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Abstract

This paper deals with a generalization of a result of Geometric Measure Theory: if a rectifiable
set is closed, then its Minkowski content is equal to its Hausdorff measure. This result is generalized
to an anisotropic and continuous perturbation of the Hausdorff measure. So, an adapted Minkowski
content is introduced and the proof that it is equal to the perturbed Hausdorff measure under the
same hypothesis of closure and rectifiability is given. This result is applied to the jump set of a
minimizer of a free boundary problem for the case where the Hausdorff measure of the boundary
is perturbed by an anisotropic and continuous function and a rigorous setting is given for the
approximation of an anisotropic version for the Mumford-Shah functional.

Introduction

For S C R™, the (n — 1)-dimensional upper and lower Minkowski contents of S are defined by

M*(S) —_ limsup L ({JT dlSt(x’S) < p})7 M*(S) — liminf L ({JT dlSt(J},S) < p})
p—0F 2p p—0+ 2p

)

where L™ is the Lebesgue measure. If M*(S) = M, (S), their common value, denoted by M(S),
is called the (n — 1)-dimensional Minkowski content. In [1] (Theorem 3.2.39), the following result
is given.

Theorem 0.1 (Federer). If S is a closed and (n — 1)-rectifiable subset of R™, then
M(8) =H"T1(9),
where H"~ ! is the (n — 1)-dimensional Hausdorff measure.

In this article, we focus on a class of anisotropic perturbation of H"~! defined on (n — 1)-
rectifiable surfaces S C R™ by

/ (M, )/ 2dH 1, (0.1)
S

where M : R" — S (R) is a continuous field of symmetric definite positive matrices, v is an unitary
vector orthogonal to the tangent plane of S. As S is rectifiable, then v is well defined H™!-almost
everywhere in S. In order to get an approximation of (0.1) which involves the Lebesgue measure,
as in Theorem 0.1, for any (z,v) € R™ x R, we consider the following Riemannian metric:

¢z, v) = (M~} (z)v,v)"/?
and for any (z,y) € (R™)? its associated integrated distance:

v € WHH([0; 1);R™),

: . ! dv\ ...
disty(z,y) = inf {/o 1) <’y, dt) dt: 4(0) = 2.4(1) = y } , (0.2)
disty(z,S) = inf{disty(x,y): y € S}.

Then, the associated anisotropic Minkowski (n — 1)-dimensional upper and lower contents are
defined by the limits
L7({x: disty(z, S) < p})

) L ({z: disty(z, S) < p}) -
Mi(9) =1 ; Mum(S) = liminf :
m(S) fm sup 2 m(S) = lim in 2%




If M3;(S) = M (S), we call their common value the (n — 1)-dimensional anisotropic Minkowski
content Mp(S). In this paper, we prove the following

Theorem 0.2. If S is a closed and (n — 1)-rectifiable subset of R™ and M : R* — SF(R) is
continuous, then we have

Mua(S) = / (M, )2 apn1,
S

where v is an unitary vector, normal to S.

A comparable result is given in [2] (Theorem 6.1) for S = OF and E is a set of finite perimeter.
In [3], the study focuses on anisotropic outer Minkowski content for the same class of sets. In our
case, S is not necessary the boundary of a set. This generalization is of interest for the case where
S is the jump set J,, of a function u with bounded variation as we will see in last section.

Our result allows us to extend a regularity result for free boundary problems to a larger class
of energies which involve a continuous perturbation of the Hausdorff measure. More precisely, as
it has been introduced in [4], u € SBV(Q) is an almost quasi-minimizer of a free discontinuity
problem if there exist ¢ > 1, @ > 0 and ¢, > 0 such that: if v € SBV(Q), B(z,r) C Q and
[w # v] C B(z,r), then we have

/ |Vw|*dz + H" " (i, 0 B(z, 7)) g/ Vol?de + oH" (J, N Bz,r) + car™ 1,
B(z,r) B(z,r)

where J,, is the jump set of u. The difference of this definition with respect to the classical notion
of quasi-minimizer consists in the coefficient o > 1 which allows bounded perturbation of H"!.
We prove the following

Theorem 0.3. Let M : R" — S (R) be continuous and u € SBV(2) be an almost quasi-minimizer
of a free discontinuity problem, then we have

MM(Ju):/ (M, ) /2 dHm .

Ju

This result is applied to the Mumford-Shah model in an anisotropic setting. Indeed, a minimizer
this model is an almost quasi-minimizer of a free boundary problem and the approximation result
of Theorem 3.1 is satisfied. In a joint paper [5], this is the key tool to perform a I'-convergence
approximation of our model.

In section 1, we recall some classical results of Geometric Measure Theory. Section 2 is devoted
to the proof of Theorem 0.2. In section 3, we give the proof of Theorem 0.3 and we apply this
result to give a rigorous setting for the approximation of an anisotropic Mumford-Shah model.

1 Geometric Measure Theory Framework

We adopt the notations:
o () for an open and bounded subset of R™,
e (v1,va) € R for the canonical scalar product of vy, vy € R™,
. /\?:_fvi € R"™ for the canonical vectorial product of vy,...,v,_1 € R™,
o |v| for the euclidean norm of v € R™,
o B(z,r) for the open ball in R™ with radius r and center z,
e M, (R) for the space of n x n real matrices,
o |IM|| for an induced norm of M € M, (R),
e SH(R) C M, (R) for the subset of symmetric definite positive matrices,
o GL,(R) C M, (R) for the subset of invertible matrices,
e 0,(R) C GL,(R) for the subgroup of orthogonal matrices,
o B(f) the class of Borelian subsets of €2,
e L" for the Lebesgue measure in R™,

o H* for the k-dimensional Hausdorff measure.



The geometric measure theory framework is mainly extracted from [1] and [2].

Definition 1.1 (Federer, 3.2.1). Let f maps a subset of R"~1 onto R", the (n — 1)-dimensional
Jacobian is defined by
=[N G
i=1 5931

whenever f is differentiable at a.

Theorem 1.1 (Area Formula, Federer, 3.2.3). Suppose f : R"~t — R"™ is Lipshitzian. If u is an
L integrable function, then

w(@)Jn 1 (f)(x)dL" (2) = > u(@)dH  (y).
/Rnﬂ 1 /R" zef~1{y}

We are interested in the class of subset of R™ which are (n — 1)-rectifiable.

Definition 1.2 (Federer, 3.2.14). The set E C R™ is (n—1)-rectifiable if there exists a Lipshitzian
function f : R"™1 — R™ mapping some bounded subset of R™ onto E.

The following result is useful to get an univalent parametrization of a rectifiable set.

Theorem 1.2 (Federer, 3.2.4). For every L"~1 measurable set A, there exists a Borel set
Bc An{z: Jo—1(f)(z) > 0}

such that f|g is univalent and H"~1(f(A)\ f(B)) =0

We say that ¢ : Q x R® — RT is a Finsler metric if ¢ is continuous and if there exists A, A > 0
such that, for any (z,v,t) € Q x R™ x R, it satisfies

oz, tv) = [tlo(z,v),  Alv[ < é(x,v) < Alvl.

We define the integrated distance associated to ¢ as

Y(e,y) € (RY)?, distq,(:c,y):inf{ / }(mjﬂ) s VLR, }

For any F C R", we define the associated diameter as
diamy (F) = sup{dist,(z,y): z,y € E}
and the associated k-dimensional Hausdorff measure by
'HZZ(E) = 51_1>r(r)1Jr inf {;: Z(diamw(Ai))k: EC U A;, Vi e I, diam,(4;) < 5}
icl il
where wy, is the volume of the unit ball in R*.

Theorem 1.3 (Bellettini). Let ¢ be a Finsler metric, then, for all Borel set E C R"™, we have

"(B(0,1
5 H"(Bg(,1))
where By (x,1) is the unit ball centered at x for the metric ¢.

2 Proof of Theorem 0.2

The proof is divided in two steps. First, we assume in section 2.1 that the metric does not depend
on x. Then, in section 2.2, we remove this assumption and we prove the Theorem 0.2 in the general
setting.



2.1 Homogeneous Case

In this section, we assume that the metric is homogeneous. So, we denote by M| its common value
and, for any v € R™, we set

do(v) = (Mg v, v)!/2, (2.1)
so that (R™, ¢g) is an Euclidean space. We prove the following

Theorem 2.1. If S is a closed and (n — 1)-rectifiable subset of R™ and My € St (R). Then we
have
MMO(S):/ (Mo, 1) V/2ayn,
s
where v is an unitary and normal vector to S.

We decompose the proof in three Lemmas. As My ! is symmetric positive definite, R” may be
viewed as an euclidean space according to the scalar product (M L -}. So, Theorem 0.1 may be
directly applied. The three following Lemmas consist in the change of variable from R™ endowed
with the scalar product (Mg ...} to R” endowed with the canonical scalar product.

Lemma 2.1. For My € S (R), ¢o defined by (2.1) and for any E € B(R™), we have

LM(E) = /det(Mo) M}, (E).

Proof. As My is a symmetric positive definite matrix, there exists P € O, (R) and ()\;);=1...n, such
that A\; > 0 for any ¢ € {1,...,n} and

M 0 - 0

M, = P 9 Az Pt (2.2)
: . w0
0 -~ 0 M\,

We denote by (¢;)i=1.., the canonical basis of R™, then (v/A\;Pc;)i=1.., is an orthonormal basis
for the scalar product (Mg 1.).). So, the linear application L : R" — R™ characterized by L(c¢;) =
VAiPec; for any i € {1,...,n}, is an isomorphism which satisfies L(B(0,1)) = By, (0,1) and

det(L) = y/det(Mp). It gives

£7(By, (0,1)) / det(L)|da,
B(0,1)

—  Jdet(My) L7 (B(0,1))

According to isodiametric inequality (see 2.10.35 in [1]), we have H™ = L™ and then, for any
E € B(R"™), Theorem 1.3 yields

L"(E)
HE (F) = ———.
%o ( ) v det(Mo)
which concludes the proof of Lemma 2.1. O

Setting e; = v/A;Pc;, then (e;);=1,..» is an orthonormal basis of R™ for the scalar product
(Mal-,->. In the Euclidean space R",¢¢), the vectorial product of (v;);=1,.. n—1, denoted by
/\Z;;:lvi, is characterized by the following equality

<M61V1,61> <M61Vn_1,61> <MO_1W,€1>

Mytvien) oo (My'va_i,en) (Mylw,e,)
which must be true for any w € R™.

Lemma 2.2. If My € S} (R) and ¢o defined by (2.1), then we have

/\n—l v, MO(/\;:llvi).
®0,i=1 det(Mo)



Proof. As P € O,(R), then (Pc;)}_; is an orthonormal basis for the usual scalar product and, for
any w € R, we have

(vi,Pc1) ... (vp—1,Pc1) (w,Pcy)
' . ' = (AN, w)
(v1, Pcn> . <Vn,1., Pec,)  (w, Pcn>
According to (2.2), for any v € R™, we have
(v, Pei) = V(MG v, i Pes)
and then
Mglvier) ... (Mglva_i,er) (Mglw,ep)
N oM (MoAT ) ).
<M51;71, en) ... (Malv.n_l, en) (Mo_l.w, €en)

According to (2.3), it concludes the proof of Lemma 2.2.
O

As for the vectorial product, we may define an anisotropic (n — 1)-dimensional Jacobian by

—1 af

$0,i=1 0x;

3@ = A @)

whenever f is differentiable at a. The following result is a straightforward consequence of Lemma
2.2

Lemma 2.3. Let Mg € S (R) be fized and ¢o defined by (2.1), then we have

010 ey (0 (N 800) N )

Now we give the proof of Theorem 2.1.

Proof. Let S be a (n — 1)-rectifiable closed set. As L, introduced in the proof of Lemma 2.1, is an
automorphism, then S is also (n — 1)-rectifiable and closed for R endowed with the scalar product
(M., ). According to Lemma 2.1, we have

L7 ({x: distg, (z,5) < p})
2p

_ ety e diSt;’;(x’ S)<ph) (2.4)

We may apply Theorem 0.1 in the euclidean space (R™, (M-, ")), it gives

O (fa: disty, (,5) < p})
lim
p—0+ 2p

=H7(S). (2.5)

As S is rectifiable, there exists a Lipschitzian function f : R*~! — R” and a bounded subset
A C R"! such that S C f(A). According to Corollary 1.2, there exists a Borel set

BC AN {z: I3°,(f)(w) > 0}

such that f|p is univalent and H"~1(f(A) \ f(B)) = 0. We denote by C' = f~1(S) N B and then
Hgo_l(f(C)) = ’Hgo_l(S) As f| is univalent, according to Area formula 1.1 with u = 1¢, we have

() = [ 3 (@ (26)



For any 2 € C we have J®° | (f)(z) # 0 which implies that %(w), o 630‘9111 (z) is free and then
Jn—1(f)(x) # 0. According to Lemma 2.3, we may write

w0 i @) )
Jnfl(f)( ) - Jn—l(f)(x).]nil(f)( )a
7'7,—1 of T n—1 9f x 1/2
_ 1 <M Alillax,( ) /\1 11 d:cz( ) > Jn71(f)($)~
det(Mo) ‘/\?zl aagi (z) ‘ ‘/\7 1 aai m)‘

We set
1/2

—-10 —-10
u(w) = <M NIEE@ | NS >
-1 9 190
’/\?:1 ax{ T ’ ‘/\:L 1 ag, 1’)‘

According to Lemma 3.2.25 in [1], we have u(z) = (Mov(f(x)), v(f(x)))"/? where v(f(z)) is an
unitary and orthogonal vector to f(C) at f(z). Applying Area formula 1.1, this time in R” endowed
with its canonical euclidean structure, gives

b0 — 71 ulx x)dx
/C 3 (H@)de = W / ()T (F)(2)da,

= — / (Moyv, v) 1/2d7-l” L

w/de
o D J Mo

According to (2.4), (2.5) and (2.6) we may conclude

lim L7 ({x: distg, (z,5) < p})
p—0+ 2p

I/Qdanl'

= / (Mov, v)!/2dH" L.
s

2.2 Inhomogeneous setting

In this section, we remove the homogeneity assumption and, using a piecewise constant approxi-
mation of M, we prove Theorem 0.2. The proof is divided in three Propositions.

Proposition 2.1. Let M be as in Theorem 0.2. Then, for any compact neighborhood C' of S, there
exists A\, A > 0, such that the following ellipticity condition is satisfied for any (x,v) € C' x R"

Av[? < (M(z)v,v) < Alv[.

Proof. As M(z) is symmetric positive definite for any = € C, there exists A(z), A(z) > 0 such
that, for any v € R", we have

M)V < (M(2)v, v) < A(z)|v]*.

As M is continuous, the previous inequalities remain true in any compact C' with (A, A) only
depending on C. O

Proposition 2.2. Let S and M be as in Theorem 0.2. Then, we have
M3 (S) < / (M, )2 dp" L.
s

Proof. We may assume that [ s (M, V)1/2dH"~1 is finite, otherwise the result is ensured. Let C
be a compact neighborhood of S. Let § > 0 be fixed. As M is continuous, there exists n > 0 such
that

lz—yl<n = [M(z)-M(y)| <o (2.7)



for any (z,y) € C?. According to Proposition 2.1, there exists A > 0 such that

AI/Zanl(S)S\/<MV7V>1/2danl
S

and then H"~1(S) is also finite. For t € R and i € {1,...,n}, we set Il = {zx € C: (z,e;) = t}.
Thus, for k& € N fixed, {t ER: HH(SNILE) > %} is finite and then, for any i € {1,...,n}, the
set {t € R: H"1(SNII) > 0} is at most countable. So, if we consider the cubes with its faces
orthogonal to the vectors of the orthogonal basis, there exists a partition I of C' by cubes with
diameter less than 7, such that for any K € KC, we have

HH(SNOK) =0. (2.8)
For any K € K, we fix ax € K and, for any (z,v) € K x R", we set
M{(z) = M(ax), (2.9)
$(x,v) = ((M(ax)) " v, v).
For K € K and r > 0, we set K, = {x: dist(z,0K) < r}. We have the following decomposition

Mig(8) < 3" Mu(SNE)+ D Mig(SN(K\K,)). (2.10)

Kek KeKk

In Claim 1 and Claim 2, we will determine an upper bound for the two previous sums.

Claim 1: We have

S M (SNE,) <ATEAYE N HHS N K.
KeK KeK

According to Proposition 2.1, there exists A > 0 and A > 0 such that, for any (z,v) € C x R",
we have ) )
A7z v < (M(z) v, v)V2 < A2yl (2.11)

Let (z,y) € C? and v € WH'([0; 1]; R™) such that v(0) = x and v(1) = ¥, then we have

1 1 1
a7t [Tplars ot <ot [Cpae
0 0 0

According to (0.2) and (2.11), for any (x,y) € C?, it gives
A_%dist(x,y) < disty(z,y) < )\_%dist(m,y) (2.12)

and then, for any x € C, the following inclusions are satisfied

B(z,\"/?) C By(x,1) C B(z,AY?).
For any z € C, , as H"(B(z,t)) =t"H"(B(0,1)), we get
A-% < H™(B(0,1))
~ H(By(x,1))
and with Theorem 1.3, for any E € B(C), it yields

A"H(E) < HL(E) < A 2H"(E).

|

<ATE

Moreover, (2.12) implies {z: disty(x,S N K,.) < p} C {z: dist(z,S N K,) < AY/2p} and then we
have

Hy({x: disty(2, SN K,) < p})

My (SNK,) = limsup ,
p—0~+ 2p
n n({x: dist K, Al/2
et ey P i, S0 ) < V)
p—0+t 2p

IA

ATEAVZMA(SNK,).

7



As S is closed and (n—1)-rectifiable, so is SN K,.. We may apply Theorem 0.1 to get M*(SNK,) =
H" (SN K,) and Claim 1 is proved.

Claim 2: We have

Z M (SN (K\K,)) < (1+9’5)/ (M, )2 a1,
S

Kek

where 0" is a constant which depends only on the restriction of M in C.

Let C be a compact neighborhood of S. As M is continuous, then there exists a constant
m > 0 which depends only on C such that, for any (x,y) € C?, we have

M~ (2) = M~ (y)]| < m|M(z) - M(y)]-

Let (z,y) € C? and v € WH'([0;1]; C) such that v(0) = 2 and (1) = y, according to (2.7), we
have the inequalities

IN

/1 (M1 () = MH (), 9)
o (M~

1 1
. 1/2 Ar—1 Lo\ 1/2
[y ot e [E I T

/1 M () = M )
~ Jo (M), 7>1/2 + (M1 (7)5, 9)1/2

mo 1
< 2A_1/0 (¥, )/ =dt,

1

mé ~

< — M~ (7)%,4) Y/ 2dt.
S ot M~ (7)1,7)

We denote by 0', it gives

1 1
/ <M1<v>m>1/“’dt’ < (1+0'9) / (M~ (7)3,9) "t
0 0
so that
{x: disty(z, SN (K \ K,)) < p} C {x: distz(z, SN (K \ Ky)) < (1+ 6'5) p} , (2.13)
and then

Mig(S 0 (K N\ K,) < (1+06)M (S0 (K \ K,)). (2.14)

As 55 is an homogeneous metric in a neighborhood of K \ K, as in Section 2.1, we may apply
Theorem 2.1 to obtain

MK\ K) = [ (M, v) /23!
SAR\EK,)
and
ME (S0 (K \K,) < / (M, ) /2dHn .,
SNK
According to (2.14), we get

S Min(S0 (K \ K,)) < (1+9’5)/ (M, )24,
S

KeKk
so it concludes the proof of Claim 2.
Applying Claim 1 and Claim 2 to the decomposition (2.10), we have
Mia(8) < AEAV2 S Hn=U(S O K,) + (1 + 9'5)/ (M, )1/ 243
Kek o

Taking the limit r — 0% gives



Mia($) <A EAV2 Y 11 (SN OK) + (1+ 9’5)/ (M, ) 1/2dH" 1.
Kek o
Applying (2.8), and then taking the limit as § — 07 concludes the proof of Proposition 2.2

M’M(S)S/<MV,I/>1/2C1,H”71.
S

Proposition 2.3. Let S and M as in Theorem 0.2. Then, we have

Mona(S) > / (M, )12 11
S

Proof. Let § > 0, n > 0 and K as in (2.8) and (2.9). For r > 0 and K € K, we still set
K, = {x: dist(z,0K) < r}. As K is finite and
(K,L)e K>, K #L = dist(K,,L,) >0,

then we have

M (S) = Y Mum (SN (K \ K,)) (2.15)
KeKk

With the same proof as for (2.13), we have
{z: distg(x,Sﬂ (K\ K;)) < p} C{a: distg(z, SN (K\ K,)) < (1+608)p}
and then
L({z: distz(z, SN (K \ K;)) < p}) _ Lr({a: disty(z, S0 (K \ K,)) < (1+6'8)p})
2p - 2p
Passing to the liminf with p — 07 gives

M (SN(EN\K)) < (1406 Mam(S N (K K,)).

As M is constant in a neighborhood of K \ K, as in Section 2.1, we may apply Theorem 2.1 to
obtain

M (SN (K\ K,)) :/ (M, v)1/2apm1.
SN(K\K,)

According to (2.15), we get

M (S)

Y

(1+606)7" Z/ (M, v)/2an" 1,
Kex Y SNE\K;)

Y

(1+9/5)—1/ <MV, V>1/2d7'ln_1,
SNnC,.

where we have set C, = (Jcc (K \ K,). Remark that

rn<ry, = C.CCn, UCT:C\<U8K>

r>0 Kek

so, we have

lim <MV, )V 2Apn—t = / <MV, s (YA
r—=0t Jsno, S\UOK
As H""Y(OK) =0 for any K € K (2.8), then
lim <Mz/, V2apn—t = / (Mz/, )V2apnL,
r=0% Jsnc, 5

We deduce that

Mom(S) > (1 + 9'5)_1/ (M, V) /2q1n !
s

and passing to the limit for  — 07 and then for § — 0% concludes the proof.



3 Regularity result for almost quasi-minimizers of a free
boundary problem

The standard functional framework is the theory of functions with bounded variation and in
particular the special set of functions with bounded variations SBV that may be found in [6].

3.1 Definition and main result

In [7], it is proved that if w € SBV(2) is a minimizer of the well known Mumford-Shah functional
Bu) = / (u— g)2dz +/ Ve + 1 (),
Q Q

where J,, is the jump set of u, then we have H"~1(.J,) = M(J,). We want to get the same result
when H"~! is perturbed by an anisotropic and continuous function. So, for u € SBV(Q2) and
B(z,r) C Q, we set

Fu, 0, B(z,7)) = / Vul2dz + o1 (Ju A Bz, 1),
B(z,r)

In [4], the following definition is introduced.

Definition 3.1. For o > 1, a > 0 and ¢, > 0, we say that w € SBV(Q) is a (0, a, cq)-almost
quasi-minimizer of a free discontinuity problem, if there exists a > 0 and co, > 0 such that for any
v € SBV(QY), we have

[w+#v] C B(x,r), Blz,r)cQ = F(w,1,B(z,7) < F(v,0,B(z,7)) + cqr .

The main result we introduce in this section is the following.

Theorem 3.1. Let M : Q — S} (R) be continuous and u € SBV(Q) be an almost quasi-minimizer
of a free discontinuity problem (3.1), then we have

MM(JU)Z/ (M, v )2 dH™ 1

u

3.2 Proof of Theorem 3.1

To prove Thorem 3.1, we need the two following regularity results for the jump set of almost
quasi-minimizers which are extracted from [4].

Theorem 3.2. Let u be an almost quasi-minimizer of a free discontinuity problem, then
H* T (Ju\ Ju) =0.

Theorem 3.3. There exist constants 3, po such that for every (o,q,c,) almost quasi-minimizer
u, for every x € J, and for every 0 < p < py such that B(z,p) C Q, we have

H' (T 0 Bz, p)) > Bp™ 1.

First, we prove the following

Lemma 3.1. Let u be an almost quasi-minimizer of a free discontinuity problem (5.1), then for
any compact set K C J, N, we have

M;A(K)g/ (M, va) /2 dHm.
J.

u

Proof. We may assume that [ 5 (M, v )Y/ 2dH™ 1 is finite, otherwise the result is ensured. Ac-
cording to Proposition 2.1, we have

Al/QHn—l(Ju) S/ <MVu,Vu>1/2dHn_1
JuNK
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so, H"~1(J,) is finite too.
According to [8], Section 5.9, the set J, is rectifiable up to a H" ‘-negligible set A'. More
precisely, there exists a countable family (K;);cn of compact Cl-hypersurfaces such that

Ju:NU<UKi>,

i€N

where H""1(N) = 0. Let K C J, N be compact, we have the decomposition

K:[Kﬂ(Ju\Ju)]u[KqujKi]u Kn G K;| U[KNN].

i=1 i=q+1

Theorem 3.2 gives H" 1(K N (J, \ Ju)) = 0. Let 6 > 0 be fixed. As H"~!(J,) is finite, there
exists ¢ € N such that

(oo}
H U Kn | K| <o (3.1)
1=q+1
In the sequel, we omit the dependance with § for the sake of simplicity. We set S = K N ngl K;
and for A C R™ we adopt the following notation

A, = {z: disty(z, A) < p}.

Let 7 > 0 and p > 0 be fixed, we decompose K = (K \ S;,) US;, and set £ = K \ S;,. So, we
have
K,CE,U S(1+T)p,

and then
‘Cn(Kp) < En(Ep) + En(S(l-‘r‘r)p)'

20 7 2p 2p
The rest of the proof consists in computing an upper bound, when p — 0%, for the two terms in
the right hand side of (3.2). As S is a closed and rectifiable set, Theorem 0.2 gives

(3.2)

LS4,
lim M — (1 + 7—)/ <MVu7Vu>1/2dHn_1
p~>0+ 2,0 S
and then o
lim £504m0) _ (1+7) / (Muy, ) /2dH" L (3.3)
/)—>O+ 2p Ju

In the fourth following Claims, we prove that lim sup %fp) converges to 0 when 0 converges

to 0. The main tool is the regularity result given by Theorem 3.3.

Claim 1: There exists p € N and z1,...,2, € ENJ, such that E C \J!_, By(z;, 7p) and

(i,5) €{l,...,p}%i#7 = disty(xs,x;) > 7p. (3.4)

We construct (x;); by an iterative way and we show that the number of iterations is finite.
If E = (), then the result is obvious. Otherwise, there exists #; € E. As E C J,, there exists
(yx)r C Jy converging to 1. As distg (21, .S) > 7p, there exists ky € N such that disty(yx,, S) > 7p
and we set 1 = Yk, -

Let us assume that there exits x1,...,x, € EN.J, which satisfy (3.4). If E C \J}_, By (24, 7p),
then the iterative process stops. Otherwise, there exists Z,+1 € E \ U/_, By(wi, 7p). As E C Jy,
there exists (yx)r C Jy, converging to Zpt1. As disty(Zpr1,5) > 7p and disty(Zpt1,E;) > 7p for
any i € {1,...,p}, there exists k;, € N such that distg(yx,,S) > 7p and diste(yr,, i) > 7p. We
set T, = Yk,

11



If the iterative process does not finish, then there exists a sequence (z;);eny C 2 which satisfies
(3.4). According to Proposition 2.1, we have

.o . . TP

L e{l,....p}%i#i = |-z >—%.

(i.3) € {1.-...p) e

As Q is bounded there exists a converging subsequence which is a contradiction. So, the iterative
process is finite.

Claim 2: There exists a constant ¢ = c(n, A\, A) which only depends on the dimension n and the
ellipticity coefficients A\, A such that, for any x € §, we have

#{ie{l,...,p}: x € By(x;,mp)} < c(n, A\ A).

We set

1

1
c(n,\,A) =su eN: Fyp,...,y, ER™, Vi,|ly| < —, i#j=lyi—vyi|>—7¢.
( ) p{q 71 Yq |y 7 # 7= lvi — yjl \/K}

We consider a finite partition of B (0, %) of parallelepipeds whose diameter is less than ﬁ Then,
T; —T

T

c(n, A, A) is finite and less than the cardinality of such partition. For x € 2, we set y; =
According to Proposition 2.1, we have

1 1
z € B Ti, T = ; €B 0,7 s ) ] = P —Yil > —.
and then # {i € {1,...,p}: o € By(zi,7p)} < c(n, A\ A).
Claim 3: We still denote by ¢ a generic constant depending on (n, A\, A). We have

_ C
pﬂpn ! < —H I(Ju mE17'p)~

- Tn—l

According to Claim 2, we have

P

E 1.0y (im0 < LiunE,,-
i1

Integrating with respect to H"~! gives

P
ST HTN T N By(wi, 7p)) < MY (S N Exy).

i=1
Proposition 2.1 condition gives B(x;, \'/27p)) C Bg(z;, 7p)) and then
P
S OH (T N B, AP rp)) < cH N N Eyy). (3.5)
i=1
According to Theorem 3.3, there exists 8 > 0 such that, for any i € {1,...,p}, we have
H1(J, N B(zi, \Y271p)) > BA T 771 pn 1, (3.6)

Inequalities (3.5) and (3.6) conclude the proof of Claim 3.

Claim 4: We have
LME,) _ (Ltn)e

— Tnfl

0

lim sup
p—0t 14

12



where § is given by (5.1), B by Theorem 3.3 and wy, is the volume of the unit ball of R™.

According to Claim 1, we have E C |JY_; By(x;,7p) and then E, C UL, By(zi, (1 + 7)p).
Proposition 2.1 gives
By(wi, (1L +7)p) C Blay, AV (1+7)p),

it yields

LM(E,) pL" (B (i, (14 7)p)),
pL™ (B(xs, AV (1 4 7)p)),

PAZ (14 7)"w,p".

IN N IA

As E= K\ S:,, then we deduce E,, C K;,\ S and Claim & gives

A% (1+7)"w,

n c n—
LYE,) < e pH" 1 (Ju N Eyp),
AZ(1+7)"wpe
< (&#P’H Y Ju N (K7 \ 9)).

According to (3.1), we deduce

L"(E,) < A% (1 + 7)"wye

lim su < H (T, N (K\S)),
sy < e (1.0 (K 9))
A3 (1+ 7')”wnc(S
- 2[7n—1 '

Conclusion of the proof.

According to (3.2), (3.3) and Claim 4, we have

LMK
lim sup (Ky)
0+ 2p T"

1 n
<! +f2 05+(1+7)/ (M, v)/2dH" 1.
Ju

Letting 6,7 — 0T successively gives

"(K
limsupﬁ (K,) g/ <M1/u7yu)1/2d7-ln_1,
p—0F 2p Ju

which concludes the proof of Lemma 3.1.

Now, we give the proof of Theorem 3.1.
Proof. We divide the proof in two inequalities.
Claim 1: We have
M;/I(Ju)g/ (Mu, v, )2 dH" 1,

Ju

We assume that [, (M, V)Y 2dH™ 1 is finite, otherwise the result is ensured. We set Q, =
{z € Q: dist(z,092) > r}. So, the following set is at most countable

II= {r > 0: / (Muy, v, )V/2dH L > 0} :
JunoQ,

In particular, for any § > 0, there exists a sequence (r;); C II strictly decreasing to 0% and such
that

/ (Muy, v, )Y2dH 1 < 6.
JuN(\Qr)

13



We consider the following partition

Q=0Q,, U (U Qi \Q) :
=0

it gives
Mix(Ju) € MEg(Ju N Q) + D Mg (Ju 0 (R \ 2,))-
i=0

As M34(E) = M34(F) for any E C R™ such that £ C 2, we have

Mia(Ju) € Mig(Tu 0 Q) + Y Mg (Ju 0 (Q, \ Q).

=0

We may apply Lemma 3.1, with K = J, N Q,, and K = J, N (2, \ Qy,), it gives

Mig(Ja) < /

(M, v ) 2dH ™ + Z/ (M, v, ) 2dH
T =

W, N2

As r; € II for any 7 > 1, we have

oo

Mal) = /<MV“’V“>1/2dHn71+Z/ (M, ) Y/2dH" 1,
. i=0 J”O(Q"'z:+1\ﬂ'r',-)

IN

/ (Myu,yu>1/2d7{"71+/ (Myu,yu>1/2d7'["71,
Ju JuN(2\Qrg)

< / (Muy, v, )Y2dH ™ + 6.
Ju
As § > 0 is arbitrary, it proves Claim 1.

Claim 2: We have

Mo (Jw) z/ (Muy, v, )2 dH™
Ju

As for the proof of Lemma 3.1, there exists a countable family (K;);en of compact C!-hypersurfaces

such that
J,=NU (U K,») ,

ieN
where H" (V) = 0. As |, K; is rectifiable and closed, Theorem 0.2 gives

q
MM (U Kl> = /Uq N <Myu7yu>1/2d’}-[n71.
i=0 """

i=0
So, we deduce that

Mot () > / (M, 1)/ 2d 31
Ui, Ki

and then, as H"~1(N) = 0, we conclude that

M*M(Ju)Z/ (M, v ) 2dH

Ju
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3.3 Application to an anisotropic Mumford-Shah model

This work was initially motivated by the problem of segmentation of thin structures in an image.
Let Q@ C R™ be the domain of an image g € L*(Q2). In order to favor thin details which are
elongated in one or two directions (as tubes or thin plates), we introduce a field of symmetric
definite positive matrices M whose principal directions correspond to the elongation of the sets we
want to detect. So, we introduce an anisotropic version of the Mumford-Shah model (see [9] for
the seminal paper)

E(u,M) = /

(U—g)2d$+/ |Vu|2dx+/ <Ml/u’yu>1/2d%nfl_~_/ ||DMHn+adl‘,
Q Q T O

where u € SBV(Q), J, is its jump set and v, is an unitary and normal vector to J,. The field
of matrices M belongs to W1 "T%(Q) and a > 0 ensures the continuity of M. Moreover, M is
constrained to take its values in a compact subset G of S;(R).

If M = Id,;, our model corresponds to the classical Mumford-Shah energy. The novelty of our
approach consists in introducing this new variable which must capture the local anisotropy of the
image. For example, if we want to detect thin tubes in a 3-D image, we fix u > 1, the elongation
parameter, and we define G as the subset of symmetric matrices whose spectra is {1;1; 1 }. By this
way, in order to minimize F, v, must be orthogonal to the principal directions of M and then this
energy will favor set elongated in the principal direction of M.

In order to compute the Euler-Lagrange equation associated to E, we need to perform an
approximation of | 7 (M, Vu>1/ 2dH"~! which involves the Lebesgue measure. That is the reason
why we are interested by the previous results on Minkowski contents. We prove the following

Theorem 3.4. Let M : Q — S/(R) be continuous, h € L™(Q), a > 0 and u € SBV(Q) a
minimizer of

{Eo"h’M(v) = a/ (v — h)*dx +/ |Vo|? dz +/ (Muy, v)Y2dH v e SBV(Q)} .
Q Q Jo
Then, u is an almost quasi-minimizer and we have

MM(JU):/ (M, 1) /2 aH" 1.
Ju

Proof. We prove in Claim 1 that, up to a scaling, a minimizer is an almost quasi-minimizer. Then,
in Claim 2, we compute the re-scaled problem.

Claim 1: For f > 0 and f function defined in Q0 we denote by fg the function defined for any

x € B by
folz) = f (;)

Then, there exists § > 0 such that vz € SBV(8R) is an almost quasi-minimizer of a free discon-
tinuity problem.

Let & € SBV(Q) be a minimizer of Eg;" in SBV(€). We introduce

=17l Lo (o) if ¢ < =l Lo ()
P(t) =19 t if It] < l|AllLes ()
12l Lo () if t > ||hflLe (-

According to the chain rule in SBV (see [6], Theorem 3.99), for u € SBV(2), we have
Dy ou) = 1 ju@)|<nl g} VUL™ + (0 w)™ = (Yo u) ) H" 'L,

and then
L'{x € Q: Ju(z)| > ||h|l=}) >0 = Ef/ih(wou) < El‘i‘/[h(u)

We deduce that |0(x)| < ||h]|p=(q) for any € Q. By an homothetic change of variable, o5 is a
minimizer of the following rescaled problem

{aBQ/ (v — hg)?dz +/ |Vo|?da + ,8/ (Mg, ) 2dH L v e SBV(m)} .
BQ BQ Ty
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Assuming that

ve SBV(BQ), xe€pQ, B(zx,r)CpQ, [0sF#v]CB(z,r),

then, the minimality assumption on ¥4 gives

<M@V@ﬂ , I/gﬁ>1/2d/Hn71

/ |V1~}@|2d$ +4
B(z,r)

Jog NB(z,r)
< ap? / (¢ov—hg)*dz + / V(¢ 0v)[*de + 8 (MgVgou, Vgou) /2dH" 1.
B(z,r) B(z,r) JoovNB(z,r)
We deduce
/ |Vig|?da + B (Mgvs,, vy, )/ 2dH" !
B(z,r) JﬁBmB(I,T')
< 4af )2 cwnr™ + VolPde+8 [ (Mg, ) 2dH" 1,
B(z,r) Jy,NB(z,r)

where w,, = L"(B(x,1)). Now, we set 3 = A~ where ) is the ellipticity coefficient introduced in
Proposition 2.1, it gives

H" N (J5, N B(z,r) = BAH" (Js, N B(x,r)),

v

IN

8 (Mg, , vg,) /2dH" 1,
Jog NB(z,r)

SO
/ Vs l2de + H" " (J5, 1 Blw,7))
B(z,r)

< |Vo|?dz + 3 (Mpvy, vp)V2dH L + 4082 ||h||2 cwnr™.
B(z,r) JoNB(z,r)

The right hand side of Proposition 2.1 gives
/ |V’L~)@|2dl’+7‘lnil(J{,B ﬂB(ﬂC,T))
B(z,r)

< |Vo|?dz 4+ BAH" 1 (J, N B(x, 7)) + 4ab?||hl|2 < wnr™.
B(x,r)

2
So, we may conclude that ¥ satisfies the definition 3.1 and then it is an (%, 1, 4Dé”hliéxw")—almost

quasi-minimizer of a free boundary problem.

Claim 2: We have

MM(J{,) = / (MV@, Vﬁ>1/2d}£n71.
Jﬁ

According to Claim 1, we may apply Theorem 3.1 to g and it gives

Mua, (1) = [ (Mavs, v, 2. (3.7
Jog
We denote by ¢ the metric which is defined, for any (z,v) € Q@ x R™, by

p(,v) = ¢ (;,v>

and by dg, the associated integrated distance. Then, we have

L({ren: dl (@) < pb)
MMﬁ (J) = pgrg+ 2p¢ﬁ .
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As

47 @) <p & dF (;) < Bp,
it gives
Lr({e € Q: d) (@) < p}) = AL ({x € Q: Ty (2) < Bp})
and then
Mum, (Jo,) = B M (). (3.8)

The following application

fidsy — Js

T = 5
for any x € J;, satisfies
Ta(1)(@) =

where J,,_1(f) corresponds to the (n — 1)-dimensional Jacobian of f (3.2.1 in [1]). According to
the change of variable formula between (n — 1)-rectifiable subsets (3.2.20 in [1]), we deduce that

1
57171/‘] <Mﬁu@5,u,55>1/2dH"*1:/] (Mg, vg) Y/ 2dHm—L. (3.9)
R] @

From equations (3.7), (3.8) and (3.9) we conclude that

MM(Jf,):/ (Mg, vg)/2dHm .

I

4 Conclusion

We have proved that the approximation of Hausdorff measure by Minkowski content may be
generalized to continuous and anisotropic perturbation of the Hausdorff measure. It has a natural
application in free boundary problems. Classical results of regularity of the jump set may also be
generalized in this anisotropic setting. Those results are the key tools to perform I'-convergence
approximation. For example, in a forthcoming work, we will prove that the following energy

E(u,M):/ (u—g)de—F/ |Vu|2dx—|—/ <M1/u,1/u>1/2d7—["71—|—/ | DM||"t*dz
Q Q Ju Q

may be approached, in the sense of the I'-convergence, by

E.(u,z,M) = /Q (ufg)zd:rJr/Q |Vul?(1 —z)dewL/

2
<6<MVZ, Vz) + Z) dx+/ | DM|"*edz,
Q de Q

when ¢ — 0.
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