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Abstract. The present paper on the SO(3) invariants and covariants built from N
vectors of the three—dimensional space is the follow-up of our previous article [1] dealing
with planar vectors and SO(2) symmetry.

The goal is to propose integrity basis for the set of SO(3) invariants and covariant
free modules and easy-to-use generating families in the case of non-free covariants
modules. The existence of such non-free modules is one of the noteworthy features
unseen when dealing with finite point groups, that we want to point out. As in
paper [1], the Molien function plays a central role in the conception of these bases.
The Molien functions are computed and checked by the use of two independent
paths. The first computation relies on the Molien integral [2] and requires the matrix
representation of the group action on the IV spatial vectors. The second path considers
the Molien function for only one spatial vector as the elementary building material from
which are worked out the other Molien functions.
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1. Introduction

The present paper on the SO(3) invariants and covariants built from N vectors of the
three—dimensional space is the follow-up of our previous article [1] dealing with planar
vectors and SO(2) symmetry.

The goal is to propose integrity basis for the set of SO(3) invariants and covariant
free modules and easy-to-use generating families in the case of non-free covariants
modules. The existence of such non-free modules is one of the noteworthy features
unseen when dealing with finite point groups, that we want to point out. As in paper [1],
the Molien function plays a central role in the conception of these bases. The Molien
functions are computed and checked by the use of two independent paths. The first
computation relies on the Molien integral [2] and requires the matrix representation
of the group action on the N spatial vectors. The second path considers the Molien
function for only one spatial vector as the elementary building material from which are
worked out the other Molien functions.

2. Construction of the generating function for N vectors

2.1. Molien integral

2.1.1. Parametrization A rotation of a point M that leaves invariant the origin O of
the three-dimensional space can be described as a rotation of angle w around a rotation
axis whose position is defined through the # and ¢ spherical angles with respect to the
(Ox1y121) system of axes, see Figure 1. As usual, the spherical angles are defined to
be in the 0 < 0 < 7 and 0 < ¢ < 27 intervals. A rotation with a negative angle of
rotation w < 0 around the rotation axis with (0, ) spherical coordinates is equivalent
to a rotation with the opposite angle of rotation —w > 0 and the opposite axis of
rotation with (7 — 6, ¢ + m) spherical coordinates . The 0 < w < 7 interval of rotation
angle is enough to cover all possible rotations. This parametrization counts twice the
rotations with a rotation angle w = 7 (a rotation of 7 around the rotation axis with
(m — 0, ¢ + ) spherical angles is identical to a rotation of = around the rotation axis
with (6, ) spherical angles) but this is a set of measure zero.

2.1.2. Definition of a basis vector attached to the rotation aris We construct a basis
vector attached to the rotation axis whose vectors €., €y,, €., are deduced from the
initial basis vector €, , €,,, €,, through two successive rotations of the axes such that the
rotation axis coincides with the Oz3 axis, see Figure 2:

step 1: rotation of the axes by an angle ¢ around the z; axis:

cosep —sing 0

(é’m €yp €2y ) = ( €u €y @1) singp cosp O |, (1)
0 0 1
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1
Figure 1. Parametrization of a rotation in three—dimensional space. The 6 and ¢

angles are the spherical angles of the rotation axis, the w angle is the rotation angle
around the rotation axis.

step 2

P "o >X

1
2,2,

Figure 2. Definition of the (Ox3ysz3) frame.

step 2: rotation of the axes by an angle # around the ys axis:
cosf 0 siné
( Cos B B ) - ( Gy € & ) o 1 0 |. (@
—siné 0 cos#d

The relation between the initial basis €,, €,,, €., and the final basis €,,, €,,, €, is
then:

cosp —singp 0 cosf 0 siné
(e}g & & ) - (e}l g, &, ) sing  cosg 0 0 1 0
0 0 1 —sinf 0 cosf



The orthogonal group action on spatial vectors: invariants, covariants, and syzygies 4

cospcosf) —siny cosypsinf

= ( Coi Gy Coy ) sinpcosf cosp sinpsinf | . (3)
—sinf 0 cos 6
:M:Zg790)

The matrix M; (0, ) is an orthogonal matrix:

M (0, ) M, (0, <P)T = M, (0, SO)T M (6, ) = I3xs.

2.1.8. Rotation of the point M in (Oxsyszs) It is easy to describe the rotation of a
point M around the z3 axis by an angle w, see Figure 3:

Figure 3. Rotation of point M in the (Ox3ysz3) frame.

xh cosw —sinw 0 T3
y; | = | sinw cosw 0 Y3 (4)
2 0 0 1 2

N —— .

2.1.4. Rotation of the point M in (Oxyy121) Let x1,y1,21 and x3,ys,z3 be the
coordinates of point M respectively in the (Oz1y;21) and (Ox3yszs) system of axes:

OM = 1€, + Y16y, + 21€5, = T3Cyy + Y3€yy + 23€5,. (5)

Relation (5) can be written as:

4o
m: (gxl €y €z ) W
21
T3
= (exs €ys €z ) Y3
<3

xs3

= (@ @ @ ) M0.9) | w (6)
<3
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We deduce from (6) the relation between z1,y;, 21 and x3, ys, 23:

T X3

v | =Mi(0,0) | s |,
2 23

T3 I

ys | =Mi(0.0)" | w

23 21

The primed variable are the coordinates for OM':

T = ! = [ = ! -
OM' = Ti€q + Y16y + 2165, = Ty, + Y3€y, + 23€5,.

Finally, we obtain that:

Ty L3
v | =Mi(0,0) | vh
2 2
I3
= M, (‘97 80) M, (W) Y3
<3
x x
vl | =Mi(0,0) Mo (w) My (0,90)" | 0
21 2

The rotation matrix M (¢, 0, w) is
M (()07 97 (,d) = Ml (97 @) M2 (W) Ml (97 @)T :

2.1.5. Molien function Invariant integral:

™ 27 T
/ / / £ (.0, w) sin 0dfdp sin® = duw.
0 0 0 9

Normalization factor:

T 2 s
/ / / sin Odfdyp sin® Ydw = 4r" = 2x2.
o Jo Jo 2 2

Each rotation angle defines a class, all the rotations with the same angle but

different rotation axes belong to the same class. The character (%) is equal to:

_sin(L+%)w

W
Sll’l2

X (w)
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The Molien funct1on for computing the number of invariants or covariants of
representation (L), L € N from N space vectors OM; is given by

// / o) sin 0dfdy sin? = dw (12)
on? det (I — AD (,0,0)) L

where D (¢, 0,w) is a 3N x 3N block matrix representation of the rotation operation:

M (p,0,w) 0 0
0 M (p,0,w) --- 0
D(p,0,w) =
: : . 0
0 0 M(()O,H,CU)
We find that
det (I — AD (,0,w)) = [(1 = A)(1 — 2Acosw + A?)] ™. (13)

2.1.6. Generating functions for the invariants
(0);

1
— / / / sin Odfdy sin® —dw
T on (1-— )(1—2)\cosw+)\2)]
2 1 T

B / sin? B g (14)
T TNV Jy (1= 2Xcosw + AN

91%&21 (Fﬁnal = ;s )\)

2.1.7. Generating functions for the (L) covariants

91%/{2%21 (Deinar = (L) ;Tvs A)
sm(L+2)

sin 5 sin AdOdp sin® gdw
272/ / / (1—A)(1—2\cosw 4+ A2))Y i 2

T [SIH(L+ ) ]51115
7T<1—)\) /0 (1 —2Xcosw + A2)N dw (15)

Remark:

Grtoien (i = (L) 3 Ui A)
B 1 1 /” cos (Lw) dw 1 /7r cos [(L+1)w] dw
(1= MN 1Sy (=2 cosw+ AN 7 [y (1 —2Acosw + A2)N

1
= (B2 (g = (L) ;T A) — ghe?) (Tppar = (L+1) ;T3 A)
(1=

(16)
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From [3],
/7r cosnx dx
o (1—2acosz+a?)"
22 ame1 m-+n—1 2m — k — 2 _2\F
B (a2 22k=0 ( I ) ( 1 (1a2 ) [a? < 1]
B - me1 [ Mt+n—1 2m —k —2 ) .
e (@ 1)TT k0< L )( I (a*=1)" [a* > 1]

Remark: Collins and Parsons [4] compute the Molien function for the invariants

using the Euler angle parametrization of the rotations. The numerator in the integrand
of the Molien function is just 1 for the invariant and both parametrization (ours and
theirs) are equivalent. For covariants, the numerator in the integrand is the character
which depends only on rotation angle. For covariant, our parametrization gives a
straightforward integral over only one variable w while calculations would not be so
direct using Euler angles. It perhaps may be done using the remark page 488 of [5] :

Using explicit expressions for the rotation matrix elements and Eq. (B30), we
find a simple relation between the rotation angle § about an arbitrary axis and

o () -en[t4]e(2)

)\L
SO SO SO
O (i 1P = 15 (17)

The initial representation I'; contains the three Variables x1,Y1, 21, and the sum
over L of (2L + 1) 980(3) (Ff’iga(l ) F?O@) )\) is equal to

the Euler angles:

3. One spatial vector

X3 A)

> 1
(2L (3) <FSO(3).FSO(3). A) -

2 e SN CE RV

What are the polynomials of lowest degrees?
1
(1— )
= (T+AFN+N+ ) THA XX+ ) T+ X2+ 0+ )
= 143X+ 6A%+ 10\ +

See Table 1.
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Table 1. Polynomials of degree n built from representation (1)50(3).

3+n—1 )
n polynomials

n
0 1 1

1 3 T,Y, 2

2 % =6 xQ,y2,22,$y,xz,yz

4. Two spatial vectors

The six coordinates {xi,y1, 21, %2, Yo, 22} of the two spatial vectors span a six—

dimensional reducible representation: {xi, 1,21, T2, Ye, 22} and is reducible: FSO(?’) =

Ffo(g) &) Ffo(g). The generating functions for two vectors can be deduced by coupling

the generating functions for one vector obtained in (3), see Appendix A.

SO(3) (FSO(B). 506, )\) _ L+ DAL 4 LAEH!

91 final 712 (1— 22y (18)

The ring of invariant is well-known [6] and generated by the 3 scalar products:
Qi =] +y7 + 27, Q2 =23 + Y3 + 23, Q3 = 11Ts + Y1y + 2120,

For L =1,

2

O (013795 = 225X 19

g1 ( )a 2 ’ (1 - )\2>3 ( )
I )

The two first order (1)-covariant basis vectors can be taken as | y; | and | y» |, and

Z1 Z9
Y122 — Z1Y2
the second order one as their cross-product | 2129 — x92;
T1Y2 — Y12

So the z-component of the electric dipole moment function of an ABC molecule will
have the form:

DMS[w1,1, 21, T2, Y2, 22] = P2, [Q1,Q2, Q3)21 + Py [Q1, Q2, Q3]22 + Pryyy—y12,[Q1, Q2, Q3] (712 — y172),
(20)

where P; are polynomials in the primary invariants. The other components are related
by symmetry which implies P,, = P,, = P,, and Py .,—z1yo = Paozs—2120 = Priya—yizs-
So, only three polynomials in three variables need to be fitted on data to determine the
DMS functions.
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For L =2,
2 3
SO(3) ( 9. 1S003). >\> _ AT 42 . o1
gl ( )7 2 ) (1 _ )\2)3 ( )
The three second order (2)-covariant basis vectors can be taken (probably?) as
222 — 23—y} 222 — x5 — 3 22129 — T1To — Y1Y2
T121 DY) T129 + To2y
Y121 , Y222 and Y122 + 21Yo , and the third order
T1Y1 T2Yo T1Y2 + Y172
at =yt x5 — 3 L1T2 — Y1lY2
ones as ...
5. Three spatial vectors
The initial representation F§0(3) = I’fo(?’) & I’fo(?’) & I’fo(?’) contains nine variables and

is reducible.

The generating functions for three vectors can be obtained by coupling the
generating function for one vector and the generating function for two vectors, see
Appendix Appendix A.

SO(3 SO(3) —SO(3
91 ()<Fﬁnafl);r3 ()§>‘>

(L+2)2(L+1)>\L + (L + 2)L>\L+1 o (L + 1)(L _ 1)>\L+3 _ L(LQfl))\L+4

4500 (P800 )
2L+ 1D)A 4 (2L + 1A
(1 — A2)6
. L(L2—1))\L +(L+1)(L =D)AL 4 L(I’Q_l))\L+2 23)
(1 —A2)5 ’
The coefficients in (22) are greater or equal to zero if L = 0 or L = 1. Negative

coefficients appear for L > 2, however the Molien function can be rewritten as (23).
where all the coefficients in the numerators are positive coefficients for L > 2.

The generating function suitable for a symbolic interpretation in term of an integrity
basis depends on L. Table 2 gives ...

6. Generating function for four vectors

S
g0 (T 095 0)
SO(3 SO(3
N (T T )
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Table 2. Expressions of the giS ©B) Molien functions for three spatial vectors and the

final (L)SO(3), 0 < L < 6 irreducible representations.

) SO SO SO SO
¢ Fﬁna(lg) 9i @ (Fﬁna(lg);r?) (3)3)‘)

3
1L 0 a5y
2
L2 (1) B
2 3 2 3 4
2 (2) s + i
2 3 TAS 47t 3AS48A 4305
(3) (- T " rsee
2 4 IAT49)\° 6AT+152° 4678
(4) (1-A2)6 (1=-22)5
9 5 11A° 411X 10A°4+2425410)\7
(5) A=x)e_ T— (1-»2)p
9 (6) 13A84+13)7 1528435274158
(1—X2)S (I—X%)5
5 .

N (FSO(?)). PEO(B); A)

final >

_LA)LA)EL A, (L)L AL,

6 2
+ (L+3)(L+2)(L+ 1)>\LJr2 _ (L+3)(L—-2)5L+ 4))\LJr3
6 6
LB -BLAY) py, LE-DL-2) s
6
(L+1)(L—-1)(L—-2)
2
g5 (Ffsafa(f’ \ 130w A)
(L+3)(L;‘2)(L+1))\L + 4(2L + 1)>\L+1 + (_%LB _ L2 + %7[/ + 3))\L+2
(1— %)
_ 2_ _
. 2(L — 2)(2L + )AL — WAL+2
(1—\2)8
. L(Lflz)(Lf2) AT 4 (L+1)(L§1)(L72) A2 L(Lflg(Lﬁ) A\L+3
(1—A2)7
950(3) (FSO(?)). PEO(B); A)

L(L —1)(L —2)

>\L+6 + )\L+7

(25)

final >
4(2L 4+ 1)NF 4+ 4(2L + )N+
(1 —A2)9
L GL L2 = FL =3+ AL = 2)(2L + DA — (L BEPC10L-9) 5L+
(1 —)2)8
. L(L712)(L72) )\L—f—l + (L+1)(L§1)(L72) >\L+2 + L(Lflb?(LfZ) )\L_u,_g
(1= X2)7
SO SO SO
9y ® (Fﬁna(lg )§ Iy (3)5 >‘>

(26)
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4(2L 4 1)AF 4+ 4(2L + 1)A M+

(122
. 2(L —3)(2L + DA 4+ 2(L — 2)(2L + 1)AE*!

(1= A28
. (L*2)(L26*16L79) A4 L(L*12)(L*2) AL 4 (L+1)(L;1)(L*2) N2 4 L(Lflb}(Lﬁ) A\L+3

(1— )7
(27)

The generating function (24) has positive or null coefficients in its numerators for
L=0,1o0r2.

Table 3. Expressions of the gZ-SO(B) Molien functions for four spatial vectors and the

final (L)SO(B), 0 < L < 6 irreducible representations.

FSO(S) 950(3) (FSO(B) FSO(B) )\)

final [ final
1A% H4X34 AN
1 (0) (1=X2)"
AAF6A2 a3 oAt 4405
1 (1) (1_/\2)9
2 3 4
1.9 9 10A24202% 410X
, ( ) 20/\33—1278);)4?8/\5 1424 48)° 3ATHANT NG
2 (3) (1=22)° + (1—22)3 + (1=22)7
9 (4) 350 +36A° 4\ + 36A°+19)° + 1225415084407
(1- A2)9 (1-)2)8 (1-22)7
3 (5) 44X +44/\6 1225 4+662°4+3207 + 300 4+36A7+10X8
(1.)\2)97 (1— )\2)7 g1 A2)7
3 (6) 5225452 + 32254104 +46/\8 + 60\ +70/\8+20)\9
(1=22)° (1-X2 1-22)7
6077 +60 607 +1501° 460 105A%+1207°+35
3 (7) /\7 AS + /\7 /\g AQ + Ag AQ /\10
(1-22)? (1-22)% (1-x22)7
3
3 14 116A14+1162%° 564/\14+696/\15+74A16 10922*° 4117021 +3642%7
(14) 1-A2)° (1-x2)8 + - (1-22)7
3 (15) 1242154124216 +692)\1"+806/\ 6452217 + 1365216 +1456A17 +455)\18
1-X2)° (1- ,\22 (1-22)7
3 (16) 1322164132217 + 837)\1°+924)\ 421018 + 1680217 +1785X18 4560117
1-X2)° 1-)2)3 (1=X2)7
4 (17) 140/\17+148/\18 + 980/\17-1—1050/\18 + 20/\17+2040/\18+21670/\19+680/\20
(1=x2) (1-A2)® (1—=x2)
4 (18) 1487184 148)1° + 111028 4118471° + 72218 £244871° 42584220 £ 81672}
1—-X2)° 1-X2)3 (1=X2)7
4 (19) 156710 +15612° + 1248294132620 + 136112 4+290722° 4306012 +9692%2
(1-22)? (1-22)% (1-22)7
4

7. Generating function for five vectors

SO(3 SO(3 SO(3
91 @ (Pﬁnafl);rfj ( )?)‘)
()
(1 o )\2)12 )
N (TS0 5001 5)

(28)
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_LHYEHIL LAYy, L+ DL )T+
24 6
(L+4)(L+3)(L+2)(L+1), ., LA+4HL+3)(L*—3L—3) ;.4
+ g A — 3 A
LA YEANL=3)(TL+2) gy (LADEL=3)2L+1), s
12 2

LD - 2>1(2L 3(TL+5) 146 (L—2)(L— 3;(L2 +5L+3) AL+
L -DE=2)(L=3) s EADE DL =2)(L=3) 14

8 6
LD =2)(L=3) 140

24
SO(3 SO(3) SO(3
92 ()(Fﬁnafl);rfj ()§)‘)

SO(3 SO(3) -SO(3 S0(3) (pSO®M). PO SO(3 SO(3) 1-SO(3
NQ,l()(Fﬁna(l);Ffi();)\) N @ (ﬁna(l);F5();)\> N2,3()(Fﬁnz1(l);r5();)\>

+ +
(1 o )\2)12 (1 . )\2)11 (1 . )\2>10
A (r )
9 (29)
(1—=2%)

SO(3 SO(3) —SO(3
N )< ﬁnafl)QFEJ UQ}‘)
B (L+4)(L+3)(L+2)(L+1)

A4 20(2L 4 1)AE*!

24
1 5 35 455
—— L'~ =L~ =7 —— L+ 19)\ P2
! 12 b bt
NS (ool T30 )
1 1
= (6L4 + gm + §L2 —36L — 20)\L*
(L =3)(L? +13L% — 406L — 208) L2
24
_ (L=3)(L +12L% — 58L — 30) y 143
6

ng(a (Fﬁo(f)‘ F§0(3>. A)

(L)L 3)(LF —81L—40),,,» (L —2)(L—3)(L* — 10L —6)

24 6

/\/SO (3) ( EO(I:%).F§0(3>. A)

L(L—-1)(L—-2)(L-3) A2 (L+1)(L—-1)(L—-2)(L-3)

4 6
L(L =)L =2)(L=3) .4
24

% (Lm0 0)

)\L+3

AL+3

+
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SO(3) (pSO). pSO). SO(3) (SO®). pSO). SO(3) (SO®). pSO).,
A (P T0) N (BT AR (1)

+ +
( )\2)12 (1 . )\2)11 (1 o )\2)10
S S S
P (32 .
(1—22)°

SO(3 SO(3) 1-SO(3
N )< ﬁna(l);rfi UQ}‘)

LA ADLA) o

24
1 5 35 455
——Lr— 3 T UL+ 19)0\ 2
+( 24 127 24 + 12 +19)A

SO(3 SO(3). ~SO(3
-/\[3,2( ) (Fﬁnefl);rfj ( )3)\>
=5(2L 4+ 1)(2L — T)AMT! —
SO(3 SO(3). ~SO(3
-/\[3,3( ) (Fﬁna(l)QF5 ( )3)‘>
_ (L —3)(L3+12L2 —58L—30)>\LJrl

(L — 3)(L? + 13L* — 406 L — 208)

)\L+2
24

6
(L —2)(L —3)(L? — 81L — 40) 142
B 24
C(L—2)(L—3)(L* —10L — 6) 11
6

SO(3 SO(3) 1-SO(3
N )( ﬁna(1)§r5 UQ}‘)
L(L —1)(L —2)(L —3) A2 (L+1)(L—=1)(L—=2)(L - 3))\L+3
4 6
LUE-DE=2L-3)
24
0 (1520 15°00)

50(3) (pSO@). pSOE SO(3) (+SO(3). <SO(3 SO(3 SO(3) ~SO(3
N © (ﬁnafl);rfi();)‘) N4,2()(Fﬁnafl);r5();>‘> M,3()<Fﬁmﬁ);f‘5();)\>

+ +
Nfg(?’) (Fgo(f). FSO(?’). )\)
n , na 31
1y (31)

SO(3 SO(3 SO(3
-/\[4,1( ) (Fﬁna(l);rfi ( )3)‘>
= 20(2L 4+ 1)AY +20(2L + )N
SO(3 SO(3 SO(3
N4,2( ) (Pﬁnafl);rfj ( )'>‘>
5) 35 455

1
(24L4 + 12L3 - ﬂL2 -5k~ 19)A" +5(2L + 1)(2L — T)AT

(L — 3)(L? + 13L* — 406 L — 208)

)\L—‘,—Q
24
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_/\/’SO (3) ( i20(13). F§O(3>- A)
(L —3)(L*+12L* — 58L — 30) LA (L —2)(L — 3)(L* — 81L — 40)
B 6 24
(L —2)(L—3)(L*—10L — 6)
6
Nfﬁf(?” (Fﬁo(f)‘ FSO(?)). A)
LL-VDE =YL =3) 1y L DL - DE—2)(L—3)
4 6
LU= DI =D =3) 4
24
g0 (Tt T30 0)

SO(3) (pSO@). SO SO(3) (pSO@). SO SO(3) (1=SO(3). ~SO(3
N © (ﬁna(l);r5();)\) N @ (ﬁna(l);F5();)\> N5,3()(Fﬁn;1);1“5();)\>

)\L+2

AL+3

)\L+3

+ +
( )\2)12 (1 . )\2)11 (1 . )\2>10
SO(3 SO(3 SO(3
N5,4( ) (Fﬁna(l);rfi ( )§)‘>
+ ST (32)
NP (33
=20(2L + 1)AY +20(2L + 1)A=H
NP (Fﬁfﬁ’ )00, A)
1 5 35 455
L* L2+ 1% — L —19)\F oL + 1)(2L — T)NEH!
(24 +12 51 D DA +5(2L + 1)( A
(L - 3)(L® + 13L% — 406L — 208) L2
24

SO(3 FSO 3 FSO 3
'/\/:573()< ﬁna(l); 5 ()7)\>
(L - 2)(L - 3)(L2 —81L — 40)

= (L —3)(2L — 7)(2L + 1)\ — o AL+2

Nso (3) ( 30(13); 1ﬂ§0(3); A)

LY OE =)y ML DE D=3y,
CEADE-DE=2(E=3) 1y WL =D =2(L=3) 1,

6 24
SO(3 SO(3) 1-S0(3
6 ® (Pﬁna(l);rfi ( )§)‘>
SO(3 SO(3) ~SO(3 SO(3 SO(3) 1-SO(3 SO(3 SO(3) 1-SO(3

Nﬁ,l( ) (Fﬁnafl);rfj ( )§)‘) +N6,2( ) (Fﬁnafl);r5 ()§>‘> +/\/’6,3( ) (Pﬁnafl);r5 ()§>‘>
- (1 _ )\2)12 (1 . )\2)11 (1 o )\2)10

SO(3 SO(3) -SO(3
-/\[6,4( ) (Fﬁnafl);rfj ( )?)‘)

(1—22)°

. (33)
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SO(3) (1SO(3). 12SO(3
Nex )< ﬁnefl)§r5 UQ}‘)
= 20(2L + 1)A" + 20(2L + 1)\
SO(3) (1SO(3). 12SO(3
/\/;3,2( ) (Pﬁnafl);rfi ( )§>‘>
= 5(2L + 1)(2L — 9)A" + 5(2L + 1)(2L — T)A"*!
SO(3) (SO@3) . 1SO(3
-/\[6,3( ) (Fﬁna(l)QFEJ ( )3)\>
L —3)(L3+ 13L* — 406 L — 208
_ | JIL+ o0 ))\L+(L—3)(2L+1)(2L—7))\L+1
B (L —2)(L —3)(L*—81L — ZLO))\LJr2
24
SO(3) (1SO(3). 1SO(3
-/vfs,4( ) (Fﬁna(l);rfi ( )3)‘>
(L= = —10L=6) WL D=L =3) .
6 4
(LD =D)L =2)(L=3) 4y LIL=-1(L=2)(L—3)
+ AP 4
6 24
SO(3) (SO@3). 1SO(3
97 8 (Fﬁna(l)QF5 ( )§)‘>

SO(3) SO3 SO(3 SO(3 SO(3 SO(3 SO(3 SO(3 SO(3
A (IEPIP) N (PI) Y (o)

)\L+4

+ +
(1— )P (1= )" (1=x)"
Nso 3) ( S0(), pSO). )\)
final » 5 )
4 34
(1—2)° .

N (T30 T30 0)
= 20(2L + 1)A" +20(2L + 1)\
NSl (Y
=5(2L + 1)(2L — 9)A* +5(2L + 1)(2L — 7)A"*!
NSO (T3 T30 )
= 2(L — 3)(L — 6)(2L +
S0®) A)

SO(3) SO(3), »SO(3).
N7,4( (Pﬁnafl)’ 5 ( )

DA+ (L = 3)(2L + 1)(2L — T)AF*!

B (L —2)(L — 3)(L* — 81L — 40) v (L —2)(L —3)(L*—10L — 6) L+
N 24 6
UL DE L=y (L= DE =L D),
LIL-=1)(L=2)(L—3) 1.4
+ 51 A

8. Conjectures

Let us sum up the expressions for two, three, four and five vectors:
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8.1. Two vectors

50(3) (SO(3). 1S0G). ) _ co1 LAY + o AT
g1 final 7~ 2 ) - (1 _)\2>3

8.2. Three vectors

SO(3 SO(3) ~SO(3
91 ® (Fﬁnafl);r3 ( )?)‘)

_ C3,1,L>\L + 03,1,L+1>\LJrl + 03,1,L+3)\L+3 + C3,1,L+4)\L+4

(1 — A2)6 ’

SO(3 SO(3) ~SO(3
92 ® (Fﬁnafl);r3 ( )?)‘>

o €300 LAY + €300 [ APH!

N (1 —)\2)8

03,21,L)\L + 03,21,L+1)\LJr1 + 03,21,L+2)\L+2
(1= A%)5 ’

8.53. Four vectors

SO(3 SO(3) —SO(3
91 ()<Pﬁnafl);1—‘4 ()§>‘>

SO(3). 1hSO(3).
N (Fﬁnal 7F4 7)‘)
(1 —A2)? ’
N (Fﬁfﬁ’); 0@, >\>
= C4,1,L>\L + C4,1,L+1)\Lle + C4,1,L+2>\LJr2 + C4,1,L+3>\L+3
+ C4,1,L+4>\LJr4 + C4,1,L+5)\LJr5 + C4,1,L+6)\L+6 + C4,1,L+7>\LJr7
SO(3) (1-SO(3). ~SO(3
g° (Tl 1505 0)
. C47207L)\L + C47207L+1)\L+1 + C47207L+2)\L+2
(1 —A2)9
Caot L NFT A+ cyon o AT
(1 —)\2)8
n a2 L N+ cqo2 Lo NP g g AT
(1= A?)7
SO(3) (1-SO(3). 1~SO(3
93 @ (Fﬁnafl)Qle ( )3>‘>
. C47307L)\L + C47307L+1)\L+1
(1 —A2)9
Cagr A+ cag L AT cagr o AN
(1 —M2)8
cag L N T+ cuge o NP g g AT
(1= AN?)7
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SO(3) (SO(3), 1SO(3
94 @ (Pﬁnefl)?r4 ( )§>‘>

L L+1
Caq0 LAY F a0 L1\

(1 —A2)?
L L+1
Cam g AN F egm AT
(1 —A2)8
L L+1 L+2 L+3
n Cap2 A" cqgz N e po NP g g s AT
(1= X2)7

8.4. Five vectors

gfo@) (FSO(?;)‘ FSO(?;); )\)

final >
Nl ( ﬁnal3 7F§O(3); )\>
(1—A2)" ’

S0(). £SO@).
Nl( final ’F5 7)\
_ L+1 L+2 L+3
= C5,1,L)\ + 51,041 + 51,042\ + 51,043\
L+4 L+5 L+6 L+7
+ C5.1, 144 + C5.1,145A + C5.1,14+6A + C5.1,047A
L+8 L+9 L+10
+ C5.1,148A + C5.1,149A + C5.1,14+10
SO(3) (1-SO(3) . +SO(3).
9o (Fﬁnal 55 A
L L+1 L+2
G520 LAY+ C500 1A b 500 o AT
= 12
(1—-A)
L+1 L+2 L+3
Coo1 LN T+ oot Lo NP o es 01 g AT
11
(1—-A)
L+2 L+3
502 42N T2+ Cpo2 g AT
1
(1—A2)"
L+2 L+3 L+4
" 5,93 42N+ Cp o3 g AT+ C5 08 g AT
9
(1—22)
SO(3) (1-SO(3) . +SO(3).
93 (Fﬁnal 55 A
L L+1 L+2
530 LA 530 L AT A 5 g0 Ly AT
= 12
(1—-A)
L+1 L+2
Co 31, LA T Cs g1 Ly AT
11
(1—-A)
L+1 L+2
" Cs 2 LN T 552 p o N TP e 32 14g
1
(1—A2)"
L+2 L+3 L+4
5,38 142N+ Cp a3 g AT+ cs g8 g AT
9
(1—22)
SO(3) ((1-SO(3). 1~SO(3) .
4 (Fﬁnal 7F )\

)\L+3
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L L+1
G540, LA+ G500 L1

12
(1—-A)
L L+1 L+2
Cs a1 LAY+ G501 L1 AT 4 5 a1 o AT
11
(1—22)
L+1 L+2 L+3
Csa2 L1 AT Cp a2 Lo N e g2 p s AT
(1 o )\2)10
L42 L+3 L4
C5,3 42N+ Cp a3 s AT 48 g AT
(1—x2)°
SO(3) (1-SO(3) . 1-SO(3)
95 (Fﬁnal 50 A
L L+1
0L A es 50 L AT
= 12
(1— )
L L+1 L+2
G5t LA+ 51 L AT s L AT
11
(1—22)
L+1 L+2
Cs 52 L1 AT+ Cp g2 o AT
1
(1—a2)"
L+1 L2 L+3 L+4
5,58 L1 AT €553 Lo N2 e 58 L s AT 4 5 58 L AT
(1—x2)°
SO(3) (1-SO(3) . 1-SO(3)
96 (Fﬁnal 50 A
L L+1
0L A es g0 L AT
= 12
(1-A)
L L+1
Cset LA+ s r L AT
11
(1—22)
L L+1 L+2
G2 LA+ G2 L1 AT a2 Lo AT
(1 o )\2)10
L+1 L+2 L+3 L+4
5,65 L+1A" T+ C5 63 Lo N2+ C5.68 L3 AT 4 5 68 L AT
(1—x2)°
SO(3) (1-SO(3) . 1-SO(3)
97 (Fﬁnal 50 A
L L+1
s A o0 L AT
= 12
(1—A)
L L+1
Cs AN+ esm AT
11
(1—22)
L L+1
Csr2 gAY+ e p AT
10
(1—22)

L L+1 L+2 L+3 L+4
Cs 78 LAY+ Co 8 LA+ Co 78 Lo AT A 578 43 AT A G 78 L4
9
(1 =A%)
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8.5. Conjecture 1

We conjecture that for any N and any L (i.e. any Fﬁgg’ )

in the form of a sum of k£ (with 1 < k < 3N — 2) rational fractions with all numerator

) the Molien function can be cast

polynomials having only non-negative coeficients:

SO(3) {1-S0(3 S0G). CN ol Ln AT .
. ”(Pﬁnaﬁ) = (L); T30 ) ZZ S with all ey 4m >0

= 1n<0

(35)

A simpler notation would be (there are several possible forms, but the index h is
somewhat redundant with L, since the constraints cy iy, = 0 essentially fix the
correct form. There are L-values where 2 different h are possible but the form is in fact
the same.) :

d AL+n

SO(3 CN,Lln :
4500 ((L); 5 ( ); )\) — Z Z i )\2)3N—2—l with all ey pin >0
=1 n<0

(36)

Note that numerator A-exponents start at L, since (L)-covariants are at least of total
degree L. Such an expression admits the symbolic interpretation in terms of generalized
integrity basis already proposed in our previous work on SO(2) [1]. That is to say, if the
least integer k for which such an expression holds is equal to 1, then the usual Molien
function interpretation in terms of integrity basis holds. Else, if it is strictly more than
1, then necessarily L > 0, the module of (L)-covariants is non free but it is a sum of k
submodules, each of these submodules, (if non zero,) is a free module that corresponds
to the [ rational fraction symbolic interpretation in terms of integrity basis (1 <1 < k),
so it is a module on a ring generated by 3N — 2 — [ primary invariants and the minimal
number of covariant generators of degree L 4 n is given by cy ;. So, this conjecture
is in fact closely related to that of Stanley: conjecture 5.1 of Ref. [7]

In practice for a given pair (N, L), expression Eq. (35) can be determined algorithmically
by starting with the 980(3) (Fﬁfﬂfﬁ ) = (L); F?VO(:S); )\) expression. If for the L-value con-

sidered, the numerator \; ((L) = Fgggfl?’ ); F]SVO(?’); A) has only non-negative coefficients,
then one stops, otherwise we divide it by 1—A2. The division process itself is stopped not
when the degree of the rest is less than 2 as one would do in usual Euclidian polynomial
division, but when the rest’s coefficients become non-negative for the L-value consid-
ered, which will happen according to the conjecture. It will constitute the numerator
of the first fraction. If the so-obtained quotient has only non-negative coefficients for
the L-value considered, one stops, otherwise the process is iterated, that is to say, the
quotient is divided in the same way by 1 — A% and the new rest will constitute the nu-
merator of the second fraction. And so on, until the quotient has also only non-negative
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coefficients, which will happen according to the conjecture.

For example, for N = 3, the initial expression is suitable for L. < 2. For L > 2, we
obtain successively by the division process of the initial numerator:

(L+2)(L+1) g L L LIL—-1) 1
A (L4 2)LA (L +1)(L - 1A +3—TA +4

=(1-2A? (@,\L“) + WV + (L +2) LA+ — @AL” — (L4 1)(L — 1)AL+3

(L+2)(L+1) LL=1), 1
2

5 A @@L 4+ )AL -

- L(L —1)
=(1-x%) ((L +1)(L — DAFH 4 TM“) +

=(1-)2) (@AL + (L +1)(L — DAL 4 @AL“) + (2L + DAL + (2L + ALF!

(37)

The “rest” (2L + 1)\E + (2L + 1)A\!*! having only non negative coefficients, is the nu-
merator of the first fraction we are seeking for. The “quotient” @)\L +(L+1)(L—
DAL 4 @)\L“ happens in this simple case to have only non negative coefficients
for L > 2. So there will be only two fractions and it will constitute the numerator of

the second fraction.

For N = 4, the initial expression is suitable for L. < 3. For L > 3, we obtain successively

by the division process of the initial numerator:

(LA3)EL+2)(L+1), N (L+3)(L+2L 4y N (L4+3)(L+2)(L+1) 1 (L+3)(L—-2)(BL+4), 143
6 2 6 6
_(LA3)L=2)(BL+1) gy i LL-DE=2) 145 n E+DE=DE=2) 146 n LL-1D)(L=2) 147
6 6 2 6
— 1) (_L(Lf 1)(L72))\L+5> N (L +3)(L+2)(L + I)AL N (L+3)(L+2)L>\L+1 N (L+3)(L+2)(L+1)>\L+2
6 6 2 6
L +3)(L —2)(5L t4)yr4s_ LA3IE=2BL+1) 144 n LL-DE=2) 145 n L+ D@L =)L =2) 116
6 3 2
L+1 (L71 ~2) 144 L(L716)(L72))\L+5> N (L+3)(L;2)(L+1))\L+ (L+3)(2L+2)L>\L+1
L+3) L+2)(L+1)>\L+2 (L+3)(L=2)BL+4) 45 (L72)(L2+8L+3))\L+4+ LIL=1)(L=2) 145
6 3 3
— (1-22) (7 L( D& =2 s EADE-DE=2) 144 LEL-D(L-2) )\L+5) i E+3)L+EL+1),
3 2 6 6
(LADELHDL py EEHEHDYEAY) ppy  E=DE2HTL+4) 14y (L=2)(L2+8L+3) 14y
2 6 2 3
—(1-)2) ((L —2)(L* +8L +3) stz _ LE=DEL=2) 145 EAHDE-DE~2) 144  LEL-1(L~-2) )\L+5)
3 3 2 6
N (L+3)(L;2)(L+ 1)/\L N (L+3)(2L+2)L/\LJr1 (L3 +6L? g37L7 18) \L+2 (L — 2)(L22+ 7L+ 4) \L+3
— (1-22) ((L —2)(L* +8L +3) o2 _ LE-DE=2)yp4s  EADE-DE=2)p4q  LEL-DE-2) )\L+5)
3 3 2 6
N (L+3)(L—6|—2)(L+ DIV N (L+3)(2L+2)L>\L+1 (I3 +6L2 6_37L —18) 142 (L— 2)(L22+7L+4)>\L+3
:(17)\2)((L—2)(L2+7L+4))\L+1+ (L72)(L2+8L+3)>\L+27 L(Lfl)(Lf2)/\L+37 (L+1)(L71)(L72)>\L+4
2 3 3 2
CL(L—1)(L - 2))\L+5> N (L+3)(L;r2)(L+ Dy 4L+ AP (L3 + 6L2 g 37L —18) \ 11 (38)
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— (- ((L3 +6L2 6—37L— 18))\L n (L—2)(L22+ 7L+4))\L+1 n (L—2)(L23+ 8L+3))\L+2 _L(L - 1?3(L—2)>\L+3

N AL+5> +4(2L + DAF + 4L + DAL (39)
For L = 3 and L = 4 one must stop at Eq. (39), where all coefficients of the rest are
positive, whereas for larger values of L the coefficient of A\**? is negative in the rest
of Eq. (39) and one must stop only at Eq. (39). Let us consider first the cases L = 3
and L = 4. The quotient has negative coefficients and must be divided again by (1—\?),

(L=2) L2 +TL+4) 1 L &= (L2 +8L+3) pry LE-1)(E=2) 05 ET+DE-)E=2) 1y LE-1E=2) 145
2 3 3 2 6
— 12 (L(L —1)(L —2) /\HS) L (L= (L2 + 7L +4)  p 41 4 L= 2)(L? +8L+3) \p4n  L(L— 12)(L —2) 143

2 3
_EADE DT =)
2
L@—wa—mAbﬁ)+(L—muﬁ+7L+®ALH7(L—mu2—wL—mAH4
2 6

_ (L+1)(L—-1)(L-2)
= (1—)\2)( 5 ALFZ
LI -1 -2), 0
2
— (-2 (W}\L«H LD ; D& =2) o4 | WALH) £ 2(L — 2)(2L + DALH!
~ (L—2)(L26_ 161 —9) |11 (40)

This time both rest and quotient have non negative coefficients, so we stop here and
retrieve the numerators of the second and third fractions of g5°® in Eq. (25). For
L > 4, we have to divide the quotient of Eq. (39) by (1 — \?),

(L3 +6L% — 37L — 18) L (L—2)(L2+7L+4))\L+1+ (L72)(L2+8L+3)>\L+27L(Lfl)(LfQ)ALHi

6 A 2 3
L LADE-DE -2 s LE-DE -2 1y
2 6
— 1) (L(L —1)(L - 2))\“3) n (L3 +6L2 — 37L — 18))\L N (L —2)(L? +7L+4))\L+1 N (L —2)(L? +8L+3))\L+2
6 6 2 3
_L(L-1)(L—-2) NL+3 (L+D(L—-1)(L~-2) AL+
2 2
— - ((L+ (L —1)(L — 2))\L+2 N L(L —1)(L — 2))\L+3) N (L3 +6L2% — 37L — 18))\L n (L —2)(L? +7L+4))\L+1
2 6 6 2
(L - 2)(L? — 16L — 9) \LH2 L(L—-1)(L-2) \L+3
6 2
— 1Y) (L(L - 12)(L - 2))\L+1 N (L+1)(L ; 1)(L — 2))\L+2 N L(L - 1(2(L - 2)/\“3) N (L3 + 612 6_37L —18) \L
+2(L — 2)(2L + )AL — (L= 2)(L26_ 16L = 9) \r+2 (41)
— 1) ((L - 2)(L267 16L-9) \p , L(L— 12)(L =2, LHDE = D@L =2) \p4e , (L= lé(L -2) AL+3>
+2(L — 3)(2L + DAL 4 2(L — 2)(2L 4+ )AL+ (42)

For 5 < L < 16 one must stop at Eq. (41), where all coefficients of the rest are positive,
whereas for larger values of L the coefficient of Al2 is negative in the rest of Eq. (41)
and one must stop only at Eq. (42). In both cases, the quotient has only non-negative
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coefficients, so the rests and quotients of Eqs. (41) and (42) gives the numerators of the
second and third fractions of g§0(3) and 930(3) in Egs. (26) and (27).
We leave it to the reader to treat the case N = 5.

8.6. Conjecture 2

For the electric dipole moment, the relevant covariant module which corresponds to the
(L)=(1) irreducible representation, will always be free. This conjecture is based on the
observation that for a given N, ng(s) (Fﬁgg’ ) = (L); F?’VO(:S); )\> has the form of Eq. (35)
foral LI N=1lorN=2andforall L<NIif5>N >2.

9. Asymptotic expression of the generating function

See table 5.

9.1. Number of terms in the numerators of the asymptotic expression of the generating
function

See table 6.

10. Finite groups

If in addition to the SO(3) action there is a finite group action on the vector variables,
it can be taken advantage of in a second step as was argued in [8] for the particular case
of invariants. For example, for N = 2 which can be related as we have seen to the case

of a triatomic molecule ABC, if the origin of the two vectors is A and if B=C, then the
il i)

action of the permutation group Ss on the vectors | y; | and | y2 | can be exploited

21 Z9
to simplify the expression of the physical observables such as the DMS functions. In this

particular case, we deduce for example that the polynomials of Eq. (20) must satisfy,

P, [Qh Q2, Qs] =P, [Q27 Q1 Q:s], and Pmlyrylm [Qh Q2, Q3] = _leygfylmz [Q27 Q1, Q3]-

10.1. Introduction

The coordinates x, ¥y, z of a spatial vector span a three—dimensional representation I';.
We consider the representation I',, generated by n spatial vectors:

=& &l
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10.1.1. Group C;

100
DE) = [ 010
001
-1 0
D(i) = -1 0

10.1.2. Group Ty See table 8.

11. Conclusion

This is the conclusion.
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Appendix A. Generating functions obtained by coupling

The Molien function with a reducible initial representation g (I'gpai; Cinitial1 @ Dinitiar2; A)
can be calculated using Molien functions for the I'ijitia11 and I'ipitia2 initial representa-
tions, see Eq.(43) of [9]:
r
gG (Lp;Tin @ Tigs A) = Z an;’l,rmgG (Tr;Tins A) gG (T2;Ti2; A) (A1)
LVRIRAVR-

where the symbol n?f r.., counts the irreducible representation of I'y in the product
£, f2

Ip1 @y
This paper deals with the group G = SO(3). The initial representation F]SVO(?’)
originating from N spatial vectors is reducible:

PO — 1300 6 TP,

and The Molien function gS©®) (Fﬁfjﬁ ): F]SVO(?’); )\) can be calculated using Eq. (A.1) with

initial representations I'; ; = F?O(‘g) and I'; o, = Fjsv(z(i’).
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PRe(C) ((L)SO(s) : 1ﬂ]sVO(g); A)

Z Z an,LBQSO@) ((LA)SO(s);Ffo(s);)\) 4500 ((L )50(3) F?\[O(is ’>\> (A.2)

La=0Lg=0

gs0(3) ((L)SO(S) ; 1ﬂ]s\[O(s); )\)
La+L
= O (a0 IO ) 0 (L) T )
La=0Lg=|L—L4]
L—1 La+L
— Z Z ¢506) ((LA)SOCS) ;F§O(3);>\> 4500 <(L )80(3) F?VO(:;)’A)
La=0Lg=L—L,
La+L
SO SO
+ Z Yy 3)( L4)5°®) . 15 (3>;A> 4500) <(L )50 , 7S ﬁ”,A)

Li=LLg=Ls—L

We can check for concrete values of N that

- 1
> 2L+ 1)g%00 ((£)*°F1W;2) = T
L=0
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Table 4. Expressions of the giS 9B) Molien functions for five spatial vectors and the
final (L)SO(3), 0 < L < 6 irreducible representations.

.

FSO(S) gSO(B) (FSO(B)_FSO(B); )\)

final i final 7'~ 5
1 0 1432241003460 605 +1005 4307420
( ) (1_)\2)12
5A+10A2 415703 +30A%4300° 41578 +10A7 4578
1 (1) 17)\2)12
152244003 44524 44505 +4005 41507
1 (2) 1_A2)12
1 (3) 3523410524 +1051° 43518
1-a2)12 . .
9 (4) 7O +180A° 41108 +44/\5+65)\°+)\7 2978 4+10)7 +6A°+5A7+AS
(1-22)2 (1-a2)! (1-x2)™0 (1-22)?
3 5 1262° 422078 +94)7 165X 4+149)\7 3525410527 431)8 300742428 4+5)°
(5) 1-A2)12 1-A2)H 1—-A2)10 + (1-22)9
3 (6) 210A% 426017 45078 + 32507 4+245)8 4 1351 +245X8460)° + 90847022 +15)1°
(1—)2)12 (1=22)11 (1—x2)10 1-22)°
4 7 3007 +300)8 3077 +525284345)° 33078 +465X° 490710 2100°+160110 43521t
( ) (17)\2)12 + (17A2)11 + (17)\2)10 + (17)\2)9
4 (8) 34078 4+340)° + 15528 4+7651° 4440110 65572 +780A 0 +110A! +420)\1°+315/\11+70)\12
(1-22)12 (1-x2)1L (1-22)10 1-22)° )
4 (9) 380,\9+38102,\10 335/\9+104£’>,\1‘1;r520,\11 + 1149,\10+1204/\1Z+105,\12 756)\114—560/\129-',-126/\13
(1—-X2) (1-X2) 1—A2) (1-22)%
4 10 42071% 442001 581A1°+13651 4574212 1855/\1<1+1750>\12+56/\13 1260124924213 4210014
( ) 1_)\2)12 + (I_AQ)II ] + (1 kg) ! + (1_>\2)9
5 (11) 460211 +460112 +905/\11+1725)\12+590/\13 Jr276(»\12+2430>\1~"
(17)\2)12 ] (17A2)11 (17A2)10
+60)\12-1—1980/\134-1440)\14+330/\15
(1=22)° ) )
5 (12) 500724500113 + 1320712 42125713 4555014 +3825)\13+3255/\14
(17)\2)12 (17A2)11 (17)\2)10
+270/\13+2970)\14+2145/\15+495>\16
) (1=a2)?
5 (13) 540213454001 + 1840213 42565114 4+455)1° +5130A14+4235A15
(1_>\2)12 (1_A2)11 (1_>\2)10
605214 +42901° +3080A18 + 715117
T =32)°
580A'* 458015 24802 +3045)1° 427516 6699115 +5379\16
5 (14) 1 ; -+ +1 A2) ~ + 1 12)10
1100/\124—6006/\16-',-4290)\1(7+1001)\18
15 16 (1 AZ)91 16 15 16 17
6 (15) 62001°+62001° | 3255) 543565\ 4 A%+8556A194+6695)
1 )\2 12 )\2 11 (1_A2)10
+ 1794)\1g+8190/\17+5824)\18+1365)\19
. (1-22)? .
6 (16) 660A1°+660A17 3795)\1°+4125A17+390)\1°+10725/\17+8190)\18
1 Af'} 18 1{? 20 (1_A2)10
2730,\ +10920A +7735,\ +1820\
* (1329
6 17 700,\17+700>\18 437507 44725018 | 910A17 413230718 +9870A1°
( ) 1 )\QQ + (1 )\2 11 + (1_A2)10
3955,\1 +14280A1° 410080220 42380121
(1-22)?
6 :
6 (79) 3180A7° 43180180 118455)\79+120045)\8°+1715985/\79+1824684)\S°+48279)\81
(1_A2)12 (1_A2)11 A (1_>\2)10
+ 5310690239 4+9015006 131 46086080132 41502501133
17)\2)9
6 (80) 322089 4+32203! + 12155523°4-123165)5! + 180472673° 41896741231 +30030)52
(1_A2)12 (1_A2)11 (1_)\2)10
+ 5599594131 49489480132 4640539933 4158158054
17)\2)9
6 (81) 3260251 43260152 + 124695731 412632552 + 1896830731 +1970670A52410270A%3
1212 1T—A2)11 1-22)10
+ 59(00115/)\82+9982440/\83+673712)0)\84+1663740A85 ( )
17)\2)9
7 (82) 3300782 4+33002%3 127875)\82+129525)\83+1981320A82+2046495A83
(1-x)*? (1-x2)" (1-x2)10
+ 11060/\8g+6212560/\83+10494360/\84+7081560)\85+1749060)\86
1- A2)9
83 84 84 83 84
7 83 3340\ +3340/\ 4+ 131095) 34132765\ 4 2057440\% +2124240)
( ) 1 /\22 84 (1 A2)1185 86 (1 Az)87
+34o20x 46537240254 +110257207%° +7439040156 41837620\
1— AZ 9
7 84 338054 4+3380A%° 134355>\(8 +136045)\8" 2135484254 4220392973°
( ) 1 A2212 + Az)ll + 1—A2)10
+ 58671/\8 +6874470/\85+11577006/\86+7809885>\87+1929501)\88
(1-x2)?
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Table 5. Values of L such that the the asymptotic expression may be used to define
an integrity basis.

Lipreshold

1,2,3, ...
17,18, 19, ...
82, 83, 84, ...
295, 296, 297, ...

S U W3

Table 6. Number of terms in the numerators of the asymptotic expression of the
n

generating function. The denominators are (1 - )\2)

n numerator

6 (2L + 1)AF+ (2L + 1)AEH! 2(2L+1)

5 HEEDNL (L4 1)(L — DAFH 4 KD L2 (L—1)(2L +1)
total (L+1)(2L+1)

9  4(2L + )AL+ 4(2L + 1) 8(2L + 1)

8  2(L—3)2L+ )M\ +2(L —2)(2L + 1)\ 2(2L — 5)(2L + 1)

7 (L—2)(L?~16L—-9) A L(L-1)(L=2) \L+1

p EADEZDE2) \ L2y DEZDEZ2) N3 2(L—3)(L—2)(2L+1)
total 2(L?+L+3)(2L+1)
12 20(2L + 1)AF + 20(2L + 1)\ 40(2L + 1)
11 5(2L +1)(2L — 9N+ 5(2L + 1)(2L — 7)AE*! 20(L — 4)(2L + 1)
10 2(L—3)(L —6)(2L + 1)\E
+(L —3)(2L + 1)(2L — 7)ALH (4L —19)(L — 3)(2L + 1)
9 (L—2)(L—3);j2—81L—40) A\ 4 (L—2)(L—3)(L2—10L—6) A\LA+L
+LEDEDE=3) y L2 | EADE-DE2ED) \L+3
+LEDE2(E=3) yL+4 t(L—=3)(L—2)(2L—17) (2L +1)
total tL (217 — 3L +31) (2L + 1)

Table 7. Generating functions g% (T'gnal; Tinitial; A)
Dinitial Dfinal 9% (Déinat; Dinitiat; A)

14322
Fl Al (1_>\2)3
3
Fl A2 3A+A

EON
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Table 8. Number of terms in the numerator of the generating function for the
invariants.

irrep Iy Iy I's T,

Ay 16 6@F |G
A4, 1 |Gl 6P e
E 2 2|6 2|G]” 2|G|"
F 3 3|G| 3|G? 3|G|"
F, 3 3|G| 3|G] 3|G|"




