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equation and its solutions
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Introduction

This manuscript describes a set of reflections on the formalism describing the quantum
mechanics in its status at the beginning of 21st century. The first chapters are devoted to the
resumption of the physical concepts that accompany the theory through the prism of the DIRAC
equation. Abstraction is made of some strong mathematical concepts useful in the synthesis of
the theory, but not necessary for the physical understanding of phenomena. The following
chapters are entirely devoted to the implementation of extensive work on solutions in the form
of stationary modes of the DIRAC equation.

A century of research, both theoretical and experimental helped to significantly refine
the knowledge of particle physics. If the experimental tools regularly lead to significant
advances in the observation and measurement of phenomena, the theoretical framework seems
to be frozen since tens of years, and without a compelling perspective on a next evolution.

This theoretical framework is facing a problem that appears insurmountable: the
particles behave both in the manner of a wave, and in the manner of a body of material. Unable
to account for this phenomenon, the theory is reduced to treat experimental observations on a
statistical and probabilistic point of view. It succeeds in a remarkable way, but at the price of a
mathematical complexity that is made necessary to overcome the fact that the physics
underlying the observed phenomena is not known to us with sufficient accuracy to lighten the
mathematical formalism.

To advance in a reflection that allows physically account for the wave-particle duality,
we must develop elements which, while being in perfect coherence with all of the existing
formalisms, are breaking with the probabilistic vision of this part of physics. This can be
achieved only by a deterministic approach to clarify how the material moves between its
wavelike and its corpuscular aspects.

The work presented in this document is based on a set of exact, but new solutions to this
day, of the DIRAC equation. This approach ensures therefore, intrinsically, consistency with
all the theoretical properties built around this equation. It led, ultimately, to a description
deterministic and no more probabilistic, of the wave-particle duality.

| - An energy approach

In the classical wave equations, the dimension of the quantity that spreads under the
form of a wave is usually set by the second member. One can illustrate this remark by one
example chosen in electromagnetism, concerning the vector and scalar potentials:
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VZ.(p—so.uo.at—;P=—8£ (1-2)
0

In the wave equation of Schrddinger or Klein-Gordon, the solution y function is a
quantity without information on its dimensions, because it is present in the second part of the
equation:

i) = vy +E (-3)
g Ty, Y WITEY

2 2.2
VA(y) - ?12% (v) = F v (1-4)

This means that the y solution reflects the function of propagation of the wave. The
spreading quantity can therefore be chosen on the basis of physical considerations.

The fact that the function y is complex, coupled with a probabilistic view of quantum
mechanics, have led to give to the quantity yy~ the meaning of a volumetric density of
probability, involving a normalization on any volume where the particle is located with
certainty:

[[Jwydv=1 (I-5)

If we adopt a deterministic vision of the phenomena, there is no more probability
density. The physical quantity that spreads can be considered to be an energy, and consistency
with the probabilistic vision suggests to give to the quantity yy~ the meaning of a volumetric
energy density. The condition of standardization is obtained by expressing that integration on
a volume V where the particle extends must give the total energy E of the particle:

j j j yy'dv=E (1-6)

Wave functions issued from the probabilistic theory and from the deterministic theory
are therefore proportional in a ratio of square root of E.

The wave function y becomes homogeneous with the square root of energy. And since
there are negative energies, the complex number j=-/—1 appears in a natural way and with a

clear physical meaning in the solutions of the Dirac equation describing both positive energy
particles and particles of negative energies.

| - 1 The different kinds of energy

In special relativity, four-vectors are identified as invariant physical quantities by
change of frame. It follows that their pseudo-norm is constant and does not depends on the
frame in which it is evaluated.
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For a mass m moving at speed v, four-vector momentum-energy is expressed as follows:

dx
dt mv, Py
dy
N mE mv, P,
P= de - mv, - P, (|-7)
aa| | E| |E
E c C
C

In this expression, E means the whole energy of the particle of mass m, moving with a
speed v, and therefore linked to rest mass by the relationship:

m
m = g

: (1-8)
\

s

The pseudo-norm raised to the square of the four-vector pulse energy is written:

2 2 2 2
(md—xj +(md—y) +(md—z) —(Ej =cte (1-9)
dt dt dt c
or again:

E2 - p2c2 = cte (1-10)
p

where p is the pulse module:

SR R R EEIEC S
dt dt dt dt dt dt

One determines the constant by writing that, according to the relation which links energy
and mass, the total energy of a particle of mass m is also equal to:

E=mc° = (1-12)

where mo is the rest mass.
We can deduce the value of the constant:
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2 2
2
m,c m,v 2
E*—p®c® = d vl Ov2 ¢’ = (mocz) (1-13)
- -

and finally the expression of the conservation of energy in special relativity:
E? = (po)® + (myc? ) (1-14)

We accept as a postulate from the expression above, that within a particle of mass m
and moving at speed v, there may be only three specific forms of energy:

- Aform of energy representative of the whole energy E, which we will subsequently
justify the designation of wave energy

- A form of energy representing pulse energy: pc

- A form of energy representing the mass energy at rest: moc?

Let us also assume that, in the world of the infinitely small, these three forms of energy
are distinct, in the same way as electrical and magnetic energy in electromagnetism, or potential
and Kinetic energy in mechanics.

| - 2 Stationary energy

Consider a particle at rest, and therefore which has no pulse energy. One is led to the
assumption that its mass energy is located in a finite spatial extent. This energy is constant in
time, and we therefore call it stationary energy. Since there is no pulse energy, the total energy
in this particular case, that is to say the wave energy, is equal to the mass energy.

We then ask about what we know on the stationarity of the energy in the physics of
waves in general. This stationarity is a property of systems that retain the trapped wave in a
limited portion of the space. If we assume the system without loss, and if we introduce the wave
energy in this system, it is preserved in time.

The fact of importance is that this energy never stays at rest in the portion of the space
where it is confined, but settles in stationary modes that include at least two types of energies
that are exchanged in general in time quadrature.

In mechanics, the waves can propagate in a medium with certain elasticity, and
exchange occurs between the elastic potential energy and kinetic energy of the moving
elements.

In electromagnetism, the exchange is between the electric and magnetic energy.

If we now return to the situation of a particle at rest that contains both of the wave energy
and the mass energy, we postulate that these two forms of energy exchange in the portion of
the space where they are confined. This assumption stems directly from the particle behavior
under the form of a wave or a particle.

If the particle is moving, it appears a third form of energy which is the impulse energy.
We postulate that this energy will participate in exchanges with the two previous ones in a form
that remains to be determined, but which verifies the equation of conservation of energy (1-14).
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Later in this document, we will not wonder on the way in which the different types of
energy are confined in a region of space: the answer to this question is not known to us. But we
will show that if we make the assumption that the different kinds of energy exchange in
stationary modes, this led to a quantum physics deterministic and consistent with the actual

probabilistic theory.
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DIRAC equation

The DIRAC equation is part of some fundamental equations of contemporary physics.
It was obtained in the wake of two other very important equations of quantum mechanics: the
SCHRODINGER equation and the KLEIN-GORDON equation. It has supplanted the latter two
because it describes with more precision the reality of observed phenomena.

The objective of this short chapter of presentation is not to discuss the contribution of
this equation on quantum physics that the reader will find in books and websites related to this
subject and to which we will return later. It's just, in a first time, to retrace the approach leading
to the DIRAC equation, and underline some difficulties on the physical interpretation of its
solution.

| - The SCHRODINGER equation

Any linear physical phenomenon (X, y, z, t) which propagates at speed v in a three
dimensions space as time flows can be described by a wave equation:

1 0*y(X,Y,z,t
Viy(x,y.z - 2D o (1)

When dealing with a signal with a sinusoidal temporal variation, we can put:
V(X y,2,1) = o(X,y,z) exp(+jot) (11-2)

and the wave equation for the quantity ¢ independent of time becomes:

2

V2p(x,Y,2) +%<p<x, y,z)=0 (11-3)

Following Louis De BROGLIE assuming that one can associate to any particle of mass
m moving at a velocity v a wave of wavelength A= h/mv, where h is the PLANCK constant, the
time-independent wave equation attached to the particle becomes:

2
Q)

Vip(x,y,2) + 2 o y.2) = Vip(x,y,2) + (%) ¢(x,y,2)=0 (11-4)

On the other hand, in the context of classical mechanics, energy total E of this particle
is the sum of its kinetic energy Ec and its potential energy Ep, which allows to write:
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E =%mv2:E—E (11-5)

from which is deducting successively:

mv=,/2miE—Epi (11-6)

h h

A= — 11-7)
mv }2miE—Epi (

This last relationship put in the wave equation (I-4) provides the time-independent
SCHRODINGER equation:

V20(X, Y, z)+il—T(E—Ep)(p(x,y, 2)=0 with 7 :2h_n (11-8)

The heuristic approach that has been proposed for this relationship can be completed to
bring up the time dependence.

For a locally flat, monochromatic wave going away towards infinity, we can write the
wave function in a general manner under the form:

(T, 1) =y, explj{KF — ot )| with jo=-1 (11-9)

In the quantum world where A= h/mv and where the whole energy E is related to the
frequency of the wave by the relation:

E:hv:Lm:hw (11-10)
21

we obtain by substitution:

w(f,t) =, exp[% (BT - Et)} with p=mv (11-11)

In deriving this expression over time, it follows:

Zwlr0)--Jev,e0| Jpr-e0 |-~y (I112)

and taking the gradient of this same expression (11-11):

py(F, 1) (11-13)

From the relations (11-12) and (I1-13), are deduced the quantization rules of classical or
relativistic mechanics equations which allow to obtain similar equations in the quantum field:

10


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

i< ()= Ev (11-14)
—jnV(y)=py (11-15)

For a particle whose total energy is given in classical mechanics by the sum of kinetic
energy and potential energy:

E-E +E =%mv2+E S R (11-16)

It is deduced after multiplication by the wave function :

2

Ey = 2p_m‘V +Ey (11-17)

and finally by using the rules of quantification (11-14) (11-15):

jh%(\v) = (ﬂf (v) + Epy = —%Vz(w) +Epy (11-18)

which is the time dependent SCHRODINGER equation.

This equation allows to find the main series describing the emission lines of the
hydrogen atom as well as other parameters like the diameters of the BOHR orbit, but it is in
default when there is interest in more subtle phenomena such as the fine structure levels for a
hydrogen atom or taking into account of the spin of the electron.

Il - The KLEIN-GORDON equation

The inadequacies of the SCHRODINGER equation are attributed to the fact that the
guantization rules have been applied to an energy balance using classical mechanics.

Relativity introduces a relationship whose scope is much broader because it is invariant
under the LORENTZ transformation:

E? = p*c® + mc’ (11-19)
and we obtain immediately by applying the rules of quantification (I1-14) (11-15):

2

—h? ?(w) =-h*c’V2 (y) + micty (11-20)

which is the KLEIN-GORDON equation. We can present it in a form that make the wave
equation appearing with a second member:

10° mZc?
VZ(W)—?E(W)=#\V (11-21)

11
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A detailed review of its solutions allows to show some inadequacies, particularly in his
inability to describe the spin of the electron which is of order 1/2 as well as some fine levels of
energy of the hydrogen atom.

11l - The DIRAC equation

Beginning with the relativistic energy conservation equation:
E® =p°c® +m’c* (11-22)

and applying the rules of quantification of quantum mechanics:
.. 0 .. 0 N, .. 0

E— jh— —>—jh— — —ji— —>—jh— 11-23
g e L~ Py = —in~ P, > —h— (11-23)

It transforms the KLEIN-GORDON equation in the formula:

ot OX

i) )= (=62 ) )= ine | (o) (e mictt) 20
oy oz

According to the formalism proposed by DIRAC, we have to find coefficients o such
that the above equation is verified in the form of a first order partial differential equation raised
to square:

( i %JZ(W) = {al(— jhca%j + ocz[— jhc%] + as(— jhc%) + g (M, )T(\y) (11-25)

If the relationship above is checked through the presence of coefficients i, the solution
can be obtained by solving the equation obtained by removing the squares:

( i %)(w) - {al(— jhc%) + ocz(— jhc%} 4 as(— jhca—azj 4 oco(mocz)}(\y) (11-26)

It is impossible to find a ajreal or complex in response to conditions (11-25) and (11-26),
but you can find matrices ai who meet the following, necessary and sufficient conditions to
transform equation (11-24) into equation (11-25):

o’ =1 (11-27)

+ao =0 (11-28)

O(.iOLJ j

These matrices are not unique, but a simple choice is that proposed by Dirac:

12
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100 0
01 0 0
_ 11-29
“Zlo 0 -1 0 (11-29)
00 0 -1

The following three are defined from the called PAULI matrices o i:

R TR S
o, = c, = c,=| . c, = (11-30)
o, O 10 i 0 0 -1

or still explicitly:

0 001 0 0 0 —j 0 0 1 O
0010 0O 0 j O 0 0 0 -1
o, = o, = ) o, = (11-31)
0100 0 -j 0 O 1 0 O
1000 j 0 0 O 0 -10 O

The structure of the matrixes o requires the search for the solution  in the form of a
column vector:

Vo

w=| (11-32)
v,
Vs
In order to put the system of differential equations in a presentation such as the mass

energy appears in factor with the identity matrix, we multiply the equation (11-26) by the matrix
ao. It is known that its square is equal to the identity matrix:

.. 0 .. O .. 0 .. O
O‘o(lha)(‘” = |:OLOOL1(_ Jnc a_x) + 0‘0“2(_ Jnc @] + O‘oas(_ Jhe E) + (mocz)}(\l/)
(11-33)
We put then:
Yo =0Qg Y1 =00y Yo =00, Y3 =003 (11-34)

and we gather all terms containing partial derivatives:

Mg}Yl(ca%j”{%}”{"%ﬂ(‘“): s () (11-35)

The matrix identity, implicit in the right term will be omitted in the rest of the document.

The matrices y; are obtained explicitly as follows:

13
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1 0 0
0 1 0
=g o -1 o (11-36)
0 0 0 -1
100 0Y0oO0O0Td1, (0 0 0 1
010 ofoo10l|0 010
%% 70 9 21 olo100|l |0 -100 (1-87)
00 0 -1\1 000/ (-1 0 00
100 0Y0 0 0 —j) (0 00 —j
010 000 jo|l|ooj o
Y2 =0ty = . = . (1-38)
00 -1 00 -jo ol o joo
00 0 -10j 0 0 0) |-jo o o
100 0Y0 0 1 0) (0 01 0
010 oo 0 o0 -1/]0 00 -1
Ta=%% =0 0 21 01 0 0 0| |-100 0 (11-59)
000 -1)0 10 0) (0o 10 o0

The arrangement of these matrices can be synthesized on the basis of the PAULI
matrices:

0 o
Yi:(—o. OJ (11-40)

and we can check the following property:

(o =L(nf =(r.f = (vsf =1 (11-41)

Considering now that the quantity y of the initial wave equation arises in the form of a
vector with 4 column, complete writing of the matrix system is given by:

14


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

N N

v, 10006‘3;1 000153\,);(1

E\Vlzi()looﬁﬂ-‘)()loa_x

hly,| cl0 0 -1 0oy, 0 -1 0 0| 0w,

00 0 -1) ¢t -1 0 0 0) 9%

. vy vy
o ox (11-42)

%"}’; v,

0 0 0 -j) oy, 00106‘9\;1

+J_oo;‘oEH_ooo—lE

0 j 0 0|9 -1 0 0 0|9y,

—j 00 0) o 0 10 0) 02

o, Wy

oy 0z

or again, in a more condensed manner, under the form of a partial derivatives equations system

of 4 equations, after putting n = % ;

n, = W, _l_ja\lfa +8\V3 +ja\llz

o(ct) “ox oy 0z
. 0 .0 0 .0

n, =j \|/1_|_J Vo \|/2_J Vs
oct) ~ox oy 0z

__i 0y, 0y, 0Oy, .0y,

We="I5ey Vox oy Ve

_i 0¥ 0y, +8\V0 +j8\|11

Yooy Tox Ty e

(11-43)

ny,; =

These equations show that the 4 quantity associated with the wave of material v interact,
without it is possible to specify in a clear and detailed manner the physical nature of their
interaction. The representation in terms of spinors provides a rigorous framework on which are
based of multiple developments, but the notion of spinor remains abstract, despite the important
efforts of the scientific community to give concrete illustrations.

15


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

DIRAC bi-spinors

In the previous chapter, we concluded that solutions of the Dirac equation are presented

in the form of a quantity with 4 components:

Yo
V1
V2
V3

A careful review of the system of Dirac:

n, = oY, +ja\l’3 +@\|/3 +ja\Vz
o(ct) OX oy 1574

. 0 .0 0 .0
n, =] Wy +j \ Wz_l VE
o(ct) OX oy 0z

_ o0y, Oy, Oy, 0y,
We="5ey) Tox "oy ez

n, =—j A _ja\Vo +6\|!0 +ja\l’1
o(ct) OX oy 0z

(IN-1)

(11-2)

shows that these solutions can be grouped by 2 in a behavior with analogies. To display these
analogies, it is opportune to introduce the system in a slightly different arrangement:

o .0 0 .0
J&:n‘lfo_] Vi \|f3_J Y,
o(ct) ox oy 0z

j A =W1_j6wz LoV, +j8\v3
a(ct) ox oy oz

. 0 .0 0 .0

i ) =Ny, - j Vi _ \|/1_J Yo
o(ct) ox oy 0z

j oy, S MW, " W, +j oy,
o(ct) OX oy oz

Therefore, if we put:

(111-3)

16
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Vo

y=| :(‘Pj with (pz("")J and X:(“’ZJ (111-4)
v, X WV, V3
Vs

Dirac system breaks down into two coupled systems:

a o o0
J@(q\;:j _ n(:f]:]_j iizjg 8x_28y (xzj (111-5)
ox oy 0z
2 0@
ol (5 7V

in which it can be shown that the quantities to both ¢ and y components behave as mathematical
objects known as spinors.

A relief of writing is proposed by calling M the matrix:

2 00
_ 0z oxX oy i
M Ji ji ) (11-7)
0 oy 0z

oet) (111-8)

or still:

o) k)
oct)lx) (M —mAx

In the absence of additional assumptions, it is impossible to go forward in the writing of

the cross-relationships between two spinors.
On the other hand, we can seek special solutions with a temporal dependence in exp(-

jot) with a total energy E =, hence a time in dependence exp [— j%tj.

17
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It is important to note that the j which appears in the exponential has nothing to do with
the complex representation of a physical wave in cos(wt). Its physical meaning already
discussed in chapter I, will be detailed in the following chapters.

After taking account of the time derivation in the relationship (111-9), the coupled spinors
system has the form:

-6

. : mc
or again taking account of n = Y :

2
g P |- M M e (111-11)
X AicM —mc” \ %
A rigorous writing should reveal the 2 dimension identity matrix multiplied by n for the
relationship (I111-10) terms and the terms in mc? for relationship (111-11). The use wants when

this matrix is implied, as necessary for the coherence of the dimensions, it is not necessarily
indicated for relief of writing.

| - Spinors for a not moving particle

It is possible to show solutions with positive energy that describe the particles of mass m,
and negative energy solutions that describe the same anti-particles mass. To show this property,
we treat the case of immobile particles: if X, y, z are fixed and constant, then the derivatives
with respect to X, y, and z are zero, and the matrix M is zero. We derive from (I11-11):

E@ :(mg | —r:CJ@ (111-12)

or still;

2

E(p) = mc*(¢)
E(x)=-mc?(x)

We identify that the energy associated with the spinor ¢ is equal to its mass energy,
while the one associated with the spinor y is equal to its opposite, and thus represents the energy
associated with the anti-particle. We can deduce that the spinor ¢ is associated with the particle,
while the spinor y is associated with the antiparticle. The solution to the Dirac equation, which
includes two spinors simultaneously, allows to describe both the behavior of the particle and its
antiparticle.

(11-13)

In a very general manner, any spinor ¢ can be decomposed on the canonical basis in the
following manner:

18
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ot

where the two independent spinors of the canonical basis are related to two possible spin for an

1
electron States. The practice is that the spinor (Oj is associated with the state of spin said «up»

0
(1), and the spinor (J is associated with the state of spin said «down» ().

As for the particle with negative energy, we adopt the following decomposition:

x=[$2j=wz@+w3® (111-15)

and identify the two spin states described above.

Gathering these partial results, we can represent four distinct states of the DIRAC bi-
spinors in the frame where the particle is at rest:

Particle at positive energy in spin "up".
"Particle at positive energy in spin "down".
Particle with negative energy in spin "up".

Particle with negative energy in spin "down".

<
o
P OO0 OPr OO0 OO0 rr o O © o

Il - Spinors for a particle in motion

When the particle is moving, the matrix M is not null, and we use the relationship (I11-11)
called for memory:
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? M
g ? || M M e (111-16)
X AcM  —mc” \ %
This relationship shows that two spinors interact and that they are not independent of

one another. As a necessary consequence, we can think that particle and antiparticle form a
whole, and that one cannot move without the other is associated with this movement.

It comes, developing the matrix relationship (111-16):

E(p) = mc? (@) +cM(y)

E(x) = cM (o) — mc?(x) (111-17)
or still
(E-me? o) = reM(y)
(E+mc?)x) = hieM (o) (111-18)
or still:
((P): E—hr(;cz I\/I(X)

(111-19)
(x)= e M((p)

"~ E+mc?
These relationships indicate that in the special case where we fit, that is to say in the
. . o .E
case where the 4 elements of the Dirac bispinors have a time in dependence exp (— JE tj , from

the knowledge of one of the spinors, we can deduce the other.

It is possible to develop a more advanced formalism of relations (I11-19) above. We
must take again the matrix M and describe it on the basis of the PAULI matrices called for
memory:

bo el el
c, = G, =| . G, = (111-20)
10 j O 0 -1

It gives:
o 00
1 —j 1
M=—j 02 x oyl o0 ) of0 - oft 0 (111-21)
Qﬂ-ﬁ 0 ox\1 0) oylj 0) azlo -1
oX oy 0z

We introduce by substituting the partial derivatives (I111-21), the operator pulse of
quantum mechanics, whose three components are explicitly:
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R ., O R G, R .. O
px :_Jha_x py :_Jha pz :_Jha (“I-22)

This allows to present the M matrix in the form:

C1f (0 1) (0 —f) (1 0 _
w2 4l ol )

It follows an abuse of writing that would give cold sweats to more than a teacher of
mathematics:

We call:
0 1
o
0 -]

(j 0] (111-24)
1 0
-

a "vector" containing the three PAULI matrices, and:

Qi
I

(111-25)

ol
I
|
N
St

a "vector" which represents the pulse operator of the quantum mechanics.

Therefore the relation expressing the matrix M (111-23) may come under the following
condensed form, using the usual formalism of the scalar product between two vectors:

M = (111-26)

ai
= "01

We can deduce the condensed writing which expresses the relationship between the two
spinors which constitute the solution of DIRAC, in the event of a time in dependence

E.).
exp[—JEtj ;

= 1
E—mc (111-27)
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By substitution of one relationship in the other, for example the second in the first, we
obtain:

_ &pc  &pc _ (5.pc) -
O e Erme? P B (11-28)

Using the property of the PAULI matrices whose square gives the identity matrix, yields

finally:
0)=—"L () (111-29)
E? —(me? )
This relationship will be checked only if:
(Be) = E? —(me?f (111-30)
or again:
(pe)’ +(me?) =E? (111-31)

This relationship confirms the consistency of solutions expressed with relativistic
energy conservation, but also with the possibility of solutions with negative energies of the

form:

E = ++/(pc)’ +(mc? ) (111-32)
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IV

Spin ¥ of the electron

The solution in terms of spinors mentioned in the previous chapter suggests that there is
within the electron something that spins, without knowing precisely what. We will therefore
focus in this chapter on the kinematics of rotation, and try to put in relation with the solution to
the system of DIRAC.

| - The concept of anqular momentum

For a material point of mass m, located in M, and moving around an origin O, the kinetic
momentum that will be designated by L is expressed as the pulse momentum:

L = OMAp = OMAMV (IV-1)
It is a vector quantity which is brought by the axis of rotation.

If one denotes by x, y, z, the components of the position vector, and px, pypz the
components of the momentum vector:

X Py
OMi=|y 5=, (IV-2)
z P,

we get the components of the angular momentum in the form:

I-x =YD, _Zpy
L, =zp, —Xp, (Iv-3)
L, =Xp, —YP,

The transition to quantum mechanics imposes one overrides the "position™ quantities
and "quantity of motion™ with operators "position” and "quantity of motion", which allows to
define the components of the angular momentum operator in the form:

—
=

Il
<>
he))
N

|

N>
b el
<

(IV-4)

|
Il
N>
>
|
>>
o
N

x

—
N

I

X
h e
<

|
<
o
x
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where the definition of the position and pulse momentum, applied to a wave function v
operators is recalled below:

. oy A ., Oy . . Oy
=—jh— P =—Jh— w)=—jp—
X(w)= Xy §(w)=yw 2(y)=2y

The description of the above angular momentum operator allows to treat without
problem the orbital angular momentum of a particle of mass m which revolves around an origin,
but she is distressed to describe the angular momentum of spin. This is an internal movement

to the particle which is poorly known and we don’t know how to express it in terms of the
position and momentum operators.

To overcome this difficulty, it was necessary to look for a property of the kinetic
moment which do not involve the position and momentum operators, and that contains
sufficient information to describe the rotation.

This property is constructed from a function called switch whose we can give the
following definition in quantum mechanics:

If A and B are two operators, the switch of A and B is defined by:
[A,B]=AB-BA (1V-6)

For example, we can show that the operators position and speed applied to a wave
function do not switch, which is to say that these two operators switch is non-zero:

{X, %}(w) - X(%J - % (xy)= X(%) —y- X(%) = -y (IV-7)

If we built switches of angular momentum operators (IV-4), they have the following

property:

0.0, fw)=(0,0, - 0,0, )= L, (v)

L0 Jw)=(L,L, LL)( )= L, (v) (IV-8)
L, L )= (6,8, ~L.L, )= i ()

The demonstration is obtained directly from the definition of angular momentum
operators (IV-4). On the example of the first line of (IV - 8) yields successively:

[ __in| y¥_, 0¥ | __inl 0¥ _ v -
L, (v) jh[yaz z j L, (v) jh(z v X@Zj (Iv-9)
L (C __p2l Ol oy 0w of 0w oy -
y(LX(W)) ¢ {Zax[y 0z Zay] X@z(y 0z Zay]} (IV-10)
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2 2 2 2
L, (L, )= n2lzylY 2 OV OV O g OV (IV-11)
oXozZ oXxoy 0z oy ozoy

and by reversing the order of operators:

P (L )= n2dy Q7Y OV, 0(,v oV i
LX(Ly(\p)>_ h{yaz[zéx Xazj Z&y(zéx X@zj} (IvV-12)

- (e Oy dy L,y Dy
(L (p))=n2dy QY 4 yz 0V OV 2 0V IV-13
(6 w) {yax Vooar ¥t ayax  Cazay V)

By subtraction of (1V-13) from (I\VV-11), yields the result presented in (IV-8):

L, 00)- L, (L )= n2y X x L, (1V-14)
OX oy

The property (IV-8) no longer depends on the position and momentum operators. Even
if the image should be taken with care, one has somehow built a system of three equations and
three unknowns which presents for these unknown similar properties to those that are generated
by relations (IV-4) that define the angular momentum in quantum mechanics.

Il - The spin angular momentum operator

The reasoning of the previous paragraph has enabled us to clarify the relationships that
define an operator of angular momentum for a wave function y. This operator is defined from
the relationships of commutation recalled to memory:

IC. 8 Jw) =8, - 4,8, Jw)=]
L.LJw)=(C, )(w=

L, L Jw)= (yz £, )i ()

A

|_>
|_>

>
>

A

>

\y
\|1

[_>
|_)
|_)

(IV-15)

|
|_>

Solutions issue from the formulation of DIRAC appear in the form of spinors, that is to
say in the form of a mathematical being containing two wave functions. In the previous chapter,
we showed for example that the solution to positive energy was represented by the spinor:

_ (‘l’o} (1V-16)
Y

The question that arises is: how can we generalize the (IV-15) relationships that define
the operator of angular momentum for a wave function, in order to define an operator of angular
momentum for a spinor that contains not one but two wave functions?

In other words, if S is one such operator, we want to be able to write:
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| (
5.5 J0)= 6.5, - 8.8, ko) = inS, (o) (IV-17)
[ ;

or still
5.8V )-65, -85 ("’j _ ,hé{“’o]
A1 "8 8
5.5V :(géx_éxé{“’o}jh@,y("’o} (IV-18)
; A2 vV, A
5,8,V =68, _ss("’j _ JhSX(WOJ
. \" v, A

It appears that operators éx , éy , éz can no longer be defined as simple operators used for

a single wave function: they must be made by a matrix 2 X 2 of operators and these matrices
must check the characteristic relations of angular momentum operators:

€. 65,550,
5,8.]-63 -8, s )=in8, (1v-19)
FAR

The PAULI matrices, mentioned below for memory, are good candidates for this role:

01 0 —j 1 0
0 T V) B t o
20)

By multiplying by the quantity h, the first switch (IV-19) is written:
0 (0 1), (0 -] 0 —-j)..(0 1
6, ho,|=h Jh —h jn
10 0 j o 10
-jyo 1
] O -j 0 1 0
[ho,, 15, | = 1? . : = 2jh?
0 J 0 j 0 -1

or still:

[ho,, 1o, | = 2jh(ho,) (IV-22)
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We don’t find exactly the relationship of switching expressed in (IV - 19), since there is
a factor of 2 which takes place. If we want to find exactly the relationship that defines the
components of an angular momentum, we must necessarily introduce a factor % in the PAULI
matrices. It is this factor that will induce the spin % of the electron.

In summary, the components éx , éy,éz sought, and which therefore verifies (IV-19), are
as follows:

~ B h(0 —]
S ="g. =2 IV-23
Y 262 Z(j OJ ( )

~ K n(l O
S,=—0,=—
2 2\0 -

If we have well advanced in the formalism for describing the spin angular momentum,
we are away considerably from its physical meaning. The passage, which seems obvious, from
relations (IVV-3) to (IV-4), is a passage where relations (IV-3) have a real physical meaning,
while relations (IV-4) have already no more because they are supported by operators. Their
generalization to spinors even increases the level of abstraction, and distance with the physical
representation of the angular momentum that is used in classical mechanics.

11 - The interpretation of the angular momentum in terms of rotation operator

The description of rotation takes meaning only if it allows to specify the angle of
rotation. We will therefore focus in this part to show how one can express this angle on the
basis of the elements that were used to characterize this rotation in the preceding paragraphs,
and in particular the components of the angular momentum.

The problem is not simple, because it is necessary to characterize not a classic rotation
in a three-dimensional space, but a rotation operator that acts on a wave function v in a first
time, and on a spinor ¢ with two components in a second time.

We must first establish the matrix of a rotation of angle 6 in an Euclidean space, whose

axis is chosen arbitrarily toward Oz. This rotation belong to the xOy plane, and we represent
below the rotation between two points M and M’ with coordinates M(x,y) and M'(x',y").
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v

Figure (IV-1): Rotation in the xOy plane

The relationship between the coordinates (x,y) and (x'y') may be established
geometrically as follows:

X =T1.C0S ()
y =r.sin () (1V - 24)

x'=r.cos(¢") =r.cos (6 + @) =1 (cos (8) cos () - sin (0) sin (¢)) = x.cos (0) - y.sin (0)
y' =r.sin(@") = r.sin (0 + @) =r. (sin (8) cos (¢) + cos (0) sin (¢)) = x.sin (8) + y.cos (0)
(Iv-25)

or still with a matrix written in three dimensions:

X' cosO —-sin® 0)x
y'|=[sin® cos® O]y (IVv-26)
z' 0 0 1)\z

For an opposite angle rotation - 6, the matrix is obtained by changing the sign of sinus:

X' cos® sin® 0) x
y'|=[-sin® cos6 Oy (Iv-27)
Z' 0 0 1\z

In the description of the rotation operator applied to a given function, if we assimilate
the function to an object to make a concrete representation, a rotation of the axes to the right
can be considered a rotation equivalent of the object to the left.

For an operator of angle rotation 6, everything happens as if the coordinates used by the
function were under a rotation of angle - 6.

Taking into account these elements, we can specify what is the rotation operator applied
to a function y, and we will adopt the following definition for an Oz axis rotation of angle 6
and applied to a wave function y:
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R,oW(X,Y,2) = y(X',y',Z) (IV-28)

In this relationship, in accordance with the previous comments, we use the
transformation of coordinates (1VV-21).

The next step is to establish a link between this rotation operator, and the angular
momentum operator L = (L,,L,,L,)whichwas used to characterize the movement of rotation

in (IV-4), inspired from relations (I1V-3) of classical mechanics. This link will be formalized in
a first time, for an infinitesimal rotation.

Starting from the definition of the operator rotation (1V-28) given above:
R, oW(X,Y,2) = y(X.c0S0+Y.5in 0,~Xx.5in 0+ Y.C05 6, 2) (1V-29)

the introduction of the developments limited to first order of sin (8) and cos (0) leads to the
infinitesimal rotation operator of angle 66:

R, WX, Y,2) =y(X.+Y.80,~X.50 +Y,2) (1IV-30)

Making use of the development limited to first order of a function of two variables x
and y which vary from an infinitesimal amount respectively equal to € and n:

of(x,y) , of(x,y)
o oy (IV-31)

f(X+ey+n)=Ff(X,y)+¢

the infinitesimal rotation operator (1\VV-30) goes in the form:
- oy oy

R,V (X,Y,2) = y(X,y,2) + y(se)a—x—x(ée)@ (IV-32)

It is interpreted using the operators "position” and "pulse” recalled to memory below:

A ., Oy A ., Oy . ., Oy
()= xy Y(w)=yw 2(y)=12y
to give the following expression:
- 00 (nn an
R, (x,Y,2) = w(x,,2) =]~ (%, =9, Jn(x.y.2) (IV-34)
We recognize the operator of angular momentum (1V-4):
L, =%p, -9, (1V-35)

We deduce the expression of the infinitesimal rotation operator around Oz axis and
angle 6, applied to a wave function y, depending on the angular momentum operator:
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R .00 ~ ~ .00~
R0y, =0y - S Ly (x.2) ={|—J; Lz}w(x,y, 2) (1V-36)

where 1 denotes the identity operator.

We can now deduce the intrinsic expression of the infinitesimal rotation operator:

R,s =1— j% L, (IV-37)
This relationship can be generalized to a rotation of angle 6, in any of several ways. One

of the simplest is to divide this angle by an integer N, which tends towards infinity: we can
assimilate the infinitely small angle 460 in the relationship (IV-37) with the angle 6/N.

~ ~ 1(.0~
R ,=I-—]]—L 1V-38

One then writes that for a rotation of angle 0, we must applied N times the infinitesimal
rotation of angle 6/N:

A - Y (o100
RZB:(RZ’EJ =(I—N(1ELZJ) (IV-39)

And we can now write a transition to the limit:

N 1 9 N
R,o = HLQ[FA*LGJ = m(i—ﬁtj%tzﬁ (1IV-40)

N

Using the known result:

N—co

lim (1+ %) =exp(X) (Iv-41)

we finally get the expression of the rotation of axis Oz and angle 6 operator, according to the
angular momentum operator L, :

R,o = exp[ j% f_zj (1V-42)

It remains to conclude this chapter, to generalize this operator to rotation of spinors
which are functions of waves in two dimensions.
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It has been shown above that the operator L= (IA_X , I:y, I:Z )should be replaced by a matrix

operator éz(@x,éy,éz) able to act on mathematical two-dimensional beings, and that this
operator is inferred from the PAULI matrices following relationship (1VV-23) called for memory:

N i A0 1
x —A01=7
2 21 0
~ h h(0 —j
S ="6., =— 1VV-43
v =59 2(1' oJ (IV-43)
R f Aafl O
:=703=7
2 2{0 -

The operator of rotation of axis Oz and angle 6, able to act on a spinor, therefore has the
following form:

R,o = exp( j%ézj (1V-44)
or still:

. o(1 0

R . =exp| j— I\V-45

From a practical point of view, we can rarely put any exponential matrix in the form of
a 2 X 2 matrix whose each term is exactly known. We may nevertheless obtained an
approximate solution using the development in series of the exponential function. For any
matrix M, this gives:

© Mk M2 M3
eXp(M):ZF:]""M"'?"'?"'"" (IV'46)
k=0 H H H

However, it is possible to obtain exactly the operator matrix of the rotation around the
main axis Ox, Oy, and Oz.

Operator of rotation around the Oz axis:

The operator matrix is diagonal, which allows to give the explicit form of the
exponential matrix:

e i9 0 cosS 0 jsin 0 0
. (1 oY) |ZPU7 2) BN G
2 2 2

(IV-47)

Operator of rotation around the Oy axis:
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_ 0a ) 00 —j))_ (60 1 _
Ry’e_eXp(J%Sy]_eXp[JZLj Ojj_exp[z(_l OD (Iv-48)

The particular shape of the 2 X 2 matrix allows to show that series of the exponential
expansion gives the development in series of cos and sin functions in terms of the Matrix result
following the relationship:

A =( 0 xj e0(A) =( cos(x) sin(x)} (V-49)

-x 0 —sin(x) cos(x)

Yields the expression of the operator of rotation about the Oy axis:

ol
ool ot

Operator of rotation around OXx axis:

. 0. (0 1
R,,=¢ =S, |=e — IV-51
o=o9(1%5, Xp(lz(l OD (v-51)

As in the previous example, the particular shape of the 2 X 2 matrix allows to show that
the series of the exponential expansion give the hyperbolic functions cosh and sinh series
expansion in the terms of the Matrix result following the relationship:

A (0 xj o0 (A) = (cosh(x) sinh(x)J (IV-52)

x 0 sinh(x) cosh(x)

(IV-50)

Yields the expression of the operator of rotation around Ox axis:

.0 .0 o) .. (6
chl j=| sh| j= cos| — | jsin| =

R,=| o2 2/ \2 2 (IV-53)
' .0 .0 .. (O 0
sh{ j=| ch|j= jsinf —| cos| —
2 2 2 2
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V

Covariance of the DIRAC equation

The DIRAC equation on which we relied to establish the system of differential
equations has the form:

j{v{%) + n(%} + Y2[%j + h(%ﬂ(\v) = m,_f “(v) (V-1)

By adopting the notation:

xXO=ct,x'=x,x’=y,x*=z (V-2)

we can condense the writing of (\V-1) using the summation over indices rule:

.0 myC _
(”uax_“‘ h j‘V(X“)=0 1=0123 (v-3)

It turns out that this equation is covariant, it means that she keeps the same shape when
changing frame as it is given by special relativity. The demonstration, a bit laborious, may be
found in references.

The invariance of the laws of physics by change of frame is probably the most important
criterion on the general validity of a physical law. It can be summarized as follows:

Let us consider a frame in which the DIRAC equation is written in the form (V-3) above.
If we change the frame, it will induce a change of spatial coordinates and time x* in each of the
spacetime points that will become x'; and this will induce a change in the wave function v
which will become .

The invariance of the laws of physics by frame change requires that the DIRAC equation
is written in the frame (R"), under the form:

cw 0 MCY L )
(w T jw (x*)=0 (V-4)

Another very general law of physics is the law of local conservation. It expresses the
fact that when a physical quantity evolves in time and space, the conservation of this quantity
is expressed using a four divergence equal to zero. One of the best-known examples is the
conservation of the electric load that is obtained from the four-vector current density (pc, jx, Jy,
jz) under the form:
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- 6. -
U + Ay + A _ 0 (V-5)
act) ox oy oz

It is possible to show that there is a quantity kept by the solutions of the DIRAC
equation, and this quantity is called current of DIRAC in reference to the relationship (V-5)
above.

If we call J this quantity, the condensed writing of a four-divergence equal to zero is as
follows:

0
MJH =6uJ“ =O (V‘6)

A few non-trivial manipulations detailed in many courses allow to switch from the
DIRAC equation into the following relationship:

a)% (Fr'w)=0 (V-7)
in which:
10 0 O
vl =livivivil g o D) o [FWevicviov:) v
0 0 0 -1

From (V-6) and (V-7), we can deduce the four-vector current of DIRAC:

I =yyty (V-9)
where y* represent matrices of DIRAC introduced in chapter II.

We can give the explicit expressions of each of the components of the four-vector J*
representing s the DIRAC’s currents:

index component 0:

10 0 0y, Vo
_ « « « 01 0 0wy R 1]
3 =yy’y = (WO’WI'_WZ!_\VS 00 -1 0 Wz = (\VO’Wl’\VZ’\VS \Vl (V-10)
00 0 -1lv, v,
3 = WoWo +WiWs VoW, + oy (V-11)

index component 1:
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0
1_—1 *ox * * 0
P =ty = (v vi v v 1

-1 0
I = WaWo +WoW, H WL, + Wy,
index component 2:

0 0
2 — 2 * * * * O 0
J* =y w=(\vo,w1,—w2,—w3 0 j

_j 0

= Jwawo —Jwows + Wi, — jwovs

index component 3:

0 0

3_—.23 * * 0 0
J ZWWZ(WO,%—WZ,—WS

-1 0

0 1

3 = WoWo —WaWs + VoW, — Wi
Hence in summary:

3% = WoWo + Wiy + WU, + oy
N A A VATARRVATA
N A e (AR AT (TS
3 = WoWo —WaWy +WoW, — Wiy,

© O = o o o r o

o O O B+

o O o B+

Yo
Y
V2
Y3

Yo
L4
Y,
Y3

Yo
Y
VY,
Y3

Yo
Vi
V2
Y3

= (v v i v

= (jys—ivs, vl —iv;

Yo
Y
VY,
Y3

= (3 —wiwmvi

(V-12)

(V-13)

)

Vi (V-14)

v,

V3

(V-15)

(V-16)

(V-17)

(V-18)

The J* represent the density currents of probability of presence of the particle.
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Second part

Energy approach of Dirac
equation and Its exact
solutions In Cartesian

coordinates
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VI

Stationary modes

In a general manner, one presents the possible solutions to the DIRAC equations under
the form of plane waves of the type:

w(x,y,z,t) = Aexp [j(mt—RF)J (VI-1)

This relationship is characteristic of a wave which propagates to the angular frequency

o and along the wave vectork . It does not describe exchanges of energy such as those that can
arise in an electromagnetic cavity for example. It is also subject to question about the number

j=~/—1which is present and has nothing to do with the complex formalism usual for the
description of waves.

We may think to put into evidence stationary modes by summing two or more travelling
solutions, but solutions (VI-1) to DIRAC system are never fully explained, which makes this
possibility inoperative.

We have therefore to formalize a method of searching for stationary solutions to the
DIRAC system recalled to memory:

= j MW, +ja\V3 +8\|13 +ja‘lf2
o(ct) ox oy 0z

o, .0 .0
ny, =j YV, +j Wz_a\Vz_J Vs
o(ct) ox oy 0z

. 0 .0 0 .0
n, = —j Vs —j VY, oy, 0V,
o(ct) OX oy 0z

nw, =—j oy, _ja\Vo +6\V0 +jﬁ‘lfl
o(ct) oXx oy 0z

NMVYo

(VI-2)

and we hypothesize that any wave function can be written as a linear combination of stationary
modes which may be present in a three-dimensional cavity:
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¥, =1a,S,S,S, +b,S,C,S, +¢,C,S,S, +d,C,C,S, +€,5,S,C, +f,5,C,C, +9,C,S,C, +h,C,C,C, |C,
+§i,8,8,8, +155,C,S, +k,C,S,8, +1,C,C,S, +m;S,S,C, +n,8,C,C, +0,C,S,C, +p,C,C,C,

v, ={8,8,8,S, +bS,C,S, +¢,C.S,S, +d,C,CS, +eSS,C, +£S,.C,C, +9,C,S,C, +h,C,C,C,IC,
+{iS,S,8, +iS,C,S, +kC,S,S, +1,C,C,S, +mS,S,C, +nS,C,C, +0,C,S,C, +p,C,C,C,J5

v, =18,5,5,8, +b,S,C,S, +¢,C,S,S, +d,C,C,S, +€,5,5,C, +,5,C,C, +9,C,S,C, +h,C,C,C, |C,
+{,5,8,5, +,5,C,S, +k,C,S,8, +1,C,C,S, +m,S,S,C, +n,S,C,C, +0,C,S,C, +p,C,C,C, 5,

Vs = 8,5,8,S, +b,S,C,S, +¢,C,S,S, +d,C,C,S, +€,5,5,C, +£5,C,C, +9.:C,S,C, +h,C,C,C, |C,

+{is,8,8, + j3sxcysxz erk:cxsysz + I3CXCij +ym:sxsyéz y+ r;sxcyxczy+ ggcxsyxczy+ ;acxcycz t
(VI-3)
In this definition, the following abbreviated notation has been used:
Sx =sin (kx X) Sy = sin (ky y) Sz = sin (kz z) St = sin (k: ct) (VI-4)
Cx = cos (kx x) Cy = cos (ky y) C; = cos (k; z) Ct = cos (k: ct) (VI-5)

The wave vector is represented by its kx, ky, k; components, while for a homogeneous
notation and consistent with relativity, the product wt has been replaced by the expression k:.ct,
which allows to highlight the two four-vectors:

k)(
y Ky
4-vector position: 4-vector wave: Kk (V1-6)
Z z
Q)
ct kt =
C

Coefficients aj, bi, ci, di, &, i, gi hi, ii, ji, ki, li, mi, ni, 0i pi, fori =0, 1, 2, 3, are real or
complex constants that weigh each of the modes and will serve as an unknown in the search for
the wave functions yo, 1, y2, wasolutions of the DIRAC system.

This leads, for each equation of the DIRAC system, to express the partial derivatives of
the wave functions yo, y1, w2, yzand to formulate a homogeneous system of 16 equations for
the coefficients aj, bj, ci, di, i, fi, gi hi, 1i, Ji, Ki, li, mi, ni, 0i pi . The obtained global system will
therefore be a homogeneous system of 64 equations with 64 unknowns.

Calculations are a bit laborious but without difficulties. They are presented in their
entirety in the following lines where we remember having put ki = w/c.

38


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

First equation of the DIRAC system: j Vo +j Vg + Ak +j v,

o(ct) ox oy 0z
0,

o ik {80S,8,S, +b,S,C,S, +¢,C,S,S, +d,C,C,S, +€,S,5,C, +£,5,C,C, +9,C,S,C, +h,C,C,C, 5,

+ K fi0S,S,S, + 165,C,S, +K,C,S,S, +1,C,C,S, +m,S,S,C, +Nn,S,C,C, +0,C,S,C, +p,C,C,C, [C,

Ja\uﬁi
oX

+ 5k, §i,C,S,S, +sC,C,S, —k,S

x~yYz
a;’; —k,fa,S

-ny, =0

- jk, {2,C,S,S, +b,C,C,S, —¢,8

s,8,-d,S,C,S, +e,C,S.C

xOyz x~yz xOy z+fSC c,C _g3SxSyCz_h3SnyCz t

x~2y~z

5,8, -1,5,C,S, +m,C,S,C, +n,C,C,C,-0,S

s,C, - p:S,C,C,

xPy~z

Cc,S,-b,S,S,S

.C,S,-b,5,S,S, +¢,C,C,S, —d,C,S,S

«CyS, S5, +e,5,C,C, -1S,S,C, +9,C,C,C, -h,C,S,C,C,

xYy>z xXTy“Tz
k, fi;S

Oy, .
—= = jk,@,S,S,C
Jaz Jz{z

xPy~z

.C,S, — 55,8, +k,C,C,S, -1,C,S,S, +m,S,C,C, —n.S,S,C, +0,C,C,C, - p,C,S,C,

x~y~z

+b,S,C.C

.C,C, +¢,C,S,C, +d,C,C,C, —&,5,5,8, ~f,S

c,s, -9,C,S,S, —h,C,C.S, [C,

x~yz xPyYz

+ 5k, 1i,5,8,C, +,5,C,C

x2y~z

+k,C,S,C

S,C, +1,C 8,8, —n,S
Mo =120S,S,S, +boS,C,S, +¢,C,S,S, +d,C,C,S, +€,S,5,C, +f,5,C,C, +9,C,S,C, +h,C,C,C, [C,
+1{iS,S,S, +§0S,C,S, +K,C,S,S, +1,C,C,S, +mS,S,C, +1,S,C,C, +0,C,S,C, +p,C,C,C, 5,

(VI-7)

c,C,-m,S

x~2y~z

Cc,S,-0,C

x~y“z

s,S, —p,C,C,S,

xPyYz

We can deduce the homogeneous system associated with the first equation of DIRAC
system:
- jka, = Jk, ks - kij - jk,m, —mi; =0
— jkby — jK, I + kyis —jk,n, —nj, =0
- jktCO + jkxi3 - ky|3 - jk202 _leo =0
— jkdg + jK, s + kyka —Jk,p, —mly =0
— Jk&y — JK, 05 — kyns +jk, i, —mm,; =0
- jkfy = jk,ps + kym3 +JK,j, —mn, =0
- Jk g, + Jk,m; - kypS +jk,k, —mo, =0
— jkihg + Jk,ng + kyoa +Jk,l, —mp, =0
jktiO - jkaS - kyb3 - jkzez —na, = 0
ikiJo — Ik, ds +kyas — jK,f, —nb, =0
Jkiko + jk,a; = kyds - jk,g,—nc, =0
Jkilg + Jk, by + kyc3 - jk,h, —md; =0
Jkem, - jk, g, — kyfs +Jk,a,-ne, =0
JKing = jk,hy + kyes +Jk,b, —mf, =0
jktoo + jkxes - kyh3 + jszZ —Ng, = 0 (VI'8)
Jkipy + K, f5 + kygs +Jk,d, —=mh, =0
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Second equation of DIRAC system: j oy +j N, OV, _ J Vs

o(ct) oxX oy 0z
=-jk, {alsxsysz +b,S,C,S, +¢,C,S,S, +d,C,C,S, +¢,S,5,C, +S.C,C,+9,CS,C,+hC,C,.C,5,

-y, =0

j a\ul
o(ct)
+ ik, i:S,S,8, + iS,C,S, +k,C,S,S, +1,C,C,S, +m,S,S.C, +n,S,.C,C, +0,C,S,C, +p,C,C,C,

t

.oy .
ja—xz = jk, {azCXSySZ +b,C,C.S, -¢,S,S,S,-d,S,CS, +e,C,S,C, +f,C.C,C,-9g,5S,C,-h,S,CC,C,
+ jkx{izCXSySZ +J,C,C,S, -k,S,S,S, -1,5,C.S, +m,C,S C, +n,C,C C, -0,5,S C, -p,S,C,C,
]
—52 = —ky{aleXCySZ -b,S,S,S, +¢,C,C.S,-d,C,S S, +e,5,C,C, -f,5,S5,C, +9,C,C,C,-h,CSC,C,

-k, {i,5,C,S, - 1,5,5,5, +k,C,C,S, -1,C,S,S, +m,S,C,C, -n,$,S,C, +0,C,C,C, —p,C,S,C,

y©Yz xPyYz x~yYz xPyYz x~y~z xPy~z xy>z
0y

—j s —_jk,fa.s,8,C, +b,S,C,C

oz x¥y~z X~y~z
— ik, {i:S,8,C, +i:5,C,C, +k;C,S,C, +1,C,C,C, -m;S,S,S, —n,S,C,S, —0,C,S,S, —p,C,C,S, IS,
Ny, =nf@.S,S,S, +b,S,C.S, +¢,C,S,S, +d,C,C,S, +€5,S,C, +S,C,C, +9,C,S,C, +h,C,C,C, |C,
+nfi.S,S,S, +3:S,C,S, +k,C,S,8, +1,C,C,S, +mS,S,C, +nS,C,C, +0,C,S C, +p,C,C,C,J5,

(VI-9)

t

+¢,C,S,C, +d,C,C,C, —&,5

x2y~z

s,S, —f.S

x¥y“z

C,S, -9,C,S,S, —h,C,C,S, [C,

x~yYz x¥y~z

We can deduce the homogeneous system associated with the second equation of DIRAC
system:
- jkia, — jk,k, + kij +Jk,m; —ni; =0
— kb, = jK, I, - kyiz +Jk,n;—nj, =0
—jk.C, + K, i, + kyl2 +jk,0, —mk, =0
— jk.d, + jk,j, =k Kk, + jk,p; —=nl, =0
- jk.&; — jk,0, + kynz — JK,i;—mm, =0
- jk.f; = jk,p, - kymz —JK,j;—mn; =0
- kg, + jk,m, + kyp2 — jk,k; —mo, =0
- jkthl + jkan - kyoz - jkz|3 —-np, = 0
Jkid; = jk,c, + kybz +Jk,e;—na, =0
jktjl - jkde - kyaz + jszS _nbl =0
jkik; + jk,a, + kydz +Jk,g;-nc, =0
Jkily + jk,b, — kycz +Jk,h;—nd, =0
Jkem, - jk,g, + kyfz - jk,a;—ne; =0
jkin, = jk,h, = kyez - jk,b;—nf, =0
jk.o, + jk,e, +k h, - jk,c; —mg, =0 (VI-10)
jkp, + Jk,f, -k, 9, - Jk,d; —mh, =0
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. . . 0 .0 .
Third equation of DIRAC system: — j Yz -] Vi O i WV, -ny, =0
o(ct) ox oy 0z
.0 .
- j% - jk,{2,5,8,S, +b,5,C,S, +¢,C,S,S, +d,C,C S, +€,5,5,C, +1,5,C,C, +9,C,S,C, +h,C,C,C, S,

-k fa,8,8,8, +b,5,C,S, +¢,C,S,S, +d,C,C,S, +€,5,5,C, +f,5,C,C, +9,C,S,C, +h,C,C,C, [C,

Oy .
- ja—xl = —ka{alcxsysz +b,C,C,S, -¢S,S,S, -d S, CS, +e,C,S C, +f,C,CC,-0,S,S,C,-hS,CC,IC,
- jkx{i1CXSySZ +j,C,C.S, -kS,S,S, -1S,C S, +mC,S C, +n,C,C C, -0,SS,C, -p,;S,C,C, 5

oy
- ayl = —ky{alSXCySZ -bS,S,S, +¢,C,C,S, -d,C,SS, +eS,C.C, -fS,S,C, +9,C,C,C,-h,CSC,C,
- ky{ilsxcysz -1S5,5,S, +kC,CS,-1CSS, +mS,C.C,-nSSC,+0,C,CC,-p,CSC,

Oy .
- ja—zo = —jkz{aOSXSyCZ +b,S,C,C, +¢,C,S,C, +d,C,C,C, —¢.S,S,S, —f.S,C.S, -g,C,S,S, -h,C,C.S, [C,
- jkz{iOSXSyCZ +J,5,C,C, +k,C,S,C, +1,C,C,C, -mS,S S, —n.S,C.S, -0,C,S,S, —p,C,C,S, S,

Ny, =nfa,S,S,S, +b,5,C,S, +¢,C,S,S, +d,C,C,S, +8,5,5,C, +,5,C,C, +9,C,S,C, +h,C,C,C, IC,
+n{i,S,5,8, +1,5,C,S, +k,C,S,S, +1,C,C,S, +m,S,S,C, +n,S,C C, +0,C,S,C, +p,C,C,C, S,
(VI-11)

We can deduce the homogeneous system associated with the third equation of DIRAC

system:

Jkia, + jK Ky + kyjl +jk,m, —ni, =0

Jkiby + jk, 1, - kyil +Jk,ng—mnj, =0

Jkic, — K, 0y + kyll +Jk,0, -mk, =0

jkd, = jk,j, - kykl +jk,p —ml, =0

jke, + jk,0, + kynl — jK,ig—mm, =0

Jk.f, + jk,p, — kyml - jk,jo—mn, =0

jkg, — jk,m; +kp, — Kk kg —mo, =0

jkih, = Jk,n; - ky01 =k g —mp, =0

— ki, + jk,c, +k b, + jk,e, —ma, =0

- k., + Jk,d; — kyal + jk,f, —mb, =0

- jkk, — jk,a, + kydl +Jk,g,-nc, =0

- jktlz - jkxbl - kyCl + jkzho _T]dz =0

- jkym, + jK, g, + kyfl - jk,a,—ne, =0

- jkth + jkxhl - kyel - jkzbo - nfz =0

_jktoz _jkxel+kyh1_jkzco -ng, =0 (V|'12)

- jkp, — ik, f; k9, — jk,dy —mh, =0
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Fourth equation of DIRAC system: — j Vs —jaw0 + Wy +j v, —ny,; =0
o(ct) oxX oy 0z

. Oy .
_Ja(cts) = jkt{a3SxSySz +bS,C S, +¢,C,S,S, +d,C.CS, +eS,S,C, +fS.CC,+9,C,SC,+h,C,CC,{S,

— ik §i,8,8,8, +1:5,C,S, +k,C,S,S, +1,C,C,S, +m,S,S,C, +n,S,C,C, +0,C,S,C, +p,C,C,C, |C,

—j%:—jkx{aoc S,S, +b,C,C,S, —¢,S,5,S, ~d,S,C,S, +€,C,S,C, +f,C,C,C, -9,S,5,C, —h,S,C,C, |C,

X x“y>z xy“z x“y“z xy“z x~y~z y~z xSy ~z
- jkx{iOCxSySZ +,C,C,S, —kS,8,S, -1,5,C,S, +m,C,S,C, +n,C,C,C, —0,S,S,C, —p,S,C,C, S,
oy
ay" =ky{aosxcysz -b,S,8,8, +¢,C,C,S, -d,C,S,S, +¢,5,C,C, -f,5,5,C, +9,C,C,C, —h,C,S,C, C,

+K, §i55,C,S, — 105:S,S, +K,C,C,S, —1,C,S,S, +M,S,C,C, —n,S,S,C, +0,C,C,C, -p,C,S,C, 5,

x~yYz x“y“z x~yYz xPy>z y“z x>y y>z
j%:jkz{als s,C, +b,S,C,C, +¢,C,S,C, +d,C,C,C, —e,S,S,S, -f.S,C,S, -9,C,S,S, ~h,C,C S, [C,

x=y Xy x=y y~z

+ ik, {i,S,8,C, +1:5,C,C, +k,C,S,C, +1,C,C,C, -m;S,S,S, —n;S,C,S, —0,C,S,S, —p,C,C,S, S,

x~y~z x>y y~z y“z y“z y>z

nys =nf,S,S,S, +b,5,C,S, +¢,C,S,S, +d,C,C.S, +€,5,5,C, +£,5,C,C, +9,C,S,C, +h,C,C,C,[C,

Xy
+n{i;S,S,S, +1sS,C,S, +k,C,S,S, +1,C,C,S, +m,S,S,C, +n,S,C,C, +0,C,S,C, +p,C,C,C, 5,
(VI-13)

We can deduce the homogeneous system associated with the fourth equation of DIRAC
system:

jkeas + jk ko =k, j, — jk,m; —ni; =0
Jkby + JK, 1y + Kk iy = jk,n, —mj; =0
jkicy—jk,ig —Kk I, - jk,0, —nk,; =0
jkid; = JK,Jo + kKo = jk,p, —ml; =0
Jkes + jk,00 =k ng + jK,i; —mm,; =0
Jkfy+ jk,po +k,my + jK,j, —mn,; =0
Jk.95 = jk,m, - kypo + jk,k, —mo; =0
jkihg = jk,ng +k,0, + jK, I, —mp; =0

— jKidy + jk,co —k by — jk,e, -ma; =0
— JKiJs + JK, o + K@, - jK,f; —mby =0
— jkiky = jk,a, - kydo - Jk,9,-nc; =0
= jk; = Jk, by +k ¢y — jk,h, —md, =0
- jkym; + jk,go =k fy + jk,a, —ne; =0
— jkns + jk,hy +k e, + jk,b, —nf, =0
— k.05 — jK,8, =k h, + jk,c;, —ng; =0 (VI-14)
— jkps — Jk, fo + kng +jk,d; —mh; =0
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The complete system of 64 equations relating to the coefficients ai, b, ci, di, i, fi, gi hi,
ii, Ji, Ki, li, mi, ni, 0i pi. for i =0,1,2,3 can now be summarized on 2 columns:

- jktao - jkxks - kyj3 - jk
— jkby — jK,I5 + kyis —jk,n, —mj, =0

,M, —Mi, =0
— jKCo + jK, i =K I3 = jk,0, =Mk, =0
— jkdy + K, j; + K Ky = jk,p, —mly =0
— jk&y — jk, 05 =k n, + jk,i, —mm, =0
- Jkfy = Jk,ps + kym3 +JK,J; —mny, =0
- Jk g + Jk,m; —k,p; + Jk K, =m0, =0
— jkihg + jk,ng + K05 + K, 1, —mp, =0
Jki, - jk,c5—k by —jk,e,—ma, =0
JKiJo = JK,ds + ka5 — Jk,f, —mb, =0
Jkiko + jk,a; - kyds - Jjk,9,-n¢c, =0
Jkdy +Jk, by +k ¢, - jk,h, —md, =0
Jkem, - jk,g, -k f, + jk,a, —me, =0
jking = jkhy +k e, + jk,b, —mf, =0
Jk0, + jK,85 =K hs + Jk,c, -mg, =0
JKpo + jK, s +k g5+ jk,d, —mhy =0

Jka, + jk,k, + Kk, + jk,m; —=ni, =0
jKb, + jk I =k i; + jk,ng —mj, =0
Jkic, — K,y + Kkl + jk,0, —mk, =0
jkd, = jk, b, —k Kk, +jk,py—ml, =0
jke, + jk, 0, +k n, — jK,i; —mm, =0
Jkf, + Jk,p —kym; — jK,jo —mn, =0
kg, - jk,m; +k p, - jk,ky—no, =0
jkih, = jkn, =k 0, - jk, Iy —mp, =0

— jkd, + jk, ¢, +k b, + jk,e,—ma, =0
— jKiJ, + Jk,d; =k a, + jk,fy—nb, =0
- jkk, - Jk,a, +k,d; + jk,g,—mc, =0
- jkl, = jk,b, =k c, + jk,hy —md, =0
- jk;m, + jk, 9, +k f, — jk,a,-ne, =0
— jkn, + jk,h, ke, - jk,b, —nf, =0
- jk0, - jk. & +k h, —jk,c,—-ng, =0
- Jkp, — jk,f, —k,9, — Jk,dg —nh, =0

- Jka, = jK, Kk, + K J, + jk,m; —mi; =0
— kb, — jk, I, =k i, + jk,n; —mj, =0
- k¢, +jk,i, +K I, + jk,0, —mk, =0
- jkd; + jKk,j, —k/k, + jk,p; —nl, =0
- jk& — jk,0, +k,n, — jK,i;—mm, =0
- Jkf, = jk,p, —k,m, — jk,j; —mn, =0
- Jk9, + jk,m, +k,p, — jk,k; —mo, =0
— jkhy + jk,n, - kyoz —jK,l3—mp, =0
Jkid; = jk,c, +k,b, + jk,e;—ma, =0
JKJy = K, d, —kya, + Jk,fs —mb, =0
jkik, +jk,a, +k,d, + jk,g; —nc, =0
Jkl; + jk, b, —k,c, + jk,hy—md; =0
jkim, - jk. g, + kyfz - jk,a;-ne, =0
jkin, = jk,h, —k e, - jk,b, —nf, =0
jk.0, + jk,e, +k,h, - jk,c;—mg, =0
ikp, + Jk,f, —k,9, — jk,d;—mh, =0

Jkiag + Jk ko =Ky Jo = Jk,m; —ni; =0
jkibg + kg + K iy = jk,n, —=mj; =0
jkic; = jk,i, —k I, — jk,0, —mk; =0
Jkdy = JK, o + kyko —jk,p, —nl;=0
jk&s + jk, 00 =k ng + jK,i; —mm, =0
Jkifs + Jk,po +kymg + K J —nny =0
jk.9; — jk,m, =k p, + jk,k, —mo; =0
jkihs = jk,ng +k,0, + jk, I, —mp; =0
— JKdy + jk,co =k by — jk,e, —ma; =0
— ks + jk,dy +k,a, = jk,f; =mb, =0
- Jkik; = Jk,a, -k dg - Jk,g; —ncy =0
= Jkl; = Jk by +k ¢, - Jk,h; —md,; =0
- jkymg + jk, g, =k fy + jk,a, —ne; =0
— kg + jk,hy + ke, + jk,b, —nf, =0
- Jk,0; — jk,e, —k hy + jk,€, —ng, =0
- jkp; =k, fo + kng +Jk,d; —mh; =0
(VI-15)
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It is a homogeneous system that allows non-zero solution only if its determinant is zero.
But the literal expression of the determinant of a system of 64 equations with 64 unknowns is
not trivial to obtain.

However, one can try to identify it by some physical considerations. If there is a
relationship between Ky, ky, Kz, ki and n which allows to obtain solutions to this system, this
relationship must express the conservation of energy.

It was recalled in the introduction that the pseudo-norm of the pulse energy four-vector:

Py

- | Py

P=|p. (VI-16)
E
c

does not depend on the frame in which it is expressed and it has been shown that its consistency
is used to establish the relationship of conservation of energy:

E? = (pof +(myc? ) = (p,c) +(p,cf +(p,c) +(moc?f (VI-17)

The counterpart in (V1-16) four-vector in quantum mechanics is obtained by multiplying
the four-vector of wave by the barred PLANCK's constant:

0 =k (VI-18)

For the same reasons as before, the pseudo-norm of this four-vector is constant and this
constant is necessarily the rest mass energy divided by c2. We can deduce:

12 (k2 —k2 —k2 —K?) = (m,c)? (VI-19)

or again, by making use of the notation used in the expression of the DIRAC system recalled
in (V-2):

n= m,C (VI-20)
h
ki =ki +kj +k2+n’ (VI-21)

In summary, if DIRAC system has solutions, these must necessarily be consistent with
the equation of conservation of energy (VI-21).
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It is now possible to show that a solution in the form of a linear combination of stationary
modes is solution of the KLEIN-GORDON equation recalled below:

m?c®
hZ

{62 2 & 10 W) V1-22)

ot ——— (W) =
o o o & atz}("’)

Consider a wave function  representing one any cavity three-dimensional patterns
expressed in (V1-3), for example to fix ideas:

v(x,Y,z,t) = Asin(k,x)sin(k,y) cos(k,z) cos(k,ct) (VI-23)
By substituting the function y from (VI1-23) in (VI-22), we get:
(K2 — K2~k + k2 )w) =n?(y) (VI-24)

which suggests that DIRAC system admits solutions in the form of stationary modes provided
that the equation of conservation of energy (VI-21) is satisfied.

Based on these assumptions, it can be shown that the determinant of the entire system
of 64 equations in 64 unknowns has the determinant:

(— kZ +k? +k§+k§+n2)32 (VI-35)

It is concluded definitively that when this determinant is zero, that is, when the energy
conservation equation is verified, there are solutions to the DIRAC system in the form of
standing waves.
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VIl

Exact solutions to the DIRAC system

The previous chapter has allowed to show that there were stationary solutions to this
system. To be convincing, we must be able to clarify them.

A detailed analysis of the system shows that when the determinant is zero, that is, when
the following condition occurs:

ki =k; +k2+KkZ2+n? (VII-1)

the choice of one of spinors is arbitrary, and the other follows.
Taking into account this observation, two tables of solutions have been built for spinors
defined in previous chapters:

(P=(\V0] and x=(W2J (VI11-2)
W, Vs

| - Solutions with a single mode excited on one of the components of spinors

The first table (table VI1I-1) was developed by choosing the spineur.¢ and calculating
the corresponding spinor y to be solution for the DIRAC system. In order to sweep the set of
solutions, the choice of the spinor ¢ has been made by setting the component yo successively
with all the possible modes while maintaining yi= 0, then by setting the component y1
successively all possible modes while keeping now yo= 0.
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The reading of this table is made in the following way: yo and y1 being chosen as a
amplitude for a stationary mode Xo or X1 (X represents any letter included between a and p), y2
and 3 are determined by identifying in each columns the modes related to amplitudes xo or X.

The wave functions expressed in these solutions are dimensionless. From a purely
mathematical point of view, these wave functions may have a multiplicative constant, which
allows to express them in different units. We will use this property later.

Examples are proposed in order to familiarize themselves with the reading of the table
(V11-1). We put for homogeneity of notation, x; = ct which allows to write the term of temporal
phase under the form ot = kixt.

Example 1:

W, =3, sin(k,x)sin(k, y)sin(k,z) cos(k,x, )

v 0 (VII-3)

Vv, =4, I:‘_klz(z sin(k, x)sin(k, y)cos(k,z)sin(k,x, nlji(z sin(k,x)sin(k, y)cos(k,z) cos(k,x,

t t
K, k.k
V,=8,—5— 11 k 5 sin(k, x)cos(k,y)sin(k,z)cos(k,x,) + ja, — ‘ Iy< sin(k,x)cos(k,y)sin(k,z)sin(k,x,)
n’ n’ -

> kxkz cos(k,x)sin(k,y)sin(k,z)cos(k,X,)

+a, %cos(kxx)sin(kyy)sin(kzz)sin(ktxt) -Jja,
t t

Example 2:

Yo =0

v, =a, sin(k,x)sin(k, y)sin(k,z) cos(k,Xx,)

v, =4, anyk sin(k,x) cos(k, y)sin(k,z) cos(k,x,) - ja, k‘k:( sin(k,x) cos(k, y)sin(k,z) sin(k,x,)
n n

t

(VII1-4)

k.k

+a;, — ‘_ sz cos(k,x)sin(k,y)sin(k,z)sin(k,x,) - ja, nzn—l_(xkzcos(kxx)sin(kyy)sin(kzz) cos(k,x,)
t t

W, =1, lz(tkf(z sin(k,x)sin(k,y) cos(k,z)sin(kx,) + jalzLZkzsin(kXx)sin(kyy) cos(k,z)cos(k,x,)
n —K n —K;

Example 3:
v, = b, sin(k, x)cos(k, y)sin(k,z) cos(k,X,)
Y, =0
,=b, k‘k;( sin(k,x) cos(k, y) cos(k,z)sin(k,x,) - jb, kk sin(k,x)cos(k,y)cos(k,z)cos(k,x,)
n T]

(VII-5)

k, k.k
v, =-Db, ? % > sin(k, x)sin(k, y)sin(k,z) cos(k,x,) — jb, . Iy< sin(k,x)sin(k,y)sin(k,z)sin(k,x,)
n n’

t t

+b, nl:tkliz cos(k,x)cos(k,y)sin(k,z)sin(k,x,) - jb, nzn—kxkzcos(kxx)cos(kyy)sin(kzz)cos(ktxt)

t Ry

Example 4:
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Yo =0
= b, sin(k,x) cos(k, y)sin(k,z) cos(k,X,) (VI1I-6)

nk, k.k
v, =D, k ——— sin(k,x)sin(k, y)sin(k,z) cos(kx,) + jb, . :( sin(k,x)sin(k,y)sin(k,z)sin(k,x,)
n’ —k; N’ —k;

K.k,

i

k‘kz sm(k x) cos(k,y) cos(k,z)sin(k x,) + jb, Nk, sm(k x) cos(k, y) cos(k,z) cos(k,X,)
n?

+b, — cos(k,x) cos(k,y)sin(k,z)sin(kx,) - T] kk cos(k,x) cos(k,y)sin(k,z) cos(k,x,)

t

Vv =—b—
n?

The second table (table VII-2) has been developed by choosing the spinor.y and
calculating the spinor ¢ corresponding to be solution of the DIRAC system. As in the previous
table, the choice of the spinor y was made by setting the component 2 successively with all the
possible modes while maintaining ys= 0, then by setting the component 3 successively in all
possible modes while keeping now .= 0.

49


http://patrick.vaudon.pagesperso-orange.fr/

ions

ionary solut

Stat
of DIRAC equation for wo and w1

versus the excited modes y» and

http://patrick.vaudon.pagesperso-orange.fr

N
>
2
3 o
- S
ed €0 €u cw €1 [ el €l €y [ €4 €9 €p € €9 ce (A-b)emh
zd 70 Tu w a [ u 4] Ty 8 U ) wp 4 29 [ (A-U)zh
yUerl- | zrbexl- [ zyrbell- [ zyberl- | zyted [ zyUgol | zyUeul | zybew | z1mel | 21me el Il | 2 Wed- | IIEo- | IWIEU- | 2 EW- Tth
IBIEP- | IE- | ZINEG- | 2 WER- | IBIEY | 2 WES | ey | rwes | rlbepl- [ zybeal- | zybeql- | zyUgel- | eyl | zyleed T | ozl | zybesf
Ayuzo- | Ayurzd | xypbrgdf- [ xyrbzotl-| Ayl | Awbzn [ xoruerl-| sy - [Arwrgo - Arwred T | xymied | xorwizo [ A= | Arsear! | siermrar | e
xypbzul [ xybzwel [ Aybzw- [ Aybzu | xyruell | vzl | Abzi- | Al | osorprzu- | sorprzw- [Arprewe - Arsizul | osorarel- | osorwrg- | Arwrae- | Araeel!
ABICET [ Ay - [ Xwrey- [ xrmzd- | Aol [Armrgp -] xoemize- | xiwiee- | Arugs- | Abrgy | xrbreytl- [ xorbez8 - | Aywbrgo- | Awlugp | xwrbegpl- | xyureal-
XU | I [ Azl Ay | oxoriea | oxormrze [ Arwreel [Arwmeeal- | oxorbegyl | xruzal | Anbgze- | Anuy xyuggl | xyugel | Ayuze- | Axbeq
Ayugo | Aylred- | xybrgd (- [ xyUrgol- | Aybrey [ Anbrer- [xorbrer - xyrbrex = [Anmreo T [ Amred -1 xpied | xy¥mreo | AT [ADIer-| xIrmrer | xIrmrey orh
xpbeeul | xyrbrgwl | Aybrgw | Aybrgu- | xyrucelf | xybeerl | Axbrel AUel- | xormreu- [ oxormrew- [ Ayprewr | Arpreu-| xrmrel- | oxorwrel- | Arwrer! | Arwrel -
ABIES - [ AIBIEUT [ ) WEY- | XOIBIES- | A€ - [ A BIep | xmirep- | xyrwied- | Axbed | Aywlrey- | xyrbey - | xybred - | Aylea | Aylrgp- | xyugpl- [ xybeal-
XUIDIES | Imred [Armrea - Armresl | xrmeq | xiwige [Arwree -l Amregl | xyrbeyl | xybeal | Ayles Arbegy- | xorbreql | xyugerl | Aylege [ Aylreg-
gl | zwuerl | zyuell | zyuerl [ zyuzd - | zybzol- |zybgul- [zybzw - | 2021 | 2 | 2wiel- | 22 | 2wed | 2rmieo | ey | 2w
IWTP | DIV | DI | 2WITe | DI | 2XIWCE- | I | e | rbgpl |zl | zywbegl | zycuzel | zyueyl- | zyuedl- | zybgyl- | zrugel-
1520A0x) | 3520Asx) | 3520A0x%S | 1520ASXS [ 1525A0%D | 352S5ASXD | 3525ADXS | 152SASXS [ 3020A0XD | 1020ASxD | 3020A0x%S | 1020ASXS | 1025ADxD | 3102SASXD | 1025ADXS | 1D2SASXS
d o u w I b [ ! Yy 8 3 C P 2 q e

50


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

As previously, some examples are proposed in order to familiarize themselves with the
reading of the table (VI1-2). It is recalled that we adopted the notation x: = ct which allows to
write the term of temporal phase ot = Kkixt.

Example 5:

W, =a2%sin(kxx)sin(kyy) cos(k,z)sin(k,x,) + ja, nljk sin(k,x)sin(k,y) cos(k,z) cos(k,x,)

t t
K, k.k
v, =-4a, ;1 > sin(k, x) cos(k,y)sin(k,z) cos(k x,) + ja, —— — > sin(k, x) cos(k, y) sin(k,z) sin(k,x,)
n kt n _kt
+a, k‘kL cos(k,x)sin(k, y)sin(k,z) sin(k,x )+ja2?kazcos(kxx)sin(kyy)sin(kzz)cos(ktxt)
n t R

v, =a,sin(k,x)sin(k y)sin(k,z)cos(kx,)

(VII-7)
y;=0
Example 6:
nk, . : _ k
Vo =8, — 2 sin(k,x) cos(k,y)sin(k,z) cos(k,x,) - ja, k2 sin(k,x) cos(k,y)sin(k,z)sin(k X, )
Ry
k K, . nk
+a, > cos(k, x)sin(k,y)sin(k,z)sin(k,X,) + ja; ——— e cos(k,x)sin(k,y)sin(k,z) cos(k X, )
t t
Kk, . . . k
Y, =—a;— & sin(k,x)sin(k,y) cos(k,z)sin(k,x,) — K2 5 sin(k, x)sin(k, y) cos(k,z) cos(k,x,)
TRy
=0
Ve . . . (VII-8)
v, =3, sin(k, x)sin(k, y)sin(k,z) cos(k,x,)
Example 7:
kK, . . nk,
Vo =-h, — 2 cos(k,x) cos(k,y)sin(k,z)sin(k x,) - Pk — = cos(k, x) cos(k, y)sin(k,z) cos(k,x,)
n —K; t
nk

k. k
v, =h, nz—_ywcos(kxx)sin(kyy) cos(k,z) cos(k,x,) — jh, ﬁcos(kxx)sin(kyy) cos(k,z)sin(k,x,)

t t

-h, %sin(kxx) cos(k,y)cos(k,z)sin(kx,) — jh, ;1|_<xk2 sin(k,x) cos(k,y) cos(k,z) cos(k,x,)
t

t

v, =h, cos(k,x) cos(k,y) cos(k,z) cos(k,X,)

. (VII-9)

Example 8:
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nk

k. .k
Vo =-h; ——— 2 > cos(k, x)sin(k, y) cos(k,z) cos(k,X,) + jh, . ly< cos(k,x)sin(k,y) cos(k,z)sin(k x,)
n’

t

-h, nljtkr(z sin(k,x) cos(k,y) cos(k,z) sin(k,x,) - kk sin(k,x) cos(k,y) cos(k,z) cos(k,X,)

t t

Yy, = hsft—kzkzcos(kxx) cos(k,y)sin(k,z)sin(k,x,) + jh, kk cos(k,x) cos(k, y)sin(k,z) cos(k,X,)
n? - _

t t
v, =0

v, = h, cos(k,x) cos(k, y) cos(k,z) cos(k,x,) (V11-10)

Any linear combination of solutions to the system of DIRAC is still a solution of the
system. One can thus construct alternative solutions, of which some examples are given below.

Il - Travelling Solutions

A wave that spreads can be seen as the sum of two standing waves, allowing travelling
solutions from previous tables (table VI-1 and 2).

One can for example choose the following modes, in which we reminded the notation
of the phase time ot = ki Xt :

cos (kx x) cos (ky y) cos (kz z) cos (ki xt) + cos (kx X) cos (ky y) sin (Kz z) sin (kt Xt)

(V11-11)
what gives after factorisation:
cos (kx x) cos (ky y) {cos (kz z) cos (ke Xt) + sin (kz z) sin (ke xt)} (VII-12)
a stationary wave in x, y, and propagative wave along the z axis:
cos (kx x) cos (Ky y) cos (ki xt - kz 2) (VII-13)

The approach is as follows: we write the solution corresponding to each of the modes
we want to add in (VI11-11), which gives for the first mode:

v, = h, cos(k, x) cos(k, y) cos(k,z) cos(k,X,)

v, =0 (VII-14)
v, = jh, n?i(zkz cos(k,x)cos(k,y)sin(k,z)cos(k,x,) —h, nlz(t_kf(z cos(k,x)cos(k,y)sin(k,z)sin(kx,)
t ¢
Y, =-hy—5—— nk, > cos(k, x)sin(k,y) cos(k,z)cos(k,x,) - jh, nk‘kyk cos(k,x)sin(k,y)cos(k,z)sin(k,x,)
k .k t |

—h, 5= sm(k x)cos(k,y)cos(k,z)sin(k,x,) + jh, K, sm(k x)cos(k,y)cos(k,z) cos(k,X,)
n’ - n’ -

and for the second:

v, =, cos(k,x) cos(k,y)sin(k,z) sin(k,x,)

(V1I-15)
Y, =0
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=-jl, l—(k cos(k,x)cos(k,y) cos(k,z)sin(k,x )—IO%cos(kxx)cos(kyy)cos(kzz)cos(ktxt)

t t

k k.k
v, =1, n—k cos(k,x)sin(k,y)sin(k,z)sin(kx,) + jl, e : yk cos(k,x)sin(k,y)sin(k,z) cos(k,x,)

t t

ktklx( sin(k,x) cos(k,y)sin(k,z) cos(k,x,) + jl, kk sin(k,x) cos(k,y)sin(k,z)sin(k,x,)
n’

+1,

We put then: hg = lo = A, we sum term-to-term sum the solutions (V11-14) and (V1I-15),
in order to obtain the travelling solution along z after reduction:

v, = Acos(k,x)cos(k,y) cos(k,x, —k,z)

Y, =0

v, =JA ;’]
n

ljzkz cos(k,x)cos(k,y)sin(k x, —k,z) - A l;t_k:(Z cos(k,x)cos(k,y) cos(k,x, —k,z)

t t

nk ) . kk . .
W, = —Anz—ykzcos(kxx)sm(kyy) cos(k x, —k,z) + jA 2‘ ykz cos(k,x)sin(k,y)sin(k,x, —k,z)

TRy TRy

+A l;thkz sin(k,x) cos(k, y)sin(k,x, —k,z) + jA?Lszsin(kxx) cos(k,y)cos(k,x, —k,z)
n —K; Ry

(VII1-16)

In reiterating this process with the other two directions, we can develop travelling
solutions in X, y, z whose example is given below:
v, =ncos(kx, —k x -k y-k,z) - jk,sin(k x, -k x -k y —k,z)
y; =0
Y, = _jkz Sin(klxt - kXX - kyy - kzz)

) o (VII-17)
v, =k, sin(k,x, —k, x -k y—-k,z) - jk,sin(k,x, -k, x -k, y-k,z)

111 - Other solutions

Basic solutions expressed in tables 1 and 2 above may also be combined to get solutions
whose shape is a little different. Two examples are proposed.

In the first example, two modes of the wave function w1 are excited, one weighted by (-
1), and the other weighted by the term (jn/ks):

Yo =0
v, =—sin(k,x) cos(k,y) cos(k,z) cos(k,x )+jk sin(k,x) cos(k,y) cos(k,z)sin(k,X,)

= Jk—sm(k x)sin(k,y) cos(k,z)sin(k,x,) + i cos(k,x) cos(k,y) cos(k,z)sin(k,x,)

t t

Wy, = %sin(kxx) cos(k,y)sin(k,z)sin(k,x,)
t

(VII-18)
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In the second example, these are two modes of the wave function y2 who are excited,
one weighted by (-1), and the other-weighted term (jn/k:):

Y, = —% cos(k,x) cos(k,y) cos(k,z) cos(k,x,)

t

k
Wy, = %sin(kxx) cos(k,y)sin(k,z) cos(k,x,) + jk—ycos(kxx)sin(kyy)sin(kzz) cos(k,x,
t t

v, = jkﬂcos(kxx) cos(k,y)sin(k,z) cos(k,x,) —cos(k,x) cos(k,y) sin(k,z) sin(k,x,)
t
y;=0
(VII-19)
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VI

The wave-particle duality

When the particle comes in the form of material, it obeys the conservation equation of
energy from special relativity:

E? =p®c* + mic* (VII-1)
When the particle is in wave form, its total energy and its wave vector are such as:

E = ho P, = Ak (VI11-2)

x p, =7k p, =7k

y z

By introducing these relations in (VI11I-1), we can deduce that wave quantities must
respect the following relationship for compatibility with energy conservation imposed by
relativity:

n20? = 12 (K2 + k2 + K2 2 +mZc! (VIII-3)
or again:

2 mic®
%:(ki K2 +K2 )+ ;2 (V111-4)

One found exactly the relationship required to get solutions to the system of DIRAC.

We can deduce that this relationship, associated with relationships (VI1I1-2) expresses
the conservation of energy, both if the particle presents itself in the form of material or in the
wave form.

The quantum relationship of conservation of energy:
new? = 12 (K2 + K2 + K2 )+ (myc? f (VII1-5)
will play a fundamental role in the analysis of stationary solutions which will be proposed.

As for the relationship (V111-1) issue of relativity, we distinguish three types of energy:

hw: Wave energy in reference to the pulse o that appears in this expression.
hck,, ick,, ick, : Impulse energy following the directions x, y, z.
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m,c’ : Mass energy

Among the different forms of solution, we choose one that allows a direct interpretation
of the role of these energies in the DIRAC bispinor wave functions.

We take as starting point a solution expressed in the previous chapter:
VYo = 0

v, = —sin(k,x) cos(k, y) cos(k,z) cos(k X, ) + jklsin(kxx) cos(k,y) cos(k,z)sin(k,x,)

t

k
W, = jk—ysin(kxx) sin(k,y) cos(k,z)sin(k,x,) + % cos(k,x) cos(k,y) cos(k,z)sin(k,x, )

t t

Wy, = %sin(kxx) cos(k,y)sin(k,z)sin(k,x,)
t

(VI11-6)

In this solution, the wave functions are unitless. But we have, from a mathematical
perspective, any freedom to multiply all of these wave functions by a constant, and one that
seems indicated in this case is equal to k; to get:

Yo =0
v, = -k, sin(k,x) cos(k,y) cos(k,z) cos(k,X,) + jnsin(k,x) cos(k,y) cos(k,z) sin(k X,)
v, = jk, sin(k,x)sin(k,y) cos(k,z)sin(k,x,) + k, cos(k,x) cos(k,y) cos(k,z) sin(k,X,)
v, =K, sin(k, x) cos(k, y) sin(k,z) sin(k,x,)

(VIII-7)

I . m,C L : .
Substituting the expression n = 70 and multiplying again all wave functions by the

constant quantity %c ,we get:

Yo =0
v, =-hwsin(k,x)cos(k,y) cos(k,z) cos(k,x,) + jm,c?sin(k x) cos(k,y) cos(k,z)sin(k X, )
v, = jack, sin(k,x)sin(k,y) cos(k,z)sin(k,x,) + iick, cos(k,x) cos(k,y) cos(k,z) sin(k,X,)
v, = hick, sin(k, x) cos(k, y) sin(k,z) sin(k,x,
(VI11-8)
Each wave function now has an energy dimension, and one make the observation that

in this solution, each term contains an energy of different nature, considering that two pulse
energies in orthogonal directions are necessarily differentiated.

If we look at a point where the mass energy is maximum, we must have at this point

sin(kx.X)| = |cos(Ky.Y)| = |cos(Kz.z)| = 1 which returns to put cos(kx.X) = sin(Ky.y) = sin(kz.z) =
0. The solution then takes the form:
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Yy = 0
v, = —hwsin(k,x) cos(k, y) cos(k,z) cos(k X, ) + jm,c? sin(k, x) cos(k,y) cos(k,z)sin(k,x,)
v, =0

y; =0
(VHI-9)

The wave function y1 must retain special attention: when the mass energy is maximum,
it takes the form:

W, = - ocos(k,x,) + jmye? sin(k,x,) | (VIII-10)

where it is recognized the wave energy %o and the mass energy moc?. But the remarkable result
that teaches us the relationship (VI11-9) is that these energies are evolving in time quadrature,
and that when one is maximum, the other is minimum.

In other words, when the particle is in its total mass form, it has no wave energy, and
when it occurs in its total wave form, it presents no mass energy. Energy present in the particle
so alternates between mass and wave forms to the pulse o defined by the equation of
conservation of quantum energy, that for energy pulse equal to zero is simply written:

n2w? = (myc? f (VHI-11)

It can be assumed that it is in this ongoing exchange of energy that lies the mystery of
the wave-particle duality which appears, in the light of the relationship (V111-10), sometimes in
the form of mass, sometimes in wave form.

In the general case, it is still the wave function y1 which brings these energy exchanges.
The terms that carry the impulse energy are those of the second spinor:

v, = jack, sin(k,x)sin(k,y) cos(k,z)sin(k,x,) + iick, cos(k,x) cos(k,y) cos(k,z) sin(k,X,)
v, = hick, sin(k, x) cos(k, y) sin(k,z) sin(k,X,)
(VI-12)

It is recalled that all these energy exchanges must agree with the law of energy
conservation:

h2w? = h2¢2 (K2 + k2 + K2 )+ (myc? | (VII1-13)

The fact that the pulse energy is carried by the second spinor seem to be understood by
imagining that the antiparticle corresponds to the situation in which the second spinor deals
with exchanges between mass energy and wave energy. On the basis of this hypothesis, one
which is detected in an experiment is that whose spinor contains the energy of mass in the
solution of DIRAC.

The minimum pulse wo at which this exchange of energy is performed, is given by the
relationship:
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®, = 5 (VHI-14)
The numerical application for an electron gives:

2 -31 8
g = TC _(oa1.10 )(33'30 ) ~7,8.102rd/s (VII1-15)
h 1,05.10

The great value of this pulse could explain the great difficulty to see these energy
exchanges from an experimental point of view.
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X

The currents of DIRAC (1)

The expression of these currents has been given in one of the previous chapters. It is
recalled for memory:

3% = WoW, + WLV, + VoW, + Wy,
I =W, +Wous Uy, + oy,
32 = jyaw, — iwow, + vy, — jwew, (IX-1)
I =WoWo —WaWy +Wou, =Wy

These currents check the local conservation of energy equation:

0 a8} 8 o8P
+—t—+—=
o(ct) ox oy oz

0 (1X-2)

| - DIRAC currents for a stationary solution

A practical calculation of these currents will be performed for a stationary solution. We
choose for this the solution discussed in the previous chapter:

Yo =0
v, =—k,sin(k, x)cos(k,y)cos(k,z)cos(k,x,) + jnsin(k,x) cos(k,y) cos(k,z)sin(kx,)
v, = Jk, sin(k,x)sin(k,y) cos(k,z)sin(k x,) + k, cos(k,x) cos(k,y) cos(k,z)sin(k,X,)
v, =k, sin(k,x)cos(k,y)sin(k,z)sin(k,x,)

(IX-3)

Calculations are a little long, but without difficulties. Finally, we get the following
expressions:

3% =k? sin®(k,x) cos® (k, y) cos® (k,z) cos? (k,x,) +n? sin (k,x) cos? (k, y) cos® (k,z) sin? (k,X,)
+k sin?(k,x)sin®(k,y) cos® (k,z)sin® (k,x,) + k} cos® (k,x) cos® (k, y) cos® (k,z) sin? (k x,)
+k?sin?(k,x) cos?(k,y)sin?(k,z)sin?(k,x,)

(1X-4)
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n nk, sin’(k,x)sin(2k,y) cos? (k,z)sin?(k,x,) (1X5)
—k,k, sin(2k,x) cos®(k,y)cos’ (k,z)sin(k x,) cos(k X, )

o kK, sin?(k, x)sin(2k,y)cos®(k,z)sin(kx,) cos(k,x,) (1X-6)
k,msin(2k,x)cos? (k,y) cos®(k,z)sin*(k,x,)

3 =k .k, sin’(k, x) cos? (k,y)sin(2k,z)sin(kx,) cos(kX,) (1X-7)

We can then verify the conservation equation (1X-2). The details of the calculations is
not given since it is not hard. Yields:

a° o) oy o
_+_

oy K, sin(2K x,)sin? (K, x) cos? (K, y) cos? (k,2)(~ k2 +m? +K? + K% +K?)
(1X-8)

which, taking into account the relationship of conservation of energy:

ki =k +ki +kZ+n’ (1X-9)

leads to the expected result:

0 1 2 3
o, oF o) ar_, (1X-10)
OX, OX oy oz

We propose to reconsider the above results in a more physical approach. This leads to

multiply the wave functions by the amount #cand DIRAC current by the amount (ic). In this
description, the wave function has the form:

Yo =0
v, =-hwsin(k,x)cos(k,y) cos(k,z) cos(k,x,) + jm,c?sin(k x) cos(k,y) cos(k,z)sin(k X, )
v, = jack, sin(k,x)sin(k, y) cos(k,z)sin(k,x,) + iick, cos(k,x) cos(k,y) cos(k,z) sin(k X,
v, = hick, sin(k, x) cos(k, y) sin(k,z) sin(k,X,)

(1X-11)

From a mathematical point of view, we know that this wave function is defined to a
multiplicative constant close, which we will call C, so that it can be put in a more general

form:
Yo =0
y, = C{— hosin(k,x) cos(k,y) cos(k,z) cos(k,x,) + jm,c?sin(k, x) cos(k,y) cos(kzz)sin(ktxt)}
W, = C{jhckysin(kxx)sin(kyy) cos(k,z)sin(k,x,) +Ack, cos(k,x)cos(k,y) cos(kzz)sin(ktxt)}
Y, = C{hckZ sin(k,x) cos(kyy)sin(kzz)sin(ktxt)}

(1X-12)
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The constant C must allow:

1 —to give to the quantity yy* the dimension of a volumetric energy density.

2 —to ensure that the totality of the particle energy is confined in a parallelepiped with
the dimension along x is between Xz and X, along y between Y1 and Y, and along z between
Z1, Z», so its volume V is equal to:

V=(Xz2-X1) (Y2-Y1) (Z2-2Z1) (IX-13)
The term J° of the currents of DIRAC represents the total energy volume density
included in the box. It has for expression:
J° = C*(ho)’ sin® (k,x) cos® (k, y) cos® (k,z) cos® (K,X,)
+C2(mocz)zsin2(kxx) cos®(k,y)cos’ (k,z)sin?(k,x,)
+C2(nck, F sin?(k,x)sin?(k,y) cos? (k,z) sin?(k,x,) (1X-14)
+C?(hck, ) cos® (K, x) cos® (k,y) cos® (k,z) sin® (k x,)
+C?(nck, )’ sin®(k,x) cos? (K, y)sin’ (k,z) sin (k X, )

To get the total energy E in the parallelepiped, we need to integrate on the volume of
this latter, hence:

C*(ho)’ sin®(k,x) cos’ (k,y) cos® (k,z) cos” (K,X,)

+Cz(m0c2)2sinz(kxx)cosz(kyy)cosz(kzz)sinz(ktxt)
E=[[] 1+C(nck, J sin® (k,x)sin(k,y) cos® (k,2)sin*(k,x,) fdxdydz (1X-15)
Y +C?(nck, J* cos® (k,x) cos’ (K, y) cos® (k,z) sin”(k X, )
+C?(nck, )’ sin®(k,x) cos® (k,y) sin®(k,z)sin* (k X, )

We will do the classical hypothesis that stationary modes settle in conditions such as the
dimensions of the box are multiples of the half-wavelength along each of the X, y, z direction.

A
(xz—xl)zn?xznki

X

(Yz—Yl)=m)“—2y=mk£ (1X-16)

y

A
(Zz _Zl): p?: pki

z

where m, n, p are positive or negative integers. Under these conditions, one has the following
property:
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-X
2

Ism yy)jy jcos yy)jy—— (IX-17)

jsm (k,x)x = jcos (k x)ix_

Isinz(kzz)jz = J'cosz(kzz)jz _Z

and the total energy calculated according to the relationship (1X-15) takes the form:

(ho)’ cos®(k x,)

(myc? ) sin? (k x,)
(nck, P sin?(k x,) (1X-18)
+(nck, Y sin?(k,x,)
+(hck, ) sin (k,x,)

(Xz _Xl)(YZ _Yl)(ZZ _Zl) i

E=C?
8

or again:
E=C’ % {(hm)2 cos?(K,X,) + {(mocz)2 +(nck, f +(nck, ¥ +(hckz)2}sin2(ktxt)} (1X-19)

From relationship:
(no)f = (mqc”f +(nck, f + (nck, ) + (nck, f (1X-20)

It is deduced that the total energy in the cavity is either under the form of a wave energy, either
in the form of a combination of mass and impulse energy. These energy exchanges are in time
quadrature, as shown in the (1X-19) relationship: when one is maximum, the other is null and

vice versa.

From relations (IX-19) and (1X-20) are deduced:
E-C’ %(hm)z (1X-21)
and since the total energy E is equal to 7, this imposes to the C constant the following value:

c- |8 (1X-22)

After taking into account of this multiplicative constant, DIRAC currents become
homogeneous to a volumetric energy density, and the total energy is normalized to the energy
of the particle.

The four-divergence:
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0 1 2 3
o, oF o o _, (1X-23)
OX, OX oy oz

is interpreted in the same manner as in electromagnetism (POYNTING theorem) or in general
relativity. It expresses the fact that if there is a change in energy in a volume dV = dxdydz
during a time element dt, it's because this variation has crossed the border defined by the closed
surface bounding the volume element.

Il - DIRAC currents for a propagative solution

As an example, we choose a propagative solution in X, Yy, z:

v, =ncos(kx, -k, x -k y—k,z) - jk, sin(k,x, -k, x -k, y—k,z)

vy, =0
Y, = _jkz Sin(ktxt - kxx - kyy_ kzz)

(1X-24)

v, =k sin(k,x, —k x -k, y -k,z) - jk, sin(k,x, =k, x -k y—k,z)
Calculations give the following DIRAC currents:

3% =n?cos’® (kx, —k,x—k,y —k,z) + ki sin®(k,x, —k x—k,y —k,2)
+kj sin® (k,x, —k,x—k,y—k,z) + ki sin®(k x, -k, x -k, y —k,2) (1X-25)
+k?sin?(k,x, —k,x—k,y—k,z)

3t =2k nsin(k,x, -k x -k, y—k,z)cos(k,x, -k x—k,y—k,z)

_ (1X-26)
+2k Kk, sin® (k. x, —k,x —k,y —k,2)
J? = —ZITX sin(kx, —k x -k, y—k,z)cos(k x, —k,x -k y—k,z) + (1X-27)
(2K, K, sin?(kx, —k,x—k y—k,2))
I = (2K K, sin?(kx, —kx—k,y—k,2)) (1X-28)

The current J° is of particular interest because it contains, to a multiplicative constant
close, the total energy of the particle. It may come in the form:

1° = cos? (KX, — kX — K,y —k,2) + (k2 + K2 + K2 + k2 )sinZ(k,x, —k,x— K,y —k,2)
(1X-29)

After multiplication by the constant (ic)’ and standardization by the C2 constant

defined in the previous paragraph, it represents the total volume density attached to the
particle.

Using the relation of energy conservation:
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ki =k; +k, +Kk; +n? (1X-30)
it becomes:

30 = k2 = (K2 + K2 + K2 Jloos? (k,x, —k X — K,y —k,2) —sin?(k,x, —k,x— K,y —k,2)}
(1X-31)

or again:

3° = k2 = (K? + K2 + K )oos[2(k,x, —k x K,y —k,2)] (1X-32)
Total energy volume density is given by the term C2 (hckt)z. It fluctuates around this

value with a spatial and temporal variation in average which is zero.

The local conservation of energy equation:

a° o) 03 o
J’_

—+—+—+—=0 (IX-33)
OX, OX oy oz

gives the following result:

0 1 2 3
Q+Q+ﬂ+a‘] (ktz

—kZ —k2—k?—n?)sin|2(k x, —k x—k y—k z)|=0
axt ax 8}/ 82 X y z n) [( tht X yy z)]

(1X-34)

11 - Uniform DIRAC currents

We will name uniform currents, currents that are not dependent neither on time nor on
space. There are exact solutions to the DIRAC equation which have this property, of which an
example is provided below:

v, =k, exp {j(— KX, +K X +K)y+ kzz)}
vy = K, o (- kox, + kox+ Ky + K,z )+ k, e li- ko, + kx+k,y +k,z)}

Y, = (kt - ﬂ)eXIO {J(_ KX, + K X+ kyy + kZZ)}

(IX-35)
Yy =0

Because products of wave functions by conjugated wave functions eliminate the
exponential, we find:

3 =KZ+K2+K +(k,—n)
2(kt )k,
ke =k,

k, —m)K,

(1X-36)

2(
=2
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One observe that the volume density of total energy C2 (i)’ J° presents itself in the form

of a combination of all energies working into the cavity, and it is uniform, that is to say
independent of space and time.

This excitement of some modes making it uniform energy within the particle density
can occur only under specific conditions. Indeed, we know that the total energy within the

particle density is equal to C? (hckt)z, hence the relationship:

P =K+ +K+(n-k ) =K +K +K2+1° +k —2nk, =K’ (1X-37)
By introducing the relationship of energy conservation, we can deduce:

2k? —2nk, =k? (1X-38)

still, by substituting expressions of k: and n:

The condition for obtaining a uniform density is therefore given by the relationship:
hck, = 2m,c? (1X-40)

This relationship expresses the fact it needs a total internal energy equal to twice the
mass energy particle to allow the installation of such modes.

We can connect this observation to the fact that all modes expressed in the solution (IX-
35) exchange all kinds of energy in time and space quadrature between positive and negative
energies identified by factor j = square root(-1). The antiparticle can appear only if the total
energy is at least twice the mass energy of the particle.
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X

Principle of indeterminacy

This principle, enunciated by HEISENBERG, during the early days of quantum
mechanics, was popularized in the expression: "it is impossible to know both the position and
momentum of a particle”. From a physical point of view, it is whole contained in a relationship
that connects the uncertainty on the Ax position and the uncertainty on momentum Apx of a
particle in the quantum world:

AX.Ap, >§ (X-1)

We can deduce an alternative formulation by noting that the fundamental principle of
the dynamic allows to write that the variation of the amount of movement Apx is done through
an outdoor action Fx called force, while a duration of At:

Ap, =F At (X-2)
Yields, noting that energy can be seen as the product of a force by displacement:

AX.Ap, = AX.F, At = AEAt > % (X-3)

This principle has solid theoretical foundations, based on the fact that the position and
the momentum of quantum operators do not commute. Since the result of the measurement of
position and pulse, made at the same place and at the same time, depends on the order in which
it performs this measure, this indicates that there is necessarily an uncertainty on the result of
these measures.

If we now consider an exact stationary solution of the DIRAC equation such as that
which has been chosen as an example in the previous chapters:

Yo = 0
v, = C{— hosin(k,x)cos(k, y) cos(k,z) cos(k,X,) + jm,c®sin(k, x) cos(k,y) cos(kzz)sin(ktxt)}
W, = C{jhckysin(kxx)sin(kyy) cos(k,z)sin(k,x,) +Ack, cos(k,x)cos(k,y) cos(kzz)sin(ktxt)}
W, = Ciaick, sin(k,x) cos(k, y)sin(k,z)sin(k,x,)}

(X-4)

there is a question that naturally comes to mind. The solution (X-4) above is perfectly
deterministic: each type of energy is known, in theory, with infinite precision for a position (X,
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y, z) and an instant (t) given. This state indeed seems in contradiction with the HEISENBERG
uncertainty principle.

To remove this contradiction, we must first admit in the form of postulate the following
conclusion: an observer can obtain information from a physical system only if it exchanges
energy with this system. A corollary of this assumption is that two systems that do not exchange
energy ignore each other and do not interact: they can work simultaneously at the same time
and in the same place.

On the basis of this assumption, we examine, for the above solution (X-4), the
volumetric energy density present in the particle which has been calculated in the previous
chapter:

J° = C*(ho)’ sin® (k,x) cos? (k, y) cos’ (k,z) cos (K X,)
+C2(m,c? ) sin? (k,x) cos? (k, y) cos? (k,z) sin? (K, ,)
+C?(nck, J sin? (k,x)sin?(k, y) cos? (k,2)sin? (k,x,) (X-5)
+C?(nck, ) cos® (k,x) cos® (k,y) cos® (k,z) sin® (k,x,)
+C?(nck, ) sin® (k,x) cos® (k, y) sin?(k,z) sin® (k,x,)
There are different types of energy outlined in the previous chapters:
- the total energy or wave energy: /m

- the energy of mass: moc?
- pulse energy: fck,,fick ,Ack,

Let us place on a point in space (X, Yy, z) where the volume density of mass energy of the
particle is maximum. Let us assume that the position where this mass energy is maximum can
be determined with any precision desired. To ensure that this condition is achieved, the
coordinates X, y, z must check:

sin’(k,x) = cos®(k,y) = cos*(k,z) =1 (X-6)
What requires:
cos’ (k,x) =sin*(k,y) =sin®(k,z) =0 (X-7)

It appears the following remarkable result: all impulse energy densities present in the
particle are zero at this location.

In other words, if we move to a point where we can, through an exchange of energy with
the energy of mass, know with precision the position of the particle, we cannot get any
information on its momentum at this point because its impulse energy is zero at this place.

The reciprocal is expressed in the following way: if one moves to a place where the

impulse energy following x is maximum, then mass energy and impulse energy along y and z
are zero. A similar property is checked by permutation on the variables x, v, z.
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These observations allow to understand how a completely deterministic theory built on
exact stationary solutions to the DIRAC equation remains compatible with the HEISENBERG
uncertainty principle. This principle is based on the hypothesis that measurements of position
and speed are made pointwise in the same place, while the energy approach shows that the
energies corresponding to these two quantities are shifted in the space. If this approach proves
to be correct, it can be concluded that it is possible to know the position and velocity of a particle
with arbitrary precision, provided you locate in the place where these characteristics are present
in the particle

The second relation of indeterminacy (X-3) which deals with the energy and time:

AE.At > g (X-8)

gives rise to a somewhat different interpretation. It concerns total energy or wave energy, whose
volume density is given by (X-5):

C?(hw) sin® (k) cos’ (K, y) cos® (k,z) cos” (K X,) (X-9)

The points of the coordinate (X, y, z) in space where this energy is maximum are the
same as those where the mass energy is at a maximum, they obey therefore relations (X-6), and
the volume density of the wave energy is written in these points:

C*(ho) cos®(k,x,) (X-10)

It appears that the mesure of this energy depends on the moment in which it is carried
out, in the same way as previously impulse energy or mass energy depended on the place where
they were measured, and then we have similar uncertainty relations.
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XI

DE BROGLIE wavelength

This chapter aims to show that the stationary solutions of the DIRAC equation are fully
compatible with the conclusions of Louis DE BROGLIE on the wavelength associated with the
motion of each particle. It allows to make the link between the wave description of quantum
mechanics and Relativistic description of the motion of a particle.

The particle is assumed to have a straight trajectory along the Oz axis with constant
velocity v. However, it is likely to have stationary modes according to Ox and Oy directions.
We fall in a similar situation well known in electromagnetism, which is that of a wave in a
perfectly conducting rectangular waveguide. The elements presented in this chapter have a
greater analogy to those involving guided propagation.

The relationship of conservation of energy requires, to a multiplicative constant close:

2
®

ki =k +kj +k; +1° =—
c

(XI-1)

Assuming that the particle moves along Oz, it is natural to consider the space pulse k;
deduced from (XI-1):

2
k2 = %—(ki K2 +m?) (X1-2)

We name temporal cut pulse, the pulse ®csuch as:
o? = (k2 + K2 +n2k? (XI-3)
Which allows to express the space pulsation k; in the form:

2 2
k2 =2 "% (XI-4)
C

The curve representative k; = f (o) has the following look:
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kz A

¢ -
Figure (XI-1): representation of the space pulsation versus temporal pulsation

For a wave that will be named phase wave, and which propagates with a phase:
¢ = ot-kz (XI-5)

we define the phase velocity as the velocity of the sliding of the phase wave:

()
V(p = k—z (X|-6)

We can express this phase velocity depending on the cut pulse w¢ defined above, using
the relationship (XI1-4):

v o= (XI-7)

Since ® > w, this speed is greater than the speed of light. It has a physical reality as it
represents the sliding of the phase velocity, but it cannot represent the speed of energy which
must remain below c.

We define the speed of propagation of energy, or group velocity vg by the derivative of
the temporal pulse over the space pulsation:

do
VvV, =— XI-8
"= T (X1-8)
We can notice on the figure (XI-1) that the speed of propagation of energy is zero for o
= ¢, and that it tends to ¢ for @ > > wc. Energy cannot spread for o < wc.

Group velocity can be expressed using the cut pulse, as has been done for the phase
velocity. As a first step, one differentiates the relationship of energy conservation (XI-1) to
obtain:

odo

2

K, dk, =
C

(XI-9)
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From which it takes an immediate relationship between phase velocity and group
Velocity:

gd—m =2 and hence: v v, =c? (XI1-10)
k, dk, ¢

We can deduce:

2 2
dk, o v, o)
To make the link with the mechanical relativistic displacement of a particle, and

following Louis DE BROGLIE, we admit that a particle of mass mo at rest has an energy at
wave pulse o since there is no displacement of energy:

ho, = m,c? (X1-12)

When this particle is moving at speed v, it presents an increase in its total energy given
by the theory of relativity, which wave representation is going to the angular frequency o:

(XI-13)

On the basis of the assumptions (X1-12) and (X1-13), we can deduce that » and wc pulse
should check between them relations:

BEt)

From the definition of group velocity (XI-11), we derived:

2 Vv 2
(&j =1—[—9J (X1-15)
® C
It follows from (XI1-14) and (XI1-15) that one can identify the speed of mass v to group

velocity vq of the wave's phase attached to the moveable mass. This identification ensures a
representation of relativistic mass energy and quantum wave energy that is fully compatible.

The last step is to express the wavelength A associated to phase wave of frequency v and
pulse o that moves at the speed v,. From the previous paragraph, we deduced that it is
associated, through its group velocity, to a mass m moving at speed v. By making use of the

relationship v, v, = c? that establishes a relationship between phase velocity and group velocity
or speed of the particle, one obtains:
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(X1-16)
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Xl

Generalized DIRAC equation

This part deals with the DIRAC equation for a charged particle in an electromagnetic
field characterized by a scalar potential ¢ and a vector potential (Ax, Ay, Az). These potentials
are considered constant and uniform, i.e. independent of x, y, z and t. We are looking for, as

previously, a solution in the form of linear combinations of stationary modes which would
settle into a rectangular cavity.

Following an approach similar to chapter Il, the formalism of DIRAC leads to find the
solutions of the new equation in which the electromagnetic potential four-vector is introduced:

) .0 QA .0 GA N LR L
{YO(Jaxt Ch]wl@ax ; j”{lay ’ JH{J& p j}(w)— 0

(X11-1)
The wave function v is a bi-spinor with four components:
Yo
y=| (XI1-2)
V2
V3

The matrices vyo, 1, y2, v3, are given in chapter 11, and in order to simplify expressions,
we put:

(XI1-3)

Injecting matrices vyi in the above equation (X11-3), we obtain the system of differential
equations:
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o Vs, 19A oyy , 9Ay -(% A, )
J(@X Jh \Voj J[ ox +] 7 Wa}"‘( oy +) 5 Vs |t P +) 5 &
CI(|) Vo, O9A, oy, 9A, -(a‘Va JA, ]
= + Ty, |- + —j =24

J( ox, h 1} J[ ox +] 7 sz (ﬁy J v, [~ P J 5 Y3

q(I) H 6\|/1 qAx

= — —_— | —
J( ox, +j— 5 ‘VzJ J( ox J 5 Vi

.qo oy, | iGA, } oy, , OA, ( oy, | (GA, )
= - AU A S + i e
J( o, +] 5 \VsJ J( ox J 7 Vo oy J " Vo |t P J 5 Vi

(X11-4)
or again, by isolating the differential system of the free particle:
q¢ aA, A, qA, Oy, Oy, Oy, .0y,
+ o+, - j— s+ = + + +
n e Yo 7 Vs~ 5 Y3 7 Y, ox, J@X oy J P
Lab), L OA L9 OA, Oy, Oy, Oy, 0y,
+ 2y, j—y, — = + - -
hC Wy . Y, +] . Vo 5 Vs J@Xt J ox oy ] P ik
A, A A, .0 .0 0
n_Q_q) Wz_q + y.. 9 Vo =—j \Vz_J \Vl_a\Vl_J Yo
hc h h h oX, ox oy 0z
a¢ aA, GA, aA, Oy; L0y, Oy, .oy,
—— |y, — - + =— - + +
e )T T n T e Ty T
Again for a relief of notation, we put:
a¢ A, aA, gA,

_a¢ _ — - XI11-6
nt hC T]x h ny h nz h ( )
which leads to the system representing the DIRAC equation:

Oy, 0y, a\Vs 0y,
+ + + = +
N+ 1 )Wo + MW = nyws + 1,9, = Ja ety
; Oy, 0y, Oy, .0y,
+ + + - = + - -
(+ My 00, + Iy, =195 = | vl B v vil s
(XI11-7)

- Oy, oy, Oy, .0y,
_ _ + _ — _ _ _
(=M, =MW + inyw; —1,v, L = vavad e

; Oy; 0y, Oy, .0y,
- - - + =— - + +
(=MW —MWo — iy Wo + MW, L = va e

It appears as a very complicated differential system.

One may attempt to find the wave functions yi (i = 0, 1, 2, 3) solutions of this system as
it was made in chapter VI, in the form:
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v, =1aS,8,S, + bS,C,S, +¢C,S,S, + dC,C,S, +eS,S,C, +fS,C,C, +9C,S,C, + hC,C,C, [C,
+{iSS,S, + iS.C,S, + kC,S,S, + IC,C,S, + mS,S,C, +nS,C,C, +0CS,C, +pC,C,C, 5

(X11-8)
with the usual notation:
Sx =sin (kx X) Sy = sin (ky y) Sz = sin (kz z) St = sin (k: ct) (X11-9)
Cx = cos (kx x) Cy = cos (ky y) C; = cos (k; z) Ct = cos (k; ct) (X11-10)

Using the methodology set out in chapter VI, we are led to build a homogeneous system
of 64 equations with 64 unknowns which is described below:

— jkay = jk, kg =Ky j; = jk,m, = (n+n)ig = (n, = jn, s =,i, =0
— Kby — ik, 1y + Ky = Jk,n, —(n+1,)ip — (n, = iy Jig =1, =0
— jkeq + K — K, Iy = JK,0, —(n+m, Ko = (n, = i, ks =k, =0
— jkdg + K o, + kK, = ik ,p, —(n+m )l —(n, - my) 1,1, =0
— jke, — jk, 03—kn + jk,i, — n+nt m0 (ﬂx my)mg—nzmzzo
— iy — kP, + KM, + K, — (47, no (n, - in,ns—m,n, =0
— jkg, + jk,m; —k,p; + jk,k, —(m+n,)o (X—jny)og—nzofo
—jkho+jkxn3+kyos+1kzlz—(n+nt)po—( —in, ps—1,p, =0
jki, — ik, —k b, — k., —(n+n,)a, —(n, — in, o, —m,a, =0

iKio — ik, ds + k2, — K., = (n+1,)b, = (n, = i, Jo, ~,b, =0
jkko + ik @, —k,d; — jk,g, —(n+n,)e, — (0, — n, e, ~1,c, =0

Kl + jk, b, + ke, — jk,h, —(n+n,)d, — (0, — jn, b, ~n,d, =0
jkm, - jk, g, —k,f, + jk,a, —(n+,)e, —(n, — in, Jo; —1,€, =0
jkno — ik,h, + K, + iK,b, —(n+m, )f,  (n, — n, i, ~n,f, =0
jko, + jk, e, —k,h, + jk,c, —(n+n,)gs —(n, — in, Jo; —1,9, =0 (X11-11)
ikp, + K, F, + kg + jk,d, —(n+n,)h, —(n, — in, h, —n,h, =0
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— jkay - jk, K, + K, j, + jk,my—(n+n)i, —(n, + in, i, +n,i5 =0
— kb, — K, 1, —Kyi, + iK,n, = (n+m )i — (e + i, )i, + 1, =0

— jke, + K, i, + K, 1 + jk,0, —(n+n, )k, = (n, + n, K, +1,k; =0
— jkd, + K, J, — kK, + K Py — (1l — (0, + iny ), 41,0, =0

~ jke, - jk,0, +k,n, — jK,iy —(n+n)m, —(n, + jn, Jm, +1,m

— jKf, — jk,p, —k,m, — jK,j, —(n+n)n 1—(nx+my)nz+nzn3—o
_jkgl + jkme + kypz _jkzk3 _(n+nt)ol _(nx + jnybz +M,0; =0

— jkh, + jk,n, —K,0, = k.1, —(+n, o, — (n, + i, o, +71,p, =0
jki; = jk,c, + kybz +JK,€, _(rl +nt)al _(nx + jny)az +M,a,=0
iKiy — 1k, d, —k,a, + jk,f, —(n+n, )b, — (n, + in, Jo, +m,b, =0
jkk, + jk,a, +k,d, + jk,g; ~ (n+n,)e, ~(n, + in, e, +7,¢, =0
K, + jk b, =K, C, + jk,hy —(n+m,)d, = (n, + n, ), +m,ds =0
jkm, - jk,@, +k,f, - jk,a, —(n+7, ), ~ (n, + n, e, +n,€, =0
jkn, - jk,h, —k,e, - jk,b, —(n+n, ), ~ (n, + n, J, +n,f, =0
jkol+1kxez+kh ~jk,e; —(n+n.)g, — (n, + i, g, +1,8, =0
ikp, + ik, f, — K, g, — jK,ds —(n+ 1), —(n, + n, ), +1,h, =0

jka, + Kk, + Ky jy + Jk,my = (n=n i, + (1, — ng iy + 10, =0
Kb, + K, 1, —k,i; + ik,n, —(n=n,)i + (n, — in, )iz +1,Jo =0
jke, = ik iy + K1, + jk,00 (N =n K, + (n, — in, K, +1,k, =0
jkd, = K, Jy — KKy + K o —(n=n ), + (0, = iny Jy + 1,1, =0
jke, + jk,0, +k,n, — jk,io = (n—n,)m, +(n, - jn, Jm, +n,m, =0
JKE, + ko, —kym, = K, Jp —(n=n,n, +(n, — jn, Jn, +1,n, =0
kg, — jk,m, +k,p, - jk,k, —(n—m,)o, + (n, — in, Jo, +1,0, =0
jkh, - kN, K, 0, = iK,lo (= )p, + (n, = in, Jpy +m,pp =0
— jKi, + jk,c, + K, b, + jk & —(n-n,)a, +(n, - in, p, + 1,8, =0
— ki, + jk,d; — k2, + Kk, —(n=n,)b, + (n, — jn, Jo, +n,b, =0
~ jkk,, - jk,a, +k,d, + jk,g, — (n—m,)e, +(n, — in, Je, + 1,6, =0
— jKI, — jk b, — Kk, C, + jk,hg —(n=n,)d, +(n, — jn, Jd, +m,d, =0
— jkm, + jk, g, +k,f, — ik, —(n—n,)e, +(n, —in, e, + 7,8, =0
— jkn,, + jk,h, ke, — jk,by —(n—n, ), +(n, - in, i, +n,f, =0
~ jko, - Jke+kh - ko = (=19, + [, — in, Jo, +1,9, =0
~ jkp, - ik, £, —k,g, ~ ik, dy —(n—n, ), + (n, — in, Jn, + 1,0, =0

(X11-12)

(XI11-13)
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ika + jk ko =K, jo — ik,m, —(n=n,)i; + (n, + in, Jio —m,i, =0
kb, + jk, o + ki — k0, —(m=n,)i; +(n, + n, )i —m,j, =0
jke, — Ko — K, Iy — k,0, — (n—=n, )k, + (n, + i, Ko =1,k =0
jd — ik, Jo + KyKo = K ,Py — (=1l + (0, + iny o — 1, =0
jke, + Jk,00 — K Ng + ki, — (n—n, )My + (n, + in, Jm, —m,m, =0
JKE, + 1K Po + kMg + K, j, —(n=n)ng +(n, + in, Jng —m,n, =0
kg, — jk,m, —k,p, + ik,k, —(n—n,)o + (n, + n, Jo, ~m,0,=0
jkh,, — jk,ng +k,0, + jk, 1, —(n—n,)p; + (n, + in, o, —1,p, =0
— jKiy + ko — K, b — jK,&, —(n—n,Ja + (n, + n, Jog —m,8, =0
— ki + K, do + k2, — K, f, — (n=n, )by +(n, + in, o, —m,b, =0
— kK, — k@, — K, do — K, 0, — (n=n, e, + (n, + i, Je —m,¢, =0
— Kl — ik, by + K, € — ik,h, —(n=n)d, +(n, + in, o ~ 7,0, =0
— jkm, + K, go — K, F, + jK,a, —(n—m, e, + (n, + in, Jeo —7,€, =0
— jkng + K hg + k8 + Kb, — (n=m, )y + (n, + in, Jfo —m,f, =0
~ jko, — jk, & —k,hy + jk,¢, — (-, )g; + (n, + in, g, ~ 1,9, =0
— jkp; — ko + kyGo + k.0, ~ (n=n, )y +(n, + iny hy —1,h, =0
(X11-14)

The first idea is to build on the results of Chapter VI, it means to assign a mode to o,
and search patterns that are solutions of the system for wave functions i, y2, y3. A long and
tedious mathematical work has not allowed to express an exact solution for y1, y2, ys. This
work has not led to show that such a solution does not exist, and so the problem remains open.
Complementary indications will be given in chapter XXII.

Progress towards a possible solution will come from a physical analysis of this system.

In first place, the determinant of this system should be null. We hypothesize that the
condition of nullity is provided by the equation of energy conservation.

We must therefore establish this new equation of conservation on the basis of the energy
provided to the charged particle by the presence of the electromagnetic potential. This energy
is of two kinds:

- the energy provided by the scalar potential ¢ allows to increase the Kkinetic
energy of the charged particle. Relativity suggests that this increase in energy
is transformed in mass energy.

- the energy provided by the vector potential (Ax, Ay, A;) allows only to
change the direction of the trajectory of the particle, without kinetic energy
supply: this is therefore a purely impulse energy.

Outside the presence of the electromagnetic field, the equation of conservation of energy
IS written:

—k{ + ki +k:+k24+n’ =0 (X11-15)
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Inputs of energy of the electromagnetic field in this relationship can be introduced in
many ways without being trivial to make a priori choice among all possible formulations.
Reflection led to conclude that the correct form is as follows:

—(k,+m, P+, +m, P+, +m, F +(k, +m, P +n? =0 (XI1-16)

It should be noted in particular that the kinetic energy n: provided by the scalar potential
¢ is not associated with the mass energy n as it could think intuitively.

The rigorous justification is that the sum of the wave four-vector and the
electromagnetic potential four-vector gives a four-vector too:

K.} (M K, +m,

k k. +

B I L D R (X11-17)
kK, | |m, k, +m,

kt un kt+nt

And since the pseudo-norm of the four-vector sum is constant, this leads directly to the
equation of conservation of energy (XI11-16).

Therefore, we hypothesize that the determinant of the overall system of 64 equations
with 64 unknowns is zero when the equation of conservation of energy (XI1-16) is checked.

But, it does not provide track to move towards a solution of the generalized
electromagnetic interacting DIRAC equation system.

A detailed analysis of the system of DIRAC allows however to see if one excite a wave
function with a mode in time quadrature for the scalar potential and and in space quadrature for
the vector potential, it manages to get some solutions relative to the stationary modes (XII-
11,12,13,14). Quadrature modes must also express exchanges of energy between positive and
negative energy which introduced so the quantity j = sqrt(-1) between expressions of these
modes.

In summary, the presence of the electromagnetic field don’t excite wave functions in
the form of independent stationary modes, but in the form of combinations of modes related in
time and space quadrature, and they reflect exchanges of energy between positive energy and
negative energy.

These modes will therefore present themselves in the form of combinations of functions
of x, y, z, t with amplitude A, which have the following expression:

Aexp(jk, X) exp(Ejk,y) exp(Ek,z) exp(Ejk,x,) = Aexp it kx, £k x k,y £k,z)|
(X11-18)

The signs + and - present in this expression will affect the relationship of conservation of energy
which should take them into account in the form:
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—(n 2k, f +(n, 2k, F +(n, £k, f+(n, £k, ) +n2 =0 (X11-19)

These considerations are illustrated on this particular example, which corresponds to an
exact solution of the DIRAC equation generalized to electromagnetic interacting.

~(k, +n,)exp - kx, +k,x+k,y+k,z)f
~(k, +m,) exp{j( kX, + K, X+K)y+ kzz)}—j(ky+ny)exp{j(—ktxt+kXx+kyy+ kzz)}
\Vz_(n kﬁm)eXp{J( ktXt+kxX+kyy+kzZ)}

(X11-20)
y; =0

This solution is associated with the conservation of energy equation:

~(n—k, ) +(n, +k, J +n, +k, F+(n, +k, +17 =0 (X11-21)

It is suitable to be convincing, to detail checks of these properties. We skip in the
calculations below exponential coming in factor with all terms.

First generalized DIRAC equation:

a\V a\VS a\VS (X“'22)
axt ax ay 82

M+ )W +M0W5 — inyWs +M,W, =]

~(n+n XK, +1,)+0+0+n,(n—k, +n,)=—~(k, +n, K, +0+0—-(n—k, +n, K,
(X11-23)

Second generalized DIRAC equation:

o, 6W2 _ Oy, .0y,
+ + + = - Xl11-24
(+ M)+ 1w, + iy, 1w, = Ja X, 8x 5 J P ( )

(n+n )= (ke +n,) =ik, +7, )+, (=K +n)+n,(n—k, +n,)-0=

kt{_(kx +nx)_j(ky +ny)}_ kx(n_kt +nt)_jky(n_kt +nt)_0 (X“'25)

Third generalized DIRAC equation:

; Oy, 0y, Oy, .0y,
- o, + NP oA L SR, S X11-26
(=M, =M + iy, —M, ¥, o ey e ( )

(-n -k +n)+ndk, +n)+ilk, +n, )= in, ik, +n)+ ik, +n, fi+n,(k, +n,) =
~ (=K, +n )k, — Kk, dlk, +n,)+ ik, + 1, )1+ kK, 1)+ ik, 1 )} =K,k +n,)
(X11-27)

The imaginary terms vanish, and it remains:
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—(n =k, P+ +k, )+, +k, P+, +k, P +n° =0 (XI11-28)
or so the equation of conservation of energy.

Fourth generalized DIRAC equation:

: OY; Oy, Oy, .0y,
- ~ - + =— — + + XI1-29
(M=MWs —MeWo — iNyWo + MW, v e ( )

O+nx(kz +nz)+jny(kz +nz)_nz {(kx +nx)+ J(ky +ny)}:

XI11-30
0_kx(kz+nz)_jky(kz+nz)+kz{(kx+nx)+j(ky+ny)} ( )

Verification that the (XI1-20) solution is an exact solution to the generalized DIRAC
system is completed.

We would think that on the basis of the exact solution (X11-20), it is possible to construct
purely real stationary solutions for example by summing two solutions in exp (jot) and exp (-
jot), which would be in contradiction with the previous statement on the impossibility to obtain
such solutions in the generalized DIRAC system.

In fact, it is impossible to sum these solutions, because they are relative each to a
different energy conservation equation, and thus to a different condition of nullity of the
determinant of the system.

One can however mix real stationary modes and complex stationary modes, as shown
in the exact solution below, in which the presence of the electromagnetic potential is reduced
to the scalar potential:

Yo =0
v, =—(n—k, —n,Jsin(k,x) cos(k,y) cos(k,z) exp(jk ,)
v, =-k, sin(k,x)sin(k,y) cos(k,z) exp(jk,x,) + jk, cos(k,x) cos(k,y) cos(k,z) exp(jk,x,)

v, = ik, sin(k,x) cos(k,y) sin(k,2) exp (jk x,)
(X11-31)

It is associated with the conservation of energy equation:

(k,+m, ) —k? —k%—kZ-n*=0 (X11-32)
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X1

The currents of DIRAC (2)

DIRAC currents related to the solutions of the generalized equation to the presence of
an electromagnetic field have a remarkable property which will be illustrated on the example
of solution proposed earlier and recalled to memory:

Yo = _(kz + nz)exp {J(_ ktXt + kxX + kyy + kzz)}
vy = (K, +m, el kx, +kx+ K,y +kz)- ik, +n, Joofi- kx, +kx+k,y+k,z)}
Y, = (n - kt + 11t)exp {J(_ ktxt + kxX + kyy + kZZ)}

.0 (XI11-1)

The expression of these currents is recalled below. Multiplied by a constant adequate,

they become homogeneous to a volumetric energy density, and the term J° represents the total
energy volume density.

37 = WoWo + Wy + Wou, + Wy,
A AT ST
3% = oo — Wows + wiw, — jwews (X1I-2)
3 = WoWo —Waus +Wow, — Wi g

In addition, these currents must check the local conservation of energy equation:

0 1 2 3
ﬂ+ﬂ+ﬂ+ﬂ:0 (XH1-3)
oX, OX oy oz

One obtains, in a straightforward way, from wave functions (XI11-1) and currents (XI11-
2), the following expressions:

J° (kx+nx)2 (k, +n, ) +(k, +n, ) +(n—k +n,)
=-2(n-k, +n, )k, +n,)
= Z(n k +1”|t (k +ny)
=-2(n-k +n, )k, +n,)

(X111-4)
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The surprising result that appears in the expression of these currents is that they depend
on neither time nor space. In other words, the volume density of total energy represented by J°
is uniform inside the block that contains the energy of the particle.

This result presents a greater analogy to the example of a particle which has twice its
mass energy which is presented in chapter VI, with however a difference subject to the
assumptions made in the preparation of the solutions in the presence of electromagnetic field.

If we accept that there is no purely real solutions for the wave functions obtained in the
presence of an electromagnetic field, this particular scheme of uniform energy within the
particle density is imposed by the presence of the electromagnetic field, while nothing requires
it for the free particle.

The normalization constant C is obtained by writing that J° represents the volume
density of total energy of the particle placed in an electromagnetic field, and then the total
energy contained in volume V that delimits the particle:

E=(n’c? )k, +n, )V (XI11-5)

In equating this relationship with (XI11-4) multiplied by the normalizing constant C?, one
obtains:

E=C’ {(kx + T]x)2 + (kz 1, )2 + (kz + le)z + (T] -k, +Tlt)2}= (hzczxkt + ﬂt)ZV (X11-6)
or still, by introducing the equation of conservation of energy called for memory:
(ke = (ke #m F o+ (kg +, f o (, +m, F + (X11-7)

(nc? )k, +n, PV

c?=
(k +n ) -n?+(m—k, +n,)

(XI11-8)
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X1V

Conclusion of the second part

We know that solutions to the DIRAC equation which correspond to the reality of the
observations are solutions developed using spherical modes and in this context, one may
wonder what is the interest to work on solutions obtained in Cartesian coordinates.

It appears that Cartesian solutions are more quickly attainable, and that they can learn
to us valuable information about the behavior of energy which the particle is constituted.

On the basis of an equation of conservation of energy which is a fundamental physical
reasoning and on the assumption of an internal evolution of energy based on exchanges between
stationary modes, the exact solutions to the DIRAC equation deliver new elements likely to
describe the physics of the infinitely small.

There is no assumption on the spatial extent of the modes that are supposed to describe
the behavior of the particle, but it is legitimate to think that this scope exceeds the size given in
classical physics if you want for example to be able to explain the phenomena of interference.
This interpretation was already present in the thought of Louis DE BROGLIE during his thesis:
”Do we assume the localized periodic phenomenon inside the piece of energy? This is not
necessary and will result in paragraph (I11) it is probably spread in a large region of space.”

In opposition to the Copenhagen school, the energy interpretation of stationary solutions
is perfectly deterministic, but it does not contradict the experiences of the probabilistic vision
of quantum mechanics.

It justifies the wave particle duality in indicating in what manner the internal energy to
the particle alternately goes in the form of mass energy and wave energy.

It shows how the HEISENBERG uncertainty principle is interpreted by indicating how
the mass energy and impulse energy are not simultaneously present in the same place.

Finally, it is fully compatible with the interpretation of a wave phenomenon associated
with the particle following the DE BROGLIE wavelength.

83


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

Third part

Energy approach of Dirac
equation and Its exact
solutions in spherical

coordinates
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XV

DIRAC equation in spherical
coordinates

The analysis of stationary solutions of the DIRAC equation in Cartesian coordinates
allowed to highlight the properties which, while being backed by a perfectly deterministic
theory, are in agreement with all the results obtained in the statistical interpretation of the
Copenhagen school.

If stationary modes are able to represent the exchange of energy within particles, there
are little chance that it is in the shape of a parallelepiped. Everything indicates, in particular
solutions of the SCHRODINGER equation, that the coordinate system the most suitable, one
that provides solutions in agreement with experimental observations, is the system of spherical
coordinates (Figure XV-1)

1

Figure (XV-1): representation of the spherical coordinate system

It is expected to appear in exact solutions to the DIRAC equation in spherical
coordinates, informations that allow to better understand how the spin of the electron is related
to internal rotation of energy.

85


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

Even before discussing the search for solutions, we must transform the DIRAC equation
in spherical coordinates.

The starting point is given by the link relations between the cartesian and spherical

coordinates:

X =rsin®cos e
y=rsinosing
Z=rcosH

We deduce the differential relations:

dx = drsin6cos @+ rcos 0 cos ¢dd —rsin 6sin ede

dy =drsin0sin @+ rcos 0sin ¢d6 + rsin 6 cos pde
dz =drcos6—rsin6do

Or again using matrix writing:

—rsin@sing( dr
rsinécose | do

0

dx sinBcosp rcosOcos e
dy |=| sin@sing rcososing
dz cos 0 —rsin®
And then, by matrix inversion:
dr sinfcose sinBsing  cosO
4o | cosbcosg cosOsing —sin6
r r r
do —sin¢@ oS @ 0
rsin® rsin®

dx

dz

do

(XV-1)

(XV-2)

(XV-3)

(XV-4)

The DIRAC equation in Cartesian coordinates is recalled below:

J{vo(aixtjﬂl(%]+v{%)+v3(%ﬂ(w)= n(v)

where matrices y; are of the form:

100 0
01 0 0
"o 0 -1 0
00 0 -1

0 O
0 1
-1 0
0 O

o O O -

Yo =

o O O

O — O O

O O — O

(XV/-5)

o
o
= O O O

(@)
(@)

(XV-6)
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The objective is to transform this equation to write it with the partial derivatives with
respect to spherical variables r, 0, ¢:

e o (e ey AT | IR o)

The issue is the determination of the new matrices yr, ye, Y. This requires, as a first step,
to formalize the passage of the partial derivatives with respect to X, y, z into partial derivatives
with respect to r, 0, o.

To establish these relationships, we can use the total differential, which is a constant of
the transformation:

oy oy oy
dy=Yr+ Pao+ Mg XV-8
Vo T e (XV-8)

By introducing in this relation the differentials dr, d6, de given in (XV-4), we obtain:
oy
pal

dy = =~ sin 0 cos pdx + sin Osin edy + cos 0dz )+

a—W}(cos 0cos pdx + cos Bsin pdy —sin 6dz ) (XV-9)
;

'

—sin edx + cos od
op rsinO( ? ? y)

We gather terms which are linked to Cartesian differentials dx, dy, dz:

dy =dx G—Wsmecos(p+6—wlcosecos(p—8—w ! sing
or a0 r oo rsin®

+dy a—wsm 0sin (p+a—WECOSGSIn(p+8—W L COS @ (XV-10)
or aor op rsin®

+dz{a—wcose—6—wlsin e}
or o9 r

We then identify this expression with the total differential in Cartesian coordinates,
which is a constant of the transformation:

oy . oy oy
d —Ldx+—dy+—dz XV-11
V== Y y P ( )

This identification provides the searched transformation between the partial derivatives
in spherical coordinates and the partial derivatives in Cartesian coordinates:
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a—wzﬁ—wsinec05@+a—wlcosecoscp—a—w —sing

oX or oor Op rsin®
a—wza—wsinesin(wa—wlcosesin(wa—w ——COS (XV-12)
dy or oor op rsind

a_“’:a_\"cose—a—wlsine

0z or oor

It is then possible to change the coordinate system by reporting these equalities in
DIRAC equation in Cartesian coordinates:

j{v{aixtj+v{§j+v{%}+v{§ﬂ(w>=%(w) (XV-13)

The explicit formulation is fully developed below:
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WMo
OX,
Vo) (10 0 0)ay,
w01 0 0
Ty, 710 0o =1 oo,
v, 00 0 -1) 9%
vy
OX,
W, Iy, 1 Oy, sin
o 0 0 1 or o¢p rsin®
oy, oy, 1 oy, )
—1LsinOcosp+—=+ cosecos sin
10 0 1 0§ or i (P&(prsme(p
* 0 o, 1 0
0 -100 \VZSII‘IGCOS(p+ Ve COSBCOS(p Nz = in
-1 0 0 o) or 00 op rsind
aWSSIﬂGCOS(p v v, ——sing
or 00 op rsin®
aWf’3|nesmcp+a\|j lcosesm(er&V ——COS
0o 0 0 or a0 r op rsin®
-
. a\Vlslnesm(erai}cosesmqwawl ———COSQ
/0 0 j O or 0 r o rsin®
oo 0 oy, 1 0
0 300 Wzsmesmqw W—cosesm(er Y2a_ 2 cos
-j 00 0) O oo r Op rsin®
a\"3smesm(p+allcosesmma\'[?’ coS ¢
or 0 r op rsind
6;10 cos 0 — a—weo}sine
0 01 0) Y f
0 0 0 -1 achosé) a\']l}sine
‘i a 00 r1
-1 000 ;jrzcose o rsme
0 1 0 O
aW3cos(9 %lsine
or r

(XV-14)

We organize terms around the partial derivative in r, 0, ¢, in order to obtain a matrix
relation:

J{vo(ai Jw (;j vel(aaej Yo rsilne(%ﬂ(w)w(\v)

This grouping led by identification to the searched matrices vyr, yo, Yo:

(XV-15)
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10 0 O 0 0 cos®  sinBe
|01 0 0 ~ 0 0 sinBe’ —cosH
oo -1 0 "7l _cose  —sine® 0 0
00 0 -1 —sinoe!® cos 0 0 0
0 0 —sin®  cosBe 0 0 0 —jel
~ 0 0 cos0e!  sin® |0 0 je 0
7 sine —cosoe 0 0 10 g 0 0
—cosfe’®  —sin@ 0 0 —je’* 0 0 0

(XV-16)

It should be noted in particular that the obtained matrices check the general properties
of DIRAC matrices:

(ol =1 (r,F =(rof =ly,f =2 (XV-17)

Developed system of DIRAC matrix writing takes the form:
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Ny
OX,
Yo 1 0 0 O %
vi| [0 1 0 0o
=] 5
W, 0 0 -1 0|9y,
v, 00 0 -1)
Ny
OX,
N,
. i or
11}
0 0 _cosQ sin Oe %
L 0 0 sinfe’ —cosO or
—cos® —sinfe 0 0 oy,
—sin e’ cos 0 0 0 a?ur
N3
or
N,
0 0 —sin® cosOe 88\3
. 1
N jl 0 0 cos 0e’? sin® 00
r| sin®@  —cos@e 0 0 oy,
—cos0e®  —sind 0 0 88\;?
Ns
00
o,
. op
0 0 0 —je) 4y,
indo A
S B L
rsine| 0 je 0 0 |9y,
—je* 0 0 0o ) 9
Ny
oo (XV-18)

We can deduce the 4 equations with partial derivatives expressing the DIRAC system
in spherical coordinates:

91


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

i . in—lo
J +cosea‘V2 +sin (9e"‘”%+1 —sin 9%+cosee‘” 6%)_ € AR
or o r o0 00 ) rsin® d¢

) inle
=] Wl+smee“P v, cose%Jr}[cosee”’%+sinea“/3j+ J? N,
or o r 00 00 rsin® oo

. -ie
2 =K- a\lfz —cosO—2 OV, sinee”’%+}£sinea\"° —cos 0e” jo OV j+ e oy,
OX, or o r 00 00 ) rsin® Op
. inle
s =R~ Ny —sin gg’* =2 W, +cos(9a\']l +1(—cosee“"%—sin66%j— Jef N
OX, or o r 00 00 rsin@® oo
(XV-19)

Itis a non-linear system, and the method used with the Cartesian coordinates is no longer
applicable.

The complexity of this system is such that it is difficult (impossible?) to consider a
purely mathematical method allowing to lead to an exact solution. We will show in the
following chapters that a physical approach based on exchanges of energy between spherical
modes allows to progress towards such solutions.
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XVI

KLEIN-GORDON equation in spherical
coordinates

In the process of finding exact solutions to the DIRAC equation in spherical coordinates,
we hypothesize that the conservation equation of energy between the mass energy, wave
energy, and impulse energy will be given to us by the KLEIN-GORDON equation in spherical
coordinates:

1 6 6 l a a 1 62 82 ,
r + sin® - = XVI-1
{r ar( arj r’sin® 89( aej r?sin’e op’ axf}(\v) n*(y) ( )

The modal solutions of this equation are presented in the form of a product of three
separable functions in (r), (xt), and (0, ¢).

| - Separable solution (0., ©)

This solution is based on spherical harmonics Y 4 that are functions of two parameters:
- [is called the harmonic degree of Y, and it is a natural number.
- mis known as the spherical harmonic order: it is an integer such that
|m|<= [and therefore: m=-[,- [+1, ..., [

Y[me (p = m+‘m‘ 2[+1 §+IZ P[‘m‘(cose)exp(jm(p) (XVI-2)

0<0<m et 0S(p£27:

P/ is a LEGENDRE polynomial raised to power m.

Spherical harmonics are solutions of the eigenvalue equation:

1 0(ind), 1 02
{ﬁ%(s'”(a%} SN0 g7 }Yfm(e 0)=—~(([ +1)Y (6, ) (XVI-3)

The first standard spherical harmonics are the following:
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3 3 . A 3

Yy = /4—n cosO Y., = ‘/asm Oe Y, =-, /5 singe’

Yo :wfi(Bcos2 0-1) VY,, :,/E sinBcosfe ™ Y, = —,/Esin 0cos e’
167 8n 8n

(XVI-4)
Y,,= ‘/E sin0e > Y, = ‘/E sin” ge’*?
32n 32
7 2 35 ) oo
Y. :‘/— 5cos“6—1)cos6 Yo == 5co0s” 0 —1)sinBe™*
¥ 16n( ) - 647:( )
A :1/& sin” @cosfe ™2 Yy =% 35 Gin® geriee
327 64

Il — The separable solution in r

This solution is given by any linear combination of spherical BESSEL functions jn(r)
and yn(r) where the index n is a natural number. These functions can be defined from the
BESSEL functions:

J(r)\rl

(XVI-5)
Ya(r) = \F L0
2
or from generators, more convenient to determine the explicit formulations:
. v o(1dY(sinr
(0 =+=1)"r (?EJ (Tj
(XVI-6)
na(ld cosr
r)=-— r —
Y (1) =~(-1) (rdrj( : ]
The first spherical BESSEL functions are as follows:
sinr cosr
o( )—_ yo( )—_
smr _cosr cosr sinr
1( )_ - y1( )_ A
r r? r
J,(r)= (——Ejsinr—IBCOfr y2(r)_—(i—ljcosr—33|r;r
r r r* r r
: 6 ). 15 1 15 6 15 1) .
Js(n) = r—4—r—2 sinr— Pl cosr Yo(r)=— R CoSr — P sinr
(XVI-7)

94


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

If we refer to fu(r) the general function representative of jn(r) or yn(r), fa(r) is solution of
the spherical BESSEL differential equation:

126[ ]f(){ (:1)}%(0:0 (XV1-8)
or or r

Or in an equivalent way:

o°f () +26fn (r +|: (n+1):lf (r)=0 (XVI1-9)
or? roor r

Spherical cavity modes dependent only from r are called the pulsed modes. They are
functions of a radial propagation constant or radial space pulsation that we refer to by kr and
who plays a role analogous to propagation constants Ky, ky, or k; for rectangular cavities.

By introducing the variable R = kir in spherical BESSEL equation (XVI-19), we get
successively:

o%f (R) , 2 of,(R) {1 (n+1)}f (R)=0
R’ 'R R R?

2

%af@(f r)+%gafék ) {1 (kmﬂf (k1) =0

r r r r r ( rr) (XV'_lO)
2

o*fu (k1) 2afn(k,r){kf n(n +1)}f (k1)=0

or? r or r

1‘3( ajf (k.r) + [ (””)}f (k.r) =0

r-o or r
I11 — The separable solution in Xt

If we refer to this solution by u, it is solution of the eigenvalue equation:
o Kk k?u(k,x,)=0
o7 Ulkox )+ keulkx,) = (XVI-11)

t

It is thus constituted by any linear combination of the trigonometric functions cos(kixt)
and sin(ktxt )

IV - The complete solution in stationary modes separated in (r, 0, @ and xt)

The KLEIN-GORDON equation in spherical coordinates is recalled for memory:

19[20 1 0 0 1 ot 0 2
ol ar)’ sind B = XVI-12
LZ ar[ 8rj r’ smeae( ae} r?sin’ 0 oo’ ath}(\lf) () ( )
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Solutions in stationary modes appear under the form of a product of independent
functions inr, (0, @), and Xt

w(r,6,,t) =1, (k,r)Ym (6, p)ulk,x,) (XVI-13)

The introduction of this form of solution in the KLEIN-GORDON equation in spherical
coordinates leads to the following substitutions:

22(e 200tk - tervamto ol

r2or\_ or
1 o(. .0 1 ¢ o (r+1)
|:r28in0%(Slnegj‘f-ma—(pz}“/(r,e,q),t)—— r2 f[(krr)Y[m(O,(p)u(ktXt)

2

-2 w609, = ki (k)Y (0, 0lu(kx,
t
(XVI-14)

By substitution of these 3 relationships in (XV1-12), yields the relationship of energy:

k? =n? +k? (XVI-15)

After multiplication by the constant (ic)’, this relation becomes:

(rck, ) = (e ) + (7ck, )* (XVI-16)
or again :
(hw)? = (myc?f + (nck, ) (XVI-17)

As in Cartesian coordinates, it identifies in this relationship three kinds of energy: wave
energy (hw), masse energy (moc?) and impulse energy (fick , ).

It should be noted that this relationship of conservation is independent of the excited
modes depending on 0 and ¢. This means that the distribution between mass energy, wave
energy, and impulse energy is not depending on modes excited in rotation following 6 and ¢.

As in the case of Cartesian coordinates, this relationship of energy conservation will

play a fundamental role in obtaining stationary solutions to the DIRAC equation in spherical
coordinates.
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XVII

Exact solutions of the DIRAC equation
In spherical coordinates

In previous chapters, we have shown that the exact solutions of the Dirac equation in
spherical coordinates must check the system:

i ) in—ie
0= Mo 4 c0s0 V2 4 sin ee“”%+1(—sin 02 4 cos6e 5\113)_ - s
axt or o 00 00 ) rsin® dg

inle
Y =] N1 singek aWZ—cose%Jrl[Cosee“’ 6W2+sm98\|13j+ - N,
X, or o r o0 o0 ) rsin® o

i . jinJe
ny, =Jji- N2 050V sin ee‘”’%Jr}(Sin 0o _ cose e 6W1j+ i o,
x, or o r 00 o0 ) rsin® o¢

) iale
Vs =k- Ns _gingel aWO+005,6)%+1(—0056e“"(aﬁ—s,inea\'/lj— ° N
axt or o r 00 00 ) rsin® Op

(XVII-1)
We have also formulated the hypothesis that if exact solutions exist in the form of
stationary modes describing energy exchange within the particle, these solutions must be

compatible with the equation of conservation of energy established using the KLEIN-
GORDON equation:

k?=n’+k? (XVII-2)

However, these elements are insufficient to advance in the search for solutions to the
above system (XV1I-1).

We must therefore find new features able, in a heuristic approach, to restrict the field of
possible solutions.

We are going to do this using two observations of the exact solutions obtained in
Cartesian coordinates. Consider for example the following solution:
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Yo =0
v, = —(iw)sin(k, x) cos(k,y)cos(k,z)cos(k,x,) + j(mocz)sin(kxx) cos(k,y)cos(k,z)sin(k,x,)
v, = jack, sin(k,x)sin(k, y) cos(k,z)sin(k,x,) +7ick, cos(k,x)cos(k,y) cos(k,z)sin(k x,)
v, = hick, sin(k, x) cos(k, y)sin(k,z)sin(k x,

(XVI1-3)

The first observation to be noted is that the bi-spinor representing some of these
solutions can be broken down as follows:

- the first spinor expresses on one of its components exchange between mass
energy and wave energy.

- the second spinor expresses on its two components impulse energy exchange.

The second observation is linked to the wave-particle duality. It appears in exact
solutions in the form of a same spatial mode, one with energy-positive, the other with negative

energy (because the presence of j=-/—1), excited in time quadrature, which indicates that when
the mass energy is maximum, the wave energy is zero, and vice versa. Modes that are present

in this exchange of energy must be solution of the KLEIN-GORDON equation that appears
systematically in a system of DIRAC equations.

Based on these two observations, empirical tests have shown that there is indeed exact
spherical solutions to DIRAC system (XV1I-1) in the form of stationary modes, with respect to
the equation of conservation of energy (XVII-2)

Some spherical modes do not allow to obtain exact solutions to the DIRAC equation.
The empirical methodology proposed here does not say whether there is a mathematical absence
of these solutions, or if these modes-related solutions are achievable by other methods

The first spherical mode Yoo(0, ¢) solution of the KLEIN-GORDON equation is equal
to a constant, so it is independent of 6, and ¢. It doesn’t lead to an exact solution of the Dirac
equation.

We will develop in detail in the following chapters, exact solutions for some modes of the
spherical solutions of the KLEIN-GORDON equation.
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XVII

Exact solutions of DIRAC equation on
the modes Yn-net Ynn

We are interested in this chapter to modes solutions of the KLEIN-GORDON equation
for which the parameters fand |m| are equal, and we shall put /= |m| = n #0.

The angular description of these modes is given by the following spherical harmonics,
in which the normalization constant, which plays no role to establish the validity of the solutions
has been omitted:

Y _, =sin"0e’™ Y =sin"0eM (XVII-1)

We will work on the mode Ynn, before deriving, by simple considerations, the
expression of the Ynn mode solutions.

The spherical harmonic Yn.nis associated with the radial function given by two spherical
BESSEL functions of order n:

f,(k,r)=j,(kr =\/§J (k1) (XV11I-2)
or 2
fn(krr)=yn(krr)=\/§N 1 (k) (XVII1-3)

Modal solutions of the KLEIN-GORDON equation expressed under the form:
w(r,0,9,t)=f, (kr)Y, ., (0.0ulkx,) (XVII1-4)

where the time dependence is given by any linear combination of functions: u(kixt) = cos(kxt)
ou u(kext) = sin(Kext)

The approach discussed in the previous chapter incentive to propose the following
solution which will prove to be be an exact solution:
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v, =nf, (k,r)sin" 8e ™ sin(k,x, )+ jk,f, (k,r)sin" e cos(k,x, )
vy =0
H fA N -nje i (k r)
v, = jcosOsin" Be ™ sin(k,x, K -k f, '(k,r)+n-—=2 (XV111-5)

, = jsin(k,x, )sin™* ee‘(“‘”"‘"{—sin2 ok f.'(k.r) - n(cosz eﬂ)fn(lr(rr)}

in which we have adopted the light notation: fn’ (ki) = dfa(ker)/d(K:r).

The first spinor describes the duality wave-corpuscle through the wave function wo.
Mass energy is exchanged with the wave energy on the spatial mode defined by the spherical
harmonic Y. It responds to the approach discussed in the previous chapter.

The second spinor exchanges impulse energy to which we will return later. It is inferred
from the spherical DIRAC system after substitution of the first spinor.

The equation of conservation of energy associated with this solution is recalled for
memory:

k2 =n>+k’ (XVI11-6)
This relationship is independent of the nature of the excited spherical modes.

In previous chapters, we have shown that the exact solutions of the DIRAC equation in
spherical coordinates must check the system:

) in—le
J +C0598\V2 +sin e Ny +1(—sin 9%+cosee""’ a%j— ° s
or or r 00 00 rsin® oo

i jiale
J +Slﬂ98”’ N, cose%+}(cosee“’ aWz+sin€)a\lj3]+ o™ v,
or o r o0 30 ) rsin® d¢

oX, or or 00 rsin® oo

. —ie
il 6\|!z —C0s6—= Wy sinee""’%JA(sine%_cosee J<Pa\|11j ™ oy,
r 00
J{

; iale
Wy smee“Pa(;VO+cos€)aw1 1( cosee“”%—sinea%j— )€ 8"’0}
r

OX r or 00 rsin® oo

(XVIII-7)

t

This system verification requires only basic calculations, but it is laborious. It is
however a decisive argument to convince of the validity of the proposed solution, and aid is
proposed below giving the explicit formulation of each of the terms of these equations.

The first equation, more complex because it contains the KLEIN-GORDON equation,
will be treated as a last, and we propose to give first the terms relating to equations 2, 3, and 4.
Verification of the sums is left to the reader care.

Verification elements of equation 2 of the spherical DIRAC system:

100


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

O\ i®
“14singel* 2 aWz —C050%+1(COS Qele 212 oy +S|n66\|’3j e a\Vz
aX or o r

! 00 ) rsin® Op
(XVI1I1-8)
ny,; =0
j%—
OX,

r 2

jsin e’ % = —cosfsin™" esin(ktxt)e‘(“‘l)k"{_ K2F"(K.1) + n(k,fn r(krr) f (krf)j}

- jo0s0 2 =cos0sin'” esin(ktxt)e("lm{_sinz 0k?f, " (k,1) - n(cos? e+1{k'f" - j}
i | '
jcoste” av, = —cos0sin™*(ncos? 0 —sin’ O)Sin(ktxt)e—(n—l)m{_ Kefo (ki) fn(lzrr)}
r 00 . ;
kf, (k r
sind oy, ~ {(n+1)sin Gcosp =22

—_—= sin(ktxt )sin n-1 ge=(n-Die

r oo +n((n —1)c0336—2$in260056+(n —l)cose)—f”(rirr)
jo j '
_ e 8\|/2 -_n COSOSInnlesln(ktXt)e(nl)w{_ krfn (krr) +nfn (Err)}
rsin® oo r '
(XVI111-9)

Verification elements of equation 3 of the spherical DIRAC system:

o, or or 20 )" rsin® o
(XV111-10)

j . in—Jo
—J{ Ny C0596‘V0 —sin 961¢%+1(Sin9%—coseej¢ 6W1)+ Je a\lll}

—j% =k, cos0sin" ge " cos(ktxt){ Skr)+nle f.(k, f)}

t
- jcos@% = —jnk,f, '(k,r)cos8sin" 6e ™ sin(k,x, )+ Kk f,"(k,r)cos 8sin" 6e ™ cos(k,x, )

—jsin peie Vi _ g
or
i 56\4(;0 = jn 28D nsin® oos o ™ sin(k,x,) -k, 25 nsin® ocos oe ™ cos(k x,)
r r r

_j cos 0 e‘j@%

=0
r 00
" oy
rsin® oo
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(XVIII-11)

Verification elements of equation 4 of the spherical DIRAC system:

. jale
~ N ingeie Mo 1 cosp Va4 1(—C086€”’%—sinea%j— 1€ W,
X, or o o0 00 ) rsin® do

(XVII1-12)

v, = jnsin(k,x, )sin"* ee(“l)j"’{—sinzekrf '(k,r) —n(cos? 9+1)f 2 (K, f)}

—j‘Z\V?’ =k, cos(k,x, )sin"™* ee‘("‘l)j"’{—sinzekrf "(k,r) - n(cos 9+1) o (K, r)}
Xt
= —jnk,f,"(k,r)sin"* 6e "V sin(k x, )+ k k,f."(k,r)sin"** 6e "M cog(k, x, )

~jsinoer Mo
or

jcosB%:O
or

1 fn(krr) n-1 J(P
_.cos0e” dy, in———Znsin"*cos? Be " sin(k x, )
o +kthsm 9 cos? 0e " cos(k,x, )
_jsil‘le%=
r oo

ie ) i
£ Mo _ —jnn—]cn (k") sin"* 0e "M sin(k, x, )+ nk, fo(kr) sin"* 0e " cos(k, x, )
rsin® oo r r

(XVI11-13)

Verification elements of equation 1 of the spherical DIRAC system:

As stated previously, this verification justifies special attention because it contains the
equation of conservation of energy derived from the KLEIN-GORDON equation.

) in—le
W, =] N +cosea\|’2 +sinfe 6% 1( smea\v2 +cos e ** 8%)— Je_ Vs
OX, or o r 00 00 rsin® oo
(XVI111-14)

The explicit calculation of each of the terms is given below:
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o =n*f, (k,r)sin” e sin(k,x, )+ jnk f, (k r)sin" 6e ™™ cos(k,x, )
j% = jnk.f, (k,r)sin" Be " cos(k,x, )+ k2f, (k,r)sin" 6e " sin(k,x, )

t

jcos 9% =—cos” 0sin" esin(ktxt)e”j““{— K2f (k) + n(k“f" r(k'r) _h (Efr)j}

r

jsinge % =—sin" esin(ktxt)e‘”""’{—sin2 ok>2f, " (k,r) - n(cos® 0 +1(kf]cn ko _T, (k'r)]}

r r?
jsm 0 954162 =sin"(n cos? 0 —sin? e)sin(ktxt)e”"‘“{— Kt kD f”(Efr)}
r r

kf, (k r
Jcose v, (n+1)sin" @ cos g~ 22

e o 3 =sin(k,x, )cos 6e "
;

+n((n—1)sin"? 0cos® 0 — 2sin" Ocos 0 + (n —1)sin"2 O cos 6)@

-ie . ]
° %z(n—l)sin(ktxt)sin”’2 0e ™ —sin’ ok, fo'kr) _, cos” 9+1f (k,r)
rsin® oo r r?

(XVIII-15)

After simplification by sin(kix:).e, the first equation of the DIRAC system is written:

n’f, (k,r)sin" 6 =sin" 0kf, (k.r)+sin" OkZf, " (k,r)

Lkfkn [=n cos? sin” 0+ nsin” B(cos® 0+1)sin" (n cos? 0 —sin’ 0) (XVIII-16)
r +(n+1)sin" Bcos? 8 —(n—1)sin"
ncos” Osin" 0 —nsin" 0(cos? 0+1)+ nsin"(n cos? 0 —sin?0)
+f”(rﬁ + n((n —1)sin"?0cos* 0 —2sin" Bcos? O+ (n —1)sin"? O cos? 9)
—n(n—1)sin"?6(cos? 0+1)
Terms within brackets reduce in a remarkable manner to obtain:
nf (k1) =K (k) + K (k) + 2ﬂ n(n +1)w (XVIII-17)

r

We can rewrite this relationship by inserting the partial derivatives with respect to r:

2
7t () =K, o) o, ) 2 2 fn(krr)—n(n+l)f”(::’r) (XVIII-18)
Or again:
) 2 10(,0 B o (k1) i
7, (k)= i, )+ ar(r ﬁrjfn(krr) n(n+1) =K (XVIII-19)

Using the property of the spherical BESSEL function established in (XVI-10) and
recalled for memory:

103


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

lﬁ{r —jf (k) + [ L jl)}f[(krr):o (XVI11-20)
reor or r

we obtain for [=n:

1 a[ jf (k.r)+ [kf ”(””)}f (k.r)=0
or r

r1 aar ] s (XVII1-21)
nn +
= — f (kr)— f (k1) =—Kf (kr
22 2 e "0, en = kit (k)
By postponing this last result in the below mentioned (XV111-19) relationship:
n’f, (k,r) =k, (k, r)+i§(r g]fn(krr) n(n+1)-ort n(k ) (XVII1-22)
r- or r I’

We obtain the relationship of conservation of energy:

nzfn (krr) = ktzfn (krr)_ kffn (krr)

(XVI11-23)
ki =n’+k{

Verification of the exact solution to the DIRAC equation in spherical coordinates is
completed. As in Cartesian coordinates, to be valid, this solution must be associated with the
equation of conservation of energy in spherical coordinates.

At the conclusion of this chapter, we look at the similar mode in Ynn:
Y., =sin" 0e" (XV111-24)

If it ignores the normalization constant that is not involved in the calculations, the only
difference from the spherical harmonic Y., of the preceding paragraph is in the sign of ¢.

This induces an immediate consequence: we can no longer find exact solution by
shifting the duality wave-corpuscle by the wave function yo. The exact solution to the spherical
DIRAC system can only be constructed by carriing this duality by the wave function yi. We
then get a similar solution to the previous one, in which the wave functions of the spinor that
carries the pulse energy is exchanged:

Yo =0
v, =nf, (k,r)sin" 8e™ sin(k x, )+ jk,f, (k,r)sin" 6e™ cos(k,x, )

Wz:jsin(ktxt)sin“16e(”1)j“’{—sin26krf '(k,r) — n(cos? 6+1) (K, r)} (XV111-25)

\|13 = JCOS 68|nn Genj‘p Sln(ktxt){krfn'(krr) -n fn (i:rr)}
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We will see in a next chapter that the sign of ¢ determines the direction of rotation of
the energy. Using the conventional rules of orientation of the spin (rule of the corkscrew for
example), we can associate a spin direction to each of the proposed solutions.

The spinor:

v, =nf, (k,r)sin" 6e ™ sin(k,x, )+ jk,f. (k,r)sin" e cos(k x, )

(XVI111-26)
y; =0

can be associated with the positive z-oriented spin and it is usually called spin "up".

The spinor:

Yo =0

S _ - (XVII1-27)
v, =nf, (k,r)sin" 8e™ sin(k,x, )+ jk,f, (k,r)sin" 8e" cos(k,x, )

can be associated with the negative z-oriented spin and it is usually called spin "down".
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XIX

Other exact solutions

| - The rotation modes

Basic exact solutions presented in the previous chapter do not highlight the rotation of

power.
In doing similarly looking for propagative solution during the study in Cartesian

coordinates, it is possible to find exact solutions that express this rotation.

Spherical DIRAC system is linear with respect to the sine and cosine functions of xi,
then we can build new exact solutions by summing solutions whose modes variations cover X.

We choose to work in a way representing a ‘down' spin and we call (solution 1) the
solution obtained in (XVI111-25):

Yo =0
y, =nf, (k,r)sin" 8e"™ sin(k x, )+ jk,f, (k,r)sin" 8e™ cos(k,x, )
v, = jsin(k,x, )sin"? E)e(“)j“’{—sin2 ok, f,"(k,r) - n(cos’ 9+1) o (K, r)} (XIX-1)

Y, = jCOS Osin" Oe"® Si”(ktxt){krfn'(krr) n fn (i:rr)}

We call (solution 2) the exact solution obtained by exchanging the sine and cosine in
the wave function y1 :

Yo =0
v, =nf, (k,r)sin" 8e™ cos(k,x, ) - jk.f, (k,r)sin" 6e™ sin(k,x, )

v, = jeos(k,x, )sin™* Be(”l)j“’{—sinzekrf ‘(K.1) - n(C0826+1)f (K, r)} XI%-2)
v, = jcosBsin" 6e™ cos(ktxt){ C(k.r)-n fo (k, f)}

We build the exact solution obtained by the linear combination: (solution 2) + j (solution
1):
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Yo =0
v, =nf, (k,r)sin" Oexp j(ktxt + n(P)_ktfn (k,r)sin” 6exp j(ktxt + n(P)
v, = joxp j(kx, +(n—-1)p)sin™* e{—sinzekrf '(k, 1) —n(cos® 6+1)f o (K, r)} (XIX-3)

vs = jcossin” Oexp j(k . +n<P){ J(k)-n's (lr< r)}

Terms with exp j(kext + ne) and exp j(kixt + (n-1)p) represent both temporal rotation
energy depending on the angle ¢ and exchanges between positive and negative energy shown
by the presence of the imaginary term j.

The direction of rotation can be evaluated in the same way that the meaning of a
progressive wave propagation.

A wave as (ot — kx) is moving towards the positive x: a wave as (kix: - ne) is moving
towards positive ¢.

A wave as (ot + kx) is progressing towards the negative x: a wave as (kixt + ng) moves
towards the negative ¢, which justifies the name of spin 'down’ for the solution (XIX-3).

It appears impossible to construct exact solutions in rotation as (kext + 0) because there

are no similar solutions in sin and cos6 which are necessary to obtain by combination with
temporal sin (kixt) and cos (kext) functions of rotation by 6.

Il — Other solutions

Among the modal solutions of the KLEIN-GORDON equation, for an order £ given, |m|
can take all values between 0 and £ The previous chapters study show that the modes such as
= |m| = n # 0 lead to exact solutions of the DIRAC equation.

It turns out that all modes do not result in exact solutions.

A specific test on the Y2.1and Y21 modes shows that these modes allow exact solutions
which are reported below.

11-1 - mode Y21

It is associated with the spherical harmonic Y2-1:

Y, :W/E sin ©.cos Be ¥* (XIX-4)
8n
The radial function is given by two spherical BESSEL functions of order 2:
: 3 1 ). cos(k,r)
f,(k . r)=j,K r)=| ——=—--—=|sin(k,r)-3 L XIX-5
k)=l 2y i) -2t s

ou
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f,(k,r)= yz(krr):—[(ksr) (klr)Jcos(k r)— szn(krzr) (X1X-6)

kr

r

Modal solutions of the KLEIN-GORDON equation expressed in the form:
\u(l‘,e,(p,t) f (k I‘) 2 1(e (P) (ktxt) (XIX-7)

where the time dependence is given by any linear combination of functions: u(kext) = cos(Kixt)
or u(kext) = sin(kext)

The way proposed in the previous chapters allows to get the following exact solution:

v, =nf,(k,r)sin@cosBe sin(k,x, )+ jkf,(k,r)sin 6 cos 6e ** cos(k,x, )
vy, =0

\p2:jsinee‘j“’sin(ktxt){—coszekrfz'(krr) +{L-2sin? g)T2K:") (‘: r)} (XI1X-8)

v, :jsin(ktxt)cose{—sinzekrfz'(krr) 2c0s2 0 2Kl (ir( r)}

in which we adopted the notation: f2’ (ki) = dfa(ker)/d(kir).

11-2 - mode Y21

It is associated with the spherical harmonic Y21 recalled below:

Y, =— /;—5 sin 6.cos B’ (XIX-9)
T

The normalizing constant being not involved in calculations, the only difference from

the spherical harmonic Y21 of the preceding paragraph is in the sign of ¢. This indicates that
the direction of rotation of the energy is reversed from the Y21 mode.

The following exact solution is obtained:

Yo =0
y, =nf,(k,r)sin6cosBe’ sin(k,x, )+ jk,f,(k,r)sin6cos Be’ cos(k,x, )
v, :—jsin(ktxt)cose{sinzekrf '(k,r)+ 2c0s? 12 K:l) (Ir( r)} (XIX-10)

\|;3:jsin(ktxt)sinee"@{coszekrfz'(krr) (1-2sin? O)f (ir( r)}

11-3 — Other modes

It has not been discoved simple rule for determining if a mode is an exact solution or
not when [ > |m|, forcing a search to specific checks which becomes particularly laborious when
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the order of the modes increases. It is an open problem: If some modes do not lead to exact
solutions of the DIRAC equation, there is necessarily a physical reason that prevents the
installation of these modes and which should be elucidated.
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XX

Some considerations on exact solutions
IN spherical coordinates

The passage of the Cartesian coordinates to spherical coordinates allows to retrieve
properties that have been highlighted in the analysis of exact solutions in Cartesian coordinates,
in a completely deterministic approach.

The major advantage of a formulation of exact solutions to the DIRAC equation in
spherical coordinates lies in the fact that we'll be able express analytically the rotation of power.

Some first elements of reflection are proposed below. These elements seem to confirm
that the developed solutions are in agreement with the main observed physical phenomena.
However we will have to move further in this reflection before concluding or not to the final
validity of the proposed solutions.

| — Particle of spin 1

Let us consider an exact solution obtained on mode Y1.1:
v, =nf,(k,r)sin 6e ¥ sin(k,x, )+ jk,f,(k,r)sin 8e ¥ cos(k,x, )
v, =0
v, = jcosBsin 8e 7 sin(k X, ){— kf,'(k 1)+ fl(krr)} (XX-1)

i

Vv, = jsin(ktxt){—sin2 ok, f,'(k,r)— (cos? 0.+1) rfr)}

-

—h
=~

where fy is a spherical BESSEL function of order 1:

_sin(k,r) cos(k,r) yi(kr)=— cos(k,r) sin(k,r)

Sl - . (XX-2)
(k1) (k.n) (k) (k.

jl(krr)

and where we adopted the notation f1’(k:r) = dfi(kir)/d(k:r).

After multiplication by the constant %c, each of the wave functions has the dimension
of energy:
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o = (myc? . (k, r)sin 07 sin(k x, )+ j(ro)f, (k,r)sin e cos(k x, )
Y, =0
: o , f,(k,r)
v, = j(hick, )cos Bsin 6e ¥ sin(k x, | —f,"(k, )+ =2 o (XX-3)

r

\lfa=J'(thr)sin(ktxt){—sinzefl'(krr) (cos 9+1)f1(kr )}

kr

r

The functions above have a finite value in the vicinity of r = 0 only when f1 is a spherical
Bessel function of the first kind Ji. We will maintain despite all subsequently the name f1 in
order to discuss solutions in their greater generality.

We ignore in the discussion that follows the multiplicative constant for standardization.
It is recalled that this constant has a dual role: make so that each wave function has the
dimension of a square root of volume energy density, and that the integral of the density on the
volume containing the energy gives the total energy contained in the particle.

The first spinor formed by wo and w1 carries the exchange of energy between mass
energy and wave energy.

The second spinor formed by w2 and w3 carries spatial and temporal pulse energy
exchanges, which is confirmed by the presence of the expression (hck,). This impulse energy
can be firstly assigned to each of the variables of space r, 6, ¢.

The movement of rotation which is highlighted in exact solutions takes place around the
Oz axis: it induces an impulse energy along ¢.

The variable space r plays a role analogous to variables space X, y and z in Cartesian
coordinates: it induces an impulse energy following r.

The 6 variable appears to play no role in impulse terms, and we will make the
assumption that the impulse energy associated with this variable is zero.

The wave function y3 cannot be associated with a rotating motion along ¢: let us assume
that it is relative to r impulse energy. We will therefore associate the y> wave function to
impulse energy of rotation. This hypothesis is supported by the fact that the v, wave function
changes sign when passing from a spin "up" for a spin "down". It is also confirmed by the
spatial distribution of energy depending on 6, as we shall see later.

When performing a rotation by an angle ¢ = 2x, the bispinor (XX-1) found its initial
position, which suggests that we can associate this mode with a particle of spin 1. We know
that in this case the kinetic angular momentum has the maximum chance of making an angle 6
=45 ° and 6 = 135 ° with the Oz axis.

We can link this property to the pulse rotational energy carried by the y> wave function:

v, = j(7ick, )cos Osin e sin(k, x, ){— f'(k,r)+ %;r)} (XX-4)

r
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From the point of view of the volumetric energy density, the 6 dependence is given by
the function:

A(6) = (cos0sin6)’ (XX-5)

This function is shown in figure (XX-1) below:

0,3

A(6)

0,25

A /\

AR [\
AR Y AR
0,05 / \ / \

0 20 40 60 80 100 120 140 160 180 200

Figure (XX-1): Representation of the distribution range of volumetric density of impulse energy
versus @ for the Y11 or Y1.1 mode likely to represent a particle of spin 1

The rotational impulse energy density shows a maximum in the 6 =45 °and 6 = 135 °
directions. It is recalled that in an energy and deterministic approach, distribution around these
values no longer represents a probability density, but an energy volume density.

Impulse energy along r is carried by the wave y3 function:

Vs = j(thr)Sin(ktXt>{_Sin2 Gfl'(krr)—(cos2 9+1)—f1(kk;r)}

r

(XX-6)
None of the terms separately seems to be subject to a simple physical interpretation.
The photon is an important special case of particle of spin 1. It's a particle whose rest

mass is null and in this energy approach, wave functions which describe this particle obey the
following relationships to a multiplicative constant close:

v, = (o), (k,r)sin6e 1 cos(k,x, )
Yy, =0

v, = (hick, )cos @sinBe 7 sin(k X, ){— f'(k,r)+ fl(krr)} (XX-7)

r
=ik, inl ) s o ) e 0-2) 1)
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The energy exchanges occur between the wave energy brought by the first spinor, and
impulse energy carried by the second spinor: when the first is maximum (Jcos (kxt) | = 1), the
second is null (sin (kixt) = 0) and vice versa.

In the energy approach, the mass energy of the photon being zero, it is impossible to
know its position. During its meeting with other particles, it can only share pulse energy.

Il — Particle of spin 1/2

We know that the DIRAC equation is the equation whose solutions are the closest to the
physical behavior of the electron. We must therefore find in exact solutions to this equation in
spherical coordinates, some key properties highlighting both theoretical and experimental
behavior of this particle.

The solution which appears to have the greatest analogy is one based on mode Y3 or
Yoo
v, =nf,(k,r)sin® 6e 2 sin(k,x, )+ jk,f,(k,r)sin? 6e 21 cos(k,x, )
vy, =0

r

r

v, = jk, cos 0sin® fe sin(ktxt){—fz'(krr)+ 2%‘”)} (XX-8)

v, = jk, sin(k,x, )sin E)e‘j‘"{—sin2 of,' (k,r)—2(cos? 0 +1)f2i(<kr’r)}

r

where f2 is a spherical BESSEL function of order 2:

R - B S PO cos(k,r) ]
jo (k1) ((krr)s (krr)J SR (XX-9)
y,(k,r)=- (ki)s _(kirr)j cos(krr)—3szrl1flr()rzr) (XX-10)

and where we adopted the notation f2’(k:r) = dfa(ker)/d(kir).

After multiplication by the constant 7c, each of the wave functions has the dimension
of energy, and we will do as previously, abstraction of the constant of standardization in the
analysis of this solution:
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v = (Moc? )F, (k,r)sin? 0e ¢ sin(k,x, )+ j(ro)f, (k,r)sin? 6e 2 cos(k,x, )
Yy, =0
f,(k.r)

v, = j(hck, )cos Osin? ee—zwsin(ktXJ{— f,'(k,r)+ 22k—r} (XX-11)

r

v, = j(hck, )sin(k,x, )sin ee‘j“’{— sin? of,' (k,r)— 2(cos? 0 +1)%}

r

The first important element concerns the rotation angle o: if the wave function ys rotates
of 2xt, then yo and y2 wave functions are rotated 4.

The spin Y2 of the electron is often presented by explaining that the bi-spinor must rotate
4w before returning to its original position. It appears in the solution (XX-8) new elements
which indicate that all components of a spinor rotation do not necessarily vary with the same
angular range.

Seen under this aspect, it is necessary that yo and y2 components turn of 4z so that the
component y3 returned to its initial state.

The second element which suggests that the (XX-8) solution may characterize the inner
workings of the electron is contained within the y2 wave function:

v, = j(hck, )cos Bsin? ee‘Zj‘Psin(ktxt){—fz'(krr)Jr 2%‘?)} (XX-12)

r

This wave function carries impulse energy along ¢. Since the 6 direction is separable,
we can find out in which direction this energy is maximum along ¢, hence we have to solve:

%(cosesinze):—sin39+25in fcos’0=0 (XX-13)

what gives an angle 6max such as:

tg(0,,, )=~2 (XX-14)
And then:
Omax = 54,73° (XX-15)

From the point of view of the volumetric energy density, the 6 dependence is given by
the function:

A(0) =(cos0sin?6) (XX-16)

This function is shown in figure (XX-2) below:
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0,16

A(8)

N A AR
A S

[] 20 40 60 80 100 120 140 160 180 200

Figure (XX-2): Representation of the distribution of volumetric density of impulse energy
versus 6 for Y22 or Y22 modes likely to represent a particle of spin %

It appears that these directions correspond to the directions of the angular momentum
of the electron.

111 — Spin particle « 1/n »

One can search in the exact solutions to the DIRAC equation on modes Ynn Or Yn-n, the
general expression of the direction in which the angular momentum of spin is maximum.

Impulse energy of spin is carried by the wave function y2 who is remembered for
memory:

v, = jcosBsin" fe ™ sin(ktxt ){— kf '(kr)+n M} (XX-17)
r

Since this expression is separable in 0, one can determine the Omax value for which this
impulse energy is maximum. This is equivalent to solving the equation:

%(cos 0sin" 0)=—sin""0-+nsin"* 0cos? 0 =0 (XX-18)

What gives an angle Omax such:
tg*(0,,,)=n (XX-19)

It turns out that this direction is identical to that provided by the quantization of angular
momentum of spin in classical mechanics for a spin in “1/n”. The quotation marks mean that
we enter here in a field for which there is, to the knowledge of the author, no particle known to

date with this property for n different from 1 and 2.

To show it, we adopt a quantization of angular momentum of spin along the Oz axis in
the form:
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S, = %h (XX-20)

Standard angular momentum S in quantum mechanics is written:

S= l(l +1jh (XX-21)
nin
And the angle Omax IS given by the relationship:
1
cos(8,,, )= S—SZ = n L (XX-22)

\/i(iﬂj NGRS

Equality with the angle (XX-19) provided by the energy approach and the angle (XX-
22) provided by classical quantization of the spin angular momentum is given by the
trigonometric relationship:

1
cos’ 0

=tg°0+1 (XX-23)
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XXI

Spherical DIRAC currents

Exact solutions to the DIRAC equation can only represent physical solutions if they
comply with the local conservation of energy, which the mathematical translation is carried out
by expressing that the four-divergence of volume energy density must be null.

0
aX_“JH :au\]“ :0 (XXI-l)

We have seen in Cartesian coordinates that one could extract from DIRAC equations
the following relationship:

O (< u
=0 XXI-2

- wrv) (XX1-2)

In which:
10 0 O

_ «\T « « « -0 1 0 O o s

W:(\V ) i :(\VO'\VUWZ’WS =(\V01\|11’_\V21_\V3) (XXI1-3)
0 0 -1 0
0 0 0 -1

By identifying (XXI-2) with (XXI-1), we infer the four-vector current of DIRAC:
I =yyty (XXI1-4)
where y* are the DIRAC matrices.

To establish expressions of these currents in spherical coordinates, we must use the
DIRAC matrices obtained in this coordinate system. These matrices are index by the letters t,
1, 0, @ which represent differential to which they apply.
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1 0 0 O
o1 0 o
"“Zloo -1 0
00 0 -1
0 0 cos®  sinfe
_ 0 0 sinfe’® —coso
"7l _cose —sinee 0 0
—sin e’ cos 0 0 0
0 0 —sin® cosBe
B 0 0 cos0e’  sin®
"7l ine —cosbe 0 0
—cos0e!®  —sin@ 0 0
0 0 0 —je
|0 0 je* 0
Tl 0 e o 0
—je* 0 0 0

Details of the analytical expressions of these currents are shown below:

index component t:

10 0 0Yv, Vo
3 =rew = (v wi-vi v R A = (o vl wiws)]
0 (VRN g 27 3 0 0 _1 O \|j2 0r Y1 21 3 \|12

0 0 0 -1y, W,

3" = WoWo + Wiy, + oW, + o,

index component r:

(XXI-5)

(XXI-6)

(XXI-7)

(XXI-8)

(XXI-9)
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0 0 cos® sinBe vy,
TS 0 0 sin@e’  —cosO | v,
VYV =Wo Vi, Vo— Vs _c0sO  —sinBe 0 0 v,
—sinfel* cos 0 0 0 W,
Yo
:(\y;cose+\y;sineejw,\u;sinee‘”’—\y;cose,w;cose+wzsineej‘P,\y;sinee‘”—\uIcose Vi
Y,
Vs
J = \Vo(\V; C0s 0+, sin eej‘P)+ \Ifl(\llz sin @e ™ — s, cos e)
+\y2(\p; Cos 0+, sin Oej"’)+ \VS(\VS sin @e ™ —y; cos 9)
(XX1-10)
index component 6:
0 0 —sin® cosBe )y,
_ R 0 0 cosfe’®  sin® |y
‘]ez Y_e = ] ' ' - B '
oY (worviv Wg)r sin@  —cosfe 0 0 v,
—cosfe’®  —sin@ 0 0 v,
Yo
= %(— WV, Sin 0+, cos Be’®, ), cos Be ' + 7 sin 6,—y; sin O+, cos Be’’, y, cos Be ® +y; sin @ Vi
VY,
Vs

13° = o=y} 5in 0+ cos 06’ )+, (y; cos e 7+ sin 6)
+y, (- wi sin 0+ cos0e’® )+ y, (s cos B + ] sin 0)

(XXI-11)
index component o:
0 0 0 —je Yy,
_ Y s o« o« o 1 ] 0 0 je 0 |y
J(P: B = ’ I I NN :
Vising (vovimv; %)rsme 0 jed 0 0 |v,
—je’* 0 0 0 N\,
Wy
| _ . Cio % « _io) V1
J? = el —yoe ™y el —y e XX1-12
rsine(ws VaE T v, ( :
Vs

rsin03° = j(yowie! — e ™ +y el —yoyie ™)
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These analytical expressions allow to check how exact solutions obtained comply with
the local conservation of energy. The calculations may be particularly laborious. Some elements
of calculations are presented below, on the example of the rotating solution obtained in a
previous chapter:

Y, =0
Y= (n_kt)fn (k,r)sin" 6exp j(ktxt + n(P)
v, = jexp j(k,x, +(n =1)p)sin™* e{—sin2 ok, " (k,r)—n(cos? e+1)@} (XXI-13)

Vs = jeosfsin’ Hexp i(ktxt+n<l>){k (kyr)—n 12D r)}

Calculation of J&

3" = WoWo + Wy + oy, + oy

r

r

2
3t =(n—k P, (k,r)sin" 0f + kf{—sin“+1 of,'(k,r) - nsin"* 6(cos? +1)W}

r

+(cosesin” e) {f "(k,r)— n]c f(krr)}
(XX1-14)

On this particular mode, the volume density of total energy depends neither time nor
of the space variable ¢

Calculation of J":

J'= wo(\p’; oS 0 + 7 sin 6e”)+ \yl(\y;’ sin Be ™ — s, cos 6)

. R e (XXI-15)
+v, (\Ifo oS 0 + y, sin eeJ‘P)+ \|/3(\|/0 sin6e™* —y; cos 9)

For the reporting solution, we have yo = 0:
J' = \Ill(\lf; sin@e ’* — 7, cos e)+ v, (\VI sin6e’* )+ \lfs(— , COS 6) (XXI-16)

The exponential terms vanish by conjugation in the products of the wave functions.
After this cancellation, it remains in y2 and 3 purely imaginary terms. We can deduce:

J =0 (XXI1-17)

Calculation of J°:

r)® = \yo(— v, Sin 0+ cos 9e“”)+ \yl(\y; cos 0e? + ., sin e) (XXI-18)
+ \|/2(— W, SiN O + ) Cos Oej‘°)+ Ws(w;; cos Be ¥ +y; sin e)

For the reporting solution, we have yo = O:

120


http://patrick.vaudon.pagesperso-orange.fr/

http://patrick.vaudon.pagesperso-orange.fr

r)® = \lfl(\lf; cos0e ? +y; sin 6)+ v, (\yl cos 6e’® )+ \|I3(\|II sin e) (XX1-19)

The exponential terms vanish by conjugation in the products of the wave functions.
After this cancellation, it remains in y2 and ys purely imaginary terms. We can deduce:

=0 (XX1-20)

Calculation of J*:

rsined” = j(y,wie™ —wwre  +y e —yoyie ) (XX1-21)

For the reporting solution, we have yo = 0:

rsin@J® = j(— TATM- LS szzejq’) (XX1-22)
We obtain:
30 =2(k, —n)msinzn‘2 e{sin2 ok, f,"(k,r) +n(cos® 0 +1)M} (XXI1-23)
r r

Since we are in possession of the currents of DIRAC, we can now check if these currents
that can be associated to the evolution of the density of energy in time and space, well check
the relationship of local conservation of energy.

This relationship is written in spherical coordinates:

ol
OX,

o), 1 ainer) 1 ar_.
o  rsin® 00 rsin® op

+ iz (XXI1-24)
r

It is verified, because each of the terms of this divergence, taken separately, is zero. A
somewhat more detailed analysis shows that about these modes in rotation:

- Total volume energy density J' depends neither on time, nor on variable spatial ¢.
On the other hand, it varies following r and 0, and is depending on the modes that
are excited.

- Currents of DIRAC following r and 0 being zero, there is no flow of energy
following these directions.

- The Dirac current along ¢ is non-zero, reflecting the existence of a flow of energy
linked with the angular rotation of energy in that angular direction. This flow of
energy is uniform because it does not depend on ¢. It can be attached to the rotation,
with a constant speed, of energy following this direction.
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XXII

Generalized DIRAC equation in
spherical coordinates

Obtaining solutions to the Dirac equation in the form of spherical modes leads naturally
to wonder about the existence of such solutions when the particle is immersed in a constant and
uniform four-potential.

This problem has already been processed in Cartesian coordinates in chapter XII. We
propose to resume it in spherical coordinates in a somewhat different approach.

We must first determine the equation of conservation of energy between two frames
linked by relativity.

We adopt as a starting point a Cartesian coordinate system and the form of the KLEIN-
GORDON equation invariant under the LORENTZ transformation:

{(j 2 —%Apj[jaxi“—%&j}(w# [%jz(w) (XXI1-1)

In this relationship, the A, represent the components of the four-potential (¢/c Ax, Ay,
A;). In order to lighten writing, we put, as in chapter XII:

A, gA A, m,C
:%% T]X:qh = nz=qh n=—r (XX11-2)

Ny

The development of the equation (XXII-1) in a metric (+,-,-, -) gives us:

(v)=7’(v) (XXI11-3)

Or still :
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82 0
82 8 82 a
(_57 25 +nfj(w)= & 2myay+ny) (w)+n*(w) (XXI11-4)
t
oSO B
-———2jn,—+
622 anaz lej

The scalar potential affects the term on the left of the equal sign, whereas the vector
potential affects the right term. We will consider these two cases separately.

| — The scalar potential

We are interested in this part to the effect of the scalar potential, and we are working
with a null vector potential, which leads to put nx =ny =mn. = 0 in the equation (XXI1-4):

82 . 0 62 62 62
(_a_xf_zmt &”@("’): {6x2 NV azzj(‘“)mz(w) (XX11-5)

The introduction of spherical coordinates provides the Laplacian in the form:

&2 o, 10(,0 1 a(. . @ 1 & )
—2j + =d= 22|+ —|sin0— |+————— Yy)+
( o Mg m}(w) {rz ar( arj rzsineae[ ae) 2sin? 0 0 (w)+n(y)

(XXI1-6)

It appears from the analysis of spherical modes of Chapter XVI that stationary modes
should check the relationship:

( a2 +n$](w)=(k$ 1 v) (XXI1-7)

It appears a note already formulated in another way in chapter XII on the basis of
observations relating to the linear system X11-11, 12, 13, 14: it is impossible to find a stationary
solution in sin (kixt) or cos(kext) that allows to obtain an equation of conservation of energy
derived from (XXII-7).

Possible solutions appear in the form:

cos(k,x, )+ jsin(k,x, ) = exp (£ jk X, ) (XX11-8)

They reflect the excitement of modes in quadrature which exchange positive and
negative energy.
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By postponing this relationship (XXI1-8) in (XXII-7), the relationship of conservation
of energy which must be verified by the system of Dirac in spherical coordinates in a scalar
potential is obtained:

(k2 2k, +12)=(K? +77) (XX11-9)
or still:
(kexn, )’ = (k2 +n?) (XXI1-10)

It's the relation obtained in chapter XII, transposed in spherical coordinates.

The system of Dirac generalized to a scalar potential in spherical coordinates is written:

) in—Jo
(+n v = Vo +COS(98W2 +sin0e Ny +1(—sin O%H:osee‘m 5“’3)_ Je. AR
X, or a o0 o0 ) rsin® o¢

n+nt)\v1—1{

; inlo
\Vz COSG%-FE(COSGEW v, +sinea\"3)+ J(? oy,
or o r o0 90 ) rsin® o¢

T] nt)\Vz =

. in~le
v, —c0s0—2% WMo _in 0e vy E(Sine%—cos@e‘“D an)Jr d vy
X or o r o0 20 ) rsin® 9

) inle
s —sine’® 6WO+cose%+1[—cosee“"%—sinea\"l)— J? Vo
X, or or r 00 00 rsin® oo

(XXI1-11)

(M-nw, =§{-

Using the exact solution (XXI-13) for example, the exact solution in a scalar potential is
obtained in the form

Yo =0
W, = (ﬂ— K, _nt)fn (krr)Sinn oexp j(ktxt + n(P)

v, =—jexp j(k,x, +(n—1)p)sin"* E){sin2 ok f, '(kr)+ n(0052 0 +1)M} (XXI1-12)
r
v, = jcosOsin" 0exp j(k X, + n(p){ (k,r)=n o (K, r)}
It is associated with the relation of energy conservation:

(k,+n,F = (K +7°) (XX11-13)

Il — The vector potential

From (XXI1-4), we deduct the KLEIN-GORDON equation written in Cartesian coordinates for
a scalar potential equal to zero and a constant vector potential:
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& &2 0 o 0 * .. 8
—y(\v#{(—K—mea—mx}(—g%myay ni} (—?—Zangmfjmz}(w)
t
(XXI1-14)

Or still, by rearranging the terms:

2 2 ¢ o ..o 0 ¥
__2(“/):(_ o o o -2, —Zjany ~2j—m, +n2+m +m +n2j(\|!)

(XXI1-15)

The passage in spherical coordinates is made by substituting the Laplacian and the
partial derivatives already encountered in Chapter XV

v _ aWsm 9c05(p+6—\v1cosec05(p—a—w sing

ox or a0 r op rsin 0

a—\V:a—wsin 0sin (p+awlcosesm<p+a—w Cos @ (XX11-16)
oy or a0 r op rsino

a_wza_wcosa_a_wlsine

oz or o0 r

The vector potential components are transformed following relations:

n, = % = QTA'sin 0cos@ =1, sinBCos
A
n, :qTV:qTArsinesin(p:n,sin 0cos (XX1-17)
gA, _0A
= ——-€0s0 =n, cosO
N, 7 7 N

We can deduce the KLEIN-GORDON equation in spherical coordinates in a vector potential

1o0(,0 1 o0(. ,0 1 0°
" ST Zann An sin@—~ |- 2¢in20 An2
r-or\_ or) r°sin0 oo 00) r°sin®0 dop

sin (pjnr sin©cos @

(0 . 01 0
_2J| —sinBcos@+—-c0sOCOSp———
or a0r Op rsin®

S

{0 01 0 . )
- =|-2j| =—sin0sinp+—=cos0sinp+— coS sin ©sin
ox2 W)=|-21 3 T oor ? " 20 rsing @jnr i

-2j gcose—ilsm ejnr cos O
or o0 r

+(n, sinBcos o)’ +(n, sinBsin¢)’ +(n, cosOF +n?

(XX11-18)
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After reduction of the terms which vanish, we get:

10(,0 1 o(. .0 1 ¢
0° “Zal o) rsinede sme% " r2sin20 6¢?
= _(y)= (v) (XXI11-19)

0
—2j—m,+nf+n’
or

If we require that the wave function y comes in the form of spherical stationary modes,
this leads to the following expression of conservation of energy:

kf(w){kf —Z%nr +1’ +n2j(\|f) (XX11-20)

This relationship is completely analogous to the relationship (XXI1-7) obtained for the
scalar potential.

It becomes a problem that could not be overcome by the author: dependence in r of the
spherical BESSEL functions in the stationary solution r does not make the relationship of
conservation of energy (XXI1-20) independent of r. It follows that no formulation of an exact
solution to the DIRAC equation in spherical coordinates and under a constant vector potential
could be formulated.
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XX

Conclusion of the third part

| — On the conservation of enerqy

The importance of this conservation was repeatedly recalled in this manuscript. It is of
two kinds: one is conservation of energy during one change of inertial frame, the other on local
conservation of energy. Both contribute to the coherence of the presented solutions.

I-1 Conservation of enerqy for change of frame

It is linked to the fact that the pseudo-norm of the pulse energy four vector:

dx
dt mv, P,
dy
N ma mv, p,
P= . & 1=l mv, = p, (XXI111-1)
aa| | E||E
E C C
C
expressed explicitly under the form :
E2 - p2c2=cte (XX111-2)

is a constant that does not depend on the inertial frame in which it is assessed. This constant is
equal to the energy of the rest mass squared, it is inferred that in any inertial frame in which the
particle is likely to evolve, the following relationship holds:

E? = (pc) +(myc?f (XXII1-3)

In the frame in which it is at rest, its impulse energy is zero, and its total energy is equal
to its mass energy. In a frame where it is no more at rest, its impulse energy takes a finite value
that increases its total energy in the report given by the respect for the relationship (XXI11-2) or

energy (XXI11-3) above.

When we transpose these concepts to quantum mechanics, one obtains the relationship
that translates the same phenomena of energy conservation by changing frame:
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12c2k? = n2c?(k2 + k2 + K2 )+ (myc? ) (XXI11-4)
or still after division of the two members of equality by 7°c? ;
k2 = (K2 + k2 + K2 )+’ (XXI11-5)

When switching from one inertial frame to another Galilean frame, this relationship
expresses the fact that during changes in 3 kinds of different energies, the mass energy remains
constant, while the impulse energy and wave energy vary in the proportions given by the
relationship (XXI11-4)

Because the relativistic DIRAC equation:

.. 0 mgC
w_¥ 0 NG
(i 2T e

is invariant under change of inertial frame, this imposes that solutions that are expressed on the
basis of ki, kx, Ky, Kz, mo, check the equation of conservation of energy (XXI11-4).

0 1=0,1,23 (XX111-6)

Il — On the imaginary form of the DIRAC equation solutions

The solutions of the DIRAC equation are represented by a bispinor. It is recognized that
each of these spinors represents for one, a particle, for the other, its antiparticle.

Once the particle is moving, it appears that the two spinors are no more independent,
but closely correlated in a relationship whose physical meaning escapes to classical quantum
mechanics. In particular, the presence of imaginary terms found no satisfactory explanation, if
it is accepted that the squared wave functions represent probability densities.

In an energy approach, the squared wave functions are homogeneous to a volumetric
energy density. All physics is built around a signed energy representation, which can be positive
or negative. For example, the total energy of a satellite in orbit around the Earth is negative,
and the negative sign is justified there because he cannot escape the gravity. The analysis
presented in the first part also shows that two spinors which are solutions of the DIRAC
equation have energy of mass opposite when the particle is at rest. Therefore, if we consider a
quantity that represents the square root of this energy, or more exactly the square root of the
energy volume density, there is no problem to see the complex number j = sqgrt(-1), which
simply indicates that it is a quantity linked with a negative energy. Thus, in the energy
exchanges that reflect the solutions in the form of stationary modes, the presence of the complex
number j = sqrt(-1) simply refers to an energy that must be counted negatively.

In an energy approach, DIRAC currents take a clear physical meaning: they are

homogeneous to a volumetric energy density, and thus naturally check the local conservation
of energy equation.

111 — On the notion of negative energy
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If we can be satisfied by the previous paragraph that it is possible to use a representation
of signed energy, it appears that the concept of negative energy that is used in this energy
approach must be explained more because its physical meaning is not clear.

In this document, we found it for the first time in the classic formalism with relations
(111-12) and (111-13) that connect two spinors when the particle is at rest. These two relationships
are obtained in the case where the time dependence of spinors is in exp(-jot). They are recalled
below:

E@ = (mg 2 ) r:CZJ@ (XXI1I-7)

or still :
E(p)=mc*(o)

(XXI11-8)
E(x)=-mc*(x)

The minus sign which appears with the energy associated with the second spinor leads
to think that this spinor describes the behavior of the antiparticle. However, the experimental
behavior of the antiparticle of the electron shows that its mass energy is identical to that of the
electron: its load alone has changed sign.

Then, the sign - which is present before the mass energy seems not to be able to be
associated with the description of the mass energy of a particle of antimatter.

Consequently, arises clearly, the physical meaning to be given to negative energy in this
energy approach.

We propose to develop an interpretation based on a simple, concrete example of
classical physics. This interpretation should be considered with caution as long as it has not
received additional evidence in his favour on the part of the scientific community.

The example that will be developed concerns electrical energy.

Let us consider a classical RLC circuit. If we load the capacity before the closure of this
circuit, the energy stored by the capacity performs round-trips between capacity and self. At
each round trip, a fraction of the energy is dissipated in the resistance R until the total
disappearance of energy and thus oscillations.

One ways for the continuation of the oscillations is to include in this circuit a negative
resistance (-R). This resistance can be constructed using an operational amplifier that delivers
a voltage proportional to the intensity in a fraction (-R): it is therefore a very practical device.

The power Pr dissipated in the resistance R at each time t is simply written:

Pr(t) = R I(t) (XXI111-9)

and it is apparent that this power is counted positively.
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Power P(r) provided by the negative resistance at each time t is written thus:

Pr)(t) = -R 13(t) (XXI111-10)
and it is apparent that this power is counted negatively.

Such a device can be summarised as follows:

Circuit LC :
Negative energy Exchange of Positive Energy
supplied by the energy in the dissipated in the
negative ||:> oscillating system |:> positive resistance
resistance between capacity
and self

The physical interpretation that can be made is as follows: a positive power expresses a
power that disappears from the system that exchanges of energy, while a negative power is a
power that is fed into this system. In this simple case, the conservation of energy introduced in
the system at any moment implies:

Pr(t) + Pr)(t) = R I%(t) - R IX(t) = 0 (XXI11-11)

If now, by analogy with the wave functions, we are interested in quantities y+ and -
that represent the square root of power, these quantities are defined by the relationship:

\V+ = \/PR(t = VRIZ(t)
V. =Py ® =V-RI() = iyRI*()
One can no longer simply express the relationship of conservation of energy above using

v+ and y. quantities. If one wants to nevertheless express the sum or the difference between
these quantities that are exchanged in the system, one is led to consider expressions of the type:

(XXI11-12)

W=y, +y_ = Pe () +,[PLay () = JRIZ(M) + jYRIZ()

) (XX111-13)
v =y, vy = P (1) —[Pa, (0 = RIF(t) — WRIF(Y)

The exchanged power P(t) may be expressed by multiplying the previous imaginary
quantity by its conjugate:

P(t) = %W* = RI(t) (XXI11-14)
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By looking at this expression, we observe that the calculation of this exchanged power
is always positive: we get a quantity whose behavior is analogous to Dirac currents.

When one attempt to transpose the energy interpretation above towards quantum energy
exchanges, it immediately comes an inevitable question: where is the origin of the energy
introduced in the particle (negative energy), and where is going the energy that escapes (positive
energy)?

It seems that the only possible response is an exchanged with the energy of the vacuum,
whose existence seems to be confirmed. Under this hypothesis, the exchange of energy could
be represented schematically as follows:

Energy exchanges \
within the particle

Positive energy
restored to vacuum

Negative energy
provided by

vacuum V
L]

SRR v o § 811 4 W10 (=1 €0 | V2

A scheme of this nature seems consistent with the current knowledge of the
quantum fluctuations of the vacuum, and gives a physical meaning clear and unambiguous to
the notion of positive energy and negative energy. It expresses the fact that in the quantum
world, particles exist and propagate by means of permanent exchange of energy with the energy
of the vacuum. We could see in these exchanges support spread allowing photons to propagate
in vacuum over distances of several light-years.

IV — general conclusion

Quantum mechanics cannot be satisfied a very long time yet the impasse in which it is
maintained by the ignorance of the underlying physical phenomena to the wave-particle duality.

Because the DIRAC equation is the equation that describes the best to date, the behavior
of the particles which compose the infinitely small world, we can think learn significant
informations from it, if one is able to extract exact solutions.

The general treatment of this equation as it is adopted today, and as it is developed in
the first part, does not give all usable informations from this equation.

Some solutions are achievable only at the cost of additional conditions relating to the
conservation of energy. Combining these conditions to the hypothesis of solutions in the form
of stationary modes, it is possible to show that one can construct a deterministic physics and
energy vision of the infinitely small physics.

The analysis of the solutions in Cartesian coordinates has allowed to check the complete
consistency of these solutions with the vision of the Copenhagen school.
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Solutions in spherical coordinates confirms this consistency with various theoretical and
experimental elements.

The wave-particle duality is confirmed as an exchange of energy between mass energy
and wave energy. The presence of imaginary terms in these exchanges shows that there is
continuously transfer of energy between positive energy and negative energy. It is this
exchange, taken as a plausible hypothesis, which allowed to access by a heuristic reasoning to
exact solutions in spherical coordinates.

The concept of spin Y, and its strange rotation of 4x to recover the initial state has an
extremely simple physical explanation in one of exact solutions: when the component that
carries the impulse energy following r rotates 2z to return to its starting point, the component
that carries the impulse energy depending on ¢ and the component carrying the wave-particle
duality turn 4.

The uncertainty principle is not as exclusive as in Cartesian coordinates, but it may be
noted that at any given time, mass energy and impulse energy are never maximum at the same
place, which is sufficient to show that in a point in space we cannot have all of the information
concerning these two kinds of energy. Since we can only have a measure of the momentum or
position by an exchange of energy with these two quantities, these measures are necessarily
tainted uncertainty when they occur in the same point of space.
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Fourth part

Complements
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XXIV

The DIRAC eqguation in a variable
potential: classical approach

Modal solutions to the generalized DIRAC equation proposed in previous chapters have
been developed in a very simplistic framework that is a uniform and constant potential, i.e.
independent of space and time. We know that in these circumstances the associated
electromagnetic field is null. So far, the presence of the potential causes changes in the particle
energy that are highlighted in the exact solutions that have been developed.

Now, we want to move towards exact solutions when the particle is immersed in a
variable potential in space and in time. Such solutions should enable us to apprehend the modal
changes that occur in the particle in the presence of an electric and magnetic field, uniform or
variable in space and time.

To move towards such solutions, it is necessary to lean on the existing classical
formalism, in which the constraints imposed by the modal solutions will be introduced. This
formalism is most often presented in a very condensed form which enables an overall vision of
the phenomena, but often mask elements of great complexity. These elements are listed in detail
below, in order to introduce changes induced by the stationary solutions in the following
chapters.

We take as starting point the system of DIRAC for a particle in a variable potential,
which means that each component of the potential may depend on the variables of space and
time:

q(l) Vs | 0A, oy, | OA, ( dy, -0A, j
= + + i =2+ =
MY, J[ ox, h oj J[ ox +]—= 7 \V3j ( 5 J 5 Vs |t P J 7 Y,

q(b 0A, Oy,  UA, ( dy;  OA, j
+ - + —j =4
J( X, h le J[ ox +] 7 sz (ﬁy J . v, [~ Py J 5 Vs

%)
0 A, 0 _gA ¥, .gA,
ﬂ\lfzz—J( Jq_q)\lfzj J( \I)j(l Jq vV, _( Wl"‘] le)_J( WO"‘Jq \Vo)

8xt

0 j
q¢ [0y, | .GA, j oy, , (UA, -(8% gA, )
— 2y, |+ + + +
8Xt Jh\lfsj J( ox J 5 Yo oy J 5 Vo |+ P J 5 Y,

nvy; =—j —
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(XXIV-1)
As in the rest of the document, it retains the abridged notation:
q¢ gA aA, gA
_ a9 — - =1z XXIV-2
M= W= M= M= ( )

In this notation, the components of the potential are related to the electromagnetic field
by the following relationships:

- For the magnetic field:

oA, OA,
B a oz
= | ==z | 0A, A
B=|B, |=Rot|A)= S XXIV-
y ( ) az ax ( 3)
B, oA, oA,
ox oy
For the electric field:
ob  OA,
E - ox ot
_ X oA
E=|E, =—Grad(¢) oA _|_0b_Ry (XXIV-4)
o oy ot
E, o A,
oz ot

In order to highlight the behaviour of the bi-spinor, we rearrange the system (XXIV-1)
above in the form:

W, Oy oy; OV,
J ox, NV = MYy a N3 — oy yWa o7

Oy, 0y, N, . OV

- = + + +j—2—

J@Xt T]th ny, OX X ay Jny\ljz J oz nz\VS

v, o . o (XXIV-5)
Jaxt —MWY, = n‘lfz_Ja_X us wl—ﬁ—mywl—J oy TV
16W3—nw =-My; — ] Ny Yo+ 6W°+an +j 2 el A

aXt tY3 3 6X Xto ay ytro a z 71

Therefore, if we put:
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Vo
v, X Y, Vs
Vs

Dirac system breaks down into two coupled systems:

(9+mj ﬂ9+mj—y9+m

[0 . YWo) (v . oz " ox o ")
%KWH%_n%_%iy)yﬁﬁ' {Eyj vs
Ny J@y my P n,

OX

(Zem) (e 2

[0 . Y, Vol . 0z ’ OX ) oy Y wo
o "My )", ) e Y (6 5 .

' : : (&JFJT]X}JFJ(@JFJ%J —(§+mzj

Y,
(XXIV-T7)
We put for easy writing:
(2] 69+mj—{9+mj
z X y
M= —j oz o 2 (XXIV-8)
(Zvin o d S im (Zvin,)
OX ) oy 7 oz " *
The coupled system takes a simplified form:
(o .
J(aT + mt)(@) =n(e)+M(x)
‘ (XXIV-9)
(o .
J(a— + Jm}(x) =-n(¢)+M(o)
Xt
Or still:
0
(2ol i
t (XXIV-10)

[J’aixt—(m—n)j(x)='\/|(@)

From which we deduce formally:
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(jaixt—(m +n)j[]§—z—(m —nhj -

(XXIV-11)
0 . Oy
- — _r + —
[J o (n, n)j(J o (n, n)x]
Yields by developing the left member of equality:
62(P . 00 2 .0n 2 2
T s it — =M
axtz Jaxtntant(P JaX(P ne ¢
i (XXIV-12)
o .o

‘x n’y =M%,

t

___2J8_ + J
6th ox, My ntX

To make progress towards a possible solution, we must now establish the expression of
matrix M2,

If we adopt the following notation for PAULI matrixes and the operators involved in
matrix computations:

0 1} P
.. O .. 0 _i i
—\h— — R Jh(_-i_JT]X
(01 0, n= Jn 8X+qAx ox
] = A 3 (o
=\ . p=|—-1— = p+qA —Jh—+0A, |= —Jh(—ﬂn
1 0 .. O ., 0 (0 .
—Jh— —Jjh—+0A —_inl =
[0 _]J J oz J o7 +0A, Jh[az +n,
(XXIV-13)

the matrix M established in (XXIV-8) is expressed as follows:

(R (0 1Y o 0 -jYo . Y (1 O0Yo .
= |o. A =—Jh — i
9)=[5p+aA)l0) JHl oj( Jnx) (J OJ(ayﬂnyj{o _J(azﬂnzﬂ(@)
Son)  (Gom) (5o
_ Pe m, o +Jny, Jay Iny
M=-]
Gonlom) L&)
ox T gy T oz
The development of the matrix M2 is a bit laborious. The reader will take care that each
of the terms of the matrix represents an operator and must therefore be treated as such in the

operations of derivations.
If we point out each of the terms of this matrix by:

(XXIV-14)

M, M
MZ=| "t 2 (XXIV-15)
M21 MZZ
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Yields for example for M11 and My2:

R ¢ M|, (0@, 00 o . 0N
+2]j - X |+ +2jn, ——-No+ jo—=
y (8 5 My — ox nxtp jo—= ox j (5 2 my 5 nye+Jo 5
B + 62 +2] a__ +J a J (a _|_j ] 6_(P+J _ i"'] (a_(p+J )
P 7 n; o7 n; (P o— 6 ox Nx 5 ny¢ 5 Ny ox NxP
09, 5i 00 on ¢ . 00 on,
T _Tr _ — X + _+2 _r _
y (5 mx6 nee+ jo ax] (52 iy nio+jo—= =
1=~
on, on on
+2j + Y p——X
( mz —-n; (P i P J {ax (o 5 (P}

(XXIV-16)

oo (o m (o 3

_ 'anx Gny _ 'anz anz _ %_% 1 %_%
M, = {J a & (J ax P oy (pj}_{(ay oz }P J( oz ox }p}

(XXIV-17)

The complete matrix is explicitly detailed below:

% op , . on
+2]j +jo—=
[a > mxa —NP+jo 6xj
o? o on
+(—(p+2my——nyq>+1<p y}
. o o (%_%}p_ -(m_%}p

o, oy oz 0z 0OX
—+2mz——n<p Jjo—= az

M2

00 i 0020 i

v nxa nie+ jo P

62([) ony

— +2jn ——n 2o+ jo—2 j
on, _ony ﬂ(%_%j . [ay Ty Ty
oy a2 ) ez ox ) (P, on,

— 2mz——n o+ jo—*

Z 6

any anx

ax

(XXIV-18)

If we now take the relationship (XXI1V-12) in matrix form, we obtain the following
equality which should be checked for any spinor:
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0 .0
—a—(P— B R AL 0
M? = X 6xt OX, :
o°p op an
0 ——=2j—/m, + L
ax J@X N nt(P J (P ne
(XXIV-19)
It appears that equality above can be checked only if:
0
MMy oy j(%_ on, )(p _0 (XXIV-20)
oy oz 0z oX
For this relationship to be true regardless of any spinor o, this requires:
(% _ %J ~0
o o (XXIV-21)

(%_%j_
0z OX

When the particle is immersed in a magnetic field, it is deducted from (XXIV-21) and
(XXI1V-3) that the system of DIRAC have only solutions when the magnetic field is directed
along the Oz axis.

Since angular momentum is also oriented along the axis Oz, this leads to a quantification
of the spin when the particle is immersed in a magnetic field, with only two possible States.

Specifically, when a free particle is introduced in a STERN and GERLACH device for
example, this necessarily induced a spatial evolution of the internal modes to the particle. This
spatial evolution will put in alignment the magnetic moment of the electron with the magnetic
field generated by the device.

It can be assumed that this alignment will be done on an extremely low duration. If it is
estimated empirically on a time t equal to a hundred period, it gets an order of magnitude of
time t as followed:

34
=100. @ =200n—— h = 2007 1,05.10

~8,09.10 s (XXIV-22)
@ m,c? (911.10°*)3.10°f

By comparing this value to the duration t of the path of the electron on a distance of 1
meter, the speed limit for light:

1

t:
3.10°

=0,33.10"%s (XXIV-23)

It can be concluded that the alignment of the magnetic moment of the electron with the
magnetic field generated by the device of STERN and GERLACH is almost instantly to its
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entry into the device. It thus gets a description of the concept of spatial quantization, a concept

which is extremely difficult to have a physical representation when addressing gquantum
mechanics.

We propose to finish this chapter to remember the relationship established by DIRAC,
which highlights the role of the magnetic field on spinors:

1M () = |66+ 9Af (0) = (+aAf (¢)+ 5Rot(aA o) = (+ 4Af (o) + 5.9B(0)
(XXIV-24)

Matrix M2 left of equality has already been expressed in (XXI1V-18). The calculation of
the terms located to the right of equality is detailed below:

L a 9 o o
i rgA, |- in 21 gA < jn, | 2
i FOAL | - T+ aAe M| 5 —ineo
. 0 9 o . lab .
(p+aAf (o) SO, | =ik GAe = 2 min | S inye
Lo 3 L
—inZ g, | - 2+ gA < jm, | 2-
i +GA, | —jh+aA0 — =i | = —ine

¢ .. 0¢p , . 0n 62(p op on
—+2jn, ——Mip+ jo—= |+ +2jn, — —No@+ Y
(8 7 T4, NP +Jo ox n, oy T] o+jo—

R OX oy’ oy
(p+0Af(0)=- ;
| 22 2 +2jn a——ncp J(P%
o7% ‘oz 0z
(XXIV-25)
— - 01 0gA 0 —j 1 0)aogA
6.R0t(qA): WA, _BA ok (%—%j+ 9qAy  gA,
1 0N oy 0z j 0 0z oX 0 - OX oy
0aA, _ 0A, ( oA, _ anyJ_ ( A anzj
= RotlaA ox oy oy oz oz X
.Rot|\gA |=
© (q ) anz _ aqu + J(anx _ anz) _ any _ anx
oy 0z 0z OX OX oy
ony _ony (anz _amj_j(anx _anzj
&Rot(gA )= 12 ox oy oy az) \az ox
anz _ ale +J(anx _ anzj _ %_%
oy oz 0z oOX ox oy
(XXIV-26)
The relationship:
7*M?(p) =[5+ aA ) (0)= (p+ 9AS () + 5RO (A ko) (XXIV-27)

is checked by introducing the identity matrix in factor with the term (f)+q,5\)2.
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XXV

Exact solutions of the Dirac equation in
a variable potential in Cartesian
coordinates

We discuss in this chapter looking for exact solutions to the DIRAC equation in a
variable potential. We know from the previous chapter that this potential can have a magnetic
field, but only directed along the Oz axis.

The presence of the electromagnetic field will induce changes on stationary modes, and
so on the components of the wave vector ki, kx, ky, kz, which will depend on the components of
the potential, and there are several ways to take into account these changes.

We adopt the following search strategy: on a point of space and time, the potential will
depend on the spatial and temporal variables x, y, z, t. We seek modal solutions in the form of
imaginary exponentials exp[j(kix: + kxx + kyy + kzz)].

The changes with respect to the modes of free space (without potential) will carry on
modifications on the amplitude of each wave functions, and on the components of the wave
vector ki, Ky, ky, Kz, through the conservation of energy equation.

In the previous chapter, we have established the following equality which must be valid
for any spinor:

62(p o 811
0 — -2]—/n+ !
o J@x N +NQ - J (P n’e

(XXV-1)
The particular shape of relation (XXV-1) shows that the two spinors are decoupled.

Developing writing, we obtain the equation of conservation of energy in its most general form
by gathering the influence of the vector potential under the two sign + and -:
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¢ .00 .om,
o 2+21—m mcp+1 Lo+nip=
t X Xt
8 o’p .. 0o on
—+2jn, — Mo+ jo—=
mx a j (Wz myay N0+ jo Y
<p <p 2 0N on,  on
- 2 + z i _ X
a m,— —ne+jo az] {ax(P o °

(XXV-2)

There are solutions only if we are in a magnetic field oriented along Oz, which imposes:

(% _ %] ~0
o o (XXV-3)
(a& _ %j -0

0z  OX

We will restrict the search of solutions field placing us in the following simplifying
assumptions:

0
My _ O _ My _y g (XXV-4)
oX, OX oy

We obtain after simplification:

82(p o %o . O
mxa -, (Pj ( — +2jn,— M9

o%¢p .0 ox? oy oy
S22 Pn —niorno=1" (XXV-5)
X'[ t +8(Pi any(p_anx
0z* | ox oy
We introduce the particular form of the solution:
= o jlkx, +kx+k,y+k,z) (XXV-6)

That gives the energy conservation equation relative to (XXV-6) in a variable potential:

m_mj

(k, +n,f =(kx+nx)2+(ky+ny)2+k§+n2i( > oy

(XXV-7)

It is now possible to begin the search for solutions itself. For a null potential, DIRAC
system is written:
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nwozjgllfo+ja\l/3+a\lfs+ja‘412

X, oxXx oy 0z
.0 .0 0 .0

n, = ‘|/1+J \Vz_\l’z_J V3

OX, ox oy 0z
.0 .0 0 .0
n, =—j \Vz_J Vi _ \Vl_J Yo
OX, ox oy 0z
OY; Oy, +6\Vo n Oy,

TW3:_J8xt %% oy P

(XXV-8)

A possible solution to this system in an exponential form has already been developed in
the previous chapters:

wo =(n—kJoxp jlkx, + kx+k,y +k,z)
Y, =0

XXV-9
v, =k, exp j(ktxt +KX+Kk )y + kzz) ( )
v, = (k, + jk, Joxp jlk x, + k,x+k y+k,2)
In a variable potential, DIRAC system is amended as follows:
: Oy, 0y, Oy; .0y,
+ + - + = + + +
(+ Mo +MeWs —Inyws +1,9, =] o ety
: Oy, 0y, Oy, .0y,
+ + + - = + - -
(+M v 100, + inyw, —1,v; vl =va-vil s
(XXV-10)

: Oy, 0y, Oy, 0y,
_ _ + _ — _ _ _
(=MW, =MWy + inyw; -1, v, i =il s

: Oy, 0y, Oy, .0y,
- - - + =— - + +
(=M Ws —M,Wo — iNyWo +M,¥, i s

A possible solution to the system of DIRAC in a variable potential appears in the
following form:

Yo = ("1 - kt - T]t)exp j(ktxt + kxX + kyy + kzz)

y; =0

v, =k, 00 jlkx, +kx+k,y+k,2)

Vs = {kx +M, t J(ky + T]y)}exp j(ktxt + kxX + kyy+ kzz)

(XXV-11)

It made the observation that the form of the solution remains identical to that which was
obtained for a uniform potential. The introduction of a variable potential comes only to change
the equation of energy conservation.

We give below a few elements of check. For this solution, the first equation of DIRAC
system provides energy conservation equation.
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First equation of the DIRAC system:

_ Oy, Oy, Oy, Oy,
n + _ + = + + +
(n m)‘l’o W3 —INyVYs + MY, Jaxt ] OX oy J 0z

(M+MWo + w5 — in,ws = (M+n )=k, —m)+n, dk, +n, + ik, +n, )=, fk, +n, + ik, +n, )}
oy,
J :_kt(n_kt_nt)

0X,
Oy i ony
ok k a2
J ox x{ x+nx+J( y+ny)} X
0 . . 0
%: jky{kX +n, + j(ky +ny)}+%
LA
0z
(XXV-12)
The sums are left to the care of the reader. We get to the first equation:
(k,+m.f =(k, +n, ) + ( +ny)2 +k2+m +(5le aﬂxj (XXV-13)
ox oy
Second equation of the DIRAC system:
; Oy, 0y, Oy, .0y,
+ + + - = + - -
(+Mws 00, + W, —nw; = > ey e
W, + inyw, =n,k, + jnk,
jOV2 _ K.k, (XXV-14)
OX
_OV, _ —jk k
oy
.0 .
- J% = kz{kx +nx + J(ky +nY)}
74
Third equation of the DIRAC system:
- 0V, 0y, 0y, L 0W,
— _ + — —_ _ — —
(=M, =, + iy, =MW =—j x Yo oy T a
(mM-nw, =M-nk,
XXV-15
_ja‘Vz — kK ( )
OX,
.0
i =k -k -n,)

Fourth equation of the DIRAC system:
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. OYs 0y, Oy, 0y
- - —~ + =— —~ + +
(=M ws — Mo — INyWo + M9, o oty e

(n=n)ws ~ 10w, — inywo = (=), + 1, + ilk, + 1, )} =1, (n—k, =)~ in,(n—k,—n,)

3 .
—Ja%fz kel +m, + ilk, + 1, )}

N,
—J%ﬂ(x(ﬂ—kt—m)

(XXV-16)
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XXVI

Elements of reflections on entanglement

Quantum entanglement is a lot of interest, both on the theoretical level, and by developing
applications that seem promising.

In a general way, we can sketch the following definition: two particles which, at some
point, have dependent physical properties from another in terms of energy, momentum, or
angular momentum become entangled. This entanglement can take place during the creation of
these particles and concrete examples are commonly implemented with pairs of photons.

Research team of Alain ASPECT has been interested very early with experimental
properties of the intricate particles. The experiences implemented, which one can only underline
the difficulty, the rigor and precision, helped provide experimental results of high reliability,
on which we can rely in a very safe way to conduct a reflection on the robustness of any
guantum theory.

The interpretation that prevails is consistent with the vision of the Copenhagen school.
Application of BELL’s theorem to experimental results allows to conclude with certainty that
there is no hidden variables that may supplement the quantum behavior of the particles.

On the other hand, the probabilistic quantum theory provides a certain correlation
between the properties of two intricate particles, correlation which is confirmed experimentally.

The uncertainty principle, in its interpretation of Copenhagen school, states that before
the measurement, the state of every particle is indeterminate.

It appears only one possible conclusion: the measurement of a particle induces instantly
and remote, the total correlation of the second particle. One is thus led to conclude to the non
locality of quantum physics.

It is clear that such a conclusion calls into question the notion of time and space that
founded the classical physics. No more phenomenon can be described with a differential
equation, which represents by definition local changes in the physical properties.

One is then led to the following question: How can a theory that contains a differential
equation that governs the evolution of energy in its fundamental assumptions can have as
conclusion a non-local quantum physics? This is not something trivial, but rather a fundamental
contradiction between a hypothesis and the conclusion of a reasoning including this hypothesis.
As long as this contradiction has not been clarified by convincing explanations, there will a
doubt on the way that leads from hypothesis to conclusion. We will try to provide some
additional explanations on this issue later in this chapter.
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| — Energy and deterministic approach

We propose to show in this paragraph that an energy and deterministic approach
provides predictions consistent with the measured properties of the intricate particles.

It should be at first to try to define the properties that should allow to characterize the
behavior of the intricate particles. It seems that they are essentially two:

Property 1: Experimentation shows, thanks to BELL's theorem, that there is no hidden
variables that may complete the behavior of the particle.

Property 2: Experimentation shows that there is a certain correlation between the two
particles that spread.

Regarding property 1, the energy approach is based on exact solutions to the Dirac
equation. The wavefunctions implemented are different from those of the Copenhagen school
only by a constant multiplicative factor, and there is, therefore, no hidden variable in the
description of the functioning of the particle.

Regarding property 2, the modes installed during the creation of the particles spread
theoretically without distortion, implying that if these particles have dependent modal
properties, they will retain these properties during their displacement or spread, inducing a
certain correlation between these particles.

So, with no additional postulate to classical physics, energy and deterministic approach
shows in agreement with the measured results of the intricate particles.

If it turns out that other properties are necessary for the characterization of the intricate

particles, then it should be ensured that these properties are well compatible with energy and
deterministic approach.

Il — The Copenhagen school interpretation

In view of the above, one wonders where in the reasoning, the Copenhagen
interpretation imposes no locality of quantum physics.

It is acknowledged that the two particles respect the laws of classical physics during
their creation: conservation of energy, momentum, and angular momentum. We must therefore
admit that when they are creating, the two particles are in a certain correlation.

After propagation, the two particles are also detected in a certain correlation.

It is so by imposing an indeterminate state of the particle between its creation and its
detection that the Copenhagen school induces the non-locality of quantum physics.

This undetermined state is justified by the principle of indeterminacy of HEISENBERG.
Impossible to know simultaneously some properties of the particles is interpreted as an intrinsic
quantum indeterminacy, which leads to assert that, during its spread, the particle is in an
inherently indeterminate state.

It is on this last point that the energy and deterministic approach is fundamentally
different from the Copenhagen school. A more detailed analysis requires making a return on
the principle of indeterminacy.

111 — Back on the principle of indeterminacy
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The principle of indeterminacy is obtained by equating the particle at a point in space,
the point being defined in the mathematical sense of the term, i.e. with no spatial extent.

The interpretation of the principle of indeterminacy in Copenhagen school indicates
that, for this mathematical point assigned to a mass m, one can define both a position x and a
momentum p, but that these two quantities are obeying the formulation of HEISENBERG
uncertainty:

AX.Ap, >§ (XXVI-1)

From this relationship of uncertainty with respect to a point without spatial extension, it
is deducted a general and intrinsic property of indeterminacy of quantum world.

Energy and deterministic approach proposes instead to give the particle a certain spatial
extension. This vision seems more in keeping with the experimental observations. If for
example, in an experiment of diffraction, the photon takes a random direction, but who
gradually rebuilt the figure of diffraction, presumably wavelike energy is sensitive to the
presence of the opening, which implies a certain spatial extension of the particle.

If we place at a mathematical point (without spatial extension) inside the particle, the
exact solutions to the DIRAC equation shows that it is impossible to have at this point of the
entire energy of mass relative to the operator position, and impulse energy. We are in agreement
with the principle of HEISENBERG's indeterminacy (XXVI-1).

It doesn’t lead to uncertainty of the particle position, which can be assumed to be
localized in a parallelepiped rectangle (in Cartesian coordinates), with dimension, position, and
speed perfectly defined. It is in this sense that the energy and deterministic approach is
fundamentally different from the Copenhagen school.

We can try to illustrate this difference on a concrete example. We choose for the sake
of clarity and simplification, an exact solution to one dimension (according to the z axis) of the
DIRAC equation.

v, = C(ho)cos(k,z)sin(k x,) + jC(mocz)cos(kZz) cos(k,x,)

vy, =0
v, = —C(hck, )sin(k,z) cos(k,X,)

Yy =0

(XXVI-2)

In this solution, the normalization constant C was introduced to remind that the wave
function has the dimension of the square root of a linear density of energy.

If we place at a moment where the linear densities of mass energy and impulse are
maximum, this solution becomes:
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Y, = jC(mocz)cos(kzz)

¥, =0 (XXVI-3)
v, =—C(fick, )sin(k,2)
y;=0

The linear densities of mass energy AEmasse and impulse energy AEimpulsionnelle 8re Written
respectively

AE = Cz(mocz)2 cos?(k,z)

masse , (XXV|-4)
AE = C?(nck, )’ sin®(k,2)

impulsionrelle

If it gives the particle a 2L, dimension, and a spatial location between - L, and + L, and
if it is assumed it is excited on a fundamental mode, then the energy densities become:

AE, o = Cz(mocz)z cosz(% z)
: (XXVI-5)
= C?(nck, fsin?(——z
(nek, ' sin*(—2)

z

AE

impulsionrelle

We can give the following graphical representation:

—— Densité d'énergie impulsionnelle

—— Densité d'énergie de masse

-L2

Figure (XXVI-1) : Representation of the spatial extension of a particle (in green), with its power
energy density of impulse and mass.

The spatial extension of the particle is represented in green. When the particle is moving,
the classical physics admits that it is generally all the spatial extension which moves.

While the position and speed of this particle obey classical physics, if we place ourselves
in an internal observation point P to the particle, it is impossible to get the full information to
the mass energy and impulse energy simultaneously.

If we try to formalize the same representation in Copenhagen school, we faced a
difficulty. In this formalism, the equation of evolution of the wave function is given by the
SCHRODINGER equation. But this equation does not distinguish the share of mass energy and
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the share of impulse energy inside the particle. It provides a global representation which is
condensed in a point of the space where the particle without spatial extension is supposed to be
localized.

L , L
T T

Figure (XXVI-2): Representation of a point wise particle (in green), with its density of
probability of presence which corresponds to the whole energy density in the energy approach.

Since we can't determine the share of energy of mass and energy impulse at this point,
this leads to assign to this point wise particle and without spatial extension, uncertainty about
its position and its pulse.

In this comparison, the representation of the Copenhagen school, which admits the
SCHRODINGER equation as one of its founding assumptions, appears in trouble.

From a physical point of view, it seems unrealistic to represent a particle by a point
without spatial dimension. The classical mechanics allows this assimilation only in the case of
a spherical symmetry, which is not the case of quantum particles. It is also very difficult to
define a kinetic moment for a strictly point particle.

Finally, a point wise representation forbids any investigative approach to seek to
understand the inner workings of a quantum particle.

DIRAC equation and its stationary solutions do not suffer from these limitations,
because they implicitly assume that the particle has a certain spatial dimension. It also checks
a relativistic invariance that lacks SCHRODINGER equation. DIRAC equation therefore has
advantages that predispose it much more than SCHRODINGER equation to establish a
theoretical approach to quantum mechanics.
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XXVII

General conclusion

The energy approach to quantum mechanics proposed in this document is in opposition
with the probabilistic approach of the Copenhagen school that dominates today, practically in
the form of a single thought, the vision of quantum physics.

This probabilistic vision is installed during the discovery of particular physical
properties of the infinitely small world. It is imposed under the constraint of the HEISENBERG
uncertainty principle, supported by the equivalence of the SCHRODINGER equation with this
principle. This vision was the only one that allows to account for all experimental results in
consistency with quantum uncertainty principle of indeterminacy. It became inescapable as
soon as it remained in agreement with experimental results more accurate and refined.
Gradually, the physicists accepted it as a safe theory able to predict all of the properties of the
quantum world.

When we adopt a critical point of view, the main problem that arises in the evolution of
this theory is that it is based on a postulate given by the indeterminacy theorem. Therefore,
everything that is developed using this theory is seen through the filter of this indeterminacy
and can only be developed in a probabilistic approach. It becomes impossible to get out of this
framework to explain specific phenomena of quantum mechanics.

One can only notice the powerlessness of the Copenhagen school to provide an
explanation for certain phenomena like the wave-particle duality. After a century of research,
and an investment of best physicists in understanding this phenomenon, it can be estimated
without too much risk that there is an intrinsic impossibility to explain this duality by using a
probabilistic theory.

Other complex phenomena such as entanglement have probabilistic explanation only by
using contortions that come out of the classical laws of physics, and so raises some questions.

The theorem of uncertainty itself is accepted as a property of the quantum world, without
any attempt of explanation of the physical nature of its interpretation.

Finally, the imaginary nature of the equation of SCHRODINGER and its solutions
remains Enigma full, and can find no satisfactory explanation in this formalism.

However, to offer an alternative or an evolution of the Copenhagen school is a delicate

challenge because any development must remain consistent with all of the achievements of this
school, which is an unmovable base of quantum mechanics.
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The energy approach presented in this document meets this challenge.

If we consider the DIRAC equation as a refinement of SCHRODINGER and KLEIN-
GORDON equations, and if we remember the equivalence between the mechanics of the
SCHRODINGER equation and HEISENBERG matrices, then, exact solutions to the DIRAC
equation must be consistent with the overall results built on the principle of HEISENBERG and
SCHRODINGER equation.

An analysis of exact solutions in the form of standing waves leads to reconsider the
physical meaning of the wave function. The Copenhagen school gives their conjugated product
the meaning of a volume density of probability of presence of the particle, appellation which
hides the ignorance of the underlying physical phenomena to the concept of presence of a
particle and which prevents any progress towards a more subtle understanding of the
functioning of the particle.

By adopting the meaning of a volumetric energy density, we offer a way in which,
without no other hypothesis that energy conservation and the evolution of energy in the form
of standing waves, all issues not resolved by the Copenhagen school find a simple explanation.

The internal energy of the particle is broken down into three energies of different nature:
energy of mass, impulse, and wave energy. These energies are exchanged between them and in
an ultimate way, with the energy of the vacuum. This exchange of energy is signed and takes
an opposite sign depending on whether the particle receives or renders the vacuum energy.
DIRAC currents gather volume densities of all these energies according to each direction of
space, allowing to apply the local conservation of energy principle in calculating their
divergence. The imaginary nature of the wave function has no more any problem of
interpretation.

There is no longer need to make ad hoc assumptions, or construct convoluted theories
to explain the duality wave-matter, since it appears naturally in the stationary solutions as a
very fast exchange between mass energy and wave energy.

The mystery of the principle of indeterminacy disappears. The energy exchanges within
the particle show that it is impossible to have simultaneously and to the same place, all of the
information on the impulse energy, and mass energy that is relative to the position operator.

It remains only a completely deterministic approach in agreement with all achievements
of the Copenhagen school.

This research work is proposed to the scientific community interested in this topic to be
shared, criticized, amended and/or may be strengthened.
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