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Abstract

Burgers vortices are explicit stationary solutions of the Navier-Stokes equations which
are often used to describe the vortex tubes observed in numerical simulations of three-
dimensional turbulence. In this model, the velocity field is a two-dimensional perturbation
of a linear straining flow with axial symmetry. The only free parameter is the Reynolds
number Re = I'/v, where T' is the total circulation of the vortex and v is the kinematic
viscosity. The purpose of this paper is to show that Burgers vortices are asymptotically
stable with respect to small three-dimensional perturbations, for all values of the Reynolds
number. This general result subsumes earlier studies by various authors, which were either
restricted to small Reynolds numbers or to two-dimensional perturbations. Our proof relies
on the fact that the linearized operator at Burgers vortex has a simple and very specific
dependence upon the axial variable. This allows to reduce the full linearized equations
to a vectorial two-dimensional problem, which can be treated using an extension of the
techniques developped in earlier works. Although Burgers vortices are found to be stable
for all Reynolds numbers, the proof indicates that perturbations may undergo an important
transient amplification if Re is large, a phenomenon that was indeed observed in numerical
simulations.

1 Introduction

The axisymmetric Burgers vortex is an explicit solution of the three-dimensional Navier-Stokes
equations which provides a simple and widely used model for the vortex tubes or filaments
that are observed in turbulent flows [1, 27]. Despite obvious limitations, due to oversimplified
assumptions, this model describes in a correct way the fundamental mechanisms which are
responsible for the persistence of coherent structures in three-dimensional turbulence, namely
the balance between vorticity amplification due to stretching and vorticity dissipation due to
viscosity. If one believes that vortex tubes play a significant role in the dynamics of turbulent
flows, it is an important issue to determine their stability with respect to perturbations in the
largest possible class. So far, this problem has been studied only for the axisymmetric Burgers
vortex and for a closely related family of asymmetric vortices [24, 18].

As was shown by Leibovich and Holmes [17], one cannot hope to prove energetic stability
of Burgers vortex even if the circulation Reynolds number is very small. To tackle the stability
problem, it is therefore necessary to have a closer look at the spectrum of the linearized operator.



This is a relatively easy task if we restrict ourselves to two-dimensional perturbations. Assuming
that the vortex tube is aligned with the vertical axis, this means that the perturbed velocity field
lies in the horizontal plane and does not depend on the vertical variable. Under such conditions,
Burgers vortex is known to be stable for any value of the Reynolds number. This result was
first established by Giga and Kambe [14] for Re < 1 and then in the general case by Gallay and
Wayne [9], see also [2, 12, 13]. Moreover, a lot is known about the spectrum of the linearized
operator, which turns out to be purely discrete in a neighborhood of the origin in the complex
plane. Using perturbative expansions, Robinson and Saffman [24] showed that all linear modes
are exponentially damped for small Reynolds numbers. This property was then numerically
verified by Prochazka and Pullin [22] for Re < 104, and finally rigorously established in [9].

The situation is much more complicated if we allow for arbitrary three-dimensional pertur-
bations. In that case, it was shown by Rossi and Le Dizes [25] that the linearized operator does
not have any eigenfunction with nontrivial dependence in the vertical variable. While this result
precludes the existence of unstable eigenvalues, it also implies that stability cannot be deduced
from such a simple analysis, and that continuous spectrum necessarily plays an important role.
Unfortunately, the vertical dependence of the perturbed solutions is not easy to determine, as
can be seen from the note [3] where a few attempts are made in that direction. The only rigorous
result so far is due to Gallay and Wayne [10], who proved that Burgers vortex is asymptoti-
cally stable with respect to three-dimensional perturbations in a fairly large class provided that
the Reynolds number is sufficiently small. For larger Reynolds numbers, up to Re = 5000, an
important numerical work by Schmid and Rossi [26] indicates that all modes are exponentially
damped by the linearized evolution, although significant short-time amplification can occur.

In this paper, we prove that the axisymmetric Burgers vortex is asymptotically stable with
respect to small three-dimensional perturbations for arbitrary values of the Reynolds number.
As in [10], we assume that the perturbations are nicely localized in the horizontal variables, but
we do not impose any decay with respect to the vertical variable. Our approach is based on
the fact that the linearized operator has a very simple dependence upon the vertical variable:
the only term involving x3 is the dilation operator x30;,, which originates from the background
straining field. This crucial property was already exploited in [25, 3, 26], but we shall show that
it allows to reduce the three-dimensional stability problem to a two-dimensional one, which can
then be treated using an extension of the techniques developped in [9]. Although the spectrum
of the linearized operator remains stable for all Reynolds numbers, the estimates we have on
the associated semigroup deteriorate as Re increases, in full agreement with the amplification
phenomena observed in [26].

We now formulate our results in a more precise way. We start from the three-dimensional
incompressible Navier-Stokes equations:

OV + (V,V)V = vAV — v vivoo, (1.1)
P

where V = V(z,t) € R? denotes the velocity field, P = P(x,t) € R is the pressure field, and
x = (21,29, 73)" € R? is the space variable. The parameters in (1.1) are the kinematic viscosity
v > 0 and the density p > 0. To obtain tubular vortices, we assume that the velocity V' can be
decomposed as follows:

V(z,t) = V() +Ul(x,t) (1.2)
where V¢ is an axisymmetric straining flow given by the explicit formula
—x -3 0 0
Vi(z) = % -2 | = yMz where M = [ 0 -1 0 (1.3)
2x3 0 0 1



Here v > 0 is a parameter which measures the intensity of the strain. Note that V-V* = 0, and
that V* is a stationary solution of (1.1) with the associated pressure P* = —2p|V*|2. Our goal
is to study the evolution of the perturbed velocity field U(z,t).

To simplify the notations, we shall assume henceforth that v+ = v = p = 1. This can be
achieved without loss of generality by replacing the variables x, ¢ and the functions V', P with
the dimensionless quantities

1/2 - - %4 - P
po () e, ve Vo po D
v (yv) PV

For further convenience, instead of considering the evolution of V' or U, we prefer working with
the vorticity field Q2 = V x V =V x U. Taking the curl of (1.1) and using (1.2), (1.3), we obtain
for € the evolution equation

o+ (U, V)L — (Q,V)U = LQ V-Q=0, (1.4)
where L is the differential operator defined by

LQ = AQ — (Mz,V)Q + MQ . (1.5)

Under mild assumptions that will be specified below, the velocity field U can be recovered
from the vorticity {2 via the three-dimensional Biot-Savart law

1 (z —y) xQy) ,

Vie) = A R3 |z -yl

y =: (Ksp*Q)(x) . (1.6)
In what follows we shall often encounter the particular situation where the velocity U is two-
dimensional and horizontal, namely U(z) = (Uy(x), Us(21,),0)" where 2, = (z1,22)" € R2.
In that case the vorticity satisfies Q(z) = (0,0,Q3(x3))", and the relation (1.6) reduces to the
two-dimensional Biot-Savart law

Uh(xh) = i/ Mgg(gjh) dyh = (KQD*Qg)(xh) s (1.7)
21 Jre |zh — ynl
where Uy, = (U1, Us) " and z3 = (—x2,21) .
We can now introduce the Burgers vortices, which are explicit stationary solutions of (1.4)
of the form 2 = aGG, where o« € R is a parameter. The vortex profile is given by

0
1
G(z) = 0 , where g(zp) = Ee_‘xhw‘l. (1.8)
g(xn)

The associated velocity field U = aU“ can be obtained from the Biot-Savart law (1.7) and has
the following form

G\ — 29 2 I(p) = —— (1 e 1/4
U™ (xz) = wI(|lzp]?) %1 ) where u9(r) 5 (1 e ) (1.9)

If Q = aG, it is easy to verify that o = fRQ Q3(xp) dzp. This means that the parameter o € R
represents the total circulation of the Burgers vortex aG. In the physical literature, the quantity
|| is often referred to as the (circulation) Reynolds number.



The aim of this paper is to study the asymptotic stability of the Burgers vortices. We thus
consider solutions of (1.4) of the form Q = aG + w, U = aU% + u, and obtain the following
evolution equation for the perturbation:

Ow + (u, VIw — (w,V)u = (L — aA)w , V.w=20, (1.10)
where A is the integro-differential operator defined by
Aw = (U%, VIw — (w, V)UC + (4, V)G - (G, V)u . (1.11)

Here and in the sequel, it is always understood that ©u = K3p * w.

An important issue is now to fix an appropriate function space for the admissible pertur-
bations. Since the Burgers vortex itself is essentially a two-dimensional flow, it is natural to
choose a functional setting which allows for perturbations in the same class, but we also want
to consider more general ones. Following [10], we thus assume that the perturbations are nicely
localized in the horizontal variables, but merely bounded in the vertical direction. As we shall
see below, this choice is more or less imposed by the particular form of the linear operator (1.5).

To specify the horizontal decay of the admissible perturbations, we first introduce two-

dimensional spaces. Given m € [0, 00|, we denote by py, : [0,00) — [1,00) the weight function
defined by

1 if m=0,
o) = A (14 )™ if 0<m <o, (1.12)
e/ if m=o0.
We introduce the weighted L? space
L(m) = {£ € P®) [ Il = [ | 1F@n)pmlln) dan <o}, (113)

which is a Hilbert space with a natural inner product. Using Hélder’s inequality, it is easy to
verify that L?(m) < L*(R?) if m > 1. In that case, we also define the closed subspace

Li(m) = {f € L*(m) ‘ - f(zp) day, = O} . (1.14)

Next, we define the three-dimensional space X (m) as the set of all ¢ : R®> — R for which
the map zj, — ¢(xp,23) belongs to L?(m) for any x3 € R, and is a bounded and continuous
function of x3. In other words, we set

X(m) = BC(R;L*(m)) ,  Xo(m) = BC(R;L§(m)) , (1.15)

where “BC(R;Y)” denotes the space of all bounded and continuous functions from R into Y.
Both X (m) and Xy(m) are Banach spaces equipped with the norm

9l x(m) = sup [|¢(-; 23)|| L2 (m) - (1.16)
r3€R

Our goal is to study the stability of the Burgers vortex 2 = aG with respect to perturbations
w € X(m)3. In fact, we can assume without loss of generality that w belongs to the subspace

X(m) = X(m) x X(m) x Xo(m) € X(m)?, (1.17)

which is invariant under the evolution defined by (1.10). Indeed, we have the following result,
whose proof is postponed to Section 6.1:



Lemma 1.1 Fiz m € (1,00]. If @ € X(m)? satisfies V- & = 0 in the sense of distributions,
then there exists a € R such that

/ Ws(xp,z3)dry, = &, forallxs eR . (1.18)
R2

At a formal level, this is a direct consequence of the divergence-free assumption, since

d

d— @3(1%,.%’3) dmh = / ({9933(:)3(.%']1,1'3) dmh = —/ Vh -(Dh(m'h,.%'g) dmh =0.
T3 JRr2 R2 R2

In view of Lemma 1.1, if Q = aG + @ for some @ € X(m)3, we can write Q = (a + &)G + w,
where @ is given by (1.18) and w = @ — &G. Then w € X(m) by construction, and we are led
back to the stability analysis of the Burgers vortex («a + &)G with respect to perturbations in
X(m).

In what follows we always consider the solutions w(x,t) of (1.10) as X(m)-valued functions
of time, and we often denote by w(+,t) or simply w(t) the map = — w(z,t). A minor drawback
of our functional setting is that we cannot expect the solutions of (1.10) to be continuous in
time in the strong topology of X(m). This is because the operator L defined in (1.5) contains
the dilation operator —x30,,, see Section 2.1 below. To restore continuity, it is thus necessary
to equip X(m) with a weaker topology. Following [10], we denote by Xj,.(m) the space X (m)
equipped with the topology defined by the family of seminorms

H¢Hxn(m) = sup H¢('7963)HL2(m) ) neN.

|z3]<n

In analogy with (1.17), we set Xjoc(m) = Xjoe(m) X Xjoe(m) X Xo joc(m), where Xg joc(m) is of
course the space Xy(m) equipped with the topology of Xj,.(m).

We are now able to formulate our main result:

Theorem 1.2 Fizm € (2,00] and o € R. Then there exist 6 = 6(a,m) > 0 and C = C(a,m) >
1 such that, for any wo € X(m) with V - wo = 0 and ||wolx(m) < 0, Eq. (1.10) has a unique
solution w € L*°(R4 ;X(m)) N C([0,00) ; Xjoe(m)) with initial data wy. Moreover,

lw(®)lsxmy < Clwollxmye ™, forallt>0. (1.19)

Theorem 1.2 shows that the Burgers vortex aG is asymptotically stable with respect to
small perturbations in X(m), for any value of the circulation o € R. If one prefers to consider
perturbations in the larger space X (m)?, then our result means that the family {aG}acr of all
Burgers vortices is asymptotically stable with shift, because the perturbations may then modify
the circulation of the underlying vortex. The key point in the proof is to show that the linearized
operator L — aA has a uniform spectral gap for all & € R. This implies a uniform decay rate in
time for the perturbations, as in (1.19). However, it should be emphasized that the constants
C and § in Theorem 1.2 depend on «, in such a way that C(a,m) — oo and §(a,m) — 0 as
|o] = oo. This is in full agreement with the amplification phenomena numerically observed in
[26].

The proof of Theorem 1.2 gives a more detailed information on the solutions of (1.10) than
what is summarized in (1.19). First of all, we can prove stability in X(m) for any m > 1, but the
exponential factor e7*/2 in (1.19) should then be replaced by e, where n < (m—1)/2 if m < 2.
Next, thanks to parabolic smoothing, we can obtain decay estimates not only for w but also
for the spatial derivatives 0,,w = dw/dx;, j = 1,2,3. For convenience, we shall often use the



multi-index notation 95 = (9511 8522 9% for B = (B1, B2, B3) € N3, Finally, due to the particular
structure of the linear operator L — aAA, it turns out that the horizontal part wy, = (wl,wg)T of
the vorticity vector has a faster decay than the vertical component w3 as ¢ — co. Thus, a more
complete (but less readable) version of our result is as follows:

Theorem 1.3 Fiz m € (1,00, & € R, and take p € (1,3), n € (0,1] such that 2u < m +1
and 2n < m — 1. Then there ezist § = §(a,m) > 0 and C = C(a,m, pu,m) > 1 such that, for
all initial data wo € X(m) with V - wo = 0 and |lwollx@m) < J, Eq. (1.10) has a unique solution
w € L*®(Ry ;X(m)) NC([0,00); Xjoc(m)). Moreover, for all t > 0,

Cllwollx(m)
B m) —ut
105 wn ()] x(my2 < JoeE ¢ (1.20)
Cllwollx
B (m) —nt
107 ws ()]l x(m)y < O (1.21)

where a(t) =1 — e~ and B € N3 is any multi-index of length |3| = B1 + B2 + B3 < 1.

The decay rates (1.20), (1.21) are optimal when 5 = 0, but it turns out that vertical deriva-
tives such as Oy wp(t) or Oy,ws(t) have a faster decay as ¢t — oo, see Sections 4 and 5 for more
details. In any case, we believe that the optimal rates are those provided by the linear stability
analysis, as in Proposition 4.1 below.

The rest of this paper is devoted to the proof of Theorems 1.2 and 1.3. Before giving the
details, we explain here the important ideas in an informal way. As was already mentioned, the
main difficulty is to obtain good estimates on the solutions of the linearized equation

Oow = (L—alw , Vw=0. (1.22)

Once this is done, the nonlinear terms in (1.10) can be controlled using rather standard argu-
ments, which are recalled in Section 5. To study (1.22), we use the fact that the operator L — A
depends on the vertical variable in a simple and very specific way. Indeed, it is easy to verify
that [Oys, L] = —0y, and [0y,, A] = 0, where [A, B] = AB — BA denotes the commutator of the
operators A and B. This key observation, which already plays a crucial role in the previous
works [25, 3, 26|, implies the following identity:

8§3 etl=ah) o = e et(L_O‘A)aiCBwo , (1.23)

for all £ € N and all ¢ > 0. If we take £ € N sufficiently large, depending on |a|, we can use
(1.23) to show that 9% w(t) decays exponentially as ¢ — oo if w(t) is a solution of (1.22). Then,
by an interpolation argument, we deduce that all expressions involving at least one vertical
derivative play a negligible role in the long-time asymptotics, see Section 4 for more details.
This “smoothing effect” in the vertical direction is due to the stretching properties of the linear
flow (1.2).

As a consequence of these remarks, we can restrict our attention to those solutions of (1.22)
which are independent of the vertical variable x3. We call this particular situation the vectorial
2D problem, and we study it in Section 3. Note that the perturbations we allow here are two-
dimensional in the sense that 0,,u = Jz,w = 0, but that all three components of u or w are
possibly nonzero. This is in contrast with the purely two-dimensional case considered in [9, 10],
where in addition ug = w; = we = 0. Extending the techniques developped in [9, 10], it is
possible to show that all solutions of (1.22) with dy,w = 0 converge exponentially to zero as
t — oo, and that the decay rate is uniform in «. This is done using spectral estimates and a



detailed study of the eigenvalue equation (L — aA)w = Aw. It is then a rather straightforward
task to complete the proof of Theorem 1.2 using the arguments outlined above.

Remark. The vortex tubes observed in numerical simulations are usually not axisymmetric: in
general, they rather exhibit an elliptical core region [18, 6]. A simple model for such asymmetric
vortices is obtained by replacing the straining flow V*® in (1.3) with the nonsymmetric strain
Vi(x) = yMyx, where A € (0,1) is an asymmetry parameter and

1+A
- 0
1—

My = -5

0
A 0] . (1.24)
0 1

0
0
Asymmetric Burgers vortices are then stationary solutions to (1.4), where the operator L in the
right-hand side is defined by (1.5) with M replaced by M). Unlike in the symmetric case A = 0,
no explicit formula is available and proving the existence of stationary solutions is already a
nontrivial task, except perhaps in the perturbative regime where either the asymmetry parameter
A or the circulation number « is very small. In view of these difficulties, asymmetric Burgers
vortices were first studied using formal asymptotic expansions and numerical calculations, see
e.g. [24, 18, 23]. The mathematical theory is more recent, and includes several existence results
which cover now the whole range of parameters A € (0,1) and « € R [10, 11, 19, 20]. In addition,
the stability with respect to two-dimensional perturbations is known to hold at least for small
values of the asymmetry parameter [11, 19]. However, the only result so far on three-dimensional
stability is restricted to the particular case where the circulation number « is sufficiently small,
depending on A [10].

Using Theorem 1.2 and a simple perturbation argument, it is easy to show that asymmetric
Burgers vortices are stable with respect to small three-dimensional pertubations in the space
X(m), provided that the asymmetry parameter A is small enough depending on the circulation
number «. This follows from the fact the linearized operator at the symmetric Burgers vortex
has a uniform spectral gap for all & € R, and that the asymmetric Burgers vortex is O(\)-close
to the corresponding symmetric vortex in the topology of X(m), uniformly for all & € R [11].
Although this stability result is new and not covered by [10], it is certainly not optimal, and we
prefer to postpone the study of the three-dimensional stability of asymmetric Burgers vortices
to a future investigation.

2 Preliminaries

In this preliminary section we collect a few basic estimates which will be used throughout the
proof of Theorems 1.2 and 1.3. They concern the semigroup generated by the linear operator
(1.5), and the Biot-Savart law (1.6) relating the velocity field to the vorticity. Most of the
results were already established in [10, Appendix A], and are reproduced here for the reader’s
convenience.

As in [10], we introduce the following generalization of the function spaces (1.13) and (1.15).
Given m € [0,00] and p € [1,00), we define the weighted LP space

DP(m) = {£ € PO 110y = [ 1 @nPouon ) day < o0}
and the corresponding three-dimensional space

XP(m) = BCR; LP(m)) ,  [¢lxreny = sup [[¢(, 23)llLe(m) -

r3€R



If m > 2— 2, we also denote by Lfj(m) the subspace of all f € LP(m) such that [ fdxj, = 0. In
analogy Wlth (1.17), we set XP(m) = XP(m)xXP(m)x X} (m) , where X} (m) = BC(R; L§(m)).

2.1 The semigroup generated by L

If we decompose the vorticity w into its horizontal part wp, = (wy, wg)T and its vertical component
ws, it is clear from (1.3) and (1.5) that the linear operator L has the following expression:

Lywy, (Ln+ L3 — §)Wh>
Lw = = 2 ) 2.1
<L3W3> ( (ﬁh + ﬁg)u)g ( )
where Ly, is the two-dimensional Fokker-Planck operator

Th
ﬁh:Ath?-Vthl Z J+Z jaxj—i-l (2.2)
7=1

and L3 = 02, — x30,, is a convection-diffusion operator in the vertical variable.
As is shown in [8, appendix A], the operator L is the generator of a strongly continuous
semigroup in L?(m) given by the explicit formula

t

e _lep—yal?
(e f)(zp) = Tra(t) /R2 e 10 f(yne/?) dyy t>0, (2.3)

where a(t) = 1—e~t. Similarly, the operator £3 generates a semigroup of contractions in BC(R)
given by

_Jzze"t—y3?

(e f)(x3) = 2220 f(y3)dys , t>0, (2.4)

T

see [10, Appendix A]. Note that the semigroup et©3 is not strongly continuous in the space
BC(R) equipped with the supremum norm. This is mainly due to the dilation factor e~! in
(2.4). However, if we equip BC(R) with the (weaker) topology of uniform convergence on
compact sets, then the map ¢ — e“3 f is continuous for any f € BC(R). This observation is the

reason for introducing the space Xj,.(m) in Section 1.

Since the operators £; and L3 act on different variables, it is easy to obtain the semigroup
generated by Lz = L, + L3 by combining the formulas (2.3) and (2.4). We find
_lage~t-yz?
(e"2¢)(x) = / T () ) () dys >0 (25)
V/2ma(2t)
In [10, Proposition A.6], it is shown that this expression defines a uniformly bounded semigroup
in X(m) for any m > 1, and that the map ¢ ~ e'* is strongly continous in the topology of
Xioe(m). Moreover, the subspace Xo(m) is left invariant by e**® for any ¢ > 0. Using these
results and the relation (2.1), we conclude that the three-dimensional operator L generates a
uniformly bounded semigroup in the space X(m), given by

-
etlw = (e_gt/zetL?’wl, e 326ty etL3w3) , t>0. (2.6)

As is easily verified, if V - w = 0, then V - e*fw = 0 for all ¢t > 0.

The asymptotic stability of the Burgers vortices relies heavily on the decay properties of the
semigroup e’ as t — oo. In the proof of Theorems 1.2 and 1.3, we also use the smoothing
properties of the operator e*” for t > 0, and in particular the fact that e*” extends to a bounded
operator from XP(m) into X?(m) for all p € [1,2]. All the needed estimated are collected in the

following statement.



Proposition 2.1 Let m € (1,00], p € [1,2], and take n € (0,3] such that 2n < m — 1. For any
B = (B1,B2,3) € N3, there exists C > 0 such that the following estimates hold:

105 e wnll xmy: <~ lwhllxp(my2 » (2.7)
a(t)yr 2tz
Ce_(n‘f'ﬁ?:)t

1023w x (m) < — o lwsllxeen) (2.8)
a(t)p 2772

for any w € XP(m) and all t > 0. Here a(t)=1—e"" and |B] = B1 + B2 + B3.

Proof. We first assume that m € (1,00). If p € [1,2] and Bj, = (81, B2) € N?, it is proved in [8,
Appendix A] that

Q

107 " fl L2my < — Ml >0, (2.9)
a(t) 2772

3=

for all f € LP(m). If in addition f € L§j(m), we have the stronger estimate

Ce
|0gr e fllrzmy < ——1mg Ifleeemy s >0, (2.10)
a(tyr 272

where 7 > 0 is as in Proposition 2.1. On the other hand, using (2.4), we find by direct calculation

CePst
sl fllee® , t>0. (2.11)
)7

105248 f|| oo ) <
a

Here, as in (1.23), the stabilizing factor e Pt comes from the dilation operator —230,, which
enters the definition of £3. Now, if we start from the representation (2.5) and use the estimates
(2.9)—(2.11), we easily obtain (2.7), (2.8) by a direct calculation, see [10, Proposition A.6].

To complete the proof of Proposition 2.1, it remains to show that (2.9), (2.10) still hold
when m = oo. If t € (0,1), estimate (2.9) is easily obtained by a direct calculation, based on
the representation (2.3). Using this remark and the semigroup property of et we conclude
that it is sufficient to establish (2.9), (2.10) in the particular case where p = 2 and ), = 0.
This in turns follows easily from the spectral properties of the generator L£;. Indeed, it is
well-known that L is a self-adjoint operator in L?(oco) with purely discrete spectrum (L) =
{—g k=0,1,2,...}. Moreover, the subspace L%(oo) is precisely the orthogonal complement of
the eigenspace corresponding to the zero eigenvalue, see for example [9, Lemma 4.7]. It follows
that e**» is a semigroup of contractions in L?(c0), and that HetﬁthLz(oo) < e_t/2||f||L2(oo) for
all t > 0 if f € L3(cc). This proves (2.9) and (2.10), with n = 1/2. O

2.2 Estimates for the velocity fields

If the velocity w and the vorticity w are related by the Biot-Savart law (1.6), we have |u| < J(|w|),
where J is the Riesz potential defined by

o) = 4= [ ey, s eRS. (2.12)

B 4r R3 |x—y|2

Since w will typically belong to the Banach space X(m), we need estimates on the Riesz potential
J(¢) for ¢ € X(m). We start with a preliminary result:



Lemma 2.2 Let py € [1,2), pa € [1,2], and assume that ¢ € XP1(0) N XP2(0). If q1,q2 € [1,00]

satisfy

2 2
& <q < > ) p2 < @2 < P2 )
2-m 2—p2

then J(¢) = Ji(¢) + J2(¢) with J;(¢) € X9%(0) fori= 1,2, and we have the following estimates

[1J1(#) | x1 (0)
| J2(#) | x42 (0)

(2.13)

(p1, 1) |9l x71 (0) - (2.14)

C
C(p2; a2) 9l xP2(0) - (2.15)

ININ

Proof. We proceed as in [10, Proposition A.9]. We first observe that

T(6)(wn,x3) = / F(wns 23, ys) dys + / Flans 23, ys) dys
|z3—y3|>1 |zs—ys|<1

= J1(¢)(zp, x3) + J2(P)(xh, z3) |

where

O (Yns y3) 2

F(xp;x3,y3 =/ dyn,  zpeR”, wx3y3eR.
( ) ®2 [2h — Ynl* + (23 — y3)?

For any a € R, let f,(yn) = (a® + |ya|?)~'. Then f, € L"(R?) for any r > 1 and any a # 0, and

there exists C, > 0 such that o
T

i

| fallzr @2y <
la
Moreover, we have F(-;x3,y3) = ¢(-,y3) * fz3—y; Dy construction. Thus, if we take 1 < p,q,7 <

oo such that 1+ % = % + %, we obtain using Young’s inequality

Crllo (5 ya) | o (r2)

1F(523,y3)lnamey < 00, y3) e @) | frs—ysllor@m2) < o2
|23 —y3|*

To estimate J;(¢), we choose p = p1, ¢ = ¢1. In view of (2.13), the corresponding exponent
r = rq satisfies 2 < r; < oo, so that 2 — % € (1,2]. By Minkowski’s inequality, we thus find

[J1() (s x3) | Lan 2y < / IF(-;23,y3) | Lo m2y dys < C(r1) sup [[9(- y3) o1 2y -
lz3—ys|>1 y3€R

Taking the supremum over x3 € R, we obtain (2.14). Similarly, to bound J2(¢), we take p = po,
q=¢qo. Then 1 < ry <2, so that 2 — % € (0,1). We thus obtain

[ J2(6) (s x3) || Loz (r2) < / I1F(-5 23, y3) || pa2 2y dys < C(ra) sup |60, y3) |l 2 (r2)
lz3—ys|<1 ys€R

and (2.15) follows. Finally, the uniform continuity of J;(¢)(-,z3) with respect to xz3 can be
verified exactly as in the proof of [10, Proposition A.9)]. O

As an immediate consequence, we obtain the following useful statements.

Proposition 2.3 Let ¢ € X(m) for some m € (1,00]. Then J(¢) € X2(0) for all g € (2,00),
and there exists a positive constant C = C(m,q) such that

17(D)xa0) < Cllollx(m) - (2.16)

10



Proof. If m > 1, we recall that X (m) — XP?(0) for all p € [1,2]. Thus we can apply Lemma 2.2
with p1 =1, po =2, ¢1 = g2 = q € (2,00), and the result follows. O

Corollary 2.4 Let ¢1, ¢p2 € X(m) for some m € (1,00]. Then ¢1J(p2) € XP(m) for all
p € (1,2), and there ezists a positive constant C' = C(m,p) such that

91T (2)l| xp(m) < Cllollxm)ll P2l x(m) - (2.17)

Proof. We proceed as in [10, Corollary A.10]. Let p € (1,2), and take ¢ € (2,00) such that

% = 1—1) — % For any z3 € R, we have by Hoélder’s inequality

61C.22) 762y = ([, om(han P 2l61(on, 20719 (02) )P )

(/R2 pm (@ *)|d1 (zh, 23) O'lﬂch>1/2</R2 !J(¢2)(9€h7$3)\qd$h>l/q
= [l@1(s z3) | L2 (m) |/ (92) (-, 3) [ La (o) -

IN

Taking the supremum over 3 € R and using Proposition 2.3, we obtain (2.17). Finally, it is
clear that the map x3 — ¢1(-,x3)J(¢2)(:,x3) is continuous from R into LP(m). O

We conclude this section with an estimate on the linear operator (1.11) which will be needed
in Section 4.

Lemma 2.5 Letp € [1,2] and 2 — % <m < oco. For any 3 € N3, there exists C > 0 such that

107 Awlxomy < C Y 107wllxe(my- (2.18)
1BI<18l+1

Proof. It is sufficient to prove (2.18) for 5 = 0. The general case easily follows if we use the
Leibniz rule to differentiate Aw (we omit the details).

Assume thus that w belongs to XP(m), together with its first order derivatives. Since the
function U defined in (1.9) is smooth and bounded (together with all its derivatives), it is clear
that }

G G
(U™, V)wllxrm) + [(w, VIU" [lxp(m) < C Z 105 w]I5cr (1m) -
Bl<1
We now estimate the term (u, V)G = (K3p * w, V)G, using the fact that |K3p * w| < J(Jw|).
Since |w| € X1(0)N XP(0) by assumption, we can apply Lemma 2.2 with p; = 1, q; = 00, p2 = p,
and ¢2 € (p, zszp)‘ By Holder’s inequality, we easily find

[T (wDIVGlxram) < CllT(IwDllxee) < Clllwlllx1 (o)
[ T2(JwDIVGllxrm) < CllJ2(lw)llxe©) < Clllwlllxeo)

Cllwllxem) 5

<
< Cllwllxp(m) -

We conclude that [|(u, V)G|xp(m) = [[(K3p *w, V)G||xr(m) < Cllw|lxr(m). In a similar way, com-
muting the derivative and the convolution operator, we obtain the estimate (G, V)ul|xp(m) <
(G, V)(K3p * w)[lxr(m) < ClIVW||xp(m)- This completes the proof. O

11



3 The vectorial 2D problem

In this section we study the linearized equation djw = (L —aA)w in the particular case where the
vorticity w does not depend on the vertical variable. As was explained in the introduction, this
preliminary step is an essential ingredient in the linear stability proof which will be presented
in Section 4. Since the results established here will eventually be applied to the restriction of
the 3D vorticity field to a horizontal plane x3 = const., we do not assume in this section that w
is divergence-free.

If Oyp;w = 0, then L3w = 0, and the expression (2.1) of the linear operator L becomes
significantly simpler. On the other hand, we know from (1.11) that

Aw = Aw — Asw + Asw — Aygw s (31)
where
Mw = (US, V)w = (UF,Vi)w, Asw = (u, V)G = (up, V)G , (32)
Now = (w0, V)UY = (wn, ViU, Aw = (G,V)u = g0y,u . .

Here u = K3p * w is the velocity field obtained from w via the three-dimensional Biot-Savart
law (1.6). Since Oz,w = 0, we have dy,u = 0, hence Ayw = 0 in our case. Moreover, it is easy to
verify that u = (up,us), where up, = Kop *ws. Thus, we see that

(L—aNw = Lw, if Opow =0,

where %, is the two-dimensional differential operator defined by

ga h Wh (ﬁh — §)wh — Oé(Al — Ag)wh>
Low = ’ = 2 ~ . 3.3
w (fmg W3> < Lpws — Oé(Al + Ag)wg ( )

Here Aowy, = (wh, Vh)U}? and Asws = (Kap *ws, Vi)g.

For any o € R and any m € (1,00|, the operator .%,, defined by (3.3) is the generator of
a strongly continuous semigroup in the space L?(m)3. This property can be established by a
standard perturbation argument, see Lemma 3.2 below. Our main goal here is to obtain accurate
decay estimates for the semigroup e*? as t — oco. As is clear from (3.3), the evolutions for
wp, and ws are completely decoupled, so that we can consider the semigroups e'“=h and e!Zes

separately. The main contribution of this section is:

Proposition 3.1 Fizm € (1,00}, a € R, u € (0, %), and take n € (0, %] such that 1+ 2n < m.
Then there exists C > 0 such that

L,

IN

e Ce "wnllrzgnz ,  t>0, (3.4)

Ce Mwsllz2m) » t>0,

"Wnll 22 (m)2

N

"3 ws || £2(m)

for allw € L*(m)? x L3(m).

Estimate (3.5) was obtained in [9, Proposition 4.12] for m < oo, and the proof given there
extends to the limiting case m = oo without additional difficulty. We recall that the decay rate
e~ is obtained using the fact that ws € Lg(m): If we only assume that w3 € L?(m) for some
m > 1, then (3.5) holds with n = 0.

From now on, we focus on the semigroup e*“=» which has not been studied yet. To prove
(3.4), we use the same arguments as in [9, Section 4.2]. We first establish a short time estimate:

L,

12



Lemma 3.2 Fizm € (1,00], « € R, and T > 0. There exists C = C(T,m,|a|) > 0 such that

1
sup ([l bl auye +alt)2[Vie e inlizn ) < Clonllizme . (36)
<t<

for all wy, € L*(m)?. Here a(t) =1—e".

Proof. Given w) € L?(m)?, the idea is to solve the integral equation
t
wp(t) = etwh*%)wg - a/ e(tfs)(ﬁ’ﬁg)(Al — Ag)wp(s)ds tel0,1], (3.7)
0

by a fixed point argument, in the space X7 = {w;, € C([0,T], L?(m)? | |lwn | x, < 0o} defined by
the norm 1
lwnllxr = sup [lwn(t)llL2(myz + sup a(t)z[[Vawn(t)l|L2m)s -
0<t<T 0<t<T

From (2.9) we know that Het(ﬁh*%)wgﬂ)@ < Chllwpllp2(myz2, for some Cy > 0 independent, of T'.
To estimate the integral term in (3.7), we first observe that the velocity field U¢ defined by
(1.9) satisfies

sup (1 + |zp)|UC (zp)| + sup (14 |zn])2[ VAU (21)] < oo . (3.8)
$hER2 thR2

In view of the definitions (3.2), we thus have

(L + [zp)Arwnll2gny2 < ClIVawrllL2(m)t (3.9)
11+ [zn])*Aswnllz2mye < Cllwnllrzimye - (3.10)

Using these estimates together with (2.9), we can bound

t ~
H/ (= ER=2) (Mg — Ro)wn(s) ds
0

L2(m)?2

IN

t
c / e 3 ([l (5) 2z + IV n0n(5) 2t ) s
0

IN

t
Clwnlxy / e 309)a(s) " ds < Ca(T)} |wnlxy -
0

In a similar way,

t
(t=)(Lh=3) (A, — A 11
th/o e 2/ (A 2)wn(s) dS‘LQ(m)“ (3.11)
t ef%(tfs)
< C [ (Jwn()l2mpe + 1V 3n(5)ll 2mys ) ds < Cllwnllxy
0 a(t—s)2

Summarizing, we have shown that |lwp|lx, < ClegﬂLg(m)z + Cg\a]a(T)l/QHwhHXT, for some
positive constants Cp,Cy. If we now take 7' > 0 small enough so that Cy|aa(T)/? < 1/2,
we see that the right-hand side of (3.7) is a strict contraction in X7. We deduce that (3.7)
has a unique solution, which satisfies |lwp|x; < 2C1[|wpllr2(m)2. Since wp(t) = elZanw? by
construction, this proves (3.6) for 7" sufficiently small, and the general case follows due to the
semigroup property. This concludes the proof. ]
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We next consider the essential spectrum of the semigroup e“=h, and begin with a few

definitions. If A is a bounded linear operator on a (complex) Banach space X, we define the
essential spectrum o¢s5(A; X) as the set of all z € C such that A — z is not a Fredholm operator
with zero index, see [16] or [4]. The essential spectral radius of A in X is given by

Tess(A; X) = sup{|z|; z € UGSS(A;X)} < 00 .

If |z| > ress(A; X), then either z is in the resolvent set of A, or z is an eigenvalue of A with
finite multiplicity, see [4, Corollary IV.2.11]. In the latter case, we say that z belongs to the
discrete spectrum of A.

In what follows, we consider the linear operator %, ; as acting on the complexified space
L?*(m)?, i.e. the space of all wy, : R* — C* such that [[wp||z2(m)2 < co. Our first result shows
that the essential spectral radius of the operator e!“er in L?(m)? does not depend on a.

Proposition 3.3 Let m € (1,00] and a € R. Then for each t > 0 we have

7"658<et“%’h ;L2(m)2) = 7"658<et’%vh ;LQ(m)2> = ¢ 3+t (3.12)

Proof. Since %, = L5, — 3, the last equality in (3.12) follows from [8, Theorem A.1] if m < oco.
If m = oo, then e’“* is a compact operator for any ¢ > 0, hence rss(e!0" ; L?(c0)?) = 0. To
prove the first equality in (3.12), we fix ¢ > 0. Our goal is to show that the linear operator
Ay (t) = el — etCn=3) ig compact in L?(m)2. By Weyl’s theorem, this will imply that both
semigroups have the same essential spectrum, hence the same essential spectral radius. In view
of (3.7) we have, for all w;, € L*(m)?,

t
Ay (t)wy = —a/ e(tfs)(l:h*%)(Al — Ay)esZanyy, ds (3.13)
0

Let w(zp) = 1+ |zp|. If m < oo, it follows from (2.9) and definition (1.13) that
Jw e wpllzpmyz < Cllemwillpzminz < Clwwallpzim? | (3.14)

for all w, € L*m)? and all t > 0. If m = oo, we know from [11, Proposition 2.1] that
w(—Ly 4+ 1)~/2 is a bounded operator in L?(cc)?, and since Ly, is the generator of an analytic
semigroup we easily obtain

C
a(t)1/2 HwhHLQ(oo)2 )

||w ewhwhHLg(oo)2 < CH(—Eh+1)1/26t£hwhHL2(oo)2 < (3.15)
for all t > 0. Now, starting from (3.13) and using either (3.14) or (3.15) together with (3.9),
(3.10), and Lemma 3.2, we find

D) . .
lw Aa(t)wnllL2gmz < C|a|/0 W(”@ Zotion|pagmye + IVne L wnl|anye ) ds
6_%(t_8)

t
Clalllonlimy | z—stersirs ds < Clalllonliagny

IN

Moreover, proceeding as in (3.11), we find || VL An(t)wnl2(mys < Clafllwnl 12 (my2- Thus we have
shown that wA,(t) and V;A,(t) are bounded operators in L?(m). By Rellich’s criterion, we
conclude that A, (t) is a compact operator in L?(m)?, for any ¢ > 0. This completes the proof.

U
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In view of Proposition 3.3, the spectrum of the semigroup e*“eh outside the disk of radius
e~ 2+t in the complex plane is purely discrete. By the spectral mapping theorem [4], to control
that part of the spectrum it is sufficient to locate the eigenvalues of the generator %, ;. Thus
we look for nontrivial solutions of the eigenvalue problem

fa,hwh = \wy , (3.16)

where wy, € L?*(m)? and A € C satisfies ReA > —%2 — 1. The following auxiliary result shows
that the eigenfunctions wy always have a Gaussian decay at infinity.

Proposition 3.4 Let m € (1,00) and o € R. If wy, € L?(m)? is a solution of (3.16) with
ReA > —2 — 1, then wy, € L*(00)?.

The proof of Proposition 3.4 is postponed to Section 6.2 below. Note that a similar result
for the nonlocal operator %, 3 has been obtained in [9, Lemma 4.5], and plays a key role
in the derivation of estimate (3.5). Thanks to Proposition 3.4, we only need to control the
eigenvalues of .%, 5, in the Gaussian space L?(c0)?. This is the last important step in the proof
of Proposition 3.1.

Proposition 3.5 If \ is an eigenvalue of £y, in L*(c0)?, then Re A < —%.

Proof. Assume that wy, € L?(c0)? is a nontrivial solution of the eigenvalue problem (3.16), for
some a € R and some A € C. Using (3.3), we thus have

3
Awp, = Lpwp, — §wh — OC(U}?, Vh)wh + a(wh, Vh)U}? , (3.17)

where the velocity field U is defined in (1.9). Since Zop is a relatively compact perturbation
of Lon = Ly — %, both operators have the same domain, and it follows that w;, belongs to
the domain of £;,. In particular, we have Vjwy, € L?(c0)* and |xp|wy, € L%(00)?, see e.g. [11,
Section 2].

In the rest of the proof, we denote by (-,-) the inner product in the complexified space
L?(00)?, namely

(wh,wit) = /RQP(%)wi(ﬂfh) - wi (xp) day,

where p(z1) = poo(|z]?) = eln*/4. We also denote [|wp||? = (wp,wp). We recall that L), is a
selfadjoint operator in L?(c0)? which satisfies —£;, > 0 on L%(00)? and —Lj, > 1/2 on L3(c0)?.
For later use, we observe that the (unbounded) operator wy, — (US, Vj)wy, is skew-symmetric
in L2(00)?, because the vector field p(z,)U%(21,) is divergence-free.

We now take the inner product of (3.17) with wp, and evaluate the real part of the result.
Using the skew-symmetry of the operator (U,? , V1), we easily obtain

3
Re A [|wn|® = (Lhwn, wn) — §||Wh\|2 + aRe((wn, Vi)UE, wh) (3.18)
3 _
= (Lpwn,wn) — gHwhHQ + 2a RG/QP(%)(% -wn) (g - @p) () (Jan ) day,
R

where u9(r) is defined in (1.9). On the other hand, it follows from (3.17) that the scalar function
xp - wp, € L?(00) satisfies

Az - wp = Lp(zy - wp) — 22 - wp, — oz(U,?,Vh)(xh cwp) =2V - wp -

15



Thus, proceeding as above and using the same notation (-, -) for the inner product in L?(c0), we

find
Re ||z - will® = (Ln(xn - wn), xn - wi) — 2||zn - whl|? — 2Re(V), - why g, - wp) (3.19)
Finally, the two-dimensional divergence V}, - wy, € L3(c0) satisfies
AV -wp = Lp(V - wp) = Vi wh — a(UF, V) (V- wh) | (3.20)

hence

Re A th . whH2 = (ﬁh(Vh . wh), Vh . wh> — th . whH2 . (3.21)

Since Vj, - wy, € L&(0), it follows from (3.21) that Re A ||Vj, - wp|> < —2(| V), - wp|/®. Thus
we must have Re A < —3, unless V), - wp, = 0. In the latter case, we deduce from (3.19) that
Re A ||zp, - wil|? € —2||2p - wpl|?, hence Re A < —2 unless xp, - wy, = 0. But if this last condition
is met, it follows from (3.18) that Re A [lwp > < —32||wp |, hence Re A < —3 because wy, is not

identically zero. Summarizing, we conclude that Re A < —% in all cases. U

Remark. Actually the conclusions of Proposition 3.5 can be slightly strengthened. First, in
the invariant subspace where Vj, - wj, = 0, one can show that all eigenvalues of %, j, satisfy
Re A < —2. This follows from the proof above if we use in addition the fact that wy, € L3(c0)?,
due to the divergence-free condition. The result is clearly sharp, because if g(xy) is defined by
(1.8) it is easy to verify that the function wy = xﬁg(wh) satisfies £, pwpn, = —2wy, for any a € R.
On the other hand, if wy, is a solution of (3.17) such that Vj, - w;, # 0, we have Re A < —% if
a # 0. This follows from (3.21), because we know from [8, Appendix A] that

1
(Lh(Vh-wh), Vi -wp) < —gth'whHQ7

unless V, -wp, = (a121 + agx2)g(xy,) for some aq,as € C. But this ansatz is not compatible with
(3.20) if  # 0. In fact, using the techniques developped in [21] or [7], it is possible to show
that, given any M > 0, the eigenvalue equation (3.20) restricted to the orthogonal complement
of the space of all radially symmetric functions in L?(co) has no nontrivial solution such that
Re\ > —M, if |af is sufficiently large depending on M.

It is now easy to conclude the proof of Proposition 3.1. As was already mentioned, we only
need to prove that estimate (3.4) holds for any p < 3/2. If p,(m) > 0 denotes the spectral
radius of the operator e+ in L?(m)?, this is equivalent to showing that log p,(m) < —3/2, see
[4, Proposition IV.2.2]. But that inequality follows immediately from Propositions 3.3, 3.4, and
3.5, since m > 1. The proof of Proposition 3.1 is now complete. U

4 Linear stability

Equipped with the results of the previous section, we now study the linearized equation (1.22)
in its full generality. Using Proposition 2.1 and a perturbation argument, it is not difficult to
verify that the linear operator L — aA generates a locally bounded semigroup in the space X(m)
for any o € R and any m € (1, 0], see Proposition 4.2 below. The goal of this section is to show
that the semigroup e/~ extends to a bounded operator from XP(m) to X(m) for any t > 0
and any p € [1,2], and satisfies the following uniform estimates:
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Proposition 4.1 Fiz m € (1,00, p € [1,2], a € R, and take p € (1,2), n € (0,1] such that
2u<m+1 and 2n < m — 1. For any B = (B1, B2, B3) € N3, there exists C > 0 such that

. Cef(/»“"BS)t
102 ("=~ N wo)pll x (myz < —————7 lwollsce m) - (4.1)
(t)ffﬁ‘éj
a(t)r
o Ce_(n+ﬁ3)t
102 (=N g)s | x (my < WHWO”XP(WL) , (4.2)
alt)?

A

for any wy € XP(m) and all t > 0. Moreover, if V-wy = 0, then V -e!L=N g =0 for all t > 0.

The proof of this important result is divided into several steps.

4.1 Global existence and short time estimates

We first prove that the linearized equation (1.22) has a unique global solution in X(m).

Proposition 4.2 Fiz m € (1,00|, p € [1,2], and o € R. Then, for any wy € XP(m), Eq. (1.22)
has a unique solution w € LS (Ry;X(m)) N C([0,00); XY (m)) with initial data wy. Moreover,

for any B € N3, there exist positive constants Cy, Co (independent of ) such that

C C
[CARGI T;%HWOHXW, for 0<t<imig (43)
a P

where a(t) =1 —e~t. Finally, if V-wy =0, then V -w(t) =0 for all t > 0.

Proof. We proceed as in the proof of Lemma 3.2. Let et” be the semigroup generated by L,
which is given by the explicit expression (2.6). The integral equation corresponding to (1.22) is

t
w(t) = etlwy —a/ eI Aw(s)ds = (Fw)(t), t>0. (4.4)
0
Given k € N\ {0} and a sufficiently small T" € (0, 1], we shall solve (4.4) in the Banach space

loc

Uk = {w € L0, 1):X(m) 0 C(0.T) Xpo(m)) | |wllir < o0}

equipped with the norm

11,18 18|
w = sup a(t)r 2V 2 | 08w(t)|lxm) + sup a(t) 2 [|0Pw(t m) )
llir = 3 ( s ()25 (02Ol + supa(t)F [02() 10 )

where a(t) = 1 — e, If wy € XP(m), we know from Proposition 2.1 that the map ¢ ~ e*lwyq
belongs to Uy, for any T > 0, and that [|e"“wollk,r < Cillwollxw(m) for some C1 > 0 depending
only on k, m, p.

Given w € Uy, we now estimate the integral term in (4.4). Using Proposition 2.1 and
Lemma 2.5, we find

195~ Ao () lxcm)

ClAw®)lrem _ € Lt 19(3) o
1
2

11,181 11,181
a(t —s)p 22 a(t —s)p 22
Cllwlle,r
< d , 0<s<t. (4.5)



Similarly we have Hafe(t_s)LAw(s)HXp(m) < Ca(t — 8)7% a(s)féHthT for 0 < s < t. In the

particular case where 5 = 0, it follows that
t
H/ e Aw(s) ds
0
t
H/ e Aw(s) ds
0

1—-1
< 4.
xmy = €O Pl (4.6)

< Ca(t)?|wlsr, O0<t<T. (4.7)

XP(m)

Assume now that 1 < || < k. If #/ < 8 and || = |8] — 1, we have from Lemma 2.5
5 5 Cllwllx,r
108 Aoy < € 3 10(6) gy € —MET g cs <
1BI<I8] a(s)? 272

BL+8BY

t=s)L — af‘ﬁ'af'e@*sﬂ = 85_6, (72 55)2&6(’5*5”&?/, and using Proposi-

Thus, writing 95 el
tion 2.1 again, we obtain

Cllwllk,r

1_1.18
a(t—s)%a(s)ﬂ 2ty

aﬁe(t—s)LAw sy < C aﬁ—ﬁle(t_S)LaB,Aw ixim) < R 4.8

1 _ 18l

for 0 < s < t. Similarly, we have Hafe(t_s)LAw(s)HXp(m) <a(t—s)"2a(s)” 2 |w| k. Combining

(4.5) and (4.8), we obtain the following estimate

¢
d? / e Aw(s) ds
0

X(m)
t
L 18] ¢ —

<o [Tat—0 T o ast [La- 9 al T E as) el (49
0 3

_1_18]
< Ca(®)" 72 ||lwlrr 0<t<T,

which generalizes (4.6). Similarly, the generalization of (4.7) is

Summarizing, we have shown that the linear map F' defined by (4.4) satisfies the estimate

< Ca(t)r T |wllpr, 0<t<T. (4.10)
XP(m)

t
o / eI Aw(s) ds
0

~ 1 .
|Fwllir < Cullwolwon + ClalTHlwoller . i 0<T<1,

where C' > 0 depends only on k, m and p. Arguing as in [10, Corollary A.7 and Remark A.8],
it is also straightforward to verify that Fw e C([0,T];X] (m)) if w € Upp. If we now assume
that T < Ca(1 + |a|?)~!, where Cy = 1/(4C?), we see that F is a strict contraction in Uy, .
As a consequence, the integral equation (4.4) has a unique fixed point w € Uy, 7, which satisfies
|wllx,r < 2C1||lwollxp(my- This proves that equation (1.22) is locally well-posed in XP(m), and
that the solutions satisfy (4.3). Moreover, as the local existence time 7' is independent of the
initial data, the solutions can be extended globally in time. Finally, since both operators L and
A preserve the divergence-free condition, it is easy to check that, if V - wy = 0, the solution w of

(1.22) satisfies V - w(t) = 0 for all ¢ > 0. This completes the proof. O
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4.2 Decay estimates for the vertical derivatives

Proposition 4.2 shows that the linearized equation (1.22) is globally well-posed in the space X(m)
for m > 1, but does not provide accurate estimates on the solution w(t) = ez=*M g for large
times. In this section, we focus on the derivatives of w(t) with respect to the vertical variable
x3. Using identity (1.23), we shall show that 3§3w(t) decays exponentially as ¢ — oo, provided
k € N is large enough depending on |a|. Albeit elementary, this observation plays a crucial role
in the proof of Proposition 4.1, because it will allow us to simplify the study of the semigroup
associated to L — aA by disregarding most of the terms involving a vertical derivative.

Proposition 4.3 Fizm € (1,00|. There exist positive constants Cs, Cy such that, for all a € R,
all k €N, and all wy € X(m) with 05wy € X(m), the following estimate holds:

Hak HL-ah) WOHX(m < (3 6(04(|a‘2+1 Hak WOHX ) t>0. (4'11)

Proof. In view of (1.23), it is sufficient to prove (4.11) for k = 0. If wy € X(m), we know from
Proposition 4.2 that there exist constants C; > 1 and Cs > 0, depending only on m, such that
the solution w(t) = e!F=M g of (1.22) satisfies lw(®)llxm) < C1llwollxm) for t € (0,to], where
to = Co/(Ja?> +1). Using the semigroup property, we can iterate this bound, and we easily
obtain

t(L—aA

Jwollxmy < sS40 D g |lxmy , >0,

where C3 = Cq and Cy = C’;l log(C1). This concludes the proof. O

le

4.3 Decomposition of the linearized operator

Motivated by Proposition 4.3, we now decompose the linear operator L — aA as follows:
L—aA = %, +L3—aH , (4.12)

where %, is defined in (3.3) and L3 = 83%3 — 230,,. We recall that the operator %, does not
involve any derivative with respect to the vertical variable x3, and does not couple the horizontal
and vertical components of w = (wp,,ws) . In view of (3.1)—(3.3), the last term in (4.12) has the
following expression:

H=A;—A;— Ay,
where Az, A4 are defined in (3.2) and A3 after (3.3). More explicitly, we have

Hyw —g(K3p * Opsw)p, >
Hew = - 3 , 413
“ <H3w> (((K3D *w)p — Kop * w3, Vi)g — g(K3p * Opyw)3 (4.13)

where K3p, Kop are the Biot-Savart kernels (1.6), (1.7), and g is defined in (1.8). Here x denotes
the convolution with respect to the horizontal variables, so that

(Kap *ws)(zp,x3) = /2 Ksp(zh — yn) ws(yn, x3) dyp, -
R

Thus, unlike .%,, the operator H involves vertical derivatives, and couples the horizontal and
vertical components of w. As was already observed in Section 3, we have Hw = 0 whenever
Oz,w = 0, see Proposition 4.5 below.

Let R,(t) denote the semigroup generated by the linear operator %, + L3. In analogy with
(2.5), we have the following representation:
_lzge " —y3|” —y3\2

S tfaw(.7y3))(xh) dys, t>0, (4.14)

(Ral0)(2) = s [
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where a(t) = 1 — et and e*“* is the semigroup generated by .%,. Since R,(t) does not couple
the horizontal and vertical components of w, we can write

s = (his)

where R, ,(t) and R, 3(t) are the semigroups generated by ., , + L3 and .Z,, 3+ L3, respectively.
Using the results of Section 3, we obtain the following estimates:

Proposition 4.4 Fizm € (1,00], « € R, p € (1,3), and take 1 € (0, 3] such that 2n < m — 1.
Then there exists Cs > 0 such that

[Ran(Dwnll x(myz < Cs e llwnllxmy2 » (4.15)
| Ra,3(t)wsllx(my < Cse™ ™ |wslx(m) - (4.16)

IN

for allw € X(m) and all t > 0.

Proof. Both estimates follow from the representation (4.14), Proposition 3.1, and estimate
(2.11). The calculations are straightforward, and can be omitted here. We just remark that,
even if V- w = 0, the map zj, — wp(zp,x3) usually has a nonzero divergence for all values
of z3 € R. This is why Proposition 3.1, hence also Proposition 4.4, was established without
imposing any divergence-free condition. g

We conclude this section with a useful bound on the linear operator H.

Proposition 4.5 Fiz m € (1,00] and v € (0,1). There exists Cg > 0 such that, for all w €
X(m) with Oy,w € X(m), one has

[ Hhwllx(my2 < Cél|Ousw|lx(m) (4.17)
1—
| Howlxmy < Coll0rawlzimy + lnll s 19eaonll i) (4.18)
Proof. We use the expression (4.13) of the linear operator H. Since 0y,w € X(m), we know

from Proposition 2.3 that dy,u = K3p * 0w € X*(0). Thus, using Holder’s inequality, we
obtain

1/4
9 2eyulzimy < 10syulxcso( [, om(lznPatan)dan) ™" < Cloglbeon

In particular, we have ||Hpw|| x(my2 < C||0zswl|x(m), which is (4.17).

We next consider the two-dimensional vector I = (K3p * w), — Kop x w3 and estimate the
term (I,V})g. Using the definitions (1.6), (1.7), it is straightforward to verify that I(z) =
I(z) + Iz2(x), where

1 (zh—yn)"
I p— _— _— _ d
1(2) e /}R3 PEE (w3(Yn, y3) — ws(yn, 3)) dy ,

1 T3—Y3 L
z) = — - dy .
2(2) = /}R3 P (wn(yn, y3) — wn(yn, x3)) " dy

Here we have used the identities

1 9 —
/73(1:[/3:72, and /Lyggdygzo.
R |T — Y |zh — Yl R |z — Y
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Since Vy,g(xn) = —g(xp)xn/2 and |zp, - (2, —yn) "] < |znl|zn — ya| =7 |yn|” for any o € [0, 1], we
can bound

|(11, Vi)g(z)| < Cglzn)|znl Ty |ws(yn, y3) — w3(yn, x3)| dy

+ Cg(xn)|xn| 5 w3 (Yn, y3) — ws(yn, z3)|dy .

lea—ysl<1 [T — Y|

We now proceed like in the proof of Lemma 2.2. Integrating first with respect to the horizontal
variable 5, € R? and applying Holder’s inequality, we obtain
1

(11, Va)g(x)| < Cglap)|zn|
|z3—y3|>1 |3 — Y3

270 - 17{ws (-, y3) — ws (s 23) Hl L1 (m2) dys

+ Cyg(zn)|wsl lws (-, y3) — wa(-, 23) [ L2 (m2) dys -

|x3—y3|<1 ‘.%'3 - y3‘

Assuming 0 < o < m — 1, we have the estimate [|| - |7 f||1r2) < C||f||12(m) for any f € L*(m),
hence

|- 17{ws (- y3) —ws (s @3) g mey + [lws (- y3) — w3 z3)l2@e) < Clos — ysll|0zswsl x (m) -

We conclude that

IN

1
(11, Vi)g(@)] < Clan)lal / S S / dys) 9y xom
< wg—ys|>1 123 — y3[1FO |23 —ys3| <1 > 33X m)

Cg(wp)|znll|Oeswsll x (m)

IN

hence [|(11, Vgl x(m) < Cll0z;wsllx(m)-
Finally we consider the term (I3, V}j)g. Using again Holder’s inequality, we obtain

1
[I(z)| < C | - m’wh(yhayi’,) — wi(Yn,r3)| dy
T3—Y3|=Z
1
+C | - m\%(yh,ys) — Wh(yn, 73)| dy
r3—Yy3|<
1
<C 7’2H%('7?/3) —wn (s 23)ll L1 (r2) dys

|z3—y3]|>1 |3 — Y3

1
s lenCas) e g dus
|z3—ys|<1 |23 — Y3 &)

Since L*(m) < LP(R?) for p € [1,2], we have [lwy(-,y3) — wn(-, 23)|lLr@2)2 < 2llwnllx(m)2 and
|wr(,y3) — wn(23) [ Le@ey2 < |23 — Y3l|Oswhllx (m)2- In particular, for any v € (0,1),

— 1—
lwn (-, y3) — wr(, 23) lomeyz < 27]@s = yal' ™ lwnll X 2 10zswhll x (e -

Thus we obtain
1—
”IZHLOO(R3)2 < CHWhH}((mV”axswhHX(an )

and conclude that [|(I2, V) gl x(m) < C’||(,uh||}((m)2 HamgwhH;(_(:n)Q. This proves (4.18). O

21



4.4 Large time estimates

In this section we complete the proof of Proposition 4.1. Fix m € (1,00], @ € R, and assume
that wy € XP(m) for some p € [1,2]. Let w(t) = /L=y be the solution of the linearized
equation (1.22) given by Proposition 4.2. Take any k € N such that k > Cy(|a|? + 1) + 1/2,
where Cy is as in Proposition 4.3, and choose ty > 0 small enough so that estimate (4.3) holds
for all t € (0,t0] and all B € N3 with |3| < k. Our goal is to control the solution w(t) for t > tg
and to establish the decay estimates (4.1), (4.2).

To this end, we first observe that w(t) satisfies the integral equation

w(t) = Ra(t —to)w(to) — « /t R,(t —s)Hw(s)ds, t>ty, (4.19)

to

where R, (t) is the semigroup defined by (4.14). Fix 77 € (0,1/2) such that 27 < m — 1. By
Proposition 4.4, we have

t
lw(®)lxxmy < Cs e 1710 [w(to)||5c(m) +C5\04/ e M) | Huw(s) | semy ds - (4.20)
to

To estimate the term |[Hw(s)||x(m), we first apply Proposition 4.5 with v = 1/2, and then the
classical interpolation inequality

1-1/k 1/k
10 lliimy < Cllwllzomy: 185,91l

Using in addition Young’s inequality, we conclude that, given any € > 0, there exists C¢ > 0
such that
Cslal [|[Hw(s)llxm) < €llw(s)llxm) + Celldf,w(s)lx(m) - (4.21)

On the other hand, since k > Cy(|a|? 4+ 1) + 1/2, it follows from (4.11) that
105, w(5)llxmy < Cae™ 2|05, w(t0) xmy » 5> to - (4.22)

Replacing (4.21) and (4.22) into (4.20), we easily obtain

t
lw®) lxx(m) < <C5HW(to)HX(m) + CéHa];gw(tO)HX(m)> e~ Mt=t0) 4 6/ e |[w(s) |lsgmy ds

to

for some C{ > 0. Applying now Gronwall’s lemma, and using (4.3) to bound |lw(to)/x(m) and
|08 w(to)|lxc(m) in terms of wy, we see that [[w(t)|xmm) < Ce " |lwollxe(m) for ¢t > to, where
n = 7] — €. Finally, using (4.3) again to control the solution for ¢ < tp, we conclude that there
exists C7 > 0 such that

Cy e~

lw(®)llxm) = [ wOHX(m) < ?HWOHXl’(m ; (4.23)
a(t)r 2

for all £ > 0. Since € > 0 was arbitrary, estimate (4.23) holds for any n € (0,1/2) such that
2n <m — 1.

To conclude the proof, it remains to find the optimal decay rates for [|wp (t)||x(m)» [|w3(E)[lx(m)
(including the value n = 1/2 if m > 2), and to establish (4.1), (4.2) for 8 # 0 too. In view
of Proposition 4.2, we can assume here without loss of generality that 0y,wo € X(m) N XP(m).
First, combining (1.23), (4.23), we immediately obtain

1050 (Dlxm) = 1025 Nwollxmy < C eV Dg0]xm) (4.24)
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for all ¢ > 0. Moreover, if m > 2, we know from Proposition 4.4 that (4.20) holds with 7 = 1/2.
Thus, applying Proposition 4.5 with v < 1/2 to estimate ||Hw(s)||x(m) and using (4.23), (4.24),
we find that [lw(t)||x(m) decays like e t/? as t — 0o, hence (4.23) holds with n = 1/2 if m > 2.

Next, to obtain a faster decay estimate for the horizontal component wy, we use (4.15) and
(4.17). Instead of (4.20), we find

t
lwon(®)llxmz < C e 8 |wp (t0) | x (my2 +C!a\/ e M 10,,0(8) |y ds (4.25)
to

for any p € (1,3). Invoking (4.24), we conclude that [[wn ()] x (m)2 decays like e as t — oo,
provided p < 1+ 1. In other words, if 41 € (1, 2) satisfies 2u < m + 1, we have

lon@®)llxmy> = 1 Nwoallxeme < C e ([Wolnllxmy + 10swollxem) s (4:26)

for all ¢ > 0. Using the arguments leading to (4.25) and proceeding as in Proposition 4.2, we
can also derive the following short time estimate, which complements (4.3):

¢ C
107 wn () x(myz < ﬁ (H(wo)hHXp(m)2 + Haa:?,WOHXP(m)) . 0<t< #
2

v ()

Q=

Finally, to obtain decay estimates for the derivative 35@)(15), where 3 € N3, we can restrict
ourselves to t > 2t1, where ¢; > 0 is small enough so that the short time estimates (4.3), (4.27)
hold for 0 < t < 2¢;. In view of (1.23), we have the identity

aget(L—aA)wO — e—ﬁg(t—tl) [“)fhetl(L_O‘A) e(t—?tl)(L—a/\) 853€t1(L_aA)WQ )

h 3
Using the short time estimates (4.3), (4.27) with p = 2 to bound the first operator 85}’; et (L—ah)
then the long-time estimates (4.23), (4.24) or (4.26) to treat the middle term e(*~201)(L—ad)

agg etl (L*O{A)

and finally (4.3) again to bound the last term wp, we easily obtain (4.1) and (4.2),

together with the following estimate

—a C e_(ﬂ‘f'ﬁ?:)t

||a§(6t(L A)WO)hHX(m)2 < 1 1. 18] <H(w0)h”X?’(m)2 + ||a$3w0||Xp(m)) , >0, (428)
___+_
a(t)p 21772

which will also be used in the next section. This concludes the proof of Proposition 4.1. O

5 Nonlinear stability

In this section we consider the nonlinear stability of the Burgers vortex and prove Theorems 1.2
and 1.3. Our starting point is the perturbation equation (1.10), which is equivalent to the
integral equation

2 gt
w(t) = efEFm Ny, + Z/o et L=aN) N ((s), w(s)) ds | t>0, (5.1)
j=1

where Ni(v,w) = —(K3p *v, V)w, Na(v,w) = (v, V)Ksp *w, and K3p is the Biot-Savart kernel
(1.6). We first establish the following result, which already implies Theorem 1.2.
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Proposition 5.1 Fizm € (1,00, a € R, and take n € (0, 1] such that 2n < m —1. Then there
exist 6 = 0(a,m,n) >0 and C = C(a,m,n) > 0 such that, for any wy € X(m) with V - wy =0
and [|wollx(m) < 6, Eg. (5.1) has a unique solution w € L*(Ry;X(m)) N C([0,00); Xjoe(m)),
which satisfies

C m
Cllwollzn) - t>0, (5.2)
a(t)

08t sy < o)
2
for any multi-index 8 € N3 of length |3] < 1.

Proof. Let U be the Banach space of all w € L*(Ry;X(m)) N C([0,00); Xjoc(m)) such that
V- w(t) =0 for all t >0 and ||w||y < oo, where

181
lwlly = > supa(t) 2 e (|05w(t) |l x(m) -
1Bl<1 >0

Given wg € X(m) such that V - wg = 0, we denote by ® : U — U the nonlinear map defined by

2
O(w)(t) = PN+ 0j(w,w)(t), >0, (5.3)
j=1

where @1, @, are the following bilinear operators:
¢
D (w,@)(t) = / == N (s),D(s))ds , j=1,2. (5.4)
0

If [|wo|x(m) is sufficiently small, we shall show that the map ® is a strict contraction in the ball
Bi = {w € U||lw|jlu < K} for some suitable K > 0. It will follow that ® has a unique fixed
point w in By, which by construction is the desired solution of (5.1).

Since wy € X(m) and V-wp = 0, Proposition 4.1 shows that the map ¢ — et(L—ad)

to U, and satisfies the estimate

wp belongs

le"Em M wglly < Chllwollx(m) -

for some C7 > 0 (depending on m, «, n). On the other hand, if v,w € X(m) and Vw € X(m),
Corollary 2.4 implies that Ny (v, w) and No(v,w) belong to XP(m)3 for any p € (1,2), and satisfy
the bound

[ N1(v, )| xp(mys + | N2(v, 0)|| xp(mys < CllollxmIVOllxin)
for some C' > 0 (depending on m and p). If in addition V- v = 0, then denoting u = K3p * v we
find

/ (N1(v,v) + Na(v,v))sdap = / Vi - (vpus — upvs)dap, = 0, (5.5)
R2 R2

for all z3 € R, hence Ni(v,v) + Na(v,v) € XP(m). As a consequence, if w,w € U, we have

Nj(w(t),@(t)) € XP(m)?3 for j = 1,2 and all ¢+ > 0, and using Proposition 4.1 again we obtain
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the following estimate for the bilinear operators ®;:

2 2
| ot waie)], < 3 [ 102NN (). @) ey

j=1 Xm) 2 Jo
2ot emnltes)
e ~
< 0% [ = IN ()2 o
=170 a(t—s)r 272

b gmnlt—s) g=2ns ) Cem i
e Slelvlel £ —mlellvl@lu -
0 a(t—s)r 27 2 a(s)2 a(t)r " 2

Since we also know that Ni(w(t),w(t)) + No(w(t),w(t)) belongs to XP(m) for all ¢t > 0 and is
divergence-free, we have shown that ® maps U into U, and that there exists Co > 0 (depending
on |a|, m, and 1) such that

12()llv < Cillwollxemy + Collwllfy ,  12(w) = 2@)lv < Co(lwlly + I@llv)llw — @l

for all w,w € U. We now take K > 0 such that 202 K < 1, and assume that ||wo|[x(m) < K/(2C1).
Then the estimates above show that ® is a strict contraction in the ball By, hence has a unique
fixed point w € Bg which, of course, satisfies (5.1). Moreover [|w|ly < 2C1 ||wo||x(m), hence (5.2)
holds with C = 2C;. This concludes the proof. O

Remark. The size 0 of the local basin of attraction of the Burgers vortex aG in X(m) depends
a priori on «, m, and 7. However, as announced in Theorem 1.3, the dependence on the decay
rate 1 can easily be removed by the following (standard) argument. Given m > 1, we first
choose n =n(m) = min(%, mT_l) and apply Proposition 5.1 with that value of 7. We thus obtain
a constant ¢ > 0 depending only on « and m such that, for any wy € X(m) with V- wg = 0
and [|wollx(m) < 6, BEq. (5.1) has a unique solution w € L>(Ry;X(m)) N C([0,00); Xjoe(m)),
which converges exponentially to zero as t — oo. In particular, given any n € (0, %] such
that 27 < m — 1, there exists 7" = T'(n) > 0 such that |w(t)|lx@m) < 0 for all ¢ > T', where
0 = 0(ay,m,n) is the constant given by Proposition 5.1. By uniqueness of the solution, we

conclude that w satisfies (5.2) for any admissible value of 7.

In view of Proposition 5.1 and the remark that follows, the proof of Theorem 1.3 will be
complete once we have established the improved decay estimate (1.20) for the horizontal com-
ponent wy. A convenient way to do so is to repeat the proof of Proposition 5.1 using a different
function space, which incorporates a faster decay rate as t — oo. Given p € (1,1 + n), where
n € (0, %] is as in Proposition 5.1, we introduce the space V C U defined by the norm

ol = > 7 (supatt)> b ok o (1) | xmyz + sup a(t)> e 0%, 0w (1) xom) ) -
k=0,11g<1 >0 o >0 o

In view of (5.2), we can assume here (without loss of generality) that |95 wollx(m) is finite and
arbitrarily small, for all 3 € N3 with |3| < 1. Using Proposition 4.1, we thus obtain

18]<1
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for some C3 > 0. On the other hand, if v,w € X(m), the following estimates hold for any
p e (1,2):

[ N1R (v, W)l xpm)z < Cllvllxem VWl x@m)2
[N (v, )| xp(mys < CU[vrllx m)2 I Vawllxmy + Cllvsllx @) 1025w lx(m)) »
025 N; (v, w)[| xp(m)y3 < C|050lx(m) IVt + 10]l5t(m) 1025 V|5t (m) ) -

We now estimate the bilinear operators ®;(w,) for w,@ € V. First, using (4.28), we find
fort > 1:

t
105 @1 1 (w, @) ()| xx(myz < /0 192 {e ™ E=N N, (w(s), @(5)) bl x (2 ds

t eflu'(tfs) _ B
< C/O —— 7 INViw(w(s), 0(8) [ xr(m2 + [10e; N1 (w(s),@(s)) | xp(m)s ) ds

A
Q

a7 (W ()5 m) I VOR(S) | (x (m))2

+ 110230 (8) [15x(m) V& (8) [ (m) + [0 (8) [[5x(m) (|05 VO () [y ) A8

n)s
<C - ds Jwlvl@llv < Cem[lwllvallv - (5.6)
a(s)2

In the last inequality, we have used the definition of the norm in V and the fact that u+n < 142n.
The bound (5.6) also holds for ¢ < 1, and can easily be established using (4.1) instead of (4.28).

Next, to bound 0,,®1 5 (w, @), we recall that Opzetl=0h) = e=tetll=al) g Applying (4.1),
we find

t
102505 ®1 4 (w, @) (£) || x (myz < /0 e =992 = LN g, Ny (w(s), @(5)) 1l x (mye ds

b () (t-s)

=C s N1 (w(s),0(3)) | xp (mys ds

< ———
0 a(t—s)%_%jL@
t o= (u+1)(t—s) o—(ut+n)s Cle—(utn)t
e e . e -
<o [ s felllally < o vl
0 a(t—s)r 27" 2 qa(s)2 a(t)»" 2

Similarly, for kK = 0,1, we can estimate 85“'3 Py 1, (w, @) as follows:

t
10,07 @21 (w, @) (1) | x (2 < /0 e M9 {e =M G No(w(s), @(5)) ball x (my2 ds

=C T 195 N (w(5), 8(9)) [ xo ys ds
0 q(t—s)r 272
t e—(M+k)(t—s)e—(u+n)s ~ C@‘(M+k7l)t )
=¢ o 38 elvl@ly < ——pr— lwlvlially -
0 a(t—S)P 2 2a(3)§ a(t)p 2 T272
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Finally, using (4.2), we obtain for the vertical components of ®;(w,®):

t
105,055 3(w, @) (1)l xmy < /0 e M=) | 9P {et =L gk N;(w(s), @(s)) }sllx () ds

b (k) (t—s)

<C TMH Nj(w(s), @ ()]l xp(m) ds
0 a(t—s)r 2
e~ (n+k)(t=5) o= (k+2n)s Ce—(ntk)t R
< C/ T 38 wlvilelly < ———mrm g llwlivioly -
0 a(t—s)» 2" 2 a(s)2 a(t)ypt 2272
Summarizing, we have shown that ® defined by (5.3) maps V into V and satisfies the following
bounds:
1e@)llv < Cs Y 0Fwollxqm) + Callwy
18]<1
[@(w) = @@)llv < Culllwlly + [[wllv)llw = @llv

for all w,w € V. If K = 20535 HOEWOHX(m) is sufficiently small, it follows that ® is a

strict contraction in the ball Bx = {w € V||jw|lv < K}, hence has a unique fixed point there.
Denoting by w(t) the solution of (5.1) given by Proposition 5.1, this implies that ¢ — w(t + 7))
belongs to By if T > 0 is sufficiently large. In particular, w(t) satisfies (1.20) for some suitable
C > 0. The proof of Theorem 1.3 is now complete. O

6 Appendix

6.1 Proof of Lemma 1.1

Let x € C§°(IR?) be a cut-off function such that x(z) = 1if |z,| < 1 and x(z) = 0 if |zp| > 2.
Given R > 0, we denote xr(zn) = x(zn/R), so that |Vyxr(zn)| < C/R. For any z3 € R, we
define

fxs) = /R? 3(zp, x3) dzy, | [r(w3) = /]R2 @3(xn, 23)xr(2H) A2y

Since w3 € X (m) for some m > 1, it is easy to verify that ||f — fr||pe®) — 0 as R — oo. On
the other hand, for any test function ¢ € C§°(R), we have

‘/f T3)—— 333 d$3‘ < /fR z3) i $3)d$3‘+||f_fRHL°°(R)H((11—Z‘ (6.1)

L'(R)

The last term in the right-hand side converges to zero as R — oco. To treat the other term, we
observe that

d
/fR r3)—— 363)(1903 = /R3 <I)?,(Dch,363))(1%(9%)d—;i(963)dﬂchdﬂcs = (@3, 8¢R> ,

Oy

where ¢r(rn,73) = xr(74)¥(z3) and (-,-) denotes the duality pairing of D'(R?) and C§°(R3).
Now, since V - @ = 0 in the sense of distributions, we have

dor

o aUJ3
7 — 3

<<:)37 ) ¢R> = <vh : (:)ha ¢R> = _<ajh7 vh¢R> )

so that a0
fR(ws)—d (3)dws = —/ On(Th, 23) - Vaxr(ws)(2s) doy das
R €3 R3
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Using the inclusion L?(m) — Ll(]Rz) and the definition (1.15) of the space X (m), we thus find

C ;
‘/ fr(ws) 7~ ws)dx?’ < g lonlxemz vl 52 0

Returning to (6.1), we conclude that the left-hand side vanishes for all ¢ € C§°(R), hence
% = 0 in the sense of distributions. Since f € BC(R), it follows that f is identically constant,
which is the desired result. O

Remark. If w(z,t) is any solution of (1.10) which is integrable with respect to the horizontal
variables, we can define

¢($3,t) = / w;;(.%’h,m'g,t) dmh s T3 € R , t> 0.
R2

As was observed in [10], this quantity satisfies a remarkably simple equation

815@5(553,75) + x38x3¢(x3,t) - 82 ¢($3, ) (62)

which can be solved explicitly. However, if w(-,¢) € X (m)3 for some m > 1 and if V- w(-,t) = 0,
Lemma 1.1 shows that ¢(z3,t) does not depend on x3, and (6.2) then implies that ¢(z3,t) is also
independent of t. Thus, as was already mentioned, we can restrict ourselves to the particular case
where ¢ = 0 without loss of generality. Being unaware of this simple observation, the authors of
[10] have stated their stability result in a seemingly more general form, allowing (apparently) for
nontrivial functions ¢(zs,t), but thanks to Lemma 1.1 (which also holds in the slightly different
functional setting of [10]) the simpler presentation adopted here in Theorem 1.2 is exactly as
general.

6.2 Proof of Proposition 3.4.

This final section is devoted to the proof of Proposition 3.4, which shows that eigenfunctions
of £, 1, corresponding to eigenvalues outside the essential spectrum have a Gaussian decay at
infinity. For the nonlocal operator %, 3, the same result was established in [9, Lemma 4.5]
using ODE techniques, but we prefer using here a more flexible method based on weighted L2
estimates. In fact, we shall consider a more general elliptic problem of the form

—Lf+F(z, f,Vf)+AXf = h, x €R™, (6.3)

where the unknown is the vector-valued function f = (fi,..., fy)'. Here and below we denote
by £ = A+ 5 -V + § the analog of operator (2.2) in dimension n. The data of the problem are
the functions F : R” x CN x C"N — CV and h : R* — CV, and the complex number \.

For m € [0, 00], we denote by L?(m), H'(m) the following complex Hilbert spaces on R™:
) = {f e P®C) | [ 1f@Pom(af)do < o0} |
H'(m) = {f € *(m ‘ O, f € L3(m) for j=1,....n},
where py, is the weight function defined by (1.12). Our main result is:

Proposition 6.1 Let m € [0,00), A\ € C, h € L%*(c0)V, and assume that F is a continuous
function satisfying

|F(z,p,Q)l < A@)lp|l + B@)|Q| . for all (z,p,Q) € R* x CY x C™V, (6.4)
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where A and B are bounded, nonnegative functions such that

lim sup A(z) = lim sup B(z) = 0. (6.5)

R—o00 |z|>R R—o00 |z|>R
IfReX > 2 — 2 then any solution f € H'(m)" of (6.3) satisfies f € H'(c0)¥

Proof. The proof is a simple modification of [15, Proposition 12|, which in turn is inspired by
a recent work of Fukuizumi and Ozawa [5] where decay estimates are obtained for solutions of
the Haraux-Weissler equation. For k > 1, € > 0, and 6 € [0,m], we define the weight functions

(1—o)klz|?

Epe(x) = e wtl=l® | Co(z) = (14 ]w\2)9 , zeR™. (6.6)

Multiplying both sides of (6.3) by (& f and integrating by parts the real part of the resulting
expression, we obtain the identity

6 VP +Re [T (V@8 T do+ [ 15PT VGt do
R" Rn R

~Re /Rn Cobpef - F(x, f(x), V(z))da + (% ~Re)) /Rn G fiPdr (67)

+ Re C9§k76.]? . hdm .
Rn

Clearly,
o 8(1 — €)k3x 20x

V(1) = W&ke( ),  V(r) = WC&(CU) : (6.8)

Thus, the second term in the left-hand side of (6.7) can be written in the following way:

e | f-(&.eVe,V)fdx + Re/ (Ve V)fda
Rn Rn

ngegk,e =
= —/n‘f‘QV- (1+‘ ’2>dx+Re nf'(CGVSk,e,V)fdx

0
B /\f\ St V] CIel2 /Wlflel2 Vekeds

C@gk,s 2 (1 B E)k2<9£k,s r
—nb - 1+‘x’2\f\ dm—l—Re/Rn @k £ [22)2 f(z,V)fdex .

To bound this quantity from below, we observe that

/’f’ Eret - V7 <|6|2d x < 26°

C@ék,e

2
dx
Tt |x|2!f!

Moreover, for each n; > 0,
8(1_6)k2C€§k6 = / 2(1_6)kC€§k6
-R = f(z,V)fdx < _ Vfld
/ G F e < [ Sk a9
< — )’ / K Coelzf
—m Jre (4k + [z]?)?

(1-m / Cobe |V 2 da +
Thus, using the expression (6.8) of V&, we find
C@gk € 2 / 8(1 - 6)0k2<9§k e’xf’2
: dx — : d 6.9
T+ P Lo W PP+ ey O

10 [ Rutdsft,
1—m Jgeo (4k +|2[?)? ’

e[ [ (VG V) fdz > —C /
Rn n

1—771/ o,V f|Pda —
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where C' = nf +6? does not depend on k and e. We next consider the third term in the left-hand
side of (6.7), which satisfies

2{ . _ Q C@gk,e
/an 1 VGl dr = g re 1+ |22

lzf|?dz +2(1 — e)/ K obcle | dz .  (6.10)

re (4k + |2[?)?

To estimate the right-hand side of (6.7), we use (6.4) and obtain, for each 7y > 0,
—Re A Cobhef - F(x, f(2),Vf(z))dz < /R Colr,Alf|? da %—/]R Colk,e BIfIIV f| dz
B’ 2 2
< | Gtn(A+ o)A+ [ G dVIPdr . (6.11)
R™ T2 Rn
Finally, for each n3 > 0, we have

_ 1
Re [ Gt hde < m [ GedfPdos o [ GgdiPde.  (61)
R™ Rn 13 JRrn

Substituting (6.9)—(6.12) into (6.7), we arrive at our basic inequality:

1— )k Colpelaf|? (1—2m + € 80
_ 2d / ( € —_ d
(m 772)/Rn ok, VfI" dx + e @k [2)? < 1—m 1+ ]mP) !

C n B? 0 1
< — - - At — — )P+ —|h? pdz . 1
< [t d(mm - Rerr At o m - g)IE e 613

To exploit (6.13), we first take 71 = 7o = 1 and = m. Using (6.5) and the assumption
that ReA > 7 — &, we see that there exists R > 0 independent of k > 1 such that, if 53 > 0 is
sufficiently small, the following inequality holds:

kQCO&c e‘xf‘Q 2 1 2
1— BooskeTIV 40 < Af2d +—/ B2 dz |
€ 6)/n ah+ )2 &S |m|§R<6£k7 |f]°dz 7 e Co&k,e|h|” d

where the constant C' > 0 is independent of £ > 1. Thus, taking the limit k¥ — oo and using
Fatou’s lemma, we obtain

e(1—e)

o [ el e e an < o) [

1 —c
P+ [ () P da
z|<R 4ns Jrn
which shows that e%e‘x‘Qf € L*(R?) for any € > 0. Next we choose 1, = i, N2 = %, n3 =1, and
6 = 0in (6.13). Taking again the limit & — oo and using Lebesgue’s dominated convergence
theorem, we find

! / TP P dr 4 6 / TP de < € / e 51 2 o 4 3 / e T2 de

where the constant C' > 0 does not depend on € > 0. This inequality shows that

! / e TN |V £ dgp 6 / T 2 fPde < ©
8 Jgn 48 Jgn

5 R aar s [ 52 aa,
|lz| <R’ 4 R™

for some R’ > 0 independent of € > 0. Taking now the limit ¢ — 0, we conclude that f € H'(c0),
which is the desired result. O]
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Proof of Proposition 3.4. We consider the eigenvalue equation (3.16), which can be written
in the form

- 3
—Lpwp, + aljwy, — alswy, + <)\ + §)wh =0, (6.14)

where £y, is given by (2.2) and the operators Ay, Ay are defined at the beginning of Section 3.
We recall that [Ajwy| < |US||Vhwn| and [Aswp| < [VRUS||wn|, where the velocity profile UY

satisfies (3.8). Assume that ReA > —2 — 1 and let w, € H'(m)? be a solution to (6.14).

Applying Proposition 6.1 with n = N = 2, F(z, f,Vf) = aAf — aAsf, and h = 0, we obtain
wy, € H'(00)?. This completes the proof of Proposition 3.4. O
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