)ckj(02)" = E(RLm)7kj(0z2)°

so are. It remains to show that 6%, and 6/ are Reedy fibrations in Ch(Z)
Let us denote by M, X the matching object of X. Since M,,cc&(R Ly )i(6z)°
E(RLy)k(0z)°, it is sufficient to show that

A

Lemma 3.13. The maps

(3.14) jn : C(Rﬁm)k((SZ)n — MnC(Rﬁm)k((SZ)*
and
(3.15) Jn P C(RLm)<kj(02)" — MuG(RLw)xj(62)",

induced by 0%, and 07} respectively, are surjective for each n > 1.

We postpone the technical proof of this lemma to Section 8.
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4 The relative surjection operad RS,

For m > 1, we define an operad RS ,, sub-operad of Coendx, (6z). We show
that the inclusion RS, — Coendg,, (0z) is a weak equivalence.

Let C = {c, 0} be the set of colours of RS,,, m > 1. Recall that a tuple
(c1, -, Ck4;) of colours of C determines a shuffle T € Sh(k, ).

As complexes, we set:
1. RSu(c1, . cic) i= E(RLw)k(6z2)°, if c; = cforall 1 <i <k
2. RSm(Cl, veey Ck+]'; 0) = C(Rﬁm)r,k,j(él)q

For (c1,...,cx) where ¢c; € € = {¢, 0}, we set

. 1 if Ci=2¢
Ci=19.
i ifc;=o.
A surjection f : {1,...,k+r} — {¢1,..., ¢} is called degenerate if there exists
an i such that f(i) = f(i+1).
Then, an element in RSy, (c1, ..., cx; ) is a sum of non degenerate surjections
f:A{l,...,k+r} — {c,...,c}. Indeed, a generator of the complex

E(RLm)xj(62)° = RLu(=, s —0) @ p14 02 ... @ bz

~

is represented by an element in RL,, (71, ..., figs js 0) without repetitions (that is
without doubles ii or ii in the integer-string representation); and similarly for
a generator of (R Ly, )r(6z)°. The degreeof f : {1,...,k+r} — {c1,...,¢} is
the total degree r = n; + ... 4 ny of the corresponding generator in

RL (71, v T4 50) @ (05 )y @ . @ (89 V-
Following [BB09] we define maps
0 : Coj(RLW)(62)" ® 07 = o j(RLW)(02)", 1 =0,

as follows. Let T € RSy = &rij(RLu)(62)° be a generator. We denote by
Ty € Goxj(RLw)(0z)" the element represented by the relative lattice obtained
by adding n vertical bars in its integer-string representation. Let us denote
by e, the generator of (6), = C,(Homa(—,[n]);Z), so that (6},), = Z[e,]
forn > 0. Let T € &rx;(RLw)(6z)° be a generator so that T is the class of
T®en @...Q ey, ; we denote TRey ®...0 enk+].] such a class. We define
94 (T ® ey) to be the signed sum of elements [Ty @ e,r ® ... ® eniﬂ] ; the sum
being over all possible relative lattices path of the form Ty. We extend ¢, on
Erkj(RLw)(62)° ® 6% as a cosimplicial map.
And similarly, we have maps

O 1 G(RLw)(0z2)° @ 0% — G (RLw)(62)".
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4 THE RELATIVE SURJECTION OPERAD RS,

Let us described the partial compositions of RS,,. For two surjections f €
RSm(c1,...,cr;c) and § € RSy (d, ..., dj; c;) we set

(4.1) folSg=foit,(g®eqn),

where 1(i) denotes the number of occurrences of ¢; in the surjection f (i.e. n(i)

is the cardinal of f~1(¢;)) and o; denotes the partial composition of Coendr z, (67)-
We extend the composition by linearity. Such partial compositions give an op-
eradic structure on RS,;,.

Example 4.1.
(121)° oFS (12) = (1312)° + (1231)°.

Proposition 4.2. The inclusion RL,, — Coendrr, (6z) is a weak equivalence of
operads.

Proof. The maps {9, }, induce, by adjunction,amap ¢ : RS,, — Coendg,, (6z).
Except for signs, the fact that ¥ is compatible with the operadic structures is
straightforward from the definition. Such a compatibility implies (and then
defines) the signs involved in the definition of 8,. In particular, signs can be
determined by an induction process on the dimension of the generators of
RS,

Moreover, let us denote by

7T : CoendREm ((Sz) — RS

the weak equivalence coming from both (3.10) and (3.11); it satisfies t¢’ = id.
Thus, ¢ is a weak equivalence. O

From the description of RL; in term of planar trees given in the next sec-
tion, we obtain a similar description for RS,. More precisely, elements in
RSx(cq, ..., c; ) are sums of planar trees as described in Section 5 with no ter-
minal vertices.

Proposition 4.3. As an operad, RS is generated by the following elements

1213---1k1), k>2

1213---1j1)°, j>2

and the two unit elements id. = (1) and id, = (1)°.
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Figure 4.1: Generators of RS».

5 The operad RL,

5.1 The operad RL; in term of trees

We describe an SC-split operad R L, in the category of sets, Set. Algebras over
this operads that we will consider are (family of) objects in Top or Ch(Z). This
is made possible by using the strong monoidal functor

Set -+ C

E'—)ch

ecE

where 1¢ denotes the unit for the monoidal structure ® of the cocomplete,
closed monoidal symmetric category C.

The operad RL; can be thought of as a mix between the Lattice paths op-
erads £, and £; introduced in [BB09]. The close part of R L, is the sub-operad
L, of multiplicative operads. The open part of RL, is the sub-operad £; of
cosimplicial O-monoids (cf. [MS04, Definition 2.1]). In Section 5.2 we define
the notion of stable wide bimodules over an operad so that a cosimplicial [-
monoids is a wide bimodule over the non-symmetric operad of associative

algebras ASSOC.

A multiplicative operad M is a (non-symmetric) operad endowed with an
inclusion ASSOC — M of non-symmetric operads.
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5 THE OPERAD RL,

The operad R L, encodes the couples (M, Z) subject to the following con-
ditions.

I. M is a (non-symmetric) multiplicative operad.

II. Z is a stable wide left-module over M; in particular, using ASSOC —
M, it is a wide left-module over ASSOC; this is a part of the following
structure III.

III. Z is a wide bimodule over ASSOC.

A stable wide bimodule is, in particular, an infinitesimal bimodule.

Lemma 5.1. [Tur10, Lemma 4.2] The structure of a cosimplicial vector space is equiv-
alent to the structure of an infinitesimal-bimodule over ASSOC.

Our operad RL; is closed to the operad & constructed in [DTT11, section
3.1]. The operad @ was constructed in order to obtain an action of a Swiss
Cheese operad on the pair (CC*(A, A), A) formed by an associative algebra A
and its Hochschild cochain complex CC*(A, A). We enlarge the (non-closed
part of the) operad & in order to obtain an action of a Swiss Cheese operad on
the couple (Tots, M, Tots, Z) where (M, Z) is a couple as above and Tots, (—)
denotes the dz-totalization. In particular, our open part takes into account the
cosimplicial structure of Z.

Recall from Section 3.1 that the set of colours of RL, is

Col = Col. U Col,,

where Col, is the set of natural numbers and Col, is the set of natural numbers
decorated with an underline.

By an abuse of notation, we call planar rooted tree its isomorphism class of
planar rooted trees.

Definition 5.2. Let T be a planar rooted tree. Let v be a vertex of T. We denote
by T, the maximal sub-tree of T such that v is the root vertex of T,.

For n;,n € Col,, the set RT (ny, ..., i; n) is the set of equivalence classes of
planar rooted trees T satisfying:

e a subset of the set of vertices of a tree T is indexed by the set {1, ..., k} L
{1,...,n} in such a way that:

- the vertices indexed by {1, ..., n} are only terminal vertices,

e the ordered set of edges originating at the vertex indexed by s € {1, ..., k}
is identified with [n; — 1].

The subset of vertices identified with {1, ..., n} benefits of an order given by
{1 < ... < n}. We require that this order coincides with the order which is
given by turning around the tree in the clockwise direction starting from the
root vertex. The equivalence class of equivalence is the same as in [DTT11,
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5.1 The operad RL, in term of trees

3.2.1]. Explicitly, it is the finest one in which two trees are equivalent if one of
them can be obtained from the other by either:

- the contraction of an edge with unmarked ends; or,

- removing an unmarked vertex with only one edge originating from it and
joining the two edges adjacent to this vertex into one edge.

Figure 5.1: Element in RL5(3,2,2;6).

Let (71, ...7k4;) be a tuple of colour in Col. We set {s1, ..., 5x1;} the set such

that
{Z if ﬁi = n;,
Si=y.

i ifn; =n;.

The set RT (71, .11y, j; 1) is the set of equivalence classes of planar rooted
trees T satisfying:

e asubset of the set of vertices of a tree T is indexed by the set {s1, ..., 54} U
{1,...,n} in such a way that:

- given a vertex v of T indexed by i € {sq,..., sk+]-} then, in the tree
T, there is no vertex different of v indexed by an element s; €

{S],..., Sk+]‘},

- the vertices indexed by {1, ..., n} are only terminal vertices,

e the ordered set of edges originating at the vertex indexed by s; € {s1, ..., x4}
is identified with [77; — 1];

e the root is decorated by an o.

The subset of vertices identified with {1,...,n} benefits of an order given by
{1 < ... < n}. We require that this order coincides with the order which is
given by turning around the tree in the clockwise direction starting from the
root vertex. The equivalence class of equivalence is the same as the previous
one.
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5 THE OPERAD RL,

Figure 5.2: Element in R7 (2,0, 3,3;5).

Figure 5.3: Element in R7 (2,2;6).

The composition maps in R7T are defined by substitution of trees into
marked vertices.

Figure 5.4: Example of composition.

Proposition 5.3. The two operads RLy and RT are isomorphic.

Proof. Recall that x € RLy(#j, ..., 1; 1) has an integer-string representation.
For each i, the number s; (which is i or i) appears n; + 1 times. We denote by s
the a-th occurrence of s; in this integer-string representation, so that 1 < a <
n; + 1.

Given a vertex v in a tree T, we denote by T the maximal sub tree of T
which has the a-th output of v as the root; outputs are ordered by the clockwise
order.
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5.2 The algebras over RL,

We proceed as in [BB09, Proposition 2.14]. For x € RLy(7y, ..., ;1) we
construct a labelled tree T, as follows. For each i, the tree T, has one vertex
v; indexed by s;. The number of outputs of v; is n; and is one less than the
number of occurrences of s; in the integer-string representation. We suppose
511 < s}. Then, by filtration hypothesis: either there existsa 1l < a < n; 4+ 1such

thatsf <s} <..< s}qﬁl < s and thenv; € T¢; or s/ < s} and then there
exists an unmarked vertex e such that v; € T. and v € Td for some p < g.

For n > 1, if sf and s?“ are separated by n-vertical bars, then TS[ is the
corolla C,, with 7 terminal vertices and an unmarked vertex. If sf < s;? are
adjacent and separated by n-vertical bars: either there exist an unmarked ver-

tex e and a r such that T, C TS[ and v; € T, then T:~1 is the corolla C,; or,

there exist a vertex @ and a p such that v; € T? and vj € T? +2, then TY s the
corolla C,,. Finally, if the integer-string has both n > 0 vertical bars preceding
all the s?" (foralll <i<kandalll < a; < n;+ 1), and m > 0 vertical bars
succeeding all the s?i (foralll < i < kandalll < a; < n; +1), then there
exists an unmarked vertex e with 3 outputs such that T} is the corolla Cy, T3
is the corolla C,, and T? contains all the vertices v;. The corolla C is defined as
the rooted tree with one unmarked vertex and no other vertices.

The tree T, is the minimal tree satisfying all these properties.

Note that filtration’s conditions tell us that for s} < s]l- with s; = i then 5" 1

<
s}. Thus, in this case, the tree T;, does not contain any marked vertex.

Conversely, let us take a labelled tree T € R7. One runs through the tree
T in clockwise direction starting from the root in such a way that one passes
exactly two times on each edges (once per sense). One assigns the number s;
each time one meets the vertex v; and one assigns a vertical bar each times one
meets a terminal vertex.

This way one obtains an isomorphism of operads formed by these two
assignments. O

5.2 The algebras over RL;

Let us fix a cocomplete, closed monoidal symmetric category (C, ®, 1¢, 7c).
We refer to [AT14, Definition 2.4-2.8] for definitions of right module, left mod-
ule, infinitesimal left module, bimodule, infinitesimal bimodule all over an
operad.

Definition 5.4. Let M be a (1-coloured) operad in C. A wide left module Z over
M is both a left module over M with a structure map

Ae: M(B) @ Q) Z(a (b)) — Z(A),

beB

for any sets A and B and « : A — B map of sets; a weak-left module over M
with a structure map

Ay : M(A)® Z(B) — Z(AU, B),
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5 THE OPERAD RL,

for any sets A and B and a € A, such that this is a part of the following struc-
ture. For any two sets A and B, and « : A — B map of sets, there is a map

Ay M(B)© Q) Z(a' (b)) = Z(AUB,),
beB

where B, := B\ Im(«), such that:
1. if « is surjective, then A}, = A,;
2. if Im(a) = b € B, then A/, = Aj; and,

3. all the diagrams of the following form commute

/
14

M(A) @ M(B) ® Qpep Z(a! (b)) —— M(A)® Z(CU By)
— o, — A

M(AU; B) @ ®pep Z(a' (D)) e, Z(CU (AU, By)),

i:C-5>B<> AU,B.
where

Definition 5.5. A wide left module Z over an operad M is called stable if there
are maps in C

ia: M(A) = Z(A)

for each set A, such that all the diagrams of the following form commute

14O ®pep la1(p) »
M(B) @ Qpep M(a™ (b)) ———> M(B) ® Qpep Z(a (D))

— oy — AL

L
M(AUB) — Z(AUB,),

wherea : A — B.

Definition 5.6. A (resp. stable) wide bimodule over M is a bimodule and an
infinitesimal bimodule all two over M such that their underlying left module
and infinitesimal left module structures are a part of a (resp. stable) wide left
module structure over M.

Definition 5.7. The non-symmetric operad ASSOC in Cis givenas ASSOC (n) =
1c forn > 0.
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5.2 The algebras over RL,

Let E be the category with objects the couples (M, Z) € C ® C satisfying
the three conditions I, II and III of section 5; and, with morphisms the pair
(f,g): (M, 2Z) — (M, Z") where f : M — M’ is a morphism of multiplica-
tive operads and ¢ : Z — Z' is a morphism of stable wide left modules over
M and wide bimodules over ASSOC.

Lemma 5.8. The category of cosimplicial [J-monoids in C is isomorphic to the cate-
gory of wide bimodules over ASSOC in C.

Proposition 5.9. [BB09, Proposition 2.14] The category of L1-algebras (resp. of Lo-
algebras) in C is isomorphic to the category of cosimplicial U-monoids (resp. of multi-
plicative operads) in C.

Proposition 5.10. Let C be a cocomplete, closed monoidal symmetric category with a
zero object. The category of R Lo-algebras in C is isomorphic to the category E.

Proof. We use the interpretation of RL; in terms of planar trees, see Proposi-
tion 5.3. Given a tree in RL; (71, ...7i; 1) we recall that {sy, ..., sx }, where

i if ﬁl‘ = n;,
Si = ~

i if np = ﬂi/
denotes the set that labels "open" and "close" vertices. The action of RL, on a
object (M, Z) of E is given as follows. One decorates the close marked vertex
indexed by i with an element x; € M([n; — 1]) and one decorates the open
marked vertex indexed by j with an element y; € Z([n; — 1]); the resulting ele-
ment in Z({1,...,n}) is obtained by composing the decorating elements along

the tree, using the module structures of M and Z.
Conversely, the vertices of type

\% give the maps A, for the left infinitesimal module structure; the

vertices of type give the maps A, for the left module structure; the
vertices of type give the maps A/ enlarging these two structures;
and the vertices of type givethemap:: M — Z.

One checks that the operadic structure of R L, and the action maps of R L,
on (M, Z) give the compatibilities so that one has a stable wide left module
structure on Z. d
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6 COSIMPLICIAL RELATIVE LOOP SPACE

6 Cosimplicial relative loop space

In this section we define a cosimplicial model w(X,Y) for the relative loop

spaces ()(X, Y), thatis, a cosimplicial space such that its d1,-totalization Tots,, w(X,Y)
is homeomorphic to Q)(X,Y). For (M, N) a pair of monoids pointed at the

unit * and such that N is a sub-monoid of M, we show that w(M, N) is en-
dowed with an additional structure. More precisely, we show that there exists

an RL-algebra (w(M),w(M, N)) associated to (w(M),w(M, N)) such that,

for 6 being 1, or 0z, the totalization (Totsw(M), Totsw (M, N)) is an algebra

over Coendg, (6).

Let us start by a definition.

Definition 6.1. Let (X,Y) be two topological spaces pointed at * and such
that * C Y C X. The relative loop space of (X,Y), Q(X,Y), is the space of
continuous maps 7 : [0,1] — X satisfying 7(0) = x and (1) € Y.

Definition 6.2. Let (X, Y') be a pair of topological spaces pointed at * such that
* C Y C X. The cosimplicial relative loop space w(X,Y) is the cosimplicial space
such that w(X,Y)? =Y, and w(X, Y)k = X*k x Y for k > 1, with

[ W

0
(X],‘ t /xk/y =
dl X1, /xk/y

( xlz"'/xi/xi/"‘/xk/y)/lSigk
dk+l (X],‘ te /xk/y =
(

X1, /xk,]//y)

X1, s Xiy Xijg2,0 - /xk,]/)lo S i S k'

i

S(X1,- /xk/y

Remark 6.3. For Y = %, the cosimplicial space w(X,Y) is the cosimplicial space
wX X {*} = wX that is a model for the loop space Q2 X described in [Sal09].

Proposition 6.4. The maps

O(X,Y) x AF = Xk xy
<’)’/ (tlr T rtk) = ('Y(tl)/’ o /’)’(tk)/ ’)’(D)/ ke N/

induce, by adjunction, a homeomorphism Q(X,Y) = Tot(w(X,Y)).

6.1 Cosimplicial relative loop space of monoids

Given a topological monoid M and a sub-monoid N, the totalization of the
cosimplicial relative loop space w(M, N) is homeomorphic to Q(M,N) =
Q(QBM,QBN) = O?(BM,BN) where B G denotes the classifying space of
the monoid G. From [Sal09] we know that w(M) can be seen as the cosimpli-
cial space coming from a multiplicative operad w(M). This property implies
that the totalization of w(M) is an E;-algebra.

In the same spirit we show that w(M, N) comes from w(M, N), which is
both a wide bimodule over ASSOC and a stable wide left module over the

multiplicative operad w(M). Then, one obtains that the couple of totalizations
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6.1 Cosimplicial relative loop space of monoids

(Totsw (M), Totsw(M, N)) is a Swiss Cheese algebra for 6 = o7, or 6 = 7.

The structural map of the operad w (M) is denoted by

y:w(M)(k) xw(M)(l) x - x w(M)(lg) = w(M)(l1 + - +Ik)
(f 81, 8) = v(fi 81+, 8k)-

Since w(M) has a unit, 1y is equivalent to infinitesimal maps

ot w(M)(k) x w(M)(l) = w(M)(l1 + -+ + 1)
(f,8) ¥ foig.

Explicitly, if f = (x1,..., %) and g = (y1,...,y;), then

(6.1) foigi=(x1,. ., Xi_1,XiY1, ., XY, Xix1,---, Xk),

see [Sal09].

The family w(M,N) = {w(M, N)(I)};>o has, as underlying spaces, the
spaces w(M, N)(I) := w(M, N);. A typical element in w(M, N)(I) is denoted
by a couple (g;n) so that g € M*! and n € N.

Let us define a stable wide left action. Fork > 1,1 <s <k, l; > 1 and an
order preservingmap f: {1 < --- <s} — {1 <--- <k}, we define

6.2) ¢ :w(M)(k) x w(M,N)(l1) x - x w(M,N) (L)
— W(M,N)(lj+ -+l +k—s)

by

¢'(f, (gm), ..., (gsins)) =
(r)/(f, 113(1)_1,8-1, nl‘B(z)_ﬁ(l)_l, g2 > ni, 1’12111‘3(3)_/5(2)_1, ..

k—B(s)—1y.
o, QDT 1My Mg B(s) )i - 11),

where, forn,m € Nand j > 0, n:=mn,...,nand nm/ := nm, ..., nm.
] ]
For s = 1 above, we get an infinitesimal left action
(6.3) Gi: w(M)(k) x w(M,N)(I) = w(M,N)(k+1-1)
(f, (gn) — (v(f; .., n);n),

1,...,1,4,n,
N—_———
i—1

forl1 <i<k.

For s = k above, we get a left action

(6.4)
¢:w(M)(k) x w(M,N)(I;) x -+ x w(M,N)(Iy) - w(M,N)(lL +---+Ix)

(f, (g1;11), - (1K) — (Y(f581, 82> 11,3 > Nafy, ey Q> M1 - - - 11); Mg -+ - M),
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6 COSIMPLICIAL RELATIVE LOOP SPACE

forallk>1and; > 1.
For s = 0 above, we set the inclusion

(6.5) t:w(M)(k) = w(M,N)(k)
f=(fi1),

forallk > 1.
The right action is given by

(6.6)
p:w(M,N)(k) x @w(M)(I}) x --- x @(M)(ly) = w(M,N)(ly + - - - + )

((fim)81s8) = (Y(fr81,---, 8k)i 1),
where 7 is the structural map of the operad w(M).

Lemma 6.5. The maps ¢', ¢, {¢; }; and p endow w (M, N) with a stable wide bimodule
structure over w(M). In particular, using the map ASSOC — w(M), the module
w (M, N) is a wide bimodule over ASSOC. With regard to the infinitesimal bimod-
ule structure over ASSOC, the corresponding (via Lemma 5.1) cosimplicial space is
w(M,N).

In virtue of the above Lemme 6.5, Proposition 5.10, Theorem 3.12 and Sec-
tion 1.3, we have

Theorem 6.6. Let (M, N) be a pair of topological monoids pointed at the unit *
such that N is a submonoid of M. Then the operad Coendrg,(dz), which is weakly
equivalent to the Swiss-Cheese operad C.(SC3), acts on the couple of totalizations
(Tots,w(M), Tots,w(M,N)).

6.2 Action of H,(SC;) on (H,Tot;,w (M), H.Tot;,w(M,N))

We write down a few operations on (Tots,w (M), Tots,w (M, N)) when (M, N)
is a pair of monoids pointed at the unit * with N submonoid of M.

The described operations are the sufficient to ensure the existence of an
H.(SC5)-algebra structure on (H, Tots, C+(M), H,Tots, (C.(M), C+(N))). They
form a part of the RS»-algebra structure we make explicit in the next section.

Recall that an algebra over the homology operad H,(SC») is a triple (A, G, f)
where A is an associative algebra; G is a Gerstenhaber algebra; and, f : G — A
is an algebra morphism such that f(G) belongs to the center of A, for example
see [HL13, Proposition 3.2.1].

For a cosimplial space K, the totalization Tot;, (K) is equal to IT,>0Z[K,]
with the differential usually given as the sum of the cosimplicial face maps. We
denote by K(n) the n-th component Z[K,]; the degree of an element f € K(n)
is n and it is denoted by |f|.

Let us recall a consequence of McClure and Smith’s work.
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6.2 Action of H,(SC,) on (H,Tots,w(M), H.Tots,w (M, N))

Theorem 6.7 ([MSO04]). Let O be a multiplicative operad. Then Tots, O is an E;-
algebra.

In particular, Tot;, O is endowed with a product, U, commutative up to a
chain homotopy Ej ;.
The product U on Tot;,w (M) is given by

6.7) fug:=(ue2g)orf,
for f, ¢ € w(M). We define an associative dg-product LI on Tots,w (M, N) by
(6.8) ulv:=¢(u;u,0),

for u,v € w(M, N) where ¢ is the map defined in (6.4).
In other words, for u = (f;m) and v = (g;n) we have

ulo = (f,g>m;nm).

The inclusion inc : Tots,wM — Tots,w (M, N) is given on its components
by

(6.9) inc: w(M)(k) = w(M,N)(k)
(a1,...,a5) — (aq,...,a1)

and it is a chain map.
From this, we easily deduce that

inc(fUg — (~1)18lgu f) Lu = inc(9E11(f;8)) Uu = linc(Er1 (f;8)) Lu),

for any homogeneous elements f, g € Tot;,w(M) and u € Tots,w(M,N). Fi-
nally, we define a chain homotopy H such that

inc(f)Uu — (=)ly Line(f) = 9H(f, u)

for any two homogeneous elements f € Tots;,w(M) and u € Tots,w (M, N).
We recall the infinitesimal left action g; defined in (6.3). The homotopy H is
defined as

(6.10) H(f, (gn) = Y (=)l (£ (g;n)),

1<i<k

for any f € Tots,w(M) of degree k and (g; n) € Tot;,w (M, N).
We have shown, in particular, the following.

Proposition 6.8. Let (M, N) be a pair of 1-connected monoids with N a sub-monoid
of M. Then the above operations (6.7), (6.8) and (6.9), induce an H,(SC»)-algebra
structure on the pair (H, Tots,w(M), H,Tots,w (M, N)).

41



6 COSIMPLICIAL RELATIVE LOOP SPACE

Geometric interpretation. Let us give a geometric interpretation of the above
operations by describing, on (QM, Q)(M, N)), the corresponding ones.

Given two paths in T and 7’ in M, we denote by 7 - 7/ the path 7 - 7/(t) =
T(t)7'(t) given by the product of M. For x € M, we denote by c, the constant
path at x.

The (associative up to homotopy) productin Q(M, N) is given by u,(vy,7') =
7Y e )

The (associative and commutative all two up to homotopy) product in
Q(M) is given by uc(y,7") = v7'. The inclusion of QM — Q(M, N) is given
by the inclusion of loops.

The inclusion and the multiplication in (M, N) provide a left action [ :
OM x Q(M,N) — Q(M, N) given by concatenation I(y, T) = 7. Since, M,
N are monoids, it is easy to see that the right action r : Q(M,N) x QM —
Q(M, N) given by translation/concatenation r(7,y) = T(7 - c()) is homo-
topic to the left one /.

Clearly, these operations induce an H, (SC;)-algebra structure on the pair
(H.Q(M), H.Q(M, N)).

6.3 Action of the whole operad RS>

The inclusion RS, — Coendg,(dz) implies an action of the operad RS> on
(Tots,w(M), Tots,w (M, N)). We describe this action.

To do that it is sufficient to write down explicitly the operations correspond-
ing to the generators of RS».

The close part of RS> acts as described in [Kad05]. We recall from Propo-
sition 4.3 that RS, is generated by uc, Ty, to, T; and inc. By a slight abuse
of notation, for an element T € RS»(cy, ..., Ck+j ci)d we write also T the corre-
sponding operation

—~——

T: (Tottgza])f?kﬂ — (Tots,w).—q,
where ﬂ;;u is either Tot;,wM or Tots,w (M, N) according to the colours
(Cl, ceey Ck+]‘; C).
The multiplication y. € RS2(¢, ¢; ¢)p acts as the product U in (6.7).
The trees Ty € RSa(¢, ..., ¢; ¢)ox 41 act as follows. For any f € w(M)(n) and

k
g1, ---,8k—1 € Tots,w(M,N), we have

Tk(f}glz---/gk—l) = Z :i:,)/(f/ 1i11gl/ 1i21g2/---1gk—11 1n7i1+w+ik_1)‘

O§i1+m+ik_1§nfk+l
is>0

The generator p, € RS2(0,0;0) acts as the product L in (6.8).
The generator T; € RS»(c,0,...,0;0)2i41 acts as follows. For each homoge-

-1
neous elements f € Tot;,w(M) and (hy;n1),..., (hj—1;nj-1) € Tots,w(M,N),
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the element Tj(f; (h1;11),. .., (hj—1;nj-1)) is given as

Y (R 1,y 1,
0<iy+ig+-+i;<n—j
is>0
where ¢ is the map defined in (6.4). In other words, T;(f; (h1;11), ..., (hj—1;1j-1))

0§i1+i2+“'+i/‘§7’l—j of

is the sum over ‘
is>0

(’)’(f, 1i1,h1,n1,. . .,Tl],l’lz >nq,.. ,I’l] > (Tl]'_l v lei’ll),
i

Mj«--MoNy,... Nj- - NNy ); Nj -~ N2N)

1’l—i1+...+ij

The generator inc € RS2(¢;0)p is the canonical inclusion of Tots,w (M)
into Tot;,w (M, N).

7 Relative cobar construction

Definition 7.1. Let (C, N) be a pair of dg-module such that C is a 1-reduced dg-
coalgebra (coaugmented, counital, coassociative) and N is a left C-comodule.
The relative cobar construction of (C,N) is the free graded QC-module on N,
QC ® N, with the following differential D.

The differential is given by: D = dg + d;, where d is the Koszul differential
of the module OC ® N induces by dc and dy; and d; is the quadratic part
induces by the quadratic part of the cobar construction QC and a twist with
the reduced C-comodule structure of N. We write the reduced coproducts
Vele) =Y ®@c?=Vc(c)—c®l-1®cand Vy(n) = Yz @n? = Vy(n) —
1 ® n. We have:

di(ste) =Y (-1) st @std, cec!
di(n) =Y stz'@n?, neN.

The augmentation € : QC ® N — k is given by € = eqc - en. The relative cobar
construction (QC ® N, D, €) is denoted by Q(C, N).

The action of QC is given by concatenation

agcny - QC®Q(C,N) — Q(C,N)

s'x1 @ @sly) @6 @ @styon) —slye---@styon,

and yields on Q(C, N) a QC-module structure in the category of dg-modules.
Data 7.2. Let us fix a pair of module maps (f : C — A,g: N — M), where:

e Cisa l-connected coaugmented dg-coalgebra;
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7 RELATIVE COBAR CONSTRUCTION

e Ais an augmented dg-algebra;
e N is a left dg-comodule over C with coaction cyy : N =+ C ® N;
e M s aleft dg-module over A with actionay : A®@ M — M.

We denote by f : QC — A the induced algebra morphism of f. Let

(7.1) (f,8) :QC®&N —» M

be the map f - ¢ whose the k-th component is
fog

A®M

M.

C®% o N

As an immediate consequence, (f,8)agc,n) = am(f ® g), so that (f, g) is f-
equivariant.

Now, we define a relative version of twisting cochain. We recall first that
the set of twisting cochains Tw(C, A) is the set of maps f : C — A satisfying
fUf =09f where f1U f, = pa(fi ® f) Ve and 9 denotes the usual differential
in Hom(C, A).

Definition 7.3. Let (f : C — A,g : N — M) a pair as in Data 7.2. The pair
(f,g) is called relative twisting if f is a twisting cochain and if

(7.2) g = apm(f ® g)en.

Proposition 7.4. Let (f,g) be a pair as in Data 7.2. Suppose f is a twisting cochain.
Then the following propositions are equivalent.

o The pair (f,g) is a relative twisting pair.

e The f-equivariant map (f,g) : QC ® N — M is a morphism of dg-modules.

7.1 Cubical model for relative loop spaces

In this section we define a model for Moore relative loop spaces. Given a pair
(X,Y) of topological spaces, pointed at * and such that x C Y C X, the Moore
relative loop space Qi (X, Y) is defined as

Oum(X,Y) = {(7,7) € X0t 5 [0,400) | 7(0) = *and y(t) = y(r) € YVt > r}.

We denote simply Qp(X, *) by QpX. The Moore path space Py X is defined
as

PuX = {(y,r) € X% % [0,+c0) | 7(0) = x and y(t) = y(r) V¢t > r}.

Let us start with a few definitions about cubical sets. There are extracted from
[KS05, Section 2.4].
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7.1 Cubical model for relative loop spaces

Definition 7.5. A cubical set Q is a graded set Q = {Q, },>0 with face opera-
torsdf : Q, — Qu_1,n > 1,1 <1i < mn e = 0,1, and degeneracy operators
7i:Qn — Qu+1,n > 0,1 <i <n+1,satisfying:

ddS =dfds,, i<

Niady  1<]
dinj =141 i=j
mds_y 1>

niMlj = fjwalli E<
The product of two cubical sets Q and Q’, is

(7.3) QxQ ={(Q@xQ)= U QxQi}/ ~

p+q=n

where (17p41(x),y) ~ (x,11(y)) for (x,y) € Qp x Q. The face and degeneracy
operators are induced by those of Q and Q' in the obvious way.

For n > 0, let I" be the cube of dimension n given as the cartesian product
of the interval I = [0,1]; then the cube I° is a point. Let X be a pointed con-
nected topological space. The cubical set Sing”X = {Sing})X},>0 is formed
by the continuous maps I" — X.

Let Q be a cubical set. We denote by CZ'Q the normalized chain complex
of Q. For a topological space X, C’X denotes the normalized chain complex
of Sing!' X.

Definition 7.6. A monoidal cubical set to be a cubical set Q with an associative
cubical multiplication p : Q x Q — Q for which a distinguished element e €
Qo is the unit.

The chain complex CYQ of a monoidal cubical set is a dg-bialgebra.

Definition 7.7. Let Q be a monoidal cubical set Q. A cubical set P is a Q-module
if there is an associative cubical map Q x P — P with the unit of Q acting as
identity.

The chain complex CIP of a Q-monoidal cubical set P is a C’Q-module.

Definition 7.8. For n > 0, a simplicial set K is n-reduced if Ky = --- = K, =
{*}-

Let X be a 1-connected space pointed at *. Let Sing! X = {Sing}X},>0 be
the simplicial set formed by the singular simplexes ¢, : A" — X such that
0, sends the 1-skeleton of A" to the base point * € X. For any topological
space Z, let us denote by ClZ the normalized chain complex generated by

singular simplexes whose the 1-skeleton is sent to the base point of Z; that is
ClZ = C.(Sing'Z).
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7 RELATIVE COBAR CONSTRUCTION

In [KS05] the cubical cobar construction Q™(Sing! X) on the simplicial set
Sing' X is constructed. It is a monoidal cubical set; it is shown to be homotopi-
cally equivalent to the monoidal cubical set Sing”Q X, cf. [KS05, Theorem
5.1]. In particular, taking the cubical chain complexes, one obtains Adams’
morphism [Ada56]

@ : CPOM(Sing' X) = QCIX — CPOyX,

that is a quasi-isomorphism of dg-algebras. In fact, since ® arise from a map
of cubical sets

(7.4) ¢ : QY (Sing'X) — Sing"Q X,

it is immediate that ® is a morphism of dg-coalgebras. Indeed, given a cubical
set Q, its cubical chain complex CY(Q) is a dg-coalgebra; the coproduct we
consider is the Serre diagonal defined using the face operator of Q (see [KS05,
2.4 equation (3)]). The compatibility of ¢ with the monoidal structures implies
that Adams’ morphism is a quasi-isomorphism of dg-bialgebras.

The construction of ¢ is realised by an induction process involving another
map p : PUSing! X — Sing! PX between the cubical path construction and the
cubical set of the path space PX. For a simplicial set K, the cubical set PVK is
defined as the twisted cartesian product ([KS05, Definition 4.2])

(7.5) PY(K) := QK x4, K,

where 1 : K — QUK is the universal truncating twisting function [KS05, Section
4]. The maps p and ¢ satisfy p(c’,0) = ¢(¢’) - p(e, ) where - stands for the left
action Oy X x PyX — Py X and where e € QX is the unit of the monoidal
cubical set, see [KS05, Proof of Theorem 5.1].

For a pair (K, L) of 1-reduced simplicial sets such that L is a sub simplicial
set of K, we define the relative cubical cobar construction Q9 (K, L) as the twisted
cartesian product

(7.6) O(K, L) :== QYK x. L,

where T : L — QYK is the inclusion L C K composed with the universal
truncating twisting function 77 : K — QUK.

It is easy to show that the concatenation Q“K x QY(K,L) — QY(K,L)
makes OY(K, L) into a cubical Q~K-module.

Let (X,Y) be a pair of 1-connected pointed spaces such that Y C X. We
defined a map of cubical sets

(7.7) ¥ QF(Sing' X, Sing'Y) — CPQM(X,Y)

as follows. The inclusion Y C X gives rise to an inclusion of cubical sets
O (Sing'X, Sing'Y) C PY(Sing'Y). The map v is defined as the restriction
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7.2 Unreduced (relative) cobar construction

Plao(sing! x,sing'y), and satisfies Y(0’, o) = ¢(0”) - (e, ) where - stands for the
left action induced by QX x Qu(X,Y) — Qu(X,Y). The map ¢ is then a
map of cubical modules. The fact that ¢ is a homotopy equivalence can be
deduced from the long exact sequences in homotopy induced by

OpX — Op(X,Y) = Y,and
|0Sing! X| — |QF(Sing' X,Sing'Y)| — |Sing'Y|,

using that ¢ is a homotopy equivalence.
By construction (see [KS05, (4) iii)]), we have

C.O5(Sing' X, Sing'Y) = Q(CLX, ClY).
Consequently, we obtain

Proposition 7.9. Let (X,Y') be a pair of 1-connected topological spaces pointed at *
such that x C'Y C X. The map ¢ : QP(Sing'X, Sing'Y) — Sing' Qp(X,Y) in-
duces a ®-equivariant morphism ¥ : C.QP(Sing' X, Sing'Y) = Q(CLX,ClY) —
CYOM(X,Y) that is a quasi-isomorphism of dg-coalgebras.

7.2 Unreduced (relative) cobar construction

With regard to its structure, this section is analogous to Section 6.1: we exhibit
a couple (Mg, Zp ) giving rise to the both unreduced cobar and relative cobar
constructions over a couple of a coalgebra/comodule (B, C) in the category of
algebras; the couple (M3, Zp ) is shown to be an algebra over R L.

Let (B, V) be an (ungraded) unital/counital bialgebra with counit € (i.e. B
is a counital coalgebra in the category of unital algebras) and let (C, V¢) be a
left B-comodule in the category of unital algebras.

Let us consider the unreduced cobar construction Q3, B given by

Q,B = (TB,D)

where D is the differential

n .
Dbi®...0by) =100 ®...0b,+ ) (1)1 ®...@ V(b)) @...Q by,
i=1

+(-1)""h®...0b,®1,

for b; € B. In the same fashion, we define Q,, (B, C) to be the unreduced relative
cobar construction

0,(B,C)=(TB®C,D’)
with differential

Db ®...0b,®c) =100 ®...Qb, ®c+

n .
+Y (1) ®..0Veb)®...0b@c+ (-1)""h ® ... b, ® Vc(c),
i=1
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7 RELATIVE COBAR CONSTRUCTION

forb; € B,c € C.

Let us fix some notations. For k > 0, B®f is an algebra for the product
(M ®@..0a4) he...00) = a1b1 ® ... aby. We denote by Vg)) = ¢,
Vg) = V3, and Vg() = (Vp® id)Vék_l) for k > 2. Since B is a bialgebra,
the tensor product B®K, k > 0, is: a left B-module with b< (b; ® ... ®@ by) =
V)(gk*l)(b) - (b1 ® ... ® by) where the dot - stands for the multiplication in B®¥;
and, a right B-module for (b1 ® ... ®@b)>pb = (1 ®... D by) - Vék_l)(b). For
c € C, let us denote V¢(c) = ¥ zV) ® c?), and more generally, <V1(3k—1) ®

id)Ve(c) = Y V.. @z gk,

Let us define Mp to be the following multiplicative operad (for instance
see [Men04]). For k > 0, we set Mp(k) = B®K.

The partial composition maps

B : My (k) @ Mp(l) — Mp(k+1—1),

for 1 <1i <k, are given by

(1®...0a4)0% (he...0) =
(11 ®..04, 104,41 ®...0b) a1 ®...Qag).

We denote by 7® the corresponding structural map of this operad. The multi-
plication y € Mp(2) is p = 1 ® 1. Its dz-totalization is the unreduced cobar
construction ), B.

We define Zp c as Zp (k) = B ® C for k > 0.

Let us define a wide left action of Mp on Zp .

Fork > 1,1 <s <k I; > 1and an order preserving map f: {1 < --- <
s} = {1 <--- <k}, wedefine

(7.8) A'g: Mp(k)® Zgc(h) @ ® Zpc(ls) = Zge(l+- -+l +k—s)
by

B
Mg (f, (g15¢1),- -, (8sics)) =
(v(f; 1ﬁ(1)71,g1,2(1) (ﬁ(2)*ﬁ(1)*1),gz > ng@)*ﬁ(l)) (1), (B(2)—-p(1)+1)

C]/“‘IZC1 ’ZCZ ch oo
s s ngslzl e zgf(s)fl), . .,zgffﬁ(s)) - -zgffﬁ(l)));
Cgk—ﬁ(S)H)Cg’i—lﬁ(S)JrZ) . Cgk—ﬁ(l)ﬂ))l

where 1P0-1.=1 ... 1.
N——r
B(1)—1
For s = 1 above, we get an infinitesimal left action

(7.9) AP Mp(k) @ Zpc(l) — Zpelk+1-1)
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7.2 Unreduced (relative) cobar construction

given by

)\iB((al®...®ak)®(b1®...®bl®c)> =

Y@ ®..00104<(@...00)® (41 ®...0a)>2 @),
(c)

forl1 <i<k.
For s = k above, we get a left action

(7.10) AP Mp(k) @ Zpe(h) @ - @ Zpc(l) = Zpe(l+ - + )

defined by

AP(f, (guicr),. o (8rick)) =

(Y(figrg2vzh), gz z®, gzl 2 e, - ).

For s = 0 above, we set an inclusion

(7.11) B Mp(k) — Zp (k)
f=(fi1)

The right action is given by

(7.12) 0% Zgck) @ Mp(h) ® - © Mp(l) = Zgc(li+ -+ 1)
((f;0),81,---,8) = (VP (f:81,---,8k)i0),

forany (f;¢c) =01 ®...@b®c € Zpc(k) and g; :b§®...®bfi e Mgp(ly).

Lemma 7.10. The maps A B AB, {AB};, 1B and pP endow Zg ¢ with a stable wide
bimodule structure over Mp. In particular, using the map ASSOC — Mgp, the

module Zg ¢ is a wide bimodule over ASSOC. With regard to the infinitesimal bi-

module structure over ASSOC, the dz-totalization of the corresponding (via Lemma
5.1) cosimplicial complex of Zp ¢ is Q, (B, C).

Proof. Tedious but straightforward. The compatibility of A’2 with the operadic
structure of M follows from the fact that C is a B-comodule in the category of
unital algebras.

Finally, we obtain

Theorem 7.11. Let B be a unital/counital bialgebra and let C be a B-comodule in
the category of unital algebras. Then the couple (Q,B,Q,, (B, C)) is an algebra over
Coendm;z ((Sz)
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7 RELATIVE COBAR CONSTRUCTION

7.3 Action of RS>

Let (M, N) be a pair of 1-connected topological monoids pointed at the unit
1 such that N is a sub-monoid of M. We explain how the following couple
(QCIM, Q(CIM,CIN)) can be endowed with an action of RS,. The opera-
tion are similar to the ones described in the previous section. However, the
absence of a unit in the reduced dg-bialgebra (C!M)* constrains us to write
down the operations "manually".

Let us fix an unital/counital dg-bialgebra (B, V) with counit €, such that
B = BT @ Z and with B; = 0; and (C, V¢) be a left B-dg-comodule in the cat-
egory of unital algebras. For example B = C!M and C = C!N. We recall that
the cobar construction QB is, in particular, given as the free tensor algebra over
s! B*. We adopt the same notations as in Section 7.2. We recall the Koszul sign
rule (f ® g)(a ®b) = (—1)Bll° f(a) ® g(b). We denote the reduced coproducts
V(b)) =Vg(b) —1®b—-b®1,Vc(c) = Ve(c) — 1 ® c. We denote

b1,.... 0] == () ... k)

The closed part of RS> acts on it, see [Kad05] for an example in Z, coeffi-
cients. The multiplication is the concatenation, and, for k > 1,

(7.13) E{,: QB® (QB)* — OB
is given by
Ei,k(f;gll ...,gk) = Zi[al, o <81, - < iy <Lks- - .,an]

where f = [a1,...,a,] and g; € OB.
In the same way, we can defined a multiplication

(714) 1, :Q(B,C)®Q(B,C) — Q(B,C)

[al,. . .,ak]c® [bl,. . .,bl]C/ — Zi[al,. v, Ay, (bl,. . .,bl) DZgl)]CIC(Z),
(c)

we recall that for ¢ € C, ¥ z ® @ denotes the coproduct V¢(c) so that
1 ® cis a term of this sum; and, a family of operation

(7.15) E;: (QB)® (Q(B,C))* — Q(B,C)
given by 7
Ei(f; (g1:c1), 0 (8ji¢j)) =
Zi[al,...,ail <1g1,ai1+1zg),...
e, ;<G (zgjl_)1 = -zg_l)), ey (,2'8_)1 e zg_l))]c]-cj_1 ey,
forany f = [ay,...,a,) and (g;;¢;) € Q(B,C).

We claim that, for appropriate signs, the operations (7.13), (7.14), (7.15) and
the inclusion of QB into Q(B, C) define an RS»-algebra structure on (QB, Q(B, C)).
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8 Proof of Lemma 3.13
A straightforward computation shows that, for n > 1,

MuG(RLw)ekj(0z)" = () Ker(=s"pas1 +5"ppsa),

0<a<b<n-2

where pe 1 (G(RLw)ckj(62)" )" = E(RLm)7xj(0z)" " denotes the projec-
tion on the c-th factor and s° : ¢(RLu)7cj(62)"* = E(RLw)7xj(6z)" denotes
the c-th degeneracy map.

Moreover, the maps j, and j, are given by s' & - - - @ s" L.

The proofs for the surjectivity of j, and j, are quite similar; we focus on jy,.

Letk>0andn >1land x; & --- @ x, € MuC(RLw)k(0z)* be an arbitrary
but fixed element. Let us fix I = {ay,4z,...,as} with1 < a3 <ay < --- < a5 <
n.

The family F = {x, },¢; is called complete if:

1. s"2x,, =s% lx, #0forr <u < v <s;and,

2. 5" 2x, = s 1y, =0, for1l < a < b < n whenever only one element
either x, or x;, belongs to F.

Note that a complete family F is maximal. Indeed, if F is a strict subfamily of
a complete family, then F is not complete since the condition 2 above is not
satisfied.

Recall that an element x € &(R Ly, )x(6z)" ! is representedby T ® f1 ® ... ®
fr where T is a (non-degenerate) integer-string with numbers between 1 and k,
and the coefficients f; € dz for each number 1 <i < k.

Suppose that, in the integer-string T, the (a — 1)-th vertical bar is between
the (k,—1 + 1)-th and the (k,_1 + 2)-th occurrences of the number i, ;. Then
s""1x is represented by s* 1T ® fi ® - -- ®sh1f;  ®--- @ fr where s" 1T is
the integer-string obtained from T by removing the (a2 — 1)-th vertical bar.
Note that if s 1x = 0 then sk-1f; = 0.

Foranelementx; @ - - ®x, € Mul(RLy)(0z)" wewrite T, ® f{ ® ... ® f{
the non-degenerate representative element of x,.

If s 2x, = s° lx, # 0 forsome 1 < a < b < n, then the two coefficients ff
and f? satisfy one of the following properties R1 - R4.

R1. They are equal.

R2. skg—2fl,” = skz—lfib_

R3. ski-2 fr= flb-

R4. f0 = skiafh,

Remark 8.1. If f# and f? satisfy R3 then:
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8 PROOF OF LEMMA 3.13

e thereisaj # i such that f]f‘ and fjb satisfy R4; and,

e f/ and flb satisfy R1 for all | # i, j;
If 7 and f? satisfy R2 then f]f‘ and f]-b satisfy R1 for all j # 1.
We say that the coefficients f and f! are related by:

e an equality, fi = Z-b, in case R1;

e acycle, f* < fP,in case R2;

e anarrow, f{' — fz-b, from f{ to fl-b in case R3;

e an arrow, fz-b — f{, from fl-b to fi'in case R4.

For instance see Figure 8.3.

Definition 8.2. A coefficient is called maximal if it is related to any other ele-
ment either by an equality or by an outgoing arrow.

Lemma 8.3. Letk > O0andn > land x1 ® -+ ® x, € Mu&(RLy)k(6z)*. Then,
for each complete family F = {x, }sc1, we have either:

a) there exists a unique 1 < ip < k such that, for any two indices a # b in I, the
coefficients f and f? are:

o related by a cycle if i = i,
o equal if i # ip;
or,

b) for each 1 < i < k there exists a coefficient f! which is maximal. Moreover, any
two maximal elements f* and f¥ are equal.

Proof. Let us remark that, for degree reasons, given an element f{ fora € I,
then the following configuration fl-b — fi — f{ isnot possible for any b,c € I.
One shows that a cycle cannot be maximal (that is, none of the coefficients
involved in a cycle can be related to another one uniquely by an outgoing
arrow or by an equality). Then, together with the previous remark, this implies
that if two elements f* and f” are maximal then there are equal. Also, from the
non maximality of the cycles, one deduces that either there are only cycles or,
there exists a maximal element. O

Let 7 = {x,} be a family with only one element; it is a complete family.
Let us fix 1.

C1. Suppose there exists Bg being the maximal number < a — 1 such that the
Bo-th vertical bar is attached to ip. This means that there exists k,Bo such
that the Bo-th vertical bar lies between the kg, + 1 and the kg, + 2 occur-
rences of i. Let Bo, B1, ..., B4 the maximal sequence of consecutive vertical
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bars i.e. the maximal sequence such that, for 1 < v < g, the B,-th vertical
bar lies between the (kg, 4 1)-th and the (kg, + 2)-th occurrence of iy with
k‘gv +2= k‘gv_l + 1.

(a) Suppose By < a — 1. We denote by DT, the integer-string obtained
from T, by adding both a vertical bar at the position (2 — 1) and an
occurrence of iy in such a way that the (a — 1)-th additional vertical
bar lies between the (kg, + 2)-th and the (kg, 4 3)-th occurrences of
10.

By B1 Po
T, = (---jiolig| - - - -- iolioliolio] - - - dolio - - -
ke, +1 kg, +2 kg +1 kg +2
Bq B1 Bo (a—1)
DT, = (---jiglig| -+~ iolioioliolio| - - - folio - - -

k‘3q+1 k‘Bq—i—Z kﬂo—f—l k50+2 kﬁo-‘r?}

Figure 8.1: T, and DT, in case By < a — 1.

Let y, be the element represented by
DLofi@ - @ff 1@F®fi,®---&ff

where Fi‘; = ZZié(—l)ﬁO*ﬁpdkﬁg'i'l_Pfl%'

(b) Suppose Bp = a — 1. We denote by DT, the integer-string obtained
from T, by adding both a vertical bar at the position (a—1) and an
occurrence of iy in such a way that the (a — 1)-th additional vertical
bar lies between the kg -th and the (kg, + 1)-th occurrences of i.

Let y, be the element represented by
DT, fi® - ®fi 1@F®fi & - ®f,
B gkn —
where Ff! = Zqzo(—l)/30 Prd*so pfl%.

C2. Suppose there is no maximal number < a — 1 such that the p-th vertical
bar is attached to iy. Then we define DT, as the integer-string obtained
from T, by adding both a vertical bar at the position (a2 — 1) and an oc-
currence of iy in such a way that the (4 — 1)-th additional vertical bar lies
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8 PROOF OF LEMMA 3.13

between the first and the second occurrences of iyp. We define y, as the
element represented by

DTu®f1”®'-'®fl%,1®Fl%®fl%+1®-“®f;f,
where F! =dlfe.
0 ]

Lemma 84. . Let F = {x,} be a family with only one element. With the notations
above, for each case Cla, C1b or C2, the element y, satisfies

Sb—ly _ ) Xa ifb=ua;
o ifb+#a

Proof. Straightforward. O

Let us suppose a complete family F = {x, },c; with card(I) > 2, satisfying
the property a of Lemma 8.3. For a < b two indices with a € I, let us denote
by k_, the integer such that the element s"2x, is represented by s" 2T ® f{ ®

e ® sk5—2ﬂ%_2 ®--- @ f¢. It b € Ithenij , =:ipasinaof Lemma 8.3. Similarly

k¢ | denotes the integer involved in s”~x, for b < a. For the sake of simplicity,
since we are interested only on the coefficients f', we drop the index i.
We remark that, fora,b,c € I:

ky_, =kj_,fora,c <b
ky_4 =kj_q fora,c >b

Recall that I = {ay, ...,a5}. We set

ki := kZi;l -1
ky := k2—2
ks := kZ;fz
ks = kziiz.
Then we get
(8.1) shi i = shHLf% forall 1 <i < j <s.

Moreover, if [ has at least 3 elements, then k; < k; whenever 1 <i <j <s.
Let us suppose there exists a index b ¢ I. We set

= kit —1forb <

=k, fora; < b.
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Lemma 8.5. With the notations above, let F = {x,}ac; be a complete family with
card(I) > 2, satisfying the property a of Lemma 8.3. Then, there exists an element
g € 0l such that:

o shitl = £ for 1 <i < s;and,
o ifb ¢ I, then s’h“g =0.

Proof. Tt is sufficient to prove the statement for the f* € ¢ considered as
generators of the complex 0, a € I. Then, we have f* = diédio-1 ... die; for
some i < i ; < --- < ij < t. Note that (8.1) says that v and t above are
invariant with a € I. For j > 2, let us denote by &; the maximal index among
the indices 1 < u < v that satisfy

P ki — (aj —1); or,
k]'—(l)éj—l)—f—l.

For each j > 2, the index «; can be placed into the increasing sequence ij; <
ir_y < .-+ < ij < tin such a way that the obtained sequence is increasing.
Following this way, we add die2, d'ss,..., diss to the element sk2sks - . . gks f% we
defines g as the resulting element. It is straightforward to check that g satisfies

the statement. O

In order to establish the following lemma, we need to perform a construc-
tion. Leta < b and x,, x; related by s*1x, = s*~2x, # 0. This implies that
the integer-strings T, and T}, satisfy s 1T, = s?=2T,. In other words, once re-
moved both the (a — 1)-th vertical bar of T, and the (k! ; + 2)-th occurrence of
i’ |;and, once removed both the (b — 2)-th vertical bar of T, and the (k! , + 2)-
th occurrence of i _, one gets the same integer-string. We suppose

(8.2) (AR

Then, we define T;; to be the integer-string obtained from T, by adding both
a vertical bar at the position (2 — 1) and an occurrence of i¥_; in such a way
that the (a — 1)-th additional vertical bar lies between the (k? | + 1)-th and
the (kb , + 2)-th occurrences of i ;. By construction, s* 'T,,, = T, and
Sb_lTa/\b =T

N\
S

Koo+1 K +2 K,+1 kK ,+2

Figure 8.2: T, in case kj _, > kZ71 and iy , # iZﬁl.

55



8 PROOF OF LEMMA 3.13

Lemma 8.6. Let F = {x,}qe] be a complete family with I = {a, ...,as}, s > 2.

i) Suppose F satisfies the property a) of Lemma 8.3. Supposes > 3or 1 = {a < b}
together with the property (8.2). Let y be the element represented by Ty pg, @
@ @ffl | ®g®fi' | ®- @ f* whereiqis as in a) of Lemma 8.3. Then

s"ly = x, forall a € 1. Moreover, if b ¢ I, then s*y = 0.

ii) Suppose F satisfies the property b) of Lemma 8.3. For 1 < i < k, let F; be the
maximal coefficient among the f:', ..., f{*. Let y be the element represented by
Tojpa, @ FI ® - - @ Fy. Then, s“‘ly = X, for all a € 1. Moreover, for b & I, one
has s’y = 0.

Proof. Casei). Clear from Lemma 8.5.

Case ii). We observe first that, by completeness of the family, one has
iZl_l = ile—l for all b,c > ay with b,c € I. Then, for b > a; with b € 1,
one has F; = f" whenever i # izl_l.
tion that the total degree y = Y5, | fi'] of the coefficients of x,, is invariant
under relations, that is here, y = ):f:l ] fib | forallb € 1.

It results that, given any b > a; with b € I, one has either:

This can be deduced from the observa-

1. FiZ = fl‘fﬁ and there is an arrow from FiZ to fz,lfll and F; = f/ for
- b-2 - b2
i # 1y or,
2. Fiz = f& ifc < b(or Fiz = f% if ¢ > b) and there is an arrow from
-1 b—2 - b-1

1 1 1

b . — fC i Y
FiZ—l to fiz_1 and F; = ff fori # i, ;.

The fact that s’~1y = 0 follows from the existence of an a € I such that
sko-1 fl”é = 0 where fl”é ) is maximal. O

Suppose that the complete family F = {x,},c; with I = {a < b} satisfies
the property a) of Lemma 8.3 and suppose k¢ , < k?_,.

In this case we define T%? to be the integer-string obtained from T, by
adding a vertical bar at the position (a2 — 1) together with an occurrence of
iy _, in such a way that the additional (2 — 1)-th vertical bar lies between the
(kj_, + 1)-th and the (kj_, + 2)-th occurrences of if_,. Thus, the (a — 1)-th
and the (b — 1)-th vertical of T;"” are separated solely by the (ki _, 4 2)-th oc-
currence of ij_,.

Similarly, we define Tg'b to be the integer-string obtained from T, by adding
a vertical bar at the position (b — 1) together with an occurrence of i’ ;| in such
a way that the additional (b — 1)-th vertical bar lies between the (k! _, + 2)-th
and the (k | + 3)-th occurrences of i’ ;. Thus, the (a — 1)-th and the (b — 1)-
th vertical of T#? are separated solely by the (k§ _, 4 2)-th occurrence of ij .
A brief investigation of the properties of F shows that such constructions are
possible.
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Lemma 8.7. Let F = {x;},e1 be a complete family with [ = {a < b}. Suppose F
satisfies the property a) of Lemma 8.3 and suppose k§ _, < kb_,.
Let y, be the element represented by

Tefi®-®fi @d " flafi e 8f,
and let yy, be the element represented by
b b
LYefie-efi,edtifiefi,eaf,

where iy is as in a) of Lemma 8.3 and Ty, T}*" are defined above.
Then s Yy, = x. for all a € 1. Moreover, the family

{xe ="y, 00 ="y}
satisfies the property a) of Lemma 8.3 together with k“LZ > kZLl.
Proof. Straightforward. O

Example 8.8. Let F = {x4, xp, x.} be complete family such that

soff = fland s f) = ff
s ff = ff and shifs = f3
Skléfzflb = skiflflc‘

Pictorially, we represent F as follows.

X, = &4 ? O ® 1 f2
<Sb2 a—1>

S
c—2 a—1
Xp = O—> —0O ® 52 ? Al st
b—1 ge—2
g sbfl
a—1 C C
Xe = —0O ® fi f2

Figure 8.3: A representation of a complete family.

An integer-string T of k numbers with v ordered vertical bars can be (in
part) represented by a sequence of k vertices together with v arrows and a
label (e.g. kj_;) for each arrow indicating its location T. In this example, we
have drawn only the arrows involved in the relation among x;, x;, x. without
mentioning their label.

The solution y given by ii) of Lemma 8.6 is represented by
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8 PROOF OF LEMMA 3.13

y= éﬁl "0 ® A f3

Figure 8.4: A representation of a solution for the complete family of Figure 8.3.

Definition 8.9. Let F = {x, },¢c1 be a family. The graph of F, denoted by G, is
defined as follows. The vertices of Gr are indexed by I; two vertices a and b
with a < b are related by an edge if and only if s’ 1x, = s*~2x;, # 0.

Definition 8.10. A family is called connected if its graph so is. Two families F
and F' are called disjoint if their graphs G and Gz are disjoint.

It is clear that an element x1 @ - - - ® x,;, € M, {(RLy)(6z)* can be decom-
posed into complete families and maximal connected families which are 2 by
2 disjoint. Moreover, we have seen that, for a complete family F = {x,}se],
there exists an element in the pre-image which vanishes outside i.e. there ex-
ists an element y such that: s 1y = x, foralla € I; and, s” y = O else. In fact,
this statement is true for maximal non connected families as well.

We dedicate the remaining part of this section in proving this.

Definition 8.11. A family F is starred at a if every other vertex of Gr is related
to the vertex a by an edge.

Lemma 8.12. Let F = {x; }4c1 be a maximal connected family which is not complete.
Let | be the maximal subset of I such that the family is starred at each element of |.
Then we have either the following Case 1 or Case 2.

Case 1: | = @. Then there exists, for each a € I, an element y, such that:

(@) s" 1y, = x,; and,

(b) the graph of the connected family {s"~ly,},c; is a strict sub-graph of
Gr.

Case 2: | # . Then, there exists a yj such that

#O0foracl;
sy = =x,fora € J;
=0fora &l

Moreover, there exists, for each a € I, an element vy, such that:

(a) s" Ly, = x,; and,

(b) the graph of the connected family {s"~ 'y, }yc; is a strict sub-graph of
Gr.
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Proof. Case 1: Leta € 1. Since | = @, there exists at least one b € I non related
to a by an edge. That is, at least one of the coefficients of a is involved in a
vanishing relation (with x;). Explicitly, by denoting by fi' such a coefficient,
we have skz—lﬁ% =0ifb<aor skZ—Zfl% =0ifb > a.

Suppose b > a. We pick a j and we define y, similarly to C1 and C2, as the
element represented by

DTu®f1a®"‘®f]'a_1®F]{1®f]ﬂ.1®"'®ff-

The case b < a is similar.

Case 2: The elements indexed by | generate a sub-graph G 7 which is com-
ple’ce3 . Using similar constructions/arguments than those in Lemma 8.6 and
Lemma 8.7, we get the existence of a solution y; such that

71 x, fora € J;
s Y=
Ofora ¢ I

One checks that the given solution y; satisfies also s* 'y; # 0 fora € I\ J.
Indeed, by construction, the coefficients of y; satisfy either:

e they are as in a) of Lemma 8.3; or,

e they are maximal coefficients among the coefficients of the x. for ¢ € ],
as in b) of Lemma 8.3.

The second case is clear. Indeed, since Gr is starred at each a € |, all the
coefficients of x, are not involved in any vanishing relation (among the x;, for
b € I). Thus, each coefficient f; of each element x. is related to f{ non trivially.
For the first case, a straightforward verification shows that the solution given
in i) of Lemma 8.6 and the solution given in Lemma 8.7 satisfy the required
property.

Foreacha € I\ ], the element y, is defined as in Case 1 of this proof. =~ [

Notation : let F = {x, },e; be a family; we denote by ||x,|| the number of
edges in the graph G r starting from a.

Let F = {x,}qser be a maximal connected family which is not complete.
Suppose | = @ as in Case 1 of Lemma 8.12. For each a € I, let us denote by I,
the maximal subset of I such that s” “ly, #£0forb € I,

From the definition of y, in Lemma 8.12 it is clear that, for each a € I, the
family F, = {s" "'y, }c;, is starred at a.

Then, by connectivity, for each a there exists b € I such thata,b € I, N .
This allows us to define two families obtained by exchanging some elements.

3Note that the family {x,}4¢] is not complete.
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8 PROOF OF LEMMA 3.13

Precisely, we denote by ]—";| , = 1Xcfeer,ul, the family defined by

s ly, force,\ (LNI);
Ty fore e Ip\ (I.N1);
s ly, force LN Iif ||sS Yyl > |[s¢ typ|| orif s Ly, = x4
sy, force LN Iif ||sSLyp|| > |5 Lya|| orif s Ly, = xp,

and we denote by F’ [12‘ p» = 1% teer,ni, the family defined by

1

sy, forc e I,N I if |[sS7Yy,|| > [[s typ|| orif s€ 1y, = x5
s ly, force LN if [|s¢ Lyl > |5 tya|| orif s Ly, = xp.

The family .F;lb contains x, and x;; the family ]-'flb is the by-product of this
"exchange". It is straightforward to check that both .F;lb and F az‘b are connected.

e (x”¢)

Figure 8.5: Example of graphs of F, and Fj, and the corresponding ones of

‘Ful\b and ]-'flb.

By connectivity, once formed ), there is an index ¢ € I such that ¢ €

b
(LUl,)NI,anda € ;NI orb € I, N I.. In the same way as above we define
the family 7, = F (1a| b)le” We repeat this until one exhausts I. We denote by

alble

.7-"11 the last (largest) family. Together with these families, come f§|b, fi\b\c""'
and F 12

Lemma 8.13. Let F = {x; }ac1 be a maximal connected family which is not complete.
With the notations above, suppose | = @. Then F} = F.
Moreover, suppose that for each of the families F2,, F>

pjer-r and F?, there is an

L
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element 22, z§| o And 23, respectively, such that

gu-1,2 _ )% forué¢ ,NI,N..N1,;
alol--la 0 foru¢L,NlN..NI,.

Then, the element
Y=Y ya— (22, + o +20),
ael

where the vy, are defined in Lemma 8.12, satisfies

b1y — xp forbel;
0 forb¢ I

Proof. Straightforward. O

Lemma 8.14. Let F = {x; }sc1 be a maximal connected family which is not complete.
Suppose | # @ as in Case 2 of Lemma 8.12. For each a € I\ ], let us denote
by 1, the maximal subset of I such that s®~'y, # 0 for b € I,. Then, the family
F = {s""a, 5"y Yoer, () is connected.

Let suppose that, for each a € 1\ ] as in Case 2 of Lemma 8.12, there exists a z,
such that

0 forb & I;
' 7lzg = (" lya forbe L\ {a};
sy, forb=a.

Then, the element

Y=y + Z(ya —2)

ac]
satisfies
bel;
-1y _ )% forb e [
0 forb¢ I
Proof. Straightforward. O
We conclude the proof by induction on s (the length of I) that ensures the
existence of the z2 and z,’s used in Lemma 8.13 and 8.14. O
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