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Bouncing skew Brownian motions

Arnaud Gloter, Miguel Martinez
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Abstract

We consider two skew Brownian motions, driven by the same Brownian motion, with different starting
points and different skewness coefficients. In [13], the evolution of the distance between the two processes,
in local time scale and up to their first hitting time is shown to satisfy a stochastic differential equation
with jumps. The jumps of this S.D.E. are naturally driven by the excursion process of one of the two skew
Brownian motions.

In this article, we show that the description of the distance of the two processes after this first hitting
time may be studied using the self similarity induced by the previous S.D.E. More precisely, we show that the
distance between the two processes in local time scale may be viewed as the unique continuous markovian
self-similar extension of the process described in [13]. This permits us to compute the law of the distance
of the two skew Brownian motions at any time in the local time scale, when both original skew Brownian
motions start from zero. As a by product, we manage to study the markovian dependence on the skewness
parameter and answer an open question formulated initially by C. Burdzy and Z.Q. Chen in [6].

MSC 2000. Primary: 60H10, Secondary: 60J55 60J65.
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1 Introduction

1.1 Presentation of the problem

Consider (By);>0 a standard Brownian motion on some filtered probability space (€2, F, (F;)¢>0,P) where the
filtration satisfies the usual right continuity and completeness conditions. Recall that the skew Brownian motion
X®8 is defined as the solution of the stochastic differential equation with singular drift coefficient,
XPP =2+ B, 4+ BLY(X™P), (1)
where 3 € (—1,1) is the skewness parameter, z € R, and L?(X**#) is the symmetric local time at 0:
e—0 2¢

1 t
LY(X®F) = lim—/o e o (X2P)ds.

It is known that a strong solution of the equation (1) exists, and pathwise uniqueness holds as well (see [3], [15]).

The skew Brownian motion is an example of a process partially reflected at some frontier. It finds applications



in the fields of stochastic modeling and of numerical simulations, especially as it is deeply connected to diffusion
processes with non-continuous coefficients (see [18] and references therein). The structure of the flow of a
reflected, or partially reflected, Brownian motion has been the subject of several works (see e.g. [2], [5]). The
long time behavior of the distance between reflected Brownian motions with different starting points has been
largely studied too (see e.g. [7], [10]).

Actually, a quite intriguing fact about solutions of (1) is that they do not satisfy the usual flow property of
differential equations, which prevents two solutions with different initial positions to meet in finite time. Indeed,
it is shown in [2] that, when —1 < 81 < 83 < 1 and x > 0, almost surely, the path ¢ — Xf’ﬁz remains above the
path ¢ — XtO B t and both paths meet at an almost surely finite random time. The law of the values of the local

times of these processes at the first hitting time are computed in [13]. Moreover, it is shown in [6] that in the

special case 0 < Lf%z < (1 < B2 < 1and x > 0 the two paths t — Xf’BQ and ¢ — Xto”g1 reflect on each other.
This means that, almost surely, for every ¢y > 0, there exists t > 0 such that x + B2 LY(X®F2) = B, LY(X )
and so Xf’ﬁ2 = X,?’ﬁl at infinitely many times (see [6] Theorem 1.4 (iii)). Since the word “reflection” is widely
used in the literature in somewhat different context, we prefer to say here that the two paths “bounce” on each
other.

In [13], the authors study the time dynamic of the distance between the two processes X 081 and X*#2 when
the skewness parameters 31, B2 are possibly different. They show that, after some random time change and
to the first time they hit, the distance between the two processes is a Markov process, solution to an explicit
stochastic differential equation with jumps.

This article is devoted to a detailed study of the distance between the two processes in the special case
0 <5 5%2 < (1 < P2 < 1, but after they first hit. We show that under the same random time change, this
distance is the unique continuous markovian self-similar extension of the killed process described in [13]. Once

this is proved, the theoretical frame provided by the theory of self-similar extensions of Markov processes permits
then to compute the law of the difference process at any given deterministic time (in the new time scale). As
a consequence of this study, if 7{'(B) denotes the inverse local time of the Brownian motion B taken at time 1,
we manage to describe the inhomogeneous markovian behavior of the process 3 — XS{’)’E p) on (0,1) N Q. This
gives an answer to an open question first formulated by C. Burdzy and Z.Q. Chen in [6] (see [6], Open Problem

1.9).

1.2 Organization of the paper

The paper is organized as follows.
In a first section, we recall the main results obtained in our previous paper [13] that will be used in the
sequel. In particular, in this first section we recall the construction of excursions of the skew Brownian motion

from those of a Brownian motion and we introduce the object of study of this paper, namely the "difference

" thﬁlaﬁz _ XﬂC,Bz

(X081 (where 7(X%#1) stands for the inverse local time of X?/1) which measures the

process

distance (looked at a proper local time scale) of two skew Brownian motions with different skewness parameters.



In [13] this process is studied up to its first hitting time at 0 and the law of the hitting time is computed.

The second section is devoted to a first study of the "difference process" as a standard markovian reflected
process. The description leads to some kind of stochastic differential equation with jumps driven by the Poisson
process of excursions.

In the third section of the paper we show that the difference process is a self-similar process, extending
the killed process studied in [13] to the whole time strip [0,00) (see Proposition 2). This shows that the
difference process itself admits an excursion process and a local time at 0 related through the Master formula
of markovian exit systems. Based on the theory developed in [12], we identify the underlying Lévy process
given via the Lamperti transform. We end this section by studying the underlying Lévy process and proving
that Cramer’s condition (recalled in Appendix) is satisfied for the killed difference process. This implies that
there exists a self-similar extension of the killed difference process to the whole line strip [0, 00) that leaves 0
continuously (Proposition 3).

The following fourth section is then devoted to proving our first main result (Theorem 4) : namely that the
extension of the killed difference process to the whole strip that leaves 0 continuously corresponds in fact to
the difference process of bouncing skew Brownian motions on the whole line itself. In a subsequent section,

Zto,,@l,,(b starting from the origin 0 with the help

we compute explicitely the density of the difference process
of an It6-Dynkin formula adapted to our case. The following sections are then devoted to a brief study of
the excursion process related to the difference process : we compute the entrance law of the excursion process
associated to the difference process and provide a last exit decomposition. These result are obtained by direct
computations.

We conclude the paper with a study of the markovian dependence of the skew Brownian motion w.r.t the
skewness parameter 5. The previous results allow to answer an open question formulated initially by C. Burdzy

and Z.Q. Chen in [6]. In particular, we give the form of the inhomogeneous generator of the markovian process

with ”time” § (see section 7.2.

1.3 A reminder of notations and the value of constants involved in the computa-

tions

We recall here the value of constants that will be thoroughly used in this article.

1. B € (—=1,1), B2 € (—1,1) satisty assumption b : 0 < ] 5225 < fr < P2 <.
2
_@=p8)A+B) . A43By) 1 1
2'H'7—4ﬁ2 ,7'77252 0 € =35 —2ﬁ2,9.f(1 ).



2 Bouncing skew Brownian motions

Let > 0. Consider the two skew Brownian motions,

X[ =2+ By + B LY(X]7), (2)

X7 = Bt LY, 6

constructed on the same probability space (€2, F,P?) that supports their common driving standard Brownian
motion (By),~,- When z = 0 we will simply write P instead of PO,

The main issue of this paper is to study the c.a.d.l.a.g. process defined as

ZiyP = X2 Gy 4)

where 7, (X%P1) is the inverse of the local time of X1 given by
7o (X9 = inf{t > 0 | LY(X"P1) > u}.

. 0, , ’ 0,
Note that, since XTuLz;(O’ﬁl) =0, we have Z%A152 = X‘fu?;(o’ﬁl) — Xﬂfz;(o,ﬂl)'
Since throughout this note, the parameter 3 is associated to the process starting from 0 and S5 to the one
starting from z, we will, from now on, suppress the dependence upon the skewness parameter and write X0,
X, 7% for XOP1 X082 728162 when no confusion is possible.

Let us state our assumption h on 3, f2 that will be used throughout this paper :

P2
m<ﬂ1<52<1.

In [6] Theorem 1.4 (iii) it is proved that, almost surely, for every to > 0, there exists ¢ > 0 such that
T+ BoLY(X?®) = B LY(X?) and so X = X} at infinitely many times (see [6] Theorem 1.4 (iii)). In turn, this

h: 0<

implies that the positive process Z% hits zero at infinitely many times. This justifies that, we will call below
Z* the “difference process”, which in some manner describes how both skew Brownian motion “bounce” on one

another.

2.1 Excursions of a skew Brownian motion

Consider X%# a skew Brownian motion starting from 0 and introduce the inverse of its local time 7, (X%#) =
inf{t > 0| LY(X%?) > u}. Recall that the excursion process (e, ),~0 associated to X% is e, (r) = Xff(xm)*_r,
for r < 7, (X%8) — 7, (X9P).

The Poisson point process (e, ).>0 takes values in the space Cy—,o of excursions.

For e € Cy_o we denote R(e) the lifetime of the excursion and recall that by definition e does not hit zero
on (0, R(e)), and e(r) = 0 for » > R(e).

If we denote ng the excursion measure of the X 08 we have the formula, for any Borel subset A of Cy_0,

(1+5) (1-5)

ng(A) = ) np.m|(A4) + 5

g (—A) (5)

where n gy is the excursion measure for the absolute value of a Brownian motion.



2.2 Recalls on the difference process up to its first hit at zero

In this paragraph, we make some recalls on known facts concerning the “distance process” derived in [13]. Up
to its first hit at zero, the difference process is solution to a stochastic differential equation with jumps, driven
by the excursion Poisson process of X°.

Let us introduce (e, ),>0 the excursion process associated to X %51,
0,
eu(r) = Xffl(xo,ﬁl)er for r < Tu(XO,B1) Tl (XO’Bl).

The Poisson point process (e, ),~o takes values in the space Cy_,o of excursions with finite lifetime, endowed

with the usual uniform topology. Remember that ng, stands for the excursion measure associated to X 0.1,
Let us define 7% = inf{t > 0 | X?"" = X%} € [0,00] and U* = LI, (X>?'). Since X=P2 and X051

are driven by the same Brownian motion, it is easy to see that they can only meet when X%f1 = 0. As a

consequence, we have
U* =inf{u >0 | 25%P2 =0} € [0,00], and Z%P%2 > 0 on [0,U*).
The description of Z% up to time U* given in [13] is the following.

Theorem 1. (See [13] Theorem 1) Assume x > 0 and 0 < 81, 82 < 1. Almost surely, we have for allt < U*,
ZP =z —Pit+ Y Bl(ZE_eu), (6)
O<u<t

where £ : (0,00) X Coo — [0,00) is a measurable map.

For h >0, we can describe the law of e — ((h,e) under ng, by

ng, (E(h,e) > a/ﬂ2) -

1-— 51 a _12+5B2
- (1 + E) . Va>0. (7)

Corollary 1. Assume x > 0 and 0 < 1,52 < 1. We have for all t < U*,

7y =x— Pt + / ap(du, da), (8)
[0,¢] % (0,00)

where j(du,da) is the random jumps measure of Z% P72 on [0,U*) x (0,00). The compensator of the measure

w(du, da) is du x V(Z;f’_ﬁl’ﬁz,da) with

K a\ "
V(h,da) = ﬁ (1 + E) 1{a>0}da (9)

14382

_ (1-B1)(A+B2)
where Kk = 15, 35,

and v =

Remark 1. Theorem 1 fully details the dynamic of the “distance process” before it (possibly) reaches 0. The

“distance process” decreases with a constant negative drift, and has positive jumps. Moreover, the value of a

z,B1,82

Jump at time u is a function of the level Z,, and of the excursion e,. The image of the excursion measure

under this function, with a fixed level h > 0, is given by the explicit expression (7).



Remark 2. For 0 < x < a’ it is possible to construct X%, X®P2 and X7'B2 on the same probability space.
We have X0Pr < X=P2 < X' -P2 almost-surely. By time-change, we also have

7%:B1,62 < Zz/7ﬂ11B2. (10)

Note that for any 0 <t < 2%, it is easy to show that Zf’Bl”BZ has the same moments as the law of the jumps

characterized by v. Moreover, (10) ensures that this property extends for all t > 0. In particular, we show that
e—1
E |:(th7ﬂ1152) :| < 400 (11)

for any £ € [1,3 + %)

Let us introduce, for u > 0, the sigma field,

With these notations, the process (Z7),>0 is (Gu)u>0 adapted.

Proposition 1. (See [13] Proposition 2) Assume x > 0 and 0 > 81 < B2 < 1.

Almost surely, one has the representation for all t < U*

19,(X7) = 30 UXZ_ e, (13)

O<u<t

where £ : (0,00) X Co—o — [0,00) is the measurable map defined in Theorem 1.

Moreover, we may show that almost surely if X >0,

LI (X*) =LY (X*)=((XZ ,e,), foralluwith7, —7,_ >0. (14)

Tu
Concerning the law of U™, it is given by the following result.

Theorem 2. (See [13] Theorem 3)

Assume b and x > 0.

Then the hitting time T* = inf{t > 0 | X" = X} is almost surely finite. Denote U* = LY. (X051,
then the law of U* has the density

1 Bi (B o
) e T (% Bu)  leode (15)
1
_ _ ['(a)T'(b)
a b *
where b(a,b)/0 u (1 —u) 1du:m and & :ﬁfﬁ,
Hence, ﬁ is distributed as a Beta random variable B(1 — £*, 12_ﬁﬂ11 ).

In the next paragraph, we state the first result of this paper, which gives a first description of the “distance

process” after it reaches 0.



2.3 The difference process as a reflected process with jumps

In this section, we describe the difference process as a reflected stochastic differential equation with jumps. For
an account concerning reflected SDE with jumps (in the case where the jump measure is finite), we mention
[14].

However, we will see that the description of Z using standard methods as in [14] fails to describe precisely
the behavior of the process a the boundary because of the degeneracy of the jumping measure at the boundary

0.

Theorem 3. Assume b and x > 0.

We have for all t > 0,

Tu t
ZF =z —Pit+ B2 Y Iz 5ol(Z3_,en) + Ba Z]IZZFO/ Lo, (5)<0dLY (X)) + B / I7:—ods (16)
u<t u<t Tu— 0
=z — Bit+ / aji(du,da) + Ky, (17)
[0,]x[0,00)

where
1. (th)tzo is an (Gy)-adapted process with values in [0, 00).

2. f(du,da) is the random measure of Z* on [0,00) x [0,00) with compensator given by du X 0, (ZZ_, da)
with

- K a\ "
I/u(h, da) = 1{h>0}ﬁ (1 + E) 1{a>0}da. (18)

3. (Kt);>q s an (Gt)-adapted process, null at t =0 and such that
t
/ 27K, = 0. (19)
0

Remark 3. Note that in (8), the compensator of the random measure p(du,da) described in (9) is not well-
defined for h = 0. Contrary to the random measure pu(du,da) in (8), the random measure fi(du,da) of (16)
is now defined on the whole strip [0,00) X [0,00). This explains the difference between equations (8) and (16).
Theorem 3 is an attempt to study the difference process in the framework provided by the theory of reflected
stochastic differential equation with jumps. Unfortunately, the non-differentiable character of (K;) (due to the

explosion of the measure describing the jumps near the boundary) does not permit to apply Ité’s formula directly.
Before turning to the proof of Theorem 3, we need to clear out various preliminary results.

Lemma 1. Assume b and x > 0.

We have that
t

t
B /O Ixs—odL? (X°) = B2 /O Ixo—odL) (X"). (20)



Proof. Since (XtO — Xtc”) is a process with bounded variations, its local time is null. Thus, applying the

>0
It6-Tanaka formula (for the symmetric sign function satisfying sgn(0) = 0), we have

X7 v x? = (x0 - x0)" + x7
i 1 0 x T
= [ (Txesxe + gLeox: ) d (X0 - X7) + X;
0

t t
=z + By + oL} (Xz)+51/ LxesxsdL] (X7) —52/ Lxe>x:dLd (XY)
0 0

1 t t
+3 <ﬁ1 / Ixs—xodL? (X") — B2 / Ixo—x=dL? (X””)) :
0 0
But from the comparison principle for skew Brownian motions, we have that [xo~ x: = 0, so that

XFVX)= X7 = (X0 - XP) T+ X7
1 ¢ t
=z + By + BL) (X7) + B (51/ Ixs—odL] (X°) — 52/ Ixo—odL? (XZ)> :
0 0
so that we have necessarily (20). O

Lemma 2. Assume b and x > 0.

(ZF)i>0 is continuous at time U*.
Proof. This a consequence of [17] Lemma 3.2 p. 213. O

Proof. (proof of Theorem 3)
Let e € Co_,0 and for any fixed h > 0 consider e — X"(e) the mapping constructed in [13], which gives a

possible solution of

Xl(e) = h+e(s) + Bal (h,e), (21)
with
1 t
l(h,e) = 81\1‘%1Jr 2—5/0 [ (e)e(—e,e)ds. (22)

It is shown in [13] that the solution of the above equation 21 is well defined for ng, -a-e excursion e € Cy_o.

From (20) we deduce,
XF = o+ (X0 = BiEY (X7)) + B (X7)
t t
=z + (X) - p1LY (X)) + ﬂz/ Ixe<odL) (X7) + ﬁz/ Ixo—odL) (X*)
0 0
t

t
= X0 = BLY (X) 4 B [ LocodI2(X7) 4 61 [ Lol (X°).
0 0

Note that the measure Iyo <odL? (X7®) is singular w.r.t. the measure d_L? (X 0) because the ladder only increases

on the set {s >0 : X2 = 0}. Thus, combining the results of Proposition 1, of Lemma 2, and the equation



(14),

Tt

Tt .
Zi=a-Gut+ o [ LercodZd(X7) 4 61 [ LeadL? (X°)
0 0

Tu t
—o =it 4 823 [ eieodld (X) 4 1 [ Ty —ods
0

u<t Y Tu—

Tu t
=x — 1t + B ZHZ$7>O (L_IO_U (XI) — L‘zo'uf (XI)) + B Z]IZL:O/ Heu(s)<odL2 (XI) + 51 / ]IXfS:odS-
u<t u<t Tu— 0

Tu

t
=x— fit+ P2 Z Izz >ol(Zy_eu) + B2 Z Hfoi:o/ Lo, (s)<0dLy (X*) + B / [z2—ods.
0

u<t u<t Tu—
Hence, we may set
Tu t
K, =B Zﬂzgj;o/ L, (s)<od Ly (X7) +51/ Iz:=ods.
u<t Tu— 0

The description given at Corollary 1 gives the announced result. O

3 The difference process as a self-similar extension of the killed
difference process

In this section we show that the difference process is self-similar and extends positively the killed difference

process.

3.1 Self-similarity of the difference process

Remember that

U*:=inf{t >0 @ X270, =0}

Let (Z]® = (x®P2, the process killed when it first reaches 0. We may extend ( Z;* on
t 8 Y t
t<U* T (XOF) e 1<U*

the whole time line [0, c0) to a process - that we still note abusively (ZZI) - such that 0 is a trap for ZH=.
>0
We have,

ZIT =z —pit+ > Bl(Z)" ), t<U*

O<u<t

:x—Blt—i—/ ap(du,da), t<U”.
[0,¢] % (0,00)

Proposition 2. Assume b and x > 0.

The process (Z}),~, is a positive Markov 1-self-similar recurrent extension of (ZJI) .
> t>0

Proof. First let us prove that (Z;f I) is a self similar process with index 1.
t>0
Indeed, let x > 0, ¢ > 0. Note that

1- 6
1= 5y

B2l(h,e)ng, (de) = /000 av(h,da) =

Co—o



does not depend on h.

Thus,

ZN =l — e Bret + ¢ Z Bol(Z17 ey), t<c U

O<u<ct
,1 52*B1 Tm -1 ot 1,z —17r7*
=c ST Bal(ZTen) —c Bol(Z17 e)ng, (de)du, t<c U
1= 0<u<ct 0 Co—o

t
=clz+ 62 ﬁ1t+ Z Bace( Z;ff ,ew)f/ Bgc_lﬁ( e_se)cng, (de)dv, t<c U™
0 JCo—o —

B O<v<t M
=ngy

The process Z?ilz := ¢ Z1® is solution of the equation :

Zy =y — pit + Z Bo ¢ H(cZY_ ecy)
0<v<t
for t < U*:=inf{v >0 : ZY¥ =0} and y := ¢ 'z. The process t Y0cv<t Bo (e ZY_ ecy) s a pure jump
process with compensating measure given by ds x ng, (de).
Since the process s — e, is a Poisson point process with compensating measure ds x ng, (de), so is s — ecs

with compensating measure ds x fig, (de) and the description of £(h; e) ensures that for a > 0,

1489

1+82
1 R 1 B
fig, (¢c7'(ch;e) > a) = cng, (¢ 'U(ch;e) > a) = chl (1 + 5205‘1) - Qhﬂl (1 + ﬂQha) L

Consequently, we see that the 'law’ of ¢~1/(ch;e) under fig, is given by v(h;da). The processes (Zj’cilw)
>0

1

and (c_lZif) share the same infinitesimal generator, start from the same point y = ¢~ 'z, and 0 is a trap
>0

for them both : this ensures that (ZtT z) is a 1-self-similar process.
>0

Second, we have that

11 [ c [
o2 ), Mrea(XDAX® = o | Tc (X0, )du
t
c 1 1
= — _E & —XO d _XO u
2% o [ Cvc](c czu) <C c2.>

from which we deduce that

1 1
L%, (X9 =19 =X5%
Cct( ) t<c c?.

and
(0 LX) g ~ (540022 (342 ))
I 2¢y c2. .
t>0 c -0
Moreover, since X° and X are driven by the same Brownian motion, we have
0 yz 700 1 1 0(1yo
(Xtht 7Lt (X ))t>0 Xc2t7_ ZtvL _Xcz. :
¢ >0
Now let YV := %ng.- We have that
crY(Y)=cinf (u>0 : LY(Y)>t) =inf (u >0 : Lg/CQ(Y) > t)
=inf (u>0 : Ly(cY )2) > ct) = T (cY e2)

= T (X°).

10



From the above, we deduce :

T 1 cx 1 1 cxT
(Z)rz0 = <X U(Xo))tZO - (EXCQT?(%X?%))»O ( ol - XO)) >0 T et )izo-

Consequently, (Z7),~ is a 1-self similar process and it is an extension of the 1-self similar process (Z;f I) .
> t>0

As mentioned in the introduction, the difference process (Z7),~ hits zero infinitely many times, ensuring

that it extends (ZJ w) recurrently.
>0

O
Corollary 2. From [24] p. 551 or [17] p. 220, we deduce
/t lze—ods =0, vVt >0, P —as. (23)
0
In particular, from (16), we arrive at the description
Z¥ =x — Pt + B2 ZHZT >ol(Zy )+ B2 ZHZT —0/ “ eu(s)<OdL2 (X7). (24)

u<t u<t -
3.2 Local time and excursion measure of the difference process

Note that because 0 is a regular point there exists a local time (£{(Z)) for the difference process (Z;) at 0. This
is a positive continuous additive functional of the difference process (Z;), increasing only on the visiting set
{t>0 : Z, =0}. Such (¢2(Z)) is uniquely determined up to a multiplicative constant. We normalize (¢9(Z))
so that E [ e~tdl)(Z) = 1.

Let us introduce also the inverse local time () of (¢2(Z)) and defined by

¢ =inf(s>0: £2(Z)>1t), t>0.

Let M denote the closure of the zero set {t > 0 : Z; = 0} and let G denote the set of strictly positive left
endpoints of the maximal intervals components of M. We may associate to the excursions (e®) of the difference
process (Z;) away from 0 the predictable exit system (n,£°(Z)), where n is a o-finite measure on (€, G*) (G*
denotes the universal completion of G°) and such that if () denotes the usual shift operators on €2, we have
the Master formula

E*> V..F o0, =n(F).E" /OO V.de2(2) (25)

s€G 0

for any predictable positive process V and bounded G* measurable functional F. For an arbitrary excursion e
of the difference process, let us denote R(e) :=inf{t >0 : e = 0}.

Let (Zt) denote an arbitrary self-similar extension of (Z T’m) with values in [0, 00) associated to an

>0
excursion measure fi and a local time ° (Z ) by a similar formula as (25).

t>0

Definition 1. We say that the extension (Zt)t>0 is a (the) 1-self-similar extension of (Z;””) that leaves 0
> >0
continuously if

i (Zo > 0) =0. (26)

11



3.3 Existence and uniqueness of the positive recurrent extension that leaves zero

continuously

Proposition 3. Assume by and x > 0. There exists a unique recurrent 1-self similar positive extension (th)t>0

of (Zth) that leaves 0 continuously.
>0
We will show later that this extension corresponds in fact to (Z7),s, (see Section 4).

Proof. We refer to the criterion stated in Theorem 1 of [12] (see also [21]) in terms of the underlying Lévy process
(the reader may look at Appendix A.3 for a brief recall concerning the underlying Lévy process and Cramer’s
condition).

So let us introduce the Lévy process associated with (Z;f ’I)t>0 by the Lamperti transformation (see for

example [12] p. 233). For this, we consider the continuous additive functional A* defined by
!
0o 29"
and its right continuous inverse (&), defined by
& =inf(s>0 : A*>1), t>0.

We apply Ito’s formula to the semi-martingale ln(ZZ’Z) for t < U™ (recall (6)),

z tdzhe . . NAR
In(Z)") = In(z) + /O Z;fz +3 In(zZE + AzZET) —In(2)7) - Tuz
u— u<t u—

ey [ Pl Sn (1 + AZW) . (27)

T,
w—

AZ}®
Consider the jump process [J; = Zln <1 + Tuz

UZI" e,
= E In(1+ M . Its compensator can be
u<t Z

T,z
w—

easily computed and we have,

/cw 8 (1 * %) dng, (e) = /OOO In (1+ %) v(h, da) = L= 00

(L4 B2)h’
= (1—pB1)B2 /t du . :
and hence J; = J; — is a compensated jump process.
t t 1+5) Jo ZZ’I p jump p
Using (27), we can write
t
" du ~
In(Z]"") = In(z) +9/ —= + (28)
0 Zu
with 0 = UpPole g, = Se=Bi(e20e) o
From (27) we have that
HP = (Z57) = n(e) = it + Tez, >0 (29)

T,z

AZT;
where Jer = Y oucn (1 + ZTi” > is subordinator possessing only pure jumps.
< I
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The generator AT of the killed process Z* has domain D (QIT) consisting of functions laying in the resolvent

set
+oo
D (AT) = {f € C°([0,00)) : 3g € C°[0,00)) s.t. f(x) = E” {/ etg(ZtT’z)dt} , Vo > O}
0
and if f €D (QlT), then there exists g € C°([0,00)) such that f is solution of the resolvent equation
fla) = AT f(z) = f(x) + Brf' () — /0 [f(z +a) = f(2)]v(z,da) = g(z), Vo =0. (30)

In particular f € C! ([0, 00)).

Letting = tend to 0 in the previous equation we obtain that there exists a constant § # 0 such that

£(0) +6£7(0) = g(0).

The representation of f is given by

oo U*
f(z) =E* {/OJF e_tg(ZtT’z)dt} =E" /0 e~tg(Z]™)dt

+ g(0)E® [ / OO e_tdt}

which is seen to tend to g(0) as x N\, 0 thanks to (15). So that by continuity of f at 0, we deduce 6 f’(0) = 0.

Consequently,
D (") ={fec'(j0,00) : f(0)=0}.
Hence,
ﬂWMJme)+AWVM+a)(HMWMA® (31)
B+ [ o) sl (145)  da (32)

for h > 0 and f an element of C1[0, 00) bounded on [0, 00) satisfying f/(0) = 0.
From the theory of time changes (see for example Lamperti [17] p. 217), we may compute the generator B

of (H?):>0 and we easily find that
Bg(h) = —f1g'(h) + / [g(h + a) — g(h)]we = Ve~ (HE=Ddq
0
=19/ + [ lalt+ )~ g Voda (33)
0

for h > 0 and g an element of C!(0, 00) bounded on [0, co).

Consequently, the Lévy-Khintchine Formula implies
E [exp (f)\H?)} = ME {exp (f)\jgi)}

= exp <)\Bl - n/ (1—e ) e('yl)ydy>
0

1 1
eXp</\ﬂ1H<v—1A+7—1)>'
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So that if £* := (as in [13]), we have that E [exp (—AHY)| = 1 if either A =0 or

11
261 283>
K :1—ﬂ1_1+52:52*51*25152

A= (y—1 =1,
AG-n VT3 T 26:5> ¢
and Cramer’s condition is satisfied
Elexp ((1-¢MH)] =1 vt>O0. (34)
Observe that for 51,82 >0, (1 —-&*) >0« 81 > 1f—22ﬂ2, which is guaranteed by assumption b. O

4 The difference process is the positive self-similar extension of the
killed distance process that leaves zero continuously

Remember the definition (1) ; the aim of this section is to prove the following crucial result.

Theorem 4. Assume b and x > 0.
The process (Z7);~q is the positive Markov 1-self-similar recurrent extension of (Zz’z) that leaves 0
> t>0
continuously.

The key of the proof relies on the preliminary results stated below.

4.1 Existence and uniqueness for solutions of the skew Brownian equation driven

by Bessel bridges

Before getting started, let us introduce some notations.

Notations : In the next computations, we use the notation <p(a)t)t20 for the 3-dimensional Bessel process
starting from a, and IP’¢(13) for its law. When a = 0, we simply write (Pt)tzo-

PE stands for the law of the standard Brownian motion.

The notation X**#(w) stands for some solution of the skew Brownian motion equation driven by (‘*’t)tzo €

a+ W (where W is the Wiener space), namely a solution of
X7 (W) =& +wp + BLY (X (W), >0

x H 1 ! x
where LY (X%#(w)) = 51{%1 2_5/0 [ (X 'ﬂ(w)) ds.

The key of our proof relies on the following result

Lemma 3. Assume —1 < < 1. Under P(()g), there is strong existence and uniqueness for X%5(p) solution of
the skew Brownian motion equation.

Moreover if =1 < 3 <1, LY (X%?(p)) =0 for any t > 0, ng)-a.s., and Xto’ﬂ(p) = p¢ for any t > 0, ng)—a.s.

14



Proof. Remember that L?(p) = 0, ng)—a.s. so that p is itself a solution of the skew Brownian equation driven
by itself. It remains to prove that it is the only solution, namely that necessarily X*#(p) = p under IP’(()?’).

Let h > 0 and a > 0 be positive parameters. Then, by Girsanov’s Theorem, the process X ~"5(p(a)) is
solution of

X P (p(a)) = —h + pla), + BLY (X" (p(a))), t>0 (35)

where (p(a)t);s is a standard Brownian motion starting from a > 0 under the probability measure P, defined
by P83)| F = MPJ 7, Because of the strong existence and uniqueness of the skew Brownian motion
equation under P,, this absolute continuity relation ensures that there is strong existence and uniqueness for
the solution of (35) under P

Let us now look at X ~"(p), a possible solution of
X, "P(p) = —h+ py + BLY (X*h’ﬁ(p)) , t>0 under IP’(()?’). (36)

Using the Markov property of p, we see from the previous that equation (36) possesses a unique solution (under
]P’E)3)) on [T"/2(p), +oo|. But the skew equation guarantees that the process X ~#(p) cannot have increased its
local time on the interval [0, T7"/2(p)] and X; " (p) = p; for any t € [0,7"/2(p)]. We thus have a solution of
(36) on the whole time interval [0, 00) and this solution is likely seen to be unique.

Let T (p) = inf{t > 0 : p; = 1}, we are going to give a lower bound on IP’(()?’) (LOTl(p) (X~1B(p)) < ch)
where ¢ > 0 is some fixed constant satisfying 0 < ¢ < Wl\

Note that since the local time L° (X ~"#(p)) does not increase on [0,7"/2(p)], the Markov property for the
3-dimensional Bessel process p applied at T"/2(p) gives that

ng) (Lgl(p) (X_h’ﬂ(/))) < Ch) = ]PEIS/)Q (Lgl(p(h/Q)) (X_h’B(P(h/Q))) < Ch) . (37)

The absolute continuity between IP’ELS/)Q and IP’f/Q (see [22] Chap XI, exercice 1.22 p.450) for events in

Fri(p(h/2)) = FT1(p(h/2))ATO(p(h/2)) ensures that

BTl(B)ATO(B)) . (38)

(3) —h, _ mB
L) (LoTl(p(h/z)) (X~™P(p(h/2))) < Ch) =Ky /o <HL%1(B)(Xh’ﬁ(B))§ch X h2

(Note that this absolute continuity relation is ensured by the fact that Efp (TH(B) NT(B)) < 400 and the
random stopping theorem for martingales applies).

Let us evaluate EE/Q (HL‘}I(B))(X*h"*(B))Sch X BTI(B)/\TU(B)). We have

IE5/2 (]IL%l(B))(X*’“B(B))Sch X BTI(B)ATO(B)) - IE5/2 (]IL%l(B))(X*h’B(B))Sch X ]ITI(B)STO(B))
= Ef/z [{there exists an excursion (necessarily positive) e, of process X ~"” that reaches 1 — h + s while s < ch}
N {no negative excursion e, of process X ~# reaches — h + fs while s < ch}]

=P? /2 [{there exists an excursion (necessarily positive) e, of process X ~h8 that reaches 1 — h + s while s < ch}]

x PP 2 [{no (necessarily negative) excursion e, of process X B reaches — h + fBs while s < ch}],
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where the last equality comes from the independence of the processes of positive and negative excursions and
because ¢ € (0, ﬁ)

We compute

P2 2 [{there exists an excursion (necessarily positive) ey of process X ~hF that reaches 1 — h 4 fBs while s < ch})

Beh \ T F
c 2
=1—11

(+1+h)

and

pr [{no negative excursion e, of process X " reaches — h + s while s < ch}]

=(1—ch) ™ .

Finally, from (37) and (38) we deduce

_1+8
3) (70 —h,8 _2(,_ feh \ - #F o
Py (LTl(p) (X P(p)) < ch) =7 <1 (1+ T (1—cB)? . (39)
In particular, we see that there exists p > 0 satisfying
P (L9 (X (p) <) = p>0 (40)

uniformly for any h > 0 sufficiently small.
We are now ready to show uniqueness for solutions X%%(p) for 3 € (—1,1) (case h = 0). The difficult case

is when 3 € (—1,0), so we now assume that 8 € (—1,0). Let us denote

X} (p) = <Soup€QXf Pp) s LY (XO7F(p)) = <Soup€QL? (X%(p)) .

Suppose that we have proven that

PO [ U 1L (X)) = 0w e [0,5]} | = 1. (41)
s€[0,7(p))

Then, remember that there exists simultaneous solutions of (36) when h € Qt. The comparison theorem for
solutions of the skew Brownian motion equation ensures that a.s. for any ¢ > 0, the family of r.v. {X, hBp e

QT} is a.s. increasing w.r.t. —h, so that
0 —h,p h 0 (x0,8
L (X"%(p)) > 3 + L7 (X%(p))
for any fixed h > 0. Letting h € Q% tend to 0 in the previous inequality gives
LY (X(p)) = LY (X (p)) -

Consequently, if (41) is proved, then there exists a (possibly random) s > 0 such that LY (X%#(p)) = 0,Vt € [0, 5]
]P’E)B)—a.s. But if this is the case, then X%#(p) = ps > 0, and since p does not hit 0 after time s > 0, X%?(p)
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will never hit 0 either after s > 0 because it satisfies the skew Brownian equation driven by p. This proves that
X08(p) cannot increase its local time and the result of the lemma follows directly.
It remains to prove (41).

From (40), for any ¢ >0

]PE)3) U {LoTl(p) (XF(p)) < Ch} >p
he(0,e),heQ+

and Fatou’s lemma implies

P& N U {L(%wp) (X" (p)) < ch} > ligl\sgpﬁ”ég) ({L%mp) (X" (p)) < Ch}) > p.
£€(0,1) he(0,e),heQt
So that
3) [ 1. —h, _ m®3) -, _
P (hr}?\sgp{ﬁ%l(p) (X~"F(p)) < Ch}> =Py (Lomp) (XO(p)) = 0) > p. (42)

In particular, since s — LY (X97#(p)) is a.s. increasing and T"(p) > 0 a.s., we have

P (Uscior (A28 (X°%(0) =0, € [0, 1)) 2 B ({292, (X"~ (0) =0}) = ».

Note that the event Uge(o 1 (p) {LY (X~ (p)) = 0,V¢ € [0, 5]} belongs to the germ o-field Fo; = Nyso0 (pr, 0 < t < s).

So, applying Blumenthal’s zero-one law and since p > 0, we necessarily conclude that

3 _
By (Uscpo.rion (L2 (X077 (p) = 0.9t € [0,5]}) = 1,
which is exactly (41) and the result is proved. O

Let ]P’Ef())’T the law of the Bessel bridge of dimension 3 over [0, 7]. From the previous lemma, we readily deduce

the following corollary.

Corollary 3. Assume —1 < 8 < 1. Under ]P’Ef())’r, there is strong existence and uniqueness for X% (w) solution

of the skew Brownian motion equation.

Moreover, LY (X%#(w)) =0 for any 0 <t <, P((J?())’T—a.s., and X?’B(w) =w forany 0 <t <r, Pé?&’r-a.s. .

Proof. We give the main idea of the proof, leaving the details to the reader.

Using the result of Lemma 3 and the absolute continuity relationship between ]P’Ef&’r and ]P’E)B) (see for example
[22] Exercice 3.11 p.468) we get that under IPES&’T, there is existence and uniqueness for X%#(w) solution of
the skew Brownian motion equation on any time interval 0 < ¢t < r —e (0 < ¢ < r). Moreover, we have
LY (X% (w)) =0forany 0 <t <r—e (0 <e<r).

But if this is the case, XTO;BE (w) = wr—e > 0, and since under IP’B?&’T the trajectory w does not hit 0 before
time r > 0 a.s., X*#(w) will never hit 0 either before r (because it satisfies the skew Brownian equation driven

by w). This proves that ]P’Ef(%’T—a.s. X8 cannot increase its local time before the end time r > 0 and the result

of the corollary follows.

O
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4.2 Conclusion : proof of Theorem 4

Proof. We will now use the master formula (25)

E*> Vi.F o0, =n(F).E" /OO V,de)(Z)
s€G 0

for any predictable positive process V and bounded G* measurable functional F'.

Let us choose T' > 0 satisfying E*¢9.(Z) > 0 (remember the normalization E® [ e™*¢2(Z)ds = 1 so that it
is easily seen that such T" exists) and set F' = ljim, ., z,>0 = [2,>0 = lim,_, X%, >0 and Vi = I} 1y(s).

Fact 1 : first note that V¢ € G, ZF =0. “

Indeed, by definition of G, if ¢ lies in G, there exists a sequence of times (u,,) such that u,, 1 ¢ with Zyg =0.
Since Z has a.s. rcll trajectories, we have 0 = lim,, ¢ Z; = Zi" .

Fact 2 : second, note that if t € G and Z¥ > 0, then necessarily 77 # 77.

Indeed, by the preceding (fact 1), ng = Xffb = 0. Butif 70 = 72_, then so would we have Z& = ft(;ﬁz =0,

t—

violating our hypothesis Z; > 0.

Let us denote Z = {s € R* : X%A1 =0} the zero-set of X*#1 and Z, the left-hand points of the maximal
intervals in Z°.

From fact 1 and fact 2, we deduce

0<E® Z V.. Fol, =FE* Z Vil yop._ .F o0,
seG 866,737757'2 Te-

€T
S ]E g ‘/;-]Imeﬁz >0,X:E)BZ:O

79 +R(eg)
{sIm0_#70} o

<E” ) Vi.Hod, (43)
SEZy

s—

with H =1 L3 o) (X082 (€))>0" Now applying the Master formula for the skew Brownian motion (with parameter

B1) and the result of Corollary 3 gives

E* " V,.H o6, = ng, (Lg’z(e)(xovﬁz)(e) > 0) E*LY.(X%%1) = 0

s€Z,

where we used

o 1 3),r
nf, (Lo (X% (e) > 0) = /O B (LAXO (@) > 0)dr =0

thanks to the result of Corollary 3. Of course the same holds for ng (L%(e)(XO’B2 (e)) > 0).

Coming back to (43), this implies

0=E" Y Fof,=n(F)E"(}(2) (44)
s€GNI0,T)
and n(F) = n(Zy > 0) = 0. The theorem is thus proved. O
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Corollary 4. The result of Theorem 4 ensures finally that
62 Z]IZZL:O/ ]Ieu(s)<0dLg (Xz) =0
u<t Tu—
almost everywhere under ng, .
From (16) and the result of Corollary 2 eq-(24), we finally arrive at the description
ZP =z —Pit+ B2y lze sol(Zi_,en) t20. (45)
u<t

and K = 0.

From this last equation (45), we see that the description of Z using the usual theory of reflected jumping

processes fails to describe the trajectories at the reflecting boundary 0.

5 The law of the difference process starting at zero
Let us define the family of probability measures (P*;z > 0) on the Skorokhod space D by
P*(A)=P((t— Z) e A). (46)

As a consequence of the previous study, we know that the process (Z%,P%; x > 0) is a self-similar Markov process.

The Markov property implies that the process (Zf.,,t > 0) is independent of the process (Zf. ,,t < U*)

+t)
and its law does not depend on x. Moreover, the scaling property implies that lim, .o U* = 0 a.s., hence, this
shows that the family of measures (P*; 2 > 0) converges weakly, as x goes to 0, towards the law of the process
(Z§. 44t > 0). Let us mention that in this case Rivero [21] gives a construction of an entrance law for the
process (Z{. ,,t > 0) in terms of exponential functionals of the underlying Levy process. We will denote by
(ZO,IP’O) a process whose law P° is that of the process (Z{+ 4ot > 0). The process (ZO,IP’O) will be called a

“difference process starting from zero”. By construction, the processes (ZO,IP’O) and (Z%,P*) share a common

infinitesimal generator.

5.1 An It6-Dynkin formula for flat functions near zero
The aim of this paragraph is to prove the following proposition.

Proposition 4. Assume that f : RY — R is a C! function such that there exists a neighborhood V C [0,1) of
{0} and some § > 0 such that |f'(y)| < Cy® for any y € V.. Then, we have the following Ité-Dynkin formula

for f :
B~ f@) =~ [ B @0ds+ [ as [TB[(F (20 4a) = £(22) 127 00 (2 d0)] . 41)

Before proving Proposition 4, we need the following Lemma :
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Lemma 4. We have that
P(ZF =0) =0, (48)

foranyt >0, for any x > 0.

Proof. From (23) and taking expectations E that the equality (48) is satisfied for almost every ¢t > 0 outside a
negligible NV, set. By the absurd suppose there exists to > 0 and 2 > 0 with P(ZF = 0) > 0 (i.e. tog € Ny).
There exists a > 1, t1 = atg >> to with P (thl = O) = 0. Then, by the comparison principle for time changed

skew Brownian motions, we have

0=P (2 =0) =P (22

llt()

> " =0)>46

=0) =P (2" =0) > P (2
yielding the contradiction. O

Proof. (of Proposition 4)

Let € > 0 be fixed. Set 70 = 7. = 0,

Terl = inf(s > TQkE . Z3F =¢) for any integer k > 0 ; 7‘2168 = inf(s > Tf . Z9 > 2¢) for any integer k > 1.

S

For convenience, we introduce the notation [Af] (y,a) = f(a+y) — f(y) for y > 0, a > 0.
Using the Markovian nature of (Z7) and using repeatedly Itd’s formula on the intervals [r4., 75+1] (allowed

by the fact that on these intervals, the generator of (Z}),- is completely known), for > 2e we may write

F(ZE) = f(=)

(10 ) ¢ (305301 () ) )
k=0
+1zz <2 (f(Z)) — [(2))
= 1Z§"22s 2 [(Mé+1 - M,{st) -5 /;:Jr f/ (Z;c) ds + /(72"5,7—5’“'“] ds /OOO [A.ﬂ (Zf—, a) v (Z;c—v da)‘| 17—2ka§t
_ 1Zf>25ki:0 [(Mi}ﬂ _ Mtf) 8 /t‘ra 1 (Z¥)ds + /tTE ds /000 [Af] (Z:i,a) 17 (Zf,da)‘| lTZkEStSTEkH
Flopa 3 (FZ5) - FZ50)) Ly <o+ Lapcar (FZD) - F@).
k=0

So that, by adding and subtracting the missing bounded variation terms on the intervals (7%, 74] in order to

complete the integrals, we have

F(Z) = f(2)
= lz552 (Z (MfikﬂfMécE) 51/0 f (Zg)ds+/0 ds/om [Af](Z2,a) 120 sop (Zf_,da))

k=0

St Tzki o]
_ lﬂl /k 1 (Z¥)ds +/ . ds/ (Af1(ZE_,a) 1z >o¥ (zr, da)] Lok <4
k=0 Te (8,75 0
- 1Z§°226 Z (MTfEkH - Mtf) 1T§E§t§r§“ + 123225 Z (f(ZkaE) - f(ngk)) 1T§E§t + 1Z§”<2e (f(ZF) — f(z)).
k=0 k=0
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We may complete the martingale increments too and we may write (with a slight abuse of notation)
f(Zf) = f(x)
t t o]
= lzp>a <Mtf £ - M{F / J(z2)ds + / ds / A (22 a) 1zs 507 (22, da))
0 0 0
rse 3 (0075 )
k=0

N TZkE’ZId s [ a ot (2% ,da)| 1. -
;lﬁ/ pEdst [ ds [0 a0t (22 )]LZEJ

1z 30 (F(Z5 ) = 1(Z5)) Lp o + Lzp e ((ZF) = F(@)

k=0

where (Mtf ’8) is a martingale which is constant on the intervals of type (77, 75].

So that
[(£(28) = @) — (Mf© = )
t ¢ o
_ (7Y d d YaN Vi o oD Zsli,d
g [ sz s s [CIA1(ZE 0 12z w0 (25 da)

< lzpzoe ) \f(Z5) = F(Z5 g <

k=0
+Zl,rk <t/ ds sup |f'(z)|/ algs sov (Z5,da) 1k <
o T kb1 z€(0,2¢) 0 2=
+[Bilt sup [f'(2)] + 261 zm50e sup |F/(2)| D 1ok < + Lzz <ol f(Z7) — f(2).
2€10,2¢) 2€10,2¢) —

We now take expectations ; since Z% leaves 0 continuously, we have that necessarily Z, K> 0; thus, we may

scale the law of the jumps at the jumping times 74.—. Using this fact and scaling, gives
Bl (F(2) - f(@) — (M) = )
,gl/f Zrder/ds/ (A1 (Z2,a) 120 sop (21, da) |

<E <1Zf>2s Z [F(Z7 k) = F(Z7 iz, Jk]2281'r2k€<t>
k=0

2¢e

+ZE Lox <t/ ds sup |fl(z)|/ alzs_>ov (Z;”_,da) Lok <4
o 2e = ( k 0 s 2e =

Thrk ] 2€[0,2¢)

z€[0,2¢) z€[0,2¢)

+1Bult sup [f'(2)] + 2eE (125226 sup If’(Z)|21¢;£<t>+E(1Zf<za|f(Zf)—f(w)l)
k=0

where (J),) is a sequence of independent r.v. with density 5 B 2 (14a)".
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Thus,
Bl (f(Z7) = f(@) - (M= = m{)
fﬂl/ 1z ds+/ds/ (Af1(Z2,a) 120 w00 (Z2_,da) |
< (22) sup |f'()|E <1ZT>282|J;€—1|1 . ]1>

z€[0,2¢) k=0
a0 g ()
- 7 — zz_ >0l k
<t (k] ze[0,2a) zZ3 zZ5 g >0k <t
+161]t sup [f'(2)| +2¢E (1zp>2. sup |f'(2)] Z Loy < | +E(Lzp<oc| £(Z7) = f(2)]) -
2€[0,2¢) 2€[0,2¢) k=0

A change of variable ensures that fooo Kz (1 + %)_V 1psoda < +00 and does not depend on h. Moreover, from

the fact that (Z7) is a process having only positive jumps and that its slope is —f;, we deduce that for any

e >0, Zl k<t<@as
ThlS 1mphes that
E| (£(27) - f(@)) - (M= - M{*)
fﬂl/ 1(z%) der/ ds/ Af )1Zm >01/(Z‘S ,da)|

<Ct suwp |f'(2)|+C sup |f’(z>|ZE(1T;€§t<T§Efo>)+01P><Zf<2e>

z€[0,2¢) z€[0,2¢)
<Ct sup |f'(z)|+C sup |ZE (1 b < (ot 7'28)) + CP(ZF < 2¢)
z€[0,2¢) z€[0,2€)

<Ct sup |f'(2)|+ CP(Z} < 2¢)
z€[0,2¢)

where C' is some constant depending on f and x and possibly changing from line to line.
The last term is easily seen to tend to zero as £ \, 0 because of our assumptions on the function f. Since

(ZMtf’8 - Mof’a) is of zero expectation, we deduce the Ito-Dynkin formula (47). O

5.2 Computation of the law of 7}
This section is devoted to the proof of the following result:

Theorem 5. Assume b.

For all t > 0, the law of Z? has density
t t ¢
pz(t,0,y) = c1— (ﬂ) (1 + ﬂ) Ly>o,
y\v Y

where ¢y is defined by ¢ := / 27214+ 2) 7 Az = D(y — DD(EY) /T (v + €5 — 1).
0
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The main ingredient in the proof is that because of the self-similarity of Z, the generator A acts as a

multiplier for Mellin’stransform. Let us recall that for f : [0,00) — R one defines Mellin’s transform of f as

MIf] () = / T (e

for all £ € C such that the latter integral is well defined. It is clear that if f is bounded and with exponential
decay near co then £ — M [f] (§) is well defined and holomorphic on the half plane {{ € C | Re(§) > 0}.

For such functions f, we recall the four following properties which are easily derived from the definition of

Mellin’s transform:

(1+y fM[ f] (&), for Re(&) >0,

Mz = flz(L+ )] (€) = )"

) = MI[f](§—1), for Re(&) > 1,
) =

) =

(
Mz = f(z)/x] (€

MIfT(E
Mz 2 f'(2)] (§

(1—=&MIf] (€ —1), if f€C*0,00) and Re(£) > 1
—EM[f] (&), if f €C0,00) and Re(£) >0

Proof. Choose £ with Re(§) € (27% 28,

t
E (7)™ =51 — fy(6 — DE / (Z2)5 L5 ods

+E/Otds /Ooo ((z2+a) " = (22)7") (22 da),

where the moments above are finite (see Remark 2).

Performing the change of variable a = 2= gives

t
E (7)™ =51 — fy(6 — DE / (Z2)5 Ly s ods

0
t [e'e]
z\§—1 \E—1
+E/O ds (22) ]IZM/O ((1+a) 71)—(1+a) Y da
t
A€ DE [ (20 Larsads
0

t [e’e]
+E/ ds (Z;ﬁ)f*?]lzpo/ ((1+a)5*1 - 1) k(1+a)"" da.
0 0

Since £ > 2, (25)5_2 = (Z{gr)g_Q Izs>0 and

E(z) =T = BiE - 1) /(:E<Z§>“ds+< i )/(:W;f)“ ds.

vy=& -1

o0
For any A > 0, we set wy 5(§) := / e ME (Z,‘?”)Ei1 dt. From an integration by parts we have,
0

§-1 _
wnale) =S+ A (o).

Ay 2 (&) =257 +wy p (€ — 1) (7; vil (g1)>.
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L), Applying the It6-Dynkin formula (47) to f(y) := y5*

, we deduce,



Set uy 4 (dy) == / e Mpy(t, z, dy)dt.
0
We have for x = 0,

Fubini’s theorem implies that

1 K K
MM (O = (€ = DM |y Tlocyea| (€ + Mlunal €= 1) (5 = 5 =i e D).
Let now  — 0 and set uy := uy,0. We have,
M) © =Ml €~ 1) (5 - 2 - e- 1)

So that

A= =DMl )= -E-DA( = - DMual (€= 1) +r(§—1) Mur] (£ - 1),

and

M (v =) Mual () = Ay = 1) EM [un] (€)
=By (Y =D A =M [url (€= 1)+ L1 (v = DEE = DM [ur] (€ = 1) + £ (§ =) M [ur] (§ = 1).

Using the properties of Mellin’s transform gives

A (v = DM [ua] (6) + A (y = 1) M [y = yul ()] (€)
=By (v = ) ML (€) + B (v = )M [y =y ()] () = wM 4] (©):

Dividing by v — 1 and using the fact that /(v — 1) = (1 — 81)/2,
MM [ur] (€) + AM [y = yuh ()] ()
= (817 = (1= A1)/ M1 () + BiM [y = yul )] (€)
= B2 = EIMEL] () + BM [y yus(v)] (©)
with &* = ﬁ - ﬁ Inverting Mellin’s transform gives (for y > 0) :
Bryu(y) — Ny + Br(6" = 2)) uh (y) — Myua(y) = 0.
Let us set

A (P
oo ().
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Then, vy is solution of the Kummer’s equation (for y > 0) :

o (y) + (2 — €°) — y) vy (y) — Yualy) = 0.

From the theory of solutions of Kummer’s equation, if M and U are the confluent geometric functions, we

may deduce that there exist two constants by (A) and ba(A) such that for y > 0 :

ua(y) = bi(NU (7,2 = %, y) + b2 (MM (7,2 - &%, y).

Here M and U denote the confluent hypergeometric functions (the functions M and U are defined by formulas
13.1.2 and 13.1.3 in chapter 13 of [1], and see also formula 13.2.6 of [1] for an integral representation of U). So
that

_ Bl o 7);3yt y—1 1—y—£* *
ur(y) = b1(N) = o Tt (1 + 1) dt + b (V)M (7,2 - &%, y).

M (7,2 — &%, y) tends to oo with y (see [1] 13.1.4. p.504), so that necessarily by(\) = 0. Moreover, the

homogeneity of uy ensures that by(\) o< A. Identification of the Laplace’s transform ends the proof. O

Remark 4. One may want to see if the above formula satisfies (at least formally) the Fokker-Planck forward

equation, which in our case may be written as

a *
8th(t 0 y) A pZ(taan) (y > O)a

(53)
pz(t,0,y)dy —— do(dy)-
Here 2A* denotes the formal adjoint of 2. It is defined for any ¢ € C* ((0,00)) such that A*¢ < +oo by
o) =m0 - [ (o5 (142) et (14 -) oy ) d
= - — — - —a a a
Py 19 \Y 0 gOny y Py (y_a)Q y—a 0<a<y
= b’ (y) — “/ (<P(y)zﬂ‘2 (y+a)” —ply—ay " (y—a) 1O<a<y) da
0
/ ¢(y) > . y2
- _( P - - Locacyd
B’ (y) — K <(7 Y /O ey —a)y™ 7 (y—a)’” " locacyda
=) = ([ 1) = oy =l (- )" Sacocyda
0
y Y
where the last lines come from the fact that v — 1 > 1 (because B2 < 1) and / (y —a)’"%da = ﬁ
0 7Y=Ly
¢ =Ly 1—v—=¢
Consequently, let us denote T' the function (t,y) — b <ﬂ) <ﬂ + 1> = 'pz(t,0,y).
Y Y Y

o= (3 (3 (5 ron )0
G G o)

() (e (e
) ) e
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5 Tlty) _ ﬁgacéy*(%ulfﬂ*f
y—=1 y v—1y?

Yy Yy
1 Tomy—g*
m/oy Tty —a)y ' (y—a) *da=r Oy yﬁja (yt&a)V (ywla + 1) ' y ' (y—a) *da
1—y—¢*
= [ ((2001) w0
0
1ony—g*
= kP (1) y Y /Oy (% + 1> ! (u) "% du

+o0 N
= fit'V*QB?*ly*'y/ (x+ 1)1_V_5 dx

tBq

Y

:__j__@(@g”gcﬁ+9278
2—y=&y* \y Y
Hence,

a . 1B\ s T
{aﬁbwwﬁ<z? (2‘1) .

2
h ((v—l)—&*—wl)— 0 ((5*—1)%—7)4—&—&(@ (t61+1))+ i (le) |
Y Y v v-I\y \y 2-7-¢&\y

One may easily check at once that

K31 K31

2 * —

2 K1 _
51(7—1)+m—0,

2ex | 12 K 2601
—B1€ +517+771+2777§* =0

So that

2 e -0

Remark 5. (A remark about the law of Z starting from x > 0)
o0
Set ux . (y) = / e_)‘tpz(t,x,y)dt. We may retake the previous computations without letting x tend to 0.
0
Then Fubini’s theorem implies that

R R
y-¢& -1

MM ©) = (€= DM [y Tocyer] @+ Ml € -1 ~hie-1).

Using then the properties of Mellin’s transform, we arrive after tedious calculations at

< *
— <ak,z(go) + / ((y = 1) (1 = e 27™9) — 24702020 4 51 (1 — € )uy .(0)) 077 (2in 510 — N 772 d9>
Co

x (¢ @impic = N - G @impiio - N O,
where Uy 5 stands for the Fourier transform of uy . Unfortunately this formula does not seem easily invertible.
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5.3 Mean long time behavior
From this expression of pz(¢,0,y)dy we deduce the following results.

Proposition 5. Assumeb.
C1 1

Set 7(y) = ?F defined for y > 0. Then, for any fized y > 0,
1

|t£*pZ(ta 07y) - ﬂ-(y)| —0

t— o0

Proposition 6. Assume b.

For any real Borel function [ defined on [0,00) such that fooo y{(,yﬁ)* < 00,

I 0 1
=& /0 Ef (Zs)ds t—+oo 1 —&*

+oo
/ F)n(dy).
0

Proof. As already noticed, under hypothesis h, we have that 0 < 1 — &* < 1. It is not hard to see that
fot pz(s,0,9)ds = O(t'~¢") and is strictly increasing as t tends to oo. Moreover, from the Fubini-Tonnelli

theorem and a simple change of variable, we have that

1 t 0 1 t —+oo
HT/ Ef (Z])ds = HT/ / fw)pz(s,0,y)dyds
0 o Jo

_/ el (v )T / P ) d
= : Y e \15 . Y

+oo
m o fy)m(dy)
e dy 1 1 X —_
with 7(dy) := c1 23 e €2 i= T e\~ Xliqum W/o w1 4 u) 777 du | and where the last
line comes from Lebesgue’s domination theorem. O

We may check that m(dy) thus defined is in fact an invariant measure for (Z:),-, meaning that

A*mw(dy) = 0.

6 Excursions of the difference process

From the result of Theorem 2, we have that

R (—ep(-UY) 1 -, .
:Eli}rgil* =& b (1 — &, 1—ﬁ1) /0 (1= e™)(Bru)f ~*du € (0,0) 54

2p1

where b(a,b) = / u (1 - u)bildu _ ?((Z)i(z))

Since (Z7) has been shown to be the positive self-similar recurrent extension of (Z z-,T) that leaves 0 continu-

ously, the theory of self-similar recurrent extensions asserts from (54) that the excursion measure n is self-similar

27



with index 1 —¢&*. In turn, the self-similarity of index 1 —&* for the excursion measure n of the process (Z}7),~

implies that there exists a constant ¢ (namely, ¢ = n (R(e) > 1)) such that
n(R(e) >t)=ct~ 1= t>0.

(see iii) Lemma 2 in [20]). In particular, n (1 — e *#(®)) = X [*e=*n (R(e) > 0)df ox A ;e 965" ~1dh (from

the previous) and we get that
n (1 - e—““e)) x AITE A > 0. (55)

In particular, this implies that the Levy measure v(dt) of the subordinator (gto , ]P’O) takes the form

d
y(dt) = (1 - €) e

6.1 Entrance law

Let us denote
Quf (@) =By (F(Z) " Mucv () - (56)
We have
Qu(z, A) = Qaulaz,ad).

Let (n¢(dy)),~q = (n (Hetedyﬂth(e)))t>O denote the family of entrance laws satisfying n;Qs = niys (£, > 0)
and related to n. The family of entrance measures (n;(dy)),., may then be described in terms of the underlying
Levy process thanks to the result of [21] (See Theorem 2. formula (3)), which in our case and with our notations

reads

1 t _e* . e .y
ne(f) = O 8 ([H*)Eh (f (3) J¢ ) , with J::/O e Meds (57)

and where E% denotes the Lamperti transform of the canonical Lévy process under the h-transform probability
measure (with respect to h @ y — e(1=€) of the law of (Hy)¢o-

We shall prove the following result,

Theorem 6. Assume b.

The family of entrance laws (n¢(dy)),- related to the description of n(de) are given by
ne(dy) o 7772 (y + fat) 7 dy. (58)

Proof. From the theory of self-similar recurrent extensions (Master formula applied firstly for V; = e and

F= fOR(e) e~ f(e,)du and secondly to for f = 1), for any positive Borel function, we have

a1 = [ e ([T sz omay) ar - I (1 (fe(e:)j(:)me)) - (59)

A notable consequence is that using (55)

AN uf1(\) = ﬁ (Auxo (f)) o /0°° e Mn (£ (er) Licpee)) dt := L [ne(£)] (V).
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This decomposition allows to invert the Laplace transforms in order do guarantee the integrability of the

integrands ; and for any ¢ > 0,

t (t—s)" o0 FW)pz(s,0,y)dy ) ds o< n (f (er) Li<rye)) -
0 ds \Jo

From the previous computation, for any positive function f € C!([0,0)) such that f € L! (), we get from

Fokker-Planck’s equation that
0 t
() [ ([ -9 s (0.0 )

o</OOOQl* (/ (t—s)* ‘1pz(s,0,y)d8) fy)dy

<[ ( iz (5.0.9)ds ) 211y
«/O“( Ly ) s ) ()

3

So that

Lln (N0 o 5 £ [(77C 4 550" 2] ()

5 [+ 58 0, 2

Note that using the change of variable § = s/ /y in the integral gives,

! s -1 1—y—¢~ y' ¢ Ay—e y—1 1—y—¢~
)\T/o e s (y + 5P dsfﬁw)\g* | (1 4-0) do
1-¢* 00 .
-4 / e ()T (A +20)' ¢ g
Bl Jo
ylfg* 00 .
x / e WL (A ) T du
0

Hence,

Lln (DO o g (£ [77 45507 00, 27
o %(y L [37’1()\ + 861)17775*} (), 2Af)

o %/000 ST+ 551)17775* (y — A (efys) , [ds.

Note that the inverse Laplace transform of A\ — (A4 s81)' =7 is t — mﬂ*f*’ze’“ﬁl. Inverting

Laplace’s transforms, we finally find that

n:(f) /000 STTHRAM (e7VF) L f) (/Ot e SﬁltL'YJrf*Qdu) ds,

t 00
n:(dy) o« (/ uIHE 2 [Ql* (/ s"le(““ﬁl)sds)] du) dy
0 0

¢
x / w2 g ((y + uﬁl)_v) dudy.
0

and
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Let us compute 2A* (y — (y + uﬁl)f'y). We get that

y
A ((y + uﬂl)ﬂ) = Biy(y+ub) "~ 7—i1y71 (y+upr) "+ ’iyﬂ/ (0 +upy)"707"2d0
0

Yy
=By (y+up) " - 7_"113/71 (y+upr) " + Hyﬂ/ (1+ uTél)WH’Qde
- 0

= Biy(y+up) "~ v—ily” (y+up) " + %yfl(tﬁ)’l (y+ub)' ™"

= (y+ub) ! (7H 1 uiﬂl + (% - ﬁﬂ))

which in turn implies that

t
nt(dy) o /O W3 (g upy) T (% (y +ups) — ﬁfw) dudy.

Note that y+&*—3 > —1 < —=3/24+1/(281) > =1 & 1/(261) > 1/2 guaranteed by the assumption 0 < 81 < 1,

and so the above integral is definite.

Moreover, setting § := (’Y_Ki)Bl —1= 1;2?- We see that

t
* 0 _
v+ —3-06 o+1 vy
no(dy) o By /0 " (w0 4 r) ) dudy.

But y+&*—3=-3/24+1/(261) =6. So v+ & —3 — 0 =0 and finally

1-51 _
ne(dy) ot (y+ Bit)” " dy.

Remark 6. Let us check that
/ n¢(dy)dt o< w(dy)
0

as announced by the theory (see for example ) : indeed, note that our assumption by implies that 1275?1 > —1 and

v — 1;—;? =2 —¢&" > 1, so that the integral below is definite, and we have that

/OOO nt<dy>dto</0°°t% (y+ﬁ1t>”dto</0wt%t—v (%wl)ﬂdt
atan [“1 (@ (Eem) T [T (Fen) T
o (/OO 0= 0+ 617" dt) 7(dy).
0

6.2 Last exit decomposition before time ¢ = 1 and Azema’s projection

Let us introduce

gt::sup(sgt : ZQ:O)

and the subfiltration (%) := (¢{H,, : H ranges through (F;) optional processes }).
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From (59), we have (see Theorem 7.2 in [23])
1 * *
p2(10) x [ (1952 (g4 ) ds
0

1
*_ _*1 y -
Soll—g) = (2 ds.
o</os (I1—13s) (SJrﬂl) s

S

In particular, we readily deduce the following result :

Proposition 7. Assume U is a r.v. with a scaled type of Beta law B (£*,1 — €*), U ~ ¢4 ~1(1 — s)ff*ﬂse(ml)

and My is a r.v. independent of U with law My ~ c5(z + B1) " .c(o,00). We have the identity in law
705 My x U.

Moreover, since (Z 0) is auto-similar with index 1, we have

t>0

Proposition 8.

Proof. Introduce d,, := inf (s >u o 720 = 0) From Markov’s property applied to ( we have for u <1

)t>0’

PO (gy < u) =PB°(dy > 1) = / p2(u,0,4)BY (U* > 1~ u)dy
0

* B (ub v uf 1=r=¢ B (B \¢ 2 Yy SRR
<[ ( ) (”7) LJ(?) (1m) ez - didy

o Y
00 1t
o uY ™ / tf —2—(£"4+~v-3) / (y + uﬂl)1777§ (,Blt _ y)E +v-3 dydt
1 0

o0

1 * *
o</ (E)7 / (y+u)' 778 (t—y)" TP Ayde
t
R AN A 0 y+u 2==¢
O(/ (?) u+t/ 8yl (ty) dydt
u/(1-u) N u —¢*
o</ ¢ 1d7'0(/<9> 10 L 5do
0 147 o \1—0 1+ % (1-9)
o</ 075" (1—0) ~1do.
0

O

For any fixed t > 0, set A; :=t — g;. If I is a positive measurable function of the state space of excursions,

set

q(s,F) :=n(R(e) > s)*l/ F (e)n (de).

R>s
Proposition 9. (Azema’s projection)

For any fixed t > 0,
o [F () |ft} = q(A, F) as. (60)
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Proof. We follow [22] Chap XII Proposition 3.3 pp 489-490 with the use of the master formula (65) stated in
Appendix A.2.

We know that a.s. t is not a zero of Z, hence 0 < g; < t and q (A, F) is defined. For s € G N[0, ], we have
s =g if and only if s + Ro 05 >t (where () denotes the usual shift operator on ). Consequently, if H is a
positive (F;)-predictable process, we have applying (65) :

E® [Hy F (e9)] =E° | Y H,F(e*)lpop, 51— | =E° U Hsn(FHR>t_S)dES(Z)]
— 0
| s€eG

=E° -/ooqu(t—s,F)n(R(e) >t—s)d€2(Z)]
LJo

=E° | Y Huq(t — s, F)lgos,>t—s | = E® [Hy,q (A1, F)]
_566

Corollary 5. For any function f such that f (Z:) is integrable,

B[ (2) ] = (A0 (€(40) x (40" ma, () x (=™ [ 1)+ ma(e =907 i (61)

Let us now follow the lines of the construction of Azema martingales as in [22] Chap.XII Exercice 4.16 p.505.
We have that for any (F;)-martingale M,, its projection onto (ft) is a (ft)—martingale. As an application, for
f(y) =y, and

K K
Mt:Zt—i—ﬁlt—i—( — )t
y—1 ~—-2

and using formula (61) for the computation of E [Zt|]}t}, we find that there exists a constant ¢ such that

my := (ﬁl—f' il —L)t—i—c(t—gt)

y—1 ~v—=2
is an (F) martingale. The constant ¢ is determined by E (m¢) = 0.

Remark 7. (Integral representation of pz(1,0,dy))
15
Choose fi(dy) = t 7 (y + B1t) 7 dy x n(dy) as the renormalization of the entrance law ny(dy). Then,

ﬁth(dy) = nt-l—s(dy) = ﬁt-‘:—s(dy) (S’t > 0) (62)

and )
p2(1,0,dy) = co / du(l - u)=€ i, (dy) (63)
0

, _y—1
with co = BT BE e
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7 Markovian dependance on 5 € (0,1) N Q

7.1 Markov property

For f=01let LY := 1 x LY (X*) = LY(B) and for § € (0,1) let L} := ALY (X%F), where LY (X%F) is the local
time process corresponding to (XtB ) with parameter § and starting from z = 0. Unique strong solutions exist
for all rational § € [0,1) simultaneously.

Fix some rational f2 € (0,1) € Q and let 51 < f2 < f3. The process (be) is a Skew Brownian Motion.
Let £t = {(s,es)Jr}seGi2
all s > 0 such that for some 0 < g5 < ds, we have s = L) (X%P2), X0:F2 =0 = Xg;BQ, X902 > 0 for v € (gs,ds)

and e (u) = ng’?fu for u € [0,ds — gs).

be the Poisson point process of positive excursions of (XtB 2). Here Gﬁz is the set of

We define in analogous way the Poisson point process £~ = {(s,e5) } of negative excursions of (Xtﬁ 2) .

seGé2
The processes £ and £~ are independent.

Let £03 = P82 .= inf{LtBS : LfZ > st = Lf22 . Define £ and £V in a similar way.
s/B2
We have the inequalities Lf 2> Lf ! for all £ > 0 a.s. On the intervals where (Xtﬁ 2) is strictly negative

the value of the processes LtB 2 LtB ! and LY do not change. In turn this implies that £%1, £ are measurable

with respect to the filtration F* = o{(s,e,)"} The same reasoning ensures that £% is adapted

sEGi2 ,s<u’

to o{(s,es) B . The random time 7 = inf (s : £9>1) = Lﬁﬁ is a stopping time relative to FT.
s€eG?,s<u s T g
+ 0= 1
By independence of £F and £, the random elements £5 and et are independent of L5 given the value of
T T T8
T = L'gﬁ. But this can be restated as the independence of LBé and LBS given L'gﬁ, since E?ﬁ' = L’BS and L’Bé is
1 Ty Ty 1 1 1

a function of E’?—l and e}t. This proves the Markov property for the process 5 € [0,1) N Q — Lf 0
1

7.2 The description of the process 5 € (0,1)NQ — Xfo
1

Conditionally on Lf o = a, we have that
1

B+e B _ yBte B
XTU 7XT{)7XTB 7X7'B.

1 a
In particular, conditionally on Lf 0o =a
1
X0 =270 1a
1 B

Bre 50 e forf%z>5>0

In particular for §+¢ > 3 > TH2(82) 3

X[ =25 +a.
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Hence, we find that for any € € Q such that % >e >0,

I S 57
a N a
£ (X51X5 = a) = c1(8, 8 +¢) 1+ Ly>ady
T1 1 y—a \y—a y—a
1+(B+e) 1+8

S|

:Cl(ﬂvﬂ+€)y

o

= qg,p+<(a,y)dy.

2(B+e) Y 25
) ()
—a y—a

The process 8 € (0,1)NQ — X7 70 is an a.s. increasing process.

<

Let us check the Chapman-Kolmogorov equations. Indeed, for any y > a, € € Q such that % >¢e >0, and

9eru&nhm;ﬂ%§§:>9>0:

/Qﬁ,ﬁJrs (a, Z)‘]ﬁJrs,ﬁJrerO (Za y)dz

1+(B+¢) _ 148 14+(B+e+0) _1+(B+e)
vy o1 a 2(B+Fe) z 2 1 z 2(B+e+0) Y 2(B+Fe)
=) ) =) ) e
e Z—0a \Z—a zZ—a Y—2z \Yy—=2 Yy—z
# 14+(B+e+6)

v ay—=z R T2 1 z ) 2BFeToy
o</ - dz,
0 Z—0\Yy z—a y—z \y—=z

and performing the change of variable ( =

/ 45,6+<(a, 2)qa1e,p+et0(2,y)d2

S 1 e -5 Sy
a\ 28t 1+(B+e) y+ag a 2(B+e+

Y y—a o y—a C\(y—a)(

1+(B+e) 1_1+8 L+(B+e+6)
a\ 20B+9) 1 28 1 2(B+e+0)
x [ =
Y y—a —a
Lh(pre) ) LE(Ftets) 148 | 14(Beto)
g 2(B+e) 2(B+e+0) (y—l—a() 25 T 200 d(,
so that
/qﬂ,5+a(a, 2)qp+e,prero(?,y)dz
1+(B+e) _14(Bte) | 14(Btet0) 1-148 1+(B+e+6)
_1i8 4 14(B4et0) (@ 2(B+e) a 2(B+e) 2(B+e+0) 1 2B 1 2(B+e+0)
XY 28 2(B+e+0) — —
Yy Y y—a y—a
14(B+e) _ | _ 1+(B+e+6) _ﬂ+1+(ﬁ+a+9)
* /a 2(BFe) 2(BF=+0) a 2(BF=10)
X —C 1+ —¢ dc.
0 Y Yy

Finally,

/qﬂ,ma(a, 2)qp+e,prero(2,y)dz

1+(B+e+6) 1-1t8 1+(Bteto)
1+ﬁ+1+(ﬁ+a+9) a 2(B+e+06) 1 2B 1 2(B+e+6)
x Y 2(8+:+0) | — Iy>a
Y Yy—a Yy—a
1+8 1+(B+e+0)

1 Y 2B a 2(B+e+0)
X I[y>a
y—a y—a y—a

X Qﬁ,ﬁ+s+9(a, y)

34



Let us now compute the infinitesimal generators (&g) of the inhomogeneous Markov process 5 €

B€(0,1)NQ
0,H)NQ — XTBO. Using ﬁ ~q zeP? (p is the Euler constant) :

1+ (B+e) -2

(g) 2(8+2) <Z+a> dz
z z

Bsafa) = Jim = [~ (gla+2) - g(a) ﬁ

IS

eNO0+ €

2 2(B+e)
148
28

[t -g@gmt (75) 7 e

Note that the ladder integral is not well definite in general if g is only assumed to be bounded in some neigh-

Y

borhood of a, so it is not clear to answer what is the domain of &gz. If we assume that g is bounded and is

uniformly a Holder function in the sense that there exists 7 > 0 and d > 0 such that

sup sup LeFHD-9@

a€RT z€[0,0] 2N

then zg is well-defined of all 2 € (0,1) N Q.

A Appendix : brief recalls about extensions of self-similar Markov

processes

A.1 Positive self-similar Markov processes

In his pioneering study [17] of the structure of self-similar Markov processes with state space [0, c0) Lamperti
posed the problem of determining those self-similar Markov processes that agree with a given self-similar Markov
process up to the time the latter process first hits 0. A few years ago, Vuolle-Apiala [24], Rivero [20], [21], and
Fitzsimmons [12], pushed forward the studies of this problem by giving necessary and sufficient condition for
the existence of such a “recurrent extension” that, in addition, leaves 0 continuously. To state the main results
of this beautiful theory precisely, we introduce some notation and recall some of the basic theory of self-similar
Markov processes. A Borel right process ZT = ((Z]);>0, (P*)2>0) with values in [0, 00) is self-similar provided
there exists a > 0 such that, for each ¢ > 0 and x > 0, the law of the rescaled process (¢~ *Z.t)i>0 , is P*/¢ when
ZT has law P?. The number « is the order of ZT. Thanks to [17], we can assume that Z is a Hunt process; thus
in addition to being a right-continuous strong Markov process, the sample paths of Z are quasi-left-continuous.
One of several zero-one laws developed by Lamperti states that if Ty := inf{t > 0 : Z/ = 0} then either
P*[Ty < oo] =0 for all x > 0 or P*[Tj < oo] =1 for all z > 0. Let us assume the ladder in this section.
We assume that 0 is a trap for Z1, so that each of the laws P? governing Z7 is carried by {w € Q : w(t) = 0,Vt > Tp(w)}.

The natural filtration on €2 is (G¢)i>0, and G = \/t20 G:. We write

Pif(x) = Py(x, f) = P*[f(Z])]

for the transition semigroup of Zt, and

U1 :z/ e 1 Pdt,
0
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(g > 0), for the associated resolvent operators.

Define, for ¢ > 0, ¢ : Q = Q by ¢ew(t) := ¢ *w(ct). The a-self-similarity of ZT means that
¢P*(B) := P*[¢7 B] = P*/*"(B) VB € Goo, >0, ¢ > 0.

Definition 2. A Borel right Markov process Z = (Z;,IP*) with state space [0, 00) is a recurrent extension of Z7
provided :

(i) the stopped process ((Zinm, )e>0,P) has the same law as ((Z])i>0,P), for each = >0

(ii) 0 is not a trap for Z.

Note that if a recurrent extension Z is self-similar, then its order must be the same as that of ZT.

Let Z a self-similar recurrent extension of ZT. Then its order must be same as that of ZT.

A.2 Excursions associated to markovian extensions

Let M denote the closure of the zero set {t > 0 : Z; = 0} and let G denote the set of strictly positive left
endpoints of the maximal open sets in the complement of M. The excursions of Z from 0 are indexed by

elements of G. The excursion e® associated with s € G is the D valued path defined by

Ziols = Zyys, 0<1t<Thobs,
e’(t) =
0, tZTooes,

where 0 is the shift operator on D. Let (¢)(Z)),., denote the Z-local time at, 0, normalized so that P? [~ e™'d¢)(Z) =
1.
Then, there is a o-finite measure n on (€2, G) such that for any predictable V' > 0 and Go.-measurable

F >0,
0 s _ w0 > 0 n
E SEEEVS.F(e) =E UO \/;dES(Z)]. (F). (64)

This formula determines n uniquely, and under n, the process (Z;), is a strong Markov process.

We will use a slight extension of (64), namely
B | S vr(s.en)| =2 [ Vin (8,0 a62) (63)
s€G 0
holding for any measurable F' : (R X Co—o, B(R) @ i) — R (where U stands for the Borel o-algebra of Cy_).

It is shown in [24] (see Theorem 1.2) that if Z is a self-similar recurrent extension of ZT then

/0 H{O}(Zs)ds =0

and

either n(Zyp>0)=0 or n(Zy=0)=0.
Definition 3. We say that the extension (Z,g)t20 leaves 0 continuously if

n(Zo > 0) = 0. (66)
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A.3 The underlying Lévy process and Cramer’s condition

Some of our results will be stated in terms of the Lévy process associated with ZT by the Lamperti transformation.

For this, consider the continuous additive functional A defined by
t
Ay = / (zH~>ds, t >0,

0

and its right continuous inverse 7 defined by
Ty =nf{t >0 : Ay >u}, u>0
in which we follow the usual convention inf ) = +o0c. Then, according to [17] the [—o0, +0oc]-valued process
H,:=1In (Z;f_u) , u>0

is Lévy process. This process is referred to as the Lévy process underlying Z7.

We have the following Theorem

Theorem 7. 1. The a-self similar Markov process Z1 admits a self-similar recurrent extension that leaves

0 continuously if and only if there exists 0 € (0,a~') such that condition
E° (exp(AH;)) =1
holds.

2. There is at most one self-similar recurrent extension that leaves 0 continuously.
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