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GEOMETRIC WALDSPURGER PERIODS II

SERGEY LYSENKO

ABSTRACT. In this paper we extend the calculation of the geometric Wald-
spurger periods from our paper [Compos. Math. 144 (2008), no. 2, 377-438]
to the case of ramified coverings. We give some applications to the study of
Whittaker coeffcients of the theta-lifting of automorphic sheaves from PGLo
to the metaplectic group é‘iz; they agree with our conjectures from [Geometric
Whittaker models and Eisenstein series for Mpg, arXiv:1221.1596]. In the pro-
cess of the proof, we construct some new automorphic sheaves for GL2 in the
ramified setting. We also formulate stronger conjectures about Waldspurger
periods and geometric theta-lifting for the dual pair (§I:2, PGL»2).

1. INTRODUCTION AND MAIN RESULTS

1.0.1. In the present paper we prove some conjectures from the first part of this
paper [20]. Let X and Y be smooth projective connected curves, and let ¢ : Y — X
be a degree 2 ramified covering. Let E be an irreducible rank 2 Q-local system
on X. Denote by Autg the corresponding automorphic sheaf on the stack Buns
of rank 2 vector bundles on X. We calculate the tensor (as well as symmetric
and exterior) square of the Waldspurger periods of Autg for this covering, and
so establish [20, Conjecture 3] for irreducible rank 2 local systems on X. This
generalizes [20, Theorem 5] to the case of ramified coverings.

In the process of the proof, we get some new automorphic sheaves on GL3 in the
ramified setting (not available in the literature to the best of our knowledge).

We apply these results to the study of the geometric theta-lifting for the dual
pair (SLo, PGL2). This application is our main motivation. So, this paper is mostly
about the quantum geometric Langlands program Afi)r éig. Namely, consider the
theta-lifting functor Fg : D™ (Bunpgr, )1 — D~ (Bung) (cf. Section [[Z2). Here
]§{1;1G plays the role of the stack of éig—torsors on X. For an irreducible SLj-local
system E on X, let Autg be the automorphic sheaf on Bunpgr,, normalized as in
[6]. Our main result is Corollary [[2:01 It gives some description of (the tensor
square of) the most nondegenerate Whittaker coefficients of Fz(Autg). It turns
out that this Whittaker coefficient is placed in one cohomological degree, so it is a
vector space. We describe the tensor square of this vector space directly in terms
of F.

This answer is to be compared with the conjectural extension of the Casselman—
Shalika formula for the metaplectic Langlands program suggested in [24, Section 11];
see also [TO}TT].
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236 SERGEY LYSENKO

1.0.2. We first formulate our results about the Waldspurger periods. Then we
present our motivations, results, and conjectures about SLs, and finally we explain
our strategy of the proof and some intermediate results that may be of independent
interest,.

1.0.3. Assume for a moment the ground field k = F, finite of ¢ elements with ¢
odd. Let G = GLg. Let E be an irreducible rank 2 local system on X, and let
fE : Bung(k) — Qq be the function “trace of Frobenius” of Autg. Let ¢: Y — X
be a degree 2 possibly ramified covering, where Y is smooth and projective. Write
PicY for the Picard stack of Y. Let J be a rank 1 local system on Y equipped with
an isomorphism N (J) = det E; here N(J) is the norm of J. Write fy : (PicY)(k) —
Qy for the corresponding character, the trace of Frobenius of the automorphic local
system AJ on PicY corresponding to J. The Waldspurger period of fg is

/ Fi(6.B) [ (B)dB.
Be(PicY)(k)/(Pic X)(k)

The function that we integrate does not change when B is tensored by ¢*L, L €
Pic X; here dB is a Haar measure. The theorem of Waldspurger says that the
square of this period is equal (up to some explicit coefficient) to the central value
of the L-function L(¢*E ® J~', 3); see [27]. This result played a central role in

the classification of the automorphic discrete spectrum of éig by Waldspurger in
[28,29] (see also [30] for a recent survey). We prove a geometric version of this
result (cf. Theorem [[TT.0)).

1.0.4. General notation. Let k denote an algebraically closed field of characteristic
p > 2; all the schemes (or stacks) we consider are defined over k. Fix a prime ¢ # p.

For a stack S locally of finite type, write D(S) for the category introduced in
[14, Remark 3.21] and denote D.(S, Q) in loc. cit. It should be thought of as the
unbounded derived category of constructible Q-sheaves on S. For * = +, — b we
have the full triangulated subcategory D*(S) C D(S) denoted D% (S, Q) in loc. cit.
Write D*(S); € D*(S) for the full subcategory of objects which are extensions by
zero from some open substack of finite type. Write D™(S) C D(S) for the full
subcategory of complexes K € D(S) such that for any open substack U C S of
finite type we have K |y€ D™ (U). Write D : D?(S) — D’(S) for the Verdier
duality functor.

Fix a nontrivial character v : F, — Qj and denote by £, the corresponding
Artin-Shreier sheaf on A!. Since we are working over an algebraically closed field,
we systematically ignore the Tate twists. If V — S < V* are dual rank r vector
bundles over a stack S, we normalize the Fourier transform Four, : D™(V) —
D= (V*) by Foury(K) = (pv+)1(£*Ly @p}, K)[r], where py, py+ are the projections,
and € : V xg V* — Al is the pairing.

Let X be a smooth projective connected curve of genus g. Write Q for the
canonical line bundle on X. For an algebraic group G we denote by 3’% the trivial
G-torsor on a given base. For a morphism of stacks f : Y — Z we denote by
dim. rel(f) the function of a connected component C' of Y given by dim C' —dim C’,
where C is the connected component of Z containing f(C').

Write Buny, for the stack of rank k vector bundles on X. For k = 1 we also write
Pic X for the Picard stack Bun; of X. We have a line bundle A; on Bun; with
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fibre det RI'(X, V) at V' € Buny. View it as a Z/2Z-graded placed in degree x (V)
mod 2.

1.1. Geometric Waldspurger periods.

1.1.1. For d > 0 write X(@ for the dth symmetric power of X; we view it as
the scheme of degree d effective divisors on X. Let "*X(4) < X(4 be the open
subscheme of multiplicity-free divisors. Pick d > 0, D € "X (@ Let €4 be a line
bundle on X equipped with 8217(9(—D). Note that O @ €4 is an O x-algebra and
set Y = Spec(0 & £4). Then Y is a smooth projective curve, and the projection
¢ Y — X is a degree 2 covering ramified exactly over D. Write Dy for the
ramification divisor on Y; the restriction of ¢ gives an isomorphisms Dy — D of
these finite k-schemes. Write o for the nontrivial automorphism of Y over X. Write
Qy for the canonical line bundle on Y.

Let PicY be the Picard stack of Y, and let ¢, : PicY — Buns be the map
B — ¢.B. We denote by N : PicY — PicX the norm map given by N(B) =
8;1 ® det(¢,.B) for B € PicY. This is a homomorphism of group stacks.

1.1.2. Let Uy be the group scheme on X given by the cokernel of the natural
map G, — ¢.Gy,. Let Buny, be the stack of Ug-torsors on X. We denote by
eg : PicY — Buny, the extension of scalars map. Recall from [20] that Bungy,
can be seen as the stack classifying B € PicY equipped with N(B)= Ox and a
compatible isomorphism v : B |p,, = Op,.. This means that the square of ~ is
the restriction N(B) |p = Op of the above trivialization. Our convention is that
under this identification e, sends B to o*B ® B~! with the evident trivializations

Ne*BoB H30, v:6"BB ' |p, =0p,.

Note that Bung, is naturally a group stack; we denote by mult : Buny, x Buny, —
Buny, the multiplication map. By [20, Appendix A], the connected components of
Buny, are indexed by a € Z/27 and denoted Bung; ,- Here Buny, , 1s the connected
component of unity.

If d > 0, then Buny, is a scheme and mult is proper. More precisely, write Pic" Y’
for the component of PicY classifying line bundles of degree r, and similarly for
X. Let Pic"Y, Pic" X be the corresponding coarse moduli spaces. For d > 0 the
natural map Pic"X — Pic*"Y is a closed immersion, and for any r € Z one has
Pic*"Y/Pic" X = Bun%¢. In this case if P is the corresponding Prym variety, then
there is a Galois covering Bun% , — P with Galois group isomorphic to (Z.)27,)42;
cf. [20, Appendix A] and [25].

1.1.3. For a rank 1 local system A on X we denote by AA the automorphic (char-
acter) local system on Pic X associated to A. For r > 0 we have the Abel-Jacobi
map X — Pic X, D; + O(D;), and the *-restriction of AA under this map is
canonically identified with the symmetric power A" of A.

For a notion of the central character of K € D(Bunz) we refer to [20, Definition 3].
If K € D(Bung) has central character A, where A is a rank 1 local system on X,
then act* K = AAK K for the map act : Buny x Buny — Bung, (L1,L) — L ® L;.
Recall the definition of the Waldspurger periods given in [20, Definition 10].

If J is a rank 1 local system on Y, then J ® 0*J is equipped with natural descent
data for ¢ : Y — X, and there is a rank 1 local system N(J) on X equipped with
»*N(J) = J @ 0*J, the norm of J.
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Definition 1.1.4. Let J be a rank 1 local system on Y. Let K € D(Bung) be a
complex with central character N(J). Then AJ~! ® ¢ K is equipped with natural
descent data for ey : PicY — Buny,. Assume the following holds:

(Cw) We are given KX € D(Buny,) equipped with
e Kc[dim. rel(ey)] = AJ~' ® ¢} K [dim. rel(¢1)].
For a € Z/27Z the Waldspurger period of K is
WP*(K,J) = RT.(Bung,,, Kx).

1.1.5. For r > 0 let my , : Yy - Buny, be the map sending Dy to O(Dy — o™ D)
with the natural trivializations

N(O(Dl—O'*Dl));/Ox, O(Dl—U*Dl) |DY ’—\;OD),.

Let E be a rank 2 irreducible local system on X. Write Autg for the corresponding
automorphic sheaf on Buny normalized as in [6].

Theorem 1.1.6. Let J be a rank 1 local system on'Y equipped with det E= N(J).
The condition (Cyw) of Definition [LT4 is satisfied for Autg, giving rise to X =
Kauty € D(Buny,). The compler X is a direct sum of (possibly shifted) irreducible
perverse sheaves on Buny,. One has

multy (K KK) = €D (49 ay @ (me,)i(d @ ¢"E*) ) [r].
r>0
Here (AJ1)q, denotes the x-fibre of AJ~' at Qy € PicY. In particular, for
a € Z/27Z there is an isomorphism

P WP (Autg,d) ® WP (Autg, J)

a;+az=a,
a;€Z/27

S @ AT Ha, @RI, (G 6" EY) )],

r>0,
a=r mod 2

If *FE 1is irreducible, then the latter complex is a vector space placed in cohomolog-
ical degree zero.

This establishes [20, Conjecture 3] for all irreducible rank 2 local systems on X.
We also describe the symmetric and exteriour squares of Waldspurger periods in
Remark Recall that for a local system € on X the geometric analog of the
central L-value L(E, 3) is the complex @, ., RT'(X (™, £()[r](%), so Theorem [I.6]
implies the Waldspurger formula by passing to the trace of Frobenius (up to the
Tate twists that we ignored).

Remark 1.1.7.

(i) Let J be any rank 1 local system on Y. By [22] Lemma 15], one has canonically
det RI(Y, 9) = (A9 Vo, .

(i) In the situation of Theorem [L1.6] assume in addition that H(Y,J® ¢*E*) =
0. Since 0*J~!' ® ¢*E3J @ ¢*E*, this yields HX(Y,J ® ¢*E*) = 0. Set V =
HY(Y,J ® ¢* E*). The symplectic form E ® E — det E induces a map

(1) H(Y,d®0*d ® ¢"E* ® ¢*E*) — H*(Y, Q) = Qu.
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Since the cup-product

VoVSHY (Y,J®¢*"E*)@HY (Y, 0" ® ¢*FE*) - H*(Y,J @ 0" @ ¢*E* @ ¢*E*)
is skew-symmetric, by composing it with () one obtains a nondegenerate symmetric
form Sym? V' — Qg on V. Let SO(V) be the special orthogonal subgroup of GL(V)
preserving this form. We may view V as an SO(V)-torsor on Spec@Qy. One has
dimV = 4gy — 4, where gy is the genus of Y. Let Spin(V) denote the simply
connected cover of SO(V). Let I'y,I'g be the half-spin representations of Spin(V)

over Qy; here a, 3 are the corresponding fundamental weights of Spin(V') [7, Section
19.2, p. 291]. Then

Io®@la@lsels=S A Van VeV e...
and
[a@T0Ts@0, S AN VO VOAN V...

Pick a trivialization of (Ad)q,.. Then we see that there should be a numbering o,
a € Z/27, of the half-spin fundamental weights of Spin V' and isomorphisms

WP (Autg,d) =Ty, ,

where T, is the irreducible half-spin representation of Spin(V') with highest weight
aq. Viewing accordingly I', @ I'g as a Z/2Z-graded representation of Spin(V'), the
above is summarized as a Z/2Z-graded isomorphism

(2) (Ta ® TS @ A7,

r>0
where the grading on the RHS is given by the parity of r. Note that dimV is
divisible by 4. In this case the additional grading by r mod 4 on the RHS of (2]
corresponds to the additional grading of the LHS of (2)) by the action of the invo-
lution permuting the two factors in the tensor product. We show in Remark
that the isomorphism of Theorem respects this additional grading.

A trivialization of det E yields a trivialization of (4~ 1)q, . Indeed, we get
0*d=3J~'. The cup-product H'(Y,J) ® H' (X, 0*g) — H*(Y,Q;) = Q is a sym-
plectic form on H(Y, ); our claim easily follows.

(i) The GLg-variety GLg2 /¢.Gy, is spherical (pointwise over X), so our set-
ting and results could possibly be thought of in the perspective suggested by
Sakellaridis—Venkatesh and Gaitsgory—Nadler in [12,[26]. This is also related to
the study of the Waldspurger category in [18].

1.2. Quantum geometric Langlands for SLs.

1.2.1. Consider the group scheme G = Sp(O & Q) on X. So, Bung is the stack
classifying M € Buns with an isomorphism det M = Q. Let Ag be the line bundle
on Bung with fibre det RI'(X, M) at M. Write BT(nG for the gerbe of square
roots of Ag over Bung. It classifies M € Bung and a line B equipped with
B2 det RT(X, M).

Let € be the 2-automorphism of EElG acting as —1 on B and trivially on M.
Write D_(Bung) C D(Bung) for the full subcategory of objects on which € acts
as —1. Recall that Rep(SL2) acts on D_(Bung) naturally by Hecke functors ([19
24]). The fundamental problem we are interested in for SL, is to find a spectral
decomposition of D,(]gl\l;lg) under this action (see [IL[9] for many other related
ideas).
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240 SERGEY LYSENKO

Write € for the 2-automorphism of ]/3:1/11G that acts trivially on B and by —1 on
M. This makes sense as —1 acts trivially on det RI'(X, M). The action of € gives
a Z/2Z-grading on D _ (E;{l/ng) The category Rep(SLs) is also Z/2Z-graded by the
action of the center of SLo. By [22, Lemma 2], these gradings are compatible.

1.2.2. Let H = SOy split. Write F : D™ (Bung), — D=(Bung) for the theta-
lifting functor from [22 Section 0.3.2]. We believe that Fz commutes with the
actions of Rep(SLz) on both sides, and this could possibly be verified as in [21],
but we did not check this. Unfortunately, the functor Fg is not expected to be
an equivalence. This is seen already in Conjecture [[.2.4] below. This could be a
phenomenon similar to the one we observed for the quantum geometric Langlands
for a torus [23] Question 2.1, Section 5.2.8], where the twisted derived category of
Q¢-sheaves is not equivalent to the corresponding untwisted one (predicted by the
quantum Langlands correspondence [9]).

1.2.3. For a local system € on X the geometric central L-value is defined as
CLe(X) = EPRI(X @, )0,
0>0
We view it as Z/27Z-graded by the parity of 6. Note that for local systems &; on X
one has canonically

CL¢,ge, (X)/—\;CL&(X) ®CLg, (X)

For an irreducible SLy-local system E on X denote by Autg, the automorphic
perverse sheaf on Bungy normalized as in [22 Section 0.3.3] by the property that its
first Whittaker coeflicient is “one”. We believe that the corresponding category of
E-Hecke eigen-sheaves in D_(Bung) contains a unique object, whose Z/2Z-graded
pieces are irreducible perverse sheaves.

Conjecture 1.2.4. Let E be an irreducible SLa-local system on X. There is a
Z./2Z.-graded complex SQg € D(Speck) equipped with a 7/27-graded isomorphism
(3) (SQr)®* = CLp(X).
Then

Fo(Autp) 5 SQp @ (Fred ),
where F* are irreducible perverse sheaves on ]iljn/a The 2-automorphism € Of]gl\l;lc
acts on F* as £. Moreover, F* & F~ € D_(Bung) is an E-Hecke eigen-sheaf.

Remark 1.2.5. If E is an irreducible SLo-local system on X, then CLg(X) is placed
in cohomological degree zero and identifies with the Clifford algebra of Hl(X ,E).
This Clifford algebra splits noncanonically, and the complex SQ g equipped with the
isomorphism (@) exists by the representation theory of the corresponding spinorial
group; cf. Remark [[L2.14] below.

1.2.6. Let B C G be the parabolic group subscheme over X preserving 2. The
stack Bunp classifies € € Bun; and an exact sequence on X

(4) 00> M= &1 —0.

Write vp : Bung — BTIJIIG for the map sending the above point to (M, B), where
B = det RI'(X, € ® Q) with the induced isomorphism B? = det R['(X, M).
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Let 8 be the stack classifying € € Bung, and sy : €2 — Ox. Then 83
and Bunp are dual generalized vector bundles over Bun;. Denote by Foury :
D(Bung) = D(S8p) the corresponding Fourier transform. Let RCov® < 8y be
the open substack classifying & € Buny, D € "X and sy : €25 O(=D). Let
¢ be the 2-automorphism of RCov? acting as —1 on €. Denote also by e the
2-automorphism of Bunp acting as —1 on &, M. The above Fourier transform re-
spects the actions of e. Over a connected component of Bung containing a point
(@), if € acts on K € D_(Bung) by ¢ € gy, then £ acts on 75K as (—1)X(E2¢,
Here x stands for the Euler characteristic.

As the degree 2 covering ¢ : Y — X varies in RCov? the group schemes Uy form
a group scheme Upg over RCov? x X. We define the stack Bung, and a diagram

RCov? &2 Bung, Y Bungy

(see Section BI4). The fibre of (pr)iqi; K at a k-point of RCov? is the Wald-
spurger period of K with respect to the trivial local system; this complex organizes
these Waldspurger periods into a family over RCov?. It is remarkable that the
Hecke property itself already implies the following acyclicity result (proved in Sec-

tion [6-129)).

Proposition 1.2.7. Let E be any SLa-local system on X. Let K € D(Bung)
be an E-Hecke eigensheaf, and let d > 0. Then qi; K is ULA with respect to pp :
Buny, — RCov®. Each cohomology sheaf of the complex: (pr)1ai K is a local system
on RCov?.

1.2.8. This paper (and Conjecture 4 iii) from [22]) is mostly concerned with the
complex on RCov?,

(5) Fp := Foury, v Fo(Autg)[dim. rel(75) — dim RCov?] [gaovd,

for E an irreducible SLs-local system on X. We show in Corollary that for
any K € D(Bung) the complex

(6) Foury, 75 Fo(K)[dim. rel(73) — dim RCov?] |gaoye

identifies with (pg)i1qj;K up to a shift. This is the main motivation for introducing
Waldspurger periods. This is how they appeared in the work of Waldspurger [27],
as a tool for calculating the Whittaker coefficients of Fg(K).

In [22 Section 0.3.5] to any local system V on X we associated a complex C' L%
on RCov? whose fibre at (&, S2) equals

PRIXD (V@ &) )[0];

0>0

here ¢ : Y — X and & are associated to (&, s2) as above. Namely, Y = Spec(O®E),
o is the nontrivial automorphism of Y over X, and &; is the sheaf of o-anti-
invariants in ¢,Qg. So, the fibre of CL¢ over a k-point of RCov? is the geometric
central L-value of the constructible sheaf V @ €y on X. We consider it as Z/2Z-
graded by the parity of 6.

The following is the main result of this paper (it is derived from Theorem

in Section [ET.TT]).
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Corollary 1.2.9. Let E be an irreducible Sly-local system on X. There is an
isomorphism on RCov?,

(7) FR2SCLR(X)®CLE,.

This isomorphism is Z/2Z-graded, where the grading on (Bl) is given by the contri-
bution of the stacks Bun{; for a € Z/2Z, and the complezes CL}, and CLg(X)
are graded by the parity of 8. One has D(Fg[d)) = Fg[d]. If d > 0, then Fg is a
local system on RCov? placed in cohomological degree zero.

1.2.10. Recall the following [22] Conjecture 3].

Conjecture 1.2.11. For any SLs-local system E on X and any d > 0, there is a
complez 8%, € D(RCov?) equipped with an isomorphism

(84)* = CL%.
Moreover, 8%[dim RCov?] is Verdier self-dual. The complex
Foury, i5(F @ F7)[dim. rel(7p) — dim RCov?] |gaoye

identifies canonically with 8}{;. Here T @ F~ is the perverse sheaf on ]/3:1?1G asso-
ciated to E in Conjecture [L2.4l In addition, SQg of Conjecture [L2.4] is the fibre
of 8% at the k-point € =0 of RCov’.

1.2.12. If E is an SLy-local system on X with H°(X, E) = 0, then H*(X, E) is
equipped with a nondegenerate symmetric form

H'Y(X,E)®HY(X,E) - H*(X,E® E) - H*(X,Q,) = Q,

and a compatible trivialization det H'(X, E) = Q,. So, H*(X, F) can be seen as
a S0y, 4-torsor over Spec Q. View CLgp(X)= D, >0 A HY(X,E) as the corre-
sponding (Z/2Z-graded) Clifford algebra. Let us insist on this point. The central
value of the L-function L(E, %), which in the geometric setting is not just a number,
but a vector space with the Frobenius operator on it, is actually an algebra.
Now let E be an SLs-local system such that for any d > 0 and a covering ¢ :

Y — X in RCov? we have H(Y, $* F) = 0. Recall that the fibre of CLg(X)®CL%
at (&, s9) is

DRI, (¢*E) )0,

6>0
As above, Hl(Y, ¢*E) is equipped with a nondegenerate symmetric form. View
CLgr(X) ® CLY as the corresponding sheaf of Z/2Z-graded Clifford algebras on
RCov?. Assume, in addition, that E is irreducible. By Corollary [LZ9] F is a local
system over RCov? for all d > 0. The sheaf of endomorphisms F$2 = End(F ) of
Fg is naturally a Z/2Z-graded sheaf of algebras on RCov?.

Conjecture 1.2.13. Let E be an SLo-local system such that for any d > 0 and a
covering ¢ : Y — X in RCov® we have H*(Y, ¢*E) = 0. Then the isomorphism ()

is actually an isomorphism of Z/27Z-graded sheaves of algebras on RCov?.

Put another way, under the assumptions of Conjecture [L2.13] the local system
CLg(X)® CL% on RCov? has two different structures of a Z/2Z-graded sheaf of
algebras, and we expect these structures to coincide.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



GEOMETRIC WALDSPURGER PERIODS II 243

Remark 1.2.14.

(i) Let E be an irreducible SLy-local system on X. If we were working over
complex numbers with D-modules, then Hl(X , E) would carry a pure Hodge struc-
ture of weight 1; this structure yields a natural candidate for SQg. We hope
our construction could have applications for the theory of motives (when E is of
motivic origin, the corresponding half-spin representations of the Clifford algebras
appearing via the Waldspurger periods could be motivic as well).

(ii) If F is an SLy-local system on X with H*(X, E) = 0, then H'(X, E) can be
seen as a torsor over Spec Q, under S04y—_4. The datum of SQg together with a
Z/2Z-graded isomorphism (@) is then equivalent to a datum of lifting of this torsor
to a Spiny,_4-torsor over Spec Q.

(iii) In the setting of Conjecture [[ZTI1] assume FE is irreducible and d > 0. For
each point of RCov? the x-fibre of the Clifford algebra C’L% as this point splits,
that is, identifies as Z/27Z-graded with the algebra of endomorphisms of some Z/2Z-

graded vector space. It is not clear if this is true globally over RCov?.

2. STRATEGY OF THE PROOF AND OTHER RESULTS

Essentially all our results about §I/12 formulated in Section [I.2 are an application
of Theorem Their proofs are given in Section [6l In the rest of Section 2] we
explain our approach to the proof of Theorem

We follow the strategy of [20, Theorem 5], though the proof of loc. cit does not
generalize “as is” to the case of ramified coverings. The new ingredients needed for
the proof of Theorem are

e ramified theta-lifting functors for the dual pair (GL2, GO,) and ramified
geometric Eisenstein series for GLy described in Section 211

e Proposition 18], which is a version of the Hecke property of the theta
kernel Autg g for the dual pair (G = GLy, H = G0Y,,) adopted to our
particular type of ramification.

We first describe these ingredients and then explain our strategy of the proof of
Theorem [[LT.6] in Section 2.3

2.1. The dual pair (GL3, GO,).

2.1.1. Pick a point of RCov? given by s5 : €= O(—D); here D € "X (@ We have
the corresponding degree 2 covering ¢ : Y — X. Let G = GLo, and let H = ¢, G,,.
We think of D(PicY’) as some ramified version of D(Pic X x Pic X).

Let Buny p be the stack classifying M € Bungy and a subsheaf M (—D) C McM

with diV(M/M) = D. In Section .35 we define a us-gerbe ]_S)Tl;lZD — Buns p
classifying (M C M) € Buny p, and a Z/2Z-graded line U of parity zero together
with a Z/2Z-graded isomorphism

U? = det RI'(X, M/M) @ det RT'(X, Op).

We think of D(EIJ.JHQ, p) as a ramified version of D(Bunz) taking into account some
particular type of ramification (cf. Section B).

Consider the stack Buny p g = Bung p Xpic x PicY, where the map PicY —
Pic X sends B to Q(D) ® N(B)~!, and Bunz,p — Pic X sends (M C M) to det M.

Let Buny p g be obtained from Buny p g by the base change Buny p — Buns p.
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We define an object Autg i € D™ (1/3:1/112,D,H), which is the kernel of the theta-lifting
functors

(8)  Fg:D (PicY)— D¥(Bunyp) Fg:D ™ (Bunyp) — D¥(PicY)

(cf. Definition B:3.6). One has a decomposition Autg g — Aute m,g ® Aute m,s.
The following is an analog of [20, Proposition 5] in our ramified setting.

Proposition 2.1.2.
(i) Both Autg g4 and Autg g s are perverse sheaves irreducible over each con-

nected component of Buns p . Moreover, D(Autg i) = Aute g canonically.

(ii) The perverse sheaf Autg g is ULA with respect to q : Bung p g — PicY.
So, Fg commutes with the Verdier duality functors.

2.1.3. We define the geometric Eisenstein series Eis(Q @ €g) € D(ﬁﬁ/nlp) in the
spirit of [3] (cf. DefinitionB.42). The second part of the following result geometrizes
a particular case of the Siegel-Weil formula (compare with [20, Proposition 6] in
the nonramified setting).

Proposition 2.1.4.
(i) Let E be a rank 1 local system on Y that does not descend to X. Then
Fo(AE[dimPicY)) is an irreducible perverse sheaf over each connected component

of Buns p.
(ii) There is an isomorphism Fg(Qq[dim PicY]) = Eis(Q, & &o) on Bunz p.

2.1.5. The complexes appearing in Proposition 2. T.4lshould be ramified Hecke eigen-
sheaves. Indeed, we expect that Fg commutes with Hecke functors, but we do not
need this fact in the present paper.

In our opinion, it is a little miracle in Proposition Z.T4(ii), as is usually seen
in the Siegel-Weil formula, that given a point (M C M,U) € ]§1\1;121D, a certain
sum over B € PicY with N(B) = (det M)~ ® Q(D) rewrites as a sum over some
subsheaves of M.

We also describe the Whittaker coefficients of the sheaves appearing in Proposi-

tion 2T (cf. Lemma B318 and B320).

2.1.6. Let € be the 2-automorphism of é{l/nzp acting as —1 on U and trivially on
(M Cc M) for (M C M,U) € Buny p. Let D_(Buns p) C D(Buny p) be the full
subcategory of objects, on which € acts as —1.

2.1.7. We introduce the Hecke functor
He : D_(Buns,p) — D_(X x Buny,p)

in Section This is some ad hoc extension of the Hecke functor corresponding
to the standard representation of the Langlands dual group of GLy to the points
of ramification (sufficient for our purpose to prove Theorem [[LT.6). One of the
difficulties is that Hg is known to commute with the Verdier duality only over
(X — D) x 1/3:1/112,D, not over the whole of X x 1/3:1/112,D.

For the convenience of the reader we explain the definition of Hg here. Compare
with the Hecke functors in the ramified setting used in [31].

Let Modj 5, be the stack classifying (M C M) € Bung,p and an upper modifi-
cation M C M’ with deg(M'/M) = r and M’ N M (D) = M. We have the diagram
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of projections

(9) Buns p B Mods p Py Bung p,
where pys sends the above point to (M C M), and p; sends the above point to
(M"C M"). Here M'(—-D) C M" and M'/M'(—D) C M'/M'(—D) is the image of
the natural map M/M(—D) — M’'/M’'(—D).

Both par, pj, are smooth of relative dimension 2r. Let pa : Mod, p — é;l/nzp

be obtained from pj; by the base change ]/3:1/1127D — Bung p. In Section 53] we
extend (@) to a diagram

— ~ e~ ~/ o
Buns p hu Mod, p, Py Buny p,

whose construction does depend on our choice of the covering ¢ : ¥ — X. For
r = 1 this gives the diagram

— ~ —1
p supp X X P
Buns p pd Mod, p M X x Bung D>

—1
where supp sends a point of Mod, 1, as above to div(M’/M). For this diagram and
K e D_(ﬁau,p) we set
He(K) = (supp xpi )i (Par) K [2].
The map supp x ) is proper over (X — D) x ]_S)TJYIQ’D, but not over X x ]§I1;12,D. The
fibre of supp xp), over (z, M C M,U) is P! (resp., Al) for = ¢ D (resp., z € D).

2.1.8. For any local system E on X and r > 0 we introduce in Section B.5.3] the
averaging functors

Avly :D_(Buny p) — D_(Bunyp) and Av’ : D(PicY) — D(PicY),

similar to the averaging functors from [8]. The following is an analog of [20, Pro-
postion 7] in our ramified setting.

Theorem 2.1.9. For any local system E on X one has a canonical isomorphism
of functors
FroAvy = AvpoFy

from D~ (Buny p); to D(PicY).

2.1.10. Theorem[2.T.9is derived from the following Theorem Z.T.TTl In Section[3.6.T]
we introduce the stack WD g classifying z € X, (M Cc M, U) € Bung p,B € PlcY
together with an isomorphism N(B’) = C(D — x), where € = Q @ (det M)~1. We
also introduce two Hecke functors,

HGH : D(]g{;nZD’H) — D(WD,H) and HHG : D(BTl_;lQ)D)H) — D(WDJ{)

Here Hgpy corresponds to the standard representation of the Langlands dual to
G. The following is an analog of a special case of [20, Theorem 1] in our ramified
setting.

Theorem 2.1.11. There is a canonical isomorphism in D(VVD,H),

(10) HGH(AutG’H)/—\;HHg(AU.tG’H).
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2.1.12. While Hyg commutes with the Verdier duality, this property is known for

Hgpy only over the open substack of WD,H given by x ¢ D. This is one of the
technical difficulties in the proof of Theorem 2. .11l To derive Theorem 2.1.9 from
Theorem ZTTT] it is essential to have the isomorphism (I0) over the whole of

WD,H~

2.2. A version of the Hecke property of AuthI. Our Proposition A.T.0]is a
version of the Hecke property of the theta kernel Auta i for the dual pair (G =
GLy, H = G@gm) adopted to our particular type of ramification. It says that some
averaging of Aut along ( is isomorphic to another averaging of Aut along H. The
proof of Proposition is the purpose of Section [ which is independent of the
rest of the paper.

2.3. Strategy of the proof of Theorem [I.1.6l Our proof consists of the follow-
ing three steps.

2.3.1. Step 1. Let H be given by the exact sequence
1= G,y — GLy x GLy — H — 1,

where the first map is z — (z,27!). Let pg : Buns x Buny — Buny be the
extension of scalars. Let E be a rank 2 irreducible local system on X. We define a
perverse sheaf K g et p.g o0 Bung, which is the descent of Autg X Autg under
pg- Here we denote by 7 : X U X — X the trivial cover.

As in [20] Section 6], define the group scheme Ry on X by the exact sequence

1= Gm = Gy X 9.Gp, = Ry — 1,

where the first map is z +— (z,271).
Let 4 GL2 be the group scheme on X of automorphisms of ¢.0y. Define ,H by
the exact sequence

1 = G, — (4GLa) x (4GLa) = 4H — 1,

where the first map is z — (z,271). By [20, Section 6.1.1], Bun_; — Buny nat-

urally. The natural map R, — ¢ﬁ induces a morphism denoted qg, : Bung, —
Bung in (loc. cit., p. 414).

The product ¢.G,, x ¢.G,, = ¢.Gyy, factors through Ry — ¢.G,,. Let py :
Bung, — PicY be the extension of scalars with respect to the latter map. Un-
winding the definitions, the calculation of mult)(K X X) is reduced to that of

(11) (p¢)!clf?,¢Kﬂ*E,det E,H*

Let G = GLg, and let Fz : D™ (Bung): — D™ (Bung) be the theta-lifting
functor for the dual pair (G, H) from [20, Definition 1]. Use [20, Proposition §],
which provides an isomorphism

Fig(Autg-) = (A(det E))o © K. p qor .0+

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



GEOMETRIC WALDSPURGER PERIODS II 247

2.3.2. Step 2. Set H = ¢.G,,,. Our Proposition E.I.10] identifies (IIl) up to a shift
with

(12) Fr(Eis(Q & €9) ® 65 Autp).

Here §5 : 1/3:1/112,D — Buny sends (M C M,U) to M, and the stack ﬁiﬂlgp is that
of Section Z.T.J] Here Fy denotes the ramified theta-lifting functor (&), and the
Eisenstein series Eis(Qq®¢&) is that of Section ZT.3land Definition[3.42] This is our
motivation for a study of the ramified theta-lifts and Eisenstein series summarized
in Section 211

The proof of Proposition [B.I.10] is a combination of two ingredients: Proposi-
tion LT85l which was missing in the nonramified case, and a version of the Siegel-
Weil formula given by Proposition 2.1.4(ii).

2.3.3. Step 3. We establish Proposition .85 which is an analog of [20, Theorem 2]
for our ramified setting. Namely, in Lemma [B.8.3] we show that

Eis(Q¢ @ €0) ® 07 Autp

is of the form @, ., Avy(Laget £) for some complex Laget g € D_(BII/Il27D). The
shorthand La refers to Laumon, as this sheaf is related with Laumon’s construction

from [16]. Applying Theorem 2.1.9] we get
FH AVE(Ladct E) : AV% FH (Ladct E)

The end of the proof is an easy explicit calculation of the right-hand side. The
answer is of a local nature, that is, it makes sense for the not necessarily irreducible
local system E on X. This is why, as in [20], we think of (IZ) as some Rankin—
Selberg type convolution.

Combining the above steps, one derives Theorem

2.4. In Appendix [A for a point of RCov? given by ¢ : ¥ — X we relate the
theta-sheaves for X with those for Y (cf. Proposition [AT.T]).

3. THE DUAL PAIR (GLg2, GO,) IN THE RAMIFIED SETTING

In this section we perform the contructions and establish the results formulated
in Section 211

3.1. The geometric Langlands program in the ramified setting was outlined in [5].
We will encounter some ramified automorphic sheaves of the following type. Let
G be a connected reductive group over k. Let T C B C G be a maximal torus
and Borel subgroup. Pick a multiplicity-free effective divisor D on X. Let Bung p
denote the stack classifying a G-torsor F¢ on X, a B-torsor ¥ on D, an isomor-
phism F¢ |p = Fp xp G, and a trivialization v : Fg xp T — F%. Recall that we
denoted by F2. the trivial T-torsor. For z € D pick a rank 1 character local system
Xz on T'; in our case it will be of finite order. The local systems y, will be regular,
that is, the stabilizer of x, in the Weyl group is trivial. The group [[,., T acts

on Bung, p changing -, and we will have to consider K € D(Bung, p) that change
under the action of [] ., T by Myep x» and are automorphic. The Hecke algebra
for the corresponding local geometric setting has been studied in [13].
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3.2. For n > 1 let G,, be defined as in [20, Section 2.1]. Namely, G, is the sheaf on
X of automorphisms of 0% @ Q" preserving the natural symplectic form /\2( % @
Q") — Q. The stack Bung, classifies M € Buny, with a symplectic form A* M —
Q2. Let Ag, be the line bundle on Bung, with fibre det RT'(X, M) at M. Let
E;{l/ngn — Bung,, be the po-gerbe of square roots of Ag, . Write Aut for the theta-
sheaf on EEIG”; one has a direct sum of perverse sheaves Aut = Aut, & Aut, (see
loc. cit.).

We will use the notation G below. In this paper it will always refer to the above
sheaf of groups (and should not be confused with the notation G used in Cartan’s
classification of simple algebraic groups).

Let P, C G, be the parabolic group subscheme preserving O%. Let vp, :
Bunp, — Bung, be the natural map. We may view Bunp, as the stack classifying
L € Bun,, and an exact sequence 0 — Sym? L —? — Q — 0 on X it b yields an exact
sequence 0 - L — M — L* ® 2 — 0. Denote by 7p, : Bunp, — Bung, the map
sending the above point to (M, B = det RT'(X, L)) with the induced isomorphism
B2 det RI(X, M).

3.2.1. For d > 0 let X(@ denote the dth symmetric power of X, and let "**X (@) <
X (@ be the open subscheme classifying multiplicity-free divisors. As in [20, Sec-
tion 6], let RCov? be the stack classifying D € "X (9 & e Bun;, and an isomor-
phism €2 O(—D) on X. According to [I8, Section 7.7.2], we think of RCov? as
the stack classifying a degree 2 covering ¢ : Y — X ramified exactly over D, where
Y is smooth and projective. Namely, Y = Spec(O @ &) for a point of RCov? as
above.
For a constructible Q-sheaf E on X let

E@ = (sym, E'Xd)sd
for the map sym : X¢ — X9 sending (z;) to 3, z;.

3.2.2. For the rest of Section B we fix d > 0 and a k-point of RCov? given by a
degree 2 covering ¢ : Y — X ramified exactly over some D € "5 X (),

Let Dy be the ramification divisor on Y, so ¢ induces an isomorphism Dy = D.
Let o be the nontrivial automorphism of Y over X, and let €4 be the o-anti-
invariants in ¢,0. Let &y be the o-anti-invariants in ¢,Q,. This is a local system
on X — D extended by zero to X. Similarly, if » > 1, then (€)(") is a local system
on (X — D) extended by zero to X ().

3.2.3. Let Eﬁll be the stack classifying L; € Buny, a Z/2Z-graded line U of parity
zero equipped with a Z/2Z-graded isomorphism

(13) n: U= det RI'(X, Ly |p) ® det RI'(X, Op).

Remark 3.2.4.

(i) The vector space det RI'(X,Op) is not canonically trivialized, though one
has canonically det RI'(X,0p)% = k. For A, A’ € Bun; one has a canonical Z/2Z-
graded isomorphism

det RT'(X, Ap) @ det RI'(X, Ap) = det RI' (X, A® A’ |p) ® det RI'(X, Op).

(ii) For L; € Bun; the RHS of (I3) is @,cp
zero, so the order of points does not matter.

L; ,, where each L, , is of parity
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Lemma 3.2.5. For any L1,C € Bun; there is a canonical 7/27-graded isomor-
phism
det RI'(X, L; |p) @ det RI'(X, L; ® &4 ® €)?
det RT'(X, L; ® €)2
=~ det R['(X,0p) ® det RT'(X, €4 ® )2
det RT'(X, €)2 '

(14)

Proof. For A, B € Bun; set

KA B) = det RI'(X, A ® B) ® det RI'(X, O)
"7/ 7 T detRI(X, A) ® det RI'(X, B)

Then K (A, B) is bilinear in each variable up to a canonical isomorphism; cf. [4] or
[23, Section 4.2.1-4.2.2]. The isomorphism K (A;B) ® K(Az, B) = K(A; ® Az, B)
shows that

det RT'(X, A1 ® Ay ® B) ® det RT'(X, B)

det RI'(X, A1 ® B) @ det RT'(X, Az ® B)
is independent of B € Bun; up to a canonical isomorphism. This shows that
det RI'(X, €4 ® C) @ det RI'(X, L1 ® C) — -1
— K(Ey, L
detRI(X, L, ® &4 ® C) ® det RT(X, €) (€q, L)

canonically. Since K (-, L) is linear, we get, using Remark [3.2.4]
K(&p, L1) > =S K(O(=D),L;) "= det RT'(X, Ly |p) ® det RT'(X, Op).

3.2.6. Let v : Bun; — Bun; be the map sending Lq to (L1, U, n), where

~ detRI(X,L;) ®det RI'(X, &y)
~ det RI(X,0) @ det RI'(X, Ly ® &)

(15)

is equipped with the isomorphism (I3) given by Lemma The map t is a
po-covering. Let AEg denote the po-anti-invariants in v/ Qy; this is a local system
of rank 1 and order 2 on ]:3;11;11. The map t is a section of the gerbe ]gﬁ;ll — Bunj.

Note that A&y is trivialized at (O,U = k,n = id). The stack Bun; is naturally
a commutative group stack, and the product m : ]§{1?11 X ]§1\1;11 — B—l\l;ll sends
(L1, Uy, m), (Lo, Usa,m2) to (L1 ® Lo, Uy ® Us, n), where 7 is the composition

det RE(X, Ly |p) @ det RT(X, Ly |p) ~ det RI(X, Ly ® Ly |p)
det RT'(X,0p)? detRT'(X,0p)
and the second isomorphism is that of Remark B.2.4l One checks that m* A&y =

A&y X AE( naturally.
One has the Abel-Jacobi map

U U, "B”

AJ: (X — D)) = Buny

sending Dy to (O(D1),U = k, n), where n = id. One has AJ*(AE&y) :78(()” naturally.
Indeed, the pull-back of the cover t by AJ is a degree 2 cover over (X —D)(T), whose
fibre at D; € (X — D)(") is the set of z € @ (€4)x with 22 = 1. Here we used
the isomorphism 8;’—70(—D) fixed above.

xeDy
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Remark 3.2.7.

(i) For a rank 1 local system V on X denote by AV the corresponding automor-
phic local system on Bun;. For 7 > 0 and the Abel-Jacobi map AJ : X(") — Bun,,
Dy + O(Dy) one has AJ*AV = V(). For d = 0 there is an ambiguity for our nota-
tion A&q. In this case the gerbe E;{l/nl — Bun; admits a section sy : Bun; — ﬁll,
sending Ly to (L1,U = k,n = id). One has s} A&y — AEy. We hope that the
precise meaning for A is clear from the context.

(ii) If d = 0, then (I5) is trivialized for L; = Q, so (A&p)q — Q, in this case.
This is why Theorem for d = 0 coincides with [20, Theorem 5].

3.3. Theta-lifting functors for (GL2, GO,).

3.3.1. Let Bung p be the stack classifying M € Buny together with a subsheaf
M(—D) C M C M such that div(M/M) = D. This is the stack of vector bundles
with parabolic structure at D. Let Shi denote the stack of torsion sheaves on X of
length d. We have used the map div : Shf — X @ from [17].

Let H = ¢.G,,; the stack Bunyg of H-torsors on X identifies naturally with
PicY. Set

BunlD,H = BUHQVD XPic X Pic Y,

where the map PicY — Pic X sends B to Q(D) ® N(B)™!, and Bung p — Pic X
sends (M C M) to A := det M. We have used the norm map N : PicY — Pic X
from [20, Appendix A] given by N(B) = 8;1 ® det(d«B).

For B € PicY the vector bundle L = ¢, B is equipped with a canonical symmetric
form Sym? L — @(D), where € = N(B)(—=D). Also let L = ¢,(B(—Dy)); the
symmetric form on L induces an isomorphism L= L* ® €. The symmetric form
Sym? L — € has a canonical section s, that fits into the commutative diagram

Sym’L — @
(16) T Se /id
C(-D)

Lemma 3.3.2. For (]\_4 C M,B) € Bung p g with A =det M, L = ¢.B one has a
canonical Z/27-graded isomorphism

det RI'(X, M)? @ det R['(X, L)?
det RT'(X,0)2 @ det RT'(X, A)2 ® det RI(Y, B/B(—Dy))

det RI(X, M ® L) =

Proof. Let L = ¢.(B(—Dy)). By [20, Lemma 1], one gets

det RT'(X, M)? @ det RT'(X, L)? @ det RT(X, )

det RT(X, M ® L)=5 .
et RIX, M@ L)= 50 RTX, 0)5 @ det RT(X, A) @ det RT(X, A @ £4)

Applying this formula for M = O @ A, in particular, and using L = L* ® C, one
gets

o __detRT(X, A)@det RT'(X, L) ® det RT'(X, €,5)
det RI'(X, L)— det RT'(X, A® L .
etRI(X, L)= det RI(X, A® L) det RT(X, €, @A) @det RD (X, O)

Since det RI'(X, L)®@det RI'(Y, B/B(—Dy)) = det RI'(X, L), our claim follows. [
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3.3.3. Denote by
(17) 7 :Bung p, g — Bung,

the following map. For a point of Buny p g on M ® L one gets a form /\2(M®L) —
Q(D) such that M ® L is the orthogonal complement of M ® L with respect to the
form with values in 2. Here L = ¢,B(—Dy). Note that L/L = B/B(—Dy) as a
O x-module via the isomorphism Dy = D induced by ¢. Let M’ be defined by the
cartesian square
M®L — M ® (L/L)

1) B ) B

M = (M/M(-D))®(L/L)
The map 7 sends the above collection to M’.

Lemma 3.3.4. For a point (M C M,B) € Bung,p g let M' = 7(M C M, B). The
Z/2Z-graded line det RT'(X, M) identifies canonically with

det RT'(X, M)2 ® det RI'(X, L)2 @ det R'(X, Op)
det R[(X, 9)2 ® det RI'(X, A)2 ® det RT(X, (M/M))’
Here A =det M, L = ¢.(B(—Dy)).

Proof. One has det R['(X, M) ® det R['(X, (M/M)® (L/L)) = det R['(X, M ® L)
canonically. Applying Lemma [B:33:2 one gets canonically

det RT'(X, (M/M)®(L/L))®det RT(X, Op)= det RT(X, M/M))®det RT'(X, L/

)
O
3.3.5. Let ]/3:1/1127D — Bung p be the ps-gerbe classifying a point (M C M) €
Buns p, a Z/2Z-graded line U of parity zero, and a Z/2Z-graded isomorphism
(18) U? = det RI'(X, M/M) @ det RT'(X, Op).

Let ]/3\11/1127,371{ be obtained from Buny p g by the base change 1/3:1/112,D — Buny p.
We get a morphism

(19) T ]gﬁJHQ,D,H — BUHG2

over 7 sending (M C M, U, B) to (M’,U), where

0) L _ et RO(X, M) @ det RI(X, L)
~ det RI'(X,0) ® det RT'(X, A) @ U

is equipped with the isomorphism U2 = det RI'(X, M’) given by Lemma[B.3.4l Set
G = GLo.

Definition 3.3.6. Recall the perverse sheaf Aut from Section Set Autg g =
7 Aut[dim. rel(7)] € D™(Bung p #), and similarly for Autg p4, Autg ms. As in
[20] for the diagram of projections

PicY & Buny p g - Bunyp
define Fg : D™ (PicY) — D=(Buny,p) and Fy : D~ (Buny p); — D¥(PicY) by
Fo(K) = pi(Autg g ®q9" K)[— dim Pic Y],
Fy(K) = qi(Autg g @p* K)[— dim Bung_p].
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Remark 3.3.7. - . . -

(i) The group stack Buny acts on Bung p. The action map act : Bun; x Buns p
— ]§{1/r127p sends (L,U) S éﬁ/nl, (M Cc M, ul) € é{l/nzp to (L®M C L®M,U®u1)
with the induced isomorphism

(U@U;)*= det RT(X, L |p) ® det RT'(X, M/ M)
SdetRINX, Lo M/L® M) ®det R['(X, Op).

Given a rank 1 local system V on X, say that K € D(BTIJIlz,D) has central character
V® &R if it is equipped with (ml,AV ® (A&p)™)-equivariant structure as in
[20, Definition 3]. This means, in particular, that act* K= (AV ® (A&y)™) X K.
By abuse of notation we denoted the restriction of AV under ﬁﬁ/nl — Bun; also by
AV.

The notion of a central character for K € D(PicY’) is defined similarly for the
action map act : PicX x PicY — PicY, (A4,B) — ¢*A® B.

(ii) For d = 0 we have a section Buny p — ]§{111127D given by U = k with (18] being
the identity. The inverse image with respect to this section gives an equivalence
D,(EII;IQ,D)/—\; D(Buny p). Under this equivalence the functors Fg, Fy identify
with those of [20] Definition 1] in this case.

(iii) One has the involution of PicY given by B — ¢*B, it induces an involution

of Buny p g, and 7 is invariant under this involution.

3.3.8. Let P C G = GLs be the Borel subgroup of upper-triangular matrices. Write
Bunp p for the stack classifying L;, A € Bun;, an exact sequence

(21) 0—-L -M—->LI®A—0

on X, and a lower modification M(—D) C M C M with div(M/M) = D such that
Ly, N(M/M(—z)) =0 for any x € D. Here L, is the geometric fibre of Ly at x.
The datum of M can be seen as a splitting of the restriction of I to D. For a
point of Bunp p the inclusion Li(—D) C M is a subbundle.

The stack Bunp p can be seen as a stack classifying L;, A € Bun; and an exact
sequence

(22) 0— Li(-D)—> M — L; @ A— 0.

Namely, (2I)) is the push-forward of 22) by Li(—D) — L,. The map Bunpp —
Bun; x Bun; sending the above point to (L1, A) is a generalized vector bundle in
the sense of [17]. B

Let vp p : Bunp p — Buny p be the map sending the above point to (M C M).
Set

BunRD’H = BUHQ,D,H XBunQTD BunRD .
For a point of Bunp p one has M/M = L; |p naturally. We extend vpp to the
morphism 7p p : Bunpp — Bung p by sending @2) to (M C M,U), where U is
given by ([8) and equipped with the isomorphism
U? = det RI'(X, L1 |p) ® det RT(X, Op) = det RI'(X, M/M) @ det RT'(X, Op)

given by Lemma [3.2.5]
Recall the group scheme P, on X defined in Section right above Section
B21 Let 7p : Bunp p g — Bunp, be the following map. For a point of Bunp p g
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given by ([ZI) together with (M C M), B € PicY with € = N(B)(-D), let M’ =
7(M C M, B). Then
(LioLl)NnM =L ®L,
so Ly ® L C M’ is a lagrangian subbundle. Here L = ¢.B, L = ¢.(B(—Dy)). The
map Tp sends the above point to (L; ® L C M’).
Consider the diagram

__ R —
Buny p.g — Bung,

(23) T o T or,
BunRD’H T—P> Bunp2

where we have set Up g = Up p x id, and Up, was defined in Section right above

section B.2.11
Lemma 3.3.9. The diagram 23)) is naturally 2-commutative.

Proof. By [20, Lemma 1], one has
_ — detR['(X, L1) @ det RT'(X, L) ® det R['(X, L1 ® €4 ® €)
detRI'(X,L; ® L .
RO Lie L) det RI'(X, €4 ® €) ® det RL(X,, 0)

This implies that for a point of Bunp p g we have a natural Z/2Z-graded isomor-
phism det RT'(X, L1 ® L) = W, where U’ is given by 20)) and U is given by (I&). O

Lemma 3.3.10. Consider a point of Bunp p g as above. Its image under Tp is
given by the exact sequence 0 — Sym2(L1 ® L) =7 — Q — 0, which is the push-
forward of ([22)) by the composition

oA (-D)SL2e0 '0e(-D) 8 1200 @ Sym? L,

where s, : C(—D) — Sym?® L is the canonical section of the symmetric form (I6).
O

3.3.11. Let 8p p be the stack classifying L;,.A € Bun; and v : L2@AY=D) — Q.
We have a diagram of dual generalized vector bundles

(24) 8p,p — Bunj x Buny < Bunp p,

where each map sends a point as above to (L1, A) € Bun; x Bun;.

Let 8pp.u be the stack classifying (L1,A,v) € 8pp, B € PicY with € =
N(B)(—D) and an isomorphism A ® €= Q. By base change from (24]) one gets a
diagram
SP,D,H :SP,D XBun; PicY — Bun; x PicY «+ BUIIP,D XBun; PicY = BUIIP’D’H7

and we write Foury, : D*(8p.p.u) — D™ (Bunpp g) for the corresponding Fourier

transform.

~ Let Vp p,un be the stack classifying L; € Bun;, B € PicY for which we set

L= ¢.B(—Dy), €= N(B)(—D), A=0Q®C~! and a section t : L; ® L — €. Let
pv.a Ve — Spp.H

be the map sending this point to (L1, B,v), where v is the composition

(25) L?®€(—D) %% 12 @ Sym®> L= Sym?(L; ® L) ¥ Q2.

Recall the complex Sp, on Bunp, from [I9, Definition 3]. The following is a
straightforward consequence of Lemma [3.3.T0
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Proposition 3.3.12. There is a canonical isomorphism in D(Bunp p ),

T;Sp’w[dim. I‘el(Tp)} = Fourw((pv’[{)[@g[dim VP,D,H])-
(]

3.3.13. The stack Vp p g can be seen as the one classifying L; € Bun;, B € PicY’,
and

t: ¢*L1 — B* X Qy(Dy)
In these terms the map v given by (25) is nothing but the norm Nt : L? —
¢! ® Q?(D). We have used the fact that Qy (—Dy )= ¢*Q canonically; here Qy
denotes the canonical line bundle on Y.

3.3.14. For the rest of Section [B] we assume d = deg D > 0, that is, ¢ : Y — X is
indeed ramified. The case d = 0 is established in [20].

Let us generalize [20, Lemma 6] to our ramified case. Let Pic" Y be the connected
component of PicY classifying B € PicY with degB = r. Write Pic” Y for the
stack classifying B € Pic” Y together with ¢ : O — B. One defines Pic’” X similarly.
Let

¢ Pic"Y — Pic” X xpicx PicY
be the map sending (¢ : O — B) to (B, Nt : O — N(B)). The group S, acts on ¢.,
sending (B, ) to (B, —t). We have the open immersion X (") < Pic’” X sending D;
to (t: O — O(Dy)). Over this open substack the map ¢, restricts to a morphism

¢ YT o X xpi x PicY.

Lemma 3.3.15.

(i) Let F be an irreducible perverse sheaf on X such that both V.= F[—1] and
(DF)[—1] are constructible sheaves, that is, placed in usual cohomological degree
zero. Then V")[r] is also an irreducible perverse sheaf.

(ii) For any r > 0 both the Sq-invariants and anti-invariants in ¢|Qq[r] are
irreducible perverse sheaves. If r > 2gy — 2, then the same holds for (¢.,)'Qg[r].

Proof.
(i) similar to [16, Theorem 3.3.10].
(ii) The morphism ¢’ is finite. Write PicY for the Picard scheme of Y, and
similarly for X. We have a ps-gerbe
t: X xpiex PicY — X xpi. x PicY.

The proof of |20, Lemma 6] still holds if in Step 1 we take E to be a rank 1 local
system on Y that does not descend to X. In this case ¢.E[l] is an irreducible

perverse sheaf on X, so (¢, E)()[r] is also an irreducible perverse sheaf on X () by
(i) O
3.3.16. Let © Bunp p C Bunp p be the open substack given by the following condi-
tion:

(C) 2deg Ly —degA+2g—2 < 0, and if g = 0, then, moreover, 2deg L; —deg A

< 1.
The restriction ®vp p : *Bunp p — Buny p of vp p is smooth and surjective. Let
98p.p C 8p.p be the open substack given by (C), and similarly for °Sp p z. Set
Vepu =0y u("8po.m);

this is a smooth stack.
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Proof of Proposition [21.2]

(i) Let °Bunpp g C Bunpp g be the open substack given by (C). By the
above, the restriction OBunp7D7H — EEIQ)D)H of Up y is smooth and surjective.
So, it suffices to show that both

TpSpy,gldim.rel(tp)] and 7pSpy, s[dim.rel(7p)]

are irreducible perverse sheaves over each connected component of ° Bun P.D.H-

By (ii) of Lemma B35 (pv,#)i1Qe[dim°Vp p g] over any connected component
of 08 p,p,H is a direct sum of two irreducible perverse sheaves. Since pvy g is finite,
this perverse sheaf is self-dual. Since Four, preserves perversity and irreducibility,
part (i) follows.

(i) Let °(Bun; x PicY) C Bun; x PicY be the open substack classifying L; €
Bun;, B € PicY with 2deg Ly + degB — deg D < 0. The projection *Vpp g —
O(Bun; x PicY) forgetting ¢ is a vector bundle, so (py, z)1Qe[dim °Vp p g] is ULA
over *(Bun; x PicY). As in the proof of [20, Proposition 5 ii)], the Fourier trans-
form preserves the ULA property over a smooth base, so 755p,y is ULA with respect
to the projection © Bunpp g — 9(Bun; x PicY), hence also ULA over PicY. Since
UpH: 0 Bunpp g — é?l;lQ’D’H is smooth and surjective, the desired ULA property
follows. - -

Since p : Buny p g — Bung p is proper, Fz commutes with the Verdier duality
as in [3 Section 5.1.2]. O

3.3.17. Write pg for the composition Vp p g p&f{ 8p,p,u — Sp,p, where the second
map is the projection forgetting B. Consider the diagram

(26) SRD (P_s VP7D7H g PiCY,

where qg is the projection sending (L1, B, ¢) to B. From Proposition B.3.12 one gets
the following.

Lemma 3.3.18. For K € D(PicY’) one has naturally in D(Bunp p)
Up pla(K)— Foury psiqs K [dim. rel(qs)].
O

3.3.19. For r > 0 we define an open immersion j,. : Bun; xX () — Sp,p sending
(L1, D) to (L1, A,v), where A=Q"'®L?(D; — D) with the canonical inclusion

v: LI @A N(=D)=Q(=D;) — Q.

Let j,y:Bun; XY(’")—>VP7D7H be the map sending (Ly, D1) to Ly, B=Qy (Dy — D)
®¢* L} with the canonical inclusion ¢ : ¢*L; — B*®@Qy (Dy ). The following square
is cartesian:

VP,D,H j(T'—Y Bun1 XY(T)
(27) b ps 4 Lidxe"
SP,D & BUII1 XX(T)

where ¢" : Y(") — X () is the map Dy — ¢, D;.

For a rank 1 local system E on Y write AF for the corresponding automorphic
local system on PicY. For r > 0 and the Abel-Jacobi map AJ : Y(") — PicY
sending D; — Oy (Dy), one has AJ*AE = E(") canonically.
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Let "¢ : X — Y@ be the map sending D’ to ¢*D’. In the ramified
case one may define N(E) by N(E) = (*¢)*E®). Then for any r > 1 one gets
("¢)*E?") = (N(E))™) naturally.

Lemma 3.3.20.
(i) For a rank 1 local system E on'Y one has naturally

Jips1qsAE S (AN(E))ap) @ AN(E) LR (¢ E*)™)

(ii) Assume that E does not descend to X. Then psiq§ AE is the extension by zero
under j,.. Besides, we have the cleanness

(28) (Jr)drpsias AE = (jr)«Jrpsiqs AE

over OSPVD, and ps1qs AE[dim Vp p u) is an irreducible perverse sheaf over any
connected component of °Sp p.

(iii) ps1Qe[dim Vp.p.u) is a perverse sheaf over °Sp p, and the intermediate ex-
tension under j, : Bun; x X — 8p,p over the corresponding connected compo-
nents of OSRD.

Proof.

(i) This follows from (7)) and the fact that (AE)4-r, = (AN(E))L, naturally
for L; € Bun;. We also used the fact that for any local system V on Y one has
T (V)= (¢, V)") canonically.

(ii) The first claim follows from Ni(AE) = 0 for N : PicY — PicX. Since
OVp p g is smooth, [28) follows. To finish the proof, note that (¢.E*)(")[r] is an
irreducible perverse sheaf on X () for any r > 0.

(iii) The stack OVP7D7H is smooth, and the map ps : °Vp p g — °8p p is small.

O

Proof of Proposition [Z1.4(i). The map pp : ° Bunpp — ﬁﬁ/ngp is smooth and
surjective. By Lemmas 3.3.18 and 3.3.20) 7}, ,, Fo(AE[dim PicY]) is an irreducible
perverse sheaf over each connected component of  Bunp p. Our claim follows. O

3.4. Some ramified Eisenstein series.

3.4.1. Let B—ung be the stack classifying (M C M) € Bung p and a subsheaf M; C
M with M1 € Bun;. We have a projection pp : Bung — Bung p forgettlng M. Let
Pp BunD —> Bung D be obtained from pp by the base change Bung p — Bunp p.

Let ¢ Bun p C Bun p be the open substack given by the property that the inclu-

sion M; < M is maximal at all points of D. Let j¥ : Bung — Bung be defined
by the same property. We get a diagram

P

j L —

—p p
oBunp & Bunp % Bunsp

tap
Bun;
where qp sends (M; C M C M,U) with an isomorphism (I8) to (L1, U, n), where
L; = M{ ® A and 7 is the induced isomorphism (I3)).
5P —— C .
Let opp : o Bunp — Buny p be the restriction of ps.
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Definition 3.4.2. The Eisenstein series on Buny p corresponding to ¢+Qy is de-
fined as

Eis(Qe ® &) = (ob )17 Ao[dim Bunp).

We will show below in Lemma [3.44] that jfg(q%Aﬁo):j!}:(q%AEO) naturally.
Since p, is proper, Eis(Q, @ &o) is Verdier self-dual.

Proof of Proposition Z1.4(ii). Let ° é{l/n]{[) ="Bunp,p XBuns. b ]§{1/ng7p, and write
Vpp: 0 Bunp,p — Buny p for the projection to the second factor. Since the inter-
section of any connected component of © Eﬁlp, p with a fibre of v, 5 is connected,
by [8, Lemma 4.8] it suffices to establish an isomorphism

V;’D Eis(Q, @ &9) = V;’DFg(@g [dim Pic Y]).

Since the 2-automorphism e acts on both sides as —1, it suffices to establish an
isomorphism of shifted perverse sheaves

(29)  Foury'(“op p)* Eis(Q @ €9) = Foury,' (°0p p)* Fu(Qe[dim Pic Y])

over OSP,D. Let us do this.

Consider the stack © Bunp p X Biny. 0 Bung. Its point is given by L,, A, My €
Bun;, an exact sequence ([22), and an inclusion M; < M such that the induced
map M; — L ® A is also an inclusion. Indeed, if we had M; C L;(—D), then
M; would not be a subbundle of M in a neighbourhood of D. Write Z" for the
substack of the latter stack given by deg(L; ® A) — deg(My) =r.

Then 2" is the stack classifying Li, A € Bun;, D; € (X — D)), and an exact
sequence 0 — Ly (—D) -7 — LT ®A |p,— 0. In this notation M; = L} @ A(—Dy).
The composition

2r 28, Bung i éﬁ/nl
sends the above point to (L1(D1),U,n), where U is given by ([IH) with the induced
isomorphism 7. Let s; : 2" — (X — D)) be the map sending the above point to
D;. By the multiplicativity of A€y, one gets over Z" an isomorphism

pry q’s A& = s7(€0) ).

Let Y" be the stack classifying D; € (X — D)), L;, A € Bun; satisfying (C),
and a section vy : L? — A ® Q(D — D;). Consider the diagram

(X — D)™ & yr 2L O0g,

where ¢y is the projection sending the above point to D;. The map py sends the
above point to (L, A, v), where v is the composition

LB A2 QD - D) = A®QD).
Then pwq;(go)(") [dim Y] is the contribution of Z" to
FOU.I';l(ODP7D)* Eis(Q; ® &o)[dim. rel("Zp p)]

over °8p p. Let us show that pyig;; (€)M [dimY"] is perverse, the intermediate
extension from the locus given by v # 0. The map py is proper; over the locus of
98p,p given by v # 0 it is finite.
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One has dim H' (X, &) = 29 — 2 + d. So,

RI((X = D)™, (€0)") = A\ H' (X, &o)[—7]
vanishes for r > 2g — 2 4+ d. So, we assume r < 2g — 2 4+ d. The codimension in

98p,p of the locus given by v = 0 equals —2deg L1 + deg A + d + (g — 1). So, it
suffices to show that

r< —2deg L1 + degA+d+ (g—1).

For g > 1 this follows from 2deg L1 — deg A 4+ 29 — 2 < 0. For g = 0 this follows
from 2degL; — deg A < 1 in (C). Applying Lemma one gets the desired
isomorphism. ([l

Remark 3.4.3.

(i) Since Qy is invariant under the involution B + o*B of PicY, we get an
involution on Fg(Q,[dim Pic Y]) that we denote by ¢. Its invariants on Eis(Q, @ &)
are the contributions of those connected components of mg for which deg(M;®A)
is even, that is, ®; 4, Eis(@g &) 80)”11 for r — d; even.

(ii) As a byproduct of our proof of Proposition 2.4l one may calculate the
cohomology of the Prym variety Ker N, where IV : PicY — Pic X is the norm map,
and Pic X denotes the Picard scheme of X.

Lemma 3.4.4. The natural map jfp(q*DAEO):?j,f(q})ASO) is an isomorphism.

Proof. Consider the stack Z classifying L1, A € Buny, an effective divisor Dy on X,
and an exact sequence 0 — Li(—D) —-? — L ® A |p,— 0. A point of Z gives rise
to a diagram B
0—=>Li(-D)=M — Li®A =0
N T
M,
where we have set M; = L} ® A(—D;). Let °Z C Z be the open substack given by
(C). We have a smooth and surjective map °p p : 02 — Bung sending the above
point to (M; C ]\:4 C M,U) defined as above. The preimage of o Bung is the open
substack °Z C 92 given by Dy N D = (. For » > 0 let Z" be the locus given by
deg D1 = r. Then for any r we have a cartesian square
Ogr <y OZ’I"
¢ \

Jjx

(X -D)n & xO

where the vertical maps are the smooth projections sending the corresponding point
to D1. The local system (Of/pp)*qjjAEo over °27 identifies with ¢*(€()(™). Since the

natural map (jx)1(€0)™ = (ix)1(E0)™) is an isomorphism, our claim follows. [
3.5. Hecke functors.

3.5.1. We need the following Hecke functor on D(él‘l}lz’D). Let Mod; , be the
stack classifying (M C M),E Bune p and an upper modification M C M’ with
deg(M'/M) =1r and M’ N M(D) = M. We have the diagram of projections

/
DM p
Buny p = Mody , = Bungp,
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where pys sends the above point to (M C M), and p), sends the above point
to M'(-=D) ¢ M’ € M'. Here M'/M'(—D) C M'/M'(—D) is the image of the
natural map M /M (—D) — M’'/M'(—D). In other words, M’ = M + M'(-D).

We may also view Modj 1, as the stack classifying (M’ € M’) € Buny p together
with a lower modification M C M’ such that M’(—D)+ M = M’. For such a point
we get M = M’ N M(D). Both pys,p), are smooth of relative dimension 27.

Let pas : 1\//168;13 — B\u/ng,p be obtained from pj,; by the base change B\u/ng,p —
Bung p.

Lemma 3.5.2. For (M c M C M') € Modj p, with D = div(M'/M) one has a
canonical Z)2Z-graded isomorphism

(30) detRI'(M'/M')= det RI'(M/M) ® det RT'(X, O(D) |p) @ det RT'(X, Op).
Proof. For the diagram

M c M
U U
M c M

one gets a canonical Z/2Z-graded isomorphism
det R[(X, M’ /M) ® det RT'(M'/M") = det R['(M /M) ® det RT'\(X, M’ /M).

The projection M'(—=D) — M'/M induces an isomorphism M'(—D)/M(—D)=
M'/M. Further,

/ - det RL(X, M’ /M)
det RI'(X, (M'/M) ® O(-D)) = - RI(X,0(D) |p) ® det RI(X, Op)

canonically. Indeed, by [20, Lemma 1], one has

- det RI'(X, M)
det RT'(X, M(—D
e (X, M(-D))— det RI'(X, A |p) ® det RT'(X, Op)

and
det RT'(X, M)

(X, M'(—D)) = il .
det RO(X, MY(=D) = G0/ (X, A(D) |p) @ det RE(X, 0p)

3.5.3. We get the diagram
(31) Bunsp 2 Mody , ¥ Buns p,
where py; sends (M C M C M’,U) and () to (M’ C M’,U), where
W =U®det RT'(X, E4(D)/Ey) " @ det RT(X,0(D)/0),
D = div(M'/M), and U’ is equipped with the isomorphism U2 = det R['(M'/M’)®

det RT'(X, Op) given by Lemma and (B0).
Let Shy denote the stack of torsion sheaves on X. Let Shy be its connected

component classifying torsion sheaves of length . Let s : 1\?&1; p — Shp be the
map sending the above point to M’/M. For a local system E on X write Lg for
Laumon’s sheaf on Shy defined in [I7), Section 1] (and originally in [16]). Define the
averaging functor

Av’, : D(Buny, p) — D(Buny p)
by Avig(K) = (Pa ) (Ph K © 5" Lg)[2r].
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In Section 2.6l we have introduced the full subcategory D_ (E;{l/ng,D)CD(lil/ng,D).
Clearly, Av, preserves this subcategory.

3.5.4. Define the Hecke functor Hg D(EII;IQ’D) — D(X x EII;IQ’D) as follows.
Consider the diagram

— = —_—1 =/ P
Buny p & Mod, p, PR EPM x Buns p,
—1
where supp sends a point of Mod, , as above to div(M’/M). For this diagram set

(32) He (K) = (supp xpjy)i(Par)" K [2].
Over (X—D) ><]§{1/1127D one has DHg (K)=Hg(D(K)) functorially for KGD(%ZD).

However, this is not clear over the whole of X x Buns p.

3.5.5. For a local system F on X define the averaging functor
Avl : D(PicY) — D(PicY)

as follows. Consider the diagram PicY 22 y™ x Picy 38 Pic Y, where m is the
map (D1, B) — B(D;), and pr, is the projection. For K € D(PicY’) set

AV (K) = proyy(pri (6" E)") @ m*K)[r].
This is consistent with the definition of the averaging functors from [20, Sec-
tion 4.4.2].
3.6. The purpose of this section is to derive Theorem 2.1.9] from Theorem 21111

3.6.1. Set

——1 ——1
Mod, p g = Mody p Xgp,,, Bunz p a,

where we used p, : K/I\(ﬂ(/i;D — ]§1\1;12,D to define the fibre product.

Let Wp i be the stack classifying x € X, (M C M) € Buny p,B’ € PicY
together with an isomorphism N(B’) = €(D — ), where € = Q ® A~ and A =
det M. Set

WD7H = WD,H XBung,D Bun27D .

A point of MB?Q)D)H is given by a collection: (M C M C M',U) € K/I\(S(/i;D,
B’ € PicY equipped with N(B') = C(D — z) with z = div(M’'/M). Here C =
Q® A" with A = det M.

Consider the diagram

~ h ——1 h., —
WD,H <—G MOdQ’D’H g BUHQ’D’H,

where hy; is the projection to the second factor, and hg sends the above point to
x,(M C M,U) € Buny p, B’ equipped with N(B') = €(D — x). Define

HGH : D(E/;Il;fQ’D’H) — D(WD,H)
as HGH(K) = (h(;)r(hlg)*Kp]
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3.6.2. Also define the functor
Hyg : D(EIJ./HZDJ[) — D(WD,H)
as follows. Consider the diagram
WD,H Wy X x WD,H "y ]-3)1\1;12,D,H7
where hy is the projection to the second factor, and by sends y € Y, (M C M,U) €
Buny, p, B’ together with N(B’) = C(D—¢(y)) to (M C M, U, B), where B = B/(y).
Here B is equipped with the induced isomorphism N(B)= C(D). Set
Hyg(K) = hm(hy)*K[1].

Since h’y is smooth of relative dimension 1, Hy¢ commutes with the Verdier duality.

Define the functor Hy x : D(PicY) — D(X x PicY’) by

Hy x(K) = (¢ x id)m* K[1]

for the diagram X x PicY °Zy % PicY ™ Pic Y’; here m sends (y, B) to B(y).

More generally, for » > 1 consider the equivariant derived category D (X"xPicY),
where S, acts naturally on X" and trivially on PicY. Define the functor

(Hy.x)® : D(PicY) — D" (X" x PicY)
by
(Hprx)™" (K) = (¢" x id)y(m") " K[r]
for the diagram X" xPicY ¢T<iid Y7 xPicY ™ PicY. Here m” sends (y1,--59r, B)
to B(y1 + -+ + y»). Consider the diagram of projections,
(33) X" ¥ X" xPicY 2% PicY.
Lemma 3.6.3. Let E be a local system on X. For the diagram [B3)) there is an
isomorphism
AV (K) = Homs, (triv, pry (prf B ® (Hp,x)™"(K)))
functorial in K € D(PicY). O
Write H%T for the r-fold iteration of (B2]).

Lemma 3.6.4. The functor HE" maps D(BH;IZD) to the equivariant derived cat-
eqgory DS"(XT x Bung p). Moreover, there is an isomorphism

Av;(K) = Homg, (triv, pry (pr; ¥ @ He' (K)))

functorial in K € D(BTlJIlZD). Here the maps pr; are the projections in the diagram
X2 X Buns p Pre Bunsz p.

Proof. We argue essentially as in [8, Propositions 1.8, 1.14 and 1.15]; however, we
need to take into account the ramifications over D.

Step 1. Let ItModj 1, be the stack classifying (M c M C M') € Modj 5, together
with a complete flag M = My C M; C --- C M, = M’ with deg(M;/M;_,) =1 for
all 5. The shorthand ItMod refers to iterated modifications. Consider the diagram

Mod} 1, Mody p

NPy M NPy W PM NPy W PM

Bungy, p Bunz p Bunz p

Mod%’D
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Let us check that the limit of this diagram in the category of stacks identifies with
ItModj ;. Consider a diagram of locally free Ox-modules of rank 2 on X:

My C My c ... C M,

U U U

M, C M,y c ... C M,

U U U
My(-D) < M, (-D) C ... C M. (-D)

such that div(M;/M;) = D for all i. Then the condition M, = My + M,(—D) is
equivalent to the system of equations

M; = M; 1+ M;(—=D) forall 0<i<r.

Indeed, the latter condition is equivalent to requiring that all the maps M; 1/
M;_1(=D) — M;/M;(—D) are surjective. Since all these torsion sheaves are of
the same length, this is equivalent to requiring the surjectivity of My/My(—D) —
M, /M, (—-D).

For a point of ItModj 1, as above we let M; = M + M;(—D). Our claim follows.

Step 2. We have the projections

Buns p 28 ItMods 1, L Bung p,

where p; sends a point of ItModj ;, as above to (M C M), and p} sends it to
(M' C M’), which is the image of (M C M C M’) under p,. Set

—~—T — T
ItMOdQ’D = ItMOdg’D X Mody DMOdQ,D'
Define the diagram of projections
— ey S
Buns p 2 ItMod, L Buns p

by composing ([BI)) with ItMods 5, — Mod; p.

Let supp : Itfl\yl_c;iz p — X" be the map sending the above point to the collection
div(M;/M;_1), 1 <i <r. From Step 1 it follows that

HE' (K) = (supp x ;)i (57 K) (2]

—_— T —~—
functorially for K € D(Buny p). Set IntMod, , = Mod;D X xy X", where the

map ME&;D — X sends a point (M ¢ M C M',U) to div(M’/M). The
notation IntMod refers to intermediate stack and agrees with the notation of [8]
Proposition 8]. Let

—_ T —_ T
trne : 1tMody p — IntMod,

T —~—

T
be the map whose first component is the projection ItMod, , — Mod, p, and the

—_— T
second component is supp. The stack 1tMod, p, is smooth. By [8, Lemma 1.9],
trne is a small resolution of singularities. So, (t7,:)1IC is canonically isomorphic
—_~— T
to the intersection cohomology sheaf on IntMod, p,. This yields an S,-equivariant

structure on H%T. Recall that L' is the sheaf of S,-invariants in the corresponding
Springer sheaf. Now one concludes the proof as in [§, Proposition 1.15]. O
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3.6.5. The following is an analog of [20, Corollary 5].

Proposition 3.6.6. There is an S,-equivariant isomorphism of functors
(34) (idXFy) o (Hg)® = (Hy,x)®" o Fy

from D_(Bﬁl27p) to D(X™ x PicY). It is understood that the shift in the definition
of idXFy : D(X" x Bung p) — D(X" x PicY) is the same as for Fy.
Proof.

(1) Case r = 1. Consider the diagram

o Bas —1 —1 h ~ W
BUHQ,D — MOdQ,D — MOdQ’D’H = WD,H — BUHQ’D
4 supp x5y, 4 supp xhg 1y

5 id x — id x .
X xBungp & X xBungpy =0 X xPicY

where the left square is cartesian. The map gy;, sends a point (z, M C M, U, B') €
Wp. g to (z,B’), and py;, sends this point to (M C M,U).
We get for K € D(Bunsy p)

(IdRFg)He(K) = gy (0% K ® Hen (Aute, )|~ dim Bung p).

The commutative diagram

Y Xx WD,H }2}, ]§{1/n27D7H
4 hu Iy
WD7H p_v>v BU.HQ’D
and Theorem 2.I.T1] show that the latter complex identifies with
QW,I'LHI(]'LIH)*(]J*K ® AUtG’H)[l — dim é{l/nzp] :HH7XFH(K)

(2) For any r apply (1) r times. One checks that the S,-equivariant structures are
identified on both sides. O

Proof of Theorem 219 Consider the diagram of projections (33). Tensoring (34)
by pr] (Egr) and taking the direct image pry and further the S,-invariants, one
gets the desired isomorphism. ([l

3.7. In this section we prove Theorem 2.T.111

3.7.1. Let OWD,H C VNVDVH be the open substack given by « ¢ D. The desired iso-

morphism (I0) over 0\7\7& m can be established as in [20, Theorem 1]; the argument
from [21, Theorem 4] can also be adopted to our situation. So, it suffices to prove
the following.

Proposition 3.7.2. Both sides of ([I0) are perverse sheaves, the intermediate ex-
tensions with respect to the open immersion OWD H < WD H-

3.7.3. One has an isomorphism Y x Bul’l21D1H =Y xx WD,H sending (y, M C
M,U,B) to (y, M C M,U,B’), where B’ = B(—y) is equipped with the induced
isomorphism N(B')= €(D — ) here = ¢(y) and C = Q ® (det M)~!. Now
Proposition 1.2 shows that (h;)* Autg g[1] is perverse, the intermediate exten-
sion from the open substack given by ¢(y) ¢ D. Since hH is finite, Hyg(Autg i)

is perverse, the intermediate extension under OWD H < WD H-
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3.7.4. Consider the stack Bunb classifying (M C M) € Bung p together with

a subbundle M; C M of rank 1 such that M; C M is also a subbundle. Let

vh Bung — Bung p be the map forgetting M;. We extend v5 to a morphism

75 Bunh — ﬁﬁ/ng,p sending the above point to (M C M, U), where
_ detRI'(X, M{ ® A) ® det RT'(X, €4)
~ det RI(X,0) @ det RI'(X, M7 @ A® E4)

is equipped with the isomorphism
U= det RT(X, M; ®A |p)®@det RT(X,0p) = det RT'(X, M/M)®det RT'(X,Op)

given by Lemma B.2.5l A point of Bung is given by M;, A € Bun; and an exact
sequence

(35) 0—>M - M— M ®A—D0.
For this point M /M (—D) = M |p.

3.7.5. Let © Bung C Bung be the open substack given by
(36) 2deg My —deg A <1—2g—d;

here d = deg(D) and A = det M. This condition on the degrees implies that
H'(X,M;? @ A(—D)) = 0. The restriction °75 : ®Bunh — Bung p of 75 is
smooth and surjective. Set

BungﬁH :Bung XBuny,p Bunz,p. gy and 0 BungH:0 Bung X Bun,,, Buhz, p o -

3.7.6. Let 7 : BungﬁH — Bunp, be the following map. For a point of BungﬁH
given by @B5) and B € PicY with N(B) = €(D) and € = Q@ AL, let L = ¢.B
and M’ = 7(M C M, B). Then M; ® L C M’ is a lagrangian subbundle. The map
7 sends the above point to (M; ® L C M') € Bunp,. The corresponding exact
sequence

0— Sym*(M; ® L) »? - Q=0

is the push-forward of 0 - M2 ®C - M ® M; ® C — Q — 0 under id ®s, :
M? ® € — M? ® Sym® L. Here s, : € — Sym?L is the canonical section of
the symmetric form Sym? L — C(D). One checks that the following diagram is
canonically 2-commutative:

7

Buns p.g — DBung,
(37) T g T op,
P

P T
Bunp gy — Bunp,

where we have set 7 = 5 x id.

3.7.7. Let 2% be the stack classifying a point of Bung,H given by (3H), B € PicY
equipped with N(B) = C(D) with € = Q®A !, and a section s : ¢*M; — B*®@Qy-.
Let evy : 2P — A! be the map sending this point to the pairing of N(s) : M2 —
A ® Q with @35). Let py : 27 — Bung g be the map forgetting s. We will need
the following. 7
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Lemma 3.7.8. There is an isomorphism
(75" Autg g [dim. rel(75)] = parevy Ly lal,

where a is a function of a connected component ofBungH given by a:dim(Bunng)
+x(Y, ¢* M @ B* ® Qy) for a point of BungvH as above.

Proof. The section s can be rewritten as s : M} ® L — €, where L = ¢,B.
Combining the above description of 7F with [20, Proposition 1], one gets the desired
result. ]
3.7.9. Set WP = WD,HX — 0 Bung, and let iy : WP — WD,H be the projection

Bunz p
to the first factor. To prove Proposition B.7.2] we will consider the restrictions of

both sides of (1) under .

Let h” : Mod” — WP be obtained from h¢ : m;’D’H — WD,H by the base
change oy : WP — \7\7D7H.

A point of WP is given by a collection: = € X, M;, A € Bun, satisfying (38,
an exact sequence ([BH), and B’ € PicY equipped with N(B')= €(D — x); here
C=QxA L

A point of Mod? is given by a point of WP as above together with an upper
modification M C M’ with 2 = div(M’/M) such that M’ N M (D) = M. The latter
condition is equivalent to requiring that the inclusion M; < M’ is maximal in a
neighbourhood of D.

3.7.10. Let °Mod” ¢ Mod” be the open substack given by the property that
M; C M’ is a subbundle. Let ! Mod” be its complement in Mod®. Let ‘K denote
the contribution of  Mod®" to the complex

ﬁ%HGH (Autng)[dim. I‘el(ﬁw)]

Let A'F : ©Mod” — BungﬁH be the map sending a point of ° Mod? as above to
the collection: the exact sequence

(38) 0— M; —- M — M; ®@A(z) =0,
B’ equipped with N(B') = C(D — z), where € = Q@ A~1. We get a diagram

0y, P B'P
wP & OMod? Bung’H

Vo ! Lok
~ hc ——1 h! —
WD,H — MOdQ)D’H = BUHQVDVH
where we denoted by °h” the restriction of h”. It is easy to check that the right

square of this diagram is 2-commutative. By definition,

(39) 0K = (OhP) (05 R TY* Autg, g [dim. rel(D ' T)).

3.7.11. Let YWF be the stack classifying a point of W as above together with s :
¢*M; — B* @ Qy such that N(s) : M} — A ® Q(z) actually lies in
H (X, M 22 A® Q).

Let evyw : YWP — A! be the map sending the above point to the pairing of
N(s) with @B5). Let pyw : YWF — WP be the map forgetting s.
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Lemma 3.7.12. There is an isomorphism over WF,
YK = (pyw)1evfn Ly b,
where b is a function of a connected component of WE given by
b=x(Y,¢*"M; @ B™* @ Qy) — 1 + dim(WF).

Proof. Let f : °Y — °Mod? be the stack classifying a point of °Mod? as above
together with a section s : ¢*M; — B™* ® Qy. Let %ev : °Y — A! be the map
sending a point of °Y to the pairing of [B8) with N(s) : M? — Q ® A(x). By
Lemma B.7.8 combined with ([BJ), the complex °K rewites (up to a shift) as the
direct image with compact support of ®ev* £, under the composition
0p P
0y L, 00od” By WP,

Let i : %Y < %Y be the closed substack given by requiring that N(s) €

H°(X, M;?® A ®Q). Let us show that the natural map

(40) CrPNfiCev) Ly — ChE ) frisi* (Cev)* Ly

is an isomorphism. Let n be a k-point of WY, and write Z,, for the fibre of ° Mod? —
WP over n. Note that (M? ® A*), acts freely and transitively on Z,. Since
we assume d > 0, for a point of 0Bung we get 2deg M; — deg A < 0, so that
H°(X, M? ® A*) = 0, and the sequence is exact:

0 (M2@ A%, 5 HY (X, M2® A*(—1)) > H'(X, M2 @ A*) — 0.

Under the action of v € (M ® A*), on Z, the class of the exact sequence (B8]
changes by &(v). Integrating over Z, with s fixed first, we will get zero unless
N(s) € H(X,M;? ® A ® Q). So, @) is an isomorphism. Our claim easily
follows. O

Remark 3.7.13. Let Y be the stack classifying z € X, B € PicY with s : O — B such
that N(s) € H*(X, N(B)) lies in H*(X, N(B)(—z)). Let X be the stack classifying
B ePicY,yeY,and s : O = B(—y). Let mx : X — Y be the map sending
the above point to (z,B,s), where x = ¢(y). Let & : Y — Y be the locally closed
substack given by the property that ¢ D, and s : O — B(—¢*(z)) is regular. Let
pr' : Y — X be the projection sending the above point to . Then one has an
exact sequence on Y:

0— Q¢ — Q¢ — ki pr™ & — 0.

3.7.14. Let x : "YWP C YW be the locally closed substack given by the property
that s : ¢*M; — B"* @ Qy(—¢*(x)) is regular and x ¢ D. Let qyw : 'YWF — X
be the map sending the above point to x.

Let °2% denote the preimage of ° Bunng under the map py : 2F — BungH

defined in Section B.7.71

3.7.15. A point of Y x °2ZF is given by y € Y, an exact sequence (B35) satisfying
@B4), B € PicY equipped with N(B)=€(D), and s : ¢*M; — B* ® Qy. Let
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hz 1Y x 92ZF — YWPF be the map sending a point as above to the same data with
B’ = B(—y). The following diagram commutes:

h
ywr & Y x 02F
I pyw Jid xpz
P hw P 5}3 0 P
W ~ Y xxW +— Y x°Bunp g4
$ ow 1 id xow 4 #hopr,
~ h/

h ~ —
WD,H (i{ YXX WD,H 5 BunszvH

where hyy is the projection. We denoted by & the isomorphism sending a collection
y €Y, B8, and B with N(B)= C(D) to the collection B8, y, B’, where B’ =

B(-y).
3.7.16. By Remark 3713, we get an exact sequence on YWF:

(41) 0 — eviyly = hzi(Q R eviLy) = ri(giweo ® K evjwly) — 0.
Applying (pyw): to @I and using LemmasB.7.8and B.7.12] we get an exact triangle
(42) 'K — ByHpc(Autg, i)[dim. rel(fyw)] = X,

where we have set

X = (pyw)is1(gywEo @ K evyyyg Ly)[b];
here b is the function defined in Lemma
3.7.17. A point of * Mod” yields an exact sequence
(43) 0— Mi(x) > M — M{ @A =0,
which is the push-forward of @5) under M; — M;(z). Let h"F : 'Mod” —
Bung, 5 be the map sending a point of ' Mod” as above to the collection: (@3] and
B’ equipped with N(B’) = C(D — x). We get a diagram

th h//P
wP & IMod” "5 Bunb
\L Uw \l/ 110 \l/ Dg

~ ——1 h’
WD,H ]& MOdQ,D,H g BUHQ,D,H
—1
where p is the composition ! Mod? — Mod? — ModzyDyH. We denote by LhP the

P
composition ! Mod” < Mod” s WP. The map 'hf is an open immersion given
by x ¢ D. The right square in the above diagram is not 2-commutative. But it is
almost 2-commutative, in the sense that there is an isomorphism

(44) Ip*(hig)* Aute i = prigoq o0 @ (R'F)*(h)* Aute o,
where pry,q : ! Mod? — X is the map sending a point of ! Mod? as above to z.
Lemma 3.7.18. There is an isomorphism X = 'K on WF.
Proof. Using (@), one gets

YK ("hE)i(prigoq €0 @ (R'F)*(05)* Aute g)[1 + dim. rel (74, o BP)).
Applying Lemma [3.7.8] one gets the desired isomorphism. ([l

Lemma 3.7.19. The map hg o (1p) is smooth, so 'K[—1] is a perverse sheaf on
' Mod®. Its extension by zero under the map 'h* : 1 Mod? < WP is also perverse.
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Proof. Given a point (M’ C M’, B’ N(B') = €/(D)) of 5{1/1127[)71{1, one first picks a
line subbundle M;(z) C M’ such that M;(z) C M’ is also a subbundle. This is
a smooth map because 2deg M;(z) — deg A’ < 2 — 29 — d with A’ = det M’, and
so H'(X, (My(x))~2 ® A'(=D)) = 0. Then one picks any 2 € X — D. Finally, the
exact sequence 0 — M (x)/M; — M’ /My — M7 ® A — 0 splits, and a choice of a
splitting is also a smooth map.

The last claim follows from the fact that the inclusion X — D — X is affine. 0O

3.7.20. Consider the distinguished triangle over W¥:
(45) 'K[-1] 3 °K — vy Hyg(Autg g)[dim. rel(Py))]

obtained from ([@2)). Since the RHS of (5] is perverse, "K is also perverse over
WP, So, (@) is an exact sequence of perverse sheaves.
By the definition of *K, we also have a distinguished triangle:

(46) LK[-1] 5 9K — i3yHen (Aute, i) [dim. rel(iy)).

Over OVVD’H the map hg : Mod%)D,H — VVD,H is proper, so Hgp(Autg, fr) is
Verdier self-dual over “Wp . From (8] we see that Hgy (Autg pr) is perverse over
Yy

D,H-

Lemma 3.7.21.
(1) Over WY one has

Hom(*K[-1], %y Hya(Autg g)[dim. rel(iw)]) = 0

in the category of perverse sheaves.

(2) Both Sa-invariants and anti-invariants in *K[—1] are irreducible perverse
sheaves on * Mod” . (They correspond to the contributions of Auty and Auts to
'K[-1].)

Proof.
(1) By adjointness for 'h*, we have to prove this over ! Mod”. Recall that we
have a diagram

WPy WP

3 ow b id xow
WD,H }(Lil YXXWDJ.[ }E)I Bﬁl/lg,D,H
By adjointness, we have to show that over (Y — Dy ) x x WX one has
Hom (R}, (*K)[—1], (id xDvw)* (Rg)* Aute, g[1 + dim. rel(#y)]) = 0.
Let 8 be the stack classifying y € Y — Dy with x = ¢(y), My, A € Pic X satisfying
[36), and B’ € PicY equipped with N(B’) = C(D — z); here C = Q ® A~ L.

Let Ys be the stack classifying a point of § as above together with a section
5: M? — A®Q. Then Ys and (Y — Dy ) x x WF are dual generalized vector bundles
over 8. Both perverse sheaves are Fourier transforms under Foury, : D(Ys) —
D((Y _,DY) Xx WP)

Let Ys be the stack classifying a point of 8 as above together with a section
5: "My — B" @ Qy(—y). We have a projection 0 : Ys — Ys given by 5 = N(s).
Also let ¢ : Y{ C Ys be the closed substack given by the condition that s : ¢*M; —
B™* @ Qy (—¢*(x)) is regular.
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For a point of 8 one has an inclusion
HY(Y, ¢" M} @ B™ ® Qv (—¢"(2))) = H'(Y, "M} @ B™ ® Qv (),

whose cokernel is a 1-dimensional space. Indeed, H*(Y, ¢* M} @B*@Qy (—¢*(z))) =
0 because of ([B0). The morphism ¢ is finite.
It suffices to show that

Homy, (5[’i*@g[dim YS — 1], 55Qg[dim YSD =0

in the category of perverse sheaves on Yg. The condition (36) implies that
deg(M;? @ A® Q) > 2gy — 2. So, by Lemma 315, both Sy-invariants and anti-
invariants in §Q,[dim Ys] are perverse sheaves irreducible over each connected com-
ponent. Let Y¢ C Ys be the closed substack given by 5 € H*(X, M ?®A®Q(~x)).
Then 6i*Qy is the extension by zero from Y¢. The restriction to Ys — Yg of Ss-
invariants or anti-invariants in §,Q, does not vanish. Our claim follows.

(2) Let 8§ be the stack classifying * € X — D, M;, A € Pic X satisfying (38]), and
B’ € PicY equipped with N(B') = €(D — z); here € = Q ® A~ L.

Let Yg be the stack classifying a point of 8 as above together with 5 : M7 —
A ® Q(—xz). Let Yg be the stack classifying a point of 8 as above together with
s ¢*M; — B @ Qy(—¢*(x)). We have a finite map 6 : Ys — Yg given by
5= N(s).

For a point of § the condition (B8) implies deg(M; > @A®Q(—x)) > 2gy —2. By
Lemma [333.15] both Sp-invariants and anti-invariants in 6,Q,[dim Yz] are perverse
sheaves irreducible over each connected component.

Let V be the stack classifying a point of 8 as above together with an exact
sequence 0 — M (z) -7 - M7y ®A — 0on X. Then V and Yz are dual generalized
vector bundles over 8.

We have a moprhism f : * Mod” — V over § taking B8) to its push-forward via
My, — M;i(x). The map f is a vector bundle of rank 1; in particular, it is smooth
with connected fibres. So, both Ss-invariants and anti-invariants in

LK[~1]= f* Foury (6,Qq[dim Y3])[1]
are perverse sheaves irreducible over each connected component of ! Mod?”. (]

3.7.22. By (1) of Lemma B.7.2T] there is a morphism v : 'K[—1] — 'K[—1] over
W¥F such that 8 = a o . If the kernel of « is not zero, then Hgy (Aute, i) would

have a nontrivial perverse cohomology sheaf in degree —1 over 0 p,H; this is not
the case. So, 7 is an isomorphism. This implies that the distinguished triangles
(@6) and ({H) are isomorphic. Since Dy is smooth, Hgp(Aute, i) is perverse, the

intermediate extension under OWD 7 Wp H-
Proposition [3.7.2] and Theorem m are proved.

3.8. Local Rankin—Selberg-type convolutions.

3.8.1. Let Q be the stack classifying L; € Bun; and an exact sequence
(47) 0—-L1®Q— My — L; — 0.

Let vq : Q — Bung p be the map sending the above pomt to (Ma(—D) C My C
My), where My /My (— ) =L ®Q |p. Let vg : Q - Bun2 p be obtained from
vg by the base change BUHQ,D — Bung p. Let evy — A' be the map sending the
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above point to the class of the sequence [@1). A point of Qs given by ([@T) and a
line U equipped with

n:U*= det RI'(X, Ly |p) ® det RT(X, Op).

Let go : Q — Bun; be the map sending the above point to (Li,U,n). Let
qo denote the composition Q% ]?11/111 — Bun;, where the second map is the
projection forgetting U. Recall that AF; denotes the automorphic local system on
Bun; corresponding to E; (cf. Section [[T3]). For a rank 1 local system E; on X
set

Lag, = (7a)i(§5AE0 ® evl Ly ® gy AEL)[dim Q).

Let Q% be the component of Q given by deg(Ly ® Q) = dy. Write L:adel1 for the
contribution of Q% to Lag,. So, Laﬂi&1 is supported on the connected component of
]§{1/r127p given by deg Mo = 2dy — 29 + 2.

3.8.2. Denote by Omg’“dl the component of Omg given by deg My = d; and
deg M = r + 2d; — deg €. Let Eis(Q; @ £)™% denote the contribution of this
component to Eis(Q, @ €p). Recall the map 0p - ]§1\1;121D — Buny defined in
Section 2321 It sends (M C M,U) to M.

Lemma 3.8.3. Let E be an irreducible rank 2 local system on X. Ford, € Z,r > 0
one has canonically

Eis(Q; @ c‘lo)’”’d1 ® 65 Autp = Av%(LagétE)[dim Buny].
So, Eis(Qr @ &) ® 5*15 Autp = @,>0 Avi(Laget g)[dim Buny].

Proof. Let QMod" be the stack classifying a point of Q given by (1) and an upper
modification My C M with deg(M/Ms) = r, M € Buny. Let Bunj be the stack
classifying M € Buns, together with a subsheaf M; C M such that M; € Bun;.
Let 0 : QMod" — Bunj be the map sending the above point to (M; C M) with
M; = L; ® Q. Let ¢’ : Buny, — Buny be the map forgetting M;.

Let 5 : QMod" — Shg be the map sending the above point to M /M,. Let evonoda
be the composition QMod” — Q ¥ A!, where the first map is the projection
forgetting M. Let qgmoq : QMod” be the map sending the above point to L;. By
[0l Section 7.9], there is an isomorphism

0" Aut[dim. rel(¢')] = ev§ poaly @ 5L ® ¢8 Moa (A det E)[dim Q Mod"]

over the components of Bun), given by degQ + deg M — 2deg M; > 0.

For a point of QMod" let My C M, be the image of (@) under vqg. Then the
condition that the inclusion M; — M is maximal at D is equivalent to requiring
that (My C My C M) € Mody, p; that is, M N Ms(D) = Ms. The first isomorphism
follows.

To get the second one, use the cuspidality of Autgy. Namely, over the components
of Bun), given by deg M — 2deg M; + deg ) < 0 one has ¢"* Autg = 0. The second
isomorphism follows. O
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3.8.4. Write ¢ : PicY — PicY for the automorphism B — B* ® Qy. For d; €
Z,r >0 let
Hlultr’d1 : Picd1 X x Y(") — P1C2d1+r )%

be the map sending (M7, D1) to (¢*My)(Dy).

Proposition 3.8.5. Let d; € Z, r > 0. For any rank 2 local system E on X and
a rank 1 local system FE1 on X one has

(48)  Fu(Avp(La®)) = (AE1)g-1 ® eymult] " (AE; ¥ (¢*E)"))[g — 1 + 7]
over PicY .

Proof.

Step 1. Case r = 0. Consider the stack Q xBun, , Buns p g, where we used the map
vg to define the fibre product. A point of this stack is given by an exact sequence
([@D) together with B € PicY equipped with N(B) = L (D).

We have a map Q Xgun, , Bunz p g — Bung,H sending the above point to (L ®
Q C My, B) equipped with N(B)= L (D). Apply Lemma B8 to describe the
restriction of Autg, g to 9 X Buns. b 1/371/112,D,H. The complex prj Lag, ® pr3 Autg g
is the inverse image under the natural map

Q X]§1\1;12)D Bun27D7H —Q XBuns, p BunzyDyH .

So, let Z be the stack classifying pairs: a point of Q XBun,,p BUN2,p g as above
together with s : ¢*M; — B* ® Qy, where M; = L; ® . The norm of s is a
morphism N(s) : M? — N(B* @ Qy) = L? @ Q2.

Let evy : Z — A' be the map sending a point of Z as above to the pairing of
(@) with the section N(s) € HY(X,0) = k. Over Z we get the sheaf

eiz’kZL1;1 ® evgLy @ qo AL [dim(Q XBun, , Bung p g) +1 — gy,

and F (La%l) identifies with its direct image with compact support under the map
Z — PicY sending the above point to B.

Consider the stack W classifying My = L1 ® Q € Pic™ X, B € PicY equipped
with N(B):Lﬁ(D), and s : ¢*M; — B* ® Qy. We have a map pz : Z7 - W
forgetting the extension ([#7). The complex pzy(ev*Lll ® evyLly ® g5 AE,) is the
extension by zero from the locus given by N(s) = 1. Over the latter locus s is an
isomorphism, so this locus identifies with Pic®* X. The resulting map Pich' X —
PicY sends M; to e(¢*Mi). The case r = 0 is done.

Step 2. By Theorem 2.1.9] and Step 1, we get
FH(AVTE(La%ll)) = AvE((AE))g-1 ® € mult?’d1 (AEY))[g — 1].
It is straightforward to identify the latter complex with the right-hand side of

@s). 0

Remark 3.8.6. Let 7 > 1. For 0 < a < 7/2 let s : (X — D)@ x Y(r=22) _ y()
be the map sending (D1, D) to ¢*D; + Dy. For any rank 2 local system E on X
the constructible sheaf (¢*F) on Y (") admits a filtration 0 = F_; C Fy C --- C
Fy C -+ with successive quotients being

(49) Fo/Fu1 = s¢((det B)(® ® ¢*(EC20)))
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for 0 < a < r/2. This is an analog of [20, Remark 7] in our ramified setting.
Let Y" be the stack classifying L; € Bun;, M € Buny, D € X an inclusion
s1 : My = L1 ® Q — M which is maximal in a neighbourhood of D, and an
isomorphism

sy L2 @ QD)= det M.

We have a natural map Q Mod” — Y" sending (M; C My C M) to (M; C M, s2, D),
where D = div(M/M>) and s, is the induced trivialization. We have a map ¢y :
Yr — Bung p sending the above point to (M C M), where M /M(—D) = M; |p.
Let qu : gT — ]/3\11?127[) be obtained from ¢y by the base change ]§1\111127D — Buny p.
The complex AVE(L&‘E) can be seen as a direct image with compact support under
¢y of the Whittaker sheaf; cf. [I7, Definition 2]. The stack Y” has a stratification
given by fixing the degree of the subbundle in M generated by M;. One checks that
calculating FH(AVE(La%I)) with respect to this stratification, one gets a stratifi-
cation of (¢*FE)() by constructible subsheaves with successive quotients ([@J). We
believe but we have not checked that the two above stratifications on (¢*FE)™)
coincide.

4. RESTRICTION OF THE THETA-SHEAF AND RAMIFICATIONS

This section is essentially independent of the others. Our purpose here is to prove
Proposition below, to be used in the proof of our main results in Section

Our Proposition is a version of the Hecke property of the theta kernel
AutG’H for the dual pair (G = GLo, H = G@gm) adopted to our particular ram-
ifications. It says that some averaging of Aut along GG is isomorphic to another
averaging of Aut along H.

4.1. Let D be a multiplicity-free divisor on X of degree d > 0 (in this section d
need not be even). Fix m > 1. Let G = GL3. Let Bung be the stack classifying
V € Bung,,C € Bun; with a lower modification V(—D) C V+ C V such that
div(V/V1+) = 2D, a morphism b : Sym*V — €(D) inducing an isomorphism
V= (VH)*®C, and a compatible trivialization v : (det V)(—D) = €™. This means
that 72 is the isomorphism induced by b.

Let H = GOY,,, the connected component of unity of the split orthogonal simil-
itude group. So, Bung classifies V' € Buny,,,C € Bun; with a symmectric form
Sym? V — € inducing an isomorphism V = V*® €, and a compatible trivialization
det V= €™. Let Bung p be the stack classifying a point of Bung as above together
with a lower modification V- C V C V such that (V,b,7) € Buny. This implies
that div(V/V) = D. Write qq : Bung p — Bung for the map qq forgetting V.

Let Bung,g be the stack classifying a point of Bung as above with M € Buns,
for which we set A = det M, and an isomorphism A ® €= €. Set

Buns p.g = Buns p XBuns Bung,g,
where the map Buny p — Bung sends (]\_4 C M) to M. Let

Tq : Buny p ¢ — Bung,,,
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be the map sending (M C M) € Bung p, (V+ C V) € Bung to M’ defined by the
cartesian square
MV — M® (V/VY)
(50) 1 ) T
M = M/M(-D)® (V/V%)
The form A*(M ® V) — Q(D) induces a symplectic form on M’.

Lemma 4.1.1.
(1) For a point of Bung,q as above one has canonically

det RI'(X, M)*™ ® det R['(X, V)?
det RT'(X, A)?™ ® det RI'(X, 0)?™ ®@ det R['(X, V/V L)’
(2) For a point of Buna p ¢ as above one has canonically

det RT'(X, M)*™ @ det RI'(X, V+)?
det RT'(X, A)?™ @ det R['(X, 0)?™ @ det RT'(X, M/M)?

det RT(X,M @ V)=

det RT'(X, M) =

Proof.
(1) is proved as in Lemma 332
(2) There is a canonical Z/2Z-graded isomorphism

det RI'(X, (M/M) ® (V/V+))= det RT'(X, M/M)* @ det R['(X, V/V1).
Our claim follows. O

4.1.2. The map 7¢g extends to a morphism 7g : Buns p g — ]§{1/n(;2m sending the
above point to (M’, B), where
5 det RT(X, M)™  det RT(X, V1) )
det RI'(X, A)™ @ det R['(X, O)™ @ det RT'(X, M/ M)
is equipped with the isomorphism B? = det RI'(X, M’) given by Lemma FET.11

4.1.3. As in [20, Section 3.2.1], we denote by Bung ; the stack classifying M €
Buny with A = det M, (V,€) € Bung, and an isomorphism @ —=A ® € on X. We

will use the morphism 7 : Bun; 5z — Bung,,, introduced in [20, Section 3.2.1]. It
sends the above point to (M ® V, B), where

 detRT(X,V) ® det RI(X, M)™
~ det RI(X,0)™ @ det RT'(X, A)m
is equipped with a canonical isomorphism B2 = det RI'(X, M @ V).

4.1.4. Let Bung,,p be the stack obtained from Bung g by the base change gg :
Bung,p — Bung. Let pg : Bung,g,p — Bung g be the map sending the above

point to (M, V). Consider the diagram

]§{1/n(;2m 52 Buns p g 53 Bung g b Bung.g.p b BunG’H AN Bung,,, ,
where 0p : Bung p — Bung is the projection forgetting M.
Proposition 4.1.5. There is an isomorphism
qQipo T Aut[dim. rel(pg o 7)] = dpi7¢; Aut[dim. rel(7g)].
4.2. Proof of Proposition
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4.2.1. Let Xp be the formal neighbourhood of D in X, F' = k(X), and Fp =
HreD F,, where F) is the completion of F' at x. Write Ox,, for the structure sheaf
of XD.

We will use the following version of the theta-sheaf from [I5]. Let W be a rank 2n
vector bundle on X, with a symplectic form A* W — Q. Write £4(W (Fp)) for the
scheme of discrete lagrangians in the Tate space W (Fp). We use the notation for
relative determinants from [I5, Section 5.2]. Let £4(W (Fp)) be the stack classifying
R e Ly(W(Fp)), a Z/2Z-graded line B of parity zero, and a Z/2Z-graded isomor-
phism B2 = det(W : R). One has the nonramified Weil category W (Lq(W (Fp)))
defined as in [I5, Theorem 2], and the perverse theta-sheaf Sy () defined as in
[15, Section 6.5]. It is naturally Sp(W (O x, ))-equivariant.

Write X2 for the stack quotient £4(W (Fp))/Sp(W(Ox,)). It classifies a rank
2n vector bundle W on Xp with a symplectic form AW — Q, R € Lq(W(Fp)),
and a line B equipped with B2 = det(W : R) as above. The perverse theta-sheaf on
XD will be denoted Sy for brevity (notation compatible with [I5, Section 6.5]). This
is an object of the category Dspw (0 ) (Zd(W(FD))) defined as in [15] Section 5.3].

4.2.2. Fix a rank 2 vector bundle My on Xp with Ay = det My. Also fix a line
bundle Gy and a vector bundle Vg of rank 2m on Xp with a lower modification
Vo(=D) C Vg- € Vg such that div(Vy/Vg-) = 2D, a map b : Sym® Vy — Co(D)
inducing Vp = (V45)* ® €, and a compatible trivialization v : (det Vg)(—D) = Cy.
We fix an isomorphism Ay ® €y — Q over Xp.

Let P Bung g be the stack classifying a point of Bung g as above together with
compatible trivializations

(51) M= My |x,, A=Aolxp, V= lxn, C=Colxp

preserving all the structures, in particular, inducing V+ = Vj-.
We have the group scheme over Xp:

G = {(g,h) € GSp(Mp)xGQ°(Vy) | (g,h) acts trivially on Ae®@Cq, h(Vg") = V5-}.

Here GO°(V;) denotes the connected component of unity of the orthogonal simil-
itude group GO(V;). The group ind-scheme G(Fp) acts naturally on © Bung q.
This is analogous to [2], Section 2.3.3].

Let £4(Mo® Vo(Fp)) denote the scheme of discrete lagrangians in My ® V. Let

€:PBung g — La(My ® Vo(Fp))

be the map sending (M, V) to H*(X — D, M ® V) which becomes a discrete la-
grangian in My ® Vo(Fp) via (BI). The map £ is §(Fp)-equivariant. Taking the
stack quotient by G(Ox, ), one gets a map still denoted

(52) & BunG7Q — Ld(MO ® VO(FD))/S(OXD)

by abuse of notation.

4.2.3. Write Y ¢ for the stack classifying R € L4(Mo®Vy(Fp)) and a Z/2Z-graded
line B of parity zero equipped with a Z/2Z-graded isomorphism

(53) B2 det(My @ Vo : R) @ det(Vp = Vib).

Let Y2 p @ denote the stack classifying a point (B, R) € Yg,o and a lower mod-
ification Mo(—D) C M C My with div(My/M) = D.
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Let Ya,0,p denote the stack classifying a point (B,R) € Yg,@ and a lower
modification Vg~ C V' C Vp such that (V,b,7) is a H-torsor on Xp. Write

B q
(54) Y200 % Yoo = Yaoun
for the projections forgetting M and V', respectively.

4.24. Let 7o : Y2.p.0 — X&) be the map sending (B, R, M) €Yz p g to (M, R, B1),
where M’ is given by the cartesian square
A4b ® VB — A4b (24 (VB/‘Q%)
T B T
M’ —  M/My(—=D) @ (Vo/Vg")

and where
B

- det(Vp : V5h) @ det(Moy/M)
is equipped with the induced isomorphism Bf = det(M’ : R). We have used a
canonical isomorphism.

det((Mo/M) @ (Vo Vi) = det(My/M)?* @ det(Vy : Vgh).

4.25. Let p : Yo.0.p — XL, be the map sending (R, B,V) to (My ® V, R, Bs),
where

B

By =B@det(Vy: V) ?
is equipped with the induced isomorphism B3 = det(Mo ® V : R). We have used
the fact that a choice of a maximal isotropic submodule V/Vi- C Vo /V5t yields a
Z./2Z-graded isomorphism

det (Vo : V5H) = det(Co(D) : Cp) ® det(O : O(—D)).

The group §(Ox,) acts on the diagram (B4) naturally; it is understood that it
acts trivially on B. By abuse of notation, we denote by

Y2.0,0 ik Ye.0 & Ye.0.0
the diagram obtained from (54]) by taking the stack quotients by §(Ox,,).
4.2.6. Extend (52) to a morphism & : Bung.q — Ye.o sending (M, V) to (R, B),
where R = HY(X — D,M ® V) and
_ detRI'(X, M)™ @ det RI'(X, V)
det RI'(X, A)™ @ det RT'(X, O)™

is equipped with the isomorphism (B3] given by (1) of Lemma [Tl One gets the
diagram

Buns p g 63 Bung g q<2 Bung,g.p

+ 1€

Yoo 2B Yeo L Yoop
where both squares are cartesian, and the left and right vertical arrows are defined
in a way similar to £&. The above diagram extends to the following one:

3

Topq
%

Bung,,, < Bunspg 5—% Bung g & Bung,g,p Bung,,,
(55)  Léx ! e ) L&
_ B 5 B _ B _
X5, < Ypo B Yoo € Ysop & X,
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Here &y sends (M, U) € l?tfnGZm, where U2 = det R['(X,M), to the discrete la-
grangian L = HY(X — D,M) € M(Fp) together with U? = det(M(Ox,) : L).

4.2.7. One defines the derived category D(Yg.q) = Dg(0x,)(Jc.q) as in [15, Sec-
tion 5.3]. One also defines a functor

(56) é* : D(QG,Q) — D(Bunng)

as in [15] Section 7.2]. It is normalized to be “as exact for the perverse t-structures
as possible”. Here is the precise definition.
For r > 0 let ,, Bung,g C Bung,g be the open substack given by

HY(X,M ® V*+(—rD)) =0

for a point (M,V+ C V,€) € Bung ¢ as above. The category D(Bung,q) identifies
with the projective 2-limit of D(,Bung g) as r goes to infinity.

For N > r > 0 and (M, Vi c V,C,b,v) € ,Bungg the finite-dimensional
k-vector space

(57) NM@V):=(MaV)ND)/(M®V+(-ND))

is symplectic, and H*(X, (M ® V)(ND)) C y(M ® V) is lagrangian. The natural
map H*(X, (M ®@ V)(ND)) — x(M ® V) is injective, because

H(X,M @ V+(-=ND)) =0

for a point of , Bung, g. Define the vector space n(My ® Vp) as in (BT).
Let L(n(M ®V)) be the scheme of lagrangians L in x(M ® V') such that

LN(M®V*(—rD)/(M®V*(-=ND))) = 0.

This is a smooth scheme of finite type. The group G(0/O0(—(2N + 1)D)) acts
naturally on £ (n(Mo ® Vp)). Define the scheme .L(n(My ® Vp)) similarly.
For N >r>0and r; > 2N + 1 we get a morphism

&N Bung g — »L(n(Mo ® V0))/5(0/0(—r1 D)),

sending the above point to H(X, (M @ V)(ND)) C (M @ V).

We view My ® Vp, (Mo ®Vih)(—ND) as compact lattices in the Tate space My ®
Vo(Fp). The following relative determinants in the notation from [I5, Section 5.2]
become

det(Mo ® Vo : (Mo ® Vg )(~ND)) = det(Mo @ Vo/ (M ® Vg")(~N D))

and det(Vp : Vih) = det(Vo/V5h).
Over ,.L(n(My ® Vp)) one has the line bundle with fibre
det(My ® Vp : (My ® Vi5)(=ND)) @ det L @ det(Vp : Vgh)
at L € .L(n (Mo ® Vp)); it is naturally G(O/O(—r1D))-equivariant. Denote by

+L(n (Mo ® Vp))/5(0/0(=r1D))

the gerbe of square roots of this line bundle over the stack quotient
+L(n (Mo ®Vp))/G(0/O(—r1D)). The map &y extends to

En :rBungg — »L(n (Mo ® V0))/G(0/O(=r, D)).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



GEOMETRIC WALDSPURGER PERIODS II 277

Further, for Ny > N > r > 0 and r; > 2N; + 1 one has a commutative diagram

Bungg B L(v(My @ V6))/9(0/0(=r1 D))
\5N1~ TPL

L, (Mo ©V0))/5(0/0(=r1D))

The functors K ~ &4 K [dim. rel(¢y)] from Dg(o)(rfl(N(Mo ®W))) to D(,Bung,@)
are compatible with the transition functors p} [dim. rel(pc )], so passing to the limit
by N they yield a functor

& 1 Dg(0)(-£(Mo ® Vo(Fp))) — D(,Bung,o).

Passing to the limit by r, one defines the desired functor (G6).
The other restriction functors for the diagram (BB are defined similarly. Thus,
Proposition [4.1.5] is reduced to the following local claim.

Proposition 4.2.8. There is a §(Ox, )-equivariant isomorphism over Ya.o,
(58) Spgfésx [dim. rel(i’Q)] = CjQIﬁ*Sx[dim. rel(ﬁ)].

Proof. Assume, in addition, that we are given a lower modification VOJ- cVocVy
such that (Vp, b, ) is a H-torsor over X p. This yields a decomposition Vp /Vg- = U®
U* ® Co(D) |p, where U is a line bundle on D such that V,/Vg- = U, and
U* ® Co(D) |p is isotropic in Vo /Vjt.

Let L4(My ® Vo(Fp)) denote the stack classifying R € L4(My ® Vo(Fp)), a

Z/2Z-graded line B of parity zero equipped with a 7Z/2Z-graded isomorphism
B2 det(Mo® Vg : R). We get an isomorphism
Ya.0 = La(Mo @ Vo(Fp)),
sending (R, B) equipped with (53) to (R,B), where B = B ® det(Vy : V)~ ! with
the induced isomorphism
‘B2,;>/ det(Mo ® V() : R)

Also let g?)(Mo ® Vo(Fp)) be the metaplectic group stack classifying g €
Sp(My ® Vo(Fp)) and a line B together with B2 = det(My @ V; : g(My @ V).
Let W = My®Vj*; this is a compact lattice in My® Vy(Fp) and Wt = My V5.
Pick
L e Ld(MO ® Vo(FD))
such that LNW = 0 and the image of LNW L in W /W is Ly := My/My(—D)®U.
We use some notions and notation from [15]. Let Hy = (W*/W) @ k be the

Heisenberg group of W /W. Let L° € £(My®Vy(Fp)) be the lifting of L defined by
the enhanced structure (L, By, ), where B, = det Ly is equipped with a canonical
isomorphism

B2 = det Ly @ det(My @ Vo : W)= det(My @V : L).

As in [I5] Sections 6.1-6.3], one has the equivariant derived category D Hr,, and
the functor

Frow : DHpyy = D(La(Mo ® Vo(Fp))) = D(Ya.q).-
The lagrangian subspace (Mo ® Vp)/W C W+ /W yields an equivalence
D3z, = D(Mo @ (Vo/ Vo))

exact for the perverse t-structures.
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Define the following object Ky € DHp,, . Let Z be the scheme classifying the
pairs: a lower modification My(—D) C My C My with div(My/My) = D, and
y € (My/Mo(—D)) @ (Vo/Vo). Let pz : Z — My ® (Vo/Vo) be the map sending
(Mo, y) to y. Set

KVO :pZ!Qg[dimZ].
Denote by J the set of all lower modifications Vg~ C V' C V; such that (V,b,7) is
a H-torsor over Xp. The set J is naturally in bijection with the set of effective
divisors D’ satisfying D’ < D.

For V € J let I denote the constant perverse sheaf on My ® ((V + Vp)/Vo)
extended by zero to My ® (V/Vy). One easily gets a canonical isomorphism

(59) Ky, = P Iv.

VeJ
Applying Fro w to ([E9) one gets the isomorphism (E8). In particular, Fro w (1)
is isomorphic to the theta-sheaf on J¢ ¢ corresponding to the lagrangian compact
lattice MO @ V in MO ® VO(FD)

Now let V' € J. Pick N € L4(My®Vy(Fp)) such that NNW = 0, and the image
of NnW in Wt /W is Moy®(V /V5h). One similarly defines N° € £4(My®Vo(Fp)),
the functor Fyo y : DHpyy, = D(Ya,@), and the object Ky € D Hyy, .

As in [I5, Section 6.2], one gets a canonical interwining functor Fno Lo, -
D¥Hyr,, — DHy,, . By [15, Theorem 2], the diagram

F
DHr, =" D¥eo)
\I/ ?NSV,L%V /‘ Inow
D Hn,,

is canonically 2-commutative. Besides, Fyo 1o (Ky,) = Ky naturally, and Fyo 1o

transforms (B9)) to a similar isomorphism foriff. For this reason the isomorphism
(E8) obtained is independent of our choice of Vy, L, so it is §(Ox, )-equivariant. [

Proposition . 1.5l is also proved.

5. WALDSPURGER PERIODS

In this section we finish the proof of Theorem [LT.6] one of our main results. We
follow the strategy explained in Section [2

5.1. The setup.

5.1.1. Keep notation of Section [[J] Recall the group scheme U, on X given
by the cokernel of the natural map G,, — ¢.G,,. As in [20], we denote by
ey : PicY — Buny, the extension of scalars map. Recall that Buny, identifies
with the stack classifying B € PicY equipped with N(B)= Ox and a compatible
isomorphism « : B |p, — Op, . However, this identification is not canonical as
there is an automorphism B +— B~! of Bung,. Our convention is that for the
latter identification e, sends B to o*B ® B~!. This agrees with the map ey of
[20, Section 6.3.3].

For a € Z/2Z we write Bung,, for the connected component of Buny, corre-

sponding to a, so that BunOU , s the connected component of unity (cf. loc. cit.)
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5.1.2. Let G = GLo, and let H = G@g. It is included into an exact sequence
(60) 1= G,y — GLy x GLy — H — 1,

where the fist map is z — (2, 271). Recall the notation H = ¢,G,, from Section2.1]
so H is not to be confused with H. -

Recall the stack Bung 7z and the map 7 : Bung g — Bung, from Section ET3l
We use some notation from [20, Section 6]. In particular, the group scheme R, on
X is defined by the exact sequence 1 = G,, = ¢.G,, X ¢.G,,, = Ry — 1, where
the first map is z — (2,271).

Let 4 GL2 be the group scheme on X of automorphisms of ¢, 0y . Define ¢FI by
the exact sequence 1 — G,, — (34GLg2) x (4GLy) — ¢H — 1, where the first map
is 2 — (2,271). Recall from [20, Section 6.1.1] that Bun_; — Buny naturally.

The natural map R, — »H induces a morphism denoted qp , - Bung, — Bung in
(loc. cit., p. 414).

5.1.3. By [20, Lemma 16], the stack Bung, can be seen as the stack classifying
B1,By € PicY, an isomorphism v : N(B;)= N(Bs), and its refinement ~;5 :
B1 |py — B2 |p, . This means that 73, is the restriction of v to D. In these terms,
the map qg, sends (B1, Bz, v, 712) to

(V,€,Sym? V — €, : det V=62,
where V' C (¢.B1) ® (¢.B2) is given by the cartesian square

(0«B1) ® (B+B2) — Bi|py, ®B2 |p,
T T id +v12
Vv — 31 |Dy

where C = N(B;)(—D), and where quadratic form Sym? V' — € is the restriction of
the difference of the forms on ¢, B; (this is explained in [20, Section 6.2]). Tensoring
the canonical isomorphisms det(¢.B;) = €, ® C(D), one gets an isomorphism

det(¢. By @ ¢.By) = C*(D).
Since div((¢.B1 ® ¢.B2)/V) = D, it yields an isomorphism 7 : det V = €2.
5.1.4. Let py : Bung, — PicY be the map sending the above point to B;. The
product ¢.Gp, x ¢.Gy, — ¢.Gy, factors through Ry — ¢.G,,, and py is the

extension of scalars with respect to the latter map.
Define Bung r, by the cartesian square

id x qR¢ P A
Bung g, — Bung 5 X Bung
{ Lag
B T Bung
uan) ung

where qz,p 7z denote the pojections sending (M € Bung,V € Bung) to V and M,
respectively.
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5.1.5. The stack Bung, g, classifies M € Buny with A = det M and € = Q ® AL
B, € PicY, By € PicY, isomorphisms N(B;) = N(B3) = C(D), and its refinement

72 :B1|py = B2 by -

Write Bung, g g for the stack classifying M € Bunsy, B1,Bs € PicY with iso-
morphisms N(B1) = N(Bz) = €(D), where € = Q® A~ ! and A = det M.

Let Bung p g,m (resp., Buns p g g) be obtained from Bung g g by the base
change dp : Bung p — Bung (resp., 65 : Buny p — Bung). Recall that §5 sends
(M C M,U) € Buny p to M. Let

7~'z' : BGI/QVDJ-LH — BH;lGZ,
be the map sending (By,B2), (M C M,U) to (M C M,U,B;), where 7 is given
by ([@9).

5.1.6. Consider the diagram

—— FixT 5 5 3
BunG2 ><Bung2 R Bun21D1H)H = BunQH,H (—d) BUHG73¢

id Xqqu z
— ~ Bung g — Bung,,

where {4 is the map forgetting ;2.
We need the following corollary of Proposition B.1.5]

Proposition 5.1.7. There is an isomorphism
(61)
dpy (71 Aut @75 Aut)[dim. rel(7y X T2)] = £41(id Xqg,,)*7" Aut[dim. rel 7o (id xqr,, )]

Proof. Consider the map Bung g, — Bung,q sending (M, By, Bs) to (M,V+ C

V,C,y) with V = ¢.(B1 ©By), V" = 6.(B1(~Dy) & B2(—Dy)), € = N(B;)(=D).

The morphism ~ : det V= €2(D) is the product of the corresponding isomorphisms
For (M, B4,B2) € Bung, g,z a choice of a lower modification

¢+(B1(—Dy) @ Ba(=Dy)) CV C ¢.(B1 @ Ba)

such that V' (with the induced maps Sym’V — @ and v) is a H-torsor on X, is
equivalent to a choice of y12 : By |p, = Ba |p, refining N(B1) |[p = N(B2) |p.
So, our claim follows from Proposition We have used here [20, Proposition 3]
for the trivial cover X U X — X. |

Remark 5.1.8. The permutation of two factors on GLy x GLy induces an involu-
tion of H; write ¢ for the induced involution on Bung. It sends (V,C, Sym2 V —
€,y : det V=E€2) to (V,€,Sym?V — €,—v : det V=€2). The permutation of
two factors on ¢.G,, X ¢.G,, induces an involution on Rg. Also write ¢ for the
corresponding involution on Bung,. It sends

(B1, B2, N(B1) = N(Bz2),B1 [py = B2 |py)

to (B1,0"Ba, N(B1) = N(0*B2),B1 |p, —0*Ba |p,). The map qr, : Bung, —
Bun is equivariant for these involutions. Let ¢ act on Bung, g,z sending (M, By, Bo)
to (M, B1,0*Bz). We will use the fact that (6I]) is naturally equivariant with re-
spect to these involutions .
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5.1.9. Denote by Fjz : D(Buny) — D(Buny) the theta-lifting functor introduced in
[20, Definition 1].

Let E be a rank 2 irreducible local system on X. Recall that Autg denotes
the corresponding automorphic perverse sheaf on Buny normalized as in [20, Def-
inition 8]. In particular, it has central character det E. In [20, Section 5.1] we
introduced a perverse sheaf KTF*Edet B On Bung; here 7 : X U X — X is the
trivial covering. The extension of the scalars map corresponding to (G0) is denoted
pg - Buny x Buny — Bung. One has canonically

P (Ko g der ) [dim. rel(p )] = Autp K Autg .

Proposition 5.1.10. For an irreducible rank 2 local system E on X one has
(62) _
p¢1qE¢FH (AutE* ) [dlm rel(qu))} :FH (EiS(Q[ S¥) 80) ® é*ﬁ AutE* ) [— dim Bung],

where Fiy is the functor from Definition [3.3.0l

Proof. Recall the stacks Buns p mr and Eﬁlg, p, 1 defined in Sections B3I and B35
Consider the commutative diagram

~ iquR¢

——— T Prp
Bung, < Bung, 5 — Bung r, — Bung,
Lrg & L ps
pr v .
Bung << Bung gy — PicY
Tos Ta
S oo T1 X T2 S Pry 5o
Bung, x Bung, <~ Buno pg,g — Bunappy

where v, sends (M, By, B2) to By, and pry sends (U, M C M, Bq,Bs) to (U, M C
M, B1). The map q here is that of Definition B.3.6] and the map prg sends (M, By,
Ba,v12) to (B1, Ba,v12). By definition, the left-hand side of (62)) identifies with

Dot P (id Xqgr, )" (P Autp- @7 Aut)[— dim Bung, +dim.rel(pz o (id xqr,))].
Applying Proposition B.1.7, the above complex is identified with
vg1(pre; Autgs @(05)1 (77 Aut @75 Aut))[dim. rel(7; X 72) — dim Bung].
Now applying Proposition ZT4((ii), one gets the desired isomorphism. O

Remark 5.1.11. Since pg is invariant under the involution ¢ introduced in Re-
mark BT8 ¢ acts on the left-hand side of (€2). It acts on the right-hand side

of ([62) via its action on Eis(Q, @ &p) as described in Remark B. 431
5.2. Proof of Theorem
5.2.1. Since G, C Gy, X Gy, via z > (2,271), we get a natural map Ry — Uy x Uy,
It yields an extension of scalars map denoted x4 : Bung, — Buny, x Bung,.

By [20, Remark 10], the condition (Cw ) of Definition [LT.4]is satisfied. So, there
exists a complex X = X 5 € D(Buny, ) equipped with

epX[dim. rel(ey)] = (A9) ' @ ¢t Autg[dim. rel(¢y)].

By [20, Remark 10], X is a direct sum of (possibly shifted) irreducible perverse
sheaves. From the diagram

Buny x Buny (bl(iqﬁl PicY x PicY %if(b Buny, x Buny,
Leg J, -
ARy

Bung Bung,
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we get an isomorphism
K (K B K [dim. vel (k)] = 0, K o geor 5,71 @ P (AF) ™ [dim. rel(qr,,)]-
5.2.2. Consider the commutative diagram of homomorphisms of groups
Ry — UzxUg

1 im
(b*Gm — U¢7

where m is the product and the left vertical arrow is induced by the product map
0+G X 0.Gpy — 0.Gyy,. It yields a cartesian square of morphisms of the extension
of scalars
Bung, = Buny, x Buny,
\L P l, mult
Picy X% Buny,

So, one gets an isomorphism
(63) ey, mult)(KXXK)[dim. rel(es)] — (A3)71®(p¢)!qE¢Kﬂ'*E,det p.aldim.rel(qr,)].
5.2.3. By [20l Proposition 8], one has
Fr(Autp-) = A(det E)o ® K . g gor 5,77+
So, using (62I), the right-hand side of (63]) identifies with
(A9)"' @ (Adet E)g' ® Fpy(Eis(Q @ &) ® 6% Aut g+ )[— dim Buny].
Using Lemma and Proposition B85 the latter complex is identified with

(AD) ™' @ (Adet B)g' @ (6P Fr(Avi. (Lagl, z.)))
r>0
=S P (A0) ! @ eymult] (Adet B) ' R (¢*E*) ") [g — 1 + 1],
r>0

where d; is a function of a connected component of PicY given by deg(B*®@Qy) =
2d; + r for B € PicY. The sum is over r > 0 such that d; € Z.

5.2.4. For any r > 0,d; € Z one has the cartesian square

r,dq

Pich X x y() ™I pie2ditry
I 1 egor
y (™ T Bung,

Since dim.rel(es) = g — 1, this finally yields isomorphisms
(ep o) mult) (K X JC)
=P (A7 e, ® (AF) @ mult] ™ ((Adet B) ™ K (¢" E*)))[r]
r>0

=P (AT oy @ (eg0e)* (mg (@@ ¢"E*) D]

r>0

over Pic™Y for any m. It is compatible with the descent data for ey o e. So,

multy (X B K) = € (A3 oy ® (mg, (@@ ¢ E*) )],

r>0
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the sum being over all r > 0. For r even (resp., odd) mg , maps Y () to BunOU¢
(resp., to BunlUd)).

If $* E is irreducible, then we have RT(Y(" (J @ ¢*E*)")[r] = A"V with V =
H'(Y,J ® ¢* E*). This concludes the proof of Theorem

Remark 5.2.5. Let the involution ¢+ act on Buny, x Buny,, permuting the factors.
Since Bung, is a commutative group stack, ¢ acts on mult(X X X). For the action
of + on Bunpg, defined in Remark 5.I.8] the map rg4 : Bung, — Buny, x Buny, is
t-equivariant. So, (63) is t-equivariant. We conclude that the grading by the action
of ¢ on

P (437 ey @ (mg, (@@ ¢ E7) 1]

r>0
is given by fixing r mod 4. In particular, the (-invariants of this complex over Bun0U¢
are
B (A ey © (e (@6 E) )
r>0,r=0 mod 4
This agrees with Conjecture [L2.I3l Indeed, let n > 1. If V' is a 2n-dimensional
Qq-vector space with a nondegenerate symmetric form, let S* denote the half-spin
representations of the corresponding Spin group. Then
n+4k
Sym*(ST) @ Sym*(S) =P \ V
kez
and ST RS S A 'V A" V@.... Inour case V = HY(Y,J @ ¢*E*) is
of dimension divisible by 4. In general, if dimV is divisible by 4, then for the
Z/2Z-graded isomorphism
(STosS)®=PAv
r>0
the additional grading by r mod 4 on the right-hand side corresponds to the addi-
tional grading of (S* & S7)®? with respect to the involution permuting the two
factors in the tensor product.

6. THE DUAL PAIR (SLo, SO;)

In this section we perform the constructions and establish the results formulated
in Section They are mostly derived from Theorem [[L.T.6

6.1. We use some notation from [22, Section 0.3]. In particular, H = SQs split,
G = Sp(0Ox ®N) a group scheme over X, and B C G the parabolic group subscheme
over X preserving (). The stack Bunpg classifies £ € Bun; and an exact sequence
on X,

(64) 0=-ERQ—>M-—E =0

The map vg : Bung — ]§1\1/nG sends the above point to (M,B), where B =
det RT'(X, € ® Q) with the induced isomorphism B2 = det RI'(X, M).
The stack Sp classifies € € Bun; and sp : €2 — Ox. We denote by Foury, :

D(Bung) = D(8p) the Fourier transform. One has an open immersion RCov? <
Sp.
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Set Bung g = Bunpg x Buny and %071_1 = ]/3-1;10 x Bung. Recall the map
7o %G,H — ]§I1;1G3 from [I9] Section 7]. It sends (M,B,V) to (M ® V,B’),
where

B = B* @ det RI'(X, V) @ det RT'(X,0) 3
with the induced isomorphism B2 = det RI'(X, M ® V).

6.1.1. Let 75 : Bung g — Bunp, be the map sending (64) and V to (E®@Q®V C
M ® V). The following diagram is 2-commutative:

Bung 5 Bung,

1 opxid T ipy
Bung g £ Bunp
E 3

here 7p, is the map from Section Using [20, Proposition 1], from the above
diagram one gets the following.

Let Vi, be the stack classifying € € Bun;, V € Bung, and a sections: &€ = V.
Let py : Vg p — Sp be the map sending this point to (€, sz), where sg is the

composition &2 oy Sym?V — O. We get a diagram
BUIIH ﬂ VH,B g SB,

where qy sends (E,V,s) to V. Let F : D™ (Bung); — D= (Bung) be the theta-
lifting functor from [22, Section 0.3.2].

Lemma 6.1.2. There is an isomorphism of functors D™ (Bung) — D(8p),
pyigy (-)[dim. rel(qv)] = Foury, v Fe(-)[dim. rel(7p)].

Remark 6.1.3. According to [19, Proposition 7], once /—1 € k is fixed, the isomor-
phism of Lemma [6.1.7]is defined uniquely up to a sign.

6.1.4. For (&, s5) € RCov? we have the corresponding degree 2 covering ¢ : ¥ — X;
here Y = Spec(Ox @ €). Recall the group scheme Uy on X from Section [Tl As
(€, 5) varies in RCov? the groups Uy, form a group scheme Uy over RCov? x X. Let
Bung, be the stack whose S-points are the category of pairs: amap v : S — RCov?
and a (v x id)*Ug-torsor over S x X.

Lemma 6.1.5. There is a cartesian square, where the horizontal maps are open
1MIMETSIONS
BUHUR — VH7B
i Pr l, pv

RCov? —  8p

Proof. Let (€,V,s) € Vy p such that py(E,V,s) € RCov?. Let Y = Spec(Ox & &),
and let ¢ : Y — X be the corresponding covering ramified at a multiplicity-
free divisor D € X(@_ Clearly, s : & — V is a subbundle; let L denote the
kernel of s* : V — &*. The symmetric form Sym?V — Oy induces a generi-
cally nondegenerate symmetric form Sym? L — Ox and a compatible isomorphism
det L= &. By [I8| Proposition 13], this yields a line bundle B on Y and isomor-
phisms L= ¢.B, N(B) = Ox such that the symmetric form on L is the canonical
one Sym?(¢,B) — N(B).
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Let Dy € Y@ be the ramification divisor of ¢, and note that ¢*& = O(—Dy)
canonically. The upper modification (€71 ® L) ® O — €71 ®@ V gives rise to the
compatible trivialization v : B |p, = Op,.. Namely,

(65) (e L)®0)|p = (B(Dy)/B(~Dy))® Op,
and the image of €71 ® V(—D) in (@5) is the graph of . So, (B,7, N(B) = 0x) €
Bung,,. [l

6.1.6. Let qu be the composition Buny,, — Vu g % Bung. Consider the stack
rs584, classifying U € Bung, A € Bunj, and Sym*U — A ® Q such that U —
U*®@A®Qand div(U* @ A® Q/U) € "X @, We have the diagram

Bun, & 7589 Py RCov?
(66) den bev  er

Bungy ¥ Bung,

Here the top line is the diagram considered in [20, beginning of Section 6.1.2].
So, q1 sends the above point to U. The map p; sends the above point to € =
(A® Q)"! ® detU with the induced inclusion €2 < Ox. The map ey is the
extension of scalars with respect to GLe — H, so it sends U to V = &Endy(U)
with the induced symmetric form Sym?V — Ox and a compatible trivialization
detV=0x.

The stack "¥*8% can be seen as the one classifying a degree 2 covering ¢ : ¥ — X
ramified exactly at D € ™%X (@) and a line bundle By on Y. In these terms qp is
the map sending By to ¢.By. The map ey preserves the covering ¢ and sends
Bo to B = 0*By ® B, with the induced isomorphisms v : B |p, — O |p, and
N(B)= Ox. Here o is the nontrivial automorphism of ¥ over X.

Note that the fibre of ey over a k-point of RCov? given by ¢ : Y — X is the
morphism ey : PicY — Buny, considered in Section .11l

Lemma 6.1.7. The diagram (G0 commutes.

Proof. Consider a point of RCov? given by ¢ : Y — X ramified over D € "5 X (@),
As above, € denotes the o-anti-invariants in ¢,0Oy, and o is the nontrivial auto-
morphism of Y over X. Let By € PicY, and let U = ¢.By. The sequence

0 — ¢.(BE(—Dy)) = Sym?’ U — N(By) — 0
is exact and det U = € ® N(By) canonically. This yields an exact sequence
(67) 0= L—Endo(U) = &1 —0

with L = ¢.(Bo ® 0*Bg'). The symmetric form Sym? U — N(By) has a canonical
section s : N(Bg)(—D) — Sym? U defined as follows. One has a cartesian square

N(Bo) ® ¢.(B§) — B |py ®Bf |py
) 1 diag

Sym? U — B2 b,

Then s is defined uniquely by the property that the composition N(Bg)(—D) —
Sym? U — N(Bg) @ ¢.(B3) equals (i,0), where i is the canonical inclusion. Now s
can be seen as & — Endy(U), so we get an upper modification (67! ® L) ® O <
€71 ® &ndy(U). This shows that Endy(U) = V naturally, where V is the image of
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(B,v,N(B)=0Ox) under quy. To summarize, V fits into the diagram, where the
square is cartesian

€71 @ du(Bo(Dy) ®0*Bg') — O(Dy)/0®0O(Dy)/O

T 1 dia
% N O(Dy)/0
/I\

Ed ¢*(BO & U*‘Bgl)

From Lemmas [6.1.5] and [6.1.2] one immediately derives the following.
Corollary 6.1.8. There is an isomorphism of functors D™ (Bung), — D(RCov?),

priqp (4)[dim. rel(qy )] = Foury 05 Fe(-)[dim. rel(75)] |roove -
O

6.1.9. Proof of Proposition [L21 The map ey : "*8% — Buny, is smooth and
surjective. Since the ULA property is local in the smooth topology of the source, the
first claim follows from [20, Theorem 3|. For the second claim apply Corollary
Since pr is proper, priqj; K is ULA with respect to the identity map RCov?® —

RCov?. So, each cohomology sheaf of ([ is a local system. |

6.1.10. Write "SSS;ID’m for the open substack of "*$84, given by deg(A® ) = m. The
image of rssngm under ey depends only on a = m mod 2 and is denoted Bung;, for
a € Z/27. So, Buny,, is a disjoint union of the open substacks Bung;, for a € Z/27Z.

6.1.11. Proof of Corollary [LZ9. From Theorem and Corollary one gets
the desired isomorphism.

As in [20, Theorem 3], one shows that q} Autg[dim.rel(qy)] is Verdier self-dual
for any d; this heavily relies on the Hecke property of Autg. For d > 4g — 4 this
also follows from the fact that the map q; is smooth by [20, Lemma 13]. Now from
Corollary [6.1.8 we learn that (@) is Verder self-dual.

If d > 0, then for any (&,s2) € RCov? and for the corresponding & we get
H(X,E® &) =0, so (@) is a local system. O

6.2. The trace map.

6.2.1. Let E be an irreducible SLa-local system on X, and let d > 0. Over the open
substack of RCov? given by ¢ : Y — X such that H° (Y,¢*E) = 0, the sheaf Fg
given by (@) is a local system. In particular, for d > 0 this is a local system. Let
us describe the trace map

tr: CLg(X)® CLL = &nd(Fg) — Q;

over this open substack of RCov®. More precisely, we will describe the fibre trg of
tr at a point ¢ : Y — X of RCov®.

Consider the map fy : Buny, — Bung, sending B with N(B) = Ox, B |p,
=0p, to (B1 =B ®Qy,By = Qy) with the induced isomorphisms N(B;) =
N(Bs2) and By |p, — B2 |py. The composition k4fs sends B to (B, B) €
Buny, x Bung, .
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Let pg : Buny, — PicY be the map B B~ ®Qy. Let E be any irreducible
rank 2 local system on X (we will specialize later to SLo-local systems). One has
a natural map over Buns,

Autp ® Autg- — Qg[2 dim Buny].
6.2.2. Let (7 : Bungp, — Bung be the map V; — V1 e0)®Q =V. Here V
is equipped with the induced form Sym?V — Q2 and trivialization det V = Q.

The above map yields a morphism (K, . p go0 p.g — Q¢[1 — g + 2dim Buny] over
Bungp,. We have a commutative diagram

Buny, — Bungg,
1o b
Bung, qifp Bung
This yields a map
f300, K gae g — Qe[1 — g + 2 dim Buny]
and, in turn, a map
;L;p@q}d)Kﬂ*E,det o8 Q¢[1 — g + 2dim Buny).
Since dim. rel(qr,) = 2dim Pic Y — 2 dim Bung, this is a map
153107, K e g ger g ldim. rel(qr, )] = Qe[2dim PicY + 1 — g].
Since Fg(Autp-) = A(det E)o ® K, . g gt g g+ We get a morphism over Buny,,
15 Fr (Eis(Qe @ &o) ® 6% Aut g+ )[— dim Buny]
= UpPerdg, Fr(Autp- )[dim. rel(qr, )] — A(det E)o[2dimPicY +1 — g].
We have
15 Fr (Bis(Qe & &0) ® 65 Autg- ) [— dim Buny]
S P (Adet E)q @ piemult”™ "2 ((Adet B)* W (6" E7) ") [g — 1+ 7).
7>0, even
6.2.3. Consider the stack Yy, classifying pairs:
(B,N(B)—=0x,B |p, —0Op,) € Buny,

and a subsheaf M; C ¢.B of rank 1. Let 7y : Yy, — Buny, be the map forgetting
M. For r > 0 even we have a substack %h» given by the property that the divisor

Dy of zeros of ¢*M; — B is of degree r. Let hy : %h» — Bun; xY (") be the map
sending the above point to (M, D1). We get a map over Buny,,

P wpemult™ 2 (Adet E)* B (6°E*))[r] — Q[2dimPicY + 2 — 2g].
r>0, even
The above map rewrites as
n: @ mahi(Adet B)* R (¢*E*)7)[r] — Qeld + 29 — 2].
r>0, even

Note that dim Buny, = g + g — 1, so that the right-hand side is the dualizing
complex on Buny, .
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6.2.4. The map Bun; x Bungy, — ][]
surjective. So, the projection

Pic’Y, (M7, B) — ¢*M; ®B is étale and

seven

Yo, » I Y®

r>0, even

sending (M7, B, (¢*M1)(D1) = B) to Dy is étale and surjective. Now
ne @ HYp,, D ((Adet B)* R (¢*E*)[r])))

r>0, even
The sheaf 1} ((Adet E)* X (¢* E*)("[r]) is perverse on Yy, and
D(h}((Adet B)* B (¢* E*) ") [r])) S b ((Adet B) K (¢*E)"[r]).

Assume det F is trivial. Using the projection 9}}4) — Y which is finite and étale,
one gets

ne @ B (¢ P B, QR (9" E) ).

r>0, even r>0, even

That is,

(68) ne @ AH(Y.¢E).

r>0, even

6.2.5. Let X be defined as in Theorem for E and § = Q. Applying g to
[©3)), from 7 we get a morphism
pg e multy (K X K) [dim. rel(ey)] — Q[2dim PicY +1 — g].
Note that dim.rel(ey) = g — 1. Applying R to the induced map
multy (K K K) — (epfip)Qe[2dim PicY + 2 — 2g]

we get the trace map

try : EPRO(Y™, (67 E))[r] = RI' (Bung,, X)®? — RI(Bung,, D(Q¢)) — Q;

>0

that coincides with (68)). In particular, it vanishes on the summands with r odd.
Remark 6.2.6. Given a Q-vector space V with a nondegenerate symmetric form

with dim V' divisible by 4, let ST denote the half-spin representation of the Spin
covering of SO(V). The trace map @,-, A"V = End(ST & S~) — Q¢ vanishes
on A"V unless i = 0 or i« = dimV. Conjecture [[ZI3] would imply that the
composition of () with the trace map End(Fg) — Qy vanishes on the corresponding
direct summands of CLg(X) ® CL%. This claim could be easier to check than
Conjecture

APPENDIX A. THETA-SHEAVES AND TWO-FOLD COVERINGS

A.1. Here we generalize |20, Proposition 3] to the case of ramified degree 2 cov-
erings. We are keeping the notation of Section 21 so we pick d > 0, a k-point
(&, 52) € RCov?, and denote by ¢ : Y — X the corresponding degree 2 covering
ramified over a multiplicity-free effective degree d divisor D on X. Recall the group
scheme G,, on X defined in Section
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Let Bung, y denote the stack classifying a rank 2n vector bundle on Y with a
symplectic form /\2 M — Qy. Let m, : Bung, vy — Bung,, be the following map.

Given M € Bung, vy, we equip ¢,.M with the form /\2(¢*M) — ) given as the
composition

2
(M) @ ($. M) = ¢ (M @ M) = ¢u(\ M) = 6.0y — 9,

where the latter map is the projection ¢.Qy =Q @ Q ® E(D) — Q on the o-
invariants in ¢,y . One easily checks that this form is generically nondegenerate.
This yields an inclusion w : ¢p.M — (9. M)*®@€Q. Note that det(¢.M) = O(—nD)®
N(Q%)=Q?". Thus, detw = id and ¢, M € Bung,, .

Let Ag,,y be the line bundle on Bung, y with fibre det RI'(Y, M) at M €
Bun(; v. Let BunG .y be the gerbe of square roots of this line bundle. Let 7, :
BunG vy — BunG2 be the map sending (M, B, B2 = det R['(Y, M)) to (¢.M,B)
with the induced isomorphism B2 = det RI'(X, ¢.M). Recall the decomposition
into irreducible perverse sheaves Aut = Aut, @ Aut, from Section B2 we refer to
these pieces as generic and as a special part of Aut.

Proposition A.1.1. There is a canonical isomorphism 7. Aut[dim.rel(7,)] =
y A Aut preserving the generic and special parts. Here y Aut is the theta-sheaf on
BunG Y -

ns

Proof. Let ;Bung,, denote the stratum of Bung, given by dimH(X, M) =

for M € Bung,,. Let i]?tfngm be the restriction of the gerbe BT;HGm — Bung,,
to this stratum. Define ; Bung, y and iﬁlgmy similarly. For each i there is
a map ;p : ;Bung, — ilgﬁlngm sending M to (M, B = det H°(X, M)) with the
induced isomorphism B2? = det R['(X, M), and similarly for Y. The diagram is

2-commutative:
iBung,y — ;Bung,,
4 Lip

i Bung, v Ty i Bung,,,
The perverse sheaf Aut is equipped with trivializations for ¢ = 0, 1:
0" Aut = Qq[dim(Bung,, ) — 1.
This gives the desired isomorphism stratum by stratum and also a canonical nor-
malization of the sought-for isomorphism over ; Bung, y for i = 0, 1. It remains to
show its existence.

Recall the group subscheme P, C G, defined in Section Consider the
commutative diagram

A
Bunp, vy AN Bung, v
\l/ Tn,P \l/ Tn
5 "
Bunp,, % Bung,,

where we denoted by m, p the map sending (L C M) € Bunp,y to (¢+L C
¢«M) € Bunp, . The map v, y sends (L C M) to (M,B = det RI'(Y, L)) equipped
with B2 = det R['(Y, M), and i, sends (L; C M;j) to (By, M;), where By =
det I{F()(7 Ll)

Write .Bun,y C Bun,y for the open substack given by HO(Y, L) = 0 for
L € Bun,y. Let .Vy — Bun,y be the vector bundle with fibre Hom(L, 2y )
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over L. Let ,Bunp, y be the preimage of  Bun, in Bunp y. Recall the natural
map f : .Bunp, vy — Sym2 V3 over .Bun, y and the perverse sheaf Sp, on
Sym? Vi introduced in [I9, Section 5.2].

Let . Bunsy,, C Bung, be the open substack classifying L; € Buns,, with H (X, Ly)
= 0. One defines . Bunp,, C Bunp, similarly. Let .V — . Bung, be the vector bun-
dle with fibre Hom(L;, ) at L;. We have a similar map f : . Bunp,,K — Sym? ,V*
over . Buns,, and a perverse sheaf Spy on Sym2 V*. The following diagram com-
mutes

cBunp, y i) Sym2 Vi

J/ Tn, P \I/ v
<Bunp,, i} Sym2 V*

where the map 7y is induced by the morphism Vi — . V* sending (L,v € H'(Y, L))
to (¢« L,v € H' (X, ¢.L)). Since 73Sp y[dim.rel(my)] = Sp,, naturally, our claim
follows. O
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