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The ergodic problem for some subelliptic
operators with unbounded coefficients

PaorLa ManNucct, CLAUDIO MARCHI, NICOLETTA TCHOU
Universita degli Studi di Padova, Université de Rennes 1

Abstract

We study existence and uniqueness of the invariant measure for a
stochastic process with degenerate diffusion, whose infinitesimal gen-
erator is a linear subelliptic operator in the whole space RY with
coefficients that may be unbounded. Such a measure together with
a Liouville-type theorem will play a crucial role in the characteriza-
tion of the ergodic constant defined through stationary problems with
vanishing discount.

Keywords: Subelliptic equations, Heisenberg group, invariant measure,
viscosity solutions, degenerate elliptic equations.

1 Introduction

This paper is devoted to study with pde’s methods, the existence and
uniqueness of the invariant measure of stochastic processes with degen-
erate diffusion, whose infinitesimal generators are linear subelliptic opera-
tors in the whole space RY with coefficients that may be unbounded. The
invariant measures play a crucial role in ergodicity, homogenization and
large time behaviour of the value function associated to the process. These
methods, based on optimal control theory and pde’s arguments, were in-
troduced in the 80’s by Bensoussan and developed until nowadays (see the
monograph [7] by Bensoussan and references therein).

We shall first tackle the case of the Heisenberg group as model problem;
after we shall extend our techniques to other subelliptic operators. In the



Heisenberg case, we consider the stochastic dynamics
(1.1)  dY; = b(Yy)dt + V20 (Y;)dW; fort € (0,400), Yy=7€cR3

where y = (y1,¥2,2) € R3, the matrix o(y) has the form

1 0
(1.2) olyy=10 1
2y2 =2y

(in other words, the columns of o are vectors generating the Heisenberg
group) while W; is a 3-dimensional Brownian motion.

Our principal aim is to prove, under suitable assumptions on the drift
b, the existence and uniqueness of the invariant measure m associated to
the process (1.1).
Let us recall from [7] that a probability measure m on R? is an invariant
measure for process (1.1) if, for each ug € L>°(R3), it satisfies

[ v tmtuydy = [ uotwymiv)dy

R3

where u(y, t) = E,(uo(Y%)) is the solution to the parabolic Cauchy problem

{ ou+ Lu=0 in (0, 4+00) x R3
u(0,y) = up(y) on R3

and

(1.3) —Lu = tr(o(y)o” (y)D*uly)) + b(y) - Du(y)

is the infinitesimal generator of process (1.1).

It is well known (see [7, Sect. II.4 and IL5]) that the density of the
probability m (which, with a slight abuse of notation, we still denote by m)
solves

L*m =0, mdy =1 and m > 0,
R3

where £*m is the adjoint operator
L'm= =Y 0;((coT);m) + Y 9, (biw).
ij i

In the framework of locally strongly elliptic operators, Has'minskii [19,
Sect. IV.4] (see also [28, Sect.8.2]) established the existence of an invariant



measure provided that there exists a bounded set U with smooth boundary
such that
(1.4)
for any 7 € RV \ U, the mean time 7 at which the path (1.1) issuing
{ from g reaches U is finite and E,7 is locally finite.

In our case this result does not apply because the matrix A := oo’

with o given by (1.2) is

10 203
(1.5) Aly)=1| 0 1 —2y;
2u2 —2y1 Ay} +v3)

and it is only positive semidefinite.

It is worth noticing (see [5, 14, 27]) that a sufficient condition for prop-
erty (1.4) is the existence of a Lyapunov-like function w € C(R3) which
satisfies, for some positive constants k and Ry

(1.6) Lw >k forl|y| > Ry and w(y) — +oo  as |y| = +oo.

As one can easily check the presence of the first order term is somehow
‘crucial’ for the existence of such a function. We will prove the existence
of such Lyapunov function under suitable assumptions on the drift b that
include also the Ornstein-Uhlenbeck case (see [28] and Remark 2.3 below)
where the operator is of the following type

—Lu = tr(o(y)o” (y)D*u(y)) + ay - Du(y).

For ergodicity results based on probabilistic methods we refer to [23]
and [24] and the references therein. The existence of a Lyapunov function
is reminiscent of similar conditions (for instance, see: [28, Sect. 8.2] and
[30, 31, 32]) called “recurrence condition” in the probabilistic jargon.

Ichihara and Kunita [25] (see also [24]) proved the existence and the
uniqueness of an invariant measure for hypoelliptic processes as (1.1) which
are constrained in a compact set. It is worth to recall that, in unbounded
set the existence of an invariant measure may fail as it can be easily seen
for (1.1) with b=0 and o = I.

In this paper we want to establish existence and uniqueness of an in-
variant measure for process (1.1), namely for a process with the following
features: it lies in an unbounded set and its infinitesimal generator is si-
multaneously degenerate and with unbounded coefficients. To this end we



shall use only pure analytical arguments.
It is important to stress that the principal part of Lu can be written as
Z?Zl X?u where X1, Xo, are the vector fields given by the columns of o
and that they satisfy Hormander condition: X7, X9, and their commutators
of any order span R? at each point (z1,72,2) € R3. In this case we have
that [Xl,XQ] == —48Z.
This property will play a crucial role in this paper since, as for the uniformly
elliptic case, we have regularity, comparison and maximum principle ([11]).
We shall adapt the techniques introduced by P.L. Lions and Musiela [27]
and developped in P.L. Lions courses [26], formed by two approximations
(see also the paper of Cirant [14] for similar arguments). Actually, we shall
consider the process

(1.7) Ay = b(Y)dt + V20,(Y{)dW,,

where 0, is the approximating matrix of ¢ in (1.2):

1 0 0
op(y) =10 10
29 —2y1 p

such that A, = apag is locally strictly positive, constrained in a bounded

set Oy, suitably chosen.

Let us stress that, in our argument, it is not enough to approximate
the matrix A with any non-degenerate matrix A, but we also need that A,
can be written as O'pO';{, where 0, is the diffusion matrix of a new underlying
optimal control problem. This issue motivates the fact that in (1.7) a new
Brownian motion appears.

Let us recall from [7] that the invariant measure m; of this process
solves

L';mz =0 in O,

coupled with a boundary condition of Neumann type, where

—L,y(u) = tr(o,(y)o, (y)D*u(y)) + b(y) - Du(y)

is an uniformly elliptic operator in O,. Letting n — 400, we obtain and
invariant measure m,, for the process (1.7) in the whole space; letting p —
0%, we get the desired invariant measure for (1.1). The Lyapunov function
will play a crucial role in these limits: it will be used in order to prove that



all the m,’s and m are really measures (in other words, that the mj and
the m, do not “disperse at infinity”).

Moreover in this paper we also establish a Liouville type result. Similar
result for semilinear operator without the drift term can be founded in the
papers [8, 9, 13] and references therein; in all these papers the nonlinear
zeroth order term is the key ingredient whereas, in our setting, the crucial
contribution is due to the drift.

As an interesting application, we shall use the invariant measure and
the Liouville property to study the ergodic problem. We consider the family
of problems

(1.8) Sus — tr(o(z)ol () D*us) — b(z)Dus = F(x) in R3,

where § > 0 and we shall prove that, as § — 0, dus converges to a constant
A, called "ergodic” constant.

Let us stress that the differential operator in the ergodic problem coincides
with the infinitesimal generator £ of process (1.1).

We recall that the study of ergodic problems for equations with periodic,
uniformly elliptic, operators has been addressed in [1, 6] while, for periodic,
possibly degenerate (still satisfying the Hérmander’s condition) operators,
we refer the reader to the papers [2, 3].

The main difficulties in our problem are the lack of periodicity and
the degeneracy of the operator. We shall overcome these issues using some
techniques introduced by [5] for an elliptic operator on the whole space.
Moreover, we shall give an explicit formula for the ergodic constant A in
terms of the invariant measure for (1.1).

Finally, we shall show how to extend our previous results to other
degenerate operators satisfying Hormander condition with possibly un-
bounded coefficients.

Our future purpose is to use the ergodic problem to study the homog-
enization problem

(1.9) —etr(a(f)aT(f)D%E) - b(%) - Du, + f(a, f) + oue = 0 in R?,

where o has the form (1.2). In this case the approximated cell problem
formally coincides with the problem (1.8).

For the study of homogenization problems for periodic, possibly nonlinear,
degenerate (still satisfying the Héormander’s condition) operators, we refer
the reader to the papers [2, 12, 29].



This paper is organized as follows: Section 2 contains the main result
of the paper: we find conditions on the drift b such that a Lyapunov func-
tions does exist and by means of this function we prove the existence and
uniqueness of an invariant measure associated to our process. In Section 3,
we establish a Liouville type result assuming the existence of a Lyapunov-
like function. Section 4 is devoted to study the ergodic problem through
stationary problems with vanishing discount. In Section 5 we generalize the
previous results to a more general class of subelliptic operators, encompass-
ing e.g. the Grushin one. The Appendix contains a condition equivalent to
(1.6) which will be useful to manage the Lyapunov function founded in
Section 2.

2 Existence and uniqueness of the invariant mea-
sure associated to the process

This section is devoted to the invariant measure for process (1.1). Let us
recall (see [27] or Proposition 2.1 below) that, when the matrix associated
to the infinitesimal generator L is a strictly definite positive matrix, a suf-
ficient condition for the existence of an invariant measure is given by:
there exists a Lyapunov-like function such that

(2.1) w e C*(B§) N CO(R?)
Lw>1, in BY
wEOint), w = 0 on 0By,

where By is a ball centered in 0 with suitable radius. (For less regular
functions w, we refer to ([27])).

In our case, the matrix A = oo” in (1.5) is degenerate in any point,
and the rank of the matrix is 2. In order to overcome this issue, for p > 0,
we introduce the approximating operators

(2.2) Low = —tr(A,(€)D*w) — b(&) Dw,
where
1 0 265 00 0
(2.3) Ap(§) =10 1 263 =o(&)o"(§)+ {0 0 0
25 —26 A& +8&)+ 00 p

In the following Lemma we collect some useful properties of L.



Lemma 2.1 The matriz A,(§) is locally strictly positive definite (namely,
for any compact K C R3, there holds AA,(E)AT > v(&)|A\|? for any € € K,
with v(€) > a(K, p) > 0) and it is positive definite in R>.

Moreover, there exists a 3 x 3 matriz 0,(§) with linear coefficients such
that

(2:4) A(€) = 0p(€), (€).
Proof. Set av = 4(€2 + &3) + p® + 1. The eigenvalues of A, are

a+ /a2 —4p?
A1:17 )‘23: .

It is easy to remark that Ao > %

The last eigenvalue is A3 = +—2§"—42 > %2 hence, for any fixed R > 0, if
a a?—4p
5%"‘5%SRQ,a§4R2+p2+1and)\3>ﬁig“ > 0.
The matrix
1 0 0

(2.5) op(§) =10 1 0

28 26 p
verifies (2.4) 0

Remark 2.1 From (2.4), beside being uniformly elliptic, the operator —L,
is also the infinitesimal generator of the stochastic process

(2.6) dY} = b(YP)dt +V20,(Y))dW,,

where 0, is defined in (2.5) and W; = (W, Woy, Wa,) and Wy, Woy, Wy
are three independent Brownian motions whereas our starting process (1.1)
only contains two independent Brownian motions.

Now, we want to prove that, for some classes of drifts b, there exists a
function w satisfying (2.1) with £ replaced by L,. To this end, we consider
a continuous drift b = (b1, by, b3) such that

_ bi(&) < T iﬁia for & > R
(2.7) bi(€) = bi(&), { bi(&) > j for & < —R



for some constants « € [0,1), R >0 and C; >0 (i = 1,2,3).

Note that Lemma 2.2 here below, holds also for p = 0 then we have a
Lyapunov-like function w ( i.e. satisfying condition (2.1)) also for the de-
generate starting problem where £ is given by (3.1).

Similar conditions to (2.7) was obtained in [27] with ¢ = I the identity
matrix.

Lemma 2.2 Assume o as in (1.2). Assume that b is a continuous function
verifying (2.7) with

i) either a >0,
it) or a =0 and sufficiently large C;.

Then, there exists a Ry and a C*° function w which satisfies

(28) Lyow>1 inB(O,Re) » w>0 inB(0,Ro) , lim w=oc

€00

for p sufficiently small.

Proof. We set

_E+&) &8

Then, there holds

Low=—5(¢+&)—p* — %(blé% + bo&3) — ba&s.

We denote K; := maxg,c[—g,g) |bi(&i)]-
Case (i). Assume o > 0. We want to prove that there exists Ry such that

—FC
Low > 11in B(0,Ry) for p sufficiently small. To this end, we split the
arguments in several cases.
(I). It |&] > R for any ¢ € {1,2,3}, then

Low > & (=54 C1€1]*/3) + &5 (=5 + Cal&|*/3) + Cslés|* — p°.

Hence, for |&],|&| > Ry = max{(15/C1)"/*, (15/C2)"/*, R}, |&| > R3 :=
maX{C;I/a, R}, we get: L,w > 1 for p sufficiently small.
(II) If ‘51‘, ’52‘ S R1 and ‘63’ 2 R, then

Lyw > —10R] — p* — R* (K1 + K3)/3 + C3&|”



(here, we used the relation: —b;&3 > 0 for |¢;| € [R, R1], i = 1,2). Hence,
for |&3] > Rs with Ry sufficiently large, taking p sufficiently small, we get
Low > 1.

(III). If |&1] < Ry, |&2| > Ry and [€3] > R (and similarly, for [£;| > Ry,
|€2] < Ry and [€3] > R), then

Lyw > =5R} + &5(=5 +[&2[*/3) — p* — K1R?/3 + C3[¢3|*.

Hence, for |£3] > R3, we get L,w > 1 for p sufficiently small.
(V). If[&] < Ry, €| > R, |&3] < R (and similarly for [&| > R, [&] < Ry,
|€3] < R3), then

Low > |2 (=5 + Col&|*/3) — 5RT — p* — K1 R?/3 — K3R.

Hence, for [£2| > Ri, we get L,w > 1 for p sufficiently small.

In conclusion, gluing together all these cases, we accomplish the proof
for a > 0.
Case (ii). Assume a = 0; we want to prove that there exist some constants
C; and a radius Ry such that £,w > 1 in B(0, RO)C.
(I). If |&| > R for any i = 1,2,3, then Lyw > &3(—5+ 3C1) + &3(—5 +
%Cl) + C3 — p?; hence, for C1,Cy > 15, C3 > 1, we have Lyw > 1 for p
sufficiently small.
(II). If |§] < R for i = 1,2 and |&3] > R, then L£,w > —10R* — R3(K; +
K5)/3 — p? 4+ Cs; hence, for C3 > 10R? + R3(K; + K3)/3 + 1, we have
L,w > 1 for p sufficiently small.
(I11).1f |&1] < R, |&2| > R and |&3| > R (and similarly, for [§1| > R, [&2| < R
and [£3] > R), then Lyw > —5R? + (-5 + Cy/3) — R?°K, /3 — p* + Cj,
hence, for Cy > 15, (5 sufficiently large and p sufficiently small, we have
Lyw > 1.
(IV). If |&] < R, |&2] > R, €3] < R (and similarly for [£;| > R, || < R,
|&5] < R), then L,w > —5R%?4+£3(—5+C2/3) — K1 R? — p? — K3 R; hence, for
Cy > 15, |&o| sufficiently large and p sufficiently small, we have £,w > 1.

O

Remark 2.2 Stronger sufficient condition on b; for the existence of a
Lyapunov-like function w satisfying condition (2.1) could be found using

w(z) = log((&7 + &3)* + &3)).

Remark 2.3 The drifts of the Ornstein-Uhlenbeck operator (i.e., b(y) =
—ay for a > 0) satisfy assumption (i) of Lemma 2.2. For further properties
of this operator we refer the reader to the monograph [28].



In the next proposition we will establish the existence of an invariant mea-
sure m,, of the approximating process (2.6). This measure will be used in
the main theorem of this paper when the invariant measure for the process
(1.1) will be obtained as the limit of m, as p — 0.

Proposition 2.1 Let 0,(y) defined by (2.5) and b(y) be a continuous func-
tion satisfying (2.7) either with o > 0 or a = 0 and C; sufficiently large.
There exists a unique invariant probability measure m, on R3 for the pro-
cess (2.6).

Proof. As proved in Lemma 2.1 the operator £, is uniformly elliptic in
each bounded set (but the ellipticity constant degenerates in the whole
R?). We adapt some techniques introduced by [27] (see also [14] for similar
arguments), by considering approximate problems in domains O,, such that
O, /"R3if n = +oo0.

Let us recall (see [26] or Lemma A.1 in the Appendix) that condi-
tion (2.8) is equivalent to the following one:

(2.9) there exists a function @ € C°°(R?) such that
L0+ xw = ¢ in R3, lim w= oo
€] —=+o0

where x € C§° and ¢ € C'™ are suitable functions such that, x > 0 on By,
suppx = By (By is a suitable open set) and lim¢| 00 ¢ = 00. (As a matter
of facts, this condition is satisfied by the function w chosen in the proof
of Lemma 2.2-(7)).

We define O,, := {¢ € R3| w(¢) < M, } where M,, — +o0 if n — 400 and
M, is not a critical value of w. Since w — +o0 if & — 400 then O, are
bounded and smooth and O,,  R3.

Fix p > 0 and n, the results by Bensoussan [7, Section 4] ensure that there
exists an unique invariant measure m, associated to the diffusion process
Y/ in O,, with reflecting boundary whose infinitesimal generator is L, in
O,, with boundary conditions

> (ap) My on 00,

9o
ij J

where v denotes the unit outward normal to JO,, and the matrix A, =

_ T :
(ap)ij = 0,0, as in Lemma 2.1.

10



The invariant measure m” satisfies the problem

b
(2.10) Lym! = —ZZ]: 82(095 e Z ZZ = in Oy,
(2.11) ;yi(w —bm})=0  ondO,

Onmg =1, my >0.

We have to prove that, as n — 400, m, converges in some sense to m,
invariant measure to the process with generator £, i.e. m, solves

2((a m
(2‘12) E;mp — _Z 0 (( P) p) + Z a(bz P) -0 in R?;

— 0x;0x; ox;
2, 7
my, =1, m,=>0.
RS
From Prohorov Theorem and the fact that fon mz = 1 we know that

my — m, as n — +00 (possibly passing to a subsequence).

We prove now that [ps m, = 1. Multiplying equation (2.10) by w defined
n (2.9), integrating on O™ and taking into account (2.11) we obtain

0= E*mw / mﬁw—l—/ a
P aon PZ p”@w

Since W = M,, on O™ and W < M,, on O™, we have 2 ax = g—‘l‘jyl and g—f >0
on 0O™. Then, there holds

_ n
0= my LW+ — / my Z (ap) i ViVis
on aon

and since Z (ap)ijyiuj > 0, we obtain fon mgﬁp@ < 0. Hence
i7j

/O" my, L, = /n(¢— xw)my, <0,

and



where C' is a positive constant independent of n. Let us extend my, by zero
outside O™, and call it again my, then

(2.13) /RS ¢m? < C

where C' is a positive constant independent of n.

Since mlim (&) = +oo0, for any N there exists a Ry such that ¢(&) >
——+o00

N on BgN. Hence, from (2.13)

(2.14) /B

Since m), = 1 then from (2.14)

p
C

m, >1——

/. v

R3
Ry

C

c
Ry

° 3

and from the weak convergence of mj to m,, we have

/ m >1—g
B r= N’

Ry

hence letting N — 400 we obtain that ng m, = 1.
Moreover from the local regularity W?2? for any p > 1 of my, since my
solves equation (2.10), passing to the limit we easily obtain that m, solves
equation (2.12).

O

Remark 2.4 The condition of strict ellipticity in the compact subsets
of RY is sufficient to deduce from (2.8) the existence of the invariant mea-
sure m, (see [19, Theorem IV.4.1] under their assumption B.1). Neverthe-
less we gave the proof of Proposition 2.1 because it is purely analytic and
for the sake of completeness.

Now we want to prove that m, converges in some sense to m, invariant
measure to the process (1.1), solving

(2.15) L'm =0, m =1 and m > 0.
R3

12



Theorem 2.1 Let o be defined by (1.2) and b(y) be a continuous func-
tion satisfying (2.7) either with o > 0 or e = 0 and C; sufficiently large.
Then there exists a unique invariant probability measure m on R> for the
process (1.1).

Proof. The uniqueness of the measure m comes from the results of Arnold,
Klieman [4], or Ichihara, Kunita [25].

The existence of the invariant measure it is obtained proving that
the invariant measure m, of Proposition 2.1 converges, if p tends to 0, to
the measure m associated to the process (1.1). We proceed analogously to
Proposition 2.1. The measure m, satisfies the following conditions:

(2.16) Lim,=0  inR? mp,=1,  m,>0.
RN

We know that m, — m as p — 0 (at least for a subsequence) where m is a

measure. We have to prove that m is an invariant measure to the process

(1.1) i.e. that m solves (2.15).

From condition (2.8) and the equivalent conditions (2.9), we know that

there exists smooth functions x and ¢ such that w satisfies £,w + xw = ¢,

in R3, w and ¢ such that — +oo if |¢] — +oco0 and x has compact support.
Multiplying equation (2.12) by such @ and integrating on R? we obtain

0= Lym,w :/ L,wm, :/ (¢ — xw)m,,
R3 R3 R3
hence
(2.17) pm, = / xwm, < C,
R3 supp X

where C' is a positive constant independent of p. From (2.17), since

1:/ mp—i-/ My,
Bry B

c
Ry

C

m, >1——

/B g N

Ry

then

and from the convergence of m,

13



hence letting N — 400 we obtain fRS m=1.
To prove that £*m = 0 we write, for any ¥ smooth,

0= Lomp :/ Epwmp—>/ Liypm = L'ma) .
R3 R3 R3 R3

Taking account that £,1 — L1 strongly and m, — m weakly in L' O

3 A Liouville type theorem

In this section, we establish a Liouville type result, which holds true not
only in the Heisenberg setting but also for ¢ whose columns satisfy the
general Hormander condition.

Let us first recall from [20] the definition of Hérmander condition.

Definition 3.1 The vector fields X;, j = 1,...m, satisfy the Hormander
condition if X1,... X, and their commutators of any order span RYN at
each point of RN .

Proposition 3.1 Consider the problem
(3.1) LV = —tr(o(y)o? (y)D*V) —b(y) - DV =0, yeRY

where o and b are Lipschitz continuous functions and the vector fields X; =
0l -V, j=1,...m satisfy the Hérmander condition as in definition (3.1).
Assume that there exists w(y) € C(RY) and Ry > 0 such that in the sense
of viscosity

C
)

(3.2) Lw>0 iin B(0,Ro) , w(y) — +oo  as |y| — +oc.

Then:

V
i) every viscosity subsolution V to (3.1) such that lim — < 0 is
ly| =400 W

constant;

v
i) every wviscosity supersolution V to (3.1) such that lim — > 0 is
ly| =400 W

constant.

14



Proof. The proof uses the same arguments as in [27] (see also [5, Lemma
4.1 and remark 4.1]). For the sake of completeness, we shall give the proof
of case (i); being similar, the proof of case (ii) is omitted.

Let us first observe that if ¢» € C?(A) (A is any open set A C B(0, Ro)c)
is a classical supersolution in A, i.e.

Lip>0in A
then w + 1 is a viscosity supersolution in A, i.e.
L(w+ 1) >0 in A.

Define for each n > 0:
Vi :=V(y) —nuw(y).
C .

We claim that V}, is a viscosity subsolution in B(0, Ry) i.e.

(3.3) L(V,) < 0in B(0, Ro)_ .

Indeed, let us assume by contradiction that there exists 1 € C?(B(0, Ro)c)

such that V, — 1 attains a strict maximum in some point 5 € B(0, Ry) ,
V(y) = nw(y) + ¥ (y), and that there holds

L)) > 0.

By the the continuity of the coefficients of L, and the regularity of v there
exists a rg > 0 such that

(3.4) L()(y) >0, in B(F.ro) C B0, Ro) .

As remarked above nw + v is a supersolution in B(y,rq). Moreover there
exists @ > 0 such that V (y) < nw(y)+v¢(y) —« for any y € 0B(y,19). Then
by a local comparison principle (Bony [11]), V(y) < nw(y) + ¥(y) — « in
B(g,ro) and for y = § we get a contradiction; our claim (3.3) is completely
proved.

Thanks to V,, = —o0 as |y| — 400, there exist Ri(n) = R1 > Ry such
that

Viw) < swp Vo), iyl = Ry
|z|=Ro

then, using the weak maximum principle applied to V,,,

max Vi, = max V,

B(0,R1)\B(0,Ro) 0B(0,Ro)
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and this implies that

——C
Vo (y) < Vo, Yy e B(0,Ry) .
() < gmex Vi y € B(0, Ry)

Letting n — 0 in the preceding inequality:
—C
Viy) < max V, Vye B(0,R
() S o y € B(0, Ro)
Therefore V' attains its global maximum so it is a constant by the strong

maximum principle established by Bony [11]. O

Remark 3.1 Note that, in the Heisenberg group, the function w intro-
duced in Lemma 2.2 satisfies assumptions (3.2).

Remark 3.2 Let us stress that the above arguments work for any linear
operator £ with continuous coefficients, satisfying a local comparison prin-
ciple and a strong maximum principle.

Remark 3.3 Note that conditions on the sub and super solutions in i) and
ii) imply the boundedness of the sub and super solutions.

4 The ergodic problem

In this section we tackle the following ergodic problem. We consider the
family of problems

(4.1) dus(z) — tr(o(z)ot (x)D?*us) — b(z)Dus = f(z) in R3,

where § > 0 and we investigate about the convergence as § — 0 of dus to a
constant A called the ergodic constant. Throughout this section, we assume

Ap) the diffusion matrix o has the form (1.2);
As) the drift bis C* in R? and satisfies the hypotheses of Lemma 2.2;
Aj3) the function f(z) is C* and is bounded in R3.

The next two Lemma contain several properties of us which will be
used later on.
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Lemma 4.1 Under our assumptions, there exists an unique smooth vis-
cosity solution ug of the approximating problem (4.1) such that

C
(4.2) lug(x)| < 5 Vz € R3,
for some positive constant C independent of §.

Proof. The uniqueness follows from the comparison principle proved in Da
Lio-Ley [16] (which also applies to the elliptic case: see [5]).

By assumption (A3) it is easy to see that w® = :I:% with C' sufficiently
large is respectively a supersolution and a subsolution for problem (4.1). In
conclusion, applying Perron’s method, we infer the existence of a solution
to (4.1) verifying (4.2). O

Remark 4.1 It is worth noticing that Lemma 4.1 still holds true for f
such that |f(x)] < C(1+ |z|). Actually in this case, it suffices to consider

+ _ £C1(A+|z)£Co
- )

w with C7 and (5 sufficiently large.

Lemma 4.2 Under assumptions (A1 )-(As), the functions vs := dug, where
ug is the solution of problem (4.1), are locally uniformly Hélder continuous.
Namely, there exists o € (0,1) such that for every compact K C R3 there
exists a constant N such that

(4.3) lvs(z1) — vs(x2)| < Ny — x2|%, Vai,29 € K, V§ € (0,1).

The constant N only depends on K and on the data of the problem (in
particular is independent of ¢ ).

Proof. The statement is a direct consequence of the result of Krylov [21].
For the sake of completeness let us sketch how to apply Krylov’s result in
our case. The function vs solves the equation

(4.4) dvs — tr(o(x)ol (x)D*vs) — b(z)Dvs = 5 f () in R?.

From Lemma 4.1 we know that there exists a smooth solution vs. We ob-
serve that equation (4.4) can be written in the form

(4.5) —Lovs + vs := —aikami(ajkamjv(g) — BDvs+v5=0f 4+ (1 —0)vs

17



where Bj = b; — >\ 0%, 07F.
For § fixed, consider the problem

—Lovsn + vsn = 5f + (1 - 5)2}5 in B(Oa ’I’L)
Vs =0 on dB(0,n).

We observe that {vs,} is a equibounded family (by the same arguments
of Lemma 4.1). [21, Theorem 2.1] of Krylov ensures that there exists a €
(0,1) such that for every compact K C R3 there exists a constant Nj
(independent of §, n) such that

(4.6) [vsn (1) — von(x2)| < Ny|z1 — 22|, Vi, 20 € K.

By Ascoli-Arzela Theorem, letting n — +oo (possibly passing to a subse-
quence) we get that v, converges locally uniformly to a function V. By
the stability and uniqueness results we infer V' = vs. Moreover, passing to
the limit in n in (4.6), we get (4.3). O

In the next result we prove that dus converges to a constant which will be
characterize in terms of the invariant measure of the process (1.1).

Theorem 4.1 Under assumptions (A1)-(As), the solution us of problem
(4.1) given in Lemma 4.1 satisfies

(4.7) lim dus :/ f(z)du(z), locally uniformly,
0—0 R3

where p is the invariant measure of the diffusion process in R3 with in-
finitesimal generator the operator L- introduced in (1.3).

Proof. We shall proceed following some arguments of [5]. The functions
vs = 0us solve (4.4) and, from estimate (4.2), satisfy

(4.8) lus] <C,  inR3,

with C independent of §, hence they are uniformly bounded in R3. From
Lemma 4.2 vs are also uniformly Hélder continuous in any compact set of
R3. Then by the Ascoli-Arzeld theorem there is a sequence 4, — 0 such
that vs, — v locally uniformly and v is a viscosity solution of

(4.9) —tr(o(z)ol (z)D?v) — b(z)Dv =0, = € R3.

18



Then by Proposition 3.1, v is constant.

In conclusion, we have that, possibly passing to a subsequence, {dus}s
converges locally uniformly to a constant. Now, it remains to prove that
this constant is independent of the subsequence chosen and that is has the
form (4.7). By standard arguments of optimal control theory (see [17]), the
function us can be written as

+o0
us(z) =E, f(Xpe o dt
0
where X is the process in (1.1) with initial data Xy = x while E denotes the
expectation. Integrating both sides with respect to the invariant measure,

we infer
400
/ (Em/ f(Xy) d,u(x)) e O dt
0 R3
+o0

_ /0 (RS f(x)du(m)> et gt
= 5 |, @ duta)

where the second inequality is due to the definition of invariant measure.
Taking into account that every convergent subsequence of {dus}s must
converge to a constant, we conclude that all the sequence {dus}s converges

to ng fdu. O

/R us() dp(a)

5 The general case

In this section we address to the process (1.1) under the following assump-
tions:

(5.1) { o(y) € C¥RN), [lo(y)|| < C(ly| +1), for some C > 0;

the columns of ¢ satisfy Hormander condition.

(5.2) b(y), f(y) € CZRY), )l |f ()| < Cly|+1), C>0.

T

o rT . . B
(5.3) { For A := 00", there exists {A,(y)},c(0,1) With 4, = 0,0,

A, — Ain L* and A, is locally definite positive.
(5.4) There exists a function w verifying (2.8), for p sufficiently small.
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Theorem 5.1 Under assumptions (5.1)-(5.4) there exists an invariant prob-
ability measure m associated to the diffusion process (1.1).

Proof. We observe that, by assumptions (5.4), Proposition 2.1 still holds
true. Then we accomplish the proof arguing as in the proof of Theorem 2.1.
O

Remark 5.1 Under assumptions (5.1), (5.2), Proposition 3.1 still holds
true. In fact, the results of Bony [11] on comparison principle and strong
maximum principle hold also in this setting.

Corollary 5.1 Under assumptions (5.1)-(5.4) Theorem 4.1 holds true.

Example 5.1 The Grushin operator
For ¢ = (£1,&2) € R?, consider the diffusion matrix

(5.5) =5 ¢ )

and observe that o satisfies (5.1) since X; = (1,0) and [X;, X2] = (0,1)
span all R2. In this case the infinitesimal generator is

LV = —Vee — S%V&& —b(§)DV.
We take f and b(§) = (b1(&1), b2(&2)) with

_b1£1 Z 6) if |£1| > 15
(56) —bgfg >1, if ‘52‘ > 1,
b; are bounded in [—1,1], i=1,2.

satisfying (5.2). Under these assumptions it is easy to check that the matrix

vo-(18 1)

satisfies (5.3) and that the function W () = L& + 1£2 satisfies (5.4). In
conclusion, since all the hypotheses (5.1)-(5.4) are satisfied, Theorem 5.1

apply.

Remark 5.2 Lions-Musiela in [27] have considered a similar degenerate
case but in their paper the elements of the matrix are bounded in R? in
this way

1 0
(5.7) a(§) = < 0 —& > .
V1+e2
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A Appendix

In the following Lemma we state the equivalence between conditions (2.8)
and (2.9). This property has already been established by P.L. Lions [26];
however, for the sake of completeness we shall provide the proof.

Lemma A.1 Consider a linear operator
G(u) := —tr(aa’ D*u) —b - Du

where a verifies the Hérmander condition (3.1), @ and b are Lipschitz con-
tinuous functions with

@@ b <Cca+E)  vEeRY

Then, conditions (2.8) and (2.9) are equivalent; namely the following prop-
erties are equivalent:

i) there exists w € C®(RY) such that

Gw)>1 in B(O,RO)C, w>0 in B(O,RO)C, lim w =400

|§]—=+o00
for some constant Ry > 0;
ii) there exists w € C®(RYN) such that
G(w)+xw=¢ inRY, lim @ =400

|§]=+o0

for some C° functions x and ¢ with lim¢|_, o ¢ = +00, x > 0 and
suppx compact.

Proof. For completeness, we report the arguments of [26]. As one can
easily check, property (ii) obviously implies property (i) (possibly adding
a constant).

Now, assuming (i), we want to prove (ii). We denote K := max |w|
B(O,Ro)
and Kg := max |G(w)|. We fix x € C5°(RY) such that y > 0, x = 1
B(0,Ro)

in B(0, Ry) and suppyx C B(0,2Ry). We claim that the function w’(¢) :=
w(§) + K 4+ Kg + 1 satisfies

(A1) G(w’) + xw’ =: f*(€) >1 in RV, mlim w’ = +o0.
—+00
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Indeed, the latter property is an immediate consequence of (7).
Moreover, for (] < R, we have

G(w') + xw’ > —Kg + x(w+ K + Kg +1) > 1
while, for || > Ry, we have
G(w") + xw’ > G(w) > 1;
hence, our claim (A.1) is proved. Let us now consider a regular partition

of unity {¢;};en such that ¢; > 0, Zgbz(f) =1, supp ¢; C B(0,i+ 1)\
=1
B(0,i — 1),
1 1

We claim that there exists a regular solution to

(A2)  GWo)+xWo=) ¢ mRY,  0<W, <w’

i=1

In order to prove this existence, it is expedient to introduce, for m > n+1,
the following boundary value problem

i=1

Wim =0 on 0B(0,m).

(A.3)

We observe that the Hormander’s condition guarantees the comparison
principle; since 0 and w® are respectively a sub- and a supersolution, the
Perron’s method entails that there exists a (unique) solution to (A.3) such
that 0 < Wy, < w’ in B(0,m). Furthermore, for m; > m, still by com-
parison principle, we infer W,,,,,, > W,,,,, namely, the sequence {Wy, }m
in nondecreasing and locally bounded. Passing to the limit, we accomplish
the proof of our claim (A.2).
By (A.2), the functions w;(§) := W;(&) — W;_1(&) solve

G(wi) + xwi = ¢;  in RY
and verify: Z w;(€) < oo in RV,
i=1

Let us now state an elementary result whose proof we refer the reader
to exercise 3.5 page 139 of[18].
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Lemma A.2 Let a; > 0 be such that > ;2 a; < +00. Then, there exists a
sequence {\;}; such that lim;_, o Aj = +00 and Y .0 Nia; < +o0.

By Lemma A.2, there exists a sequence {)\;}; such that lim; , . A; = +00

and Z)\iwi(O) = K < 4o0.
i=1

Let ng € N be fixed. Let us denote by w (£) := Z)\Zwl(g) In B(0,n)
i=1

wh (€) satisfies:

(A.4) G(wh) + xwh = Ai®i wf, > 0

and by Harnack inequality there exists a constant C),, independent of n
such that

no+1
P< Gy inf wh+ Xidi)
sup w; < inf w sup ¢
B(0,") " " po,mey " B(o,’?)izl o
no+1
< Cng(K+ sup > Nigi) = Ci,
B(0,"3) i=1

This implies that in any bounded set w! is well defined, ie. wf(¢) :=

o
Z \w; (€) < oo for every € € RY. Moreover the function w# satisfies
i=1

(A.5) Gwh) + xw' =D Nigi =1 ¢,  w >0
i=1

with limg_,o0 ¢(€) = +00.
In conclusion, by (A.1) and (A.5), the function w := w’ + w¥ satisfies (i).
a

ACKNOWLEDGMENTS

We thank Italo Capuzzo Dolcetta and Olivier Ley for helpful discussions.
The first and the second authors are members of GNAMPA-INdAM.

The second author has been partially supported also by the ”Progetto di
Ateneo: Traffic flow on networks: analysis and control” of the University of

23



Padova.
The third author has been partially funded by the ANR project ANR-12-
BS01- 0008-01.

References

1]

[2]

M. Arisawa, P.L. LioNS, On ergodic stochastic control, Comm. Par-
tial Differential Equations, 23 (1998), 2187-2217.

O. ALVAREZ, M. BARDI, Ergodicity, stabilization, and singular pertur-
bations for Bellman-Isaacs equations., Mem. Amer. Math. Soc. , 204,

(2010).

O. ALVAREZ, M. BARDI, C. MARCHI, Multiscale problems and homog-

enization for second-order Hamilton Jacobi equations, J. Differential
Equations , 243 (2007), 349-387.

L. ArNOLD, W. KLIEMANN, On unique ergodicity for degenerate dif-
fusions, Stochastics, 21 (1987), 41-61.

M. BARDI, A. CESARONI, .. MANCA, Convergence by viscosity meth-

ods in multiscale financial models with stochastic volatility, STAM J.
Financial Math., 1 (2010), 230-265.

A. BENSOUSSAN, J.L. Lions, G. PAPANICOLAU, Asymptotic Analysis
for Periodic Structures, North-Holland, Amsterdam (1978).

A. DBENSOUSSAN, Perturbation methods in optimal control,
Wiley /Gauthier-Villars Series in Modern Applied Mathematics. John
Wiley & Sons, Chichester; Gauthier-Villars, Montrouge 1988.

I. BIRINDELLI, I. CAPUZZO DOLCETTA, A. CUTRI, Liouville theorems

for semilinear equations on the Heisenberg group, Ann. Inst. H. Poincaré
Anal. Non Linéaire 14 (1997), 295-308.

I. BIRINDELLI, I. CAPUZZO DOLCETTA, A. CUTRI, Indefinite semi-

linear equations on the Heisenberg group: a priori bounds and existence,
Comm. Partial Differential Equations 23 (1998), 1123-1157.

[10] A. BonFIGLIOLI, E. LANCONELLI, F. UGUZZONI1, Stratified Lie groups

and potential theory for their sub-Laplacians, Springer Monographs in
Mathematics, Springer, Berlin 2007.

24



[11] J. M. BoNyY, Principe du mazimum, inégalite de Harnack et unicité
du probléme de Cauchy pour les opérateurs elliptiques dégénérés Ann.
Inst. Fourier (Grenoble) 19, (1969), 277-304.

[12] M. BiroLl, U. Mosco, N. TcHou, Homogenization by the Heisenberg
group, Adv. Math. Sci. Appl., 7 (1997), 809-831.

[13] I. CaPuUzzO DOLCETTA, A. CUTRI, On the Liouville property for
sub-Laplacians, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25 (1997),
239-256.

[14] M. CIRANT, On the solvability of some ergodic control problems, STAM
J. Control Optim., 52 (2014), 4001-4026.

[15] M.G. CRANDALL, H. IsHi1, P.L. LIONS, User’s guide to viscosity so-
lutions of second-order partial differential equations, Bull. Amer. Math.
Soc., 27 (1992), 1-67.

[16] F. DA Lio, O. LEY, Uniqueness results for second-order Bellman-
Isaacs equations under quadratic growth assumptions and applications,

SIAM J. Control Optim., 45 (2006), 74-106.

[17] W.H. FLEMING, H.M. SONER, Controlled Markov Processes and Vis-
cosity Solutions, Springer-Verlag, Berlin, 1993.

[18] S. FranciNou, H. GIANELLA, S. NICOLAS, Ezxercices de
mathématiques: oraur X- ENS, Analyse 1, 2-eme Edition, Cassini, Paris,
2007.

[19] R.Z. HAS'MINSKII Stochastic stability of differential equations, Mono-
graphs and Textbooks on Mechanics of Solids and Fluids: Mechanics and
Analysis, 7. Sijthoff & Noordhoff, Alphen aan den Rijn—Germantown,
Md. 1980.

[20] L. HORMANDER, Hypoelliptic second order differential equations, Acta
Math. Uppsala, 119 (1967), 147-171.

[21] N.V. KryrLov, Hélder continuity and L, estimates for elliptic equa-
tions under general Hormander’s condition, Topological Methods Non-
linear Anal. 9 (1997), 249-258.

[22] H. KuNITA Asymptotic behavior of the nonlinear filtering errors of
Markov processes, J. Multivariate Anal. 1 (1971), 365-393.

25



[23] Y. KABANOV, S. PERGAMENSHCHIKOV Two-scale stochastic systems.
Asymptotic analysis and control, Applications of Mathematics (New
York), 49, Stochastic Modelling and Applied Probability, Springer-
Verlag, Berlin, 2003.

[24] H.J. KUSHNER, Weak convergence methods and singularly per-
turbed stochastic control and filtering problems, Birkh&user Boston, Inc.,
Boston, MA, 1990.

[25] K. IcHIHARA, H. KUNITA, A classification of the second order de-

generate elliptic operators and its probabilistic characterization, Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete 30 (1974), 235-254.

[26] P.L. LioNs Lectures at Collége de France 2014-2015, avaliable at:
http://www.college-de-france.fr .

[27] P.L. LionNs, M. MUSIELA, Ergodicity of diffusion processes, unpub-
lished.

[28] L. LoreNzi, M. BERTOLDI, Analytical methods for Markov semi-
groups, Chapman & Hall/CRC, Boca Raton, FL, 2007.

[29] P. MANNUCCI, B. STROFFOLINI, Periodic homogenization under a hy-
poellipticity condition NoDEA Nonlinear Differential Equations Appl.,
22 (2015), 579-600.

[30] E. PARDOUX, A.Y. VERETENNIKOV, On the Poisson equation and
diffusion approximation, I, Ann. Probab. 29 (2001), 1061-1085.

[31] E. PARDOUX, A.Y. VERETENNIKOV, On the Poisson equation and
diffusion approxzimation, II, Ann. Probab. 31 (2003), 1166-1192.

[32] E. PARDOUX, A.Y. VERETENNIKOV, On the Poisson equation and
diffusion approximation, III, Ann. Probab. 33 (2005), 1111-1133.

Address of the authors

Paola Mannucci,

Dipartimento di Matematica, Universita degli Studi di Padova,

Via Trieste 63, 35131, Padova, Italy,

Claudio Marchi,

Dipartimento di Ingegneria dell’Informazione, Universita degli Studi di
Padova,

26



Via Gradenigo 6, 35131, Padova, Italy,

Nicoletta Tchou, IRMAR,

Universita de Rennes 1

Campus de Beaulieu, 35042 Rennes Cedex, France
mannucci@math.unipd.it, claudio.marchi@unipd.it, nicoletta.tchou@univ-
rennes].fr

27



