Markovian and product quantization of an R?-valued Euler
scheme of a diffusion process with applications to finance
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Abstract

We introduce a new approach to quantize the Euler scheme of an R%-valued diffusion process.
This method is based on a Markovian and componentwise product quantization and allows us,
from a numerical point of view, to speak of fast quantization in dimension greater than one since
the product quantization of the Euler scheme of the diffusion process and its companion weights
and transition probabilities may be computed quite instantaneously using a Newton-Raphson al-
gorithm. We show that the resulting quantization process is a Markov chain, then, we compute
the associated companion weights and transition probabilities (for the quantized process and for its
components) using closed formulas. From the analytical point of view, we show that the induced
quantization errors at the k-th discretization step ¢ is a cumulative of the marginal quantization
error up to time ¢;. Numerical experiments are performed for the pricing of a Basket call option
and a European call option in a Heston model to show the performances of the method.

1 Introduction

In is proposed and analyzed a Markovian (fast) quantization of an R%valued Euler scheme of a
diffusion process. However, in practice, their approach allows to speak of fast quantization only in di-
mension one since, as soon as d > 2, one has to use recursive zero search stochastic algorithms (known
to be very time consuming, compared to deterministic procedures like the Newton-Raphson algorithm,
see [7]) to compute optimal quantizers and theirs associated weights and transition probabilities. In
order to overcome this limitation, we propose in this work another approach to quantize an R%valued
Euler scheme of a diffusion process. This method is based on a Markovian and componentwise prod-
uct quantization. It allows again to speak of fast quantization in hight dimension since the product
quantization of the Euler scheme of the diffusion process and its transition probabilities can almost be
computed quite instantaneously using deterministic zero search algorithms.

In a general setting, the stochastic process (Xt)te[O,T} of interest is defined as a (strong) solution to
the following stochastic differential equation

¢ t
X = Xy —1—/ b(s, Xs)ds + / o(s, Xg)dWs, (D
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where W is a standard ¢-dimensional Brownian motion, independent from the R¢%valued random
vector X, both defined on the same probability space (€2, A, P). The drift coefficient b : [0, 7] x R? —
R? and the volatility coefficient o : [0,T] x RY — R*7 are Borel measurable functions satisfying
appropriate Lipschitz continuity and linear growth conditions (specified further on) which ensure the
existence of a unique strong solution of the stochastic differential equation. In corporate finance, these
processes are used to model the dynamics of assets for several quantities of interest involved the pricing
and the hedging of derivatives. These quantities are usually of the form

E[f(Xr)], T>0, 2)

or
E[f(X)|Xs=2], 0<s<t, 3)

for a given Borel function f : RY — R. For illustrative purposes, let us consider the following two
pricing examples which may be reduced to the computation of regular expectations like (2)). First,
consider the price of a Basket call option with maturity 7" and strike K, based on two stocks which
prices X' and X? evolve following the dynamics

{ dX} = rX}dt + oy X} AW} @

dX? = rX? + poaX2dW} + /1= p2 oo X2dW2,  te[0,T],

where 7 is the interest rate, 01,09 > 0, p € (—1,1) is a correlation term and W and W2 are two
independent Brownian motions. We know that the no arbitrage price at time ¢ = 0 in a complete market
reads

e TE[(wi1 X7 + we X7 — K)4] = e "TEF(X7), X = (X' X?), S

where the weights w; and wo are usually assumed to be positive and their sum is equal to one and
where the function F is defined, for every = = (z!,2%) € R?, by F(z) = (w1z' + wez? — K), . Keep
in mind that ;. = max(z,0), Vo € R.

The second example concerns the pricing of a call option with maturity 7" and strike K, in a Heston
model where the stock price .S and its stochastic volatility V' evolve following the (correlated) dynamics

{ dSt = TStdt + \/VtStthl (6)

dVy = k(0 — Vy)dt + poy/VidW} + /1 — p2o/VidW?, te]0,T].

In the previous equation, the parameter r is still the interest rate; x > 0 is the rate at which V' reverts
to the long run average variance 6 > 0; the parameter ¢ > 0 is the volatility of the variance and
p € [—1,1] is the correlation term. In this case, the no arbitrage price at time ¢ = 0 in a complete
market reads

e TE[(Sr - K)+] = e "TEH(X7), X =(S,V), (7)

where H(z) = (2! — K)4, for x = (2!, 2%) € R2.

In the general setting (in particular, in both previous examples (@)-(Z)) the stochastic differential
equation (1) has no explicit solution. Therefore, both quantities 2)) and (@) (in particular, the price
expressions (3) and (7)), which are problems of the first kind (8)) have to be approximated, for example,
by

E[f(Xr)] ®)

and
E[f(th+1)|th = :E] when t = t;,1 and s = t;, )

where (Xy, )k—o....n is a discretization scheme of the process (X;)¢>0 on [0, 7], for a given discretiza-
tion mesh (¢x)o<k<n. The Euler scheme is usually used. Given the (regular) time discretization mesh



te = kA, k = 0,...,n, A = T/n, the Buler scheme (X}, )x—0..n, associated to (Xt)tepp,] 1s
recursively defined by

th+1 = th + b(tk,th)A + U(tk7th)(Wtk+l - Wtk)’ XO = Xo.

In the sequel, when no confusion may occur, we will identify the value Y;, at time ¢, of any process
(Y}/k)ogkgn by Yk, k‘ = 0, R N

At this stage, the quantities () and @) still have no closed formulas in the general setting (for ex-
ample when dealing with a general local volatility model or stochastic volatility models as the Heston
model), so that we have to make a spacial approximation of the expectation or the conditional expec-
tation. This may be done by Monte Carlo simulation techniques or by optimal quantization method (in
particular, by the Markovian (fast) quantization method).

The Markovian (fast) quantization of the Euler scheme of an R%valued diffusion process has
been introduced in [8]]. It consists of a sequence of quantizations (X ,1; *)k=0,... n of the Euler scheme
(X%)k=o0,....n defined recursively as follows:

)20 = XO)
X5 = Projp, (Xg) and Xjp1 = E(Xp5 Zksr), k=0,...,n— 1,

where (Zi)p=1,...n is an i.i.d. sequence of N (0; I,)-distributed random vectors, independent of Xo
and
Ep(x, 2) = &+ Ab(ty, z) + VAo(ty,x)z, zeRY z2eRY, k=0,...,n—1.

The sequence of quantizers satisfies for every k € {0,...,n},
'y € argmin{ Dy (), T € R%, card(T') < Ny},

where for every grid I' C RY, Dy y(T) = E[dist()?tk ..-T)?]. However, this method allows fast
quantization (from the numerical point of view) only in dimension one. Otherwise, we are led to use
time consuming recursive stochastic zero search algorithms.

The aim of this work is to present another approach to quantize the Euler scheme of an R%-valued
diffusion process in order to speak of fast quantization in dimension greater than one. We propose
a Markovian and product quantization method. It allows us to compute instantaneously the optimal
product quantizers and their transition probabilities (and its companion weights) when the size of the
quantizations are chosen reasonably.

The method is based on a Markovian and componentwise product quantization of the process
(Xk)o<k<n. To be more precise, let us denote by Fi an NV ,f-quantizer of the /-th component X ﬁ of the
vector X}, and let f}g be the quantization of X ,ﬁ of size N ,f , on the grid Ff;. Let us define the product

quantizer I'y, = ®§l:1 I‘i of size Nj, = N,%x .. xN,f of the vector X}, as
Uy = {(ap™,. '), qpe{l,... N}, te{1,...d}}.

Then, assuming that X, is already quantized as X’O, we define the product quantization ()/ft . Jo<k<n Of
the process (X¢, Jo<k<n from the following recursion:

Xo=Xo, X{= Projpe (@), i =1,...,d

Xp= (XL, X} and X[, =&E(XpZi), i=1,....d (10)
Ef(w,2) = 2° + A (t, 2) + VA" (t, 7)|2), 2 = (21,...,29) € RY
r=(z',...,2%), b= (b',...,b%) and (o (t,7)|2) = >0 _ o™ (ty, x)z™.



First we will check that the sequence of quantizers (X' %)k>0 is @ Markov chain (see Proposition
[B.1). Then, the challenging question is to know how to compute its set values and their associated tran-
sition probabilities. Using the fact that the conditional distribution of the Euler scheme is a multivariate
Gaussian distribution and that each component of a Gaussian vector remains a scalar Gaussian random
variable, we propose a way to quantize every component X ﬁ of the vector Xy, for k = 0,...,n.
We then define the product quantization ()A( k)o<k<n of (Xg)o<k<n from the recursive procedure (I0).
Then, we show how to compute, for every k£ > 1, the transition probabilities (and the companlon
weights) associated to each component of the vector X &, for every k > 1 and to the vector X k itself.

When the components of the vector X}, are independent for every k = 0, ... ,n, the method boils
down to the usual product quantization of the vector X}, where each component is quantized from the
Markovian recursive quantization method (see [8])). In this case, the transition probability weight asso-
ciated to the vector X & 1s the product of the transition probability weights associated to its components.

The main problem arises when the components of X}, are not independent. In this work, we propose
a closed formula even in this case by relying to a domain decomposition technique.

To be more precise, set, for every k € {0,...,n},
I = {(i1,--iq), ie € {1,...,N{}} (11)
and for i := (i1,...,1q) € F, set
oho= (xp, . ahi, (12)

We will show in Proposition that the transition probabilities of the Markov chain (Xk)kzo
reads, for any multi-indices ¢ € .#}, and j =€ %}, 1,

P(Xkﬂ = wiﬂ’)?k = xk =E H ]l{g‘eJIO }(‘I’O(ﬂj(wi7 Q) — ‘I’O(aj(w27 C)))+ (13)
i€d?(xl)

where ¢ ~ N(0;I,—1). Forevery x € R?and z € R7 1,

oj(z,2) = max ( sup wk’fl (x,2), sup wkffr(w z))

z€J+(x) iel, (z)
and Bj(z,z) =min( inf :EZ%JF(:E, z), inf :L'Zi_ll_ (z,2)),
i€ (z) i€T; (z)
with the convention that Hie(/) =1, and,
W)y={re{l,....d}, o (ty,z) =0}

L) ={ea,....d}, o (tk,l' <0}
={¢{1,....d}, "ty x) >0}

The quantities miffl_ (z,z) and x kf;r (x, z) are precisely defined in Section Although if this for-

mula looks complicated, it is very important in practice. In fact, keeping in mind that the optimal
quantization grids associated to multivariate Gaussian random vectors (up to dimension d = 10) can
be downloaded on the website www . quantize.maths—fi.com, it is clear that (I4) can be com-
puted instantaneously using these optimal grids of multivariate normal vectors. Furthermore, Equation
(T4) allows us to deduce the weights associated to the product quantization Xk_l’_l, k=0,...,n—1,
since for every j € Zj.1,

P(XkH = :L'i_,’_l) = Z IP)(X'/,H_l = :Ei+l|)?k = xﬁg)IP’()?k = :L'%) (14)
€5



Formulas (I3)-(14)) are useful when, for example, we deal with the price of a Basket call like
Equation (3). In this situation, given a time discretization mesh ¢y = 0,...,t, = T, the price of the
Basket call option will be approximated by the cubature

e N F(ad) P(X, = a3,), (15)
JEIn
where P(X,, = ,) is computed in a recursive way, using equations (I3)) and (I4).

~ .

When the correlation coefficient p = 0 in @), the probabilities P(X,, = x7,) in the formula (I3)
will be computed in a simplified way. In fact, when the components of the vectors X}, are independent,
k =0,...,n, we show in Proposition 3.3] that the formula (I3) reads in the simplified form

d
- o .y o
P(Xit1 = o)y [ X = 2) = [[P(Xig1 = 2| X = 27)
/=1

(®o (75t (21,0)) — @o (275 (25, 0))),

I
E&.

~
Il
-

fori € S, j € Fpi1, where Pq(-) stands for the cumulative distribution of the scalar Gaussian
random variable.

We also compute the (transition) distribution of each component of the product quantizations. In-
deed, we show in Proposition 3.4 that for any ¢ € {1,...,d} and for every j, € {1,... ,leH}, the

transition probability P()N(ﬁH € Cj, (F£+1)|)A(k = ) is given by

- o , x —my(z},) x T = my ()
P(Xf,, =208 | X = ak) = c1>0< kel L > —c1>0< + : ., (16)
o VA op ()], VAof (2},

where mf (z) = x + b(tg, 2)A and |0t ()|, is the Euclidean norm of the ¢-th row of the volatility
matrix o (tg, ), for ¥ € R% We deduce immediately the formulas for the probabilities ]P’()A(: ,ﬁ 41 €
C,(Ti)) k=0,....n—1,j,€{1,...,Nf_,} using (I6) (and ().

Equation (L6) allows us to approximate the price of the call in the Heston model by

N
TN H@P)P(X) = ). (17)

j1=1

Another important issue form the analytical point of view is to compute the quantization error
bound associated to the Markovian quantization process. Using some results from [8], we show (in
particular, when N, ,f = Ny, for avery £ = 1,...,d) that for any sequence (ng)ogkgn of (quadratic)
Markovian product quantization of ()Z' k)o<k<n the quantization error || X} — ng ||, at step k of the

recursion, is bounded by the cumulative quantization errors v/d H)Z'p — X’}; P
precisely, one shows that for every k = 0,. .., n, for any ne (0, 1],

,.forp=20,... k. More

k
X5 = X5l < VA~ ap(b,o, A zo, )N, M,
p=0
where a, (b, o, A, zo,n) is a positive real constant depending on b, o, A, x¢, 1 (see Theorem 3.6l further
on for a more general statement).

The paper is organized as follows: in Section [2| we recall some basic results on optimal quantiza-
tion. Section [3]is the main part of this paper. We present the algorithm and show the Markov property



of the product quantization of the Euler scheme of a diffusion process. Then, we show how to compute
the weights and transition probabilities associated to the product quantizers and to its components. We
also show how to compute the optimal quantizers associated to each component of the Euler scheme
(keep in mind that this is the foundation of our method). Finally, we provide some a priori error bounds
for the quantization error associated to the Markovian product quantization and show that, at every step
discretization step g, this error is a cumulated (weighted) sum of the regular quantization errors, up
to time t;. In Section 4] we present some numerical results for the pricing of a European call Basket
option and a European call option in the Heston model.

NOTATIONS. We denote by M(d, ¢, R), the set of d x ¢ real value matrices. If A = [a;;] € M(d, ¢, R),
A* denotes its transpose and we define the norm [|A|| := \/Tr(AA*) = (37, ; a?j)l/z, where Tr(M)
stands for the trace of M, for M € M(d,d,R). For every f : R? — M(d,q,R), we will set

[flLip = sup, ., LE=LWL

Euclidean norm on R?. For every vectors z, y, the notation (z|y) denotes the dot product of the vectors
x and y. For a given vector z € RY and a matrix M € M(d, q,R), z* denotes the component i of z,
2Uk) the vector made up from the component j to the component  of the vector z and M () is the
vector made up from the component 5 to the component & of the i-th row of the matrix M and M% for
the component (7, 7) of the matrix M. The notation M stands for the i-th row of M. The function
®( will denote the cumulative distribution function of the standard real valued Normal distribution and
P, will stand for its density function.

. Forz,y € R, z Vy = max(z,y). If z € R%, |z|, will stand for the

2 Brief background on optimal quantization

Let (Q2, A,P) be a probability space and let X : (Q2, A,’) — R? be a random variable with dis-
tribution Px. The L"-optimal quantization problem at level N for the random vector X (or for the
distribution P x) consists in finding the best approximation of X by a Borel function 7(X) of X taking
at most IV values. Assuming that X € L"(IP), we associate to every Borel function 7(X) taking at
most N values, the L"-mean error || X — 7(X)||,, measuring the distance between the two random

vectors X and 7(X) w.r.t. the mean L"-norm, where || X||,. := (E|X ")Y/" and | -| denotes an arbitrary
norm on R%. Then finding the best approximation of X by a Borel function of X taking at most N
values turns out to solve the following minimization problem:

ens(X) =inf {| X — 7(X)|,,7: R = T,T Cc R%,|T'| < N},

where |A| stands for the cardinality of A, for A € R% Now, let T' = {z1,--- ,2x} C R? be a
codebook of size N (also called an N-quantizer or a grid of size N) and define a Voronoi partition
C;(T")i=1,... ; of R, which is a Borel partition of R? satisfying for every i € {1,--- , N},

. O P i s
Ci(D) c {z eR: |z — =] j:rlrl}.pN\x x|}

) )

Consider the Voronoi quantization of X (simply called quantization of X') by the /NV-quantizer I" defined
by

N
X =2 @il xeomy:
i=1

Then, for any Borel function 7w : R? — TI' = {21, --- , 2} we have

X —a(X)| > min_d(X,z;) = d(X,T) = |X - X" Pas

)

6



so that the optimal L"-mean quantization error ey (X)) reads

eny(X) = inf{|X — X"|,, c R% || < N}

T'CRY
ITI<N

1/r
= inf ( ) d(z, I‘)TdPX(z)> : (18)
R

Recall that for every N > 1, the infimum in (I8]) is attained at least one codebook. Any N-
quantizer realizing this infimum is called an L"-optimal N-quantizer. Moreover, when |supp(Px))| >
N then any L"-mean optimal N-quantizer has exactly size N (see [2]] or [6]). On the other hand,
the quantization error, ey ,(X), decreases to zero as the grid size N goes to infinity and its rate of
convergence is ruled by the so-called Zador Theorem recalled below. There also is a non-asymptotic
upper bound for optimal quantizers. It is called Pierce Lemma (we recall it below for the quadratic
case) and will allows us to put a finishing touches to the proof of the main result of the paper, stated in

Theorem 3.6

Theorem 2.1. (a) (Zador, see [2)[I0]). Let X be an R%-valued random vector such that B| X |+ <
400 for some n > 0 and let Px = f - \g + Ps be the Lebesgue decomposition of Px with respect to
the Lebesgue measure \g and Ps denotes its singular part. Then

i Ny, (P) = Q,(Px) (19)

with

=

1
~ ~ d F+ ~ r
Qr(Px) = Jra ( ) fd“d)\d) — Jra llFIMY €10, 400),
R

d+r

T . 1 d
Jr,d = ]bnzledeN,r(U([()’ 1] )) € (07 +OO)

where U ([0,1]%) denotes the uniform distribution over the hypercube [0,1]%.

(b) (Pierce, see [25]). Let n > 0. There exists a universal constant K. 2.d,n such that for every random
vector X : (2, A,P) — RY,

=

inf [|X — X", < Kgaqy00,(X)N~

(20)
ITl<N

where
72(X) = inf X~ Cl, < oo

From the Numerical Probability point of view, finding an optimal N-quantizer I' may be a chal-
lenging task. In practice (we will only consider the quadratic case, i.e. 7 = 2 for numerical imple-
mentations) we are sometimes led to find some “good” quantizations XT which are close to X in
distribution, so that for every continuous function f : R* — R, we can approximate E f(X) by

N

Ef()?r) = sz‘f(xz‘), (21

i=1

where p; = P(XT = z;). When we approximate E f(X) by (2I), this induced an error which bound
depends on the regularity of the function f (see e.g. [[7] for more details).

We recall below the stationarity property for a quantizer.



Definition 2.1. A quantizer I' = {x1,...,zx} of size N inducing the Voronoi quantization XTof X
is stationary if P (X € U;0C;(T")) = 0,P (X e C;(I")) > 0,i=1,...,N, and

E(XT{xec,m)) .
P(Xe C;(1)) ’

E(X|X") = XT P-as. = ;= =1,...,N. (22)
The notion of stationarity is related to the critical point of the so-called distortion function defined
on (RH)N by

Dyo(z) =E( min |X —z;]%) :/ € — zi’Px (d), = (x1,...,zy)€ (RHY. (23)
1<i<N Rd

As any grid of size at most /V can be “represented” by some N-tuples (by repeating, if necessary, some

of its elements), we will often put grids of all size N as an argument of the distortion function Dy y

as well as for its gradient and Hessian matrix when its Voronoi boundary is negligible. It is also clear,

from the definition of the quantization error, that

& X) = inf DNle...wN.

N72( ) (1,088 )E(RD)N ) ( ) ) )
Furthermore, the function D » is continuous and differentiable at any /N-tuple having pairwise distinct
components with a P-negligible Voronoi partition boundary and the following result makes this more
precise.

Proposition 2.2. (see [2]6]]) (a) The function Dy s is differentiable at any N-tuple (x1,...,z,) €
(RYN having pairwise distinct components and such that P (X € U;0C;(T")) = 0. Furthermore, we
have

D = 2 i — x)dP 24
Vvafen ) = 2 @ ex@) @)
- 2<P(Xe Cy(T))zi — E(Xﬂ{XeCi(p)}))izl e (25)

(b) A grid " = {z1,..., 2z} of full size N is stationary if and only if
P (XE U,GC,(P)) =0 and VDNQ (F) =0. (26)

(c) If the support of P, has at least N elements, any L?-optimal quantizer at level N has full size and
a P-negligible Voronoi boundary. Hence it is a stationary N -quantizer.

For numerical implementations, the search of stationary quantizers is based on zero search recur-
sive procedures like Newton-Raphson algorithm for real valued random variables, and some algorithms
like Lloyd’s I algorithms (see e.g. [I} Ol]), the Competitive Learning Vector Quantization (CLVQ) al-
gorithm (see [1]]) or stochastic algorithms (see [7]) in the multidimensional framework. Optimal quan-
tization grids associated to multivariate Gaussian random vectors can be downloaded on the website
Www.quantize.math-fi.com.

3 Markovian product quantization of an R%-valued Euler process

Let (X¢):>0 be a stochastic process taking values in a d-dimensional Euclidean space R? and solution
to the stochastic differential equation:

t t
X, = xg —I—/ b(s, Xs)ds —I—/ o(s,X,)dW,, xoeRY, (27)
0 0

8



where W is a standard g-dimensional Brownian motion starting at 0 and where b : [0, 7] x R% — RY
and the matrix diffusion coefficient function o : [0, 7] x RY — M(d, ¢, R) are measurable and satisfy
the global Lipschitz and linear growth conditions: for every ¢ € [0, T,

[b(t, ) = b(t, y)| < [bluip|lz -yl (28)
lo(t,z) —o(t,y)ll < [olLiplz -yl (29)
[b(t, 2)| < L(1 + |2]) and [lo(t,2)]| < L(1 + [z). (30)

L > 0. This guarantees the existence and pathwise uniqueness of a strong solution of (7)), adapted to
the (augmented) filtration of V. We also suppose that the matrix o is positive definite. Throughout the
paper we will suppose that R is equipped with the canonical Euclidean norm.

3.1 The algorithm and the Markov property of the quantized process

Recall that the Euler scheme of the stochastic process (X¢);>0 is defined recursively from the following
procedure:

th+1 = th + Ab(tk,th) + U(tkthk)(Wtk+1 — Wtk)a XQ S Rd,

where A = A, = % and t;, = kTT for every k € {0,--- ,n}. To simplify notations, we will often
set X, := X, to denote the process X evaluated at time t;. We also set by(z) := b(t,z) and
or(z) = o(tg,x) for * € R? Recall also that the operator associated to the conditional distribution of
Xk-i—l given X, = x is defined by

En(z, 2) ==z + Ab(ty, z) + VAo (ty,z)z, z€R? ze R

and that if 'y, is an N4 1-quantizer for X k+1, the distortion function Dk+1 associated to X k-1 may
be written for every k =0,--- ,n — 1, as

Di1(Tegr) = E((dist(Xpr1, Diqr)?)
= E[dist(gk(Xk, Zk+1),l“k+1)2]

where Zj 11 ~ N(0; ) is independent from Xj. The previous way to write the distortion function has
been used in [8] to propose a fast recursive (and Markovian) quantization of the Euler process (using
the Newton-Raphson algorithm for the numerical computation of the optimal grids) when d = 1. The
proposed algorithm extends to the dimension d. However, when d > 2, it makes use of stochastic or
Lloyd (fixed point) like algorithms. These algorithms are very time consuming so that we cannot speak
of fast quantization of the Euler process (X}) k>0 When d > 2. Our aim is to propose a faster way of
getting the optimal quantizers when d > 2.

Keep in mind that the conditional distribution of the discrete Euler process X is Gaussian and that
one of the properties of a Gaussian vector is that any sub-component of the vector remains a Gaussian
random vector. So, a natural alternative way to quantize the vector X, € R? is to quantize each
component X ﬁ by a grid Ff; of size N ,f, for £ = 1,...,d, and then to define its product quantization
X,’f associa}:[ed with the product quantizer I'y, = ®2l:1 Ff; of size Ny = N,ix e xN,f, as )/fk =
(XH, ... XD,

The question is now to know how to quantize the X,i’s. On the other hand, since the components
of the vector X, are not independent it is also a challenging question to know how to compute (from
closed formula) the companions weights and transition probabilities associated with the quantizations
of the X ,i’s and the vector X,. We describe below the componentwise recursive Markovian quantiza-
tion of the process { Xy, k= 0,...,n}.



It is clear that for every ¢ = 1,...,d, and for every kK = 0,...,n — 1, the transition operator
EL(w, ) associated with the distribution of X} 41 given X = x reads as

Ef(x, 2) = mi(z) + \/Z(aﬁ'(x)\z), zeRY, ze RY,

where
me(x) == ' + Aby(z).

For every k = 0,...,n, for every given ¢ € {1,...,d}, we denote by X ﬁ the quantization of X ﬁ
on the grid T'¢ = {wé i ep=1,...,N ,f }. We propose in what follows a recursive and componentwise
product quantization of the process { Xy, k = 0,...,n}. In fact, for every £ = 1,...,d, we denote
by Ff; an N ,f—quantizer (we suppose that we have access to it) of the /-th component X ﬁ of the vector
X}, and by X ,ﬁ, the resulting quantization of X ﬁ. Then, we define a componentwise recursive product
quantizer I'y, = ®2l:1 Ff; of size N;, = N,i X ... xN,gl of the vector X}, = (Xﬁ)gzl,wd by

Uy o= {2l ), e {1, Ni}, e {1,....d}}.

To define the Markovian product quantization, _suppose that X has already been quantlzed and
that we have access to the compamon weights IP’(X k= xk) i € S, where .#, and xj, are defined

by Equations (I1)) and (I2)). Setting Xt = Sk(X ks Zk+1) we may approximate the distortion function
Dt 141 associated to the /-th component of the vector Xt ki1 by

Dk+1(rk+1) = E[dISt(Xk+1’Fk+1) ]
= [dlSt(gk(Xk,Zk+1),ri+1)2]

> E[dist(E¢ (), Zit1), Tirr)*]P(X = 2},).
1€IL

This allows us to consider the sequence of product recursive quantizations of (X' k)k=0,-.- n» defined
forevery k = 0,...,n — 1, by the following recursion:

Xo = Xo, Xk—PI"OJFe( 0, 0=1,...,d,

Xp=(X} ... X} and X[, =& (Xk,ZkH) (=1,....d,

Ep(w,2) = my(x) + VAo (t, )]2), 2 = (2. )GR"

r=(al,... ,:L'd), b= (b',...,b%) and (UZ.(tk,:EHZ) =>4 _ o™ (ty, )™

where (Z)g=1,... n is i.i.d., N'(0; I,)-distributed, independent of Xj.

In the following result, we show that the sequence ()A( %)k>0 of Markovian and product quantiza-
tions is in fact a Markov chain. Its transition probabilities will be computed further on.

(€Y

Proposition 3.1. The process (X' k)k>0 is a Markov chain on RY,

Proof. Set 5k()/fk, Zp11) = (8;()?;@, Zia1)y .- ,Sg()?k,ZkH)), for every k£ > 0. Then, it follows
from the definition of X} that

o _ J -
X1 = ' § : xk"‘lﬂ{gk(XkkaJrl)EH? 1 C (Fk+1)}
JE€EIk+1

10



For any bounded function f : R — R, we have

Bl ) = Y E(flad)lg,,, o 1 %)
JE€EIpt1

_ J R v

= Y @ )E (ﬂ{suxk,zkmem;cjewﬁH)}'Xk)
JE€EIpt1

= > flag)hi(XR)

JE€EIkt1

where for every 2 € R,

d

hj(z) = P(Ex(x, Zer) € [] CThin)).
/=1

As a consequence, E(f()?kﬂ)\)?k) = gp()zk) so that (Xk)kzo is a Markov chain. O

Now, for a given componentwise (quadratic) optimal quantizers I'y, = ®?:1 Fi, let us explain
how to compute the companion transition probability weights associated with the quantizations of the
X .. s and the whole vector X.. We write all the quantities of interest as an expectation of a function
of a standard R?~!-valued Normal distribution. These transformations are the key step of this work.
In fact, since the optimal quantization grids associated to standard Normal random vectors (up to
dimension 10) and their companion weights are available on www.quantize.maths—fi.com,
these quantities of interest may be computed instantaneously using a cubature formula.

3.2 Computing the companion weights and transition probabilities of the marginal
quantizations

First of all we define the following quantities which will be needed in the sequel. For every k €
{0,...,n — 1} and for every j € .# 11 we set

Zyj( £7jZ_1 Zyj( gu]("’_l
Cj—1/2 Tpaq T T Cj+1/2 Tyt .
b /2 PkE1 k+1 Lot /2 _ Tkt k+1 with

012 x&N£+1+1/2 _
k+1 - ) k41 2 ’

k1 — 09 Tpi = 109,
and if ZI?ZQ) =z € Rt and z € RY, we set (if of! () # 0)

gbIe 2 mi(:n) - \/Z(U,(f’zq) (3:)|z)

év' - P k+1
wk—]i-ll (.1'72:) E \/Zdil(ﬂj‘)
0,04+1/2 2,2:
and :L,é,jz-i-(x 2) = %fl 2 - mi(iﬂ) - VA(O'I(C q)($)|z)
S VAol (z) '

We also define the hyper-bounds
- 0,2: L50—1/2 Cp+1/2
0 (x) = {z c R Y \/Z(U,(c q)(x)|z) € (x4 / —mﬁ(m),xkfl / —mi(z))}

and
) ={te{1,....d}, o' (x)=0}
I, (z) = {E e{1,...,d}, o*,l;l(:n) < 0}
Ii@)={te{l,....d}, ot (x) > 0}.

The following result allows us to compute (the weights and) the transition probability weights
associated to the quantizations Xy, £k =0,...,n.

11



Proposition 3.2. Let {X' i,k =0,...,n} be the sequence defined from the algorithm (31).
1. The transition probability P(Xk+1 = xiﬂ\)zk = xz) i€ Iy, jE Iy, is given by

P(Xkﬂ = xiﬂ\gk = 332) E H ]l{g“eJIO (@)} (‘I)O(ﬁj (%zﬁ)) - (I’O(Oéj(xzaC)))Jr (32)
L9 (x)

where ¢ ~ N (0;1,_1) and where for every = € R? and z € RI71,

oj(z,2z) = max ( sup xi’”l (z,z), sup xi’ff’(:n,z))
CeT (2) CeT; (x)
and Bj(z,z) =min ( inf 275N (2,2), inf 20 (2, 2)),
’ (Zeﬂg(x) ol ter; (@) " )
with the convention that [ [,cy = 1.
2. Foreveryj € Yy,
P(Xpp1 = hyy) = > P(Xps1 = o)y | Xk = ) P(Xy, = i), (33)
1€IL

where the conditional probabilities are computed using the formula (32).

Remark when d = 1, the results of Proposition coincide with the results of Proposition 4.1.

in [8]].

Proof. We will only show the first assertion. The second assertion is a consequence of the first one.

O+ é?]l+l/2 Oojo— 4,5e— 1/2
Let us set v =T and v =z . We have

!

~

DL
—
i><
™

P(Rysr = o[ K = ) = (89, 09) | Ry = o}

~
Il
-

(el Zin) € (97 0194)})

|
&=
T

I
~

—~ ~
=

&

(2:
(]lmi:l {gﬁ(xi7zk+l)e(Ul,jljvﬂjﬁ) }) |Zk+[{ )

= E(¥(a}, 259)),

—

where for every v € RI71,
d
= B( {mbte) + VB @24y + VBV @) € (01704}

Let us set

Agk - {mk + \/_O'k ( )Zk-i-l + \/_( (6,2:) ( )‘U) S (’Uz’jl_,vg’jz—i—)}.
We know that if ¢ € J9(z) then Ay = {u € Jg’jz(:n)} and we deduce that
9= T teen,wf(( N 400l 0 )

IS AE) (_eT, (x) el (z)

12



Notice that W (z,u) = 0if Ay or Ay, j is empty. Furthermore, we note that if £, € J (z), then

Z7
Ap g = {Zk—i-l € ($k+1 (z,u), xkil;_(ﬂf,u))}
and if /_ € J, (), then
b2 Z7
A k= {Zk—l—l € (%ffr(l’au) xk-ji—ll (w,u))}.
It follows that (having in mind that the sets J_ (z) or J;" (x) may be empty)
IP’(( ﬂ Agﬂk) N ( ﬂ Au,k)) = ]P’(Z,iﬂ IS ( Sup xf;’fl (z,u), in+f xf;f;r(x,u))
€T (z) 04 €T () (T} (z) ety @)

N( sup xf;’ffr(x,u), inf xi’f{(m,u))).
T (x) Led, ()

This completes the proof since 7 o1 ~N(0;Ip1). O

Now, we focus on in the particular case where the matrix o (¢, z), for (¢, z) € [0, T]xR?, is diagonal
with positive diagonal entries o**(t, a:)\, ¢ =1,...,d. The following result says how to compute the
transition probability weights of the X}’s. Let us set for every 2 € R?, every ¢ € {1,...,d} and

jg S {1,...,N£+1},

tge=1/2 Cjet1/2
xz’ﬂ (m O) = kiel " mi(w) and x&]z+(m O) . xk—]i—el /2 mi(m)
k1 \/Zag(x) k+l A \/Zaiz(x)

Proposition 3.3. Let {X' gk =0,...,n} be the sequence of quantizers defined by the algorithm (31
and associated with the solution (X}) of (Iﬂ[) Suppose that the volatility matrix o(t, z) of (X¢)i>0 is
diagonal with positive diagonal entries o’(t,z), £ =1,...,d. Then, the transition probability weights
P(XkH = xk+1|Xk =al), i € Iy, j € Iy, are given by

d
P(Xp1 = 2], | X = 2) = [[P(Xiy = 201 |X5 = 2}) (34)
=1
d
67 I
=TI [®o(z75 (21,0)) = Do (a7 (21, 0))], 39
=1
and the companions probabilities ]P)(Xk_i_l = xi +1) are given for every k = 0,...,n — 1 and every

J € Iy by

~

P(Xk.l,.l = a:iqul Z H N a:kf;r mk,O)) @o(mk’fl (a:k,O))]]P’(Xk =x}).  (36)
1€, (=1

Proof. 1. Set vbitt .= k’ff'lm and v0Je— = kf 1/2 Jforj € Fy1andl =1,..., d. Wehave
o~ . o~ . d ~ . . o~ .
P(Xpy1 = 2l | Xp = 2}) = p( M {XL € (05, b)Y} R, = g;;f)
Z_

d
= B[ (et Zu) € (59093,
(=1

13



Since forevery k = 0,...,n—1, o(t, =) is a diagonal matrix, it follows that the operators & (2%, Zj.11) =
El(at, Zﬁﬂ) for¢ =1,...,d, are independent, so that

E&

P(Xkﬂ = ‘Ti+1’5€k =) = ]P’(Sﬁ(xz, Z,§+1) € (vé’j‘_,vé’jﬁ))

~
I
—

[@0 (334" (2h)) — Ro(ayly (1))

I
:&

~
Il
i

The second assertion immediately follows. O

The following result is useful in the situation where we need to approximate the expectation of a
function of one component of the vector X, as for example in the pricing of European options in the
Heston model.

Proposition 3.4. Ler I w11 be an optimal quantizer for the random variable X ,f 41+ Suppose that the
optimal product quantizer Uy, for X}, and its companion weights IP’(X' = ZE}C), 1 € S, are computed.

1. Foranytl e {1,...,d}andany j, € {1,... ,N,fﬂ}, the transition probability weights ]P’()A(:,irl c
ng(riﬂ)\fk = z) are given by

B(XL,, € Cyy(Th )| K =) = @ xk’ffrm—mﬁ(xi) o gl Y2l () 37
k+1 Je\l k1) 1Ak = T) = 0 \/—|0( )| 0 \/Z|0'( )| .

2. The companion probability P()N(ﬁH € Cj,(T'k41)) is given, for every £ € {1,...,d} and for
every jy € {1,--- 7N1£+1}’ by

] x&jﬁ-l/? ( )
]P’(X1§+1 ECje(PiH)):Z [%( kJ\r/lzIU * () ];| )

1€,

Cie=1/2 _ 0o

x —my(x},) ~ .

— Py | AL * P(X, =zi). (38)
( VAloj ()], (i =i

Proof. 1. Forevery k € {1,...,n — 1}, forevery ¢ = 1,...,d and for every j, = 1,...,N,f+1, we
have

> % i Jet+1/2 Je—1/2
]P)(Xﬁ-i-l € Cjz(ri+1)|Xk = :Ek) = P(Xk+1 < xkil;— / |X = xk) P(Xk+1 < xk% / |Xk =T )
= (Ek(xk, Zk+1) < f]j’kﬂ_ll-i_l/2) (gk(xk7Zk+1) < .Z' 7]2 1/2)
Now, since Zj 41 ~ N (0; 1,), we have for every = € R,
7 (2:d
P(E(wk, Zi1) S w) =E (ﬂ{%(x Zii1) <x}’Zk+1)> E(¥(z,Z))

where Z ~ N(0;1,—1) and, for every u € R9"! and z € R,

U(z,u) = P(mi(z}) + VAo (a:k)ZkH + \/_ ,g zj)|u) < z)
0 \/Z Zl(

14



Temporarily set

agy = VAP (ty, 7)), o = Za§ and  b(z) =2 — my(},).

Note that, if Z ~ N(0;1,_1), then _\/Z(O_]iz,z;q) (z3)|Z) ~ N(0; PR azp) Consequently, making
a change of variable and using Fubini’s Theorem yields, for every = € R,

02
EV(z,Z) = a\/ﬂ/% +U>e_mdv
) +ov 1,2
= — e 2Yd
\/27‘1’/ > !

b(£)+au
N // e gy
= E( {VSb(z()Lzlo'W})
= P(anV — oW < b(z))

where V and W are two independent and standard scalar normal random variables. On the other hand,
since apV — oW ~ N(0; Alofe (24)]?), it is clear that

PlanV — oW < b(z)) = @O(W
Ok \T)l2

This completes the proof of the first statement.

2. We have for every k € {1,--- ,n —1},everyi =1,...,d, and every jy = 1,- - , Np11,

]P)(Xk—l—l €C;,(Thy)) = E[P(XI€+1 € Cjz(rkﬂ)\)?k)]

= Z ]P)()Zlg-‘,—l € le(Fi+1)]Xk = w;:c)]P)(Xk = x?c)
1€,

We complete the proof using the arguments of the first statement. O

Remark that, although the process ()A( % )k>0 is @ Markov chain, its /-th component process ()/f é)kzo
is not. We may however compute the transition probabilities

/ Z’,‘/ . . !
P(Xk+1_xk+1|x,§ =x,7"), 00 e{1,....d}, joe{1,....Ni}, je € {1,...,Nf L.

This is the aim of the following remark which follows from Bayes formula.

Remark 3.1. For £,/ € {1,...,d}, jo € {1,...,N{, } and jy € {1,..., N/}, we have

P(Xpy, = xk’fl‘Xk = x})

P(X{,, = abin | X)) = a2l 7)) = S 14, — P(X, =zi) (39
= P(Xﬁ =T L )
where the terms P(X), = zt), ]P’()Z',gJrl = a:k’i‘l]Xk = ) and ]P’(Xk = k’”') are computed from

B3), 37) and (38), respectively.
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As a matter of fact, applying Bayes formula and summing over i € .# yields:

Ag ) 7.]
(Rt tiige _ iy _ 5= PR = 2bde XU =2l Xy = ai)
( k+1 — wk‘—i—l’ k — k ) - Z ]P)(XZ’ - 7][’)
i1€.9, kE — Yk
P(X£+1 = wk’fl,Xk = x})

- Z 1 {iz’ =Jy }

i, ]Pz(XZ’ 7-7[’)

Yl —
_ Z - P(Xy, = $k+1|Xk - xk)]P’(X — )
{ig=ip} ]P)(Xgl Z 7][/) k= L
i1€9, kE

In the foregoing, we assume that we have access to the NV ,f-quantizers Fi of the ¢-th component X ﬁ
of the vector Xy, for every ¢ = 1,...,d. We show how to compute the distortion functions associated
with every component of the vector X k+1, k = 0,...,n—1. From the numerical point of view, this will
allow us to use the Newton-Raphson algorithm to cornpute the optimal quantizers associated to each
component X! [ {=1,...,d,of the vector X1, fork =0,...,n—1. Then, the quantization X k1

. . v (vl o
of Xk+1 is defined as the product quantization X = (X,,... ,Xk), where Xk = PrOinﬂ(XkH).

3.3 Computing the distortion, the gradient and the Hessian matrix associated to a com-
ponentwise quantizer

Our aim, for numerical computation of the componentwise optimal quantizations, is to use the Newton-
Raphson’s algorithm in RN% which 1nvolves the gradient and the Hessian matrix of the distortion
functions Dﬁ, k=20,...,n; ¢ = ,n. In the following, we give useful expressions for the

distortion functions 55, for their gradient vectors Vﬁﬁ and their Hessian matrices V2l~)£. We state
these results in the next proposition.

Above all, recall that forevery £ = 1,...,d, forevery k =0,...,n — 1,
Dk+1(rk+1 = Z E[d(5£(9527 Zk+1)7ri+1)2]P(Xk = 952)
1€,
and notice that using Proposition[2.2] the distortion function l~)£ 41 (Ff; 41) is continuously differentiable

as a function of the Ny i-quantizer I‘i 41 = {ajk T Je =1, N ,f +1} (having pairwise distinct
components so that it can be viewed as an N¢ . 1-tuple) and its gradient vector reads

VDi 1 (Thyy) = 2[ > E(ﬂ{g,g(m;;,zkﬂ)ecﬂ,(Fﬁtl)}(%’iﬂ &z}, Zk—l—l)))]p()?k = xi)]
Je=1

ZEJk k41

We recall that key point of our method is to deal with the product quantization of the components
of the process (Xy)o<k<n. From a numerical point of view, each component will be quantized using
the Newton-Raphson algorithm. To this end, we have to compute (explicitly) the distortion function
Eﬁ +1(+), the components of its gradient vector and the components its Hessian matrix. This is the
purpose of the following proposition. Its proof relies on tedious though easy computation. Therefore,
we have deliberately omitted the proof.

Proposition 3.5. Set vi’l(az) = VAcl(z), v,(f’z:q) (x) = \/Zal(f’zq) (z), = € R
a) Distortion. We have for every { = 1,... ,dand every k =0,...,n — 1,

k+1

Dk—i—l I‘k—t-l Z Z \I’éﬂf xka)]P()?k = 332), (40)
ZEJk Je= 1
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where ¢ ~ N(0;1,_1) and, for every x € R? and v € R,
Ve ()= ((mh() + (o @)u) = 232)” + 0 (@)°) (Bo (el (@,w) = B (o (@,w) )
+ 200 (@) (o7 = mi@) = (o (@)u) ) (@ (25 (@) = @ (@ w))

WAl 2 : ¢, :
Vg, (z)? ("Ek-]ffr( )@ ("Ek-]ffr(ﬂ%u)) _xk—ji-ll (2, u) <I>0(331c3f1 (5’37“)))-

b) Gradient. The components of the gradient Vﬁ,‘;Jrl(FiH) are given for every jy = 1,... 7N]f+1 by
8D/lH—l( k+1) . ~ .
g = 2 B, OJP(X = o), (41)
k+1 1€I),

where ¢ ~ N (0;1,-1) and, for every x € RY, for every u € RI71,
W, (@)= (i = mi(@)) (@015 (2. 0) = @ (e} ()
+”k7 '(a )(‘I’O(xkiefr(ﬂfau)) q’o(%’iﬂ (‘Tau))>'

c¢) Hessian. The sub-diagonal, the super-diagonals and the diagonal terms of the Hessian matrix are
given respectively by

0" Df 1 (Tf1) | o
% = Z E[\Ij]z Je— l(xyllcvg)]]P)(Xk = ZL'%),
8"’31#16 k’fl icr
k
82D£+1(F£+1) . N )
W - Z E[qjjz,]z-l-l(x%cvg)]P(Xk = ZE%),
k+1 k-l—l ie‘fk
82D£+1(F£+1) y . ~ )
and ——22p 5 = 3 B[ (e QP (X = af),

where ¢ ~ N(0;1,_1) and, for every x € RY, for every u € R171,

1 1 ¢ 1
W5, (@, u) = s (a2 — xkiel ) g ("Eki{l (z,u)),
k
1 1 egett 8 et
;/z,jz-i-l(xau) -1 571( )(xkill kill)q)o(xkia (x7u))7
Uk

\Ij;/z Jz( ) <I>0 ("Ek’—]i-zl—i_(x’ )) <I>0 (xkill (:E’u)) + \Iljz Je— 1(3: u) + \IIJZ JH—I( )

Once we have access to the gradient vector and the Hessian matrix associated with X ,f 41 and to the

optimal grids and companions weights associated with the X'p’s, p =0,...,k, it is possible to write
down (at least formally) a Newton-Raphson zero search procedure to compute the optimal quantizer
I‘i 41~ The Newton-Raphson algorithm is in fact indexed by p > 0, where a current grid T’ iﬁl is
updated as follows:

0p+1 ,
ka{ _ka-l (szk-l-l(Fk-i-l)) vDk+1( k+1) p=>1, (42)

starting from a Fiil € RVin (with increasing components).
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Remark 3.2. (Stationarity property) If Ff; 1 18 aquantizer for X ﬁ 4 andif X ﬁ 1 denotes the quantiza-

tion of )Afﬁﬂ by the grid Fi+1’ then P£+1 is a stationary quantizer for )Z',irl, means, E()Z'ﬁﬂ |X’,§+1> =

X’,gﬂ. Equivalently, this means that if F£+1 = {a:i’_jfl, je=1,... ,N£+1} with
Z . AN .
tis Yics, B(EL @k Zut) Ligt i 2 )e0;, (0t 1) P(Xk = })
bl = . 3)
e
Prt1
and  plf, = > P(ELh Zryr) € C (T ))P(Xk = 2}), do=1,..., Nipp.  (44)
1€

3.4 The error analysis

Our aim is now to compute the quadratic quantization error bound || X7 — )A(TH2 = | X, — )A(,E" Il,-
The analysis of this error bound is the subject of the following theorem, which is the main theoretical
result of the paper. We suppose that xp = Xo = Xj.

Theorem 3.6. Assume the coefficients b, o satisfy the classical Lipschitz assumptions @8), @29) and
@BQ). Let, for every k = 0,...,n, T'y be a Markovian product quantizer for Xy, at level Ny. Then, for
everyk =0,--- ,n, for any n €]0,1],
o k o d 1/2
HXk - ka ”2 S K276ta Z e(k_k )ECb’gak’ (b7 ag, tk? T/TL, Zo, L7 2 + T,) (Z(N]f’)_2/d> (45)
k=1 =1
where for every p € (2, 3],

(tg—tgr)

kT R HPAL K
ak/(b, o, tk,T/n,.Z'(),L76) - ecb,g P |:e(ﬁp+Kp)tk/’x0‘P 4 ¢ + Ky

kp + K ’

1
(e(np—ier)tk, _ 1)} b
with Cy 5 = [b]Lip + %[a]iip, Ky, = Ko, is a universal constant defined in Equation (20);

o ((9+ 1)(0 —2)
Rg = \————————

> + 29L> and Ko = 29—1L9(1 O+ A3—1>Eyzy", Z ~ N(0; ).

Before dealing with the proof let us notice that if we take the same grid size Nf = N, for every
¢ e {1,...,d}, the error bound (@3)) becomes

k
X5 — X1 ¥, < Koy Vd Z ap (b, o,ty, T/n, x0, L, 2 + U)N;j/d- (46)

k'=1

Proof. (of Theorem[3.6). Recall that for every k& > 0, X = ()/f R ,)A( g), where X ﬁ is the quantiza-
tion of the /-th component X ﬁ of the vector X,. Therefore, following step by step the proof of Lemma
3.2. in [8]], we obtain for every k > 1:

k
||Xk‘ - jzk‘”z S Z e(tk_tk’)cb,a H)?k’ o )?]l;k, H2’
k=1
where Cj, » = [b]Lip + % [a]%ip. Using the definition of X, combined with Pierce’s Lemma (of Theorem
211 (b)) yields for every k = 1,...,n, forany n € (0, 1],

d
_ ~ - 1/2
1% = Kl < el (37 )1%7 - K2)
/=1

k d

0, ~ B 1/2

< Koy Yo im0 (ST IRLIE,, (V) )
k'=1 /=1

18



Following the lines of the proof of Lemma 3.2. in [8]], we easily show that for every ¢ € {1,...,d},
1 XE, oy, < aw(b,0,t,, T/n, w0, L, 2+ n). Then, we deduce that

k d

. 1/2

1 Xk — Xk, < K, E 6(tk_tk')cb"’ak/(b, o,tk, T/n,xo, L,2 + T])( E (Nf;)_wd) .
k'=1 /=1

This completes the proof. O

4 Numerical examples

In this section, we illustrate the performances of our method through two examples. The first example
deals with the approximation of the price of a European Basket call option and the second one consists
in the pricing of a European call option in a Heston model. Computations are performed using Matlab
on a CPU 2:4 GHz and 8 Gb memory computer.

4.1 Pricing of a Basket call option

We consider a Basket call option with maturity 7" and with strike K, based on two stocks which prices
X' and X? and associated weights w; and ws. We suppose that X' and X? evolve following the
dynamics

{ dX} = rX}dt + o1 X} dW} 7

dX? = rX2 + poaX2dW} + /1= p2 oo X2dW2, t € [0,T),

where W and W? are two independent Brownian motions, 7 is the interest rate and p € (—1, 1) is the
correlation term. We know that in this case, the non arbitrage price at time ¢ = (0 in a complete market
of the call option is given by

e "TRF(X7), X = (X', X?), (48)

where the function F is defined, for every x = (z!,22) € R?, by F(z) = (wyz' + wer? — K),. We
choose w; = wy = 0.5. Using the Markovian product quantization, the price of the call option in the
Basket option is approximated by the cubature formula

e N F(al)P(X, = ). (49)
JE€ELn

We will consider two cases: the case where p = 0 and the case where p # 0. When p = 0, the
probabilities P(X,, = x7,) in (9) are computed using the simpler Equation (36)), otherwise, we rely on
Equation (33)). For the numerical experiments, we use the following parameters:

r=002, o;=04, 0,=025 Xi=100, X2=100, T =1,

and make the strike /K varying. In the correlated case, we choose p = 0.95. We put the length of the
time discretization mesh to n = 10 and take N; = No = 50. We consider that the reference prices are
those obtained from Ju’s approximation method (see [4]). The numerical results are depicted in Table
[[I (for p = 0) and in Table 2] (for p = 0.95). When p = 0, the results are obtained instantaneously (less
than 1 second) with associated absolute errors of order between 10~ and 10~2. The absolute error is
of the same order when p = 0.95. However, the computation time increases to 6.8 seconds.
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Strike reference | Quantization | Absolute error
K =90 15.8985 15.9216 2 x 1072
K =95 12.9066 12.9120 6 x 1073
K =100 | 10.3510 10.3315 1x1072
K =105 | 8.2122 8.1654 4 x 1072
K =110 | 6.4546 6.3797 7 x 1072

Table 1: Basket call option prices. Comparison of the reference prices (those obtained via Ju’s ap-
proximation method) and the Markovian and product quantization method for p = 0. We chose

N ,% =N, ,? =50, Vk = 1,...,n,n = 10. Computational time for the quantization algorithm: less than
1 second.
Strike reference | Quantization | Absolute error

K =90 18.7361 18.8135 8 x 1072

K =95 16.0167 16.0981 8 x 1072

K =100 | 13.6190 13.6767 5x 1072

K =105 | 11.5249 11.5533 2 x 1072

K =110 | 9.7114 9.7123 1x1073

Table 2: Basket call option prices. Comparison of the reference prices (those obtained via Ju’s ap-
proximation method) and the Markovian and product quantization method for p = 0.95. We chose
N,i = N,? = 50, Vk = 1,...,n,n = 10. Computational time for the quantization algorithm: 6.8
seconds.

4.2 Pricing of a European call option in a Heston model

In this example, we consider a call option with maturity 7" and strike K, in a Heston model where the
stock price S and its stochastic volatility V" evolve following the dynamics

{ dSt = TStdt + \/VtStthl

dVy = k(0 — Vy)dt + po/VidW} + 0

1—p2o/VidWg, te]0,T).

In the previous equation, the parameter 7 still is the interest rate; x > 0 is the rate at which V' reverts
to the long run average variance 6 > 0; o > 0 is the volatility of the variance and p € [—1, 1] denotes
the correlation term. In this case, the price of the call at time ¢ = 0O reads

e_TTEH(XT)v X = (Sv V)7 (51)
where H(z) = (2! — K)4, for x = (z!,2%) € R2.
Using the Markovian and product quantization method, the price of the call in the Heston model is
approximated as
Ny
Y Hw) P, = 2, (52)
j1=1
where P(X} = z17') is computed from formula (38).
For the numerical test in the Heston model we will use the following parameters:

r=001 k=4 6=009 0=02 p=-05 Sy=100 Vp=0.07119 T =1.

The number of time discretization steps 7 is set at 10. Since the pricing involves only the stock
process S and not the volatility V', we will assign more grid points to the quantization of the stock
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Figure 1: Distribution of the weights in the uncorrelated case at time t = T, N' = N? = 30.

process S than to the volatility V. More precisely, we take two grid points for the volatility process:
N,? =2,k =1,...,n and take N,% = 100 or N,% = 400, k = 1,...,n, for the sizes of the stock
process quantization. The results are depicted in Table 3] and Table d] where we compare the price
obtained by Markovian product quantization with those obtained using closed-form formulas in [3]],
considered as the reference prices.

When N ,% = 100, we obtain absolute errors (w.r.t. the reference prices) of magnitude between
10~ and 102, with computation times around 2 seconds.

When N ,% = 400, the computation times are around 19 seconds whereas the absolute errors are of
order 1072,

More generally, we can improve all the accuracy by increasing the size of the grids.

Strike reference | Quantization | Absolute error
K =100 17.3335 17.2658 6 x 1072
K =102.5 | 15.8694 15.8353 3x 1072
K =105 14.4935 14.4950 1x1073
K =107.5 | 13.2053 13.2436 3x 1072
K =110 12.0034 12.0788 7 x 1072

Table 3: Call price in a Heston model via closed formulas given in [3] (the reference prices) and the
Markovian product quantization method. N,' = 100, Vk = 1,...,n,n = 10. Computational time for
the quantization algorithm: 2.02 seconds.

21



Strike reference | Quantization | Absolute error
K =100 17.3335 17.3450 1x1072
K =102.5 | 15.8694 15.8721 1 x 1072
K =105 14.4935 14.4950 1x1073
K =107.5 | 13.2053 13.2131 8 x 1073
K =110 12.0034 12.0018 2x1073

Table 4: Call price in a Heston model via closed formulas given in [3] (the reference prices) and the
Markovian product quantization method. N ,i =400, Vk =1,...,n,n = 10. Computational time for
the quantization algorithm: 19.13 seconds.
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