N

N

EXTENSIONS BETWEEN FUNCTORS FROM

GROUPS
Christine Vespa

» To cite this version:

‘ Christine Vespa. EXTENSIONS BETWEEN FUNCTORS FROM GROUPS. 2015. hal-01224436v1

HAL Id: hal-01224436
https://hal.science/hal-01224436v1

Preprint submitted on 5 Nov 2015 (v1), last revised 20 Sep 2016 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01224436v1
https://hal.archives-ouvertes.fr

EXTENSIONS BETWEEN FUNCTORS FROM GROUPS
CHRISTINE VESPA

ABSTRACT. We compute Ext-groups between tensor powers com-
posed by the abelianization functor. More precisely, we compute
the groups Eat’ . (T™ o a,T™ o a) where T™ is the n-th tensor
power functor and a is the abelianization functor from the category
of free groups to abelian groups. These groups are shown to be non-

zero if and only if x = m —n > 0 and Ext}l(_g’;) (T"oa,T™oa) =

Z[Q(m, n)] where Q(m,n) is the set of surjections from the set hav-
ing m elements to the one having n elements. We make explicit
the action of symmetric groups on these groups and the Yoneda
and external products. We use this computation in order to obtain
other computations of Ext-groups between functors from groups.

Stable homology with twisted coefficients of various families of groups
can be computed thanks to functor homology in a suitable category (see
[5] [9] [3] [4]). In particular, stable homology of automorphism groups
of free groups with coefficients given by a reduced polynomial covari-
ant functor is trivial (see [4]). Recently, Djament proved in [I] that
stable homology (resp. cohomology) of automorphism groups of free
groups with coefficients given by a reduced polynomial contravariant
(resp. covariant) functor is governed by Tor groups (resp. Ext groups)
in the category of functors from finitely generated free groups. The aim
of this paper is to give explicit computations of Ext groups between
concrete functors from groups to abelian groups in order to obtain ex-
plicit computations of stable homology of automorphism groups of free
groups with coefficients given by a contravariant functor or a bifunctor.
Let gr be the category of finitely generated free groups and F(gr) the
category of functors from gr to abelian groups. The principal result of
this paper is:

Theorem. Let n and m be integers, we have an isomorphism:

Z[QYm,n)] ifx=m—n

Eatygy(I™ 0 a,T" 0 a) =~ { 0 otherwise

where ) is the category of finite sets with surjections.
The actions of the symmetric groups &, and &,, on E:Etjr(gr)(T" )

a,T™oa) are induced by the composition in §) via the previous isomor-
phism, up to a sign (see Proposition[2.3 for the precise signs).

Date: November 4, 2015.



2 CHRISTINE VESPA

The Yoneda product is induced by the composition in S (up to a sign)
via the previous isomorphism and the external product is induced by the
symmetric monoidal structure on Q given by the disjoint union (up to
a sign).

In particular for n = m = 1 we obtain that Hom () (a,a) = Z and
Ext% g (a,a) = 0 for « > 0. These groups should be compared with
the groups E:L’t*f(ab)([ d, Id) corresponding to the MacLane homology
of Z. This homology is computed by Bokstedt by topological methods
(unpublished) and reobtained in [6] by algebraic methods and is non
trivial. So this result is an illustration of the fact that functor homology
in F(gr) is easier than functor homology in F(ab) (see also [2] for
another illustration of this fact).

The proof of this result can be decomposed into two steps corre-
sponding to the first two sections of this paper. In the first step we
compute Eazt}(gr)(a, T™ o a) using an explicit projective resolution of
the abelianization functor a. In the second step we deduce our result
using the sum-diagonal adjunction and an exponential-type property
of tensor power functor 7. The next section is devoted to the study
of products on this Ext-groups. In the last section we deduce com-
putations of other Ext-groups. In particular, we obtain the following
results.

Proposition. Let n and m be natural integers, we have isomorphisms:

. n m p(m,n) Z X =M — N
Exty gy (A" 0a)® Q, (A" 0a) ®Q) =~ { E)Q gtherwz’se

where p(m,n) denotes the number of partitions of m into n parts.

4 n m Q ifn=mand*x=0
Extf(gr)((s 0a)®Q; (5" 0a)®Q) 2{ 0 £herwz’se

Q ifn=m=0and*x=0
Bt (g ((A"0a)®@Q, (8" 0a)®Q) ~ orn=m=1 and * =0
0 otherwise

Q ifn=m=0and*x=0
Exty gy ((S"0a)®@Q, (A" 0a)®Q) ~ orn=1and*=m—1
0 otherwise

Let g, be the left adjoint of the inclusion functor from polyno-
mial functors of degree < n to F(gr) and P in F(gr) such that
Zlgr(Z,—)] ~ Z & P, we have:

Proposition. Let m and n be integers such that m >n > 0. We have:

Ext™ (g, (P), T™ o a) # 0.
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Notations: We denote by Gr the category of groups, Ab the cat-
egory of abelian groups , gr (resp. ab), the full subcategory of Gr
(resp. Ab), having as objects finitely generated free objects.

We denote by a : gr — ab the abelianization functor.

Let C be a small pointed category having finite coproduct. We denote
by F(C) the category of functors from C to Ab. This category is abelian
and has enough projective and injective objects. We denote by P, the
representable functor P, := Z[gr(Z*", —)] in F(gr). A reduced functor
F € F(C) satisfies F(0) = 0. We denote by P the reduced part of P,
(ie. PL~Z® P).

For d € N we denote by Fy(gr) the full subcategory of F(gr) of poly-
nomial functors of degree < d and iy : Fy(gr) — F(gr) the inclusion
functor. This functor has a left adjoint denoted by ¢;. The functors

¢;(P) are called Passi functors (see [7]).

1. COMPUTATION OF Ext% . (a, 7™ o a)

This section is based on the existence of an explicit projective reso-
lution of a in F(gr). This resolution is already mentioned in [8, Propo-
sition 5.1] and used in [4].

Consider the following simplicial object in F(gr):

(1.01) ...=—=Py1—=P,—=.. = Ph=—73P —=F
where 0; : P,y 1 — P, for 0 <7 < n+ 1 are defined by:

50[91,92, e 7gnagn+1] = [92, cee ,gn,gn+1]

5i[glag27 S 7gnvgn+1] = [gh <o GiGig 1,y - - 7gn7gn+1] for 1 <i<n

5714—1[917927 s 7gn)gn+1] =3 [917927 s 7gn]
and € : P, = P,1 for 1 <i <n+ 1 are defined by:

Ei[gla F o« agn] = [917 -y i1, 1agi7 s 7971]

We denote by C, the unnormalized chain complex associated to this
simplicial object and D, = (C,)~; the complex obtained by reindexing
the truncation above 1 of C,

Recall that the homology of a free group is naturally isomorphic to
its abelianization in degree 1 and is zero in degree > 1. So D, is the
bar resolution of a and we obtain:

Proposition 1.1. (Cf. [8, Proposition 5.1]) The ezact sequence in
F(gr):
- FL Ny - RGN RNy )

is a projective resolution of the abelianization functor a : gr — Ab.
The natural transformation d, : P, — P,_1 is given on a group G by
the linear map Z|G" '] — Z|G"] such that:

dn([g15- -5 gnia]) = (92, -5 gnya]
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+Z 91,3 Gim1s GiGinns Givas -5 g + (1) g1, 9]

for all (gl, ey Gny) € GMTL

This explicit projective resolution play a crucial role in [4].
For F': gr — Ab we have

Bty gy (0, F) = 71 (F(Z7))

where F'(Z°*) is the simplicial abelian group obtained when we apply
Homgg(—, F) to the simplicial object [L0.I] and using the natural
isomorphism Hom ggr)(Pn, F') > F(Z*").

Proposition 1.2. Let m > 1 be a natural integer, we have an isomor-
phism.:
0) ~ { Z ifx=m—

— 1 0 otherwise

Proof. We prove the result by induction on m. To start the induction,
Ext% 4 (a,a) is the homology of the complex:

E"L‘t;‘(gr)(aa T o

On 01

7" e 72 7,
which is trivial for * > 1 and is isomorphic to Z for x = 0. Assume
that the statement is true for m. We have:

Bt g (0, T o) > .y (T oa)(Z7%) = €D mi((T™0a)(Z7*)) 0, (a(Z*))
t+j=n+1

Lo<— 7!

by the Kiinneth formula (E:Et*f(gr)(a, a) is torsion free by the previous
computation). So we have:

n m i m 1
Bt gy (a, T o @ Extf(lgr) a,T"oa)® E:ctif(gr)(a, a)
i+j=n-+1

and we obtain the result by the inductive step and the computation of
Exty g (a,a).
O

Remark 1.3. Note that
E.th;:(gr)(a, TO (@) a) ~ E.th;:(gr)(a, Z) =0

The symmetric group &,, acts on T™ by permuting the factors of
the tensor product. This action induces an action of G,,, on the exten-
sion groups Bzt glr)(a, T™ o a) that we make explicit in the following
proposition.
Proposition 1.4. The symmetric group &, acts on Ext’} Fg )(a T™oa)
by the following way: for o € G,, and E € Extﬁ(gi,)(a, T™oa)

Eo=¢(o)E

where € is the signature.



EXTENSIONS BETWEEN FUNCTORS FROM GROUPS 5

Proof. Let 0 € &,,, the action of o on Ext?(’gi)(a, T™ o a) is given

by the following composition where ¢ : m (Qa(Z**)) — m (Qa(Z**))
i=1 i=1

is given by the action of o on m(Qa(Z*)) and the isomorphism
i=1

QRmi(a(Z**)) ~ m (Qa(Z**)) is a consequence of the Kiinneth formula
i=1 i=1
(since m (a(Z**)) is flat by Proposition [[.2)):

m m

Bt (0, T 0 @)~ @mi(a(2)) == m(@a(Z™))

e
m m

Ext?(’gi)(a, T o a) < @ﬂl(a(Z*')) < Wl(ga(Z*‘))

We have
a'pa(E) = a ' P(11®. .. Qm,) = a (€(0)To(1)®- - . ®Tp(m)) = €(0)E

where . is a generator of the k-th copy of m1(a(Z**)) in Qi (a(Z**)).
i=1
U

2. COMPUTATION OF Exty . (T"oa,T™ o q)

This section is based on the sum-diagonal adjunction, the exponen-
tial type property of tensor powers and the Kiinneth formula.

We begin this section with some recollections on these ingredients.
We refer the reader to [3, Appendice B| for more details.

For F' and G in F(gr), their external tensor product F'X G is the
functor sending (X,Y) to F(X) ® G(Y). This yields a functor:

— X —: F(gr) x F(gr) — F(gr x gr).

We denote by mg : gr*? — gr the functor obtained by iteration of the
free product (which is the categorical sum in gr) and d4 : gr — gr*? the
diagonal functor. The functor ¢4 is right adjoint of the functor m;. We
deduce that the functor given by precomposition 8% : F(gr*4) — F(gr)
is left adjoint of the functor given by precomposition 7} : F(gr) —
F(gr=d).

The tensor power (graded) functor 7' is not exponential but we have
a similar property which is useful in the following computations:
(20.1) 7 (T"ca)~ @ (T"oaR..KT"ca) @ Z[&,)]

. g Gy X... XG4,
11+...Fin=m

where T% o a ~ Z.
The following easy lemma will be useful in the sequel.
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Lemma 2.1. For f € Q(m,n) such that for allk € {1,...,n}, |f~1(k)] =
ir there are unique maps o € Q(n,n) and s € Q(m,n) such that
f = s o« where « is the inverse of a (i1,...,1,)-shuffle and s is an
order preserving surjection.

Our first main result is the following theorem.

Theorem 2.2. Let n and m be integers, we have an isomorphism:

Z[Q(m,n)] if*=m—n

Bt g (T"eca, T™oa) ~ { 0 otherwise

Proof.
Extj;:(gl‘) (Tn oa, T" o a)
~ E:pt}(g”mxgr)(a&", T™ o aom,) by the sum-diagonal adjunction

~ * Xn 11 in
~ E:ctf(grxmxgr)(a 3 ) @_ (T"oaX...KT" oaq) .. X(?XGM Z[Gm]) by 2.0.1]

@ Eatgey g (@, (T 0a®.. KT"oqa) @  Z[G,))

. . 6i1><...><6¢n
211+...Fin=m

By Proposition [[.2] Eaty 4 (a, T™oa) is torsion free so, by the Kiinneth
formula we obtain:

Bt (gey(T" 0 a,T™ 0 a)

12

~ B (R Eatrg(@Thoq) ©  Z[6,)
~ i1t+...tin=m 61‘1 X"'XGin

= i, >0,k
0 otherwise

where the last isomorphism follows from Proposition and Remark
L3l
Let f € Q(m,n), by Lemma 21l f admits a unique decomposition of
the form f = s o« where « is the inverse of a (|f~*(1)[,...,|f1(n)|)-
shuffle and s is an order preserving surjection. So we deduce that the
map:
: Z[S2 — Z 7|6,

i1+...+in=m
i, >0,k

given by k([f]) = 1®a € Z ® Z[S,,] is an isomorphism.
Spr=1@$- XS =1

n

For A, and B, ordered sets of cardinality n and f : A, — B, a
bijection. We denote by f : B, — B, the unique permutation of B,
such that f ou = f where u : A, — B, is the unique order preserving
map.
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In the following proposition we make explicit the actions of symmet-
ric groups on Bty (T" 0 a,T™ o a).

tmn

Proposition 2.3. The symmetric groups &,, and S, act on Ex F(gr) (T™o
a, 7™ o a) ~ Z[Q(m,n)] by the following way: for o € G, Ty € S,
the transposition of k and | where k,l € {1,...,n} and f € Q(m,n)

o= 1] eGiaerTalf o]
where 0|(fo0)-1() : (f 0 0)7 (i) = a((f o)™ (i)
m-[f]z( BV O, o )

Proof. Let f be an element of Q(m, n) such that f = soo is the unique

decomposition of f of the form described in Lemma 2.1]
For 0 € &,,, the action of o on Z[Q(m,n)] is given by the fol-
lowing composition, where ¢ is the map given by the action of ¢ on

D (@ Exth(a,0%) Q@ Z[S.)

i1+ Fin=m k=1 Gy X..x G,

ZIQ(m,n)] —————> - @ Z & . Z[& ]
11 +...Flp=m i1 X XG4y,

~

@ (®Eatvl(a,a®) & Z[S.))
i1+ tip=m k=1 Sip X...xG;,

¢

@ (©Eata,a®) Q@ Z[6.))
11+...+ip=m k=1 6i1><...><6in

K i1+ Fip=m ip X XG4y

we have

kT ogon([fl) =wtogok([soal) =Ko (1@ [a])f-100)),.. 15-1(m))
=5 (1] e@en 1) A®laco])-1qy,..i-100) = [ €@7en1w)[s0aco]

1<i<n 1<i<n

= H O|(foa) 1( [fOO']
1<i<n
where we deduce the third equality from Proposition [I.4] and where
corresponds to the summand 44, ...,4%, in the sum &P
i1+...+in=m

For 7, € &,,, we have 73, ;0 f = 7, j0soa = s’ 0T} ;o where ¢’ is the
order preserving surjection from m to n such that |s'~1(1)| = [s71(k)],
s k)| = [s7H ()| and |s(q)] = |s"(q)| for q € {1,... . m} \ {k,I}
and T}, is the permutation obtained by the bloc transposition of s~ (k)

T 0l,eenin
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and s~!(1). Note that T} joa is the inverse of a (|(70f) 1 (1)],. .., | (k.0
)7 Y(n)|)-shuffle.
For 7,; € &, the action of 7;,; on Z[Q2(m,n)] is given by the fol-
lowing composition, where ¢’ is the map given by the action of 7;; on
O (8ot a,a®) Q@ Z[S.)
1

i1+...Fin=m F= GilX...XGin

ZQman) —————> D L Q@ 6]

K . .
i1t...tin=m & X...X6;,

lg

D (®Ext'(a,a%) ® Z[S.))

i1t i =m k=1 Siy X... XG5,

lqﬁ,

D (O Eath(a,a®) Q  Z[6.))

11+...+ip=m k=1 6i1><...><6in

l~

Zomm)——mmms @ @ S
K 11+...Fin=m i1 X XG4y,

we have
K log ok([f]) = ko ok([soal) =k o ¢ (1@ [a])|y-11)),.... 1~ ()
= k7H((=1) DG @ [Ty 0 al)rsof) =1 (Wlhol (rso )= (m)])

= (1) s 0 o] = (=1)" "m0 f].

3. PrRoDUCTS

The aim of this section is to explicit the Yoneda product and the
external product on Ext% ., (T" oa,T™ o a).

Proposition 3.1. (1) The Yoneda product:

Eatfy (T oa, T"oa)@ Batly 7 (T™oa, T"oa) = Eat'y, (T'oa, T"oa)
15 tnduced by the composition in the category §2 via the isomor-
phism obtained in Theorem[2.2 (up to a sign).

(2) The external product

Ext?(;i,)(Tloa, Tmoa)®Ext§_Z§T)(Tpoa, T"oa) — E:Et?;;ﬁ)*l*p(THpoa, T "oq)
1s induced by the monoidal structure of § via the isomorphism
obtained in Theorem[Z2 (up to a sign).

The proof of this proposition and the precise signs will be given in
an update version of this preprint.
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4. APPLICATIONS

In this section, we deduce from Theorem the computation of
some other Ext-groups between functors from gr to Ab.

For M an abelian group, recall that S™(M) = (T"(M))s, where &,
acts by the permutation of variables and A™(M)® Z[1/2] = (T™(M) ®
Z[1/2))s, where &,, acts by the permutation of variables and the mul-
tiplication by the signature.

Proposition 4.1. Let n and m be natural integers, we have isomor-
phisms:

. n w p(m,n) Z X =M —"N
Exty (g (A" 0a) ® Q, (A™ 0a) ® Q) =~ { ((? jtherwz’se

where p(m,n) denotes the number of partitions of m into n parts.

* n m ifn=m and * =0
Extf(gr)«s °a)®@Q, (5" 0a)®Q) =~ { é)Q (ftherwise

Q ifn=m=0and*x=0
Bty gy (A" 0a)®Q, (8" 0a)®Q) =~ orn=m=1 and * =0
0 otherwise

Q ifn=m=0and*x=0
Bt (g ((S"0a)@Q, (A" 0a) ®Q) =~ orn=1and*=m—1
0 otherwise

The proof of this proposition relies on the following lemma:

Lemma 4.2. Let G be a group and E a G-set. Consider an action of
G on the group ring Q[E]| given by

g-[e] = alg, e)lg-€]
where o : G X E — {1, —1} is a map such that, for e € E, a(—,e) is
a group morphism, then

Q[F]l¢ ~Q[{e € E | Vg € G s.t. g.e = e we have a(g,e) = 1}/G].

Proof of Proposition[{.1]. Let f be an element of (m, n) such that f =
s oo is the unique decomposition of f of the form described in Lemma
21 The group &,, X &,, acts on Q(m,n) by (¢/,0”").f =0" 0 foo' L.
The elements (0/,0”) € &,, x &,, such that (¢’,¢”).f = f are products
of elements of the two following forms
e (7;;,0 'T; ;o) for i and j such that |f~1(¢)| = |f~(j)| and T},
is the permutation obtained by the bloc transposition of s71(i)
and s~ (j);
e (Id,oy, ...0;,,) where o;, is a permutation of f~(k).
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We have
Erty gy ((A”oa)@@ (A"0a)®Q) ~ E:L’t*f(gr)((T"oa)@)Q, (T™oa)®Q)s, xs,,

where the action of (¢/,0") € &,, X 6 on Q[2(m,n)] is given by:
1=

(0", 0").[f] = al(o’,6"), f)[(o", ") f].

For (0’,0") = (7,,0 T} o) we have
_ _ -1 )| — 2
o(rig, 0 T150), f) = e(riy)e(o  Tiyo) I e(0 T 50| ro(o-17,,0)-1) (=1 O =1

since

- /! /! ’ =1 )
and

(0 T30\ (fo(0-1T: 4oy 1@) = 1.
For (¢/,0") = (Id, 0 .. .azn) we have

a((ld,o;, ...0:,), f) =€(oy, .. a,n) H ne(a“ ) ~O-ino-\(fo(ail...ain)*l(i)) =1

since
(o, ...ou) =€loy)...€(os,)
and

6<0-i1 T O-in|(fo(0'i1...0'in)’1(k)) = E(Jik)'
By Lemma [4.2] we deduce that
Erty g, ((A"Oa)®<@ (A"oa)®Q) =~ Q[2(m, n)]s, x,, = QQ(m,n)/Spn x &y
N{ Qe if x =m —n

0 otherwise

Computations of the other Ext-groups are obtained by exactly the
same method.
For Bty 4, ((S" 0a) ® Q, (5™ 0 a) ® Q) we have

(73,07 Ty 50), f) = (=) OFF

a((ld,o4, ...0:), ) =€(oy,) ...€(0;,).
So, if n #m
{f €Qm,n) | V(' d")e &, x &, st (¢/,6").f = f we have a((¢',0"), f) =1} =0
and if n =m
{f €Qm,n) | V(o ad") e &, xS, st (¢/,0").f = f we have a((c’,0"), f) = 1} = Q(m,n).
For Ext% g, ((S"0a)® Q, (A" oa) ® Q),

a((rij,0 ' Tij0), f) = —1,

al((ld,o;, ...04,), f) = 1.
So,ifn#1orn=0and m+#0

{f €Qim,n) | V(' o") e, x6&,st. (¢/,6").f = f we have a((¢',0"), /) =1} =0
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andifn=1lorn=m=0
{f€Q(m,n) | V(o o")e &, x&, st (¢/,0").f = f we have a((d’,0"), f) = 1}

is a set of cardinality 1.
For Baty (A" 0a) @ Q, (S™oa) ® Q),

a((rij, 0" Tho), f) = (=D 08,
al((ld,oyy ...0:), [) =€(oy,) ... €(oy,).

The next result is used in the proof of corollaire 3.3 in [2].

Proposition 4.3. Let m and n be integers such that m >n > 0. We
have:

Bzt 0 (qn(P), T o a) #0.

Proof. For f the canonical generator of Hom(g,P,a®") ~ Z and g €

Hom(a®", g, P) the kernel of the map ¢,P — ¢, 1P, the composition

a®" s ¢, P Iy a®" is the norm map denoted by N. This gives rise to
a commutative diagram:

m—n mn m N~ m—-n n m
Extp (I oa,T™oa) — Exty 1 (T"0a, T™ o a)

where the map N* is non zero by Lemmal2.3l So Ext’: 7, (gn(P), T™oq)

is non zero. U

Remark 4.4. In an update version of this preprint, we will compute

completely Ext’ g, (ga(P), T™ o a).
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