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Abstract

Our paper focuses on identification and classification of remarkable Bol algebras class
generated by exceptional compact symmetric pair g»/so(4) and characterized by the identity
(xy).(z.u)=0. This study is based on a matrix realization of g, as an algebra of anti-symmetric
matrixes of order 8 X 8. These matrixes verify a system of invariant identities imposed by
isomorphism that exists between g, and the octonions derivations algebra. The aim of the research
and its results are a part of a common classic investigation approach that specifically targets
classification of mathematical studied objects . In the treated case of couple g,/so(4), our work
focuses on Bol Algebras that represent the linear infinitesimal analog of local analytic (left) Bol/
loops generated by the homogeneous space G»/SO(4) that is symmetric, compact and of rank 2.
The paper contains a complete list of the monoparametric mentioned algebras families that

appear as complex solutions of a constructed matrix equations system.
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1. Introduction

Introduction of "group" concept by Evariste Galois was surely a great turning point in
science history [2]. Henri Poincaré wrote: "The concept of group pre-exists in our minds, at least
potentially. It is imposed on us not as a form of our sensitivity, but as a form of our

understanding". To statistically estimate the role of "group" in modern sciences, just for example



consider the number of papers treating groups in a yearly sample of a certain journal. For journal
Advances in Modeling, series A (year 2005), we find 5 publications about groups [4,20-22,24].

Mathematic developments based on group concept had proven efficiency of this fundamental
being for treating questions of solvability of algebraic equations by radicals, as well as questions
of constructability using rule and compass in geometry. On footsteps of Galois researches, works
of Sophus Lie, Felix Klein, Henri Poincaré, Elie Cartan, Wilhelm Killing, and many others, have
revealed the big importance of concept "differentiable group" in several branches of mathematics
and mechanics. Particularly, researches of these scientists have shown possibility of adequate
local infinitesimal approximation of differentiable manifold having a group structure (Lie group),
using the corresponding tangent space having a linear algebraic structure (Lie algebra). The
correspondence between the geometric structures (curvilinear) and the algebraic structure (linear)
is locally one-to-one, what allows application of algebraic methods for local resolution of
geometric problems. In 1955, Anatoly Mal’cev [7] noticed that theory of Lie could be generalized
on differentiable manifolds equipped with a diassociative loop structure (in this case, any two
elements of the manifold generate a sub-group, the tangent space will then be a binary Lie
algebra). Mal’cev has particularly developed a theory similar to Lie’s one, for differentiable
manifolds of Moufong loops (diassociative loops that verify the identity said of Moufong:
z.(x.(z.y))=((z.x).z).y). The obtained algebras in this case are named Mal cev algebras and are
characterized by an internal law (.), bilinear, anticommutative, and verifying identity:

(x.y).(x.z) = ((xy).z2).x + ((y.2).2).x + ((z.x).x).y.

Based on Lie and Mal cev theories, as well as on results establishing equivalence between
homogeneous spaces and loops [13,14], L. Sabinin and P.Mikheev have developed a theory about
local linear infinitesimal element of the differentiable (left) Bol loop (loop that verifies the left
identity of Bol: x(y(xz))=(x(yx))z). Notice that Moufang loop could be defined as a loop verifying
at once the left identity of Bol, as well as the right identity ( ((zx)y)x=z((xy)x)), so that the theory
of Sabinin-Mikheev generalizes the theory of Mal’cev and a fortiori Lie’s one. We also must
notice that theory of Sabinin-Mikheev is strongly related to works of M. Akivis and his disciples
in the area of Bol three webs [1].

Thus, Bol algebras generalize those of Lie, as well as those of Mal’cev [5,7]. The Lie functor,
establishing equivalence between the category of local Lie groups and the category of Lie
algebras, could be generalized, not only in case of local analytic diassociative (resp. Moufang)
loops, and binary Lie (resp. Mal’cev) algebras, but this functor has also a generalization in cases
of Bol local analytic loops and Bol algebras [8,15-19]. These latter algebras representing the

linear infinitesimal analog of local analytic Bol loops, are characterized, contrary to classical



cases of Lie and Mal’cev, by two internal composition laws; the first one is bilinear, anti-

commutative and expressing the "deviation measurement" of the composition law in the loop

from the commutativity; the other law is ternary, trilinear, anti-symmetric according to the two
first arguments, and it expresses the " deviation measurement" loop law from the associativity.

Symmetric spaces being homogeneous, generalizing the physic-geometric concept of
symmetry, their linear infinitesimal analogs, Bo/ algebras, are surely important mathematics
models for mathematics and physics sciences [13,14].

We have already realized the classification of Bo/ algebras associated to compact symmetric
spaces of rank 1 [26-28]. Let’s mention, particularly, that in the case of exterior cubic
automorphism of so(8) (triality automorphism), relatively to the binary law of Bol algebra
generated by the symmetric pair so(8)/so(7), we obtained the 7-dimensional simple algebra of
Mal’cev that isn’t of Lie [28].

Our paper is devoted to classification of monoparametric families of Bol algebras of
remarkable class associated to the symmetric couple g,/so(4) and characterized by identity
(x.y).(u.v)=0. Addressing the problem is justified by the following factors:

- Examples of algebras that are of Bol without being of Mal cev (particularly of Lie) are too
rare according to our knowledge. Our classification offers a large variety of such algebras.

- Bol algebras are characterized by 2 internal composition laws, one being binary and the other
one is ternary. These two laws are weakly linked, and it appears that elaboration of a
structural theory achieving these algebras is far from being easy [see for example 9-12].
Consequently, inductive accumulation of partial and concrete results concerning these
algebras will be justifiable and inevitable during researches going on elaboration of a
structural theory.

- The considered problem is a step towards classification of Bol algebras associated to
symmetric spaces (particularly to spaces of rank 2). Results must then offer additional
information on mathematical objects already introduced and adopted by big classics of
sciences in different mathematical areas. Particularly, the mentioned classification must offer
linear mathematic structures modeling locally a large variety of "geometric symmetries".

- Frequent use of octonions and of hyper-complex systems to model physical and mathematical

problems.

2. Lietriple systemsand Bol algebras
Let 7 be a n-dimensional vector space, defined over a commutative field K We design by 6

the trivial vector of 7.



Definition 1. The vector space T is said a Lie triple system, if there’s a ternary internal
composition law defined on 7

[-,——-]: TXTXT - T

xy.z) -l[xyz],

satisfying the following axioms:
1. the [-,-,-] law is linear for all its arguments,
2. Vx,v,z€T) [x,y,z] = —[y,x,z] and [x,x,y] =6,
3. Wx,y,z€T) [x,y,z]+[z,x,y]+[y,z,x] =0,
4. Vxy,zuwv€eT) [xy[zuv]] =[xy z,uv]+z[xyulv]+|zu[xyv]]

(If charIK + 2, the two conditions in axiom 2 are equivalent).

Definition 2. The Lie triple system T is said (left) Bol algebra, if there’s a second binary
internal composition law defined on T
() TXT ->T
(xxy) -xy,

satisfying the following additional axioms:

5. Vx,y€T) x.y=—y.x and x.x =0,

6. Va,b,x,y€T) [a,b,x.y]=[ab,x].y+x.[a,b,y]l+ [x,y,a.b] + (a.b).(x.y).

(If charIK+ 2, the two conditions in axiom 5 are equivalent).

Let I" = LEPE a Lie algebra represented as a direct sum of vector subspaces L and E, where L is a

subalgebra of /" and E is a vector subspace.

Definition 3. The pair (L,E) is said symmetric if:
1: [LE] CE, 2. [EE]CL.

Proposition 1. [6,25] The pair (L,E) is symmetric if and only if it exists an automorphism

x if xel

o: - I' such that: o(x) = {—x if xeE

For the proof, see for example [6].

Proposition 2. If (L,E) is a symmetric pair, the ternary law introduced by relation:

def

[x,y,z] = [[x,y],z], (x,y,z € E),

equips E with a Lie triple system structure (for the proof, see for example [6]).



Let T be a Lie triple system. By End,(T) we designate the space of vector endomorphisms of 7.

Definition 4. The linear application A:T—7, (A End,(T)) is said derivation of T, if:
(Vx,y,z€T) Alx,y,z] = [Ax,y,z] + [x,Ay, z] + [x,y,Az].

N.B. The vector space defined over field K and generated by derivations of 7T is designed by
D(T).

Proposition 3.[6,15,25] Equipped with the commutation law
[A1,Az] = A1A — DAy, (A, Az e T)),
the vector space D(T) is a Lie algebra.

For the proof, see for example [6].

Let a and b be two elements of a triple system 7. Let’s introduce the application D, ; as:
Dgp: T -T
x = Dgp(x) ¥ [a,b,x]

Assume, by definition Z)(T) & Vect {Da‘b: abe T}.

Proposition 4.
1. (Va,b€T) D,y € ZXT).
2. Z)(T) is a subalgebra of the Lie algebra ZXT).
Proof.
1. (Vx,y,z€T)(Va,f € K) Dy,(ax+ py) =la,b,ax + py]l = ala,b,x] + Bla,b, y]
= aDgp(x) + BDgp(¥),
so D, j, 1s linear. On the other hand,
Dapl,y,7] = [a,b, [x,, ]
= [[a, b,x],y, Z] + [x,[a, b, V], z] + [x, y, la, b,Z]] = [Da,b(x),y, z] +
[%, Doy (1), 2] + [2,, Dy p (2)].
hence D, ;, € ZT).
2. [It’s sufficient to prove the stability of ZJ(T) for the commutation. According to identity 4
(definition 1),

(Vx, y,uve T) [Dx,y'Du,v] = Dx,yDu,v - Du,va,y = D[x,y,u],v + Du,[x,y,v] € 2)(1).



Let’s now introduce the vector space:
[TT]@T=Do(T)PT
which is the direct sum of ZJy(7T)and 7. Let’s define the composition law on /T,7] DT as
follows:
(Va,b,c,d,x €T) [ab]=-[b,a]=D,»=-Dy.4,
[Da, x]=-[x,Dap/=[a,b.x], (1)

[Da,b,Dc,d]:Da,ch,a’ - Dc,a'Da,b-
(the law is propagated on all the space by linearity).

Proposition 5.

1. For the law introduced by relations (1), the vector space: I'=/T,T] @T=D(T)PT
is a Lie algebra.

2. The pair (Z)(T),T) is symmetric, i.e. [ 7)) (T),T] ST and [T, T]SDy(T).

The proof'is evident.

Let <E,(.),[-,-,-]> be a Bol algebra over R.

Théoréme. (L. Sabinin, P. Mikheev [15-19])
Suppose that (E,(.),[-,-,-]) 1s a Bol algebra over [, then there exists a finite-dimensional Lie
algebra I" over the field 2, a subalgebra L in I, and a linear imbedding ¢: E — ['such that (after
identifying @ (E) with E):

1. I'=LEFE (direct sum of vector spaces),

2. [[E,E].E] CF,

3. (Vx,y,z €E) xy=[xy]eand [x,y.z]=[[x,y].Z],
where [x,y] denotes the result of commuting in 7", and /x,y/g is the projection of vector /x,y/

parallelly to L onto E.

Definition 5. The vector endomorphism A: E—E is said a pseudoderivation of £ with the
companion de E, if ([4]): (Vx,y,z € E)

1) A(xy)=Ax).y+x.A()+[x,y,d]-(x.y).d,

2) Alxyz]=[Ax,y,z]+[x,Ay,z] +[x,y,Az].

Let D and A be two pseudoderivations of £, with respective companions d and &, and let «, fe R,

a, beE



Proposition 6. [15-16,18]

1. aD + BA is a pseudoderivation of £ with companion ad + 6.

2. [D,A] = DA — AD is a pseudoderivation of E with companion D(8) — A(d) — d. 6.
3. D, is a pseudoderivation of £ with companion a.b.

For the proof, see for example [18].

Let E be a Bol algebra and define: 50( E) =Vect ,{(Das, a.b), a,beE}

and I = 50( E)®E ={((Du» ab), x), a,b,xeE} (direct sum of vector spaces).

Let’s introduce an internal composition law on /" as follows:

([((Pasra.5),0),((Dearc.),0)] = (([Da,b, De.d), Dap(c.d) = Dy q(a.b) — (a.b). (c.d)), 0)

|((Dasa.5),0),((0,0),x)] = ((0,0), Do () 2)
[((0,0),x),((0,0),y)] = ((Dxy,x.¥),0)
(The law is propagated on /" by linearity).

Proposition 7. [18]

1. Equipped with the composition law (2), I"is a Lie algebra.

2. The pair (.@(E) , E) 1s symmetric.

3. The vector subspace L =Vectr {((Da’b, ab), —ab) ,a,b € E} is a subalgebra of I
4. dimL=dim2D,(E) and LNE={0}.

For the proof, see for example [18].

N.B.*(¥a,b € E) [((0,0),a),((0,0),5)] = ((Dap.a.b),0) = ((Dapa.b),—a.b) +
((0,0),a.b),i.e. a.b = [a, b]g (projection of fa,b]onto E parallelly to L).

*(Va,b,c € E), [[a,bl.c] = [[((0,0), a), ((0,0),5)],((0,0), c)]
= [((Dapr@b),0),((0,0),¢)| = ((0,0), Doy (c)) = [a, b, c]

Consequence. Let I'=L@E a Lie algebra. Suppose that (L,E) is a symmetric pair, where L is a
subalgebra of /" and E a vector subspace. Then the binary operation of the Bo/ algebra E
associated with pair (L,E) is identified by some subalgebra K of I, such that I'=K@EFE (direct sum
of vector spaces). The composition laws in E are given by the following formulas:

(Va,b,c €E) [a,b,c]=[[a,b], c]



a.b = [a,b] (projection of vector [a,b] onto E parallelly to K).

3. Liealgebra gz Symmetric pair giso(4)
The g- algebra is defined as being the Lie algebra of the exceptional compact group G of
automorphisms of octonions O (Cayley numbers). We’ll work with a concrete matrix realization

of g>. We then fix table 1 of octonions multiplication.

€q ey [5) €3 €y €5 €5 (54
€q €q e; [5) €3 €y €5 €5 (54
ey e; -€p | €3 -€) | €5 | e4 (54 -€5
(5] (5] -€3 | -€p | €; €5 (54 -€4 | -€5
€3 €3 (5] -€e; | -€p | -€7 | €¢ -€5 | €4
€y €y €s -€5 | €7 -€p | -€; € -€3
€s €s -4 | -€7 | €5 | €; -€p | €3 €
€4 €4 -€7 | €4 €5 -€7 -€3 -€p (5]
ey ey €4 €s -€y €3 -é -€; -€p

Table 1: Octonions multiplication.
The Lie algebra gz is isomorph to the algebra of derivations of the octonions ©. We’ll realize g2
using square matrixes (8 X 8). Let x,y € O ; we have:
g ={Deso(7) cso(8): D(x.y) = Dx.y—x.Dy}.
Let {e;}/_, the canonical basis of algebra ©, adopted in table 1. Let’s introduce in so(8) the
matrixes {Gj;: 0<i<j<7}, by the following relations:

G,'jej = € G,je,' = —e,; Gg/ek = 0, lfk?fl,]

Proposition 8.
1. {Gy, 0<i<j<7}1is a basis of algebra so(8).
2. {Gy, 0<i<j<7}is a basis of algebra so(7) supposed included in so(8) in a standard manner (i.e.
for D € so(8), D € so(7) if and only if Dey=0).
3. [Gy, Gi] = GjGie — GGy = 8jeGyp + Sipee G — S Gy — 6o Gige 3)
Proof.
1) & 2): it’s obvious that {G; 0<i<j<7} and {G; 0<i<j<7} are free generating families
respectively in so(8) and so(7).
3) [Gi Gke](er) = GijGre(er)-GreGij(er) =Gij(Snck- Skees)-Gr(Syei- Ore))
= On(Biger- Siey)- Oke(O€i- Oei€;)-[Sy(Oicew- Sies)- bu(dqer- Oes)]
= (820K~ OkeOs)eit(OkeOri- O2eOki) €+ (01idz- OyiOir)er+(O0ydik- Oridiji)er.



On the other hand,

(SikGiot8itGi-OixGio-8jeGir) (€)= (8reSi-Oxe ;) €i+(SxeOri-O ek ) €
1(6i8¢}-648is)ex+ (850w~ Srdi)er

Thus, /Gy Gre] =8k Gip + 8:Gjx — 61 Gjo — 8j4Giy,.

Let’s introduce the linear applications: L;; O — © with the following formulas:
x = Li(x)

(VxeO®) Lix)=ex, i=1,..,7.

L emma. In the chosen basis (table 1), matrixes L; have the following forms:

L; = -Goi-G3+Gys-Ggr Ly = -Gpx+G13-Gus-Gs7 L; = -Go3-G12+Gy7-Gss
Ly =-Gos-G15+Gos-Gsz Ls = -GostGrtGortGss  Le = -GostGi7-Gag-Giss
L7 =-Go7-G16-G25+G34

The proof results immediately from table 1.

Proposition 9. Let D be an element of s0(8) such that De,=0, and for each i>0),
De=Y._, a;; ex. Then De g, if and only if /D,L;J=Y],_; @iy Ly.

Proof.
D(ej.ej)=De;.ej+e.De; & Dfe;.e;)-e;.Dej=De;.ej &DLi(e)-L:D(e;)= Yi7—1 Qix Ly (¢) &
[D,Li](e)=¥j.—1 @i Ly (e;),
then /D,L;J= Y./ @y Ly.

Let A be a matrix of so(7) Cso(8); A = Y1<icj<7 ijGij. (Aep=0)

A7 = Apq +azs (1) Ay7 = —Ay4 — Aze (iD)
e A5 = —Qqg + Azq ((l0) ayus = ay3 +ag; (V)
Proposition 10. 4 € g, &4 25 16 T 34 .
P g2 Ay = Q15+ az; (V) (46 = Qg3 — A5y (VI)
Q47 = Q12 + ase  (ViL)

(4)

Proof. According to formula (3), we have:

[GiL1] = -[Gi; Go1]-[ Gy G23]+[ G, Gas]-[ Gy Gs 7] = -( 60Gi1+6i1Gjo- Si0Gj1- 651 Gig)

-( 02Gi3+0i3Gj2- 0i2Gj3- 0j3Gi2)+( 6jaGis+0i5Gja- 6iaGys- OjsGia)-( OjsGir+0irGjs- OisGjs- Oj7Gis),
then

[A,L1] =Xo<i<j<7 Qij[Gij, L1]=ai2Gortai3GostaGostarisGost+aisGostai:Gos

+a13G12-a12G131a15G14+a14GrstaGrs-a16Grr+(azstasy) Grut(azetass) Gast+(azrtass) Gos



t(-azxtaszr)Gart(-azetass)Gsat(-axstasy) Gsst(-axtasr)Gsst(-az7-as6) Gsr+(asr-ase) Gys

+(-a46-a57)Gar+(aqst+as;) Gset(aqsr-ass) Gss.

But {L;}_; U {G; j}1=<i<j<71s a basis in so(8), then the decomposition must be unique according

to this basis:

[A,.Li]=-a;:Lr-a;3L3-a14L4-a15L5-a16Ls-a17L7+ (-aj6-a25+a34) Gogt(-ar7+aztass)Gos
(aitazrtase)Gast(ars-axtas;) Gart(air-aze-ass)Gsat(-ais-azs+az) Gss
+(ais-azxtas;)Gss +(-a1-a27-a36) G (-ai2taqsr-ase) Gas+(ars-ass+asy;) Gar
+(-a3tasstas;)Gset(-antaqsr-ass)Gss,

then /A4, L;]e Vect{L;}!_, if and only if equalities (i), (ii), (iii), (v), (vi) and (vii) in (4) are

satisfied. Operating similarly with [4, L,], we find:

[A,L2] =ai:Li-az3L3-a24L4-a25Ls-azsls-az7L7+ (ai5+a25-a34)Grat(ar-az24-a35)Grs
+ (-a1-az7-a36) Gt (-aistaze-as)Grrt(aistax+ase) Gaat(ars-azstasr)Gss
T(aistars-asy)Gsst(arr-ax-ass)Gsrt(-aitaqsr-ase) Gyst(azs-ass+as) Gy
+(-az;tays-as7)Gsst(ai-aqr+ase) G,

then equality (iv): ass = az;+asy in (4) is also satisfied.

Consequences. General form for elements of the realization matrix of gz, in the adopted case

table 1, is the following:

0 0 0 0 0 0 0 0 ]
0 0 asz a3 Ayq ass a6 az4 + A3
0 —ay; 0 az3 N —Q16 +a34 Qq5 +A37 —014 — Azg
0 —ag3 —dz3 0 a3y azs aze asz

0 —A14 —Az4 —A3zyg 0 a3 +ag; A13 —0asy; Qg2 t Ase
0 —a5 Q16 — 034 —A3zs —d3 — dgy 0 Use as7

0 —Qi6 —Qj5 —dzg —036 —A13 — dsy —dse 0 Qg7

0 —azs—azs At az —az; —Qp —Ase —ds7 —Qe7 0 .

Proposition 11.

1. dim g=14.

2. The following matrixes represent a basis of g:
e1=G14-Gy;  e:=G15-G37; e;=GitGzy e4=G7+Gss
es=G-Gss  e=GastGsy  e7=Got G, es=-GartGis )
Ei=G23-Gs7  E=Gi3tGs;  E3=Go+Gy; E=GystGs; Es=Gus-Gs;  Es=Gyr+Gss

Proof.

1. Relations (4) are visibly independent and dim so(7)=21, so dim g,=14.

2. It suffices to prove that family {e;}5_, U {E;}5_, is free, since dim g,=14 and the number of
matrixes is /4. Assume: ej+5=E;, j=1,...6. So Y12, a; e; = 0,

then using (5) we obtain:



anGrtannGiztaGrtaGistasGistasGrrtaoGrstasGarytasGrsta,Grs-(artas)Gor

+(astas)Gsat(astas)GsstasGsst(-artar)GsrtanGystasGast(antan)GeartaGss

+(a-a13)Gsr+(ai-ayg) Gs7=0,

but family {G,...,Gs7} s free, so:

ap=ap=a;=a=az=as=a¢=as=as=a;=0,

a;tas=0, a;tas=0, as-as=0, -a,+a;=0, a;»=0, a;3=0,

a;ta=0, a;4=0, ajp-a;3=0, a;»=0,

hence a;,=0, i=1,...,14.

Assume L=Vectz{E|, ...,Es}, E=Vectg{e,,...,es} and dj=[e; e;] =e;ej-eje;, 1<i<j<8§.

Proposition 12.

1. L is asubalgebra of algebra gzand dim E=6.
2. The pair (L,E) is symmetric and g>= LDE.
3. L=Vectr{d>, di3, di4, dis, di7, d23}.
4. L is isomorph to so(4)=so(3)Dso(3).

Proof. Based on formula (3) and equalities (5), we can draw the following tables:

[~ E; E; E; Ey Es Es
E; 0 Es-E -E-Es 0 Es -Es
E, -E3+Es 0 E,+E, -Es 0 E,
E; E,+E;5 -E|-E, 0 -Es E, 0
E, 0 Es E; 0 -2E 2E;
E; -Es 0 -E, 2E 0 -2E,
E, E; -E, 0 -2E; 2E, 0

Table 2: Multiplication in sub-algebra L relative to base E;.

[~ e e e; ey es es e es
e 0 -E|-E, -ExE; -E; -E; -E, E, 0
e E,+E, 0 -Es -2E, E, -E; 0 E;
e E,+E; E, 0 E, E+E; 0 -E; E,-E;
ey E; 2E, E, 0 0 E,+E, -E, E;s-Eg
es E; E, _E,-E; 0 0 2(E;+E,) _E; E,
es E, E; 0 -E-E, | 2(E,+E,) 0 _Eg _E;
e; E, 0 E; E, Es Es 0 -2E,;
es 0 -E; E,+Es EsE; -Es Es 2E,; 0

Table 3: Multiplication in subspace E relative to base e;




[~-] € e €3 €4 €s €s e; es
E] ey es estes -e3teq -€4 €5 -288 267
Eg -€5 -264 e;-eg 262 -e e ey €3-€4
E; -2(estes) -5 -e; e e e e; -eses
E, -(extey) er-es -¢4 e3 -5 es es -e;
Es -e3teq ey e;-eg -e; -e; -eg es es
Eg -(estes) -€3 € er-eg es -e7 €5 -es

Table 4: Mixed multiplication [L, E].

1. According to table 2, L is stable for composition, so L is a subalgebra of g».

2. According to tables 3 and 4, we have [L,EJ/SE, [E,E]<L, so the pair (L,E) is symmetric. It’s

obvious that g,=L@E (direct sum of vector spaces).

Matrixes diz diz dis dis di7 and dz; are linearly independent; effectively, according to
relations (5), we have:

di2 =[G14-G27, Gi5-Gs7] = -G23-Gys,
dis =[G14-G27, Gi7+Gss] = -G12-Gyy,
di7 =[G14-G27, GastGs7] = G3-Ggy,

di3 =[G14-G27, G16tGs4] = -G13-Gys,
dis =[G14-G27, G25+G34] = -Gy3-Gs7, (6)
dr3 =[G15-G37, G151+ G34] = -Gy47-Gse.

Suppose that:

Aidiat Axdis+ Asd gt Aadist Asdirt+ Aedaz=0 =

(A5-21)G23-(A2+A4) G13-A3G 12-A2G 45-(A2+26) G46-A1G 45-A5G67-AsG56-A4G57=0 = hi=...=he=0
Then:
Vectr{ds, dis, dig, dis, di7, dos} = L,
and we also have:
dip=-dss=-dys="dss,  di13=dss, diy=dis=dxs=ds;,  dic="2d=-d25=dy
di7=dzs=-"2d7s, dr;=-dss=ds7, d1s=dr7=d36=d45=0, ds;=dss=d;3-d s, (7
dz4=d;2tdy7, dys=ds3-d1y.

[--] dp; d3 dyy dis d;; d>3

dp 0 drs-dyy ds -dyy 0 dis-d;3

ds dd>s 0 d;; 0 -dyy dit+d;;

dyy -ds -d;7 0 dp; ds 0

dis dyy 0 -d;> 0 drs-d;y -d;>-d;;

d;; 0 dyy -d;3 d-dy; 0 dis-d;3

d>3 d;s-ds -d;-d;; 0 dp+d;; d;s-ds 0

Table 5: Multiplication in sub-algebra L relative to base dj.



4. Assume that: L=%(d,-d;7) Ly=-%(ds+d;3) L3=T —dq,

Ly=-"(d12+d17) Ls="%(d5-d;3) L6="2d>3,
We obtain the multiplication table 6, which is of so(4).

L, L L; Ly Ls Lg
L; 0 -L; L, 0 0 0
L, L; 0 -L; 0 0 0

L; Ly | L 0 0 0 0
Ly 0 0 0 0 Ly -Ls
Ls 0 0 0 -Lg 0 Ly
Lg 0 0 0 -Ls | -Ly 0

Table 6: Multiplication in sub-algebra L relative to base L,.
Then, L is isomorph to so(3)® so(3).

4. Bol Algebras of g2/so(4)

Let a = Y7, a; e; an element of E. Suppose that [diza]= Y5, a; e;, and let D, the square matrix
(8%8) such that D,,a = a, where a="(a,,...,as) and a= T(ajy,...,ag). Similarly, we introduce
matrixes D;3, D4, Dis, Dj;7, D;; that correspond, in the canonical basis of ZEY, respectively to

matrixes dr3 di4 di6 di7, dzs; for example, [diz a]=(ey,...€5).Diza=Y> , a; €;.

Lemma 1. Matrixes D;», D;3, D4, D1s, D;7 and D>; can be written as follows:

0—-1 0 0 0 0 0 07 00-2 0 0-1 0 07 000-1-1 0 0 0
10 0 00O0O0O 000 -11 0 0 O 0000 0 -100
00 0 00O0OO0OO 100 000 0 -1 0000 O O -10
D..,=/00 0 00000 D..=101 0 000 -10 D.,=[2000 0 0 01
27100 -1 00-200 71000 000 —-10 “7i12000 0 0 01
00 0 -12000 000 00O O O 0100 0 O OO
00 0 0O0OOTO-1 000 010 0 O 0010 0 0 0O
0 0 0 00 01O/ 00 2 001 0 O ‘000 0 0 O O o
00—-1 0 0-1 0 O 000 0 0 0 O O 00 0 -1 0 0 0 O
000 -210 0 O 000 0 O0OO0O0OO 00-10 0O0O0O
000 00O O -1 000-1 00 00 010 0 0O0O0O
p.. =020 000 -10 p..=10010 0000 D,.=1100 0 0000 (8)
7100 0 000 0 O 770010 0100 2271100 0 0001
100 00O0 O 1 0001 -10 00 000 0 O0O0-10
000 00O O O 100 0 000 2 000 O 010 2
001 000 O O 010 0 0 0—20- 00 0 1 -10 0 O

The result follows from tables 3 and 4 immediately.

For the binary composition law, according to table 5, relations (7) and proposition 7, we have:



e; (5] €3 €y €5 €4 ey es
e; 0 Xy X7 X3 X3 X4 X5 0
(%) -X; 0 X 2X4 -X4 X3 0 X5
e; -X; -Xg 0 x;t+xs -X; 0 X3 X
ey -X3 -2xy -X-X5 0 0 -X; Xy X6-X3
es -X3 Xy X 0 0 2x; X=Xy -Xg
es -Xy -X3 0 X -2x; 0 X6 XXy
e; -X5 0 -X3 Xy -X,t+xy -Xg 0 -2x5
es 0 X5 -X; -Xgtx;3 X6 -Xy+xy 2x5 0

Table 7: General form of the Bol algebra binary law.
where x;=e;.e,, x2=e;.e3, X3=€.€4, Xg=€].€5, X5=€].€7, X6=€2.€3.
Letx; = X%, x;; ¢; and X;= "(xiy, ....xi5), i=1,...6.
Similarly, let’s designate by X.X; /<i<j<6, columns of coefficients of development of 15

elements x;.x; 1<i<j<6, according to basis {e;}}_;.

Lemma 2. In our case, identity 6 in definition 2 is equivalent to the following matrix equations

system:

1) XiXo=D12Xo-D 13X+ X3-Xs  2) XiX3=D12X3-D14X1-X4 3) XiX4=D12X4-D 16X+ X3

4) XiX5=D2X5-D 17X 5) XiXs=D2X6-D23 X1+ Xo-Xy  6) XoX5=D;3X5-D14X>-X5

7) X2X4=D3X4-D 16X 8) XoX5=D3X5-D7X>+X; 9) XoX5=D13X5-D23X>-X1-X5
10) X3X4=D14X4-D6X3-X; 11) X3X5=D;4X5-D;7,X3-X> 12) X3X5=D14Xs-D23X3

13) X, X5=D6X5-D17X4+X3-Xs 14) X, Xs=D6Xs-D23 X4+ X+ X5

15) X5X6=D17X6-D23X5+X>-X4 9)

In the following, we’ll just treat particular case where the Bo/ algebra verifies the identity:
(Vx,y,z,u€E) (x.y).(z.u) = 0.

In this case, the system (9) is equivalent to two systems: the first one is homogeneous and linear:

1) D12Xo-D 13X+ X3-X6=0  2) D12X3-D 14 X;-X4=0 3) D12X4-D 16X+ X3=0

4) D;:X5-D;72X;=0 5) D12Xs-D23 X+ X>-X4=0  6) D;3X3-D 14 X>-X5=0

7) D13X4-D16X>=0 8) D13X5-D17X>+X5=0 9) D13Xs-D23X>-X;-X5=0

10) D14X4-D6X3-X=0 11) D14X5-D7X3-X>=0 12) D14Xs-D23X3=0

13) D16X5-D17X4+X3-Xs=0  14) D16X5-D23X4+X;+X5=0

15) Dy2Xs-D s X5+ Xo-Xs=0, (10)

and the second one is homogeneous and "cubic":

XX=0, I<i<j<6. (10bis)



The real solution that verifies the two systems simultaneously is trivial. But the extension of the

scalars field gives us several remarkable complex solutions.

Proposition 13. The general solution for system (10) is given by:

X1=T(-a3, a4, 0, 0, ax-207, - 05-20s, 04-0s, -0)

Xo="2a;s- 07,- as, 204-as, as+as, ag, 0, -a;-as, -20:+a7)

X3:T(2051+058, - 0, Og, O4Fas oytas, 03, - oz, 0)

X4:T(OC2-OC7, a-0s, aq-as, 203+ag 0, as, 0, - az)

X5="00, 0, a;, - az, - 02+ ay, ag, - as+2 as, az+2 og)

Xs="(a1, a2, a3, a4, a5, a5, 07, a5),  0u€R i=1,...,8. (11-0)

Proof. Matrixes D23, D;2-D;7, Dj3+Djs, D13-Djs are invertible; equation (10-12) gives:

X3 = D33t Dy X (11-1)
Equations 10-5 and 10-15 imply (D;>-D;7)Xs-D23(X;-X5)=0, hence:

X; — X5 = D33". (D1, — Dy7). X¢ (11-2)
Then, X, = Xs + D3t (D13 — D17). X

replacing X; by its value from equation 10-4, we find:
D13X5 — D17(Xs + D33 (D12 — D17)Xg) = (D13 — D17)Xs — D17D33 (D1, — D17)Xg = 0,
hence:
X5 = (DIZ - D17)_1D17D2_31(D12 - D17)X6 (11-3)
and
X1 = [(D12 = D17)™'D17D55 (D13 — Dy7) + D35 (D15 — D17)1Xs (11-4)
Equations 10-9 and 10-14 imply: (D3+Dj6)Xs-D23(X>+X,) =0,
hence:
X, 4+ X4 = D33 (D13 + D1g)Xe (11-5)
But equation 10-9 implies
Xo=D33.(D13Xs-X1-X5),
Le. X, = D33 [Dy3 — 2(Dy5 — D17)™*Dy7D55 (D1, — Dy7) — D35t (D1, — D17)1Xs  (11-6)
And then:
Xy = [_D2_31(D13 — 2(Dy5 — D17)7*Dy7D34 (D15 — Dy7) + D33 (Dy; — D17))
+D53' (D13 + D16)]Xs (11-7)
We can easily verify that columns (11-0) given by equations 11-1, 11-3, 11-4, 11-6, 11-7

represent the general solution of the linear system (10).



According to proposition 7, it exists a subalgebra K of g,=L@E such that g, =K@E, (KNE={0})

and (Va,b € E) a.b = [a,b]g (projection of /a,b] onto E parallelly to K). Then K is generated

by a basis of the following from:

{P1=d>+x), P2=d;3+x5 P3=d4+x3 Ps=ds+x4, Ps=d;;+xs, Ps=dr3+xs},

where:

dim K=6, x;=e,.e;, x2=e,.e3, X3=€.€4, X4=€].€5 X5=€.€7, X6=€2.€3.

By requiring stability of vector space Vects{P;};-;,..c for commutation, i.e.:

[P, Pe] = 16'=1 Akej Py, 1<k<t<6,

we find that all the solutions verifying simultaneously systems (10) and (10bis) are complex

except the trivial solution. Among the found solutions, we provide the following list of

monoparametric families:

Algebras 1/1bis

(X, =ej.e, = fiae, —aeg (a # 0)

X, = eq.e3 = —ae, Tiae,

) X3 = ej.e, = —aeq T iaeg (12-1)
X4 = e1.6¢ = —2ae, + 2iae,
X5 = ej.e; = —aez + aeg T iaeg

\Xg = €5.63 = —ae; T laes + aeg

Algebras 3/3bis

(x, = tiae; — aes + iaeg (a #0)

X, = ae; T iaes — aeg
X3 = —ae, + iae; + iae, — ae
IR 3 6 7 (12-3)
x4 s +lde4 - aeg
X5 = —aey T iaeg
\xs = ae, +iae; + iaes + ae,
Algebras 5/5bis
(x, = ae, T iaes + ae; (a #0)
X, = t2iae; + 2ae; + 2iaeg
X3 = ae, + aes + iae
J 3 4 5 7 (12_5)

x, = tiae; + ae; + iaeg
x5 = +iae, + iaes — aey
\xe, = tiae, + ae,

Algebras 2/2bis
(X1 = ae, + iaeg
X, = ae; + iae;
x3 = X2iae, + 2ae, + 2aes

(a #0)

: 12-2
X4 = Tiae, + aeq ( )
x5 = tiaes + ae;
\x¢ = tiae; + ae, + aeg
Algebras 4/4bis
(x; = F2iaes — 2aeg,  (a #0)
X, = +iae; —ae, — ae; +iaeg
X3 = ae, + iae, (12-4)
X, = +iae; — ae,
x5 = tTiaes + aeq
\x¢ = tiae; + aeg
Algebras 6/6bis
(x; = +iae; —aeg  (a #0)
X, = ¥iaes; + ae, + aeg
X3 = ae; T iae, +iaeg (12-6)

X, = +iaes + ae, * iaeg
x5 = X2iae; + 2aeg

\x¢ = tiaes + aeq



Algebras 7/7bis

X = —%el iai?ez F ia6es _5705 es (a#0)

—. V3 a 3a .13
x2=+1afe1—ae2+al e3+ﬁe4—7e7ila 568

X3 = Zael$ai\/§eziia\/§e4iia\/§e5 +%86
J (12-7)
Xy = ?ia\éel —%ez +a\/§e4i05i\/2—§e6
a . \/_ a
X5:;e3ildf€5+a€6+al e7+ﬁe8
a a a . a . . 3
(Xe =Ze1t+ e i;t\/§64i5u/§esila\ge7 + aeg
Algebras 8/8bis
rxl Te1+al\/—e2+1a\/_e5 ——e6 (a#0)
. |3 V3 a 3¢ — . |3
X, = ila\/;el —ae, ial7e3 —\/—Ee4—7e7+1a\/;e8
X3 = 2aeliai\/§eziia\/§e4iia\/§e5—%eé
3 (12-8)
X, = iia\/éel —%ez —a\/§64iai§66
a —. |3 .3 a
X5 = €3 +wz\ge5+ae6ial7e7—\/—§eg
a . - . 3
(X6 =Ee1—Te3 L\/_e4, —L\/§es+la\/;e7+ae8
Algebras 9/9bis
—a . 3a . - a .
(x, = —ae, +5le iEIQS — 2aeg +t5ies +aeg (a #0)
X, = —ae, T aiv2e; — aes — ae,
. - a . - a . a .
X3 = ae; + aiv2e, — ae; +\/—§le4 +\/—§l€5 + aeq i\/—ile7
4 NI T % e 4 Lo (12-9)
Xy = T leg —ae; + ies + ae, £ ieg
—_— a . a .
Xs —+\/_le4+\/—ile5+ae6i\/—§w7—aeg
(X6 = T=ie, + aes T =ie, — aes T iav2e; + aeg

=l

V2



Algebras 10/10bis

fxlzaeli\%iezi%i% —Zaeﬁi%ie7—ae8 (a #0)

Xy = —aeziai\/ie3+aes—ae7

X3 =ae; aix/iez + ae; i\%ie4 i\%ieS — aeg i\%ie7

o, oa . a . a . (12-10)
x4—i\/—71e1—ae2 iﬁles_aezl,i\/_ileg
a . - a . - a .
x5=i—2184+\/—5185+0{86+\/—ile7+0{68
—_— a . a . —_ .

\XG == +_2132_ae3 i\/—ile4+0{66+la\/§€7+a€8
Summary

It appears to us that these algebras represent mathematical objects which require special
studying. In this paper, we’ve addressed the issue of Bol algebras generated by the symmetric
space g»so(4) and verifying an additional identity of the form (x.y).(zu) = 0, that we’ve
introduced because it seems to us that this identity can model in some way the concept of
"disparity" encountered in the theory of elementary particles. It is well known that g; is the Lie
algebra of G, automorphisms group of octonions system frequently used in various fields of
research. We’ve provide a list of 20 mono-parametric families of complex Bol algebras. But this
list is not exhaustive of all possible algebras in the considered case.

Bol algebras generalize those of Lie and of Mal'cev; so based on information relative to
the multiplicity of application domains for theories of Lie and Mal'cev (see for example [3,23]),
we can guess with large credibility that the obtained results are probably applicable in mechanics,
quantic, elementary particle theories, relativist physics and in space-time theory.

Our future publications will be dedicated to the completion of the list of obtained

algebras, as well as to the study of each element in this list.
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