N
N

N

HAL

open science

On the use of Perfectly Matched Layers at corners for
scattering problems with sign-changing coefficients

Anne-Sophie Bonnet-Ben Dhia, Camille Carvalho, Lucas Chesnel, Patrick
Ciarlet

» To cite this version:

Anne-Sophie Bonnet-Ben Dhia, Camille Carvalho, Lucas Chesnel, Patrick Ciarlet. On the use of
Perfectly Matched Layers at corners for scattering problems with sign-changing coefficients. 2015.

hal-01225309v1

HAL Id: hal-01225309
https://hal.science/hal-01225309v1

Preprint submitted on 6 Nov 2015 (v1), last revised 30 Aug 2016 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01225309v1
https://hal.archives-ouvertes.fr

On the use of Perfectly Matched Layers at corners
for scattering problems with sign-changing coefficients

ANNE-SOPHIE BONNET-BEN DHia!, CAMILLE CARVALHO!, LUCAS CHESNEL?, PATRICK
CIARLET!

! Laboratoire Poems, UMR 7231 CNRS/ENSTA/INRIA, Ensta ParisTech, 828, Boulevard des
Maréchaux, 91762 Palaiseau, France;

2 INRIA/Centre de mathématiques appliquées, Ecole Polytechnique, Université Paris-Saclay,
Route de Saclay, 91128 Palaiseau, France.

E-mails: Bonnet-Bendhia@ensta-paristech.fr, Carvalho@ensta-paristech.fr,
Lucas.Chesnel@inria.fr, Ciarlet@ensta-paristech.fr

(November 3, 2015)

Abstract. We investigate in a 2D setting the scattering of time-harmonic electromagnetic waves by
a plasmonic device, represented as a non dissipative bounded and penetrable obstacle with a nega-
tive permittivity. Using the T-coercivity approach, we first prove that the problem is well-posed in
the classical framework H._ if the negative permittivity does not lie in some critical interval whose
definition depends on the shape of the device. When the latter has corners, for values inside the
critical interval, unusual strong singularities for the electromagnetic field can appear. In that case,
well-posedness is obtained by imposing a radiation condition at the corners to select the outgoing
black-hole plasmonic wave, that is the one which carries energy towards the corners. A simple and
systematic criterion is given to define what is the outgoing solution. Finally, we propose an original
numerical method based on the use of Perfectly Matched Layers at the corners. We emphasize that
it is necessary to design an ad hoc technique because the field is too singular to be captured with
standard finite element methods.

Key words. Scattering problem, sign-changing permittivity, corner singularities, black-hole waves,
Perfectly Matched Layers, finite element method.

1 Introduction

We are interested in the scattering of Transverse Magnetic (TM) time-harmonic electromagnetic
waves by a metallic obstacle embedded in some dielectric medium, governed by the following scalar
equation

div(e™'Vu) + w?pu = 0, (1)

where w is the frequency, ¢ is the dielectric permittivity and p is the magnetic permeability. Unlike
common materials, metals can exhibit a permittivity with a negative real part. More precisely,
following the Drude’s law (see e.g. [40]) the permittivity depends on the frequency:

w2
e(w) = goer(w) = g9 <1 - p) : (2)

w2 + fwy

Here, g9 > 0 is the vacuum permittivity, &, (w) is called the relative permittivity, v > 0 characterizes
the dissipative effects (we choose the convention of a harmonic regime in e=**), and w, > 0 is the
plasma frequency. Since v < w), dissipation becomes neglectable at frequencies w such that w > ~,
leading to the so-called dissipationless Drude’s model:

2
er(w)=1- -2, (3)



Then for w < wy, e(w) = eper(w) takes negative real values. Due to the change of sign of the
dielectric constant at the interface metal-dielectric, resonances called surface plasmons can appear
[31, 39]. Over the past decades, surface plasmons revealed a great interest in guiding or confining
light in nano-photonic devices [2, 23, 43].

From a mathematical point of view, the study of Equation (1) with a function £ changing sign on
the physical domain, has given rise to many contributions. In particular, an abstract mathematical
approach named T-coercivity and based on variational methods has been proposed in [12, 8]. With
this technique, it has been proved that Problem (1) set in a bounded domain supplemented with
Dirichlet (or Neumann) boundary condition is of Fredholm type in the classical functional framework
whenever the contrast (ratio of the values of € across the interface) lies outside some interval I, called
critical interval, which always contains the value —1. Moreover, this interval reduces to {—1} if and
if only the interface between the two materials is smooth (of class ¢2). Analogous results have been
obtained by techniques of boundary integral equations long time before in [20] (see also [35, 28]).
Note that the critical value —1 is associated through Equation (3) to the so-called surface plasmon
frequency while the critical interval is associated to a critical range of frequencies. The numerical
approximation of the solution of this scalar problem for a contrast outside the critical interval, based
on classical finite element methods, has been investigated in [12, 33, 18]. Under some assumptions
on the meshes, the discretized problem is well-posed and its solution converges to the solution of the
continuous problem. Let us mention that the study of Maxwell’s equations has been carried out in
[9, 10, 14].

For geometries with wedges and sharp corners, the solution exhibits strong singularities at these
regions when the constrast is getting closer to the critical interval. This leads to a local energy
enhancement of the light [42, 5, 34]. Even more, for a contrast inside the critical interval, the
problem becomes ill-posed in the classical framework because the solution is no longer in H'. Up to
now, mathematical analysis has addressed in 2D the simplified electrostatic like equation

div (=7 (w)Vu) =0, (4)

which can be seen as an approximation of (1) by zooming at a corner. It is interesting to note
that the critical interval also appears in the studies of (4) with techniques of conformal mappings
[1, 30, 22]. Concerning the mathematical framework, the influence of corners at the interface between
the two materials has been clarified in [11] for equation (4) set in a particular geometry (with one
corner of particular aperture). In that case, when the contrast lies inside the critical interval, Fred-
holm property is lost because of the existence of two strongly oscillating singularities at the corner,
responsible for the ill-posedness in the classical framework. These singularities can be interpreted
as waves propagating towards or outwards the corner. Then selecting the outgoing singularity by
means of a limiting absorption principle allows to recover Fredholmness of the problem.

The first goal of the present paper is to extend the theory to a more realistic scattering problem
in free space, for a contrast of permittivities outside or inside I.. The second objective is to present
an original numerical method to approximate the solution when the contrast lies inside the critical
interval. The approach, based on a finite element method, consists in using well-suited Perfectly
Matched Layers (PMLs) at the corners to capture the strongly oscillating singularities.

This text is organized as follows. In section 2, we define the problem and introduce an equivalent
formulation set in a bounded domain using a classical Dirichlet-to-Neumann operator. Then for a
contrast outside the critical interval, we prove it has a unique solution using the T-coercivity approach.
In the rest of the paper, we consider the case of a contrast inside the critical interval. In section 3,
we provide a detailed description of the singularities at corners. In particular, we give a systematic
criterion to select the outgoing singularity which has to be taken into account through an adequate
radiation condition at the corner. This condition yields a well-posed problem for a contrast inside
the critical interval. Standard finite element methods fail to approximate the solution in the new
framework because it is too singular. In section 4, we introduce an original numerical method to



solve this problem. The idea is to use a coordinates transformation which maps a small disk around
corners to semi-infinite strips. Then we implement Perfectly Matched Layers in the semi-infinite
strips. We illustrate the method showing numerical results in the case of a triangular silver inclusion
embedded in vacuum. Finally in section 5, we conclude the paper with further discussions.

2 Setting of the problem

2.1 The scattering problem with sign-changing permittivity

Propagation of time-harmonic electromagnetic waves in an inhomogeneous, isotropic, and lossless
medium is described by Maxwell’s equations iweFE + curl H = 0 and —iwpuH + curl E = 0 for all
(x,2) = (x,9,2) € R%. Here, E, H correspond respectively to the electric and magnetic fields while
e, i are the dielectric permittivity and magnetic permeability. Introduce 2, a bounded open set of
R? with Lipschitz boundary ¥ := 9Qy, and define Qq := R?\ Q,, (see Figure 1). In this notation, the
subscripts ;, and 4 stand for “metal” and “dielectric” respectively. We assume that the real-valued
functions e, p verify € := g,eq0, p := prpo with

_J ea>0 in Qg xR ) wa>0 inQgxR
8T_{esm(cu)<0 in O, xR and Fr=) pm >0 imnQnxR

where e, (w) follows the dissipationless Drude’s model (3), and eq, f1q, ftm are three positive constants.
Here €9 > 0 (resp. po > 0) refers to the vacuum permittivity (resp. permeability). If an incident field
u'™ independent of the variable z illuminates the obstacle, for instance u"(z) = e’®® with |k| =
k := w\/Eopio/Edafid, one can classically reduce the study of Maxwell’s equations to the resolution of
two uncoupled 2D scalar problems: one associated with (H,, Hy, E.) called the Transverse Electric
problem (TE), another associated with (E,, Ey, H,) called the Transverse Magnetic problem (TM).
In particular for the TM problem, H,, denoted by u in the following, is a solution of the problem

Find v = 4™ 4+ 45 such that:

div (5;1Vu) ;—wQCQuru =0 inR? (5)
sca 2
lim ‘ Y k| do = 0,
oo Ji=c | O

where ¢ := (\/Zof0) " denotes the light speed. In (5), the incident field ™ is the data defined above,
the total field u is the unknown and u*®® := u — u'™® is the field scattered by the metallic inclusion.
The second equation in (5) is the Sommerfeld radiation condition which ensures that u® is outgoing
at infinity (r is the radial coordinate). Here and in the following, we use the same notation for &,
pr considered as functions defined on R? or R3. We emphasize that the study of Problem (5) is not
standard because ¢, is sign-changing.

£, (., Dr
T x T i

Figure 1: Left: scattering problem in free space. Right: scattering problem in the artificially bounded
domain Dpg.



For the rest of the paper, the index , for the parameters ¢, u, is omitted and we define ky := w/c.
We fix the frequency w and we write e, instead of ey, (w). Then Problem (5) can be rewritten as

Find v = 4" 4 45 such that:
div (€*1Vu) +kdpu=0 inR? (6)

ausca
lim

2
‘ — 1ku®?| do = 0.
E—+o0 Jixj=¢ | Or

2.2 Reduction to a bounded domain and description of the geometry

In order to study Problem (6), as it is usual in the analysis of scattering problems in free space, we
first introduce an equivalent formulation set in a bounded domain. Let Dp := {x € R?||x| < R}
denote the open disk of radius R. We take R large enough so that Q,, C Dg. Classically (work e.g.
as in [15, Lemma 5.22]), one proves that u is a solution of (6) if and only if it satisfies the problem

div (e7'Vu) + k(pu =0 in Dp

auinc (7)

ou inc
5 — Su'e.

o = Su+¢"™  on dDpg, where ¢'"¢ :=
r

Here, (r,0) stand for the polar coordinates centered at O, the center of Dpg, while S refers to the
so-called Dirichlet-to-Neumann map. The action of S can be described decomposing u in Fourier

series (see [15, Theorem 5.20)):

+00 ) ind

kHy’ (ER) e
Su(R,0) = E Un—5 (k)
n=—oo Hy ' (kR) V2T

1 2 .
with Up = \/%/0 u(R,0)e"™? dp. (8)

In this expression, HT(Ll) denotes the Hankel function of first kind and HT(LD/ its derivative.

Figure 2: Examples of geometries. From left to right: a smooth inclusion (N = 0), a droplet (N = 1),
a triangle (/N = 3) and a more complicated inclusion (N = 5).

We have already mentioned that the geometrical features of the interface ¥ = 0€,, play a key
role in the results of well-posedness for problems with sign-changing coefficients. In particular, one
has to distinguish when the contrast k. := e, /e4 is outside or inside the critical interval I.. In order
to define this interval, we start by describing the geometry precisely, introducing ad hoc notations.
We assume that ¥ is of class 42 at any @ € X, except at a finite (possibly empty) set of vertices c,,
n=1,...,N. We assume that in a neighbourhood of each vertex c,, {1y, coincides with a sector of
aperture ¢, (see an illustration with Figure 2). Set

n=1,...,.N (bn "o — ¢n

2T — oy n .
b max < ™9 ¢ ) if ¥ has corners (N > 1)
v =
1 if ¥ is smooth (N = 0).

Finally, we define the critical interval I. by:

I.:=[-by;—1/bs)]. (10)



Details about the derivation of (10) will be given in section 3. Note that the critical interval
I. C (—o00;0) always contains the value —1 (because by > 1) and that there holds I, = {—1} if
and only if ¥ is smooth (N = 0). If N > 1, denoting ¢min = min,—1,_ n(¢n, 27 — ¢, ), we can
write by = (271 — Pmin)/Pmin- This shows that the critical interval I. is determined by the aperture
of the sharpest angle of the interface. Observe that if ¢min — 0, then I, — (—00;0).

Before studying well-posedness of Problem (7), let us finish this section by some comments. Pre-
vious studies for problems with sign-changing coefficients have shown that the adapted functional
framework is H' when the contrast x. is outside I.., while the solution becomes too singular to be-
long to H' when k. € I.. [8, 11]. This will remain true for our scattering problem, and it will have a
significant impact on the energy balance. Indeed, when the solution u of Problem (7) is in H'(Dg),
a simple integration by parts yields:

0
egl/ Mdo = / e |\Vul? de — kg/ ulul? de. (11)
oDg Or Dg Dg
Taking the imaginary part of (11), since ¢ and p are real valued, we obtain the assertion:
« 1 : ” au—
u € H'(Dpg) solution of Problem (7)” = SQm —udo | =0. (12)
oDy Or

This means that the energy flux through dDpg, in fact through any curve enclosing the obstacle, is
equal to 0 (which seems natural because the medium is non dissipative). We will see in section 3 that
this property is not satisfied when k. € I.. In this situation, some energy is trapped by the corners.

2.3 Well-posedness in the classical framework for a contrast outside the critical
interval

In this section we explain how to show that Problem (7) is well-posed in the usual functional frame-
work H'(Dpg) when k. ¢ I.. The variational formulation of Problem (7) writes:

Find u € H'(Dg) such that:

(13)
a(u,v) = 1(v), Vv € HY(Dg),

+0c0 xy inc
_ k Hy’ (kR
with a(u,v):/ e Wu-Vode — kg/ puv de — Z — %Unﬁ, l(U)Z/ g vdo.
Dr Dr n=oo £d Hy '(kR) dDRr €d

If u € HL (R?) is a solution of the original Problem (6), then its restriction to Dp satisfies (13).
Conversely if u verifies (13) then it can be extended as a solution of (6) in H} (R?).

Lemma 2.1. Problem (6) has at most one solution in H._ (R?).

Proof. We proceed exactly as when € has a constant sign. By linearity of the problem, we just have
to show that a solution u € H} (R?) of (6) with u® = 0 vanishes. For £ > R, there holds

2
da—l—k2/ \u|2 do — 2kSm (/ %ﬂda), (14)
BDE 8D5 r

ou

/6DE 9

2
— —iku| do = / Ou
r oD | O

T

where D¢ = {z € R?||z| < ¢}. Then using (12) (which is also valid with R replaced by any ¢ > R)
and the Sommerfeld radiation condition, we obtain

lim lul* do = 0.
§—+400 JoD,

Since u satisfies Au+kZpqequ = 0 in R?\ D, Rellich’s lemma (see e.g. [15, Theorem 3.5]) guarantees
that u = 0 in R? \ Dg. From Holmgren’s theorem [25, Theorem 8.6.5], working as in the end of the
proof of [15, Lemma 5.23], successively we deduce that u =0 in 4 and v =0 in Q. O



Lemma 2.1 ensures in particular that a metallic inclusion in the free space cannot trap a pure
resonant wave. Now let us prove the main result for Problem (6) outside the critical interval.

Proposition 2.1. Let w > 0 be a given frequency. Assume that the contrast k. = ep,/eq verifies
ke ¢ I. = [=bx; —1/bx], where by, has been defined in (9). Then Problem (6) has a unique solution
u in HL . (R?). Moreover there exists C > 0 independent of the data g™ such that

lull g (pgy < Clg™ N z2005)-
Proof. Let us decompose the bilinear form af(-,-) of the variational formulation (13) as follows:
Vo,w € HY(Dg), a(v,w) = b(v,w) + c(v,w),
X n (15)

with b(v,w):/ e 'Vo-Vwdz + vinde + eyt Z — U W,
Dpg Dpr R

n=-—o00
Un, wy being defined as in (8) (one deduces c(-,-) from above). With the Riesz representation
theorem, we introduce the maps B : H'(Dg) — HY(Dg), C : H'(Dgr) — H'(Dg) as well as the
function f € H'(Dg) such that

(Bv,w)gi(pg) = bv,w), (Cv,w)gi(py) = c(v,w), (fyw)pi(pg) =Uw), Yv,w e HY(Dg). (16)
With these notations, u is a solution of (13) if and only if it verifies Bu + Cu = f. Using classical
results concerning the Dirichlet-to-Neumann map S, following e.g. [15, theorem 5.20], one can prove
that C is a compact operator. Therefore it is sufficient to show that B is Fredholm to conclude.

In the classical case of a positive €, one obtains easily the result using the Lax-Milgram theorem.
Here, because of the change of sign of € in Dg, b(+,) is not coercive and this technique fails. Instead,

we use the T-coercivity approach. More precisely, when k. € I., we can prove the existence of a
bounded operator T : H'(Dg) — H'(Dg) such that

b, Tw)| = Collull3ys pyy — CollulZagppys V€ H(D), (17)

where Cy > 0, Cj) € R are some constants independent of u. According to some classical results (see
[37]) of functional analysis, this is enough to conclude that B is a Fredholm operator. In this method,
all the work lies in the construction of T. Let us briefly explain how we proceed. For details, we refer
the reader to [8, 6]. For all u € H'(Dg), set

Tu = Sign(5>u + Rloc(u)7 (18)

where Rjo. : HY(Dr) — HY(Dg \ ¥) is a continuous operator. The term sign(e) is natural to
annihilate the change of sign of € across the interface ¥. Unfortunately, in the general case, sign(e)u
has a jump across . The map Ry, allows to offset this jump. It is chosen so that [Rjoc(u)]s = 2uls,
for all u € H'(Dpg), where [-]s denotes the jump from Qy, to Q4. Using cut-off functions, which are
responsible for the appearance of the second term in the left-hand side of (17), we can define Rjoc
such that Rjoc(u)|op, = 0. Thus, Tu does not modify boundary term contributions in (15). We
emphasize that in the vicinity of ¥ the operator Rj,. has to be carefully defined (see again [8, 6] for
details). With (18) plugged into (15), Estimate (17) follows. O

Let us make some comments regarding this approach:

e The analysis developed here can be adapted to varying coeflicients e, p. In this case, the condition
[8, Theorem 4.3] to guarantee Fredholmness for Problem (7) with the T-coercivity technique involves
the ratio of local upper and lower bounds of €4, £y, in a neighbourhood (which can be chosen as small
as we want) of 3. In order to prove uniqueness of the solution, an additional smoothness assumption
on ¢ (imposing e.g. € to be piecewise smooth) has to be made to apply unique continuation results.
e In the (TE) problem, the electric field E, satisfies the equation div (u"'VE,) + k3cE, = 0 in R
Thus, since py > 0, we find that the (TE) problem is always well-posed: the change of sign of € does
not matter in the (TE) problem.

e One can also consider sign-changing permeabilities, for example when one wishes to model the
propagation of electromagnetic fields in presence of Negative Index Metamaterials (NIM) [38, 41, 40].
Defining the contrast £, := pm/pa, for the (TM) problem, well-posedness holds for . ¢ I. and for
all k, < 0. Also for the (TE) problem, well-posedness is guaranteed for all k. < 0 when x,, ¢ I..



3 Singular solutions at one corner

When the interface between the two materials presents corners, then for a contrast k. inside the
critical interval I.., well-posedness of Problem (6) in the usual H' framework is lost. This is due to
the appearance of strongly oscillating singularities at one or several corner(s). This has been already
investigated in [21, 11, 19] for a particular geometry involving one corner of aperture 7/2. Here we
wish to study the general case of an arbitrary corner angle.

3.1 Characterization of singular exponents

For ease of exposition, we consider a metallic inclusion with only one corner, that we denote by c.
Without loss of generality we assume that c is located at the origin O. In accordance with the setting
of §2.2, Oy, coincides in the vicinity of the vertex ¢ with a sector of aperture ¢ € (0;27) \ {7} (see
Figure 7 left, page 14). In other words, there exists p > 0 such that for well-chosen cartesian and
polar coordinates (r,6):

D,NQq = {x=(rcos(d),rsin(0))|0<r<p, ¢/2 <0 <},
D,NQm = {x=(rcos(d),rsin(h))|0<r<p, 0] <o/2},

where D, denotes the disk of radius p. In D,, the permittivity e depends only on 6:

| ea for¢/2<|0] <,
| em for 0] < ¢/2.

In polar coordinates, equation of Problem (6) multiplied by r? reads
e (r0,)2u + Op(e ™ Opu) + k2ripu = 0, (19)

where we use abusively the same notation for u(x) and u(r, ). Zooming at the corner (i.e. taking
p small enough) leads to neglect the term kZr2uu in (19) and to study the “static” equation (4).
In other words, the singular behaviour of a solution of (19) is the same as the one of a solution
of (4). The main advantage of considering (4) is that separation of variables is now possible. In
the following, we call singularities the functions s(r,8) = x(r)®(0) with separated variables in polar
coordinates which satisfy

div(e'Vs) =0  in D, (20)

that is e 1(r0,)%s + 9p(¢ " *Dps) = 0. A direct calculation shows that this holds if and only if there
exists A € C such that (rd,)%x = A2 x, for 0 < r < p and

—(0pe™109)® = Nel® for —7m <0<,
O(—7m) = P(m), (21)
0P (—m) = 0pP(m).

The problem verified by Y, for which we do not impose boundary conditions, can be easily solved.
For A = 0, we find x(r) = A Inr + B whereas for A # 0, we obtain x(r) = Ar* + Br=*, A, B being
two constants. The Problem (21) satisfied by ® is an eigenvalue problem. Denote by A the set of
values A such that Problem (21) has a non zero solution ®. This set will be referred to as the set of
singular exponents associated to c. In the usual case where € > 0, (21) is a self-adjoint problem with
positive eigenvalues A2 (A C R). Here, because the sign-changing parameter € appears in both sides
of the equation, the study and the properties of (21) are not standard. In particular, A generally
contains complex eigenvalues. Concerning the analysis, to our knowledge there is no theory for this
eigenvalue problem. However since it is a 1D problem, we can carry out explicit computations. First
we can prove that, when k. # —1, A is discrete (proceed as in [17, Corollary 4.10]). Moreover, it is
straightforward to see that 0 € A and that A is stable by symmetry/conjugation (=), £\ € A for
all A € A). Using elementary symmetry arguments, one can compute singular exponents associated
with even or odd eigenfunctions ®. The corresponding singularities s(r, ) are either symmetric or



skew-symmetric with respect to the bisector of the corner £ := {x = (rcos,rsinf) € R?| § = 0} (see
Figure 7 left). We denote by Agym (resp. Agkew) the subset of A of singular exponents corresponding
to symmetric (resp. skew-symmetric) singularities. Note that A = Agym U Agkew. Simple calculations
reproduced in Annex 6.1 yield the following characterizations for the sets Agym, Askew-

Proposition 3.1. Set b:= (21 — ¢)/¢ and f*(z) = T tanh(z) + tanh(bz) for z € C. We have
Asym = {)‘ eC | f_ (2)‘¢/2) = O}a Askew = {>‘ eC | f+ (Z)‘QS/Q) = 0}

All singularities do not contribute to the solution of a problem such as (6). For instance, for
ke ¢ 1., the solution of (6) is locally in H!, so that only singularities which are in H! near the corner
should be considered. For A = 0, Alnr + B is locally in H' if and only if A = 0. For X\ such that
Re X > 0, s(r,0) = r*®(0) is locally in H' while s(r, ) = r~*®(0) is not. The singularities associated
with singular exponents A satisfying A # 0 and Re A = 0 (located at the limit between the H' zone
and the non H! zone) play a special role for Problem (6). We will have to take them into account in
the functional framework even though they do not belong to H! (see (22)). In the next paragraph,
we focus our attention on these particular singularities.

3.2 Oscillating singularities

Ojlw\v/\ % /& T
Figure 3: Behaviour of the real part of the radial component of the singularity r*®(), for A € Ri\ {0},

in a neighbourhood of O. To understand these oscillations, observe that Rer® = cos(nlnr) for
n € R*.

Assume that A N iR contains some A # 0. The singularities 7**®(#) have a curious oscillating
behaviour at the origin (see Figures 3, 5) and do not belong to H'. Indeed, for A\ = in, n € R*, we
obtain

: T i 2 o9 [T 2 Podr
lim / / 10, (F1D(8)) 2 rdrdf = lim 7 / 13(6)| d9/ T oo (22)
—xJs 6—0 - s T

5—0t

Going back to Maxwell’s equations, this means that the electric field E is such that E ¢ (L (R3))3,
so that the energy is infinite at the corner. Now, we prove that such singularities exist.

Lemma 3.1. Define I, = [—by; —1/bs] with by = max (27:;‘15, 2ﬂ¢l¢). The following array describes
the set A N iR with respect to ke, ¢:

ke & 1. ke € (—by;—1) ke € (—1;—1/bx)
ANiR = {xin}, for somen>0| ANiR = {xin}, for somen >0
O<op<m |ANiR={0 ; — ; _ ;
{0} wnd { Agym NIR {0} wnd { Agym NiR {£in}
Aghew NiR = {in} Agkew NiR = {0}

ANiR = {xin}, for somen>0| ANiR = {xin}, for somen >0
T<¢p<2r | ANiIR={0 ; — ; ; _
{0} and { Agym MR {£in} and { Agym NiR {0}
Agpew NIR = {0} ANgpew NIR = {:l:i’n}

Proof. According to Proposition 3.1, the singular exponents are given by the zeros of the functions
f*. As the functions f* are odd, it is sufficient to study their zeros on (0; +00).



* First assume that 0 < ¢ < w. Then, we have b = (27 — ¢)/¢ > 1 and by = b. We can check that
f* do not vanish when k. & [~bx; —1/bx]:

- if ke < —by, then on (0;+00), f~(t) > (1 + k1) tanh(t) > 0 and f+(¢) < tanh(bt) — btanh(t) < 0;
- if ke > —1/by, then on (0; +00), f~(t) < tanh(bt) — btanh(t) < 0 and f*(¢) > (1 + k¢) tanh(t) > 0.
Now, we wish to prove that

ke € (=by;—1) — 39 > 0 such that 1 (n¢/2) =0 and f~(t) # 0, Vt € (0; +00),
ke € (—1;—1/by) — 39 > 0such that f~ (n¢/2) = 0 and fT(t) # 0, Vt € (0;4+00).

e Case k. € (—by;—1). With the same arguments as before we have f~ > 0 on (0;400). On the
other hand, a careful analysis of the monotony shows that fT vanishes exactly once on (0;+oc0) if
and only if k. € (—byg; —1). More precisely, one checks that (f1)'(0) = k. + by > 0 (and f(0) = 0),
while limy—, 4o f1(t) = ke + 1 < 0. This proves that f* has at least one zero in (0;+00). Then one
proves that the derivative of f* changes sign once and only once on (0; +00) to conclude.

e Case k. € (—1: —1/by). With analogous arguments we obtain f* > 0 on (0; +00) and we establish
that f~ has exactly one zero on (0;4+00) if and only if k. € (—1: —1/by).

* To consider the situation 7 < ¢ < 27, it is sufficient to note that the singularities of the operators
div(e7'V-) and —div(¢~!V-) are the same and to use the results of the case 0 < ¢ < 7 with k.
replaced by 1/k.. Indeed, with this multiplication by —1, the roles of 2, and Qg are exchanged. [
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Figure 4: Set of singular exponents A for ¢ = 57/12 (in this case I. = [—3.8;—0.26315]). The
singular exponents A € Agiew are represented with asterisks while the singular exponents A € Agym
are represented with diamonds. Left: k. = —18.684. Middle: k. = —1.1871. Right: k. = —0.4641.

In Figure 4, we display the set of singular exponents A for contrasts outside and inside the critical
interval I.. for a given angle ¢. The results are in accordance with Lemma 3.1 (observe also that A may
contain complex eigenvalues even if k. ¢ I.). In the following, for a contrast k. € (—by; —1/bx)\{—1},

we shall often refer to s* where

sE(r,0) = rEMd(0).

We recall that 7 is chosen positive. With the results of Proposition 3.1 and Lemma 3.1 one can check
that the eigenfunctions ® are defined as follows.

®(0) = —P(—0) on [—m;0].
I Aoy V1R # 10, | 0(0) = S0 on (07025 8(0) = SRR on o/inls

®(@) =2(—0) on [—m;0].

Going back to the time-domain and multiplying the oscillating singularities by the harmonic term
e~ Jeads us to consider functions which behave like

S:I: (7", e)e—iwt — 6i(:l:nln r—wt)q)(e) (25)



Figure 5: Real part of the skew-symmetric (left) and symmetric (right) oscillating singularity near
the corner c.

near the corner c. Let us compute the phase velocity of these waves. A point M of phase i(£n lnr—wt)
will be located at r + dr at ¢ + dt with £nln(r + dr) — w(t + dt) = £nlnr — wt. Since In(r + dr) =
Inr +dr/r 4+ o(1/r) for dr small, one finds the phase velocity dr/dt = +wr/n for the waves (25).
Note that it tends to zero when approaching the origin. The wave s~ (r,0)e~™? seems to propagate
to the corner but never reaches it. This is the reason why in the following, it will be referred to as
“black-hole wave”. By extension, we will use the same denomination for the other wave s (r, #)e=!
which seems to come from c. Finally, we point out that from time to time in this paper, the oscillating
singularities will be called “black-hole singularities”.

3.3 Selecting the outgoing solution I: energy trapped at the corner

For a contrast r. € 1.\ {—1}, looking for a solution of the scattering problem in H{ . (i.e. with a
local finite electromagnetic energy) would lead to exclude a behaviour at a corner like the one of the
oscillating singularities s (r, ). Nonetheless allowing such singular behaviour is necessary to obtain
existence (and uniqueness) of a solution u to Problem (6). Therefore, we are led to consider u which
decomposes, in a neighbourhood of c, as

u=a+bysT +b_s" +1, (26)

where @ is a smooth function and a, by are complex constants. Roughly speaking @ is smooth means
that it is a superposition of singularities with singular exponents A such that fe A > 0 (see §6.3). We
recall that 0 belongs to A for all k. < 0, that the associated singularities are 1 and In r, and that only
the constant is locally in H!. In order to get uniqueness of the solution for (7), as shown in [11], a
relation on b4+ has to be enforced. A priori, it is not obvious to decide which condition to impose that
will give the “physical” solution because the singularities s have very similar behaviours at c. In
particular, due to the change of sign of the permittivity ¢, considerations based on phase velocity are
not sufficient. To identify the relevant condition, we study in this paragraph the energy carried by
s%. Let us consider a function u of the form (26) which satisfies the equation div(e "'Vu) + k3pu = 0
in the vicinity of the corner c. Proceeding like at the end of §2.2, one can easily verify that the

quantity
J:=Sm (/ 5_18Tuuda> (27)
oD,

defined for p small enough, is independent of p. It represents the energy flux through 0D, coming
from the corner. Plugging (26) in the left-hand side of (27) yields

T =n(lby|? — |b,|2)/ 192 do. (28)

—T

Indeed, on the one hand, using that ®, given by (23) or (24), is real-valued, one can check that

—1 Os* — [T 12
e ——sT¥do = +in e P dh. (29)
oD, or -
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On the other hand, one can prove that all the other cross-terms tend to 0 as p — 0 (proceed as in
§6.3). Then identity (28) follows by noting that s+ = s~. The sign of the integral appearing in (28),
which is not obvious because of the presence of the parameter €, plays an important role to compute
energy balances. Explicit calculations detailed in the Annex (see Lemma A) show that

™ ™
/ e 19%d9 >0 if k. € (—bg;—1) and / e1®2dh <0 if ke € (—1;—1/bg).  (30)
—T —Tr

We see that the sign of the integral depends only on the contrast of the physical parameters of the
two materials. If 5 > |em| ™!, then the integral is positive, and vice versa.

Now, consider for instance the case k. € (—by;—1). Since by definition 7 is positive, we observe
with (28) that the singularity s™ adds a positive contribution to the energy flux J. It means that s
carries some energy produced by the corner. We say that s* is the “incoming” singularity (s™ = s¥)
because it brings energy into the system. On the contrary, s~ adds a negative contribution to J: it
carries some energy absorbed by the corner. We say that s~ is the “outgoing” singularity (s°"' = s7).
When k. € (—1;—1/by), according to (30), we take s°* = st and s™ = s~. The results are sum-
marized in Table 1 below. To conclude, in the following, we impose that the solution of Problem
(6) decomposes only on the outgoing singularity s°** and not on s™ because s™ carries some energy
produced by the corner which is not physical.

Remark 3.1. The terminology “incoming/outgoing”, inspired by the scattering theory, is mainly
related to the point of view developed in section J, where s°"* (resp. s) corresponds to an outgoing
(resp. incoming) propagative mode in a waveguide.

ke € (=by;—1) ke € (—1;—1/by)
s°U (1, 0) = s (r,0) = r~®(0) | U (r,0) = sT(r,0) = rT1P(0)
0<¢<m | @ given by (23) skew-symmetric ® given by (24) symmetric

T™<¢< 2 ® given by (24) symmetric ® given by (23) skew-symmetric

Table 1: Features of the outgoing singularity with respect to the configuration.

Remark 3.2. Note that when k. € (—1;—1/bx), the wave s**'e™™t (see (25)) has a positive phase
velocity and seems to come from the corner. However, s°* propagates energy towards the corner.
We stress that we select the physical solution according to the group velocity and not according to the
phase velocity.

Let us briefly present another approach, which has been used in [11] (see also [32] in a slightly
different context), to define the “physical” singularity. We emphasize that it leads to select the same
solution.

3.4 Selecting the outgoing solution II: limiting absorption principle

We recall that the original Drude’s model (2) includes a small parameter v which takes into account
classical dissipation Joule effects. We point out that we choose v > 0 so that, with the convention of
a harmonic term equal to e~ energy is indeed lost by the structure (the alternative convention e**
leads to take v < 0 in order to model dissipation). We denote by &7, the permittivity obtained with
this model and we define €7 the function such that €7 = g4 in Qq, €7 = €], in Q. The smallness of ~
compared to the considered range of frequencies has led us to neglect it in the analysis and this is the
reason of the difficulties we have encountered. Indeed, when v > 0, kv := €], /eq ¢ R and one can
easily check that the functions f* defined in Proposition 3.1 with x. replaced by k.y do not vanish
on (0;+00). In other words, purely oscillating singularities do not occur with dissipation. More
mathematically, when ¢ is changed to €7, the new sesquilinear form associated with Problem (13)

11



becomes coercive in H'(Dpg). Therefore, the dissipative problem always admits a unique solution,
denoted u”, in this space. The function ©” decomposes near the corner as

u =a’+b's7 + a7,

where a”, b are constants, @” is a smooth function and s7(r,8) = r*" ®7(6). Here, A is the singular
exponent of smallest positive real part of A7, the set of values of A such that (21), with e replaced
by €7, has a non zero solution. The following result confirms the relevance of choosing the outgoing
singularity s°"* according to Table 1.

Proposition 3.2. Assume that k. € (—=by;—1/bg) \ {—1}. Then s°"* = lim,_s7, where s is
defined according to Table 1.

Let us sketch the proof. Denote A\l € A7 the singular exponent which tends to +in as v goes
to zero. Introduce Ay the first order term appearing in the Taylor expansion \] = +in + 'y;\i +
. Using the implicit functions theorem, one can prove that A+ are real valued, 5\+ = -\
and A, [T e 1®|2d) < 0. Assume that k. € (—by;—1). Then, according to (30), we have
J7_e7H®[2dh > 0. Since by definition Re A7 > 0, we deduce that A” coincides with A” and therefore,
tends to —in as v — 0. This implies lim,_,0s” = s~. But Table 1 ensures that s~ = s°** when
ke € (—by; —1). The case k. € (—1;—1/bs) can be handled in a similar way.

In Figure 8 (middle), we represent the set A7 for a small value of v > 0. One observes that the
numerical results are in accordance with Proposition 3.2.

3.5 A well-posed formulation of the scattering problem for a contrast inside the
critical interval

At this point, we have provided the ingredients to obtain a well-posed formulation for the scattering
Problem (6) with a contrast lying in the critical interval. When k. € I.\ {—1}, we look for solutions
u which admit the expansion

uw=">bs"" + @ inR? withbeC, @€ HL (R?), (31)

where the outgoing singularity s°% is defined according to Table 1. Note that imposing the specific
behaviour (31) for the solution is like imposing a radiation condition at the corner. As nicely written
in [4] for another problem sharing analogous properties, this boils down to allow a “leak” at c. Now,
we prove the well-posedness of the problem in this setting. We start with a uniqueness result whose
proof relies again on energy considerations.

Lemma 3.2. Problem (6) has at most one solution admitting decomposition (31).

Proof. Consider some u admitting decomposition (31) and satisfying Problem (6) with u"® = 0.
Multiplying the volume equation of (6) by @, integrating by parts in Dr\ D, and taking the imaginary
part, we get the energy balance

SIm (/ 5518Tuuda) =Qm </ 5_18Tuuda> . (32)
8Dg aD,
Denote Jeyxt (resp. J) the left-hand side (resp. right-hand side) of (32). We have selected s so that

J=—nb?

—Tr

/ 192 dﬁ‘ <0

(see the discussion after (30)). Therefore, from (32) we deduce that Jext < 0. This is true also with R
replaced by £ > R. Then using identity (14) and working as in the proof of Lemma 2.1 with Rellich’s
lemma, we obtain u = 0 in R2. O

12



The proof of existence of a solution requires more involved arguments based on the Kondratiev
theory [27] and is beyond the scope of the present article. We refer the reader to [11, 7] where a
detailed explanation of the technique is presented in a simple geometry. Finally we can state the

Proposition 3.3. Let w > 0 be a given frequency. Assume that the contrast k. = e, /eq verifies
ke € (=by; —1/bs) \ {—1}, where by, has been defined in (9). Then Problem (6) has a unique solution
u admitting decomposition (31). Moreover there exists C > 0 independent of the data g™¢ such that

6] + @l 12 0y < Cllg™ |l r2005).

Remark 3.3. The results of Proposition 3.3 can be extended to consider Problem (6) with a volume
equation replaced by div(e " 'Vu) + k3uu = f, f being a given source term. Well-posedness is ensured
if f has a compact support and if f is such that r*~Vf € L?>(R?) for some v > 0. In particular
f € L3(R?) with a compact support is allowed.

Let us make some comments to conclude this section:

e In the recent paper [29], the author suggests that the good way to formulate the scattering problem
for a contrast inside the critical interval is to choose u in the vicinity of the corner such that J defined
in (27) vanishes. This is attractive because in this case, the metallic scatterer neither absorbs nor
produces energy (like in (12)). To get such a solution, one must keep both incoming and outgoing
singularities, with the balancing condition [b*| = [b~|. In other words, v must decompose as

u=>b(st+e’s7) +a, (33)

where b € C, t € [0,27) and where @ is a smooth function. In the present article, we did not use this
criterion for the following reasons. First, there is still an undetermined parameter to set, namely the
phase t. Second, the limiting absorption principle, which can be rigorously proven working as in [11,
Theorem 4.3], is satisfied in the setting (31) but not in the setting (33). Therefore, it is our opinion
that the decomposition (31) is more relevant from a physical point of view than (33).

e When the contrast and the interface are such that for the N vertices cy,...,cy, there exist oscil-
lating singularities s (7, 0y,) := rX®,,(0,,) at c,, (9, > 0) the analysis is exactly the same. Here,
(rn, 0,) denote the polar coordinates associated with c,. In this case, we can prove that Problem (6)
has a unique solution u which admits the expansion

N
u= Z bp 82" 4@ in R? with b, € C and @ € H.(R?). (34)

n=1

In that case, working as in (32), denoting D} := {x € R? | |r,| = p}, we obtain the energy balance
N
Joxt = 3 Jn,  with Jp, :=QSm < / . (35)
n=1 9

Using (35), one can quantify the energy trapped by each corner (see §4.4.2 for numerical illustrations).

5larnUUda> =~ ‘bn’2

/ =192 4f),

—T

Dy

4 Approximation of the solution for a contrast inside the critical
interval

We have obtained a well-posed formulation for Problem (6) with a contrast inside the critical interval.
It leads to look for solutions u which decompose as u = Y, b, s2* + @ (see (34)). Now, a natural
question is: how to approximate u? Let us try to use a classical finite element method. We consider
a setting where the inclusion is a triangle made of silver embedded in vacuum. The angles of the
triangle (see Figure 6) are equal to ¢1 = 7/6 (top corner) and ¢2 = ¢3 = 57/12 (bottom corners).
For such geometry, according to (9) and (10), we have by, = (2r—7/6)/(7/6) = 11 so that the critical
interval is given by
I, = [—11;—1/11).
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For silver, the plasma frequency is w, = 13.3 PHz [36]. From the dissipationless Drude’s model (3),

we deduce that

w w
ke €1, +—= r__. P = [3.839 PHz; 12.733 PHz).
e V1+by \/1+1/b2] | |
For our experiment, we set w = 9 PHz (corresponding to ey (w) = —1.1838), 4 = 1, pim = pgq = 1.
Therefore, we have k. = e /eq = —1.1838 € [—11; —1]. For the other parameters, we take
u(x) = X%, k=k (cos oi"°E7 + sin amce_;) , k=ky=w/c, and o™ = —7/12.

Ill /) 1‘ "

:oono.// / . -....o
My ’. L
Figure 6: Solution obtained using a standard P2 finite element method for different meshes: from

left to right, 13273 nodes, 56031 nodes and 100501 nodes. The frequency is set to w = 9 PHz
(ke = —1.1838). Note that the computed field is not stable at the interface when we refine the mesh.

In Figure 6, we represent the approximated total field obtained using a standard P2 finite element
method for three different meshes. The incident plane wave produces both a usual scattered field
outside the inclusion and a typical plasmonic wave at the interface between the two materials. When
we refine the mesh, the scattered field outside the inclusion is approximately stable. However, the
plasmonic wave seems very sensitive to the mesh (see in particular at the bottom and right edges
of the inclusion). The numerical solution does not converge when the mesh size tends to zero, the
classical finite element method fails to approximate the field which is not in H' locally around the
More precisely, this is due to the fact that it is impossible to capture the oscillations of
out (see Figures 3, 5) with a mesh of given size. Spurious reflections are always

corners.

the singularities s,
produced. Hence, we have to develop another method.

4.1 Analogy with a waveguide problem

Figure 7: Change of variables at the corner. The disk D, is transformed into a semi-infinite strip S,
(the waveguide) with periodic conditions in §. As r — 0, z tends to —oco.

In order to capture the oscillations of s0", a natural idea consists in unfolding a neighbourhood of
each corner using a change of variables. To explain the idea, assume that there is only one corner c.
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Define z = Inr (as it is classical for the Mellin transform [27]), u(z,0) = u(e?,0). In a neighbourhood
of ¢, the function & depends only on 6 so we make no difference between &(r, ) and e(z,0). With
this notation, as illustrated by Figure 7, Equation (19) in D, is changed into the equation

(7102 + Ope ' 0p) it + kEe* pit = 0

in the semi-infinite strip (the waveguide) S, := (—o0;1n p) x (—m; ). Note that z = Inr — —oo when
r — 0. As a consequence, the corner is sent to —oc in the waveguide. With this change of variables,
the function @ is 2m-periodic in 6: (-, —7) = u(-,7) and dpu(-, —m) = Jpti(-, 7). On the other hand,
the term k3e?* 1 is exponentially decaying as z — —oo. As a consequence, the behaviour of @ at —oco

is determined by the functions § which satisfy
(e7102 4 0pe10p)5 = div(eV5) =0 in S,

and which are 27-periodic for the 6 variable. Since 7 = e, the singularities s(r,0) = r*®(6), solu-
tions of (20) in D,, are turned into 5(z,6) = e**®(0) in S,. These functions are commonly called
the modes of the waveguide S,. In §3.1, we said that for A € A such that fte A > 0 the singularity
s = r*® belongs to H 1(D,). In this case, the associated mode § = e ® is evanescent in the waveg-
uide S,. While, for A\ = %in, > 0, the oscillating singularities s do not belong to Hl(Dp). The
corresponding modes §* := et™*® are propagative in S,. According to Lemma 3.1, we know that
propagative modes exist only for contrasts inside the critical interval. In the presence of propagative
modes, it is well-known that a radiation condition at infinity in the waveguide has to be enforced to
obtain a well-posed problem. But we have already done this work for the corner problem. Define 5%
such that §°"*(z, 0) = s°"*(e*,6). Then in the waveguide S,, we look for solutions @ which decompose
as i = bs°" + ey, b € C, where 1o, is the sum of a constant term and evanescent modes at —oo.

For numerical purposes, we will use the analogy with the waveguide writing a formulation of the
scattering problem in a domain split in two parts, namely the perforated domain DR/ﬁp and the
semi-infinite strip S,. The main difficulty lies in the fact that the new geometry is unbounded and
that the solution we want to approximate does not decay at infinity in S,. However, many efficient
techniques have already been developed to consider waveguide problems in presence of propagative
modes. A class of methods consists in bounding artificially the waveguide to compute an approxi-
mation of the solution on a bounded domain. For this kind of approaches, it is well known that the
waveguide has to be bounded in a clever way to avoid spurious reflections on the artificial boundary.
One technique to achieve this end is to use a Perfectly Matched Layer (PML) [13, 3]. In the following,
we apply this method to our problem. First, we set up the PML. Then, we explain how to truncate
the PML to derive a formulation set in a bounded domain which can be discretized numerically.

4.2 An approximation of the scattering problem at the continuous level

Imposing a PML in the semi-infinite strip S, boils down to compute an analytic continuation of .
In practice it leads to make the complex stretching z — z/a, o € C\ {0}. With this stretching one
finds that t,(z,0) := u(z/a, 0) satisfies

(a2€718§ + 8987189)1104 + ezz/ak:%uﬂa =0 inS,.

Let us explain how to choose the parameter a € C\ {0}. Without loss of generality, we can impose
|a| = 1 so that a = € for some ¢ € (—m; 7). In order for the function z — €2*/ to be exponentially
decaying at —oo, we impose Re a > 0 which amounts to take ¥ € (—m/2;7/2). On the other hand,
observe that the modes of the problem (0425*183 + 895*189)71“} = 0 with periodic boundary conditions
for the @ variable are the functions (z,6) — e**/*®(0), where (A, ®) corresponds to an eigenpair
of Problem (21). And if % decomposes on the modes e**®(f), ,, the analytic continuation of i,
decomposes on the modes e*?/ *® (). Therefore, in order u, to be exponentially decaying at —oo,
we have to choose a such that there holds Re (A/a) > 0 for all A € A\ {0}. Here, A°" refers to
the set of singular exponents appearing in the modal decomposition of u:

AU = {0, xout} U Aout with A% = {\ e A|[Re) > 0},
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where \°"* denotes the singular exponent of s°%' defined according to Table 1. This means that we
choose ¥ such that 7/2 + arg(\) > 9 > —7/2 + arg()) for all A € A°"\ {0}, where arg : C\ {0} —
(—m; 7] denotes the complex argument. Let us clarify this.

* When k. € (—bg; —1), according to Table 1, we have —in € A" and in ¢ A°". In this case, one
takes a such that Re (—in/a) > 0, that is Sm (o) < 0. Then, we choose a = ¢ with ¥ € (9¥_;0),
where ¥_ := —7/2 + max arg(\).

A€Aout
* When k. € (—1;—1/bg), we have in € A" and —in ¢ A°"*. Working as above, we find that
a good choice for a is a = ¢/ with ¥ € (0;9,), where ¥, = 7/2 + min arg()).

AgAout
*
& & * +3 *4 * 6 o
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3 *
3 41
2 2 @ . ® L4
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Figure 8: Left: set of singular exponents A = Agym U Agkew (diamonds for Agyy and asteriks for
Agkew) for w = 9 PHz (k. = —1.1838 € I.) and a corner aperture ¢ = w/6. The singular exponent
associated to s°" is circled in black. In accordance with the result of Proposition 3.2, the outgoing
singularity s° in this setting is s~ (and it is skew-symmetric). Middle: set A7 for small 7 (v is the
dissipation). Right: set of singular exponents with the PML.

In Figure 8, we display the sets of singular exponents for the problem with small dissipation and for
the problem with a PML. The important point is that these two regularization processes move the
singular exponent A°" in the half plane {\ € C|Re X > 0}. This suggests that our PML parameter
« has been correctly set. For the problem with a PML, all the modes except the constant one are
evanescent. Therefore, for numerical purposes, we can truncate the waveguide S,. Define the domain
Sﬁ = (Inp— L;Inp) x (—m;m) with L > 0. On the boundary {lnp — L} x (—m;m), we impose the
Neumann condition 0,4 = 0 to allow constant behaviour at —oo (the PML has no influence on
the constant mode). We emphasize that the Dirichlet boundary condition would produce spurious
reflections. We also introduce the parameter Ly € (0;L) such that the term k3jie**@ becomes
neglectable for all z < 1Inp — Ly and we define the function « such that

)1 forze(Inp— Lo;lnp),
afz) = { a forze€ (Inp—L;lnp— Ly). (36)

Working in the waveguide enables to dilate the radial coordinate near the corner and Lg defines the
beginning of the PML. The previous analysis leads us to consider the problem

Find (u,it) € H'(Dg\ D,) x H},(S%) such that:
div (e71Vu) + kpu = 0 in Dr\ D,,
Ou—Su = ¢™ ondDg,
(670,00, + a9 Ip)t + a1/ KB = 0 in S%,
du(lnp—L,-) = 0

u(p7 ) = ﬂ(h’l Py ')’ pa?"u(p7 ) = zﬂ(ln P ')a
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where H;er(S;}) denotes the Sobolev space of functions of H 1(Sg) which are 2m-periodic for the 6
variable. We recall that ¢™¢ = 0,u™® — Su'™°. Note that the above problem is set in a split domain.
The last two equations of (37) ensure the matching between u and % through 0D,. The variational

formulation associated with (37) writes

Find (u, @) € X such that: (38)
bi(u,v) + ba(t,0) = U(v),  V(v,0) € X,
mc
with X := {(v,5) € H'(Dp\ D) x Hlor(SE) | 0(p,-) = b(np, )}, U(v) :/ L vdo
0Dgr €&d
too (1)
_ Hy
b1 (u,v) :/ 75_1Vu-Vvda:—k’8/ __puvdz —egt Y kwunm

DR\DP DR\DP n=-—oo Hn kR (39)

QL o~
8

by (1, 0) = /SL e 10,10,0 + a e 10yt Oyt de — k3 /SL a e ay
p

P

4.3 Numerical approximation

Figure 9: Left: mesh of S g. Right: obtained mesh with the change of variables (z, ) — (e?,6).

Now we turn to the discretization of Problem (38). We use a P2 finite element method set on
the domain which is the union of the perforated disk Dy \ D, and the rectangle S g. We introduce
(ﬁ,”fh)h a shape regular family of triangulations of (Dgyp \ D, Sﬁ) where D;;, is a polygonal
approximation of Dj, j = R, p. Here h refers to the mesh size. We assume that the meshes are
such that all the triangles of (7, ’7}L) n, are located either in the dielectric or in the metal. Note that
considering a structured mesh for S pL boils down to work with a mesh having a logarithmic structure
near the corner (see Figure 9). Due to the behaviour of the black-hole singularities, this is of course
very interesting. To get (almost) conforming approximations of X, we impose that the nodes of T
located on 9D, ), coincide with the ones of Ty, situated on {In p} x [—m; 7] (see Figure 10). Then we
define the family of finite element spaces

Xy, = {(v,9) € HY(Dg, 1, \ D, p) % H;er(SpL) such that v(p, ) = v(Inp, -),

and (v|;,|p) € Po(r) x Po(7') for all (r,7) € Ty, x Tp}-
Practically, we compute the solution of the problem
Find (up, i) € X}, such that:
N . (40)
bLh(uh, ’Uh) + bg(uh,vh) = lh(vh) V(vh,vh) e Xy.

In (40), the forms by 4(-,-), ln(+) are defined as bi(,-), I() (see (39)) with Dg \ D, replaced by
Dpry \ D, and the approximate transparent boundary condition d,u — (ik — (2R)™")u = 0,u™ —
(ik — (2R)™1)u"® instead of the Dirichlet-to-Neumann map S.
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PML

PML

Figure 10: Example of (very coarse) mesh. The arrows show the matching nodes between the different
meshes.

Remark 4.1. In the case where the metallic inclusion has N corners, one discretizes the problem

Find (u, i1, ..., tn) € H'(Dr\ U D,,) x HL.(S1") e

div (e7'Vu) + kpu = in Dp\UN.,D,,

X - x HY (SKY) such that :
0
Ou—Su = ¢ on dDp
0
0

5 (41)
inS;*, i=1,...,N

O u(lnp—L;,-) = 0, i=1,...,N

v _ —1 o
(5_13zozi8z + ai_lﬁgs_lﬁg)ui + ;e kR, =

u(pi,-) = wi(lnp;,-), pidru(pi,-) = Oxu;i(lnp;,-), i=1,...,N.

In (41), fori=1,...,N, D,, is a small disk around c; of radius p; while SiLi = (lnp— L;;Inp;) x
(=m; ) with Ly > 0 (see Figure 10). For each PML, we use a parameter «; as in (36).

4.4 Numerical experiments
4.4.1 Numerical results with the PML approach

We present some results obtained with the analogous of Formulation (40) for Problem (41). We
consider the same setting as in the beginning of §4. We choose PML coefficients such that a; =
e~27/25 (top corner) and ap = a3 = e "?™/33 (bottom corners). We consider an incident field of
incidence o/ = —7/12. In Figure 11, we observe that the numerical solution seems to converge
when we refine the mesh, contrary to what happens without the PMLs (see Figure 6). In Figure 12,
we display the field inside the PMLs. We note that it is correctly attenuated and that at the end
of the PMLs, the solution seems constant. According to Table 1, for k. = —1.1838, the outgoing
singularity at each corner is skew-symmetric with respect to the corner’s bisectors. This is indeed
the case. For this particular incidence, at the bottom right corner the solution is locally symmetric
(with respect to the corner’s bisector) and there is no excitation of the outgoing singularity.

4.4.2 Energy conservation
In this section, we wish to give numerical illustrations of the energy balance Jext = >, Jn obtained

n (35). Using (7), (32) and (35), we find

ot = Sm ( / e (S (u — u) + 8ruinc)uda> and T = 1 [ba? (42)
ODg

/ e 1o2 do,

-7

where S is the Dirichlet-to-Neumann map on 0Dpg. To assess the term J,, the energy trapped at
the corner c,, we have to derive formulas to compute the coefficient b,,. There are two different
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Figure 11: Numerical solution in Dp for w = 9 PHz (k. = —1.1838). We reconstitute the field inside
the three disks using the transform (z,60) — (e?,6). As we refine the mesh (from left to right), the
solution does not change much.

Ll
Ll
£ w o N

r

Figure 12: Numerical solution in D with PMLs for w = 9 PHz (k. = —1.1838). The bold dashed
lines correspond to the interfaces where matching is made, the small dotted lines represent the
boundary of the PMLs. Note that for the chosen incidence o™ = —7/12 (330°), there is no trapped
energy at the right corner (see also Figure 13).

approaches to do that. Let us present the two methods when the interface has only one corner c.

x By definition, u admits the expansion u = bs® + @& where b € C and @ € H}_(R?). This
yields

/ e lusout do = b g~ lgout gout g 4 el sout do.
oD, oD, oD,

Proceeding as in §6.3, one finds that | [, oD, el sout dg| < CpP for some 3 > 0. We deduce

p—Aout / 8_1U(p, )‘I’ do

/ e o2 dp

In (43), A°" denotes the singular exponent of s°** defined in Table 1. Note that according to Lemma
A, we know that the denominator of the above equation does not vanish.

b= +0(p%). (43)
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* Let us present another approach to assess the coefficient b. We follow a classical idea to com-
pute stress intensity factors. First, introduce s the solution to the following problem:

Find 5 = (s + ¢s°" + 5, with ¢ € C and 5 € H!(Dg), such that:
div(e7'Vs) + kdus = 0 in Dg, (44)
05 —8s = 0 ondDg.

In (44), ¢ is a given cut-off function such that ¢ = 1 in a neighbourhood of ¢ and such that
div(e~'Vs™) = 0 on the support of ¢. Looking for a solution s of (44) is equivalent to look for
w = 5 — (s™ solution of

div(e 'Vw) + kBpw = fi*:= —(div(e 'V(¢s™)) + k2 (¢s™)) in Dg, (45)

Ohw—Sw = fit:=—(9.(¢s™) — S(¢s™M)) on 0Dpg.
Using Remark 3.3, one can easily prove that Problem (45) has a unique solution. Solving (45) consists

in solving (7) with a source that, instead of coming from the exterior domain, comes from the corner.
Now, if u = bs°" + @ with b € C, @ € HL_(R?) is a solution of (6), by Green’s formula we get

/ e ! (Orus — Opsu) do — / e ! (Orus — Orsu) do = 0. (46)
DR oD,

Proceeding again as in §6.3, one finds

/ e (Oyus — Orsu) do = 2b /\O“t/ 102 do + O(p”) for some > 0. (47)
aD,

—T

On the other hand, we have [5, . e (Orus — Ops5u) do = Jopn e 9"s do (use (8) and the properties
of the Hankel functions to obtain this). Plug the latter identity and (47) in (46). Then take the limit

as p — 0. We obtain
/ Eglgincs do
0Dgr

9 \out / 192 dp

—T

b=

The advantage of the second approach is twofold. First, it does not require to compute the solution
u. The function s can be approximated once for all, independently from the source term. Moreover,
numerically, the second method is more accurate than the first one.

Let us turn to numerical simulations. We compute the terms Jey, J, (see (42)) for oi®¢ € [0;27).
We perform two series of experiments: one with w = 9 PHz (k. = —1.1838), another one with w = 11
PHz (k. = —0.4619). For the latter case, according to Table 1 and §4.2, we have to change the PML
coefficients. We take a; = €2™/25 (top corner) and ag = a3 = €2™/3% (bottom corners). All the
other parameters are set as previously (see the beginning of §4). In Figure 13, we work with w =9
PHz (ke = —1.1838). We observe that the energy balance (42) seems to be satisfied. There is a
small mismatch between Jey and ), J,,. Probably, this is because we use the first method described
above to assess the coefficients b,, appearing in the definition of J,,. Remark that due to the symme-
try of the geometry, the results are symmetric (the left and right corners play a similar role). One
notice that for o™ = +7/2 (90° and 270°), there is no trapped energy at the top corner. This was
expected. Indeed, for this setting, according to Table 1, we know that the black-hole singularities
are skew-symmetric with respect to the bisector of c,. But for these two particular incidences, u™°
is symmetric with respect to the top corner’s bisector. As a consequence, there is no excitation of
the outgoing singularity. The same phenomenon occurs for the other corners when o'"¢ corresponds
to the direction of the bisector of c,,.

In Figure 14, we work with w = 11 PHz (k. = —0.4619). When k. > —1, according to Table 1, the
black-hole waves are symmetric. This explains why this time, we observe that the energy trapped at
the corner ¢, (n = 1,2, 3) is maximum when o'° coincides with the direction of the bisector of c,.
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Figure 13: Left: sum of the energy fluxes at the corners (diamond) and energy flux through 0Dgr
(cross) with respect to o™ € [0;27) in polar coordinates. Right: energy flux at the top corner
(cross), left corner (diamond), right corner (circle) in polar coordinates. The frequency is set to
w =9 PHz (k. = —1.1838).

Figure 14: Left: sum of the energy fluxes at the corners (diamond) and energy flux through 0Dg
(cross) with respect to o™ € [0;27) in polar coordinates. Right: energy flux at the top corner
(cross), left corner (square), right corner (circle) in polar coordinates. The frequency is set to w = 11
PHz (k. = —0.4619).

5 Discussion and prospects

Let us conclude this paper by making some comments regarding this new numerical method:

e We point out that the method with PMLs at the corners is also interesting when the metal is
slightly absorbing. In this case, the scattering problem is well-posed in the usual H' framework
like when the contrast k. lies outside the critical interval. This is due to the fact that there is
no oscillating singularities. However, when the dissipation is small, the field can be very singular
(according to Proposition 3.2, we have lim,_,os7 = s°"* where 7 corresponds to the dissipation).
As a consequence, it is necessary to use a very refined mesh to obtain a good approximation of the
solution. Adding some PMLs at the corners allows to attenuate the singularities without producing
spurious reflections. In Figure 15, we use the lossy Drude’s model (see (2)) at the frequency w = 6
PHz for silver. It provides €] (w) = —3.9193 4 0.0926i. We set the other parameters as previously
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(with PML coefficients as in the case w = 9 PHz). We observe that when the mesh is refined, the
numerical solution is more stable with PMLs than without. Note that instabilities with respect to
dissipation have been already pointed out in [24].

Fin i~ l]\
‘\\ ".‘\

Figure 15: Left (resp. middle-left): solution for a standard (resp. refined) mesh without PMLs.
Middle-right (resp. right): solution for a standard (resp. refined) mesh with PMLs.

e In practice, the technique with PMLs turns out to be very efficient to obtain a good approximation
of the plasmonic waves propagating at the interface. Concerning the justification of the method,
several questions remain open. First, one needs to control the error made when truncating the
PMLs. This is not straightforward because of the change of sign of . However, using Kondratiev
spaces and working for example like in [26], one can reasonably hope to establish such result. The
problem of the justification of the convergence of the finite element methods seems more intricate.
Without PMLs, the existing proofs (with sign-changing ) require assumptions on meshes (see [18, 6])
and the question of knowing whether or not these assumptions are necessary is not solved. Here,
due to the complex scaling z — z/a of the PMLs, it is not even clear that the continuous problem
admits a unique solution.

6 Annex

6.1 Proof of Proposition 3.1

We reproduce a calculus which can be found in [21] or [16, Proposition 3.2.8]. Classically, one can
show that @ is an eigenfunction associated with the eigenvalue A € Agym (resp. A € Agkew) for (21)
if and only it verifies the transmission problem:

N +)® = 0 on (0; $/2)
N +93)® = 0 on (¢/2;m)
©(p7/2) = ®(¢7/2),  en'00P(¢7/2) =5 0p2(67/2)
9p®(0) = 0p®(m) =0 (resp. ®(0) = &(m) = 0)
o(0) = @(-0) (resp. ®(0) = —@(=0)) on (-7;0).

Looking for solutions under the form

®(0) = A cos(AF) on (0;¢0/2) and ®(0) = B cos(A (0 — 7)) on (¢/2;7),
(resp. ®(0) = C sin(N0) on (0;¢/2) and ®(0) = D sin(A(0 — 7)) on (¢/2;7) ),

where (A, B) # (0,0), (C, D) # (0,0) are some constants, we obtain that A belongs to A\ {0} if and
only if it satisfies

kot tan(\g/2) = tan(\(¢/2 — 7)) (resp. ke tan(Ag/2) = tan(A(¢/2 — m))).

6.2 Proof of Lemma A

The next lemma is a technical result needed in the selection of the outgoing solution (see §3.3).
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Lemma A. Assume that k. € (—bx; —1/bs) \ {—1}. Let (£in, ®) be a solution of (21), with ® equal
to (23) or (2/) according to the situation. Then we have

/ c102d0 >0 if ke € (—byi—1)  and / 020 <0 if ke € (—1;—1/by).

—T —Tr

Proof. Set Ry, = / d2dp and Ry := / d2de.
|0]<¢/2 ¢/2<6|<m

* Pick some k. € (—by;—1). We want to show that E;}Nm + 6;1Nd > 0. Since 5;1Nm + sglNd =
et (R + KRq) > e, (R, — Ng), it is enough to prove that Ry, — Rq < 0.

- First, assume that 0 < ¢ < 7. Explicit calculus using the expression of ® given by (23) yields

sinh(n¢) — (n¢) sinh(n(2m — ¢)) — (n(27 — ¢)) .

m = and Ng =
n(cosh(ng) — 1) n(cosh(n(2m — ¢)) — 1)

Define h(t) := (sinht — t)/(cosht — 1). We have n(X,, — Xq) = h(ne) — h(n(2m — ¢)), so it is
sufficient to show that h is an increasing function on (0; +00). One computes h/(t) = (2 — 2cosht +
tsinht)/(cosht — 1)2. Define g(t) = 2 — 2cosht + tsinht. One finds ¢/(t) = —sinht + ¢ cosht and
g"(t) = tsinht. One deduces, successively, ¢ > 0 and b’ > 0. Thus h is indeed an increasing function
on (0; 400).
- When 7 < ¢ < 27, using the expression (24), one finds

_ sioh(po) +(n9) o sinh(n(2m — 9)) + (127 — 9))
™ (cosh(ng) + 1) ¢ n(cosh(n(2r — ) + 1)

Introduce h(t) := (sinht + t)/(cosht 4+ 1). We have n(Ry, — Rq) = h(ne) — h(n(2r — ¢)), so it is
sufficient to prove that h is a decreasing function on (0; +00). One computes h/(t) = (2 + 2cosht —
tsinht)/(cosht + 1)2. Define §(t) = 2 + 2cosht — tsinh¢. One finds §'(t) = sinht — tcosht and
A~

§"(t) = —tsinht. One deduces, successively, § < 0 and W < 0. Thus h is indeed a decreasing
function on (0; +00).

™
* The same approach, mutatis mutandis, shows that / e 1®%df < 0 when k. € (—1;—1/by). O

—Tr

6.3 Details of the proof of Lemma 3.2
Let u = bs°" + @, with b € C, @ € HL,(R?), be a solution of (7). Lemma A and (29) yield

%m(/ e Ouudo) = —|b|2n‘/7r e 1g? de‘ +%m(/ e (bO,s™ T+ 50,50 + O, ) do).
8D, -7 oD,

To obtain the result of Lemma 3.2, we need to show that the second term of the right-hand side of
the above equation tends to zero as p — 0. To proceed, let us establish for example that

lim e 10,5 Tdo =0, (48)
p—0JoD,

the other terms being handled in the same way. Using Green’s formula, we would like to write

/ e 10,8 Udo = / e Vs . Vi de. (49)
oD, D

P

The difficulty here is that s®* ¢ H'(D,). But we can prove [27, 11] that @ has more regularity
than H' regularity. More precisely, the behaviour of @ at the corner is driven by the less regular
singularity associated with singular exponents A such that fe A > 0. Set

Bo = min{Re A\| A € A and Re A > 0}.
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We can show that r~?Va € L?(Dg) for 8 < By (see [11]), which implies, for all 0 < 8 < f,

‘/ 1 Vs Vi daf gc(/ r25|vs°uty2dm)l/2(/ r*%\vaﬁdm)m. (50)
D, D, D,

Since there holds,
/ 28|V 2 dae < pﬂ/ PV 2 de — 0,
p—0

P P

combining (49)—(50) leads to (48).
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