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Optimal kernel selection for density estimation

M. Lerasle, N. Magalhaes and P. Reynaud-Bouret

Abstract. We provide new general kernel selection rules thanks to pe-
nalized least-squares criteria. We derive optimal oracle inequalities using
adequate concentration tools. We also investigate the problem of mini-
mal penalty as described in [BMOT].

Keywords. density estimation, kernel estimators, optimal penalty, min-
imal penalty, oracle inequalities.

1. Introduction

Concentration inequalities are central in the analysis of adaptive nonpara-
metric statistics. They lead to sharp penalized criteria for model selection
[Mas07], to select bandwidths and even approximation kernels for Parzen’s
estimators in high dimension [GLII], to aggregate estimators [RT07] and to
properly calibrate thresholds [DJKP96].

In the present work, we are interested in the selection of a general kernel
estimator based on a least-squares density estimation approach. The prob-
lem has been considered in L!-loss by Devroye and Lugosi [DLOI]. Other
methods combining log-likelihood and roughness/smoothness penalties have
also been proposed in [EL99b| [EL99al, [EL01]. However these estimators are
usually quite difficult to compute in practice. We propose here to minimize
penalized least-squares criteria and obtain from them more easily computable
estimators. Sharp concentration inequalities for U-statistics [GLZ00, [Ada06),
HRBO03| control the variance term of the kernel estimators, whose asymptotic
behavior has been precisely described, for instance in [MS11, MS15], [DO13].
We derive from these bounds (see Proposition a penalization method to
select a kernel which satisfies an asymptotically optimal oracle inequality, i.e.
with leading constant asymptotically equal to 1.

This research was partly supported by the french Agence Nationale de la Recherche (ANR
2011 BS01 010 01 projet Calibration).



2 M. Lerasle, N. Magalhaes and P. Reynaud-Bouret

In the spirit of [GN09], we use an extended definition of kernels that allows to
deal simultaneously with classical collections of estimators as projection esti-
mators, weighted projection estimators, or Parzen’s estimators. This method
can be used for example to select an optimal model in model selection (in
accordance with [Mas07]) or to select an optimal bandwidth together with an
optimal approximation kernel among a finite collection of Parzen’s estima-
tors. In this sense, our method deals, in particular, with the same problem as
that of Goldenshluger and Lepski [GL11] and we establish in this framework
that a leading constant 1 in the oracle inequality is indeed possible.

Another main consequence of concentration inequalities is to prove the ex-
istence of a minimal level of penalty, under which no oracle inequalities can
hold. Birgé and Massart shed light on this phenomenon in a Gaussian setting
for model selection [BMOT|. Moreover in this setting, they prove that the
optimal penalty is twice the minimal one. In addition, there is a sharp phase
transition in the dimension of the selected models leading to an estimate
of the optimal penalty in their case (which is known up to a multiplicative
constant). Indeed, starting from the idea that in many models the optimal
penalty is twice the minimal one (this is the slope heuristic), Arlot and Mas-
sart [AMOQ9] propose to detect the minimal penalty by the phase transition
and to apply the "x2" rule (this is the slope algorithm). They prove that
this algorithm works at least in some regression settings.

In the present work, we also show that minimal penalties exist in the density
estimation setting. In particular, we exhibit a sharp "phase transition" of the
behavior of the selected estimator around this minimal penalty. The analysis
of this last result is not standard however. First, the "slope heuristic" of
[BMO7] only holds in particular cases as the selection of projection estimators,
see also [Ler12]. As in the selection of a linear estimator in a regression setting
[1], the heuristic can sometimes be corrected: for example for the selection of
a bandwidth when the approximation kernel is fixed. In general since there
is no simple relation between the minimal penalty and the optimal one, the
slope algorithm of [AM09] shall only be used with care for kernel selection.
Surprisingly our work reveals that the minimal penalty can be negative. In
this case, minimizing an unpenalized criterion leads to oracle estimators. To
our knowledge, such phenomenon has only been noticed previously in a very
particular classification setting [FT06]. We illustrate all of these different
behaviors by means of a simulation study.

In Section [2] after fixing the main notation, providing some examples and
defining the framework, we explain our goal, describe what we mean by an
oracle inequality and state the exponential inequalities that we shall need.
Then we derive optimal penalties in Section [3] and study the problem of min-
imal penalties in Section [d All of these results are illustrated for our three
main examples : projection kernels, approximation kernels and weighted pro-
jection kernels. In Section [f] some simulations are performed in the approxi-
mation kernel case. The main proofs are detailed in Section [6] and technical
results are discussed in the appendix.
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2. Kernel selection for least-squares density estimation

2.1. Setting

Let X,Y, Xq,..., X, denote i.i.d. random variables taking values in the mea-
surable space (X, X, 1), with common distribution P. Assume P has density
s with respect to p and s is uniformly bounded. Hence, s belongs to L2,
where, for any p > 1,

LPi=3t: X =R, st |t} ::/|t|pdu<oo

Moreover, ||-|| = ||-||, and (-,-) denote respectively the L?-norm and the as-
sociated inner product and ||-||, is the supremum norm. We systematically
use z V y and x A y for max(z,y) and min(x,y) respectively, and denote |A|
the cardinality of the set A. Recall that z; = x V 0 and, for any y € RT,
ly] =sup{n € N s.t. n <y}

Let {k},cxc denote a collection of symmetric functions k : X* — R indexed
by some given finite set X such that

sup [ Kaofdu(e) v sup k(e < o0
zeX JX (z,y)EX2

A function k satisfying these assumptions is called a kernel, in the sequel. A
kernel k is associated with an estimator 5 of s defined for any x € X by

Se(z) == %Zk(Xi,x) .
i=1

Our aim is to select a “good” 5; in the family {5,k € K}. Our results are
expressed in terms of a constant I' > 1 such that for all k£ € I,

sup [ Ke.)Pduty) v sup[k(.y)] < Tn (1)
zeX JX (z,y)€X?

This condition plays the same role as [ |k(z,y)|s(y)du(y) < oo, the milder
condition used in [DLOI] when working with L!-losses. Before describing the
method, let us give three examples of such estimators that are used for den-
sity estimation, and see how they can naturally be associated to some kernels.
Section [A] of the appendix gives the computations leading to the correspond-
ing I's.

Example 1: Projection estimators. Projection estimators are among the most
classical density estimators. Given a linear subspace S C L?, the projection
estimator on S is defined by

2 2%
Sg = arg Itrélgl{ £l - ;t(Xl) }

Let S be a family of linear subspaces S of L2. For any S € S, let (¢¢)sezs de-
note an orthonormal basis of S. The projection estimator Sg can be computed

and is equal to
- RS
Y (nzmxi)) o
i=1

lELs
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It is therefore easy to see that it is the estimator associated to the projection
kernel kg defined for any x and y in X by

ks(z,y) =Y pul@
LeTs

Notice that ks actually depends on the basis (¢¢)sezs even if Sg does not. In
the sequel, we always assume that some orthonormal basis (¢¢)sez is given
with S. Given a finite collection S of linear subspaces of L?, one can choose
the following constant I' in for the collection (kg)ses

1 2
r=1v-swp sup |fI% . (2)
N Ses fes,|fll=1

Example 2: Parzen’s estimators Given a bounded symmetric integrable func-
tion K : R — R such that [, K(u)du =1, K(0) > 0 and a bandwidth h > 0,
the Parzen estimator is defined by

V.’EGR, sKh hZK(

It can also naturally be seen as a kernel estimator, associated to the function
kk p defined for any  and y in R by

1 T —
kxn(x,y) == EK ( h y)

We shall call the function kg j an approximation or Parzen kernel.
Given a finite collection of pairs (K, h) € H, one can choose I' =1 in if,

o 1Kl K],
- n

for any (K,h) € H . (3)

Example 3: Weighted projection estimators. Let (‘Pi)i:L---,p denote an or-
thonormal system in L? and let w = (w;);=1,. , denote real numbers in
[0,1]. The associated weighted kernel projection estimator of s is defined by

P n
Su=Y wi %Z@i(Xj) i -
i=1 =1

These estimators are used to derive very sharp adaptive results. In particular,
Pinsker’s estimators are weighted kernel projection estimators (see for exam-
ple [Rig06]). When w € {0,1}”, we recover a classical projection estimator. A
weighted projection estimator is associated to the weighted projection kernel
defined for any z and y in X by

) = Zwiwi(x)%(y)
i=1

Given any finite collection W of weights, one can choose in

F_1v<gscl€1§2<pz ) . (4)
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2.2. Oracle inequalities and penalized criterion

The goal is to estimate s in the best possible way using a finite collection
of kernel estimators (S )rexc. In other words, the purpose is to select among
(Sk)kex an estimator S; from the data such that ||5; — sH2 is as close as

possible to infex |8, — s||>. More precisely our aim is to select k such that,
with high probability,

85 = s[I” < Cu in 15 = s + R (5)

where C,, > 1 is the leading constant and R, > 0 is usually a remaining
term. In this case, SE is said to satisfy an oracle inequality, as long as R,
is small compared to infzex |8k — s]|* and C,, is a bounded sequence. This
means that the selected estimator does as well as the best estimator in the
family up to some multiplicative constant. The best case one can expect is to
get C), close to 1. This is why, when C}, —,_~ 1, the corresponding oracle
inequality is called asymptotically optimal. To do so, we study minimizers
of penalized least-squares criteria. Note that in our three examples choosing
k € K amounts to choosing the smoothing parameter, that is respectively to
choosing S € S, (IA(,E) €HorweW.

Let P, denote the empirical measure, that is, for any real valued function ¢,

z 1
For any t € L?, let also P(t) := [, t(x u(z) .

The least-squares contrast is deﬁned for any t e L% by
2
V() = [IET =2t .

Then for any given function pen : K — R, the least-squares penalized criterion
is defined by

Coen(k) := Poy(Sk) + pen(k) . (6)
Finally the selected k € K is given by any minimizer of Cpen(k), that is,
k in{Cpen(k)} -
 argmin { Cpen(K)} ™)
As Py(t) = ||t —s||> = | H2 it is equivalent to minimize |5, — s> or Py(8).

As our goal is to select 5; satisfying an oracle inequality, an ideal penalty
pen;y should satisfy Cpen,, (k) = Py(3), i.e. criterion (6] with

penyg (k) := (P — Pp)v(sk) = 2(Pn — P)(5%) -

To identify the main quantities of interest, let us introduce some notation
and develop pen, (k). For all k € K, let

/ky, du(y) = E[k(X,2)], VX,

and
n

Uk: = Z (k‘(X,“XJ)—Sk;(Xz)_sk(Xj)+E[k<X?Y)])
ij=1
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Because those quantities are fundamental in the sequel, let us also define
Or(x) = Ag(x, z) where for (x,y) € X?

Au(e9) = [ Kok 0)du(e) | (®)
Denoting
forall z € X, xp(z) = k(z,z) ,

the ideal penalty is then equal to
penyy (k) = 2(P, — P)(5, — si) +2(P, — P)si

Py, — P P,—P U, 2
_2( - Ps )xk+§+<1_>(pn_p>sk> o)
n n n n

The main point is that by using concentration inequalities, we obtain:

Py, — P
pen() = 2 ( LX)

n

The term Psy/n depends on s which is unknown. Fortunately, it can be easily
controlled as detailed in the sequel. Therefore one can hope that the choice

P
pen(k) = g2 Xk
n
is convenient. In general, this choice still depends on the unknown density s

but it can be easily estimated in a data-driven way by

Prxk

pen(k) =2 p

The goal of Section [3|is to prove this heuristic and to show that 2Pxy/n
and 2P, xx/n are optimal choices for the penalty, that is, they lead to an
asymptotically optimal oracle inequality.

2.3. Concentration tools

To derive sharp oracle inequalities, we only need two fundamental concen-
tration tools, namely a weak Bernstein’s inequality and the concentration
bounds for degenerate U-statistics of order two. We cite them here under
their most suitable form for our purpose.

A weak Bernstein’s inequality.

Proposition 2.1. For any bounded real valued function f and any X1,..., X,
1.9.d. with distribution P, for any u > 0,

2P (f)u , Il
n 3

P ((Pn —P)f > = “) < exp(—u) .

The proof is straightforward and can be derived from either Bennett’s
or Bernstein’s inequality [BLM13].
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Concentration of degenerate U-statistics of order 2.

Proposition 2.2. Let X, X1,...X, be i.i.d. random variables defined on a
Polish space X equipped with its Borel o-algebra and let ( f; ; )1<i¢j<n denote
bounded real valued symmetric measurable functions defined on X2, such that
forany i #j, fi; = fi: and

Vi, jst1<i#j<n, E(fij(z,X)]=0 fora.e x inX . (10)
Let U be the following totally degenerate U -statistic of order 2,
U= Z fi(Xi, X5)

1<i£j<n

Let A be an upper bound of | f; j(x,y)| for any i, j,z,y and

1—1 n
B? =max | sup ZE [fi7j(a:,Xj)2] , sup Z E [fw-(Xi,t)Q]
iweX s jtex, )
Ct= > E[fi;(XiX;)]

1<i#j<n

D= swp E| > fi;(Xi, X))a(Xi)bi(X;) |
(a,b)eA 1<i<j<n

where A= ¢ (a,b), s.t. E

n—1 n
Zai(xi)Q] <L E [ bi(X))?| <1
i=1 j=2

Then there exists some absolute constant k > 0 such that for any u > 0, with
probability larger than 1 — 2.7e¢™",

U<k (C\/ﬂ+ Du+ Bu®/? + Auz)

The present result is a simplification of Theorem 3.4.8 in [GN15], which
provides explicit constants for any variables defined on a Polish space. It is
mainly inspired by [HRBO03|, where the result therein has been stated only
for real variables. This inequality actually dates back to Giné, Latala and
Zinn |[GLZ00]. This result has been further generalized by Adamczak to U-
statistics of any order [AdaQ6], though the constants are not explicit.

3. Optimal penalties for kernel selection

The main aim of this section is to show that 2Py /n is a theoretical optimal
penalty for kernel selection, which means that if pen(k) is close to 2Pxy/n,
the selected kernel k satisfies an asymptotically optimal oracle inequality.
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3.1. Main assumptions

To express our results in a simple form, a positive constant T is assumed to
control, for any k and &’ in K, all the following quantities.

(T(1+[Islo0)) Vsup s> < T, (11)
ke
P(x}) < TnPO , (12)
sk =swlle < TVVIR|sk — s (13)
E[A(X,Y)*] < TPO, , (14)
sug E[Ax(X,z)*] < Tn, (15)
xe

v: = sup Pt TV/TPO, , (16)
teBy
where By, is the set of functions ¢ that can be written t(z) = [ a(2)k(z, z)du(z)
for some a € L? with |ja| < 1.
These assumptions may seem very intricate. They are actually fulfilled by
our three main examples under very mild conditions (see Section [3.3)).

IN

3.2. The optimal penalty theorem

In the sequel, (I denotes a positive absolute constant whose value may change
from line to line and if there are indices such as [y, it means that this is a
positive function of # and only # whose value may change from line to line.

Theorem 3.1. If Assumptions , , , , hold, then, for

any x > 1, with probability larger than 1 — O|K|?e~%, for any 6 € (0,1), any
minimizer k of the penalized criterion @ satisfies the following inequality

WK, (1-40) s -5l < (14 40) s = 5+ (pen(h) - 272 )

~ Py~ T
—(pen(k)—?xk>—|—Dx . (17)
n on
Assume moreover that there exists C >0, &' > 6 > 0 and r > 0 such that for

any x > 1, with probability larger than 1 — Ce™", for any k € IC,
2 2
_P@k Tz QPXk S(él—l)FTh:+{]TTx (1&

—DOr—— < pen(k) —
n
Then for all 8 € (0,1) and all x > 1, the following holds with probability at
least 1 — O(C + |K|?)e~
(6 A1) —50 T2
(6'V1)+ (4+5/9H Sch <mf s —8))* + O r+93 -

Let us make some remarks.

(0-1)

e First, this is an oracle inequality (see (5))) with leading constant C,, and
remaining term R,, given by

(6" V1) + (4+5)0 Ta?

Cn= GAD) —50 and R, =0C,(r+0~ )n ,
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as long as

— @ is small enough for C,, to be positive,

— x is large enough for the probability to be large and

— n is large enough for R,, to be negligible.
Typically, r,d,6’,0 and T are bounded w.r.t. n and = has to be of the
order of log(|K| V n) for the remainder to be negligible. In particular,
K may grow with n as long as (i) log(|K| V n)? remains negligible with
respect to n and (ii) T does not depend on n.

e If pen(k) = 2Pyy/n, that isif § = ¢’ = 1 and r = C = 0 in (18),
the estimator 57 satisfies an asymptotically optimal oracle inequality
i.e. C,, —n_oo 1 since 6 can be chosen as close to 0 as desired. Take for
instance, 6 = (logn)~*.

e In general Pyy depends on the unknown s and this last penalty cannot
be used in practice. Fortunately, its empirical counterpart pen(k) =
2P, xr/n satisfies withd =1—-6,0 =1+4+6,r =1/ and C =
2|K| for any 6 € (0,1) and in particular § = (logn)~* (see (34) in
Proposition . Hence, the estimator s; selected with this choice of
penalty also satisfies an asymptotically optimal oracle inequality, by the
same argument.

e Finally, we only get an oracle inequality when § > 0, that is when pen(k)
is larger than (2Px) — POy)/n up to some residual term. We discuss
the necessity of this condition in Section [4]

3.3. Main examples

This section shows that Theorem can be applied in the examples. In
addition, it provides the computation of 2Pxy/n in some specific cases of
special interest.

Example 1 (continued).

Proposition 3.2. Let {kg,S € S} be a collection of projection kernels. As-
sumptions (11)), (12)), (14), and hold for any T > T'(1 + ||s||.),
where T' is given by . In addition, Assumption is satisfied under ei-
ther of the following classical assumptions (see [MasO7, Chapter 7]):

VS, 8 €S, either SC S or S’ C S , (19)
or T
VS €S, sl < 5 - (20)

These particular projection kernels satisfy for all (z,y) € X2
A (o) = [ Ks(a,2)bs (o 2)dn(2)
X

= Y wi@eiw) [ ei@erdnl) = kste)
(i.4) €72 %
In particular, Og = Xks = D ez, ¢? and 2Py, — POy = Pxps-
Moreover, it appears that the function ©y, is constant in some linear spaces
S of interest (see |[Lerl2| for more details). Let us mention one particular
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case studied further on in the sequel. Suppose S is a collection of regular
histogram spaces S on X, that is, any S € S is a space of piecewise constant
functions on a partition Zg of X such that u(i) = 1/Dg for any 4 in Zg.
Assumption is satisfied for this collection as soon as T > 2||s| . The
family (p;)iczs, where ; = v/Dgl; is an orthonormal basis of S and

:Z@?:Ds~

i€Zs
Hence, Pxr, = Dg and 2Dg/n can actually be used as a penalty to en-
sure that the selected estimator satisfies an asymptotically optimal oracle
inequality. Moreover, in this example it is actually necessary to choose a
penalty larger than Dg/n to get an oracle inequality (see [Ler12] or Section
for more details).
Example 2 (continued).

Proposition 3.3. Let { kx 1, (K, h) € H} be a collection of approximation ker-

nels. Assumptions , , , , and hold with T' = 1, for

any
K(0
T> max{(g v (14205l 1K1} }
NI

as soon as (3)) is satisfied.

These approximation kernels satisfy, for all € R,
K(0
Xkwe,n () =k n(@,2) = # :
2 2
. Ty 1]
O (2) = Ay o) = 5 16 (S5 ) an= 151

Therefore, the optimal penalty 2Py, , /n = 2K(0)/(nh) can be computed in
practice and yields an asymptotically optimal selection criterion. Surprisingly,
the lower bound 2Py, ,/n — POy, ,/n = (2K(0) — |K]|]*)/(nh) can be

negative if || K||> > 2K(0). In this case, a minimizer of (6) satisfies an oracle
inequality, even if this criterion is not penalized. This remarkable fact is
illustrated in the simulation study in Section

Example 3 (continued).

Proposition 3.4. Let {ky,w € W} be a collection of weighted projection ker-
nels. Assumption (11) is valid for T > F(l + I|s || ), where " is given by ({).

Moreover ) and (1) imply (12| , , , and .

For these weighted projection kernels, for all z € X

- p
x) = Zwi@i(ff)Q, hence Pxn, = sz‘PQD? and

)= Y vy [ @) = 2wt < @)

1,j=1
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In this case, the optimal penalty 2Py, /n has to be estimated in general.
However, in the following example it can still be directly computed.
Let X = [0,1], let u be the Lebesgue measure. Let @9 = 1 and, for any j > 1,

@2j_1(x) = V2 cos(2mjx), @2 () = V2sin(2mjz) .
Consider some odd p and a family of weights W = {w;,i =0,...,p} such

that, for any w € W and any ¢ = 1,...,p/2, wg;—1 = wg; = 7;. In this case,
the values of the functions of interest do not depend on x

p/2 p/2

2 2
Xk, = Wo + E T O, = wj + E T
=1 =1

In particular, this family includes Pinsker’s and Tikhonov’s weights.
4. Minimal penalties for kernel selection

The purpose of this section is to see whether the lower bound pen,;, (k) :=
(2Pxi — POy)/n is sharp in Theorem [3.1] To do so we first need the following
result which links ||s — 5k || to deterministic quantities, thanks to concentra-
tion tools.

4.1. Bias-Variance decomposition with high probability

Proposition 4. 1 Assume {k}k s a finite collection of kernels satisfying

Assumptions (|1 , I ), (L3} 1 ), (14] and . For all x > 1, for alln in
(0, 1], with probability larger than 1 —0O|K|e™*
@k Tl‘

— 1 0—
o =5l < @ +m) =% 405

Ta?
< (1+7n) sk —Sell” +0— .
m

Moreover, for all x > 1 and for all  in (0,1), with probability larger than
1 -0|Kle™®, for all k € K, each of the following inequalities hold

PO T2
s — 5l < u+m(w—%2+ k)+D;“
n n°n

)

Y2
<@+nls-al*+055 .

s = sll”

This means that not only in expectation but also with high probability can the
term ||s — 3||* be decomposed in a bias term ||s — s;||* and a "variance" term
POy /n. The bias term measures the capacity of the kernel k to approximate s
whereas POy, /n is the price to pay for replacing sy, by its empirical version 8.
In this sense, POy /n measures the complexity of the kernel &k in a way which
is completely adapted to our problem of density estimation. Even if it does
not seem like a natural measure of complexity at first glance, note that in the
previous examples, it is indeed always linked to a natural complexity. When
dealing with regular histograms defined on [0, 1], PO, is the dimension of the
considered space S, whereas for approximation kernels POy, , is proportional
to the inverse of the considered bandwidth h.
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4.2. Some general results about the minimal penalty

In this section, we assume that we are in the asymptotic regime where the
number of observations n — oo. In particular, the asymptotic notations refers
to this regime.

From now on, the family K = IC,, may depend on n as long as both I" and T
remain absolute constants that do not depend on it. Indeed, on the previous
examples, this seems a reasonable regime. Since K,, now depends on n, our
selected &k = k, also depends on n.

To prove that the lower bound pen,;, (k) is sharp, we need to show that
the estimator chosen by minimizing @ with a penalty smaller than pen,;,
does not satisfy an oracle inequality. This is only possible if the ||s — §k|\2’s
are not of the same order and if they are larger than the remaining term
O(r +673)Y2?/n. From an asymptotic point of view, we rewrite this thanks
to Proposition as for all n > 1, there exist kg, and ki 5, in KC,, such that

PO
s = spy || 4+ —2m
n

PO 1Y) Ya?
> ||S — Sk0n|}2+$>>|:| <7" + 03> T s (21)
where a,, > b, means that b, /a, —,_ oo 0. More explicitly, denoting by o(1)
a sequence only depending on n and tending to 0 as n tends to infinity and
whose value may change from line to line, one assumes that there exists ¢,
and cp positive constants such that for all n > 1, there exist kg , and k; ,, in
K., such that

PO PO
Is = sk |I” + =22 < e 0(1) (Hs_smuﬁp) (22)
3 PO

w < g o(1) (Hs — sk, ||+ ;> (23)

We put a log-cube factor in the remaining term to allow some choices of
=0, >n-sc0and r =r, —>p_s +00.

But and (or (21))) are not sufficient. Indeed, the following result
explains what happens when the bias terms are always the leading terms.

Corollary 4.2. Let (K,,)n>1 be a sequence of finite collections of kernels k

satisfying Assumptions , , , , for a positive constant
T independent of n and such that

1 s — si|?
~ = o)y 1228l 24)
for some positive constant cy.

Assume that there exist real numbers of any sign & > & and a sequence
(rn)n>1 of nonnegative real numbers such that, for all n > 1, with probability

larger than 1 — O/n?, for all k € K,,,

R ()
2Px; — P P nlog(n V |K,)?
é pen(k) _ Xk‘ 9]6 S 5/ 616 + D(S’J/,TT Og(n |’C D .
n n n

Then, with probability larger than 1 — /n?,
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2
<

s3]
log(n V |K,|)?

. ~ 12
(1+DMM1%OOD&§JB skll” + Osrx (17 + logn) "

The proof easily follows by taking 8 = (logn in . n = 2 for instance
in Proposition and by using Assumptlon and the bounds on pen(k).
This result shows that the estlmator SE satlsﬁes an asymptotically optimal
oracle inequality when condition (24)) holds, whatever the values of § and &’
even when they are negative. ThlS proves that the lower bound pen,;, is not
sharp in this case.

Therefore, we have to assume that at least one bias ||s — 5;||” is negligible
with respect to POy /n. Actually, to conclude, we assume that this happens

for k1 ,, in .

Theorem 4.3. Let (K, n>1 be a sequence of finite collections of kernels satis-

Jying Assumptwns ., , , (14) (15), (16), with T not depending on
n. Each K, is also assumed to satzsfy (122) and (23) with a kernel k1, € Ky,
mn such that , PO
Hs — Sk, H <ec 0(1)T” , (25)

for some fized positive constant c. Suppose that there exist 6 > ¢’ > 0 and a
sequence (Tp)n>1 of nonnegative real numbers such that r, < Olog(|KC,,|V n)

and such that for all n > 1, with probability larger than 1 — On~2, for all
kek,,

2Px), — P P n log (|, | V )
Xk Or 5 Or Da,&,rr og(|ICn| V) < pen(k)
n n n
2Px), — P P n log (|, | V )
S Xk Gk‘ _ 5/ (—)k + ‘:lé',é/y'rr Og(“C | \/ n) (26)
n n n
Then, with probability larger than 1 — /n?, the following holds
6/
rPo; > <5 + 05,6/ Y crc0,cn 0(1)) POy, , and (27)

2

~ |7 ¢’ ~
=52 (5 + Oosrcncn o0 ) s =5,

~ 2 . ~
> s =Sk ||” > inf fls =5l . (28)
By (28)), under the conditions of Theorem L the estimator S" cannot satisfy
an oracle inequality, hence, the lower bound (2ka —POy)/n in Theorem [3.1]
is sharp. This shows that (2ka — POy)/n is a minimal penalty in the sense
of [BMO07] for kernel selection. When

2P P P
pen(k) = an @k+ﬂ O 7

the complexity P@gn presents a sharp phase transiTtLion when k becomes pos-
itive. Indeed, when k < 0 it follows from that the complexity PGEn is
asymptotically larger than POy, . But on the other hand, as a consequence
of Theorem when k£ > 0, this complexity becomes smaller than
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P@’f) < 0O (n”s—sko”
n :

<O (n]ls = sn,.|* + PO, ) < OuPOL, , -

O.n inf — sl 241 PO )
nklenlcn (HS SkH + =+ ko,n

4.3. Examples

Example 1 (continued). Let S = S, be the collection of spaces of regular
histograms on [0, 1] with dimensions {1,...,n} and let § = S,, be the selected
space thanks to the penalized criterion. Recall that, for any S € S, the
orthonormal basis is defined by ¢; = v/Dg1; and POy, = Dg. Assume that
s is a-Holderian, with « € (0,1] with a-Hdlderian norm L. It is well known
(see for instance Section 1.3.3. of [Bir06]) that the bias is bounded above by
s — siel < OLDF2 .
In particular, if Dg, = n,
_ Dg, POy,
= —*.
Thus, holds for kernel kg, . Moreover, if Dg, = [v/n],

(log(n V |Sn)°
n

I = 3o, I < Dm0 1

D 1 1
< flsm s [+ 22 <0 (54 2
Dg,

2
< s s |+ 22

Hence, holds with ko, = ks, and k1, = ks,. Therefore, Theorem
and Theorem apply in this example. If pen(ks) = (1 — 0)Dg/n, the
dimension Dk§7, > Osn and §k§ﬂ is not consistent and does not satisfy an
oracle inequality. On the other hand, if pen(ks) = (14 6)Dg/n,

Dg <Ops(n'"*+Vn) < Ds, =n

and §k§ satisfies an oracle inequality which implies that, with probability
larger than 1 — O/n?,

by taking Dg ~ n'/(2+1) Tt achieves the minimax rate of convergence over
the class of a-Holderian functions.

From Theorem the penalty pen(ks) = 2Dg/n provides an estimator
§k§ that achieves an asymptotically optimal oracle inequality. Therefore the

2
< Da,L,6n72a/(2a+1)

)

57 Skg,

optribmal penalty is equal to 2 times the minimal one. In particular, the slope
heuristics of [BM07] holds in this example, as already noticed in [Ler12].
Finally to illustrate Corollary let us take s(xz) = 22 and the collection
of regular histograms with dimension in {1,...,|[n?|}, with 8 < 1/3. Simple
calculations show that

2
[Is = snsl

S

>0Dg* >0On 3 > n
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Hence applies and the penalized estimator with penalty pen(kg) ~ ¢ %
always satisfies an oracle inequality even if § = 0 or § < 0. This was actually
expected since it is likely to choose the largest dimension which is also the
oracle choice in this case.

Example 2 (continued). Let K be a fixed function, let H = H,, denote the
following grid of bandwidths

K K
o )
(3

and let h = iLn be the selected bandwidth. Assume as before that s is a
density on [0,1] that belongs to the Nikol’ski class N(«, L) with a € (0,1]
and L > 0. By Proposition 1.5 in [Tsy09)], if K satisfies [ |u|® |K (u)|du < oo

HS - SkK,th < Da,K,Lh2a .

In particular, when hy = | K| | K|, /7,

PO K|
2 —oa kr ny || ||
s — Sg <0, x, 11 < = ‘

|| K.hq || n 1 K| oo 15[
On the other hand, for ho = || K| | K|, / [v7],

(logn V [Hn|)? 2 POk

e <l = sk [+

L 2 PO,
< Oxor (Jrf) < |5 = St | +

Hence, and . hold with kernels kg , = ki 1, and k1, = kg p, . There-
fore, Theorem [4.3] and Theorem [3.1] - apply in this example If for some § > 0
we set pen(kg ) = (2K(0) — ||K|| —5||K|| )/(nh), then h < Os,xgn~ ! and
ng,z,n is not consistent and does not satisfy an oracle inequality. On the other

hand, if pen(kg,n) = (2K(0) — HKH +9 HKH )/(nh), then

I > Os, i (n' 7%+ \/ﬁ) >Osrn b,
and §K7kﬁ satisfies an oracle inequality which implies that, with probability
larger than 1 — [0/n?,

2 20/(2a+1
< Oage.pon” 20/ 2ot

for h = ||K|||IK],/|n 1/ 2a+1)J € H. In particular it achieves the min-
imax rate of convergence over the class N («, L). Finally, if pen(kg ) =
2K (0)/(nh), Sk 5 achieves an asymptotically optimal oracle inequality,
thanks to Theorem [3.11
The minimal penalty is therefore
2K(0) — | K|

nh
In this case, the optimal penalty pen,,(kx n) = 2K(0)/(nh) derived from

Theorem 3.1]is not twice the minimal one, but one still has, if 2K (0) # || K|,

penmin(kKyh) =
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2K (0)
— D
2K(0) — || K|
even if they can be of opposite sign depending on K. This type of nontrivial
relationship between optimal and minimal penalty has already been under-
lined in [I] in regression framework for selecting linear estimators.
Note that if one allows two kernel functions K; and K3 in the family of
kernels such that 2/, (0) # ||K1||%, 2K5(0) # || K| and
2K,(0) y 2K5(0)

2K:1(0) — | K1 |* © 2K2(0) — || Ka|*
then there is no absolute constant multiplicative factor linking the minimal
penalty and the optimal one.

penopt(kK,h) = enmin(kKJL) ’

5. Small simulation study

In this section we illustrate on simulated data Theorem [3.1]and Theorem [£:3
We focus on approximation kernels only, since projection kernels have been
already discussed in [Ler12].

We observe an n = 100 i.i.d. sample of standard gaussian distribution. For a
fixed parameter a > 0 we consider the family of kernels

1 — 1
kKa,h(x,y):hKa(xhy) with he?—l:{%,izl,...jo},

_(@—a)? _ (@+a)?
2 2

where for € R, K,(x) +e

:N%@

In particular the kernel estimator with a = 0 is the classical Gaussian kernel

estimator. Moreover
1 a? 2 14+ e
- d |[|K|"=—F .
mexp( 2) and || K, VG
Thus, depending on the value of a, the minimal penalty (2K, (0)—|| K, |*)/(nh)
may be negative. We study the behavior of the penalized criterion

Cpen (kKa7h) = Pnfy(nga,h) + pen(kKa,h)

Ka(()) =

with penalties of the form

2K,(0) — || Ko n HIIKaIIQ
nh nh
for different values of x (k = —1,0,1) and a (a = 0,1.5,2, 3). On Figure[1]are
represented the selected estimates by the optimal penalty 2K,(0)/(nh) for
the different values of a and on Figure[2]one sees the evolution of the different
penalized criteria as a function of 1/h. The contrast curves for a = 0 are
classical on Figure |2l Without penalization, the criterion decreases and leads
to the selection of the smallest bandwidth. At the minimal penalty, the curve
is flat and at the optimal penalty one selects a meaningful bandwidth as
shown on Figure[I]
When a > 0, despite the choice of those unusual kernels, the reconstructions
on Figure[I]for the optimal penalty are also meaningful. However when a = 2
or a = 3, the criterion with minimal penalty is smaller than the unpenalized

pen (kx, n) = (29)
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FIGURE 1. Selected approximation kernel estimators when the

penalty is the optimal one i.e. %}7‘(0).
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FIGURE 2. Behavior of P,y(8ky, ,) (blue line) and
Cpen (kK,,n) as a function of 1/h, which is proportional to the
complexity PO .

criterion, meaning that minimizing the latter criterion leads by Theorem [3.1]
to an oracle inequality. In our simulation, when a = 3, the curves for the
optimal criterion and the unpenalized one are so close that the same estimator
is selected by both methods.

a=0 a=1.5 a=2 a=3

0
40
40

0
30
30

1ih(kappa)

1h(kappa)
20
20

1h(kappa)

20

T P G 1 3 3 o 1 P & 1
kappa kappa kappa kappa

FIGURE 3. Behavior of 1/?1, which is proportional to the com-
plexity POy Kaoh? for the estimator selected by the criterion whose
penalty is given by (29)), as a function of .
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Finally Figure[3|shows that there is indeed in all cases a sharp phase transition
around x = 0 i.e. at the minimal penalty for the complexity of the selected
estimate.

6. Proofs
6.1. Proof of Theorem [3.1]

The starting point to prove the oracle inequality is to notice that any mini-
mizer k of Cpen satisfies

s = 3l < lls — 3l + (pen(k) — penya(k)) — (pen (7) — penyg () )

Using the expression of the ideal penalty @ we find

||57§E||2 <|ls —5l* + <pen(k) 2PnXk) - <pen (E) - 2P:E>

+2P(Skn—sg)+2<1—i>(Pn—P)(8E—Sk)

(Po— P0G —x) Uz~ Ui
+2 - +2 2 .

(30)

By Proposition (see the appendix), for all z > 1, for all § in (0,1), with
probability larger than 1 — (7.4|K| + 2|K|?)e~?,

~ ~ P ~ Py~
o= 55l < 1= 5l + (pen) 22 ) — (e (7) ~272F )
T
+0|s— SEH2 +0|s— skl —l—D%

2 2 T2
+(1—n)6‘Hs—sEH2+ <1—n>9|s—sk||2+mei

PO PO T PO PO~ T2
TRl L R o Rt R R S
n n on n n on

Hence p R Pxs
IE _§EH2 < s —8l* + (pen(k) - 2;%) - (pen (k:) - Qk)

n
PO- PO T2
’“]+2e[|s—sk||2+’“] *

n n

+ 00— .

on
This bound holds using (1)), and only. Now by Proposition
applied with 7 = 1, we have for all z > 1, for all § € (0,1), with probability
larger than 1 — (16.8|K| + 2|K|*)e~2,

s =5l < lls — 3l + (pen<k> —2P§’“) - <pen (¥) —QPXE>

n
2
+40||s — 55" +40ls — 5)* + D% .

+20 HS —si|]” +

This gives the first part of the theorem.
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For the second part, by the condition on the penalty, we find for all z > 1,
for all 6 in (0, 1), with probability larger than 1 — (C' + 16.8|K| + 2|K|*)e™®
(1 —40) Hs—s H

PO, 1\ YTz?

+(15)+k+D<r+> -2
n 0 n

By Proposition applied with 7 = 6, we have with probability larger than
1-— (C’+262|IC|—|—2|IC\ e~

(1446) ||s — 5||* + (8" — 1)+P9’“

(1-40) ||s - 5|” < 1+49 )lls = 8l® + (6" = 1) (14 0) ||s — 5])*
. + (18 (1+0)|s -5 +D<r+93)rs :
that is
((BA1) =0+ (1=08)3)) [ls =5
< (@ V) +06+ @ - D) s -5l +0 (r+ 5 )

Hence, because 1 < [(6'V 1)+ (4+ (8 —1)1)0] < (' V1) + (4+ 66, we
obtain the desired result.

6.2. Proof of Proposition
First, let us denote for all z € X

Fan(e) =E[AuX.2)],  Cule) = / (k(y,) — su(y))2 duly)

and
n

Uari= Y, (A(Xi, X;) = Far(Xi) = Far(X;) + E[A(X,Y)]) -
i#j=1
Some easy computations then provide the following useful equality
~ 1 1
sk = Skll* = = PuCe + U -
n n

We need only treat the terms on the right-hand side, thanks to the probability
tools of Section Applying Proposition we get, for any x > 1, with
probability larger than 1 — 2 |K| e~

(Pa = PG| < | 22y 4 W]

One can then check the following link between (; and O
PG = [ (k(y) = 51(0))” s(u)di(z)duy) = POL ~ s
Next, by and
16l = s> [ (k(y.2) = E [1(X,2)])* dulz)

ye

< 4sup/k‘(y,x)2du(x) <4Tn .
yeX
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In particular, since (i > 0,
PG < ||¢kllo PCx < 4TPO

It follows from these computations and from that there exists an absolute
constant [ such that, for any = > 1, with probability larger than 1—2 |K| e~
for any 6 € (0,1),

T
P, — POL| < 0PO, + D% .

We now need to control the term Uy ;. From Proposition for any x > 1,
with probability larger than 1 — 5.4 |K]e™7,

|UA2k| (Cf—%—Dx—%—Bx?’/z—l-Ax )
n

By , and Cauchy—Schwarz inequality,

A=4 sup /k(x,z)k(y,z)du(z) < 4sup/k(x,z)2du(z) <4Yn .
(z,y)€X? reX

In addition, by (18], B? < 16sup,cx E [ Ap(X, z)? ] < 16Tn .
Moreover, applying the Assumption (|14

7

C? < Z [AK(Xi, X;)?] = n’E [Au(X,Y)?] <n®TPOy .
i#j=1
Finally, applying the Cauchy-Schwarz inequality and proceeding as for C?,
the quantity used to define D can be bounded above as follows:

Z Z ai(Xi)b; (X)) Ax(Xs, X;) | < ny/E[AR(X,Y)?] < ny/TPO .
=1 j=i+1

Hence for any = > 1, with probability larger than 1 — 5.4 |K| e~
|U 4 i POy T2
5 .

for any 0 € (0,1), <40 +0O
n n on
Therefore, for all 6 € (0,1), ,
P P T
18 — su? = 2Ok | < 99O | g To°
n on

and the first part of the result follows by choosing § = 7/2. Concerning
the two remaining inequalities appearing in the proposition, we begin by
developing the loss. For all & € K

15k = sl1* = 18k — skl + llsx — slI” + 28k — sx 56 — ) -
Then, for all z € X
Rmm—%@=/Am/Mwm@ww@w@—/dmmmww

= [ ([ stomte.spant) - st2) ) ko et
:/wm@fqamwwmma-
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Moreover, since PF4 j = l|sx||?, we find

(Sk — Sk, sk — ) = /(gk(ilf) (sk(@) — s(x))) du(z) + E[se(X)] = ||sil?
= 25 [ (ko X0) (1(0) = 5(0))) d(o) + Pk = F)

= % Z (Far(X;)—su(Xi))+ P(skg — Fag)

= (Pni— P)(Fa — sk) -

This expression motivates us to apply again Proposition 2:1] to this term. We
find by . and Cauchy-Schwarz inequality

e >fsk< )< s = sulsup [ =2 ke spauce)

< |Is — skl \/sup/k(x,z)Qdu(z) <|Is = skl| VYTn .

Moreover, 2
P(Fas =) < s = sull P ([P =l sgauce) )

< ls —sil* o} -
Thus by , for any 6,u > 0,

\/QP(FA,k—Sk)QJj <9||S—Sk||2+ (TV\/TP@k)LL'
" =

26n
Tx u POy Y2
<9||S_Sk|| +7 0 n +169un

Hence, for any 6 € (0,1) and = > 1, taking u = 62

\/2P(FA7]C—S]€)2{E <||S—Sk|| -I—P@k)-l—DTxQ )

n 93

By Proposition for all 6 in (0,1) , for all z > 0 with probability larger
than 1 — 2|Kle™7,

2P (Fay —si)’
2|<§k—sk,sk—s>§2\/ (Avkn Sk)x+2||s—8k||\/Tn3£n

P@k TZ‘Z
il
03n
Putting together all of the above, one concludes that for all 6 in (0,1), for all
x > 1, with probability larger than 1 — 9.4|Kle™*

< 36 (HS—SkH +—

~ PO, Y22
I8k = slI” = llsk — slI” < 30[|s — si]|* + (1 +40)—= — 05

and

A PO PO Y2
||sk—s|2—||sk—s||2>—39(||s—sk|+ ’“)+< 6)—"
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Choosing, 8 = 1/4 leads to the second part of the result.

6.3. Proof of Theorem [4.3]

It follows from (17) (applied with § = O(logn)~! and z = Olog(n V |Ky,|))
and Assumption (26)) that with probability larger than 1 —[On~2 we have for
any k € K and any n > 2

2 O - d PO

zn logn n

~

Sk\n — S

O PO; log(|/C,| vV n)3
+(1+496) <1+ 2 T kn +D6,6’,TM . (31)
logn n n
Applying this inequality with k& = k;, and using Proposition with n =
O(logn)~*/3 and 2 = Olog(|IC,,| Vn) as a lower bound for

2
sp - SH and as

an upper bound for H?km — sHQ, we obtain asymptotically that with proba-
bility larger than 1 — On~2,

PO~ PO
—6(1+0s o(1)) n’“” < (140(1)) ||sk, — s||° = 8" (1 + O 0(1)) —2n

log(|KC,,| V n)3
D oV
By Assumption , | Sky, — $||2 <c 0(1)% and by ,
log(|Kn| v n))? POy,
Gog(iCul Vi)' _ PO

n
This gives . In addition, starting with the event where holds and
using Proposition we also have with probability larger than 1 — On~2,

2 0\ . Pey, .
5 - sH < (1 + bgﬂ) B = s* = (18—

. 2 log(|KC,,| V n)3
+(1+9)(14+0(1)) SE"_SH +D575,,T% )
Since [[3y, , — s||” ~ Tokrn

this leads to

(—6+ 05 o(1)) ||5; — s|” <

log(|Kn| v n)?

— (6 + Osc o(1) |, — s]° + Doorr -

This leads to by (21).

Appendix A. Proofs for the examples

A.1. Computation of the constant I" for the three examples

We have to show for each family {k}, . (see and ([I))) that there exists
a constant I" > 1 such that for all k € K

sup [Op(z)| <Tn, and  sup |k(z,y)] <Tn .
rzeX (z,y)eX?
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Example 1: Projection kernels. First, notice that from Cauchy-Schwarz in-
equality we have for all (z,y) € X2 |ks(z,y)] < /Xks(z)xks(y) and by
orthonormality, for any (z,2') € X2,

Agg(a,2) = Y %(m)%(%’)/soi(y)s@j(y)du(y) = ks(z,2') .
S~ X
(4,5)€TE
In particular, for any = € X, Oy4(z) = xis(x). Hence, projection kernels
satisfy for D =1V n 'supges || Xks |- We conclude by writing

2
Pk o = sup Y @@= sup  sup ( > aipi(x ) :

7,613 (al)lez S t. zeX 1€Lg
ieTg i
For f € S we have ||f||2 = ezlf, ©;)2. Hence with a; = (f, ¢;),
2
[Xksllw = sup  [IflI5
€S |Ifll=1

Example 2: Approximation kernels. First, sup ,, ,yexz [krn(7,y)| < | K|, /h-
Second, since K € L*

_ 1 z—y B _ K 1K
@kK,h(‘rE)_hQ‘/XK< h ) d = h = h .

Now K € L' and [ K(u)du = 1 implies ||K||; > 1, hence holds with
I' = 1 if one assumes that h > || K| || K|, /n.
Example 3: Weighted projection kernels. For all z € X

= 3 win@huies(@) | et = 3wt

i,j=1
From Cauchy-Schwarz inequality, for any (x,y) € X2,

Fw (@, y)| < /O, (£)Ok, (y) -

We thus find that &, verifies with I' > 1V n~tsup,eyy [|Ok. || Since
w; < 1 we find the announced result which is independent of W.

A.2. Proof of Proposition [3.2]

Since || [|* < |Is||® < ||s]| .., we find that only requires T > T'(1+||s|| . )-
Assumption holds: this follows from ¥ > T and

E [xXks (X)?] < Ixhs lloo Pxns < TnPOyy
Now for proving Assumption , we write

E[A (X, Y)?] =E [ks(X,Y)?] = /XE [ks(X,2)?] s(z)du(z)

sl S Efpi(X)g;(X)] / i) (x)du(x)

(1,)€L?
= ||8||OOP@kS < TPOy, .
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In the same way, Assumption follows from ||s||_ T'" < Y. Suppose (19)
holds with S = S + 5" so that the basis (¢;);cz of S’ is included in the one
(pi)ieg of S. Since || Xkl < T'n we have

sks () — sy (@) = Y (Pgj) @z D (Pei)® Y wi(a)?
JEI\T FISVAVA JEIT\T
< Jlsks = st || ks 1227 < [lsne — s, || VI .

Hence, holds in this case. Assuming implies that holds since

< lskslloo + [[srs lo <7

||Sks - Sks/ %)

Finally for (L6), for any a € L?,

/X alw) s (@, y)dp(z) = 3 (o piden(y) = s(a) -

i€l

is the orthogonal projection of a onto S. Therefore, By is the unit ball in S
for the L?-norm and, for any t € By, E[t(X)2] < |Is|| [It]* < lIsll

A.3. Proof of Proposition [3.3]
First, since [|K||; > 1

HskK,hH2=/X(/Xs(y)iK(”’;y)dyfdx
_/X</Xs(z+hz)K(z)dz>2dx
< |Kf/}g(/}gs(x—khz)"ﬂ([éﬁl)'dz)zdx

, A (2) ,
<IKIT | sto+ he i dads < il KR
- T,

Hence, Assumption holds if T > 1+ s, ||K||? Now, we have

K(0)? K(0)? K(0)”
P X% — = k BT S nP@k , )
( K””) h? UK R KNP K 1K

so it is sufficient to have T > K(0)/||K|* (since K(0) < | K|, ) to ensure
. Moreover, for any h € H and any x € X,

st )= [ st (S0 )y = [ ot sm )z < Lol I,
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Therefore, Assumption holds for T > 2|s||_ || K]|;. Then on one hand

o e () (55 )
K(x;y—u)K(u) du

/
h X

_IEP
- h h

And on the other hand
1 T —y

E [ Au, ()| < 7 K( . u)K<u>
X2

= [, 1K () K ()] s(a -+ h(v = w)dudv < 5] 1K -

IN

|Ak7K,h (CC, y)‘

IN

K
1K < po, an

du s(y)dy

Therefore,

sup E[Ap, . (X,2)*] < sup |Ap,, (z,y)| sup E[|Ak,, (X, 2)|]
zeX (z,y)€X? zeX

< (PO, A) sl 1K

and E [AkK,h (X7 Y)2] < SUP,ex E [AkK‘h, (X7$)2] < ||SHOO ||K||? P@kK,h .
Hence Assumption and hold when Y > |s||__ | K]|7. Finally let us
prove that Assumption is satisfied. Let ¢ € By, , and a € L? be such that
lal| = 1 and t(y) = [ya(x)+ K (%2 ) dx for all y € X. Then the following
follows from Cauchy-Schwarz inequality

Hy) g;,/éa(x)zdx\/AK(T’)zdxg ”j%” .

Thus for any t € By, ,

K
2Ll = sl /POrcs < \/TPOR, -

We conclude that all the assumptions hold if
2 2
> (KO/EIP) v (14208l 1K)

A.4. Proof of Proposition

Let us define for convenience ®(z) := Y7 ¢;(z)?, so ' > 1V n~t|®]_.
Then we have for these kernels: ®(z) > x, () > O, () for all z € X.
Moreover, denoting by Ils the orthogonal projection of s onto the linear span

of (901')1':1 ..... s

Pt < |Itll . ([t],s) <

D
2 2 2 2
lsw, I = wf (Ppi)* < ||Tsl|* < [ls[|” < [ls]l -
i=1

Assumption holds for this family if T > I'(1 + ||s|| ). We prove in what
follows that all the remaining assumptions are valid using only and .
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First, it follows from Cauchy-Schwarz inequality that, for any x € X, x4, (z)?
O ()0, (z). Assumption is then automatically satisfied from the defi-
nition of I'

IN

E [ Xk, (X)?] <[1®|,, POk, <TnPOy,
Now let w and w’ be any two vectors in [0, 1]P, we have

P P
Sk = D wi(Poi)ps, sk, — sk, = (wi —wi) (Ppi) ¢
i=1 i=1
Hence Hsk — Sk, P = b (w; —wh)? (Pyp;)? and, by Cauchy-Schwarz in-

equality, for any = € X,
|5, (x )— Sty ()] < || Sk — Sk | V(@) < |58, — 50, || VI

Assumption (13)) follows using . Concerning Assumptions and ,
let us first notice that by orthonormality, for any (z,2') € X2,

ngpl pi(x') .

Therefore, Assumption (15 holds since )
E [ Ak, (X, 2)? =/ (Zw ei(y)pi ) s(y)dp(y)
el 3 wtudeie)es@) [ oo )duty)

1<7,5<p
p
= llsll Zw4wi )? < sl @(x) < [Is]lo T

Assumption (|14]) also holds from similar computatlons

E[Ag, (X,Y)?] / (Zw ei(X)pi )> s(x)dp(z)

sl S wPw?E [pi(X)g;(X)] / oi()p; () du(z)

1<i,j<p

< lsllo POx.,
We finish with the proof of . Let us prove that By, = &

Ek, {t—Zthpz,st Zt2<1}

First, notice that any ¢t € By can be ertten a

w

/Xa(x)k (z,y)du(x sz a, ¢:)pi(y) -

Then, consider some ¢t € &, . By deﬁmtlon there exists a collection (¢;);=1,... p

where

w?

such that ¢ = Y7 wityp;, and S0 2 < 1. If a = S tigs, |lal® =
Y t2 <1 and (a,p;) = t;, hence t € By, . Conversely, for ¢t € By, , there

exists some function a € L? such that [ja]|®> < 1, and t = b wila, @i)pi.

Since (@;)i=1,...p is an orthonormal system, one can take a = ZZ: (a, pi)p;.
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With ¢; = {(a g01> we find ||a® = P t2andt € &, Forany t € By, =
2 2
Enys 17 = D20 witd < 370, t7 < 1. Hence Pt* < |s]| . [It]]” < sl

Appendix B. Concentration of the residual terms

The following proposition gathers the concentration bounds of the remaining
terms appearing in .

Pr0p051t10n B.1. Let {k},cx denote a finite collection of kernels satisfying
and suppose that Assumptions (11 , . ) and . hold. Then

P(sg — sk) 27

v € (0,1), 2 <0||s—s|| +0|s — i’ o (32)

n

For any x > 1, with probability larger than 1—2 |IC|2 — for any (k, k') € K2,
for any 0 € (0 1),

Y2
2(Pn = P)(st =) < 0 (lls —swoll® + s = sl*) + 07— . (39)
n
For any x > 1, with probability larger than 1 — 2|K|e™*, for any k € K,
T
VO € (0,1),  [2(P, — P)yi| < 0PO + D% . (34)

For any x > 1, with probability larger than 1 — 5.4 |K|e™%, for any k € K,

2 |Uk| P@k TSL’2

<0 O . 35

n2 —  n + on (35)
Proof First for , notice that, by , for any 6 € (0,1)

P(sy — si) |57 — skl 2 0 2 T
<ot — °°§n<'f\/<4n”sk—sﬂ| +9)>

0 27 27
<5 llsk—s sz’ + 5 <0lls sz 17+ 01|s — skl + g

v € (0,1),

2

Then, by Proposition [2.1} with probability larger than 1 — \IC|2 e %,

2P (s — Sk/)2$+||3k — skl @

for any (k,k') € K2, (P,—P)(sp—sp) < \/

n 3n

Since by (1) P (sk — si)” < |Isllo sk — s> < T llse — sw]®

2P (s —sk/)Zx 0 2Tx
\/ - sk — s l” + :

on
Moreover, by ”5’9_2# < &k — sl + Dg—fj . Hence, for z > 1,
with probability larger than 1 — |IC|2 -
0 Y2
P, — P)(sp — sp) < = |[sg — spr||* + O——
( )(sk — sir) < ||3k sw|” + on
Y2

0( el ls ) 40T
s = sw 2+ lls = sil? ) + 0=

=~
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which gives . Now, using again Proposition with probability larger
than 1 — |K|e™®, for any k € K,

2P () a | Il

P,— P <
( )Xk < n 3n

By (1) and (1)), for any &k € K, |[xx||, < SUP(y,yyexz [k(z,y) <T'n <Tn .
Concerning 7 we get by , Px3 < TnPOy, hence, for any x > 1 we
have with probability larger than 1 — |K|e™*

3 20

For , we apply Proposition to obtain with probability larger than
1-27|K|e™ ", for any k € K,

U, O
koo (C\/E+D:U+B:E3/2+Aa:2>,

n2 — n?
where A, B, C, D are defined accordingly to Proposition 2.2] Let us evaluate
all these terms. First, A < 4sup(, ,)ex2 [k(z,y)| < 4Tn by and (T).
Next, C% < On’E [k(X,Y)?] < On?|s||, PO, < On?YTPO; .
Using (1)), we find B < 4nsup,ex [ k(z,y)*s(y)du(y) < 4n|s| T .
By , we consequently have B2 < 4Tn. Finally, using Cauchy-Schwarz
inequality and proceeding as for C?,

E ni: Zn: ai(X;)b; (X)k(Xi, X;) | < nvE[R(X,Y)2] < ny/TPO, .

i=1 j=i+1

Hence, D < n/YT PO which gives .

1 1
(Pn—P)Xk§9P9k+<+)Tm .
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