N
N

N

HAL

open science

Large time behavior and Lyapunov functionals for a
nonlocal differential equation

Danielle Hilhorst, Philippe Laurencot, Thanh-Nam Nguyen

» To cite this version:

Danielle Hilhorst, Philippe Laurengot, Thanh-Nam Nguyen. Large time behavior and Lyapunov
functionals for a nonlocal differential equation. Nonlinear Differential Equations and Applications,

2016, 23, pp.30. hal-01224734

HAL Id: hal-01224734
https://hal.science/hal-01224734
Submitted on 5 Nov 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01224734
https://hal.archives-ouvertes.fr

Large time behavior and Lyapunov functionals for
a nonlocal differential equation

Danielle Hilhorst * Philippe Laurencot | Thanh-Nam Nguyen !
November 5, 2015

Abstract

A new approach is used to describe the large time behavior of the non-
local differential equation initially studied in [3]. Our approach is based
upon the existence of infinitely many Lyapunov functionals and allows us
to extend the analysis performed in [3].

2010 Mathematics Subject Classification. 45K05; 35B40; 35R09.
Key words and phrases. Nonlocal differential equation, w-limit set, large
time behavior, convergence to steady states.

1 Introduction

Let Q be an open bounded subset of RN, N > 1, and consider the following
nonlocal differential equation

( - )/uz(l—u)d:c
up = (1 —u) —u(l —u) 22 , reQ, t>0,
(P) /u@_u)dx

u(z,0) = ug(x) , rell,
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which was proposed by M. Nagayama [2] to describe bubble motion with chemical
reaction when a volume constraint is included. The initial condition wuq is here a
bounded function in L>°(€2). Note that Problem (P) is of bistable type since it
can be written in the form

w = u(l —u)(u— A(t)),

where

/Qu2(1—u)(x,t) da
/Qu(l—u)(az,t) dr

A(t) = (1)

A general form of Problem (P) is actually studied in [3] where the well-
posedness and the large time behavior of solutions of (P) are investigated. In
particular, the structure of the w-limit sets of solutions of (P) is described in [3]
with the help of the rearrangement theory. Restricting our attention to the specific
Problem (P) given above, the aim of this paper is to provide additional informa-
tion on the w-limit sets with an alternative approach. Our approach is actually
based upon the existence of infinitely many Lyapunov functionals, from which we
deduce the limit of the nonlocal term and hence the w-limit set.

As in [3], we suppose that the initial condition ug satisfies one of the following
hypotheses:

(Hy) ug € L™®(Q), up(z) > 1 for a.e. z€Q, and ug # 1.
(Ha) up € L>(02), 0 <wup(z) <1 forae xeQ, and wuy(l—ug) #Z0.
(Hs) up € L=(2), up(z) <0 fora.e. €€, and wug#0.

In [3], when ug satisfies either (Hy) or (Hj), the solution u of (P) is shown to
converge to a step function. The first contribution of this paper is to identify this
function in terms of the initial condition uy. We obtain a less precise result when
ug satisfies (Hg) but complete the analysis performed in [3] in that case. Besides
these qualitative results we also identify an infinite family of Lyapunov functionals

for (P).
For further use, we define
f(z):=2*(1-2), g(z) =z(1-2), zeR.

Throughout the paper we denote the Lebesgue measure of a measurable set A C 2

by |A].



The paper is organized as follows. In Section 2, we recall some results from
[3] dealing with the well-posedness of problem (P) as well as with the existence of
invariant sets. In Section 3, we show that problem (P) possesses infinitely many
Lyapunov functionals, and use this property to study the limit of the nonlocal term.
Finally, in Section 4, we characterize the w-limit set for initial data satisfying either
(H;) or (Hs), and improve the outcome of [3] when (Hz) holds.

2 Well-posedness and w-limit sets

We recall some results from [3] and first make precise the notion of solution to (P)
to be used later.

Definition 2.1 ([3]). Let 0 < T < oo. A function u € C1([0,T); L=(Q)) is called
a solution of Problem (P) on [0,T) if the following three properties hold:

(i) u(0) = uo,
(ii) /Qg(u(az,t)) de #0 forall te]0,T),

(iil) ue(z,t) = f(u(z,t)) — Nt)g(u(z,t)) for a.e. x € Q and all t € [0,T), where
A(t) is defined in (1).

We note that solutions of (P) on [0, T) satisfy the mass conservation property:

/Qu(x,t) dx = /Quo(x) dr, tel0,T). (2)

We summarize the well-posedness of (P) in the next result.

Proposition 2.2 ([3]). Assume that (H;) holds for some i =1,2,3. Problem (P)
possesses a global solution u € C1([0,00); L>=(2)). Moreover:

(i) If (H1) holds, then for allt > 0,
1 <w(x,t) <esssupguy a.e. in S (3)

(ii) If (Hz) holds, then for allt > 0,
0 <u(z,t)<1 ae in Q. (4)

(iii) If (Hs) holds, then for allt >0,
ess infoug < u(x,t) <0 a.e in Q. (5)
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Given uy satisfying (Hj;) for some i = 1,2, 3, we define the set I; by
Iy :=[1,ess supqug|, I>:=10,1], I3:= [ess infqum,0],

according to the value of i. A consequence of Proposition 2.2 is that I, I5, and
I3 are invariant sets for the flow associated to (P). This property entails the
boundedness of A\ as shown below.

Corollary 2.3. Assume that ug satisfies (H;) for some i = 1,2,3. Then \(t) € I;
for allt > 0.

Proof. The corollary is a consequence of the uniform bounds for w in Proposi-
tion 2.2 and the property f(z) = zg(z) for z € R. O

We finally recall that, given an initial condition uq satisfying (Hj;) for some
i =1,2,3, and denoting the corresponding solution to (P) given by Proposition 2.2
by u, the w-limit set of g is defined in [3] as follows:

p € L'(Q) and there is a sequence (,),>1

¢ € w(up) if and only if such that nlgfolo |u(t,) — @[ = 0 and

lim ¢, = o0 .
n—roo

Several properties of w(ug) are obtained in [3]:

Theorem 2.4 ([3]). (i) If (Hy) holds, then w(ug) = {¢} is a singleton and
there are > 1 and a measurable subset A of 2 such that

© = XA+ XA - (6)

(ii) If (H2) holds and ¢ € w(ug), then there are v € (0,1) and two disjoint
measurable subsets Ay and As of  such that

© = XA, + VX4, - (7)

(iii) If (Hs) holds, then w(ug) = {¢} is a singleton and there are & < 0 and a
measurable subset A of € such that

o =Exa - (8)



3 Lyapunov functionals and limit of the nonlocal
term

Proposition 3.1. Assume that (H;) holds for somei=1,2,3. Let ® € C'(R) be
such that ®' is non-decreasing on I;. Then

Ei(u(t)) = (—1)i+1/ﬂ<1>(u(x,t))dx

is a Lyapunov functional of Problem (P). As a consequence, limy_,, F;(u(t)) ezists
ast — oo.

Proof. We only prove the statement in the case i = 1. It follows from (P) and (2)

that
/CID’ utdaz—/@’(u)utdx—/q)’()\)utd:c
Q Q Q
:/ "(\))w dz:
Q
/ "(N) (u = A)u(l — ) de.
Q
Since u > 1 and )\ > 1 by (3) and Corollary 2.3, the monotonicity of ® on I;
implies (®'(u) — ®'(A)) (u — A) > 0. Therefore
d
—F <0
LB () <0,

and t — Fj(u(t)) is a non-increasing function of time. In other words, Ej is a
Lyapunov functional for (P). Furthermore, since u is uniformly bounded in time
by Proposition 2.2, t — E;(u(t)) is bounded from below. Hence lim; ., F;(u(t))
exists. U

Remark 3.2. The above proposition implies that there are infinitely many Lya-
punov functionals for Problem (P).

Corollary 3.3. Assume that (H;) holds for some i = 1,2,3. Then

ly = tliglo Qg( uw(z,t)) de and lp:= tlgélo/ f(u(z,t)) de  exist.
Proof. First we consider the case where (H;) holds. Recall that in this case
u(z,t) € I; for a.e. x € Q and all ¢ > 0. Since the functions —¢'(z) = 22z — 1 and
—f'(2) = 32% — 2z are non-decreasing on I;, we infer from Proposition 3.1 that

—l, = lim [ (—g)(u(z,t)) dv and —I;=lim [ (—f)(u(x,t)) dx

t—o00 Q t—o00 Q



both exist. Hence the result of the corollary follows in the case that (Hj) holds.
The case where (Hs) holds is proved in a similar way.
Finally we consider the case of hypothesis (Hz). As in the previous cases, the
function —¢’ is non-decreasing on I, so that

ly,=1m [ g(u(x,t)) dv exists.

t—o00 Q

To complete the proof we simply note that f = fi — fo with fi(z) := 2? and
f2(2) := 23. Since f] and fj are non-decreasing on I, using again Proposition 3.1
ensures the existence of the limits

lim/fl(u(:p,t)) dr and lim [ fo(u(z,t)) do,
t—=oo Jo

t—o00 Q

from which we readily deduce that

lim/f (x,t)) dx = hm fl( (z,t)) dx — lim/fg(u(:p,t)) dz
t—=oo Jo

t—o0
exists. [l

After this preparation we are in a position to study the behavior of A(t) as
t — 0.

Lemma 3.4.
(i) Assume that (Hy) holds. Then Aoo := limy_,o0 A(f) exists and Ao > 1.
(ii) Assume that (Hgz) holds. Then Ao = limy_,o0 A(t) exists and Ay < 0.

Proof. Owing to Corollary 3.3 we set

ly:=lim [ g(u(x,t)) de, Ip:= lim / f(u(z,t)) dz

t—o00 Q t—00

(i) Since w > 1 by Proposition 2.2, one has g(u(t)) < 0 a.e. in  for all ¢ > 0,
so that [, < 0. Now we show that [, < 0. Assume for contradiction that {, = 0.
Then

—/Q<u<:c7t)—1> dx_/g(u(x,t)—l)z dx:/Qg(u(x,t))dx;Zo.

Therefore
u(t) =1 in L*(Q) as t — oo.



We then deduce from the mass conservation property (2) that

1
@/Quo(az)d:czl,

which contradicts (Hy). Therefore [, < 0 hence Ay := limy_,o, A(f) exists.
It follows from Corollary 2.3 that A\, > 1. Next we show that A, > 1. Assume
for contradiction that Ao, = 1. Then

lim [ u(l—u)*(2,t) de = lim [ g(u(x,t)) de — lim /Qf(u(x,t)) dx

t—o0 Q t—00 Q t—o0
=1l,—1l;=0,
which gives, together with the lower bound u > 1,
u(t) =1 in L*(Q) as t — oo .

Arguing as above with the help of (2), we end up with a contradiction to (Hjy).

(i) It is sufficient to establish that [, < 0 and Iy > 0. First we show that I, < 0.
By the mass conservation property (2), we have

ly=lim [ u(z,t) dov — lim [ u*(x,t) dz < / uo(z) drx .
Q

t—o00 Q t—o00 Q

In view of (Hjz), the right-hand side of the above inequality is negative so that
lg <0.

Next we prove that [y > 0. Since u < 0 a.e. in Q2 x (0,00), f(u) =u?*(1—u) >0
a.e. in 2 x (0,00) hence Iy > 0. Assume for contradiction that {; = 0. Then

0< lim [ w*(x,t) dr < lim [ v*(1 —u)(z,t) de =0,

t—o00 Q t—00 Q

so that
u(t) =0 in L*(Q) as t — oo.

We combine this property with the mass conservation (2) to conclude that

/Quo(x) dr =0 ,

which contradicts (Hsz). Thus [y < 0. O



4 Characterization of w-limit set

We first recall some notation and results from [3]. Given wg satisfying (H;) for
some ¢ = 1,2,3, we denote the corresponding solution to (P) by u and consider
the unique solution Y'(¢; s) of the following auxiliary problem:

(ODE) YEt)) Y()*(1 =Y () = AXO)Y () (1 =Y(t), t>0, ©
Y(0) = s,

where Y := dY/dt and X is defined by (1). Clearly the function u satisfies
u(z,t) =Y (t;up(x)) forae. z € andall t>0. (10)
For later convenience, we introduce the differential operator L:
LZ)0) = 2(t) — Z(P(1 - Z(0) + \OZ(0)(1 - 2(5) . t>0.  (11)

The following comparison principle is quite standard in the theory of ordinary
differential equations; see, e.g., [1, Theorem 6.1, page 31].

Proposition 4.1. Let T > 0 and let Zy, Zo € C'([0,T]) satisfy
L(Z1)(t) < L(Zy)(t) for all t€[0,T],
2,(0) < Z5(0).
Then
Zh(t) < Zy(t) for all t€0,T].

4.1 w-limit set when (H;) holds
We first identify two invariant sets with the help of problem (ODE).

Lemma 4.2. Suppose (Hy). We define the sets
() ={xeQ:Y(t;up(x)) =1} and Qu(t) :={z € Q:Y(t;up(z)) > 1}
for eacht > 0. Then
Q1) =N0(0) and Qi (t) =Q2.(0) forall t>0.

Proof. Note that if s = 1, then the unique solution of (ODFE) is given by Y (¢;1) =
1 for all £ > 0. Therefore, the conclusion of Lemma 4.2 follows from the uniqueness
of solutions of (ODE). O



Remark 4.3. Owing to the definition of Y(-, s) we note that
Q2 0)={reQ : u(zr) =1} and Q,(0)={r€Q : up(x) > 1}.

We next state the main result of this section where we identify w(uy), recalling
that we already know that it is a singleton by Theorem 2.4.

Theorem 4.4. Suppose (Hy). There holds:
(a) For all x € 1(0), Y(t;up(z)) = 1 ast — oo,
(b) For all x € Q,(0), Y(t;up(x)) = Ao as t — 0.
As a consequence, the only element ¢ in w(ug) is given by
© = X1 (0) T Ao X (0) 5

the value of Ao being determined by the equation

12(0)] + Al (0)] = / uo(z) de

Proof. The statement (a) is obvious. We prove the statement (b) and first recall
that A\oo > 1 by Lemma 3.4. Let zy € ©,(0) and let € > 0 be arbitrarily small
such that A, — & > 1. There exists . > 0 such that

A(t) € [Aoo — €, A0 + €] forall t>t..

We define Y (t) := Y (t; ug(xg)) for all t > ¢. and let « and 8 be the solutions
to the ordinary differential equations

a=aol—a)la—Ax+¢e), t>t., aft)=Y(ts;uo(zo)) ,

and ‘
6:6(1_ﬁ)<ﬁ_)\00_5> ) tzte 5 6(t€>zy<t€;u0(x0>> .
Since xg € Q4 (0) = Q. (t.), we have «(t.) = S(t.) > 1 which implies that

a(t) >1, p(t) >1 forall t >t

and thus
lim a(t) = A — €, lim B(t) = Ao + €. (12)
t—o0 t—o00
Let £ be defined by (11); then £(Y)(¢) =0 for all ¢ > 0. Note that, for ¢ > t.,
La)(t) = —a()(1 = a(t)) (A — = A1) <0

9



and
LB)(E) = =B = B(1) (Ao + = A1) 20
Since a(t.) = Y (t.) = B(t.) it follows from Proposition 4.1 that
a(t) <Y(t) < B(t) forall t>t, .
Hence, in view of (12),

Moo — 26 <Y (t) < Ay +2¢ for all ¢ large enough,

which completes the proof of (b). Recalling (10) we can then identify the unique
element ¢ of w(ug) which is given by

© = X1(0) T Moo Xy (0)-

By the mass conservation property (2), we have

124(0)] + Aoc 24 (0)] = /Quo@s) iz |

which characterizes the value of . O

4.2 w-limit set when (H3) holds

The following result is similar to Theorem 4.4. We omit its proof.

Theorem 4.5. Suppose (Hg). Then the unique element ¢ of w(ug) is given by
© = Ao XQ_(0)

where Q_(0) := {z € Q : up(x) < 0} and A\ is defined by

Aoo|2-(0)] = /Quo(x) dx.

4.3 w-limit set when (Hj) holds

We finally turn to the case where u, satisfies (Hz). As already mentioned, the
results to follow are not as precise as in the other cases but still shed some light
on the dynamics of (P).

Lemma 4.6. Assume that (Ha) holds and that
ly = tlggo Qg(u(:c,t)) dx #0 .

Then

10



(1) There is Ao € [0, 1] such that A(t) — Ao as t — oo.

(ii) For all s € [0,1], there is Yoo(s) € {0, Ao, 1} such that Y (t;s) — Yio(s) as
t — o0.
(iii) If Ao € (0,1), then the set Y '(\s) contains at most one element.
Proof. (i) Assertion (i) directly follows from the assumption [/, # 0 and Corollar-
ies 2.3 and 3.3.

(i) Let s € [0,1] and set Y (t) := Y (¢;s) for ¢ > 0. Recall that (ODFE) implies
that Y (t) € (0,1) for all t > 0. Given ¢ € (0,1) there is t. > 0 such that

Ao —ESA) < Ao+, t2>1t.. (13)

Case 1. Either there are ¢ € (0, 1) and ¢y > t. such that Y (t) € [Aeo — &, Ao + €]

Case 1.1. If Y(ty) < Ao — ¢, then (ODE) and (13) guarantee that Y (ty) < 0 so
that
Ti=sup{t >ty : Y(t) < Ao —€} > 1o .

Clearly Y (t) < 0 for t € [to, 7) from which we readily conclude that 7 = oc.
Therefore Y (t) < Aoo —¢ and Y (t) < 0 for all ¢ € [ty, 00) and we infer from (ODE)
and (13) that

V() SY)(Y(t) — Ao +2),  t>1to.

Since Y (ty) — Ao +€ < 0, we conclude that Y (¢) decays exponentially fast to zero
and thus that Y, (s) = 0.

Case 1.2. If Y(ty) > Ao + € then Y(t;) > 0 by (ODE) and (13) and a similar
argument entails that Y () — 1 as ¢t — 1. Thus Y, (s) = 1 in that case.

Case 2. Or Y(t) € [\ — €, Ao +¢] for all (g,t) € (0,1) x (t.,00), which means
that Y'(t) — A\ as t — oo and completes the proof of (ii).

(iii) Assume for contradiction that there are 0 < s; < sy < 1 such that Y (s1) =
Yo($2) = Ao. We set Yi(t) :=Y(t;s;) fort >0and i = 1,2 and Z := Y, — Y] and
notice that

tlLIgOZ(t) =0, Z()>0 forall t>0. (14)

We further deduce from (ODFE) that Z solves
Z=[1+NYi+Ys) = A=Y -YYo =Y} Z,
while assertion (i) of Lemma 4.6 entails that

Jim [(1+ (Y +Y2) = A= Y2 = Y12 = ¥7] (1) = Al = M) > 0.
—00

Owing to (14), we realize that Z(t) > 0 for t large enough, which contradicts
(14). O
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Proposition 4.7. Suppose that (Hg) holds and that
Hr € Q:ug(x) =5} =0 forall se(0,1). (15)

Then

ly:=lim [ g(u(x,t)) de=0 and If:= tlim f(u(z,t)) de =0 .
—00 9}

t—o00 Q

Proof. Assume for contradiction that

ly=1lim [ g(u(z,t)) de#0. (16)
=0 Jo
By Lemma 4.6 (i), there is Ay, € [0, 1] such that A(t) — A\ as t — 0.

If Ao = 0 or A\ = 1, then it follows from Lemma 4.6 (ii) that Y. (s) € {0,1}
for s € [0,1]. Consequently, u(1 — u)(x,t) = Y (t;up(z))(1 — Y(t;up(x)) — 0 as
t — oo for a.e. x € Q which implies that [, = 0 and contradicts (16).

If Ao € (0,1) then Y_'(A\.) contains at most one element by Lemma 4.6 (iii)
which, together with (15), implies that Y. (ug(x)) € {0,1} for a.e. x € . Conse-
quently u(1 — u)(x,t) = Y(t;uo(x))(1 — Y(t;up(x)) — 0 as t — oo for a.e. x € 2
which implies that [, = 0 and again contradicts (16).

Consequently I, = 0 and, since 0 < f(u(x,t)) < g(u(z,t)) for a.e. x € Q and
all t > 0 by Proposition 2.2 (ii), we readily obtain that {; = 0. O

Remark 4.8. Under the assumptions of Proposition 4.7 it is unclear whether A(t)
has a limit as ¢t — oo.
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