
HAL Id: hal-01221494
https://hal.science/hal-01221494

Submitted on 28 Oct 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Wavelets and Binary Coalescences Detection
Jean-Michel Innocent, Bruno Torresani

To cite this version:
Jean-Michel Innocent, Bruno Torresani. Wavelets and Binary Coalescences Detection. Applied and
Computational Harmonic Analysis, 1997, �10.1006/acha.1996.0204�. �hal-01221494�

https://hal.science/hal-01221494
https://hal.archives-ouvertes.fr


Wavelets and Binary Coalescences Detection

J.M. Innocent∗ and B. Torrésani†

CPT, CNRS-Luminy, Case 907,
13288 Marseille Cedex 09, France

Abstract: Gravitational waves generated by coalescing
binary systems of neutron stars or black holes are expected
to behave like chirps, i.e. amplitude and frequency modu-
lated signals, buried into strongly correlated noise, with very
low signal to noise ratio. This note presents a wavelet based
algorithm for on line processing and detection of such signals,
from interferometric detectors which are currently being con-
structed, and discusses a few examples. The details of the
method and more complete simulations can be found in [6].

The detection of gravitational waves, predicted by gen-
eral relativity but never observed so far, is a major chal-
lenge in today’s experimental physics. Several projects
are currently being developed, among which one may
quote the LIGO [1], GEO [4] and VIRGO [2] laser in-
terferometric detectors.
Among the potential sources for gravitational waves,

the most promising are presumably pulsars, and coalesc-
ing binary systems of black holes or neutron stars. Such
systems are expected to produce “simple” signals, for
which available models are considered reliable. We focus
here on the case of coalescing binary systems. The cor-
responding gravitational waves take the form of chirps,
i.e. amplitude and frequency modulated signals.
The detection problem may be formulated as follows.

The signal takes the form

f(x) = hθ(x− x0) + n(x) (1)

where hθ(x) is the reference signal (given in good approx-
imation by various post-Newtonian theories [8]), depend-
ing on a set of parameters to be estimated, represented
generically by θ, x0 is the date of coalescence (to be es-
timated as well) and n(x) is the experimental detector
noise.
The classical method to such a detection problem is

provided by matched filters [8]. However, the matched
filter applies to the case where the parameters θ of the
signal are known. Since the parameters are not known,
one has to construct filters for sufficiently many choices
of the parameters, which leads to a very large number of
filters.
This note describes an alternative approach based on

wavelet transform. Since the detection problem actually
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amounts to that of estimating a shift in a time-scale do-
main, wavelet methods are a natural tool. In addition,
it is important for detection purpose to keep scaling and
translation covariance properties of the time-scale rep-
resentation, we focus on continuous wavelet transform.
The interested reader is refered to [6] for more details.

I. SIGNAL AND NOISE MODELS

The signal measured at the detector is a strain, de-
noted by h(x), and is the superposition of a gravity wave
signal, and an additive detector noise.

A. Signal

Consider a system of two stars of masses m1 and m2

respectively, at distance R from the observer. Follow-
ing the conventional use, we introduce the chirp mass

M =
(

(m1m2)
3/(m1 +m2)

)1/5
. In the Newtonian ap-

proximation, the expected reference signal is given by
h(x) = AhF (x0 − x), where

hF (x) = AxαΘ(x) cos

(

Φ− 2π

β + 1
Fxβ+1

)

, (2)

with Θ(x) the Heaviside step function, α = −1/4 and
β = −3/8. Here, x0 is the coalescence date, Φ is a global
phase, and A and F are related to physical parameters
by F = CFM−5/8 and A = ǫCA

1
RM5/4 for some nu-

merical constants CA and CF , and a constant 0 ≤ ǫ ≤ 1
depending on the relative orientation between the source
and the detector.
The expected signal is then a chirp, to which local

amplitude A(x0−x)α and frequencies ν(x) = F (x0−x)β
may be associated. An example is displayed in Figure 1.
More general post-Newtonian approximations are de-

scribed in [8] for example.

Time (ms)

S
tr

ai
n

0  100  200  300  400  500  600  700  800  900 1000
-0.2

-0.1

0

0.1

0.2

FIG. 1. Last second of gravitational wave generated by the
collapse of a binary with m1 = 10M⊙, m2 = 1M⊙, coalesc-
ing at a distance R = 200Mpc. The amplitudes are to be
multiplied by 10−21.
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B. Noise

The detector noise is the superposition of several con-
tributions, and is generally modeled as a weakly station-
ary process, with power spectral density S(ν) = E(2πν)
of the form

S(ν) = S1ν
−5+S2ν

−1+S3

(

1 +
(

ν
500Hz

)2
)

+ 1
ν

∑∞
n=1

K
(ν2−ν2

n
)2−φ2ν4

n

.
(3)

Here, S1, S2, S3,K, φ
2 are constants depending on the ex-

perimental setup. The spectral density used in our sim-
ulations is displayed in Figure 2.
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FIG. 2. Expected power spectral density of interferometric
detector noise.

II. A DETECTION ALGORITHM

A. Prewhitening wavelet transform

Our main tool will be a version of continuous wavelet
transform adapted to the problem as follows. Let ψ(x) be
an integrable and square-integrable function, such that

ψ̂(k) = 0 ∀k ≤ 0 and that 0 < cψ :=
∫∞
0

|ψ̂(k)|2 dkk < ∞
Let n(x) be a weakly stationary process, and let C be
the associated covariance operator:

Cf(x) =
1

2π

∫

eikxE(k)f̂(k)dk . (4)

The usual continuous wavelet transform of f(x) ∈ L2(IR)
is defined by Tf (b, a) = 〈f, ψ(b,a)〉, where ψ(b,a)(x) =

(1/
√
a)ψ((x − b)/a). We define the corresponding

prewhitening wavelet transform of any f(x) ∈ L2(IR) as
follows

Wf (b, a) = 〈C−1/2f, ψ(b,a)〉
=

√
a

2π

∫

eikb f̂(k)ψ̂(ak)√
E(k)

dk .
(5)

Clearly, given a stationary process n(x) of spectral den-
sity E(k), we have V (a) := IE{|Wn(b, a)|2} = ||ψ||2.
In practice, we are given a signal of the form f(x) =
f0(x) + n(x), where n(x) is as before. Introducing the
new representation,

M(b, a) = |Wf (b, a)|2 − V (a) , (6)

we easily obtain that IE{M(b, a)} = |Wf0(b, a)|2.

B. Transform of binary coalescence signals

Let us come back to the detection problem. We stick to
the Newtonian situation. If ψ(x) = Aψ(x) exp{iφψ(x)}
is an analytic wavelet with linear phase φψ(x) = ω0x, it
follows from the analysis in [5] that the standard contin-
uous wavelet transform is localized in a neighborhood of
a curve in the time-scale plane, called the ridge of the
wavelet transform, of equation

b = b(F,x0)(a) = x0 −
(

2πaF

ω0

)8/3

. (7)

We assume that the prewhitening wavelet transform has
the same localization properties (see [6] for more details).

C. Line Integrals

Consider now the realistic situation

f(x) = AhF (x0 − x) + n(x) , (8)

where n(x) is a weakly stationary stochastic process with
spectral density E(k) given in (3), modeling the detector
noise. Given a candidate (τ, γ) for the pair (x0, F ), we
consider the corresponding candidate b(τ,γ) (see Eq. (7)),
and the line integral

Lτ (γ) =
∫

M(b(τ,γ)(a), a)
da

a
, (9)

with M(b, a) as in (6). The algorithm we propose is
based on the following maximization problem

max
(τ,γ)

Lτ (γ) . (10)

D. The Maximization Algorithm

The maximization problem (10) amounts to a search
in a two-dimensional space, parametrized by the pair
(x0, F ). We now describe an algorithm compatible with
a possible real time implementation.
We first fix a threshold, hereafter denoted by

THRESHOLD for the line integral (9), the choice of which is
based upon an a priori knowledge of the noise, and some
a priori estimates on the false alarm or non detection
probabilities. For a given date τ , set

F̂ (τ) = argmax
γ

Lτ (γ) , (11)

Â(τ) = max
γ

Lτ (γ) , (12)

Our approach relies on a two-step optimization:

2



• FOR τ = τmin TO τ = τmax

1. Solve the problem (12) with respect to γ.

2. Store the values F̂ (τ) and Â(τ).

• IF Â(τ) ≥ THRESHOLD: mark τ as a possible date
for an event.

The maximization is carried out by standard maximiza-
tion methods (an adapted version of Brent’s method in
our implementation)

III. NUMERICAL EXAMPLES

We present here some of the numerical results obtained
with the algorithm described above, in three typical sit-
uations. A detailed analysis and more examples can be
found in [6], together with an analysis of the statistics of
detection.
The numerical tests have been performed on signals

generated following the lines of Section I. The continuous
wavelet transform is discretized in the form Tf (bm, an)
with bm = mνs (νs being the sampling frequency) and
an = 2an0 , with a0 = 21/8 and n = 0, . . . 39 (for νs =
2 kHz, this corresponds to the frequency range 30Hz −
−500Hz).
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FIG. 3. Output of the algorithm in the case
m1 = m2 = 1.4M⊙ and R = 150Mpc.
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FIG. 4. Output of the algorithm in the case
m1 = 1M⊙, m2 = 10M⊙ and R = 250Mpc.
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FIG. 5. Output of the algorithm in the case
m1 = m2 = 10M⊙ and R = 1.2Gpc.

We display in Figure 3 (resp. Figure 4, resp. Figure 5)

the function Â(τ) introduced in Eq (12), for the case of
a binary system formed of two neutron stars of 1.4 solar
masses each (resp. 1 and 10 solar masses, resp. 10 solar
masses each), coalescing at a distance of 150Mpc (resp.
250Mpc, resp. 1.2Gpc). In each case, the coalescence
date was set to x0 = 15.1sec.. The sampling frequency
was set to νs = 2kHz (resp. νs = 1kHz). A significant
peak is clearly seen, and in the three considered cases,
the peak is located precisely at the correct date τ = x0.

A more detailed statistical analysis shows that in the
three considered situations, the peak value Â(x0) is far

above the 0.1% critical value of the distribution of Â in
the noise alone reference.
The algorithm can also be used for estimating the fre-

quency parameter F when an event has been detected.
In the three considered examples, we obtained F̂ = 134.6
while the true value was F = 133.47 (resp. F̂ = 85.26

for F = 85.97, resp. F̂ = 39.59 for F = 39.05), i.e. a
precision of the order of 1%.

IV. CONCLUSIONS

In this note, we have summarized a wavelet based al-
gorithm for on line processing of interferometric detec-
tor signals and binary coalescence detection. The results
in [6] and those shown here prove that this approach is a
reliable one. In addition, the computational cost is low
enough to allow real time processing of data on standard
Unix workstations. For these reasons, we believe that
this approach should be considered seriously for on line
detection of binary coalescence, as well as for the corre-
sponding parameter estimation problems.
The details of the method are given in [6], together

with results of simulations and statistical analysis of the
performances of the method.

3



References

[1] A. Abramovici at al. (1992): Science, 256, p. 325-333.
[2] C. Bradaschia et al. (1990): Nucl. Instrum. Methods Phys.

Res. A 518.
[3] R. Carmona, W.L. Hwang, B. Torrésani (1996): Practical

Time-Frequency Analysis, Monograph, to be published.
[4] K. Danzmann et al. (1994): GEO600, Proposal for a 600

m Laser-Interferometric Gravitational Wave Antenna.
[5] N. Delprat et al. (1992): IEEE Trans. Inf. Th. 38, pp.

644-664.
[6] J.M. Innocent and B. Torrésani (1996): A Multiresolution

Strategy for Detecting Gravitational Waves Generated by

Binary Coalescence, Preprint CPT-96/P.3379, submitted
to Phys. Rev. D.

[7] J.M. Innocent, J.Y. Vinet (1992): Time-Frequency Anal-

ysis of Gravitational Signals from Coalescing Binaries,
VIRGO technical Report.

[8] K.S.Thorne (1987): Gravitational Radiation, in 300 Years

of Gravitation, Hawking & Israel Eds, Cambridge Univer-
sity Press.

4


