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Abstract

The incompressible Navier-Stokes equations are considered in the two-dimensional strip R x
[0, L], with periodic boundary conditions and no exterior forcing. If the initial velocity is
bounded, it is shown that the solution remains uniformly bounded for all time, and that the
vorticity distribution converges to zero as t — oo. This implies, after a transient period,
the emergence of a laminar regime in which the solution rapidly converges to a shear flow
described by the one-dimensional heat equation in an appropriate Galilean frame. The
approach is constructive and provides explicit estimates on the size of the solution and the
lifetime of the turbulent period in terms of the initial Reynolds number.

1 Introduction

We are interested in understanding the dynamics of the incompressible Navier-Stokes equations
in large or unbounded spatial domains. In particular, for initial data with bounded energy
density, we would like to estimate the kinetic energy of the solution in a small subdomain at
a given time, independently of the total initial energy which may be infinite if the domain is
unbounded. In other words, we are looking for uniformly local energy estimates that would
control how much energy can be transfered from one region to another in the system.

This question is already interesting in the relatively simple situation where the fluid is sup-
posed to evolve in a bounded two-dimensional domain € C R?, with no-slip boundary condition
and no exterior forcing. In that case, if the initial data are bounded, it is well known that the
solution of the Navier-Stokes equations is globally defined in the energy space and converges
to zero, at an exponential rate, as t — +oo [7]. This certainly implies that the fluid velocity
u(x, t) is uniformly bounded for all time , but all estimates we are aware of depend on the size of
the domain €2 or on the total initial energy, and not only on the initial energy density. Indeed,
although the total energy of the fluid is a decreasing function of time, the fluid velocity u(x,t)
may temporarily increase in some regions due to energy redistribution in the system.

To control these fluctuations, it is rather natural to begin with the idealized situation where
the Navier-Stokes equations are considered in the whole space R?, with initial data that are
merely bounded. In that case, it is possible to prove the existence of a unique global solution
[14], provided the pressure is defined in an appropriate way [17]. The corresponding velocity
u(x,t) belongs to L>°(R?) for all £ > 0, but it is not known whether the norm ||u(-, )|/~ stays



uniformly bounded for all time. Early results gave pessimistic estimates on that quantity [14, 20],
but a substantial progress was recently made by S. Zelik [23] who showed that ||u(-,t)|| e cannot
grow faster than t? as t — oo, see Section 7 for a more precise statement. Still, we do not have
any example of unbounded solution, and it is therefore unclear whether the above result is
optimal.

The aim of the present paper is to address these issues in the the simplified setting where
the fluid velocity and the pressure are supposed to be periodic in one space direction. In other
words, we consider the incompressible Navier-Stokes equations in the two-dimensional strip
Qr =R x [0, L], with periodic boundary conditions. Our system reads

Oru+ (u-V)u = vAu — %Vp , divu =0, (1.1)

where u(x,t) € R? is the velocity field and p(z,t) € R the associated pressure. We denote
the space variable by = = (z1,z2), where z; € R will be called the “horizontal” coordinate
and zo € [0, L] the “vertical” coordinate. The physical parameters in (1.1) are the kinematic
viscosity v > 0 and the fluid density p > 0, which are both supposed to be constant. Besides
the pressure, an important quantity derived from the velocity u is the vorticity w = dyus — Oauq,
which satisfies the advection-diffusion equation

Ow+u-Vw = vAw . (1.2)

As was already explained, we want to consider infinite-energy solutions of (1.1), for which
the velocity field is merely bounded. We thus assume that, for any ¢ > 0, the velocity u(-,t)
belongs to BUC(£2},), the space of all bounded and uniformly continuous functions u : Q7 — R?
that satisfy the periodicity condition u(x1,0) = u(xy, L) for all z; € R. It is clear that BUC(£2r,)
is a Banach space when equipped with the uniform norm

[ull oo,y = sup [u(e)],  where |u| = (u +u3)"/* .
e,

If u € BUC(Qy) is divergence-free and if the associated vorticity w is bounded, one can show
that the elliptic equation —Ap = pdiv(u - V)u has a bounded solution p : Q5 — R such that
p(x1,0) = p(z1, L) for all z; € R. Moreover, there exists C' > 0 such that

Il oo () < CPL2HWH%°°(QL) )
see [13, Lemma 2.3] and Section 2.4 below. This is the canonical definition of the pressure, which
coincides (up to a constant) with the choice made in [14, 17] for arbitrary solutions of (1.1) in
BUC(R?). In the nonperiodic case, however, the pressure is only known to belong to BMO(R?).
Given divergence-free initial data uy € BUC(€y) with associated vorticity distribution wp,
we introduce the Reynolds numbers
L L?
B = Dol . Bo = 2 el (1.3
The following (already known) result shows that the Cauchy problem for equation (1.1) is
globally well-posed in the space BUC(2p,).

Theorem 1.1. [14, 1, 13] For any initial data ug € BUC(S) with divug = 0, the Navier-
Stokes equations (1.1) with the canonical choice of the pressure have a unique global mild solution
u € CY([0,+00), BUC(QL)) such that u(0) = ug. Moreover, there exists a constant C > 0,
depending only on the initial Reynolds number R,,, such that

Vit

L
M )lim@,y < C(LEYF7) . forall £20 (1.4)
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Existence of a unique global mild solution to (1.1) in BUC(€z) is ensured by the general
results of Giga, Matsui, and Sawada [14], which apply to the Navier-Stokes equations in the
whole plane R? with initial data in BUC(R?). The specific situation where the flow is periodic
in one space direction was considered by Afendikov and Mielke [1], with the motivation of
understanding the transition to instability in Kolmogorov flows. In the particular case where
no exterior forcing is applied, the results of [1] give an upper bound on ||u(-, )|/ which grows
linearly in time, and can be improved with little extra effort to provide estimate (1.4), see [13].
A further progress was made in [13], where the authors proved that |lu(-,t)|z~ cannot grow
faster than t'/¢ as t — oo. Moreover, several results were obtained in [13, Theorem 1.3] which
strongly suggest that solutions of (1.1) in Qj, should stay uniformly bounded for all time . For
instance, for all T' > 0, we have the following estimate

T rL IJZT
sup/ / |u(m1,x2,t)|2 drodt < C—
z1€RJO JO L

for some C' > 0 depending only on the initial Reynolds number R,. In addition, for all R > 0
and all T > 0, one finds

T 2
/ Ju(z, T)? dx—i—y/ / |Vau(z,t)|? dzdt < CV—<R+\/VT) , (1.5)
Br 0 JBg L

where Br = {(z1,22) € Qr||z1| < R}. Estimate (1.5) shows in particular that the energy
dissipation rate v|Vu(z,t)|? converges to zero on average as t — oo, and this in turn implies
that the solution w(z,t) approaches for “almost all” time the family of spatially homogeneous
steady states of (1.1), uniformly on compact subsets of €1, see [13, Section 8] for a precise
statement.

In this paper, we complement and substantially improve the results of [13] by showing that
any solution of (1.1) in BUC(y) remains uniformly bounded for all time, and converges as
t — oo uniformly on €y, to a simple shear flow of the form

Uoo(, 1) = ( ) . plat) =0, (1.6)

where ¢ € R is a constant and m(xy,t) is an approximate solution of the one-dimensional
advection-diffusion equation dym + coym = V@%m. Our main result can be stated as follows:

c
m(xy,t)

Theorem 1.2. For any divergence-free initial data ug € BUC(Qr) with bounded vorticity dis-
tribution wy, the solution of the Navier-Stokes equations (1.1) given by Theorem 1.1 has the
following properties :

1. (Uniform boundedness of the velocity) There exists C' > 0 such that, for allt > 0,
L
(Dl < C(Rut Ro+ (14 R)(RS + R2)) | (1.7)

where Ry, R, are given by (1.3).

2. (Uniform decay of the vorticity) There exists C > 0 such that, for all t > 0,

(5 I 0llmion)” < CO+ Ra)(ES + B2 (1.8)
3. (Exponential convergence to a shear flow) For any v < 272, we have
L vt
2l 8) = oo Dl = O(exp (<25)) .t =00, (1.9)

where us (,t) is given by (1.6) with c € R and Oym + cOoym — vd?m = O(e=21L%) g5 t — oo.



Remarks 1.3.

1. The constant C' in estimates (1.7), (1.8) is universal: the dependence of both members upon
the initial data ug and the physical parameters v, p, L is entirely explicit. Note also that inequal-
ities (1.7)—(1.9) involve only dimensionless quantities, such as the initial Reynolds numbers R,
and R,,.

2. The assumption that the initial vorticity wy = curlug be bounded is by no means essen-
tial. Indeed, due to parabolic regularization, any solution of (1.1) given by Theorem 1.1 is
smooth for positive time, and has a bounded vorticity distribution for ¢ > 0. More quantita-
tively, according to the existence proof given in [13], there exists a positive constant C' such that
[u(-,to) ||z < 2||upllre and v||Vu(-, o)L= < Cllugl?w if to = C~2v||ug||;%. The Reynolds
numbers (1.3) computed at time tq thus satisfy R, (tg) < 2R, and R, (o) < CR2.

3. It is well-known that all bounded solutions of the linear equation dym + cO01m = V@%m con-
verge uniformly on compact sets of R toward the family of spatially homogeneous equilibria,
because ||d1m(-,t)||L~ = O((vt)~'/?) as t — co. The same result holds for the nonlinear equa-
tion satisfied by the average vertical flow m(z1,t) in (1.6), because the additional term decays
exponentially as t — co. We thus deduce from (1.9) that all solutions of (1.1) given by Theo-
rem 1.1 converge uniformly on compact sets of €1y, toward the family of spatially homogeneous
equilibria of the form u = (¢q, CQ)T, with ¢1, co € R. It is interesting to note that this conclusion
is stronger than what one typically expects for general extended dissipative systems, see [12]. It
also follows from (1.9) that the Navier-Stokes equations in BUC(27,) have no other equilibria,
and that nontrivial time-periodic solutions or recurrent orbits do not exist.

4. By the parabolic maximum principle, the vorticity bound ||w(+,t)||ze is nonincreasing with
time, and (1.8) shows that this quantity converges to zero as t — co. As we shall see in Sec-
tion 6, when the vorticity Reynolds number L?||w(-,t)||1 % /v becomes smaller than a universal
constant (related to the Poincaré inequality), the system enters a laminar regime where the
solution rapidly converges to a shear flow. Thus, for large initial data, we can identify two
different stages in the evolution of the system: a long transient period, in which turbulence can
develop, and an asymptotic laminar regime described by (1.9). In view of (1.8), the lifetime T’
of the turbulent period satisfies vT/L? < CR® for some C > 0, where R = max(R,, R,,).

5. Although our motivation for using periodic boundary conditions is to shed some light on the
behavior of solutions to the Navier-Stokes equations in the whole plane R?, it is natural at this
point to ask what happens if we consider (1.1) in the strip Q7 = R x [0, L] with other conditions
at the boundary. If we assume that the velocity u vanishes on 9 (no-slip boundary conditions),
then the solution of (1.1) decays exponentially to zero as t — oo, see [22, 3]. We thus have the
analog of (1.9) with us, = 0. Another interesting possibility is to suppose that ugy = doug = 0
on IQ (perfect slip boundary conditions). In that case, if we extend the solution wu(z,t) to the
larger strip R x [—L, L] in such a way that u; (resp. ug) is an even (resp. odd) function of
the vertical coordinate o, it is easy to verify that the extended velocity field satisfies periodic
boundary conditions on R x [—L, L]. In addition, the vertical velocity is by construction an odd
function of z2, hence has a zero vertical average. It follows that (1.7), (1.8) hold, as well as
(1.9) with us = (c,0)" and v < 72/2. Finally, it is also possible to consider Navier friction
conditions, but this intermediate case has not been studied so far, and our approach does not
apply directly due to the lack of a priori estimate on the vorticity.

Combining the existence part in Theorem 1.1 with the uniform bounds and the decay esti-
mates in Theorem 1.2, we obtain the following final result which summarizes the main properties
of the solutions to the Navier-Stokes equations in the two-dimensional strip 7, = R x [0, L] with
periodic boundary conditions.



Corollary 1.4. For any uy € BUC(Q) with divug = 0, the Navier-Stokes equations (1.1) with
the canonical choice of the pressure have a unique global mild solution u € C°([0, +00), BUC(Qy))
such that w(0) = ug. Moreover, there exists a constant C > 0, depending only on the initial
Reynolds number R,, such that

L
;<Hu(-,t)HLoo(QL) + (Vt)l/ZHw(-,t)HLoo(QL)) <C, foralt>0, (1.10)

where w = Oug — Jouq.

Remark 1.5. The proof shows that the constant in (1.10) satisfies C < C'(R,, + RS) for some
universal constant C’ > 0, but we do not claim that this dependence upon the Reynolds number
is optimal. It is important to note that the decay rate of the vorticity w is faster in (1.10) than
in (1.8). This is because, in the asymptotic laminar regime described in Remark 1.3.4, we can
use estimate (1.9) and smoothing properties of the parabolic equation satisfied by m(x,t) to
show that w(z,t) decays actually like /2 as t — oo, see also Remark 1.3.3.

The rest of this paper is devoted to the proof of Theorem 1.2, which relies on previous results
from [13] and is also strongly inspired by our recent work on extended dissipative systems [12]. In
Section 2 below, we recall a few basic facts about equation (1.1) which were already established
in [1, 13]. In particular, we single out the important role played by the vertical average of the
velocity field, which cannot be estimated in a simple way using the Biot-Savart law and the
a priori bound on the vorticity. We also give an explicit formula for the pressure in (1.1). In
Section 3, we study in some detail the linear advection-diffusion equation (1.2) in €y, with
periodic boundary conditions, assuming that the velocity field u(z,t) is given. Using ideas that
date back from the pioneering work of Nash [19, 10], we establish an accurate upper bound on
the fundamental solution of (1.2) which shows that, if divu = 0 and if the first component u;
has zero vertical average, solutions of (1.2) spread diffusively as ¢ — oco. The core of the proof
begins in Section 4, where we control the evolution of the velocity and vorticity fields using
weighted energy estimates. This is strongly related to the approach developed in [13], although
the new formulation that we propose here is completely self-contained. Combining the weighted
energy and enstrophy estimates of Section 4 with the results of Section 3, we prove in Section 5
the first two assertions of Theorem 1.2, namely the uniform bound on the velocity field and the
decay estimate for the vorticity. In Section 6, we study the time evolution of small solutions
of (1.1) and show that they converge to shear flows as ¢ — oo, thereby concluding the proof
of Theorem 1.2. We also give a short proof of Corollary 1.4. Finally, some conclusions and
perspectives are presented in Section 7, while Section 8 is an appendix which contains the proof
of a technical lemma stated in Section 3.

Acknowledgements. The authors thank A. Mielke and S. Zelik for fruitful discussions. The
research of Th.G. is partially support by ANR grant DYFICOLTI from the French Ministry of
Research.

2 Preliminaries

In this section we recall some basic properties of equation (1.1) which were already established
in [1, 13], and we prepare the proof of Theorem 1.2 by performing a few preliminary steps.
2.1 Nondimensionalization

Our system contains three physical parameters: the kinematic viscosity v, the fluid density p,
and the width L of the spatial domain. All of them can be eliminated if we introduce the new



variables # = x/L € R x [0,1], f = vt/L? > 0, and the new functions @,@,p defined by the
relations

v _(x UVl v _/x vt py2~xm€
uwt) = za(gp) . wwn = po(pp). e =Ha(Tg) . @

In what follows, we work exclusively with the rescaled variables %, and the dimensionless
functions u, @, p, but we drop the tildes for notational simplicity. We thus consider the nondi-
mensionalized Navier-Stokes equations

Ou+ (u-V)u = Au—Vp, divu =0, (2.2)
as well as the corresponding vorticity equation
Ow+u-Vw = Aw . (2.3)

In both systems, since we impose periodic boundary conditions, it is mathematically convenient
to assume that the space variable x = (x1,22) lies in the cylinder Q@ = R x T, where T = R/Z
is the one-dimensional torus. Using (2.1), it is straightforward to translate Theorems 1.1 and
1.2 into their equivalent, nondimensional form. In particular, we observe that the Reynolds
numbers defined in (1.3) are now simply given by R, = |luo|| () and Ry, = [|wol| oo (-

2.2 Decomposition of the velocity

Let u(x,t) be a solution of the Navier-Stokes equation (2.2) given by Theorem 1.1. Due to the
incompressibility condition, the vertical average of the horizontal velocity

(ur)(z1,t) = /Tul(xl,xz,t)dxz (2.4)

satisfies 01(u;) = 0, and using (2.2) together with our definition of the pressure, which will
be presented in Section 2.4 below, one can also show that 9;(u;) = 0, see [1, 13]. Thus (u;)
is a constant which can be eliminated using an appropriate Galilean transformation, without
affecting our results in any essential way. In what follows, we assume therefore that (u;) = 0,
so that the velocity u(z,t) has the following decomposition :

0 ~
u(z,t) = (m(xl,t)> + u(zx,t) , where m(z1,t) = /TUQ(xl,xg,t) dzg . (2.5)

By construction we have (u) = [pudxs = 0, and it is straightforward to verify that the mean
vertical velocity m and the oscillating part @ = (71, Us) ' satisfy the evolution equations

oym + 61(ﬂ1ﬂ2> = 6%m R (26)
i1 + u101U1 + (m + U) Oty = AUy — O1p (2.7)
Oz + w101z + (M + U2) 02Uz + u1Oym — 01 (Urte) = Ay — Oap (2.8)

where the brackets (-) denote the vertical average, as in (2.4). In a similar way, we can decompose
the vorticity as w(z,t) = dym(z1,t) + &(x,t), where (©) = 0.



2.3 The Biot-Savart law

As is explained in [1, 13], the oscillating part of the velocity can be reconstructed from the
vorticity via the Biot-Savart formula @ = V'K % &, where V+ = (—=05,01)" and K is the
fundamental solution of the Laplace operator in 2 =R x T:

1
K(z1,22) = e log(2 cosh(2mxy) — 2(:08(2773:2)> , reR?. (2.9)

Explicitly, we have
u(zr) = / VK (z —y)&(y) dy | reQ. (2.10)
Q

In contrast, the mean vertical velocity m(x1,t) cannot be fully reconstructed from the vorticity,
and we only know that &;m = (w). Using the fact that 9, K € L'(Q2) and 0 (K —|x1]/2) € L'(f),
one can deduce from (2.10) that

]l o) < Cill@]lpeo@) < 201 ||l Lo S (2.11)

for some universal constant C7 > 0, see e.g. [13, Section 9.3].

2.4 Definition of the pressure

The pressure satisfies the following elliptic equation in @ =R x T:
—Ap = div(u-V)u = A(u?) + 202 (wuy) , (2.12)

where the second equality is an identity that holds for any divergence-free vector field u with
w = O1ug — dauy. Inverting the Laplace operator with the help of the fundamental solution (2.9),
we obtain the formula

p = —ul —20,K * (wuy) , (2.13)

which is our choice of the pressure in (2.2). Note that (2.13) gives, up to an irrelevant additive
constant, the unique solution of (2.12) that is bounded and periodic in the vertical direction.
(Other solutions, including for instance a nonzero pressure gradient at infinity, could be consid-
ered as well, but they would correspond to rather different physical situations.) As u; = uy, it
follows from (2.11) and (2.13) that

Pl (@) < Collwlfeqy » (2.14)
for some universal constant Cy > 0.

Remark 2.1. Estimates (2.11) and (2.14) will play a crucial role in our analysis. Indeed, the
parabolic maximum principle applied to (2.3) implies that the L® norm of the vorticity w(-,t) is
under control for all time. By (2.11) and (2.14), we thus have a uniform bound on the pressure
p and on the oscillating part @ of the velocity. But we recall that, by our choice of the Galilean
frame, the horizontal velocity u; has vanishing vertical average, so that u; = uy, see (2.5). So,
we have in particular a uniform a priori estimate on the horizontal velocity uq, in terms of the
initial vorticity wg. This information will allow us to derive sharp estimates on the solutions of
the vorticity equation in the following section.



3 Estimates for the vorticity equation

In this section, we assume that we are given a smooth divergence-free vector field u(x,t) on the
two-dimensional cylinder 2 =R x T, and we study the linear advection-diffusion equation

Ow+u-Vw = Aw , reQ, t>0. (3.1)

Our goal is to establish a priori estimates on the solutions of (3.1), in the spirit of the fundamental
work of Nash [19]. These estimates are well known when Eq. (3.1) is considered in the whole
space R™, but the case of the product manifold 2 = R x T is apparently less documented in
the literature (see however [9, 15, 16]). In any case, the proofs are rather standard, and we
reproduce them below for the reader’s convenience.

3.1 The Nash inequality in R x T
In the whole space R", it was shown by Nash [19] that there exists a constant C}, > 0 such that
142
175y < CallV il L 14y - (32)

for any f € H'(R")N L'(R™). In the cylinder Q = R x T inequality (3.2) does not hold, but we
have the following estimate, which can be interpreted as a combination of (3.2) with n = 1 and
n=2.

Lemma 3.1. There ezists a constant C > 0 such that, for all f € HY(Q) N LY(),
1/3 2/3 1/2 1/2
120y < Cmax{ IVl I1f 17500y IV A5 I 1y | - (3.3)

Proof. We mimick the proof of the classical Nash inequality [19]. Given a nonzero f € H'(2)N
L'(2), we use the Fourier representation

) = F(€) eié f = z)e %7 dp
) /Q f©) € au(e) . ) /Q f(x)e € de |

where = R x (27Z) is the dual manifold and p is the positive measure on Q defined by
/ B(&) dpu(€ / Z o(k,2mn) dk |

for any continuous function ¢ : Q) — C with compact support. Given R > 0, the Parseval
identity implies

2 _ ¢ 2 _ R 2 R 2
L@z = [ 17©F u(e) - /QR|f<£>| dpu(€) + /%If(ﬁ)l au(e), (34
where Qp = {¢€ € Q||¢| < R}. To estimate the right-hand side of (3.4), we observe that
| VFOR au) < 171wy O) < 110 62
. 2 1
JRIGIRICE /Q LR e < 251V ey

Q%



and it is easy to verify that ;(Qg) < max(R, R?) for any R > 0. We thus have

1
Hf”%?(ﬂ) < ”f”%l(n) max(R, R?) + ﬁ”vf”%%ﬂ) : (3.5)
If we now choose

IV iy £ 150 i 1V F 2@y < 1l
HVfW” ufmf” it V£l = 1oy

we see that (3.3) follows from (3.5). O

We use below an equivalent form of (3.3), which is called a ¥-Nash inequality in [9]:
Corollary 3.2. There exists a constant C > 0 such that, for all nonzero f € H'(Q) N L1(Q),

1flz2@ 11 20
£ ) ™ 1£1121 gy

IVfllzz) = Clifllrze { (3.6)

3.2 [P — LY estimates
Using Nash’s inequality, we next derive LP — L9 estimates for solutions of (3.1).

Proposition 3.3. Given 1 < p < q < oo, there exists a constant K1 > 0 (independent of u)
such that any solution of (3.1) with initial data wy € LP(SY) satisfies

K

R wollr(e) ,  £>0, (3.7)
r

lw(®)l o) <

Q[

where V() = min(t, /).
Remark 3.4. From now on we simply denote w(t), u(t) instead of w(-, 1), u(-,t).

Remark 3.5. We observe that V(¢) is, up to inessential constants, the volume of a ball of
radius v/ in the manifold = R x T. The fact that estimate (3.7) holds with a constant K
independent of w is intuitively clear, because the advection term w - Vw in (3.1) does not affect
the time evolution of LP norms of w.

Proof. Since the velocity field u(z,t) in (3.1) is divergence-free, it is well-known that, for any
p € [1,00], the LP norm of any solution of (3.1) is a nonincreasing function of time. This means
that (3.7) holds with K; = 1 and ¢ = p for any p € [1,00]. Thus it remains to prove (3.7) for
p =1, ¢ = 00, and the other cases will follow by interpolation, see [6, Section 1.1].

We argue as in [8, Proposition II.1]. Let w(z,t) be a solution of (3.1) with nonzero initial
data wy € L'(Q). Since the velocity field u(z,t) is divergence-free, a direct calculation shows

that
d

dt
To estimate the right-hand side, we use Nash’s inequality (3.6) which gives

w(z, t)?de = —2/ |Vw(z,t)*dz < 0, t>0.
Q

w(t)]|? w(t)||*
nvmwﬁmnzcmmwﬁmnmm{”(m”mﬁ” mmﬂm}, a0

HWOH%I(Q) ||w0||i1(Q)



since [lw(t)| 1) < llwollz1 (). Thus, if we define

@2

N(t) = , and (z) = min(z?, 23) ,

HWOH%l(Q)

we obtain the differential inequality N'(t) < —cyp(N(t)), for some constant ¢ > 0. It follows
that W(N(t)) > ct for all ¢ > 0, where ¥ : (0,00) — (0, 00) is the one-to-one function defined by

<wm::/w—3*w::{% IR T S

) ol r <1, A >,

Since ¥ is decreasing, we conclude that N(t) < W~1(ct) for all ¢ > 0, hence
lo®)l72(0) < llwollFr@¥~ (et) < lwollfigViet)™, >0,

where V (t) = min(t, /t). This shows that (3.7) holds for p = 1, ¢ = 2.

To complete the proof, we use a classical duality argument. Fix 7' > 0 and let w(z,t) be the
solution of the adjoint equation

ow—u-Vw = Aw , xeQ, 0<t<T, (3.8)

with initial data wy € L'(Q2). By construction the quantity [, w(z, t)w(z, T—t) dz is independent
of time, so that

/Q w(z, T)wo(z) d = / wol(2)w(z,T)dz .

Q
Applying (3.7) with p = 1, ¢ = 2 to the adjoint equation (3.8), we thus obtain

[ et Do) da] < ez @20 < Cllalzz ol VD)

and since wy € L*(Q) was arbitrary we conclude that [|w(T)| ) < CHWOHLQ(Q)V(T)_l/Q.
This proves (3.7) for p = 2, ¢ = oco.

Finally, combining both estimates above and using the semigroup property for the evolution
operator defined by (3.1), we obtain for any ¢t > 0:

C C?
lw®)ll @) < WHW@/Q)HB(Q) < WHWOHU(Q) ;

which proves (3.7) for p =1, ¢ = occ. O

3.3 Bounds on the fundamental solution

The solution of (3.1) with initial data wy can be represented as

w(z,t) = / Cu(z,y;t,0)wo(y) dy , reQ, t>0, (3.9)
Q

where 'y (z, y;t,t0) is the fundamental solution of the advection-diffusion equation (3.1). The
strong maximum principle implies that T'y(z,y; ¢, o) > 0 whenever t > tg, and it is also known
that

/Fu(x,y; t,to)dy = 1, and /Fu(x,y;t,to)dx =1,
Q Q

10



for all x,y € Q and all ¢ > ty (the last relation uses the assumption that divu = 0). Finally,
the semigroup property I'y(z,y;t,to) = [oTu(®, 2;t, s)Tu(2,y; s, t0) dz holds for all z,y € Q
whenever t > s > tg. We are interested in pointwise upper bounds on the fundamental solution
Iy, in the spirit of Aronson [5].

We assume henceforth that the first component of the advection field u = (uy,u2)" in (3.1)
has zero vertical average :

/ul(ml,mg,t) dxe = 0 s z1 €R , t> 0 s (3.10)
T

and is uniformly bounded:
igg“ul('at)HLw(Q) <M< 0. (3.11)

These assumptions are of course motivated by the application to the original equation (2.3), in
which the velocity field is obtained from the vorticity via the Biot-Savart law, see Remark 2.1.
They allow us to prove the following Gaussian upper bound on the fundamental solution.

Proposition 3.6. Assume that u is a divergence-free vector field satisfying (3.10) and (3.11),
for some M > 0. Then, for any X € (0,1), there exists a constant Ko > 0 (independent of u)
such that

Ky 21 — 1 ]?
A" Q t>0 3.12
where V() = min(t, /).

Remark 3.7. It is clear that (3.12) implies estimate (3.7) for p = 1, ¢ = oo, which was the
only nontrivial step in the proof of Proposition 3.3. However, as we shall see, the proof of
Proposition 3.6 is more complicated and requires stronger assumptions on the advection field u
than the rather elementary argument used in Section 3.2.

Proof. We follow the approach of Fabes and Stroock [10]. Let wp : € — R be continuous
and compactly supported, and assume moreover that wyg > 0 and wg #Z 0. By the maximum
principle, the solution of (3.1) with initial data wq satisfies w(x,t) > 0 for all z € Q and all
t > 0. Given any a € R, we define

w(z,t) = e " w(x,t), x=(x1,22) €Q, t>0. (3.13)
The new function w(x,t) satisfies the modified equation
dw +u-Vw + auyw = Aw + 2adw + o*w | (3.14)

where w7 is the horizontal component of the velocity field u. Since w is divergence-free, a direct
calculation shows that, for any positive integer p € N*,

d
—/ w(x,t)® dz = —2p(2p—1)/ w?P 2| Vw|? dx+2pa2/ w2pdx—2pa/ uw?? dz .
dt Jo Q Q Q

As p > 1, we have

219(219—1)/011)2”2!%!2@ > 2p2/ﬂw2”2!w!2dx = 2/9\%”!2(196.
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Moreover, it follows from that (3.10) that u; = dsvy for some v1 :  — R which satisfies the
uniform bound [|v1 (| e () < M/2. Thus, integrating by parts, we obtain

—2pa/ ww?® do = —2pa/ 821)1(11)”)2 dz = 4pa/ v1wP Orw? dz
Q Q Q

IN

2P|O‘|M/ [wP||O2w”|da < /(|pr|2+p2a2/\/12w2p> dz .
Q Q

Combining these estimates, we arrive at

d

T w(z,t)?P dz < —/ \Vw(z,t)P|? dz 4 o2 (2p +p2./\/12)/ w(z, ) de . (3.15)
Q Q Q

To simplify the notations we define, for all p > 1,
» 1/p
wplt) = Jwl Oy = ([ fo@@ ol de) ™, t20.

Applying Nash’s inequality (3.6) to the function f = w(-,¢)? > 0, we obtain the lower bound

wap(t)* wap(t)* }
wp(t)? " wp(t) J

/ |Vw(z,t)P2dz > Cwap(t)? min{
Q

for some universal constant C' > 0. Thus it follows from (3.15) that

C . w2 (t) Bp P
/ P 2 2
why(t) < —%[311:1121[14{( s ) way(t) + <1 +5M )wQ,,(t) . t>0. (3.16)
Remark 3.8. In [10, Section 1] the authors obtain a differential inequality of the form (3.16)
with 8 = 4/n, where n € N* is the space dimension. Here we have a combination of 5 = 4
(n =1) and f = 2 (n = 2) because we consider the cylinder Q@ = R x T. This makes the
inequalities (3.16) less homogeneous and more cumbersome to integrate.

Lemma 3.9. Assume that inequalities (3.16) hold for all p € {1} U S, where S = {2¥ | k € N*}.
Then for any € > 0 there exists a constant C¢ > 0 such that

e(1+5)a2(1+/\42)t
U)p(t) < Ce - p—2z
2

4083

w(0) , t>0, pes, (3.17)

where V() = min(t, /).

The proof of Lemma 3.9 being somewhat technical, we postpone it to Section 8, and assuming
that (3.17) holds we now conclude the proof of Proposition 3.6. Taking the limit p — oo in (3.17),
we obtain

Ce
<
- V(t)1/2
As in the proof of Proposition 3.3, a duality argument gives the same bound for |[w(t)|z2(q) in
terms of [Jwol|L1(q), S0 altogether we obtain

lw(®)ll o (0 IO AEMI 1 (0) | 2y, >0

CE €)a? 2

Finally, we return to the original equation (3.1). If we take a sequence of initial data wq
approaching a Dirac mass at some point y € €2, the corresponding solutions w(z,t) converge

12



by definition to the fundamental solution I';(z,y;¢,0). In view of (3.13), estimate (3.18) then
implies

Fu(x, yit, 0) < & e(1+e)a2(1+/\/12)t ea(m—yl) ’ (3.19)
V()
for all x,y € Q, all t > 0, and all & € R. If we now choose
_ 1 — Y1
2(1+€)(1+M2)t 7
we obtain from (3.19)
C. 21—y
Ty(z,y:t,0) < (— ) yeQ, t>0. 3.20
ul,931,0) < v TP a1 (M2 Y (3.20)
This gives (3.12) if € > 0 is taken sufficiently small. O

Remark 3.10. It does not seem possible to obtain estimate (3.20) for all time using the simpler
argument given in the proof of Proposition 3.3. The reason is that, when o # 0, we do not have
a good a priori estimate on the L' norm of w(x,t). The best we can deduce from (3.14) is

a2 «
w1 < [lwollr(a) elo”FlalM)t t>0,

which does not take into account the crucial assumption (3.10), and therefore cannot be used
to derive estimate (3.12) for large time.

4 Weighted energy estimates

We now arrive at the core proof of Theorem 1.2. In what follows, we consider a global solution
of the Navier-Stokes equations (2.2) in £ = R x T given by Theorem 1.1. Without loss of
generality, we suppose that the velocity field satisfies (3.10) for all ¢ > 0, so that u(z,t) can be
decomposed as in (2.5). We also assume that the initial vorticity wg = curlug is bounded, and
we denote M = ||wpl|pee. It then follows from the maximum principle that ||w(t)|p~ < M for
all £ > 0. Finally, we recall that the pressure in (2.2) is defined by (2.13). In view of (2.11) and
(2.14), we thus have ||u; (t)||p=~ < 2C1M and ||p(t)|| L=~ < CoM? for all ¢ > 0.

4.1 Energy density, energy flux, energy dissipation

As in [13], our approach relies on a careful study of the local energy dissipation in the system.
For any 1 € R and t > 0, we define

1 M?

clorst) = 5 [ JuCor,za, )P doa + o (4.1)
2 ) 2

1 2

h(z1,t) = <p(l“1,~’62,75) + §|U($1,$2,t)| >U1($1,$2,t) dzs , (4.2)
T

d(z1,t) = /]Vu(xl,xg,t)\Q dzsy (4.3)
T

as well as f(x1,t) = d1e(x1,t) — h(z1,t). The quantities e, f,d will be referred to as the energy
density, the energy flux, and the energy dissipation rate, respectively. It is clear that e(x1,t) > 0
and d(z1,t) > 0. Moreover, a direct calculation shows that the following local energy dissipation
law holds:

(3256(3:1,75) = alf(xl,t) — d(:ﬂl,t) s r1 €ER, t>0. (44)
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Finally, the initial energy density is uniformly bounded, and we have

L, o M?
e«(0) = 8116%6(35170) < §HUOHL°° + - (4.5)
1

The reason for including the constant M?/2 in the definition (4.1) of the energy density
will become clear in the proof of the following lemma, which provides a crucial estimate for the
energy flux in terms of the energy density and the energy dissipation.

Lemma 4.1. There exists a constant C3 > 0 such that
If1? < C3(1+ M)%ed , |01e|? < 2ed . (4.6)

Proof. We first estimate the inviscid flux h defined by (4.2). Since (u;) = 0, the Poincaré-
Wirtinger inequality implies that

1 d(zy,t
/T|u1($1,$2,t)|2 dry < R/T|32u1($1,$2,t)|2 dry < (Z;; ) :
Using (2.14) and Holder’s inequality, we thus find
M? M
‘/pul de‘ < CQMQ/ lui|dzs < CQ—dl/z < CQ—(Qed)l/2 , (4.7)
T T s 2

where in the last inequality we used the fact that e > M?/2. On the other hand, we know from
(2.5) and (2.10) that u; = u; = d9vy, where v1 = —K * @. In particular, we deduce from (2.11)
that [[v1]|pee < 5Ttz < C1M. Therefore

1
5/ |u|2u1 dry = —/(u-ﬁgu)vl dxs
T T

and using Holder’s inequality again we obtain

1
‘5 / |u?uy dao
T

Inequalities (4.7) and (4.8) imply that |h|> < CMZ2ed for some C' > 0. On the other hand, we
have 01e = fTu - O1udwsy, hence |01e? < 2ed by Hélder’s inequality. Since f = Oie — h, this
proves (4.6). O

< HleLm/ (ul|Gou| dzs < CyM(2ed)V/2 | (4.8)
T

4.2 Localized energy estimate

In what follows we denote 3 = C3(1 + M)?, where C3 > 0 is as in (4.6). By Lemma 4.1, the
energy flux satisfies

|f(z1,t)]* < Be(zy,t)d(z1,t) , rreER, t>0. (4.9)

Our goal is to control the solution (2.2) using localized energy estimates. Given p > 0, we
introduce the localization function x,(x1) = exp(—p|z1|), and we define

E® = [ xoedn, D0 = [ xleden e (@10
R R
for all £ > 0. We then have the following estimate on the localized energy E,(t):
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Proposition 4.2. Fiz T > 0, and let p = 1/\/BT where 5 > 0 is as in (4.9). Then

T
E(T) +%/ D,(t)dt < 4e.(0)\/BT , (4.11)
0
where e,(0) is given by (4.5).

Proof. Differentiating £, () with respect to time and using (4.4), we obtain

R R R
Since x| < pXp, it follows from (4.9) that

1 2
‘/ X;fdxl‘ < p/xp(ﬂed)1/2dx1 < —/Xpdd:cl%—ﬂ/xpedxl.
R R 2 Jr 2 Jr

Thus (4.12) leads to the differential inequality E(t) + iD,(t) < 1 p?BE,(t), which can be

2
integrated using Gronwall’s lemma to give

N[

T
E,(T) —1—3/0 D,(t)dt < E,(0) exp(% pZﬁT> .

Since E,(0) < e4(0) [ Xp(z1) dz1 = 2e.(0)/p, choosing p = (BT)~ /2 yields the desired result.
U

Remark 4.3. Together with (4.4), Lemma 4.1 implies that the Navier-Stokes equations in the
domain Q define a one-dimensional ”extended dissipative system”, in the sense of [12]. This
point of view was thoroughly exploited in [13], where results similar to Proposition 4.2 were
obtained using a slightly different approach. In particular, one can verify that estimate (1.5)
with R = VUT is equivalent to (4.11).

4.3 Localized enstrophy estimate

We now perform a similar analysis at the level of the vorticity equation (2.3). In analogy with
(4.1)—(4.3) we define, for all 1 € R and all ¢ > 0,

1
6(5[71,75) = 5/ |w(m1,x2,t)|2d:c2, (413)
T
1
C(.%'l,t) = §/w($1,1‘2,t)2ul(1'1,1'2,t) d.%'g s (414)
T
d(z1,t) = /\Vw(xl,xg,t)\Q dzs (4.15)
T

as well as ¢(z1,t) = de(xy,t) — ((x1,t). Using (2.3) we obtain the local enstrophy dissipation
law
ate(xl,t) = 81¢(£C1,7f)—(5(£61,7f) s r1 €ER, t>0, (416)

and we have the analog of Lemma 4.1 :

Lemma 4.4. There exists a constant Cy > 0 such that

9] < Cu(1+ M)?e6 01> < 2¢0 . (4.17)
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Proof. We proceed as in the proof of Lemma 4.1. As u; = dpvy with ||v1]|pe < C1 M, we have

I<| = ‘/Tw(agw)vl dxo

< ||v1\|Loo/ ([P dars < CLM(2e5)V/2 |
T

Since ¢ = d1e — ¢ and |01¢]? < 2e by Holder’s inequality, we obtain (4.17). O

As in (4.10) we define the localized enstrophy and the corresponding dissipation by

Eyt) = /Rxp(xl)a(ml,t) dzy D,(t) = /Rxp(xl)é(xl,t) dzy . (4.18)

We then have the following estimate :
Proposition 4.5. There exists Cs5 > 0 such that, if T > 0 and p = 1/v/BT, then

T
£,(T) +% BEIONE 05(1+M)e*(0)% . (4.19)

Proof. Proceeding as in the proof of Proposition 4.2, we obtain for £,(¢) the differential in-
equality
1 C
E)(t) + 5Dy(t) < 74(1 +M?PPE (),  t>0. (4.20)

Since w? < 2|Vul?, we have e(x1,t) < d(x1,t), hence E,(t) < D,(t) for all ¢ > 0. Therefore
(4.11) implies

T T
/ £,()dt < / D,(t)dt < 8e.(0)\/BT . (4.21)
0 0

In particular, there exists to € [0,7/2] such that &,(tg) < 16e,(0)y/B/T. Integrating (4.20)
between ¢y and 7" and using (4.21), we thus obtain

1 T

ENT)+5 | Dpt)dt < E(to) +4Cu(1 + M)?p?e.(0)\/BT . (4.22)
to
This gives the desired result since tqg < T/2, p = 1/\/BT, and 3 = C3(1 + M)2. O

5 Uniform estimates for the velocity and the vorticity

Combining the weighted energy estimates of the previous section with the bounds on the fun-
damental solution of the vorticity equation obtained in Section 3, we are now able to prove
assertions 1) and 2) in Theorem 1.2. We keep the same notations as in Section 4. In particular,
we assume that u(x,t) is a solution of (2.2) with bounded initial velocity ug and vorticity wy,
which satisfies (3.10), and we denote M = |lwgl|z. In view of (2.11), the horizontal velocity u;
satisfies the bound (3.11) with M = 2C; M.

5.1 Uniform decay of the vorticity

Proposition 5.1. There exists a constant Cg > 0 such that
1
oo < Co(1+ Men(0)—=, >0, (5.1)
NG
where M = ||wo|| () and e.(0) is defined in (4.5).
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Proof. Since ||w(t)||p= < M for all t > 0 and e,(0) > M?/2, it is clear that (5.1) holds with
Cs = 2v/2 whenever ¢t < 2(1 + M)2. Thus we assume henceforth that ¢ > 2(1 + M)?2, and
given such a time ¢ we denote T'=t —1 > t/2 > 1. We also define A = /BT = 1/p, where
B = C3(1+ M)? is as in (4.9). Using the fundamental solution I', introduced in Section 3, we
decompose

wlevt) = [ Tyt Toln. D)dy+ [ Tule,it, Dol T)dy = wr(at) + walat).
Ql QQ
where Q) = {z € Q||z1] < A} and Q2 = {x € Q||z1| > A}. In view of Proposition 3.3, we have

sup w1 (z, t)[* < Kf/ w(y, T)* dy < Kfe/ Xp(y1)|w(y, T)*dy |
€N 921 Q

because x,(y1) = exp(—ply1|) > e~! when y € Q. Using Proposition 4.5, we thus find

1
sup |wi(z,1)[* < 2K7e&,(T) < (2K7e)Cs(1 + M)e.(0)— . (5.2)
€ ﬁ
To bound wsy, we use Proposition 3.6 which gives, for any A € (0,1),
lwa(z, t)| < Kg/ exp(—)\M)\w(y,T)]dy , reQ. (5.3)
N Q2 4(1+M)2

In particular, if |z1| < A/2, we have |x1 — y1| > A/2 whenever y € Q9, hence using the a priori
estimate |w(y,T)| < M we find
e )\22

t) < 2KoM ———)dz < 8KoM
o) < 281 [ (-5 ) <

(1+M)?

A2
i La)

P (_ 16(1+M)?

Since A? = BT = C3(1 + M)?>T, M =2C1 M, and T > (14+M)?, we conclude that

1 ~ M
sup  |wa(z,t)] < CM(14+M)—e7/¢ < ¢ — | (5.4)
|x1|<A/2 \/T \/T
for some C,C' > 0. Combining (5.2), (5.4) and using the fact that 7' > ¢/2 > 1, we obtain
1
sup |w(z,t)]? < Cg(1 + M)e.(0)— , t>2(1+M)?, (5.5)
|z1|<A/2 \/Z

for some Cg > 0. Now, it is clear that estimate (5.5) still holds if we replace the vorticity
w(zy,x2,t) by w(xi—a,ze,t) for any a € R, because equations (2.2), (2.3) are translation in-
variant in the horizontal direction, and the right-hand side of (5.5) involves only translation
invariant quantities. Thus in (5.5) we can take the supremum over all x € 2, and this proves
that (5.1) holds for all ¢ > 2(1 + M)?2. O

5.2 Uniform bound on the velocity field

Proposition 5.2. There exists a constant C7 > 0 such that
lu@lz=e) < Cr(lwoll o) + M+ (1+M)eu(0)) ,  £>0, (5.6)

where M = ||wo|| () and e.(0) is defined in (4.5).
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Proof. If u(x,t) is decomposed as in (2.5), we already know that ||t(t)||fee < 2C1||w(t)||re <
2C1 M for all t > 0. Thus it remains to bound the mean vertical velocity m(xy,t). The integral
equation corresponding to (2.6) reads

t
m(t) = S1(t)ym(0) — / D151 (t — 5)(T1 (s)Ta(s)) ds | (5.7)
0
where m(t) = m(-,t) and S;(t) = 7 is the heat semigroup on R. By Proposition 5.1, we have

@)z < 4CT|w®)li~ < 4CFCs(1+ M)ex(0) t>0,

1
\/z )
hence
P llas)l~

0 V7(t—s)

[m(®)l|ze < [[m(0)|| L= + ds < [m(0)][z + 4v/TCTCo(1 + M)e. (0) -

We conclude that, for all ¢ > 0,
[u@®llre < @)l + [mE)|lLe < 2C1M + JJug||z~ + 4y/TCTCo(1 + M)e.(0)
and (5.6) follows. O

Remark 5.3. According to (2.1), to translate our results back into the original variables we
have to replace ||u(t)||z by L|ju(t)||e /v, ||w(t)||ze by L?||w(t)||z /v, and t by vt/L?. Thus
||| oo is replaced by Ry, and M = |[wg||ze by R, Since e,(0) < 2M?+ 1||ug||?, we see that
(1.7), (1.8) follow from (5.6), (5.1) respectively.

6 Exponential decay in the laminar regime

Finally we prove assertion 3) in Theorem 1.2. As is clear from Proposition 5.1, any solution
of (2.2), (2.13) with bounded initial data satisfies ||w(t)||z~ < 472 for t sufficiently large. In
this section, we assume that the velocity field satisfies (3.10), and that the initial vorticity wy is
small enough so that
_ llwollze
472

If the solution wu(z,t) is decomposed as in (2.5), we define, in analogy with (4.1)—(4.3),

<1. (6.1)

_ 1 [
Sz1, 1) = 5/ (1, 29, 1) dos | (6.2)
T

~ 1 o\

h(zi,t) = (p+ §\u(x1,x2,t)\ )ul(xl,xg,t) dxy (6.3)
T

d(z1,t) = / V(21,20 t)|? das (6.4)
T

~ o~

as well as f(z1,t) = 01e(z1,t) — h(z1,t). Using (2.7), (2.8), it is not difficult to establish the
modified energy dissipation law

~ ~

8,5@(.%’1,15) = 31f(1‘1,t) — d(ml,t) — /g\(xl,t) , r1 €ER, t>0, (6.5)

where g = (0ym)(u1tz). As in Lemma 4.1, we then have
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Lemma 6.1. There exists a constant Cg > 0 such that

FI? < Csw?d ., [g] < wd . (6.6)

A< 4
6_8 )

Proof. The first and the last estimate in (6.6) follow immediately from the Poincaré-Wirtinger
inequality, if we observe in addition that |0ym| = |(w)| < [Jwo||zee. To bound h, we proceed as
n (4.7) and (4.8). We find

‘/paldxg‘ S CQHWOH%OO/‘@l’de S Clﬁl26/1\1/2 s
T T

1 [ on
'5/’“’2711 dxy

In the last inequality, we used the fact that both |[v1||L~ and ||u|| L~ are bounded by C||wo || Lo~
Thus we have |h|2 < Ckd, and we also know that |Ore)? < 2%ed < C’/{Qd Combining these
estimates and using the assumption that x < 1, we obtain |f \2 < Cgk? d for some Csg>0. O

and

< HleLoo/ (@105 das < CH2AV2

Proposition 6.2. If the initial data satisfy (6.1), then for any € > 0 there exists a constant
Co > 0 such that

a+1 C 2
sup/ e(xy,t)dxry < 19—'%6_%/2 , t>0, (6.7)
a

a€eR Ja—1 - R

where v = 872(1 — €)(1 — k).

Proof. Following the approach developed in [12, 13], we first establish a differential inequality
for the energy density € defined in (6.2). Using (6.5) and (6.6), we find

0w, t) < 01 f(@1,t) = (1= R)d(@1,t) < 01 f(wr,t) = nf(@r, 1)’ —elert) . (68)
where 1,y > 0 satisfy Cgr?n + /(87%) = 1 — k. For definiteness, we take ¢ € (0,1) and choose

e(l1 — k)

n = “CorZ v =811 —e)(1 k). (6.9)

Inequality (6.8) can be written in the equivalent form
d; <€(:c1,t) e“/t) < ot <81f(a:1,t) - nf(:cl,t)2> .,z €eR, t>0. (6.10)
To exploit (6.10), we fix T' > 0 and we introduce the integrated flux
T o~
F(xl):/ [z, t) e dt, r1 €R,
0
which can be estimated as follows :

F(x1)2 < (/OTe“/t dt) </OT f(xl,t)Q et dt> < £</ f x1,t th dt>

Integrating both sides of (6.10) over ¢t € [0,7], we thus obtain

ez, T) T —8(21,0) < F'(z1) —nye T F(x1)?, z1 €R. (6.11)
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In particular, we see that the integrated flux F'(x) satisfies the differential inequality
F'(z1) > —&.(0) +nye T F(x1)?, r1 €R, (6.12)
where €,(0) = sup,,eg €(z1,0) < 2CF||wo||?«. Now, it is easy to verify that any solution of
(6.12) that is globally defined on R necessarily satisfies
2 I
F(z1)* < —e.(0) , forall z; € R, (6.13)
nmy

see [12, Proposition 3.1] for a similar argument. So, if we integrate (6.11) over =1 € [a—1,a+1]
and then use (6.13), we arrive at the inequality

a+1 eT/2
T / o(z1,T)dzy < 26,(0) + F(a+1) — F(a—1) < 26,(0) + 2 COLE . (002 |
a—1 ny

which gives (6.7) since n,v are given by (6.9) and €,(0) < Ck? with x < 1. O

Proposition 6.2 shows that the oscillating part u(x,t) of the velocity converges exponentially
to zero as t — +oc in the uniformly local space L% (Q), whose norm is defined as follows :
a+1
[l = s [ [ [P dzadon
ul a€R Ja—1 JT

see e.g. [4, 11]. To conclude the proof of Theorem 1.2, it remains to verify that we also have
exponential decay in L>°(€). This follows directly from the following result:

Lemma 6.3. Assume that u(z,t) is a solution of (2.2), (2.13) satisfying
sup (g0 + ol ) < N (6.14)
for some N > 0. Then there exist positive constants T,C1g such that, for all t > 0,
[a(t + 7)) < Crollu(®)l 12 (q) - (6.15)

Proof. We use equations (2.7), (2.8), which can be written in the compact form

Ou + 01 A1 (u) + rAs(u) + B(u) = Au, (6.16)
where
/\2 o~ o~
+p (m + ua)uy ) < 0 )
Ay = (TP )4, = T ., B=|. .
! <U1U2 — <U1U2>> 2 <(m + ug)ug + p w101m

Here it is understood that the velocity field u is decomposed as in (2.5), and that the pressure
p is given by (2.13). The integral equation associated to (6.16) is

() = S(t —to)ilto) — / (V- St~ 5)A(u(s)) + S(t — $)Blu(s) ) ds . (6.17)

to

where A = (A1, A2)" and S(t) = e*® is the heat semigroup in . We have the following
smoothing estimate
C

S fllpoor < ——— :
1S(t) fllpee () < {1 Vi) 1£1 22,0

t>0, (6.18)
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which is easily established if we extend the function f by periodicity and use the L1211 — L bound
that is known for the heat semigroup in the whole plane R? [4]. On the other hand, in view of
(6.14) and (2.13), we have the following bound on the nonlinear terms in (6.17):

| A Lo (@) + [1B(w)|l o) < CNIul|poo(qy - (6.19)

Now, we fix typ > 0 and assume that tp < t < t9 + 1. Using (6.18), (6.19), we obtain the
following estimate for the solution of (6.17):

_ C _ L O'N
[a(t)]|ze < (=BG [[a(to)ll £z, + /to WHU(S)HL“J ds ,

for some positive constants C, C’ which do not depend on t3. As a consequence, if we denote
®(t) = sup{(s—to)/|[u(s)llz |to < 5 <t}
we see that
O(t) < Clla(to)lz2, + 7C'N(t—to)' 20(t) ,  to<t<to+1. (6.20)

We now choose 7 € (0, 1] such that 7C’N7/2 < 1/2. Tt then follows from inequality (6.20) that
O(t) < ZCHﬁ(tO)HLgl for tg <t <ty + 7, hence in particular

~ O (to+7) 2C | .
HU(to—FT)HLoo < 71/2 = 1172 Hu(tO)HLﬁl :

Since ty > 0 was arbitrary and 7 > 0 does not depend on tg, this proves (6.15). U

Corollary 6.4. Assume that u(z,t) is a solution of (2.2), (2.13) in Q with bounded initial data
satisfying (6.1). Then there exists a constant ¢ € R such that

c .
p— >
u(z,t) <m($1’t)> + u(z,t) ze, t>0,

where the mean vertical velocity evolves according to
atm + c@lm + 81<a1a2> = B%m s z1 €R s
and the oscillating part satisfies ||[U(t)|| Loy = Oe™) as t — oo for any v < 212,

Proof. Fix v < 272 and let ¢ = fT ui(x1,xe,0)dxzy, for some (arbitrary) z; € R. If ¢ = 0, then
(3.10) holds for all ¢ > 0, and the velocity field can be decomposed as in (2.5), where m(xy,1)
satisfies (2.6) and ||[a(t)|| L~ = O(e ™) as t — oo by Proposition 6.2 and Lemma 6.3. This gives
the desired conclusion if ¢ = 0, and the general case can be reduced to that particular situation
by a simple Galilean transformation. O

If we now return to the original variables, we see that Corollary 6.4 implies (1.9). The proof
of Theorem 1.2 is thus complete.

Proof of Corollary 1.4. In terms of nondimensional variables, we have to show that
u(t)|| o) + /2w ()| o) < €, forallt >0, (6.21)

where the constant C' > 0 depends only on |[ug || (q). To prove (6.21), we split the time interval
(0,00) into three (slightly overlapping) regions that we consider separately.
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1) Short times. As was already mentioned in Remark 1.3.2, the local existence theory for
equation (2.2) with initial data ug € BUC(2) shows that ||u(t)| ze + t/2||w(t)]|ze < Colluol| L=
for 0 < t < 6tg, where tg = Cjy %[|uo|| ;2 and Cp > 0 is a universal constant. This yields (6.21) for
t < 6tg, and for later use we observe that ||u(to)||ze < Collug||pe and ||w(to)|lLe < C&lluo||% o

2) Intermediate times. For t > ty we can use the results of Section 5 because both u(tg) and
w(tp) are bounded. Estimate (5.6) shows that ||u(t)| L~ < K for all t > ¢y, where K depends
only on ||u(to)||re and ||w(to)||ree, which are both functions of ||ug|/z. This gives the desired
bound (6.21) for the velocity field, so from now on we concentrate on the vorticity. From (5.1)
we know that (t — t9)'/?||w(t)||2« < K for t > to, with a similar constant K, but this does not
imply (6.21) for large times. We thus define t; = to + K2, so that ||Jw(t1)||r=~ < 1, and we claim
that (6.21) holds at least for ¢+ < 3t1. Indeed, if ¢ty > K2, then 6ty > 3t; hence the claim was
already proved in the previous step. If ¢y < K2, we have from (5.1)

1/2
M) < ED g

— . 3tg<t<3t,
S Gt A s 0 < ol

which proves the claim since the bound for ¢ < 3ty was obtained in the previous step.

3) Large times. Finally, for ¢t > t; we can use the results of Section 6 because ||w(t1)||f < 1.
We decompose w = dym+@. From Proposition 6.2 and Lemma 6.3, we know that the oscillating
part @ of the velocity converges exponentially to zero as ¢ — oo, and using standard parabolic
estimates it is straightforward to prove a similar result for the derivative Vu. We thus obtain

1G(t)|| oo + VA || < Ce7E20) t> 2t , (6.22)

where (for instance) v = 72 and C' > 0 is a universal constant. Estimate (6.22) clearly implies
that t1/2||&(t)||z is bounded by a universal constant for ¢t > 3t;. To treat the remaining part
(w) = dym, we use the integral equation (5.7) for ¢ > 21, which gives (after differentiating both
sides with respect to z1)

81m(t) = 3151(t — 2t1)m(2t1) — 2: 3151(t — 8)31 <a1 (8)17,2(8» ds s t> 2t . (6.23)

Since [|[m(2t1)||ze < [|w(2t1)||z < 1 and [|0151(t — 8)f||ze < (w(t — 5)) 2| f||z~ for any
function f € L®(R), it follows easily from (6.22), (6.23) that t'/2||d;m(t)||z is bounded by a
universal constant for ¢ > 3¢;. This concludes the proof of (6.21). O

7 Conclusion and perspectives

In this final section, we briefly present some results obtained by S. Zelik [23] for the Navier-
Stokes equations in the whole plane R?, and we compare them to the conclusions of Theorem 1.2
which hold when periodicity is assumed in one space direction. We first mention that, in [23],
the following more general equation is considered :

ou+ (u-Viu = Au—au—Vp+g, divu = 0,

which includes an additional dissipation term —au with constant coefficient v > 0, as well as a
divergence-free external force g(z). However, in the spirit of the present work, we only discuss
here the results of [23] in the particular case where @ = 0 and g = 0.
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Let Lil(RQ) be the uniformly local L? space on R? defined by the norm

1/2
HfHLa=sup</ rf<y>12dy) |
v z€R2 ly—z|<1

If ug € Lil(RQ)2 is divergence-free, it is known that the Navier-Stokes equations (2.2) have a
unique global mild solution with initial data ug, provided the pressure p is defined by

2
p = Z RiRj(uiuj) s (7.1)
2,7=1

where Ry, Ry are the Riesz transforms on R? [14, 18]. This solution is smooth for positive
time, and in particular the vorticity w = 0jus — Jsuy is bounded for all ¢ > 0. Since we are
mainly interested in the long-time behavior, we may thus assume without loss of generality that
wo = curlug € L®(R?).

Proposition 7.1. [23] Assume that ug € L% (R?)?, divug = 0, and wy = curlug € L®(R?).
Then there exists a constant K > 1 (depending only on HuOHL21 and |lwol|p) such that the
solution of (2.2), (7.1) in R? with initial data ug satisfies, for all t > 1,

1 / ) >1/2
sup — u(y, )| dy < Cl|uo|z2 7.2
S e Juollzs, (72)

where C' > 0 is a universal constant.

Remarkably enough, the proof of Proposition 7.1 given in [23, Section 7] does not use the
viscous dissipation term Aw in the Navier-Stokes equation. This means that estimate (7.2) also
holds for solutions of the Euler equations in R? with bounded velocity and vorticity [21, 2]. In
contrast, we emphasize that the viscosity was used in the proof of Theorem 1.2, in particular in
Section 4.3.

As was observed in [23], estimate (7.2) is in some sense optimal. For instance, if the initial
velocity ug is constant and nonzero, then u(z,t) = ug for all € R? and all ¢ > 0, hence
(7.2) is sharp. However one should observe that, in the left-hand side of (7.2), averages are
taken over very large disks of radius Kt?, whereas in Sections 4.2 and 4.3 the corresponding
domains (determined by the localization function y,) have a much smaller diameter, of order
V/Bt. The reason for this discrepancy is that, in the cylinder = R x T, it was easy to freeze the
Galilean invariance of the system and to assume, as in Section 2.2, that the horizontal velocity
has zero vertical average. As is shown in Section 3.3, this condition (3.10) allows us to prove
that solutions of the vorticity equation (2.3) behave diffusively (in the horizontal direction) as
t — oo, which suggests that the diffusion length O(+/t) is appropriate to describe the spreading
of solutions to the Navier-Stokes equation (2.2) in that particular case. In the whole plane R?,
the situation is more complicated, and if we do not eliminate somehow the Galilean invariance
we are forced to take averages over disks of radius at least O(Ut), where U is an upper bound
on |lul]|ge. Since no a priori control on U is available, the proof of Proposition 7.1 is rather
delicate and relies on a self-consistent argument which eventually gives (7.2). As Kt? > 1 for
t > 1, we immediately deduce from (7.2) that Hu(t)HLal < CKt2HUOHLﬁI7 but that estimate is
certainly not optimal.

If we do use the viscous dissipation in the Navier-Stokes equations, then proceeding as in
Section 4 it is possible to obtain the following result.
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Corollary 7.2. Under the assumptions of Proposition 7.1, the vorticity w = 01us—02uq satisfies,
forallt > 1,
1

, 1/2 c
sup —— / w(y,t dy> < —||uol|z2 - 7.3
s ([ et ol &

Estimate (7.3) shows that the enstrophy of the solution, when averaged over sufficiently
large disks, decays to zero as ¢ — oco. This is the analog of Proposition 4.5, except for the
important discrepancy regarding the size of the disks, which was already discussed. Unlike in
the case of the cylinder, we are not able to convert (7.3) into a uniform decay estimate for the
vorticity. Nevertheless, estimate (7.3) strongly suggests that the vorticity converges to zero in
some sense as t — 00, so that the long time asymptotics of (2.2) in R? should be described by
irrotational flows, as was proved (in a particular case) in Theorem 1.2. We hope to come back
to this interesting question in a future work.

8 Appendix

Proof of Lemma 3.9. For any p € {1} U S, it follows from (3.16) that

/ a . wap () AP
wy,(t) < - 5212114{ ( w2p(t) > }wgp(t) + pbatway(t) t>0, (8.1)

where a = C/2 and b = 1 + M?/2. We shall prove inductively that

A Bpa?t
wy(t) < Wy(t) = 22— >0, peS, (8.2)

4Ok
provided the constants A,, B,, are chosen appropriately. First, applying (8.1) with p = 1, we see
that wh(t) < a?bwy(t), hence (8.2) obviously holds for p = 2 if Ay = wy(0) and By = b. Thus,
it remains to show that, if (8.2) holds for some p € S, then the same inequality remains true
with p replaced by 2p, provided As, and By, are chosen appropriately.
To do that, we first observe that, if (8.2) holds for some p € S, then the function ws, satisfies
the differential inequality

t)\Bp
L) < —2 mi (pr(> £) + pbawy, (t t>0 8.3
wp(t) < —oming (g ay)  peelt) +pbatws(t), >0, (8:3)
which is obtained from (8.1) by replacing wy(t) with wy(t). As we shall show, we can choose
the constants Ay, Ba, so that the function s, defined by (8.2) satisfies the reverse inequality

— a . EQP(t)>6p — 2—
) > —— <— £) + pb B, t>0. 8.4
wap(t) > pggg;l{ D0 ) [T+ pbetDa(t) > (8.4)
Since obviously wWay(t) — 400 as t — 0+, it follows from (8.3), (8.4) that wa,(t) < Wap(t) for all
t > 0, which proves (8.2).

It remains to establish (8.4). Using the definition (8.2) of @, and Wy, we find by a direct
calculation

W, (t) s p—1V'(t)

Y N d
oyt) P T T vy M <

oty _ (@)W’M

Ap V(t)Pr2
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Thus (8.4) holds provided

2 D— 1V/(t)

B
2 2p V(1)

A Bp ofBpr(B2p—Bp)at
a <ﬁ) c t>0, (8.5)

> pba? — Z_? A, W )
for § = 2,4. We now fix some € € (0,1) and choose N > 1 such that 2eaN > 1. We assume
that the constants A,, B, in (8.2) satisfy the recursion relations

Ay, = Ap(Np2)1/(2p) , and By, = By(1+¢€/p), peES. (8.6)
Then (8.5) is equivalent to

a s Np%\B/2
Bypa® + 5<W};)) Bt > pha® +

p—1V'(t)
2 V()

In fact, since B, > By = b, we have eFBpa’t > 1 4 efba’t, and it is thus sufficient to establish
the stronger inequality

a ( Np?\B/2 9 5  V'(t)
—| = 1 bat) > pb t>0
p(V(t)> (1 eBba®t) 2 pha T Y
which is obviously satisfied if we can prove that
a / Np?\58/2 V'(t) a / Np?\58/2
(== > d —\ == t > t>0. 8.7
p<V(t)) —2V() an p<V(t)) btz p, = (8.7)

But, since V() = min(t, /), it is clear that (8.7) holds for t > 0 and 8 = 2,4 if N > 1 and
2eaN > 1. This concludes the proof of the upper bound (8.2).

Finally, we iterate the recursion relations (8.6) to show that the coefficients A,, B, are
uniformly bounded. A direct calculation shows that

sup A, = As H(pQN)l/(Qp) = 4A,NY? | and supB, = B> H(l—i—e/p) < Bje® .
peS peS peS peS

Since As = ws(0) and By =b =1+ M?/2 <1+ M?, we see that (3.17) follows from (8.2). O
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