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Abstract. In this short note, we present a multi-symplectic structure of the Serre–

Green–Naghdi (SGN) equations modelling nonlinear long surface waves in shallow water.

This multi-symplectic structure allow the use of efficient finite difference or pseudo-spectral

numerical schemes preserving exactly the multi-symplectic form at the discrete level.
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Figure 1. Sketch of the fluid domain.

1. Introduction

The present manuscript is devoted to a further study of the celebrated Serre–Green–
Naghdi model of fully nonlinear long water waves propagating in shallow water. Namely,
we unveil another variational structure of these equations. The Hamiltonian formulation
for the Serre equations can be found, for example, in [16]. However, this structure is non-
canonical and highly non-trivial, at least at the first sight. In this article, we propose a
multi-symplectic structure for the same system of Serre equations. The multi-symplectic
structure generalises the classical Hamiltonian formulations [2] to the case of Partial Dif-
ferential Equations (PDEs) such that the space and time variables are treated on the equal
footing [5] (see also [19, Chapter 12]).

Let us recall some basic facts about the Serre equations in 2D (one horizontal dimen-
sion). Assuming that derivatives are ‘small’ (i.e., long waves in shallow water) but finite
amplitudes,∗ Serre [24, 25] derived the system of equations

ht + ∂x[hu ] = 0, (1.1)

ut + uux + g hx + 1

3
h−1 ∂x[h2 γ ] = 0, (1.2)

where

γ = h [u2

x
− uxt − uuxx ] , (1.3)

is the fluid vertical acceleration at the free surface. In these equations, x is the horizontal
coordinate, t is the time, u is the depth-averaged horizontal velocity and h is the total
water depth (bottom to free surface). A sketch of the domain is shown in Figure 1.

These equations were independently rediscovered later by Su and Gardner [27] and again
by Green, Laws and Naghdi [15]. These approximations being valid in shallow water
without assuming small amplitude waves, they are sometimes called weakly-dispersive fully-

nonlinear approximation [30] and are a generalisation of the Saint-Venant [26, 29] and of
the Boussinesq equations [3, 11]. The derivations above are straightforward, one can refer
to [18], for example.

∗It should be noted that the steady version of these equations were derived earlier by Rayleigh [20].
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From the equations (1.1) to (1.3), one can derive an equation for the conservation of the
momentum flux

∂t[hu ] + ∂x[hu2 + 1

2
g h2 + 1

3
h2 γ ] = 0, (1.4)

and an equation for the conservation of the energy

∂t[ 12 hu
2 + 1

6
h3u2

x
+ 1

2
g h2 ] + ∂x[ (12 u

2 + 1

6
h2 u2

x
+ g h + 1

3
hγ )hu ] = 0, (1.5)

as well as an equation for the conservation of the tangential momentum at the free surface

∂t[u − 1

3
h−1(h3 ux)x ] + ∂x[ 12 u

2 + g h − 1

2
h2 u2

x
− 1

3
uh−1(h3 ux)x ] = 0. (1.6)

Below, we discuss the connection between these conservation laws with the underlying
multi-symplectic structure.

The present manuscript is organised as follows. The multi-symplectic formulation is
described in the section 2 and the underlying conservation laws are discussed in the section
3. Finally, the main conclusions of this study and some perspective are outlined in the
section 4.

2. Multi-symplectic formulation

A system of Partial Differential Equations (PDEs) is said to be multi-symplectic if it
can written as a system of first-order equations of the form [5, 21]:

M ⋅ zt + K ⋅ zx = ∇z S(z), (2.1)

where a dot denotes the contracted (inner) product, z ∈ Rn is a rank-one tensor (vector)
of state variables, M ∈ Rn×n and K ∈ Rn×n are skew-symmetric constant rank-two tensors
(matrices) and S is a smooth rank-zero tensor (scalar) function depending on z. (We
use tensor notations because they give more compact formulae than the matrix formalism
[4].) The function S plays the role of the Hamiltonian functional in classical symplectic
formulations [2]. Consequently, S is sometimes called the ‘Hamiltonian’ function as well.
It should be noted that the matrices M and K can be (and often are) degenerated [7].

It turns out that the Serre equations (1.1)–(1.2) have a multi-symplectic structure with
z = he1 + φe2 + ue3 + v e4 + pe5 + q e6 + r e7 + se8 (ei unitary basis vectors) and

M = e1 ⊗ e2 − e2 ⊗ e1 + 1

3
e1 ⊗ e5 − 1

3
e5 ⊗ e1, (2.2)

K =
1

3
e1 ⊗ e7 − 1

3
e7 ⊗ e1 − e2 ⊗ e6 + e6 ⊗ e2, (2.3)

S = (1
6
v2 − 1

2
u2 − 1

3
suv)h − 1

2
g h2 + 1

3
p (us − v) + q (u + 1

3
s v) − 1

3
r s. (2.4)
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Indeed, the substitution of these relations into (2.1) yields the equations

φt + 1

3
pt + 1

3
rx =

1

6
v2 − 1

2
u2 − 1

3
suv − g h, (2.5)

−ht − qx = 0, (2.6)

0 = q − hu + 1

3
s (p − hv ) , (2.7)

0 =
1

3
(hv − p ) + 1

3
s ( q − hu ) , (2.8)

−1

3
ht =

1

3
( su − v ) , (2.9)

φx = u + 1

3
s v, (2.10)

−1

3
hx = −1

3
s, (2.11)

0 =
1

3
(pu + q v − r − huv ) . (2.12)

These equations have the following physical meaning. Equation (2.11) gives s = hx so
s is the surface slope. Equations (2.7) and (2.8) yield p = hv and q = hu that are the
vertical and horizontal momenta, respectively. It follows that (2.6) is the mass conservation
ht + [hu]x = 0 and (2.9) is the impermeability of the free surface ht +uhx = v (v is then the
vertical velocity at the free surface). Equation (2.10) shows that the velocity field is not
exactly irrotational for the Serre equations (a well-known result). The definition above of
p and q substituted into (2.12) gives r = huv. Finally, substituting all the preceding results
into (2.5), after some algebra, one obtains

φt + 1

2
u2 + 1

6
h2 u2

x
+ g h − 1

3
h2 uxt − 1

3
hu∂x[hux ] = 0.

Differentiating this equation with respect of x, eliminating φ using (2.10) and exploiting
the mass conservation, one gets the equation (1.6).

It should be noted that eliminating p, q and r, the ‘Hamiltonian’ S becomes

S = 1

2
hu2 − 1

6
hv2 − 1

2
g h2

=
1

2
hu2 − 1

6
h3 u2

x
− 1

2
g h2, (2.13)

so S is not a density of total energy, nor a Lagrangian density.

3. Conservation laws

A multi-symplectic system of partial differential equations has local conservation laws
for the energy and momentum

∂tE(z) + ∂xF (z) = 0, ∂tI(z) + ∂xG(z) = 0,

where

E(z) = S(z) + 1

2
zx ⋅K ⋅ z, F (z) = − 1

2
zt ⋅K ⋅ z,

G(z) = S(z) + 1

2
zt ⋅M ⋅ z, I(z) = − 1

2
zx ⋅M ⋅ z.
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For the Serre equations, from the results of the previous section, we have

E = 1

6
r hx − 1

6
hrx + 1

2
φqx − 1

2
q φx − 1

2
g h2 + 1

2
hu2 − 1

6
hv2,

F = 1

6
hrt − 1

6
r ht + 1

2
q φt − 1

2
φqt,

G = 1

6
pht − 1

6
hpt + 1

2
φht − 1

2
hφt − 1

2
g h2 + 1

2
hu2 − 1

6
hv2,

I = 1

6
hpx − 1

6
phx + 1

2
hφx − 1

2
φhx,

and using the relations (2.5)–(2.12), after some algebra, one gets the expression of quantities
E, F , G and I in initial physical variables

−E = 1

2
hu2 + 1

2
g h2 + 1

6
h2 u2

x
− ∂x[ 12 φhu +

1

6
h3 uux ] ,

−F = ( 1

2
u2 + 1

6
h2 u2

x
+ g h + 1

3
hγ )hu + ∂t[ 12 φhu +

1

6
h3 uux ] ,

G = hu2 + 1

2
g h2 + 1

3
h2 γ + ∂t[ 12 φh +

1

6
h3 ux ] ,

I = hu − ∂x[ 12 φh +
1

6
h3 ux ] .

So the momentum and energy conservation equations (1.4) and (1.5) are recovered, though
−E, −F , G and I are not exactly the densities of energy, energy flux, momentum flux and
impulse, respectively.

4. Discussion

In the present manuscript, we discussed the multi-symplectic structure for the Serre
equations, which is a very popular model nowadays for long waves in shallow waters. To
our knowledge it is the first time that such a structure is reported in the literature. A
non-canonical Hamiltonian structure of the Serre equations can be found, for example, in
[16]. However, we find that the corresponding multi-symplectic structure is simpler and
more natural for these equations. Moreover, it allows to treat on the equal footing the
space and time variables [21]. The advantages of this formulation are well-known [5].

The multi-symplectic structure of the exact water wave equations being already known
[5], it seems natural that approximate equations also have a multi-symplectic structure.
However, Serre’s equations being not exactly irrotational, it is not obvious a priori that
such a multi-symplectic structure should indeed exists. It is not at all trivial to obtain
this structure directly from the Serre equations (1.1)–(1.3). In order to derive the multi-
symplectic formulation of the Serre equations, we started form the relaxed variational
principle (generalised Hamilton principle) [10]. The derivation is then quite transparent,
as shown in the appendix.

Serre’s equations can be extended in 3D in several ways. One extension of special interest
is the so-called irrotational Green–Naghdi equations [10, 17] for which a multi-symplectic
structure can be easily obtained following the same route as for the Serre equations, i.e.,
starting from the relaxed variational principle.

Our study opens some new perspectives to construct structure-preserving integrators for
the Serre equations. To our knowledge this research direction is essentially open nowadays.
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There are some attempts to solve these equations with conventional finite volume [8],
pseudo-spectral [13] and finite element [22] methods. However, all these attempts do not
guarantee the preservation of the variational (symplectic or multi-symplectic) structures
at the discrete level as well. Using the findings reported in this manuscript, one should be
able to construct relatively easily finite difference [1, 6, 23, 28] and pseudo-spectral [9, 14]
schemes, which preserve exactly the multi-symplectic conservation law on the discrete level.
A numerical comparison of symplectic, multi-symplectic and pseudo-spectral schemes was
performed in [12] on the example of the celebrated Korteweg–deVries equation.

A. The workflow pattern

Our study would not be complete if we did not explain how we arrived to the multi-
symplectic structure (2.1) of the Serre equations. It is not so trivial to see how this
structure appears from equations (1.1), (1.2). However, when we derive the Serre system
from the relaxed variational principle [10], a more suitable form of the equations appears.
Namely, the relaxed Lagrangian [10] under the shallow water ansatz reads (see also [13])

L = (ht + µ̄ hx) φ̄ − 1

2
g h2 + h [ µ̄ū − 1

2
ū2 + 1

3
ν̃ ṽ − 1

6
ṽ2 + φ̄ µ̄x ] , (A.1)

where µ̄, ν̃ are the Lagrange multipliers. An additional constraint of the free surface
impermeability is imposed:

ν̃ = ht + µ̄ hx. (A.2)

The corresponding Euler–Lagrange equations are

δ ū ∶ 0 = µ̄ − ū, (A.3)

δ ṽ ∶ 0 = ht + µ̄hx − ṽ, (A.4)

δ µ̄ ∶ 0 = ū + 1

3
ṽ hx − φ̄x, (A.5)

δ φ̄ ∶ 0 = ht + [h µ̄ ]x , (A.6)

δ h ∶ 0 = µ̄ū − 1

2
ū2 − 1

6
ṽ2 − µ̄φ̄x − φ̄t − g h

− 1

3
h [ ṽt + µ̄ṽx + ṽ µ̄x ] . (A.7)

After eliminating µ̄ from equations (A.4)–(A.7) thanks to (A.3) and introducing the extra
variables p = hv, q = hu, r = huv and s = hx, one almost obtains the required system
(2.5)–(2.12) for the multi-symplectic formulation.
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