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IHARA’S LEMMA AND LEVEL RISING IN

HIGHER DIMENSION

by

Boyer Pascal

Abstract. — A key ingredient in the Taylor-Wiles proof of Fermat last
theorem is the classical Ihara’s lemma which is used to rise the modu-
larity property between some congruent galoisian representations. In
their work on Sato-Tate, Clozel-Harris-Taylor proposed a generalization
of the Ihara’s lemma in higher dimension for some similitude groups.
The main aim of this paper is then to prove some new instances of this
generalized Ihara’s lemma by considering some particular non pseudo
Eisenstein maximal ideals of unramified Hecke algebras. As a conse-
quence, we prove a level rising statement.
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Introduction

Let F “ F`E be a CM field with E{Q quadratic imaginary. For B{F
a central division algebra with dimension d2 equipped with a involution

of second specie ˚ and β P B
˚“´1

, consider the similitude group G{Q
defined for any Q-algebra R by

GpRq :“
 

pλ, gq P Rˆ ˆ pB
op
bQ Rq

ˆ such that gg7β “ λ
(

with B
op
“ BbF,cF where c “ ˚|F is the complex conjugation and 7β the

involution x ÞÑ x7β “ βx˚β´1. For p “ uuc decomposed in E, we have

GpQpq » Qˆp ˆ
ź

w|u

pB
op

v q
ˆ

where w describes the places of F above u. We suppose:

– the associated unitary group G0pRq being compact,
– for any place x of Q inert or ramified in E, then GpQxq is quasi-split.
– There exists a place v0 of F above u such that Bv0 » Dv0,d is the

central division algebra over the completion Fv0 of F at v0, with
invariant 1

d
.

Fix a prime number l ‰ p and consider a finite set S of places of F
containing the ramification places Bad of B. Let denote TS{Zl the un-
ramified Hecke algebra of G outside S. For a cohomological minimal
prime ideal rm of TS, we can associate both a near equivalence class of
Ql-automorphic representation Π

rm and a Galois representation

ρ
rm : GF :“ GalpF̄ {F q ÝÑ GLdpQlq

such that the eigenvalues of the Frobenius morphism at an unramified
place w are given by the Satake’s parameter of the local component Π

rm,w

of Π
rm.The semi-simple class of the reduction modulo l of ρ

rm depends only
of the maximal ideal m of T containing rm.
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Conjecture. — (Generalized Ihara’s lemma by Clozel-Harris-
Taylor) Consider

– an open compact subgroup U of GpAq such that outside S, its local
component is the maximal compact subgroup;

– a place w0 R S decomposed in E;
– a maximal m of TS such that ρm is absolutely irreducible.

Let π̄ be an irreducible sub-representation of C8pGpQqzGpAq{Uw0
,Flqm,

where U “ Uw0U
w0

, then its local component π̄w0 at w0 is generic.

Remark. In its classical version for GL2, Ihara’s lemma is used to rise
the modularity property between some congruent galoisian representa-
tions and so was the role of this higher dimensional version in Clozel-
Harris-Taylor paper on the Sato-Tate conjecture. Shortly after Taylor
found an argument to avoid Ihara’s lemma. However this conjecture re-
mains highly interesting, see for example works of Clozel-Thorne [15], or
Emerton-Helm [18].

The main result of this paper is the following instances of the previous
conjecture.

Theorem. — The previous generalized Ihara’s conjecture is true if the
maximal ideal m verifies the following extra properties.

(H1) ρm is absolutely irreducible and l ě d`1 exceptp1q maybe for a finite
number of exceptions depending of the extension F {Q.

(H2) The image of ρm,w0
in its Grothendieck group is multiplicity free

andp2q does not contain any full Zelevinsky line.p3q

(H3) The image of ρm,v0
which by Jacquet-Langlands correspondence is

associated to some superSpeh, Spehsp%v0q, for some supercuspidal
Fl-representation %v0 of GLgpFv0 with d “ sg, cf. theorem 3.1.4 of
[17]. We then suppose that the set, cf. the notation in §1.2

 

%v0 , %v0t1u, ¨ ¨ ¨ , %v0ts´ 1u
(

is of cardinal s.

Remark. Concerning (H1), you can replace it by any hypothesis which
insures the freeness of the cohomology of the Kottwitz-Harris-Taylor

p1qcf. the main result of [10]
p2qUsing the main result of [9] we could take off the condition about not containing a
full Zelevinsky line, cf. the last remark of §3.2.
p3qIn particular qw1

can’t be congruent to 1 modulo l.
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Shimura variety of §1.1. In [8] we gave two such conditions, the one
given by (H1) is proved in [10]. We give more details before theorem
2.2.1.
Remark. About (H2) note that the first condition also appears in section
4.5 of [14] in the statements of level raising. Concerning the second
condition of (H2), using the main result of [9], we can remove it, cf. the
remark after the proof of lemma 3.2.3.

To prove this result, we first translate such a property to the coho-
mology group of middle degree of the Kottwitz-Harris-Taylor Shimura
variety XI associated to the similitude group G{Q such that

– GpA8q “ GpA8,pq ˆGLdpFv0q ˆ
ś

w|u
w‰v0

pB
op

w q
ˆ,

– the signatures of GpRq are p1, d´ 1q ˆ p0, dq ˆ ¨ ¨ ¨ ˆ p0, dq.

In particular to each prime ideal rm of TS, is associated a Ql-irreducible
automorphic representation Π

rm of GpAQq whose Satake parameters at
finite places outside S are prescribed by rm. We then compute the coho-
mology groups of the geometric generic fiber of XI through the spectral
sequence of vanishing cycles at the place v0. Thanks to (H1), we know, cf.
[10], the H ipXU ,Zlqm to be free and so, H ipXU ,Flqm “ p0q for i ‰ d´ 1.

Remark. Moreover (H2) (resp. (H3)) insures that the graduates of the
filtration of Hd´1pXU ,Flqm, given by the entire version of the weight-
monodromy filtration, at the place w0 (resp. v0) are also free.

The contribution of the supersingular points of the special fiber at v0,
using (H3), allows us to associate to an irreducible sub-representation
π of C8pGpQqzGpAq{Uw0

,Flqm, an irreducible sub-representation π of
Hd´1pXU ,Flqm, such that π8,v0 » π̄8,v0 . We then try to prove the gener-
icness of πw0 by proving, using (H2), such genericness property of irre-
ducible submodules of Hd´1pXU ,Flqm. On ingredient in §3.1, comes from
[21] §5, where the hypothesis that ρm is absolutely irreducible, insures
that the lattices of isotypic components of Hd´1pXU ,Qlqm given by the
Zl-cohomology, can be written as a tensorial product of stable lattices
for the GpA8q and the Galois actions.

Finally (H2) is needed to control the combinatorics.

Remark. As pointed out to us by M. Harris, the case where the cardinal
qw0 of the residue field at w0, is congruent to 1 modulo l should be of
crucial importance for the application. Meanwhile our strategy relies on
the construction of a filtration of Hd´1pXU ,Flqm which each graduates
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verify the genericness property of irreducible submodule and where these
graduates are parabolically induced. When qw0 ” 1 mod l, parabolically
induced Fl-representations are often semi-simple and so they can’t verify
such genericness property of irreducible submodule. It seems that our
approach is not well adapted to treat this fundamental case.

To state our application to level rising, denote Sw0pmq the supercus-
pidal support of the modulo l reduction of Π

rm,w0
for any prime ideal

rm Ă m: it depends only on m. By (H2) this support is multiplicity free
and we first break it Sw0pmq “

š

% S%pmq according to the inertial equiva-

lence classes % of irreducible Fl-representations of some GLgp%qpFw0q with
1 ď gp%q ď d. For any such % we then denote l1p%q ě ¨ ¨ ¨ ě lrp%qp%q ě 1,
such that S%pmq can be written as the union of rp%q Zelevinsky unlinked
segments of length lip%q

r%νki , ρ̄ν
k`lip%qs “

 

%νk, %νk`1, ¨ ¨ ¨ , %νk`lip%q
(

.

Then for any minimal prime ideal rm Ă m, and Π P Π
rm, we write its local

component Πw0 »
Ś

% Πw0p%q and Πw0p%q »
Śrp%q

i“1 Πw0p%, iq where for

each 1 ď i ď rp%q, the modulo l reduction of the supercuspidal support
of Πw0p%, iq is, with the notations of the previous section, those of the
Zelevinsky segment r%νδi , %νδi`lip%qs.

Proposition. — Take a maximal ideal m verifying the hypothesis (H1)
and (H2). Let %0 such that S%0pmq is non empty and consider 1 ď i ď
rp%0q. Then there exists a minimal prime ideal rm Ă m and an automor-
phic representation Π P Π

rm such that with the previous notation Πw0p%0, iq
is non degenerate, i.e. isomorphic to Stlip%qpπw0q for some irreducible cus-

pidal Ql-representation πw0.

In particular when there is only one segment, which is always the case
for GL2, then the result is optimal.

Remark. In the previous proposition, we could also prove that for any
such rm and any Π P Π

rm, then Πw0p%0, iq is non degenerate, which looks
similar to theorem 2.1 of [1] where ρm is supposed to be absolutely ir-
reducible and decomposed generic which also imposes the cohomology
groups to be free.

1. Shimura variety of Kottwitz-Harris-Taylor type
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1.1. Geometry. — Recall from the introduction that a prime number

l is fixed, distinct from all others prime numbers which will be considered

in the following. Let F “ F`E be a CM field with E{Q imaginary

quadratic such that l is unramified, and F` totally real with a fixed

embedding τ : F` ãÑ R. For a place v of F , we denote Fv the completion

of F at v, with ring of integers Ov, uniformizer $v and residual field κpvq

with cardinal qv.

Let B be a central division algebra over F of dimension d2 such that

at any place x of F , either Bx is split either it’s a division algebra. We

moreover suppose the existence of an involution of second specie ˚ on B

such that ˚|F is the complex conjugation c. For β P B˚“´1, we denote

7β : x ÞÑ βx˚β´1 and let G{Q such that for any Q-algebra R,

GpRq “
 

pλ, gq P Rˆ ˆ pBop
bQ Rq

ˆ such that gg7β “ λ
(

,

with Bop “ B bc F . If x “ yyc is split in E then

GpQxq » pB
op
y q

ˆ
ˆQˆx » Qˆx ˆ

ź

zi

pBop
zi
q
ˆ

where, identifying the places of F` above x with those of F above y, we

write x “
ś

i zi. Moreover we can impose that

– if x is inert in E then GpQxq is quasi-split,

– the signature of GpRq are p1, d´ 1q ˆ p0, dq ˆ ¨ ¨ ¨ ˆ p0, dq.

With the notations of the introduction we have

GpA8q “ GpA8,pq ˆ
´

Qˆpv0GLdpFv0q ˆ
ź

w|u
w‰v0

pB
op

w q
ˆ
¯

.

1.1.1. Definition. — We denote Bad the set of places w of F such

that Bw is non split. Let Spl the set w of finite places of F not in Bad

such that w|Q is split in E. For such a place w with p “ w|Q, we write

abusively

GpAw
q “ GpAp

q ˆQˆp ˆ
ź

u|p
u‰w

pBop
u q

ˆ,

and GpFwq “ GLdpFwq.

Remark. With the notations of the introduction, the role of w in the

previous definition will be taken by v0, v1 or w0.
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1.1.1. Notation. — For all open compact subgroup Up of GpA8,pq and

m “ pm1, ¨ ¨ ¨ ,mrq P Zrě0, we consider

Up
pmq “ Up

ˆ Zˆp ˆ
r
ź

i“1

KerpOˆ
Bvi
ÝÑ pOBvi

{Pmi
vi
q
ˆ
q.

For w0 one of the vi and n P N, we also introduce Uw0pnq :“

Upp0, ¨ ¨ ¨ , 0, n, 0, ¨ ¨ ¨ , 0q.

We then denote I for the set of these Uppmq such that there exists a

place x for which the projection from Up to GpQxq doesn’t contain any

element with finite order except the identity, cf. [19] bellow of page 90.

Attached to each I P I is a Shimura variety XI Ñ SpecOv of type

Kottwitz-Harris-Taylor and we denote XI “ pXIqIPI the projective sys-

tem: recall that the transition morphisms rJ,I : XJ Ñ XI are finite flat

and even etale when m1pJq “ m1pIq. This projective system is then

equipped with a Hecke action of GpA8qˆZ, where the action of z in the

Weil group Wv of Fv is given par ´ degpzq P Z where deg “ val ˝Art´1
v ,

where Art´1
v : W ab

v » Fˆv is the Artin isomorphism which sends geometric

Frobenius to uniformizers.

1.1.2. Notations. — (cf. [3] §1.3) Let I P I,

– the special fiber of XI will be denoted XI,s and its geometric special

fiber XI,s̄ :“ XI,s ˆ SpecFp.
– For 1 ď h ď d, let Xěh

I,s̄ (resp. X“h
I,s̄ ) be the closed (resp. open)

Newton stratum of height h, defined as the subscheme where the

connected component of the universal Barsotti-Tate group is of rank

greater or equal to h (resp. equal to h).

Remark : Xěh
I,s̄ is of pure dimension d ´ h. For 1 ď h ă d, the Newton

stratum X“h
I,s̄ is geometrically induced under the action of the parabolic

subgroup Ph,d´hpFvq, defined as the stabilizer of the first h vectors of

the canonical basis of F d
v . Concretly this means there exists a closed

subscheme X“h
I,s̄,1h

stabilized by the Hecke action of Ph,d´hpFvq and such

that

X“h
I,s̄ » X“h

I,s̄,1h ˆPh,d´hpFvq GLdpFvq.
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1.1.3. Notations. — Let denote

ih : Xěh
I,s̄ ãÑ Xě1

I,s̄, jěh : X“h
I,s̄ ãÑ Xěh

I,s̄

and j“h “ ihjěh.

1.2. Jacquet-Langlands correspondence and %-type. — For a

representation πv of GLdpFvq and n P 1
2
Z, set πvtnu :“ πv b q´n val ˝det

v .

Recall that the normalized induction of two representations πv,1 and πv,2
of respectively GLn1pFvq and GLn2pFvq is

π1 ˆ π2 :“ ind
GLn1`n2 pFvq

Pn1,n1`n2 pFvq
πv,1t

n2

2
u b πv,2t´

n1

2
u.

A representation πv of GLdpFvq is called cuspidal (resp. supercuspidal)

if it’s not a subspace (resp. subquotient) of a proper parabolic induced

representation. When the field of coefficients is of characteristic zero then

these two notions coincides, but this is no more true for Fl.
Remark. The modulo l reduction of an irreducible Ql-representation is

still irreducible and cuspidal but not necessary supercuspidal. In this last

case, its supercuspidal support is a Zelevinsky segment associated to some

unique inertial equivalent classe %, where % is an irreducible supercuspidal

Fl-representation. Thanks to (H2) we will not be concerned by this

subtility.

1.2.1. Definition. — We say that πv is of type % when the supercusp-

idal support of its modulo l reduction is contained in the Zelevinsky line

of %.

1.2.1. Definition. — (see [24] §9 and [4] §1.4) Let g be a divisor of

d “ sg and πv an irreducible cuspidal Ql-representation of GLgpFvq.

Then the normalized induced representation

πvt
1´ s

2
u ˆ πvt

3´ s

2
u ˆ ¨ ¨ ¨ ˆ πvt

s´ 1

2
u

holds a unique irreducible quotient (resp. subspace) denoted Stspπvq (resp.

Spehspπvq); it’s a generalized Steinberg (resp. Speh) representation.

Remark. If χv is a character of Fˆv then Spehspχvq “ χv ˝ det.

The local Jacquet-Langlands correspondance is a bijection between ir-

reducible essentially square integrable representations of GLdpFvq, i.e.
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representations of the type Stspπvq for πv cuspidal, and irreducible repre-

sentations of Dˆv,d where Dv,d is the central division algebra over Fv with

invariant 1
d
.

1.2.2. Notation. — We will denote πvrssD the irreductible representa-

tion of Dˆv,d associated to Stspπ
_
v q by the local Jacquet-Langlands corre-

spondance.

We denote RFlpdq the set of equivalence classes of irreducible Fl-
representations of Dˆv,d. For τ̄ P RFlpdq, let Cτ̄ be the sub-category

of smooth Znrl -representations of Dˆv,d with objects whose irreducible

sub-quotients are isomorphic to a sub-quotient of τ̄|Dˆv,d
. Note that Cτ̄ is

a direct factor inside Rep8Znrl pD
ˆ
v,dq so that every Znrl -representation VZnrl

of Dˆv,d can be decomposed as a direct sum

VZnrl »
à

τ̄PRFl
pdq

VZnrl,τ̄

where VZnrl,τ̄ is an object of Cτ̄ .
Let πv be an irreducible cuspidal representation of GLgpFvq and fix an

integer s ě 1. Then the modulo l reduction of Spehspπq is irreducible,

cf. [17] §2.2.3.

1.2.3. Notation. — When the modulo l reduction of π, denoted %, is

supercuspidal, then we will denote Spehsp%q the modulo l reduction of

Spehspπq: we call it a Fl- superSpeh representation.

By [17] 3.1.4, we have a bijection
!

F̄l ´ superspeh irreducible representations of GLdpFvq
)

»
!

F̄l ´ representations irreducible of Dˆv,d

)

(1.2.1)

compatible with the modulo l reduction in the sense that if πv is a lifting

of %, then the modulo l reduction of π_rssD matches through the previous

bijection, with the superSpeh Spehsp%q.

1.2.2. Definition. — A Fl-representation of Dˆv,d (resp. an irreducible

cuspidal representation of GLdpFvq) is said of type % if all its irreducible
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sub-quotient are, through the previous bijection, associated to some su-

perSpeh Spehsp%q (resp. its supercuspidal support belongs to the Zelevin-

sky line of %).

Recall that if εp%q is the cardinal of the Zelevinsky line associated to

% and, cf. [23] p.51, then let

mp%q “

"

εp%q, si εp%q ą 1;

l, sinon.

1.2.4. Notation. — Let rp%q the biggest integer i such that li divides
d

mp%qg
and define

g´1p%q “ g and @0 ď i ď rp%q, gip%q “ mp%qlig.

We also denote sip%q :“ t d
gip%q

u.

Then if πv is an irreducible cuspidal Ql-representation of GLkpFvq with

type %, then there exists i such that k “ gi. We say that πv is of %-

type i and we denote Scuspip%q the set of inertial equivalence classes of

irreducible cuspidal representations of %-type i.

1.2.5. Notation. — For % an irreducible supercuspidal Fl- representa-

tion of GLgpFvq, we denote R% “
š

sě1 R%psgq where R%psgq is the set

of equivalence classes of irreducible Fl-representations of Dˆv,sg of type %.

1.3. Harris-Taylor local systems. — Let πv be an irreducible cuspi-

dal Ql-representation of GLgpFvq and fix t ě 1 such that tg ď d. Thanks

to Igusa varieties, Harris and Taylor constructed a local system on X“tg

I,s̄,1h

LQlpπvrtsDq1h “
eπv
à

i“1

LQlpρv,iq1h

where pπvrtsDq|Dˆv,h
“

Àeπv
i“1 ρv,i with ρv,i irreductible. The Hecke action

of Ptg,d´tgpFvq is then given through its quotient GLd´tgˆZ. These local

systems have stable Zl-lattices and we will write simply LpπvrtsDq1h for

any Zl-stable lattice that we don’t want to specify.
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1.3.1. Notations. — For Πt any representation of GLtg and Ξ :
1
2
Z ÝÑ Zˆl defined by Ξp1

2
q “ q1{2, we introduce

ĄHT 1pπv,Πtq :“ LpπvrtsDq1h b Πt b Ξ
tg´d

2

and its induced version

ĄHT pπv,Πtq :“
´

LpπvrtsDq1h b Πt b Ξ
tg´d

2

¯

ˆPtg,d´tgpFvq GLdpFvq,

where the unipotent radical of Ptg,d´tgpFvq acts trivially and the action of

pg8,v,

ˆ

gcv ˚

0 getv

˙

, σvq P GpA8,vq ˆ Ptg,d´tgpFvq ˆWv

is given

– by the action of gcv on Πt and degpσvq P Z on Ξ
tg´d

2 , and

– the action of pg8,v, getv , valpdet gcvq´deg σvq P GpA8,vqˆGLd´tgpFvqˆ
Z on LQlpπvrtsDq1h b Ξ

tg´d
2 .

We also introduce

HT pπv,Πtq1h :“ ĄHT pπv,Πtq1hrd´ tgs,

and the perverse sheaf

P pt, πvq1h :“ j“tg
1h,!˚

HT pπv, Sttpπvqq1h b Lpπvq,

and their induced version, HT pπv,Πtq and P pt, πvq, where

j “ h “ ih ˝ jěh : X“h
I,s̄ ãÑ Xěh

I,s̄ ãÑ XI,s̄

and L_ is the local Langlands correspondence.

Remark. Recall that π1v is said inertially equivalent to πv if there exists

a character ζ : Z ÝÑ Qˆl such that π1v » πv bpζ ˝ val ˝ detq. Note, cf. [3]

2.1.4, that P pt, πvq depends only on the inertial class of πv and

P pt, πvq “ eπvPpt, πvq

where Ppt, πvq is an irreducible perverse sheaf. When we want to speak

of the Ql-versions we will add it on the notations.

1.3.1. Definition. — We will say that HT pπv,Πtq or Ppt, πvq is of type

% if πv is.
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1.3.2. Lemma. — If ρ b σ is a GLdpFvq ˆWv equivariant irreducible

sub-quotient of H ipXI,s̄v ,Ppπv, tq bZl Flq then

– σ is an irreducible sub-quotient of the modulo l reduction of Lpπv b
χvq, where χv is an uramified character of Fv, and

– ρ is an irreducible sub-quotient of the modulo l reduction of a induced

representation of the following shape Sttpπv b χvq ˆ ψv where ψv is

an entire irreducible representation of GLd´tgpFvq.

Proof. — The result follows directly from the description of the actions

given previously.

As usually for σ a representation of Wv and n P 1
2
Z, we will denote

σpnq the twisted representation g ÞÑ σpgq|Art´1
v pgq|

n where | ´ | is the

absolute value of Fv.

1.4. Free perverse sheaf. — Let S “ SpecFq and X{S of finite type,

then the usual t-structure on DpX,Zlq :“ Db
cpX,Zlq is

A P pDď0pX,Zlq ô @x P X, Hki˚xA “ 0, @k ą ´ dim txu

A P pDě0pX,Zlq ô @x P X, Hki!xA “ 0, @k ă ´ dim txu

where ix : Specκpxq ãÑ X and HkpKq is the k-th sheaf of cohomology of

K.

1.4.1. Notation. — Let denote pCpX,Zlq the heart of this t-structure

with associated cohomology functors pHi. For a functor T we denote
pT :“ pH0 ˝ T .

The category pCpX,Zlq is abelian equipped with a torsion theory

pT ,Fq where T (resp. F) is the full subcategory of objects T (resp.

F ) such that lN1T is trivial for some large enough N(resp. l.1F is a

monomorphism). Applying Grothendieck-Verdier duality, we obtain

p`Dď0pX,Zlq :“ tA P pDď1pX,Zlq : pH1pAq P T u
p`Dě0pX,Zlq :“ tA P pDě0pX,Zlq : pH0pAq P Fu

with heartp`CpX,Zlq equipped with its torsion theory pF , T r´1sq.

1.4.2. Definition. — (cf. [6] §1.3) Let

FpX,Zlq :“ pCpX,Zlq X p`CpX,Zlq “ pDď0
pX,Zlq X p`Dě0

pX,Zlq
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the quasi-abelian category of free perverse sheaves over X.

Remark : for an object L of FpX,Zlq, we will consider filtrations

L1 Ă L2 Ă ¨ ¨ ¨ Ă Le “ L

such that for every 1 ď i ď e ´ 1, Li ãÑ Li`1 is a strict monomorphism,

i.e. Li`1{Li is an object of FpX,Zlq.
For a free L P FpX,Λq, we consider the following diagram

L
can˚,L

**
p`j!j

˚L

can!,L

99

` // // pj!˚j
˚L �
�

`
// // p`j!˚j

˚L �
�
` // pj˚j

˚L

where below is, cf. the remark following 1.3.12 of [6], the canonical

factorisation of p`j!j
˚L ÝÑ pj˚j

˚L and where the maps can!,L and can˚,L
are given by the adjonction property. Consider now X equipped with a

stratification

X “ Xě1
Ą Xě2

Ą ¨ ¨ ¨ Ą Xěd,

and let L P FpX,Zlq. For 1 ď h ă d, let denote X1ďh :“ Xě1 ´Xěh`1

and j1ďh : X1ďh ãÑ Xě1. We then define

Filr! pLq :“ ImF

´

p`j1ďr
! j1ďr,˚L ÝÑ L

¯

,

which gives a filtration

0 “ Fil0! pLq Ă Fil1! pLq Ă Fil1! pLq ¨ ¨ ¨ Ă Fild´1
! pLq Ă Fild! pLq “ L.

Dually CoFil˚,rpLq “ CoimF

´

L ÝÑ pj1ďr
˚ j1ďr,˚L

¯

, define a cofiltration

L “ CoFilS,˚,dpLq� CoFilS,˚,d´1pLq� ¨ ¨ ¨

¨ ¨ ¨� CoFilS,˚,1pLq� CoFilS,˚,0pLq “ 0,

and a filtration

0 “ Fil´d˚ pLq Ă Fil1´d˚ pLq Ă ¨ ¨ ¨ Ă Fil0˚pLq “ L

where Fil´r˚ pLq :“ KerF
`

L� CoFil˚,rpLq
˘

.

Remark. These two constructions are exchanged by Grothendieck-Verdier

duality, D
´

CoFilS,!,´rpLq
¯

» Fil´rS,˚pDpLqq and D
´

CoFilS,˚,rpLq
¯

»

FilrS,!pDpLqq.
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We can also refine the previous filtrations, cf. [6] proposition 2.3.3, to

obtain exhaustive filtrations

0 “ Fill´2d´1

! pLq Ă Fill´2d´1`1
! pLq Ă ¨ ¨ ¨

¨ ¨ ¨ Ă Fill0! pLq Ă ¨ ¨ ¨ Ă Fill2
d´1´1

! pLq “ L, (1.4.0)

such that the graduate grrkpLq are simple over Ql, i.e. verify
pj“h!˚ j

“h,˚grrkpLq ã�` grrkpLq for some h. Dually we can construct

a cofiltration

L “ CoFill˚,2d´1pLq� CoFill˚,2d´1´1pLq� ¨ ¨ ¨� CoFill˚,´2d´1pLq “ 0

and a filtration Fill´r˚ pLq :“ KerF
`

L� CoFill˚,rpLq
˘

.

1.5. Vanishing cycles perverse sheaf. —

1.5.1. Notation. — For I P I, let

ΨI,Λ :“ RΨηv ,IpΛrd´ 1sqp
d´ 1

2
q

be the vanishing cycle autodual perverse sheaf on XI,s̄v . When Λ “ Zl,
we will simply write ΨI.

Recall the following result of [19] relating ΨI with Harris-Taylor local

systems.

1.5.2. Proposition. — (cf. [19] proposition IV.2.2 and §2.4 of [3])

There is an isomorphism GpA8,vq ˆ Ph,d´hpFvq ˆWv-equivariant

ind
Dˆv,h

pDˆv,hq
0$Z

v

`

Hh´d´iΨI,Zl

˘

|X“hI,s̄,1h

»
à

τ̄PRFl
phq

LZl,1hpU
h´1´i
τ̄ ,N q,

where

– RFlphq is the set of equivalence classes of irreducible Fl-representations

of Dˆv,h;

– for τ̄ P RFlphq and V a Zl-representation of Dˆv,h, then Vτ̄ denotes,

cf. [16] §B.2, the direct factor of V whose irreducible subquotients

are isomorphic to a subquotient of τ̄|Dˆv,h
where Dv,h is the maximal

order of Dv,h.

– With the previous notation, U i
τ̄ ,N :“

`

U i
Fv ,Zl,d

˘

τ̄
.
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– The matching between the system indexed by I and those by N is

given by the application m1 : I ÝÑ N.

Remark. For τ̄ P RFlphq, and a lifting τ which by Jacquet-Langlands

correspondence can be written τ » πrtsD for π irreductible cuspidal, let

% P ScuspFlpgq be in the supercuspidal support. Then the inertial class

of % depends only on τ̄ and we will use the following notation.

1.5.3. Notation. — With the previous notation, we denote V% for Vτ̄ .

Remark. ΨI,Zl is an object of FpXI,s̄,Zlq. Indeed, by [2] proposition

4.4.2, ΨI,Zl is an object of pDď0pXI,s̄,Zlq. By [20] variant 4.4 of theorem

4.2, we have DΨI,Zl » ΨI,Zl , so that

ΨI,Zl P
pDď0

pXI,s̄,Zlq X p`Dě0
pXI,s̄,Zlq “ FpXI,s̄,Zlq.

1.5.4. Proposition. — (cf. [9] §3.2) We have a decomposition

ΨI »
d
à

g“1

à

%PScuspFl
pgq

Ψ%

where all the Harris-Taylor perverse sheaves of Ψ% bZl Ql are of type %.

Remark. In [3], we decomposed ΨbZl Ql as a direct sum
À

πv
Ψπv where

πv described the set of equivalent inertial classes of irreducible cuspidal

representations. The Ψ% bZl Ql »
À

πvPCuspp%q Ψπv where Cuspp%q is the

set of equivalent inertial classes of irreducible cuspidal representation of

type % in the sense of definition 1.2.2.

In [11], we give the precise description of the grrS,!pΨI,%q which is de-

fined other Zl. By construction they are supported on Xěr
I,s̄v and trivial

if g does not divide r. Otherwise for r “ tg, we have

ind
Dˆv,tg

pDˆv,tgq
0$Z

v

´

j“tg,˚grtgS,!pΨI,%q bZl Ql

¯

»

rp%q
à

i“´1
tigip%q“tg

à

πvPScuspip%q

HT pπv, Sttipπvqq b Lpπvqp´
ti ´ 1

2
q.

We can then consider the following naive %-filtration

Fil˚
%,rp%q,Ql

pΨ, tgq Ă ¨ ¨ ¨ Ă Fil˚
%,´1,Ql

pΨ, tgq “ j“tg,˚grtgS,!pΨI,%q bZl Ql
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where ind
Dˆv,tg

pDˆv,tgq
0$Z

v

´

Fil˚
%,k,Ql

pΨ, tgq
¯

is isomorphic to

rp%q
à

i“k
tigip%q“tg

à

πvPScuspip%q

HT pπv, Sttipπvqq b Lpπvqp´
ti ´ 1

2
q,

and the associated entire filtration of j“tg,˚grtgS,!pΨI,%q defined by pullback

Fil˚%,kpΨ, tgq
� � //� � //

� _

��

Fil˚
%,k,Ql

pΨ, tgq
� _

��

j“tg,˚grtgS,!pΨI,%q
� � // j“tg,˚grtgS,!pΨI,%q bZl Ql.

For k “ ´1, ¨ ¨ ¨ , rp%q, the graduates gr%,kpΨ, tgq are then of %-type k.

We can then refine these filtrations by separating the πv P Scuspkp%q to

obtain

p0q “ Fil˚,0% pΨ, tgq Ă Fil˚,1% pΨ, tgq Ă ¨ ¨ ¨ Ă Fil˚,r% pΨ, tgq “ j“tg,˚grtgS,!pΨI,%q.

By taking the iterated images of j“tg! Filk%pΨ, tgq ÝÑ grtgS,!pΨI,%q, we then

construct a filtration

p0q “ Fil0%pΨ, tgq Ă Fil1%pΨ, tgq Ă ¨ ¨ ¨ Ă Filr%pΨ, tgq “ grtgS,!pΨI,%q.

Finally we can filtrate each of these graduate using an exhaustive fil-

tration of stratification to obtain a filtration of ΨI,% whose graduates

are the Ppπv, tqp
1´sip%q`2k

2
q for πv P Scuspip%q with i ě ´1, and k “

0, ¨ ¨ ¨ , sip%q ´ 1.

2. Cohomology of KHT Shimura varieties

2.1. Localization at a non pseudo-Eisenstein ideal. —

2.1.1. Definition. — Define Spl the set of places v of F such that

pv :“ v|Q ‰ l is split in E and Bˆv » GLdpFvq. For each I P I, write

SplpIq the subset of Spl of places which doesn’t divide the level I.

Let UnrpIq be the union of

– places q ‰ l of Q inert in E not below a place of Bad and where Iq
is maximal,
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– and places w P SplpIq.

2.1.2. Notation. — For I P I a finite level, write

TI :“
ź

xPUnrpIq

Tx

where for x a place of Q (resp. x P SplpIq), Tx is the unramified Hecke

algebra of GpQxq (resp. of GLdpFxq) over Zl.

Example: for w P SplpIq, we have

Tw “ Zl
“

Tw,i : i “ 1, ¨ ¨ ¨ , d
‰

,

where Tw,i is the characteristic function of

GLdpOwq diagp

i
hkkkkkkikkkkkkj

$w, ¨ ¨ ¨ , $w,

d´i
hkkkikkkj

1, ¨ ¨ ¨ , 1qGLdpOwq Ă GLdpFwq.

More generally, the Satake isomorphism identifies Tx with ZlrXunpTxqs
Wx

where

– Tx is a split torus,

– Wx is the spherical Weyl group

– and XunpTxq is the set of Zl-unramified characters of Tx.

Consider a fixed maximal ideal m of TI and for every x P UnrpIq let

denote Smpxq be the multi-setp4q of modulo l Satake parameters at x

associated to m.

Example: for every w P SplpIq, the multi-set of Satake parameters at w

corresponds to the roots of the Hecke polynomial

Pm,wpXq :“
d
ÿ

i“0

p´1qiq
ipi´1q

2
w Tw,iX

d´i
P FlrXs

i.e. Smpwq :“
 

λ P TI{m » Fl such that Pm,wpλq “ 0
(

. For a maximal

ideal rm of TIl bZl Ql, we also have the multi-set of Satake parameters

S
rmpwq :“

 

λ P TI bZl Ql{rm » Ql such that P
Ąm,wpλq “ 0

(

.

p4qA multi-set is a set with multiplicities.
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2.1.3. Notation. — Let Π be an irreducible automorphic representa-

tion of GpAq of level I which means here, that Π has non trivial invari-

ants under I and for every x P UnrpIq, then Πx is unramified. Then Π

defines

– a maximal ideal rmpΠq of TIl bZl Ql, or

– a minimal prime ideal rmpΠq of TIl contained in a maximal ideal

mpΠq of TIl which corresponds to its the modulo l Satake parameters.

A minimal prime ideal rm of TIl is said cohomological if there exists a

cohomological automorphic Ql-representation Π of GpAq of level I with
rm “ rmpΠq. Such a Π is not unique but rm defines a unique near equiva-

lence class in the sense of [22], we denote it Π
rm. Let then

ρ
rm,Ql : GalpF̄ {F q ÝÑ GLdpQlq

be the galoisian representation associated to such a Π thanks to [19]

and [22], which by Cebotarev theorem, can be defined over some finite

extension K
rm, i.e. ρ

rm,Ql » ρ
rm bK

rm
Ql.

It’s well known that ρ
rm has stable lattices and the semi-simplication

of its modulo l reduction is independent of the chosen stable lattice.

Moreover it depends only of the maximal ideal m, we denote

ρm : GF ÝÑ GLdpFlq,

its extension to Fl. For every w P SplpIq, recall that the multiset of

eigenvalues of ρmpFrobwq is Smpwq obtained from S
rmpwq by taking modulo

l reduction.

Assume moreover that ρm is absolutely irreducible. Then the Ql-

cohomology group Hd´1pXU,η̄,Qlqm gives a continuous d-dimensional Ga-

lois representation

ρm : GalF,S ÝÑ GLdpTS,mr1{lsq,

where GalF,S is the Galois group of the maximal extension of F which is

unramified outside S. As all characteristic polynomials of Frobenius takes

values in TS,m and as ρm is absolutely irreducible, using classical theory

of pseudo-representations, we know that ρm takes values in GLdpTS,mq.
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2.2. Freeness of the cohomology. — From now on we fix such a

maximal ideal m of TI verifying one of the following three conditions:

(1) There exists w1 P SplpIq such that Smpw1q does not contain any

sub-multi-set of the shape tα, qw1αu where qw1 is the cardinal of the

residue field. Note also that this hypothesis is closed but weaker

than the notion of decomposed genericness introduced in [12].

(2) With l ě d`2 we ask m to verify one of the two following hypothesis

‚ either ρm is induced form a character of GK for a cyclic ga-

loisian extension K{F ;

‚ either SLnpkq Ă ρmpGF q Ă Fˆl GLnpkq for a sub-field k Ă Fl.
(3) ρm is absolutely irreducible and l ě d` 1 except maybe for a finite

number of them depending only of the extension F {Q, cf. the main

theorem of [10].

2.2.1. Theorem. — (cf. [8]) For m as above, the localized cohomology

groups H ipXI,η̄,Zlqm are free.

As XI ÝÑ SpecOv is proper, we have a GpA8q ˆ Wv-equivariant

isomorphism Hd´1`ipXI,η̄v ,Zlq » H ipXI,s̄v ,ΨIq. Using the previous fil-

tration of ΨI , we can compute Hp`qpXI,s̄v ,ΨI,%qm through a spectral

sequence whose entries Ep,q
1 are the HjpXI,s̄v ,Ppπv, tqp

1´sip%q`2k
2

qqm for

πv P Scuspip%q with i ě ´1, and k “ 0, ¨ ¨ ¨ , sip%q ´ 1. Over Ql, it fol-

lows from [4], thanks to the hypothesis (1) above on m, that all these

cohomology groups are concentrated in degree 0 so that this Ql-spectral

sequence degenerates in E1. In this section, under (H2), we want to

prove the same result on Fl which is equivalent to the freeness of the

HjpXI,s̄v ,Ppπv, tqp
1´sip%q`2k

2
qqm.

We need first some notations from [4] §1.2. For all t ě 0, we denote

Γt :“
!

pa1, ¨ ¨ ¨ , ar, ε1, ¨ ¨ ¨ , εrq P Nr
ˆ t˘u

r : r ě 1,
r
ÿ

i“1

ai “ t
)

.

A element of Γt will be denoted pÐÝa1, ¨ ¨ ¨ ,ÝÑarq where for the arrow above

each integer ai is ÐÝai (resp. ÝÑai ) if εi “ ´ (resp. εi “ `). We then consider

on Γt the equivalence relation induced by

p¨ ¨ ¨ ,ÐÝa ,
ÐÝ
b , ¨ ¨ ¨ q “ p¨ ¨ ¨ ,

ÐÝÝÝ
a` b, ¨ ¨ ¨ q, p¨ ¨ ¨ ,ÝÑa ,

ÝÑ
b , ¨ ¨ ¨ q “ p¨ ¨ ¨ ,

ÝÝÝÑ
a` b, ¨ ¨ ¨ q,
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and p¨ ¨ ¨ ,
ÐÝ
0 , ¨ ¨ ¨ q “ p¨ ¨ ¨ ,

ÝÑ
0 , ¨ ¨ ¨ q. We denote

ÝÑ
Γ
t

the set of these equiv-

alence classes whose elements are denoted rÐÝa1, ¨ ¨ ¨ ,ÝÑars.

Remark. In each class rÐÝa1, ¨ ¨ ¨ ,ÝÑaks P
ÝÑ
Γ
t
, there exists a unique reduced

element pb1, ¨ ¨ ¨ , br, ε1, ¨ ¨ ¨ , εrq P Γt such that for all 1 ď i ď r bi ą 0 and

for 1 ď i ă r, εiεi`1 “ ´.

2.2.2. Definition. — Let pb1, ¨ ¨ ¨ , br, ε1, ¨ ¨ ¨ , εrq be the reduced ele-

ment in rÐÝa1, ¨ ¨ ¨ ,ÝÑaks P
ÝÑ
Γ
t
. We then define

S
´

rÐÝa1, ¨ ¨ ¨ ,ÝÑaks
¯

as the subset of permutations σ of t0, ¨ ¨ ¨ , t´1u such that for all 1 ď i ď r

with εi “ ` (resp. εi “ ´) and for all b1`¨ ¨ ¨`bi´1 ď k ă k1 ď b1`¨ ¨ ¨`bi
then σ´1pkq ă σ´1pk1q (resp. σ´1pkq ą σ´1pk1q).

We also introduce Sop
´

rÐÝa1, ¨ ¨ ¨ ,ÝÑaks
¯

, by imposing under the same con-

ditions, σ´1pkq ą σ´1pk1q (resp. σ´1pkq ă σ´1pk1q).

2.2.3. Proposition. — (cf. [24] §2) Let g be a divisor of d “ sg and

π an irreducible cuspidal representation of GLgpFvq. There exists a bi-

jection

rÐÝa1, ¨ ¨ ¨ ,ÝÑars P
ÝÑ
Γ
s´1

ÞÑ rÐÝa1, ¨ ¨ ¨ ,ÝÑarsπ

into the set of irreducible sub-quotients of the induced representation

πt
1´ s

2
u ˆ πt

3´ s

2
u ˆ ¨ ¨ ¨ ˆ πt

s´ 1

2
u

characterized by the following property

JPg,2g,¨¨¨ ,sgpr
ÐÝa1, ¨ ¨ ¨ ,ÝÑarsπq “

ÿ

σPS
´

r
ÐÝa1 ,¨¨¨ ,

ÝÑar s
¯

πt
1´ s

2
`σp0qub¨ ¨ ¨bπt

1´ s

2
`σps´1qu,

or equivalently by

JP opg,2g,¨¨¨ ,sgpr
ÐÝa1, ¨ ¨ ¨ ,ÝÑarsπq “

ÿ

σPSop
´

r
ÐÝa1 ,¨¨¨ ,

ÝÑar s
¯

πt
1´ s

2
`σp0qub¨ ¨ ¨bπt

1´ s

2
`σps´1qu.

Remark. With these notations Stspπq (resp. Spehspπq) is r
ÐÝÝÝ
s´ 1sπ (resp.

r
ÝÝÝÑ
s´ 1sπ).
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2.2.4. Lemma. — Let π be an irreducible cuspidal Ql-representation

of GLgpFvq such that its modulo l reduction % is supercuspidal. Suppose

the cardinal of the Zelevinsky line of % is greater or equal to s. Then the

irreducible sub-quotients of the modulo l reduction of rÐÝa1, ¨ ¨ ¨ ,ÝÑarsπ for

rÐÝa1, ¨ ¨ ¨ ,ÝÑars describing
ÝÑ
Γ
s´1

, are pairwise distinct.

Proof. — By hypothesis on the cardinal of the Zelevinsky line, all these

irreducible Fl-sub-quotient have a non trivial image under JPg,2g,¨¨¨ ,sg . The

result then follows directly

– from the commutation of Jacquet functors with the modulo l reduc-

tion and

– from the fact that the rlpπqt
1´s

2
`ku are pairwise distinct for 0 ď k ă

s so that the image under JPg,2g,¨¨¨ ,sg of πt1´s
2
uˆπt3´s

2
uˆ¨ ¨ ¨ˆπt s´1

2
u

is multiplicity free.

2.2.1. Notation. — We will denote rÐÝa1, ¨ ¨ ¨ ,ÝÑars% any irreducible sub-

quotient of the modulo l reduction of rÐÝa1, ¨ ¨ ¨ ,ÝÑarsπ.

Remark. If moreover the cardinal of the Zelevinsky line of % is strictly

greater than s, then, cf. [5], the modulo l reduction of r
ÐÝÝÝ
s´ 1sπ is ir-

reducible and non degenerate, i.e. r
ÐÝÝÝ
s´ 1s% is well determinate and non

degenerate.

2.2.5. Theorem. — Consider a maximal ideal m of TS such that

for all i, the Zl-module H ipXU,η̄,Zlqm is free. We suppose moreover

(H2) that the image of ρ̄m,w0 in the Grothendieck group is multiplic-

ity free. Then for all Zl-Harris-Taylor local system HT pπw0 , tq, the

H ipXU,s̄w0
, pj“tg!˚ HT pπw0 , tqqm are free.

Remark. In the previous statement, we just need the multiplicity free

part of (H2) as it is used in the previous lemma. Note moreover that, by

[7] §4.5, the multiplicity free hypothesis is necessary.

Proof. — First denote Scuspw0
pmq the set of inertial equivalence classes

of irreducible supercuspidal Fl-representations belonging to the super-

cuspidal support of the modulo l reduction of the local component at w0

of a representation Π in the near equivalence class Πm associated to m.
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We then consider the vanishing cycle spectral sequence at w0, localized

at m

H i
pXU,η̄w0

,Zlqm »
à

%PScuspw0
pmq

H i
pXU,s̄w0

,ΨI,%qm.

Then for every % P Scuspw0
pmq, the H ipXU,s̄w0

,ΨI,%qm are free. For πv of

type %, the strategy to prove the freeness of theH ipXU,s̄w0
, pj“tg!˚ HT pπw0 , tqqm

is then to argue by absurdity and to produce some torsion cohomology

class in one of the H ipXU,s̄w0
,ΨI,%qm. Let then t be minimal such that

there exists i ‰ 0 with

H i
pXI,s̄w0

,Ppπw0 , tqp
1´ t` 2k

2
qqm bZl Fl ‰ p0q

for 0 ď k ă t, and where Ppπw0 , tqp
1´t`2k

2
q is a graduate of some filtration

of Ψ%.

Consider for example the filtration constructed before using the ad-

junction j1ďh
! j1ďh,˚ ÝÑ Id. As remarked before, even at taking Ψ%_ and

its filtration constructed using Id ÝÑ j1ďh
˚ j1ďh,˚, we can suppose that

such i is strictly negative and we denote i0 such a minimal i.

By lemma 1.3.2, an irreducible GLdpFw0q ˆ Ww0-equivariant sub-

quotient of H ipXI,s̄w0
,Ppπw0 , tqp

1´t`2k
2
qqm bZl Fl is one of the modulo l

reduction of a representation we can write in the following shape
´

rÐÝa1, ¨ ¨ ¨ ,ÝÝÑai´1,
ÐÑ
1 ,
ÐÝÝÝ
t´ 1,

ÐÑ
1 ,ÝÝÑai`1, ¨ ¨ ¨ÐÝarsπ ˆΥw0

¯

b Lpπt
δ

2
uq

where the aj are some integers, Υw0 is an irreducible entire Ql-

representation whose modulo l reduction have a supercuspidal support

away from those of the previous segment and where

– the symbol
ÐÑ
1 before (resp. after) the

ÐÝÝÝ
t´ 1 can be

ÐÝ
1 or

ÝÑ
1 if

ři´1
j“1 ai ą 0 (resp.

řr
j“i`1 ai ą 0). We will denote moreover ai “

t` 1.

– Let denote
!

πtα
2
u, πtα

2
` 1u, ¨ ¨ ¨ , πtα

2
` t ´ 1u

)

the supercuspidal

support of
ÐÝÝÝ
t´ 1 inside rÐÝa1, ¨ ¨ ¨ ,

ÐÝÝÝ
t´ 1, ¨ ¨ ¨ ÝÑarsπ. The δ

2
“ α

2
` k where

k is the integer in Ppπw0 , tqp
1´t`2k

2
q.

Remark. In particular we can suppose that the previous k is equal to 0.

Consider then such an irreducible sub-quotient τ ˆ ψw0 b σ where
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– ψw0 (resp. σ) is any irreducible sub-quotient of the modulo l reduc-

tion of Υw0 (resp. Lpπt δ
2
uq), and

– τ is an irreducible sub-quotient of the modulo l reduction of some

rÐÝa1, ¨ ¨ ¨ ,ÝÝÑai´1,
ÝÑ
1 ,
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,ÝÝÑai`1, ¨ ¨ ¨ ÝÑarsπ.

By the previous lemma, we can recover the ai from τ .

Let show now that this τ ˆ ψw0 b σ is also a sub-quotient of

H i0pXI,s̄w0
,ΨI,%qm bZl Fl, which contradicts our hypothesis on m.

Let denore Filk´1
Ă Filk Ă ΨI,% such that grk “ Filk {Filk´1

»

Ppπw0 , tqp
1´t

2
q. By the hypothesis (H2), all the irreducible cus-

pidal Ql-representations π1w0
P ScuspFlp%q such that one of the

H ipXI,s̄w0
,Ppπ1w0

, tqp1´t`2k
2
qqm ‰ p0q is necessarily of %-type ´1. Then

in particular all the Harris-Taylor perverse sheaves Ppπ1w0
, t1q which are

sub-quotient of Filk´1, must verify t1 ą t. The spectral sequence which

computes H i0`1pXI,s̄w0
,Filk´1

qm bZl Fl thanks to a filtration of Filk´1,

allows to describe it as extensions between irreducible sub-quotients of

the modulo l reduction of some
´

rÐÝa1, ¨ ¨ ¨ ,ÝÝÑai´1,
ÐÑ
1 ,
ÐÝÝÝ
t1 ´ 1,

ÐÑ
1 ,ÝÝÑai`1, ¨ ¨ ¨ ÝÑarsπ1 ˆ ψw0

¯

b Lpπ1t
δ1

2
uq

with t1 ą t and where π1t δ
1

2
u belongs to the supercuspidal support of

ÐÝÝÝ
t1 ´ 1 in the previous writing. But using the inequality t1 ą t, we

see that τ can’t be a sub-quotient of the modulo l reduction of any

rÐÝa1, ¨ ¨ ¨ ,ÝÝÑai´1,
ÝÑ
1 ,
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,ÝÝÑai`1, ¨ ¨ ¨ ÝÑarsπ.

Now using the filtration Filk´1
Ă Filk Ă Ψ%, to conclude it suffices to

look at H i0´1pXI,s̄w0
,ΨI,%{Filkqm bZl Fl. For the Harris-Taylor perverse

sheaves Ppπ1w0
, tqp1´t`2k

2
q with t1 ą t we argue as before, and for the

others we invoke the minimality of t and i0.

2.3. From Ihara’s lemma to the cohomology. — Recall first that

X“d
I,s̄v0

“
ž

iPKer1pQ,Gq

X“d
I,s̄v0 ,i

,

and that for a GpA8q-equivariant sheaf FI,i on X“d
I,s̄v0 ,i

, its fiber at some

compatible system zi,I of supersingular points, has an action of GpQq ˆ
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GLdpFv0q
0 where GLdpFv0q

0 is the kernel of the valuation of the determi-

nant so that, cf. [3] proposition 5.1.1, as aGpA8q » GpA8,v0qˆGLdpFv0q-

module, we have

H0
pX̄“d

I,s̄v0 ,i
,FI,iq » ind

GpA8,v0 qˆZ
GpQq z˚i FI,i

with δ P GpQq ÞÑ pδ8,v0 , val ˝rnpδv0qq P GpA8,v0q ˆ Z and where the ac-

tion of gv0 P GLdpFv0q is given by those of pg
´ val det gv0
0 gv0 , val det gv0q P

GLdpFv0q
0ˆZ where g0 P GLdpFv0q is any fixed element with val det g0 “

1. Moreover, cf. [3] corollaire 5.1.2, if z˚i FI is provided with an action

of the kernel pDˆv0,d
q0 of the valuation of the reduced norm, action com-

patible with those of GpQq ãÑ Dˆv0,d
, then as a GpA8q-module, we have

H0
pX“d

I,s̄v0 ,i
,FI,iq » C8pGpQqzGpA8q,Λq bDˆv0,d ind

Dˆv0,d

pDˆv0,d
q0
z˚i FI,i (2.3.1)

2.3.2. Lemma. — Le π be an irreducible sub-Fl-representation of

C8pGpQqzGpAq{U v0 ,Flq. Denote its local component π̄v0 at v0 as πv0rssD
with πv0 an irreducible cuspidal representation of GLgpFv0q with d “ sg.

Then πv0 is a sub-representation of H0pX“d
Uv0 ,s̄v0

, HT pπ_v0
, sqq bZl Fl.

Proof. — Clearly we have πv0 Ă C8pGpQqzGpAq{U v0 ,Flq b π̄_v0
. The

result then follows from (2.3.1) and the definition of the Harris-Taylor

local system HT pπ_v0
, sq with support on the supersingular stratum.

2.3.3. Proposition. — Let m be a maximal ideal of TS verifying

(H1) and (H3), and let π̄ be an irreducible sub-Fl-representation of

C8pGpQqzGpAq{U v,Flqm. Then π̄8,v is a sub-Fl-representation of

Hd´1pXU,η̄v0
,Flqm.

Proof. — By [17] theorem 3.1.4, π̄v0 is associated, through modulo l

Jacquet-Langlands correspondence, to some superSpeh, Spehsp%q with

% an irreducible supercuspidal representation of GLgpFv0q with d “ sg.

Recall that H ipXU,s̄v0
,Ψ%qm is a direct factor of Hd´1pXU,η̄v0

,Flqm, so that

it suffices to prove that π̄8,v is a sub-Fl-representation of H ipXU,s̄v0
,Ψ%qm.

As in the proof of theorem 2.2.5 using now (H3), consider then

the filtration of Ψ% introduced before so that its graduates are some
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Harris-Taylor perverse sheaves of type % and whose m-localized co-

homology groups are free concentrated in degree 0. Note in par-

ticular that Ppπ_v0
, sqp s´1

2
q is its first graduate so that, using the

spectral sequence computing H ipXU,s̄v0
,Ψρqm with Ep,q

1 given by the

H ipXU,s̄v0
,Ppπ1v0

, tqp1´t`2k
2
qqm, we see that

H i
pXU,s̄v0

,Ppπ_v0
, sqp

s´ 1

2
qqm ãÝ|Ñ H i

pXU,s̄v0
,Ψρqm

with free cokernel, so that H0pX“d
Uv0 ,s̄v0

,Ppπ_v0
, sqp s´1

2
qqm is a subspace of

Hd´1pXU,η̄v0
,Flqm. The result then follows from the previous lemma.

The strategy now to prove Ihara’s lemma, under our restrictive hy-

pothesis on m, is then to prove the same statement on Hd´1pXU,η̄v0
,Flqm,

i.e. if π8,v0 is a subspace of it, then its local component π8,v0
w0

at the

place w0, is generic. Finally our Ihara’s lemma statement will follows

from proposition 3.2.2.

3. Non degeneracy property for global cohomology

3.1. Global lattices are tensorial product. — From now on we

suppose that ρm is absolutely irreducible.

3.1.1. Theorem. — (cf. [21] theorem 5.6)

As a TS,mrGalF,Ss-module,

Hd´1
pXU,η̄,Zlqm » σm bTS,m ρm,

for some TS,m-module σm on wich GalF acts trivially.

Remark. The proof is exactly the same than those of theorem 5.6 of [21]

so that we are reduced to prove that Hd´1pXU,η̄,Zlqmr1{ls is ρm-typic in

the sense of definition 5.3 of [21] which follows from [19] or [4]. Note

moreover that such result for d “ 2 goes back to Carayol in [13].

In particular we have the following property.

3.1.2. Proposition. — Let Π8,U b LgpΠ
_
v1
q be a direct factor of

Hd´1pXU,η̄v1
,Qlqm, and consider its lattice given by the Zl-cohomology.

Then this lattice is a tensorial product ΓG b ΓW of a stable lattice ΓG
(resp. ΓW ) of Π8,U (resp. of LdpΠ

_
v1
q).
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3.2. Proof of the main result. — Let Spmq be the supercuspidal sup-

port of the modulo l reduction of any Π
rm,w0 in the near equivalence class

associated to a minimal prime ideal rm Ă m. Recall that Spmq depends

only on m and by (H2) it’s multiplicity free, we decompose it according

to the inertial equivalence classes % of irreducible Fl-representations of

some GLgp%qpFw0q with 1 ď gp%q ď d:

Spmq “
ž

%

S%pmq.

For each such % we denote l1p%q ě ¨ ¨ ¨ ě lrp%qp%q ą 0 integers so that

S%pmq can be written as a disjoint union of rp%q unlinked Zelevinsky

segments

r%tδiu, %tδi ` lip%qus “
 

%tδiu, %tδi ` 1u, ¨ ¨ ¨ , %tδi ` lip%qu
(

.

An irreducible Fl-representation τw0 of GLdpFw0q whose supercuspidal

support is equal to Spmq, can be written as a full induced τw0 »
Ś

% τ%
where each τ% is also a full induced representation

τ% »

rp%q
ą

i“1

τ%,i

with τ%,i of supercuspidal support equals to those of r%tδiu, %tδi` lip%qus.

With the notations of 2.2.1, each of these τ%,i can be written as

τ%,i » r
ÐÝÝÝ
a1p%q,

ÝÝÝÑ
a2p%q, ¨ ¨ ¨ ,

ÝÝÝÝÝÑ
atip%qp%qs%.

3.2.1. Definition. — We say, cf. the remark following notation 2.2.1,

that τw0 is non degenerate if for all % and for all 1 ď i ď rp%q, then

τ%,i » r
ÐÝÝÝ
aip%qs%.

3.2.2. Proposition. — Let τw0 be an irreducible representation of

GLdpFw0q which is a subspace of

Hd´1
pXUw0 p8q,η̄w0

,Flqm :“ lim
Ñ

n

Hd´1
pXUw0 pnq,η̄w0

,Flqm.

Then πw0 is non degenerate.

Proof. — Note first that the supercuspidal support of τw0 must be Spmq.
The exhaustive filtration of Ψ%0 , cf. §1.5, whose graduates are Harris-

Taylor perverse sheaves, gives a filtration of Hd´1pXUw0 p8q,η̄w0
,Flqm,
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whose graduate are, thanks to theorem 2.2.5, the

H0
pXUw0 p8q,η̄w0

,Ppπw0 , tqp
1´ t` 2k

2
qqm bZl Fl

for πw0 P Scusp´1p%q with % such that S%pmq is non empty. Then τw0

must be a subspace of one of these graduates. We argue by absurdity

using the following lemma.

3.2.3. Lemma. — If ρ be a subspace of r
ÐÝÝÝ
t´ 1s%t´δ

2
u
ˆ ρ1 then with the

notation 2.2.1,

– if δ “ s´ t then ρ “ r
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,

s´t´1
hkkikkj

¨ ¨ ¨ s%;

– if δ “ t´ s then ρ “ r

s´t´1
hkkikkj

¨ ¨ ¨ ,
ÐÝ
1 ,
ÐÝÝÝ
t´ 1s%;

– otherwise, i.e. t´ s ă δ ă s´ t, then

ρ “ r

s´t´δ´1
hkkikkj

¨ ¨ ¨ ,
ÐÝ
1 ,
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,

s´t`δ´1
hkkikkj

¨ ¨ ¨ s%.

Proof. — The result is well known over Ql and we can easily argue in

the same way using

– the fact that all the %t1´s
2
`ku for 0 ď k ď s´1 are pairwise distinct

– and the property of commutation between the modulo l reduction

and the Jacquet functors.

Consider for example the case t´s ă δ ă s´ t. By Frobenius reciprocity

we see that the subspace we look for, is some undetermined irreducible

subspace of the modulo l reduction of r

s´t´δ´1
hkkikkj

¨ ¨ ¨ ,
ÐÝ
1 ,
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,

s´t`δ´1
hkkikkj

¨ ¨ ¨ sπ.

By convention, cf. notation 2.2.1, we denote such a subquotient

r

s´t´δ´1
hkkikkj

¨ ¨ ¨ ,
ÐÝ
1 ,
ÐÝÝÝ
t´ 1,

ÝÑ
1 ,

s´t`δ´1
hkkikkj

¨ ¨ ¨ s%.

Suppose now, by absurdity, it exists an irreducible supercuspidal Fl-
representation %0 such that τ%0 is degenerate and take i with

τ%0,i » r¨ ¨ ¨ ,
ÝÑa , ¨ ¨ ¨ s%0 ,

and let β P 1
2
Z such that %0tβu is the supercuspidal corresponding to

the end of the arrow ÝÑa in the previous notation. From proposition

3.1.2, we see that τw0 b ρm is a FlrGLdpFw0q ˆ GalpF {F qs-submodule

of Hd´1pXUw0 p8q,η̄w0
,Flqm. After restricting the Galois action to the Weil



28 BOYER PASCAL

group at w0, we see that τw0bLp%0tβuq has to be a of FlrGLdpFw0qˆWw0s-

submodule of Hd´1pXUw0 p8q,η̄w0
,Flqm and, as before, on one of the

H0
pXUw0 p8q,η̄w0

,Ppπw0 , tqp
1´ t` 2k

2
qqm bZl Fl

for πw0 P Scusp´1p%0q. Recall that this last cohomology group is parabol-

ically induced from

H0
pXětg

Uw0 p8q,η̄w0 ,1tg
,P1pπw0 , tqp

1´ t` 2k

2
qqm bZl Fl

where by lemma 1.3.2, every irreducible FlrPtg,dpFw0qˆWw0s-subquotient

of it can be written as r
ÐÝÝÝ
t´ 1s%0t´

δ
2
u b τ b Lp%0tαuq where τ is any irre-

ducible representation of GLd´tgpFw0q and α P 1
2
Z is such that %0tαu

belongs to the supercuspidal support of r
ÐÝÝÝ
t´ 1s%0t´

δ
2
u.

The contradiction then follows from the previous lemma.

Finally our restricted version of Ihara’s lemma given in the introduc-

tion, follows from propositions 2.3.3 and 3.2.2.

Remark. Note that in the previous proof we used the second part of (H2)

to say that the modulo l reduction of r
ÐÝÝÝ
s´ 1sπ is irreducible and so any

of its subspace is non degenerate, cf. the remark just before theorem

2.2.5. Using the main result of [9], we have this last property without

any hypothesis so, as this is the only place where we use the second part

of (H2), we can remove it.

3.3. Level rising. — Before dealing with the general case, consider

first the case d “ 2 and take l ě 3 such that the order of qw0 modulo l is

2. Suppose then, by absurdity, there exists a maximal ideal m such that

(a) for every prime ideal rm Ă m, the local component at w0 of Π
rm is

unramified;

(b) for such prime ideal, write Π
rm,w0

» χw0,1 ˆ χw0,2, and suppose

χw0,1χ
´1
w0,2

” ν mod l.

Using (a) and the spectral sequence of vanishing cycles at w0, we obtain

H1
pXU ,Flqm » H1

pX“1
U,s̄w0

,ΨpFlqqm

where X“1
U,s̄w0

is the ordinary locus of the geometric special fiber of XU

at w0. It’s well known that this cohomology group is parabolic induced.
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Moreover the only non degenerate irreducible representation of GLdpFw0q

which is a subquotient of the modulo l reduction of χw0,1ˆχw0,1ν is cus-

pidal, because of the fact that qw0 is of order 2 modulo l, this non degen-

erate representation can’t be a subspace of the induced representation

H1pXU ,Flqm. The contradiction then given by Ihara’s lemma.

In higher dimension, recall first the notations of the beginning of the

previous section. For a minimal prime ideal rm Ă m and an automorphic

representation Π P Π
rm in the near equivalence class associated to rm, we

write its local component at w0

Πw0 »
ą

%

Πw0p%q

and Πw0p%q »
Śrp%q

i“1 Πw0p%, iq where for each 1 ď i ď rp%q, the modulo l

reduction of the supercuspidal support of Πw0p%, iq is, with the notations

of the previous section, those of the Zelevinsky segment r%tδiu, %tδi `

lip%qus.

3.3.1. Proposition. — Take a maximal ideal m verifying the hypothe-

sis (H1) and (H2). Let %0 such that S%0pmq is non empty and consider

1 ď i ď rp%0q. Then there exists a minimal prime ideal rm Ă m and

an automorphic representation Π P Π
rm such that with the previous nota-

tion Πw0p%0, iq is non degenerate, i.e. isomorphic to Stlip%qpπw0q for some

irreducible cuspidal Ql-representation πw0.

Remark. In particular if Spmq “ S%0pmq and rp%0q “ 1, i.e. the super-

cuspidal support of the modulo l reduction of the local component at

w0 of any Π P Π
rm for any rm Ă m, is a Zelevinsky segment, then Πw0 is

non degenerate. This is the case considered in section 4.5 of [14]. In an

incoming work, we intend to explain how to rise the level simultaneously

for all 1 ď i ď rp%0q and all %0 together.

Proof. — For a minimal prime ideal rm Ă m and Π P Π
rm, we write

Πw0p%0, iq » Sts1pπw0,1q ˆ ¨ ¨ ¨ Stsapπw0,aq

where s1 ě s2 ě ¨ ¨ ¨ ě sa ě 1 and πw0,1, ¨ ¨ ¨ , πw0,a irreducible cuspidal

Ql-representations of type %0 of GLgipFw0q. We then argue by absurdity,

i.e. we suppose a ě 2 for all rm Ă m and we choose such rm so that s1 is
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maximal. The strategy is then, using lemma 3.2.3, to construct a degen-

erate FlrGLdpFw0qs-subspace of Hd´1pXUw0 p8q,η̄w0
,Flqm which contradicts

the genericness property of irreducible sub-modules of this cohomology

group as proved before. In [4] §3.6, we prove that for all minimal prime
rm1 Ă m

H i
pXU,s̄w0

, HTQlpπw0,1, tqqrm1 “ p0q

either if t ą s1 or for t “ s1, if i ‰ 0. Consider now the filtration

Fil´s1g1
˚ pΨ%0q ãÝ|Ñ Fil1´s1g1

˚ pΨ%0q ãÝ|Ñ Ψ%0

and recall that, by construction,

– Fil´s1g1
˚ pΨ%0q is supported in Xąs1g1

I,s̄w0

– gr1´s1g1
˚ pΨ%0q »

À

πw0PScusp´1p%0q
Ppπw0 , s1qp

s1´1
2
q.

By the theorem 2.2.5 we know the cohomology groups of Harris-Taylor

perverse sheaves to be free, so

– H ipXU,s̄w0
,Fil´s1g1

˚ pΨ%0qqm “ p0q;

– H ipXU,s̄w0
,Ψ%0{Fil´s1g1

˚ pΨ%0qqm is free.

Recall moreover, cf. [4] §3.6, that Πw0 b Lpπw0,1qp
s1´1

2
q is a direct factor

of

H i
pXUw0 p8q,s̄w0

, HTQlpπw0,1, s1qp
s1 ´ 1

2
qq

rm, .

Moreover the stable lattice given by the Zl-cohomology looks like
`

Γp%0, 1q ˆ Γ%0,1
˘

ˆ ΓW where

– Γp%0, 1q is a stable lattice of Sts1pπw0,1q,

– Γ%0,1 is a stable lattice of
`
Ś

%‰%0
Πw0p%q

˘

ˆ
`
Śrp%0q

i“2 Πw0p%0, iq
˘

,

– and ΓW is a stable lattice of Lpπw0,1qp
s1´1

2
q.

The result then follows from lemma 3.2.3.
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[23] M.-F. Vignéras. Induced R-representations of p-adic reductive groups.
Selecta Math. (N.S.), 4(4):549–623, 1998.

[24] A. V. Zelevinsky. Induced representations of reductive p-adic groups. II.

On irreducible representations of GLpnq. Ann. Sci. École Norm. Sup. (4),
13(2):165–210, 1980.

Boyer Pascal ‚ E-mail : boyer@math.univ-paris13.fr, Université Paris 13,
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