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Equivalence between dimensional contractions in Wasserstein
distance and the curvature-dimension condition.

Francois Bolley* Ivan Gentill Arnaud Guillint Kazumasa Kuwada?

October 26, 2015

Abstract

The curvature-dimension condition is a generalization of the Bochner inequality to weighted
Riemannian manifolds and general metric measure spaces. It is now known to be equivalent
to evolution variational inequalities for the heat semigroup, and quadratic Wasserstein distance
contraction properties at different times. On the other hand, in a compact Riemannian manifold,
it implies a same-time Wasserstein contraction property for this semigroup. In this work we
generalize the latter result to metric measure spaces and more importantly prove the converse:
contraction inequalities are equivalent to curvature-dimension conditions. Links with functional
inequalities are also investigated.

Key words: Optimal transport, Markov diffusion semigroup, Curvature-dimension condition,
Metric measure space.

Introduction

The von Renesse-Sturm theorem (see [27]) ensures that a Wasserstein distance contraction prop-
erty between solutions to the heat equation on a Riemannian manifold is equivalent to a lower
curvature condition. This result is one of the first equivalence results relating the Wasserstein
distance and a curvature condition. Recent works have been devoted to a more precise curvature-
dimension condition instead of a sole curvature condition. In this work, and in a fairly general
framework, we derive new dimensional contraction properties under a curvature-dimension con-
dition and we show that they are all equivalent to it.

Let A be the Laplace-Beltrami operator on a smooth Riemannian manifold (M, G) and let
(P f)t=0 be the solution to the heat equation dyu = Au with f as the initial condition. Many of

*Laboratoire de probabilités et modeéles aléatoires, Umr Cnrs 7599, Univ. Pierre et Marie Curie - Paris 6, France.
francois.bolley@upmec.fr

TInstitut Camille Jordan, Umr Cnrs 5208, Univ. Claude Bernard Lyon 1, France. gentil@math.univ-lyonl.fr

Hnstitut Universitaire de France and Laboratoire de Mathématiques, Umr Cnrs 6620, Univ. Blaise Pascal, France.
guillin@math.univ-bpclermont.fr

$Tokyo Institute of Technology, Japan. kuwada@math.titech.ac.jp



the coming notions and results have been considered in a more general setting, but for simplicity
in the introduction we focus on this case. The Bochner identity states that

SAIVP — V[ VAS = [VVfP + Rie(V, V)

where Ric is the Ricci curvature of (M, G). The manifold associated with its Laplacian is said to
satisfy the CD(R,m) curvature-dimension condition if its Ricci curvature is uniformly bounded
from below by R € R and its dimension is smaller than m € (0, +oc]. In this case

SAIVIP VI VAS > L(Af) + RIVSP 1)

by the Cauchy-Schwarz inequality. The C'D(R,m) condition and (1) are the starting point of
many comparison theorems, functional and geometrical inequalities, bounds on the heat kernel,
etc. (see e.g. [8, 13, 26, 28]).

In this work we focus on the link between the curvature-dimension condition and Wasserstein
distance contraction properties of the heat semigroup. The von Renesse-Sturm theorem [27]
states that: the CD(R, co) condition holds if and only if

W3 (P fdx, Pgdz) < e W3 (fdx, gdz) (2)

for all ¢ > 0 and probability densities f, g with respect to the Riemannian measure dx. Here W
is the Wasserstein distance with quadratic cost.

There are many proofs of this result as well as extensions to more general evolutions and
spaces, see for instance |2, 9, 8, 15, 17, 23, 28, 29]. Following the seminal papers [21, 25], attention
has been drawn to taking the dimension of the manifold into account.

A first way of including the dimension is to use two different times s and t in the inequality (2).
It is proved in |9, 18] that the C'D(0,m) condition implies

W3 (P, fdx, Pgdx) < W3(fdx, gdx) + 2m(Vt — /s) (3)

for all s,z > 0 and all probability densities f,g. A non zero lower bound on the curvature and
the equivalence have been further considered in |13, 18]:

e In [18], the fourth author proved that the CD(R,m) condition holds if and only if
W3 (P, fdx, Pogdx) < A(s,t, R,m)W3 (fdx,gdx) + B(s,t,m, R) (4)

for all s,t > 0 and all probability densities f, g, and for appropriate positive functions A, B.
e In [13], the authors proved that the CD(R,m) condition holds if and only if

2 2
“n ( Wa(Pyfd, Pgdm)) < HO) g @Wg(fda:,gdm))

m —e s+t )(\/_ \/7)

2(t+s) (5)

for all s,t > 0 and all probability densities f,g. Here s,(x) = sin(y/ra)/y/r if r > 0,
sr(z) = smh( |r|z)/+/|r| if r <0 and so(x) = x, hence recovering (3) when R = 0. Both
inequalities (4) and (5) are extensions of (2) and (3), taking the dimension into account.



Contraction properties with the same time have been derived in [11] for the Euclidean heat
equation in R™, and then extended by the third author in [14] to a compact Riemannian manifold.
Let Entg,(h) = [ hloghdx be the entropy of a probability density h. Then the CD(R,m)
condition implies

¢
W3 (Pfd, Pigde) < e W3(fde, gdr) — / e 2R (Bt (Pug) — Bntas (Puf))du
0

for all ¢ > 0 and all f, g probability densities. This bound has also been proved in [11] for the
Markov transportation distance instead of the Wy distance. This distance differs from W5 and
has actually been tailored to Markov semigroups and the Bakry-Emery I's calculus. Dimensional
contraction properties for a Wasserstein distance defined with an adapted cost have also been
derived in [29].

In this paper we derive diverse same time contraction inequalities under a general C D(R, m)
curvature-dimension condition, and in fact prove that they are all equivalent to this condition.
The results and the proof will be given in the two settings of a smooth Riemannian manifold
and of a more general metric measure space, more precisely in the setting introduced in [6] of a
Riemannian energy measure space.

The paper is organized as follows. In Section 1, we state and explain the context of our
main result, Theorem 1. In Section 2, we prove the easier implications, leaving the main issue
aside: from the weakest contraction to the curvature-dimension condition. Some arguments
in this section require a detailed formulation given in Section 5 below : thus they are only
outlined there and complemented in Section 5.2. In Section 3, we present the strategy of our
proof, motivated by the elementary gradient flow approach in Euclidean space. The result is
proved on a Riemannian manifold in Section 4, and on a Riemannian energy measure space in
Section 5. The general strategy is the same in both settings, and it could seem redundant to
give both proofs. However the proof in the Riemannian setting is rather simpler, presents the
most important steps of the argument and thus gives a way to get it in a more general space.
We believe that it is an opportunity to emphasize, in our example, the main issues arising in
transferring a proof in the Riemannian setting to the abstract measure space setting. Indeed,
there, regularity is no more available “for free”, and our proof will crucially use a whole panel
of powerful tools developed by L. Ambrosio, N. Gigli, G. Savaré, K.-T. Sturm and coauthors
to overcome this difficulty, in particular localization and mollification by semigroup. The last
section gives a new and simple derivation of a classical entropy-energy inequality, as well as
dimensional HWT inequalities: for this we start from our contraction inequalities instead of the
curvature-dimension condition, as in earlier works.

1 Main result

Our main theorem states that, in a quite general framework, a curvature-dimension condition is
equivalent to same time Wasserstein distance contraction inequalities.

Let (X,d) be a Polish metric space, P(X) be the set of Borel probability measures on X

and P3(X) be the set of all u € P(X) such that [ d(zo,z)*du(z) < oo for some z¢ € X. The
(quadratic) Wasserstein distance between 11 and v, in Py(X) is defined by

Wa(v, vp) = inf \/// d(z,y)* dr(z,y)




where the infimum runs over all probability measures 7 on X x X with marginals v and vs.
A fundamental tool is the Kantorovich dual representation : for vy, vs € Po(X),

@ :sip{/@/)dyl —/1[)(11/2}. (6)

Here the supremum runs over all bounded Lipschitz functions ¢ (in this case Theorem 5.10
in [26] can be extended to Lipschitz instead of continuous functions, see [17, Rmk. 3.6]) and Qv
is the inf-convolution of ¢, defined on X by

. d(z,y)?
Qy(z) = ylg)f( {71)(11) + T}
The Wasserstein space (Pa(X), Ws) is described in the reference books 2] and [26]. We shall
define the entropy Ent,(f) of a probability density with respect to a (finite or not) measure p
by Ent,(f) = [ f log fdu if f|log f| € L' (1) and oo otherwise.

Our result will be stated in the two settings of a Riemannian Markov triple (M, p,I') (RMT
in short), and a Riemannian energy measure space (X, 7, u,€) (REM in short). These settings
will be described in detail in Sections 4 and 5 respectively. A REM space is a particular metric
measure space, developed in [6]. A RMT is a smooth Riemannian manifold equipped with a
weighted Laplacian (see [8]) and is a particular example of REM space.

Even if a RMT is a REM space we prefer to state and prove our result in both settings since
the argument is a little simpler in the Riemannian case. We also believe that it emphasizes the
main difficulties when generalizing a result from a smooth setting to an abstract metric measure
space. In both spaces, (P;)¢>0 denotes the associated Markov semigroup. It is defined through
the weighted Laplacian in the RMT case, and through the Dirichlet form in the REM case.

The CD(R,m) curvature-dimension condition is defined using the Bochner inequality (1) in
a Riemannian manifold and in a weak form in a metric measure space (see Definitions 4 and 7).

Recall finally that for r € R the map s, is defined on R by

sin(v/r ) /\/7 ifr>0
sp(z) =< sinh(y/|r|z)/\/|r] ifr<0

T if r=0.

Theorem 1 (Equivalence between contractions and C'D(R,m) condition)

Consider a RMT or REM space as in Sections 4 and 5, with (finite or not) reference
measure p and associated semigroup (Pp)i=o. Let R € R and m > 0. Then the following
properties are equivalent:

(i) the CD(R,m) (or weak CD(R, m) in a REM space) curvature-dimension condition holds;
(ii) for any t > 0 and any probability densities f,qg with respect to p,

1 2 1 2
Sn <§W2(Ptfu,Ptgu)> <e s <§W2(fu,gu)>

t _
— 2m/ e~ 2R(=w) ginp? (Ent”(Puf) Bty (P ))du; (7)
0

2m

(iii) for any t > 0 and any probability densities f,qg with respect to u,

_ 2 (' oRi—u
W3 (Pofp. Pugp) < >0 W3 (fu. g~ — /O ¢RI (Buty,(Puf) = Enty (Pug))* du.— (8)



See Theorems 6 and 8 for a more precise framework of Theorem 1.

A bound with the same additional term as in (ii) has also been derived in [10]| for some
specific instances of symmetric Fokker-Planck equations in R™, for which the generator only
satisfies a CD(R, 00) condition. Combined with a deficit in the Talagrand inequality, it has led
to refined convergence estimates on the solutions.

Next section presents the easiest part of the proof of Theorem 1. More precisely, (i) = (ii)
and an outline of (ii) = (iii), including the key Proposition 2. The full proof of (ii) = (iii)
requires some knowledge on the spaces and will be finished in Section 5.2. Sections 2 to 5 (but
Section 5.2) are dedicated to the more difficult (iii) = (i), in both RMT and REM spaces.

2 Proof of Theorem 1: first implications

Proof of (i) = (ii)

In [13] M. Erbar, K.-T. Sturm and the fourth author of this paper have proved an Fvolutional
variational inequality (EVI in short) in the REM spaces. Let f, g be probability densities with
respect to p and let U, = exp(—Ent,(-) /m). Then, under the weak CD(R, m) condition,

d

s <%W2(Ptfu,gu)>2 +Rsx <%W2(Ptfu,gu)>2 < % <1 - %) - )

But it is classical, see e.g. [2], how to deduce a contraction property in Wy distance between
solutions (P, f)i>0 and (P,g)i>0 from an EVI: one applies the EVI to the curve (P;f)i>0 and Psg
for a given s, and then (with the time variable s) to the curve (Psg)s>0 and P.f for a given t;
then one adds both inequalities, takes t = s and integrate in time. Then one obtains (ii). To
sum up, it turns out that the EVI (9) not only leads to the property (5), as observed in [13], but
also to the same-time contraction property (ii).

Outline of the proof of (ii) = (iii)

We first observe that sinh?(z) > 22 for any z, so ii) implies the same bound with sinh?(x)
replaced by z? in the integral. Then the implication (ii) = (iii) is essentially a consequence of
the following result, which we prove in the general context of a geodesic space.

Proposition 2 Let (Y,dy) be a geodesic metric space, U : Y — (—o0,00] and ¢ : Y — Y
(t > 0) a one-parameter family of maps. Suppose that t — p(y) is continuous for ally € Y and
U(et(y)) €R for allt >0 and y € Y. Suppose also that for yo,y1 € Y and t > 0,

S (%dy(%(yo),%(yl))>2 <esnp <%dY(yo,y1)>2

-5 | M Ulpu(n)) = Ulpu(u) du. - (10)
Then
dy (orlao)s eyn)? < €20 dy (o, 1) = = /0 T U(pulyo)) = Ulpulyn)) du



Proof. We adapt the argument of [13, Prop. 2.22]. Let (ys)sc(o,1] be a geodesic from yo to y;
in Y, and let ¢t > 0 be fixed. For any n and 1 <i <n, let 27 = dy (0¢(Y(i—1)/n)> Pt(Yi/n)). Then

n

dy (¢(y0), e (y1))? < (Zw?)Q <ny (a)?
i=1

i=1
for any n. In particular

dy (¢i(y0), i (y1))? < limsupn Z

n—00
i=1

Now, by neglecting the second term in the right-hand side of (10) and by geodesic property,

n

o () = g (Gt sym) = (o).

m

It follows, as in [13, (2.32)|, that there exists a constant ¢ such that z' < ¢/n for large n and
any 1 < i < n. Moreover s (7)? = 22 — Rzt/(3m) + O(2%) as x tends to 0, so that

hmsupnz —411msuanSR z/2)2. (11)

n— o0 n—oo

As a consequence

2
v (pulyo), 2ul)? < 4hmsuansR (5o o)

n—oo
1 2
< 411m_§up (nZe SR <§dY(y(i—l)/n7yi/n)>
n—oo i—1 m
— % 2R(t nz Y- /n)) - U(gou(yl/n))) du)

by assumption (10).
Then the conclusion follows from this estimate by using (11) with dy (y(i—1)/n, ¥i/n) in place
of z}' in the first term, and the Cauchy-Schwarz inequality in the second term. O

Let us return to our case. As stated before, we give an outline and leave the rigorous argument
to Section 5.2. We apply Proposition 2 for (Y, dy) = (P2(X), Wa). Under (ii), we can extend the
action of the semigroup P; to probability measures. Then, ¢, = P; fulfills all the assumptions of
Proposition 2 with U = Ent,,. This ensures that (ii) implies (iii).

To sum up, (i) implies (ii), and (ii) implies (iii) (with the aid of an additional argument in
Section 5.2). Thus, it remains to prove that, conversely, (iii) implies (i).

3 Strategy of the converse proof

The proof of (iii) = (i) will be given in the two cases of a RMT (in Section 4) and a REM
space (in Section 5). In this section we present its strategy, in a formal way.



3.1 Example of a gradient flow in R?

Let us first present the easiest case of a smooth gradient flow in R%. There we shall see that
the equivalence between the contraction inequality (8) and the C D(R, m) curvature-dimension
condition is natural. It gives a way to understand the general case.

Let F: R? — R be a C? smooth function, and let (X;);>o be a gradient flow for the function
F, that is, a solution to the differential equation

dX,
= —VF(X)). (12)

Following [13], the function F satisfies a C D(R, m) curvature-dimension condition for R € R
and m > 0 if for any z,h € R? the map [0,1] 3 s + ¢(s) = F(x + sh) satisfies the convexity
inequality

1
#"(s) = RIIBII® + — (& (5))". (13)

Here || - || is the Euclidean norm in R?. Since the path (z + sh)scp1] is a geodesic between x
and x + h, this means that F satisfies a (R, m)-convexity condition along geodesics.

Let now (X¢)i=0 and (Y:)i>0 be two solutions to (12) with initial conditions Xy and Yj
respectively. The function A(t) = || X; — Y;||? satisfies

1
() = —2 /0 ol(s)ds

where ¢, (s) = F(X, + s(Yy — Xy)). If now the function F' satisfies the above CD(R, m)
condition (13), then

2 [ 2
M) < <2RIX, =Yl = 2 [ (6l(s)du < ~2RA) = Z (01 — 0]
Integrating over the interval [0, ], we get
2 t
1=l < 2 - wollP - 2 [ e e e - PP (19
0

Conversely, let us assume that the gradient flow driven by F' satisfies the property (14) for
any ¢ > 0 and any initial conditions Xy and Yp. Then F satisfies the CD(R, m) condition (13).
For, taking the time derivative of (14) at ¢t = 0 implies

~(Xo — Yo) - (VE(Xo) ~ VF(Yp)) < ~RIIXo ~ Yol ~ - (F(Xo) ~ F(¥0))"

Let then x, h in R? and s € [0, 1] be fixed. A Taylor expansion for Yy = x + (s + €)h tending to
Xo = x + sh (along a geodesic), so for ¢ — 0, implies back the CD(R, m) condition (13).

Let us observe that inequality (14) is exactly (8) when replacing R? with the space of probabil-
ity densities, the Euclidean norm with the Wasserstein distance, F' with the entropy, (X;)¢>o with
the semigroup (P;);>0 and the CD(R, m) condition (13) with the corresponding Bakry-Emery
condition, which is equivalent to the (R, m)-convexity of the entropy (see [13]). Of course, this
computation is natural since the considered evolution is the gradient flow of the entropy with
respect to the Wasserstein distance, see [2, 16].

We now want to mimic the above proof for a smooth gradient flow on R? to the setting of

a general semigroup on (P2(X), W3). As here in the smooth case, we shall see in the coming
section that geodesics play a fundamental role.



3.2 How to adapt the gradient flow proof to the general case?

The most natural method to prove that a contraction inequality in Wasserstein distance, as
in (2), implies a curvature condition is to use close Dirac measures as initial data (see e.g. [9]).
In our case, this can not be performed since the entropy of a Dirac measure is infinite. There
seems to be hope since we consider the entropy of the heat kernel in positive time, when it
becomes finite. However, it does not work again if we are on a homogeneous space. For instance,
on R?, the entropy of the heat kernel p;(z, -) does not depend on x and the dimensional corrective
terms in Theorem 1 vanish if we consider two Dirac measures as initial data.

To solve this issue we shall consider as initial data a probability density g (with respect to )
and a perturbation of it, both in sufficiently wide classes of functions. The perturbation will be
built by means of a geodesic in the Wasserstein space (Pa(X), W5). More precisely, given such a
g, we are looking for a path (gs)s>o of probability densities whose Taylor expansion for small s
is a geodesic in Py(X) with a direction given by a function f. We explain the idea on a RMT.

For that, consider the generator LY = L + I'(logg,-) (see (15) for the definition of I') with
associated semigroup (P!)¢o. Given a direction function f, there are two ways of defining the
path (gs)s>0, both admitting the same Taylor expansion for small s:

e One can first consider the path gs = g(1 — sLYf) for small s and a smooth and compactly
supported function f. The function g5 is a smooth, bounded and compactly supported
perturbation of g. This path will be used on a RMT since such functions are adapted to
the Riemannian setting.

e One can also consider the path gs = g(1+ f — P f), again for s small and “nice” f € L>(u).
The path (gs) has the same Taylor expansion as (gs) since f — P?f = —sL9f + o(s). This
path will be used on REM spaces. Indeed, regularity of functions (such as gs above) is
clearly a difficult issue in the setting of metric measure spaces, and L°°(u) functions are
much more adapted to them. By using the semigroup (P¢)s>0 instead of the generator LY,
we can apply the maximum principle which preserves (essential) boundedness of functions.

Remark 3 Let us see, formally and in the Euclidean space RY, why the probability measure gydx
has the same first-order Taylor expansion as the geodesic in the Wasserstein space. Let vy be
a probability measure in R being absolutely continuous with respect to the Lebesque measure,
¥ : R4 — R be a convex map, and

vs = ((1 —s)Id + sV) 410

for s € [0,1]. The path (Vs)se[o,l] 18 a geodesic path between vy and v1 in the Wasserstein space,
that is for any s,t € [0,1],
W?(Vsa Vt) = |t - S| WQ(V()a Ul)'

Moreover, for any test function H : R* — R, and by a formal Taylor expansion when s goes to 0,

/ Hdy, = / H((1 — 8)2 + sVib(x))dvo(z) = / (H(z) + sVH(z) - (Vib(2) — 2) + o(s)]dvo ().

Assume now that dvo = gda for a function g. Then, by integration by parts as in (18) below,
/des - /deo _ s/HLg(f) dvo + ofs) = /Hgsda: + ofs)

where f(x) = (z) — |z[*/2.

In conclusion, the path (gs)sso0 appears as a (smooth) first-order Taylor expansion of the
Ws-geodesic path (vg)s>0-



4 The Riemannian Markov triple context

In this section we prove the implication (iii) = (i) of Theorem 1 in the context of a Riemannian
manifold, in the form of Theorem 6 below.

4.1 Framework and results

Let (M, G) be a connected complete C*°-Riemannian manifold. Let V' be a C* function on M
and consider the Markov semigroup (P;)s>0 with generator L = A — VV - V, where A is the
Laplace-Beltrami operator. Let also du = e~V dx where dz is the Riemannian measure and I' be
the carré du champ operator, defined by

1
L(f,9) = 5(L(f9) = fLg — gLf) (15)
for any smooth f,g. We let T'(f) = T'(f, f) = |V f|? where |V f| stands for the length of V f with
respect to the Riemannian metric G.

Then (M, u,T") is a full Markov triple in a Riemannian manifold, as in [8, Chap. 3|, and in
this work we call it a Riemannian Markov triple (RMT).

The measure p is reversible with respect to the semigroup, that is, for any ¢ > 0, P, is a
self-adjoint operator in IL?(u). Moreover the integration by parts formula

/ngdu = —/F(f,g)du

holds for all f, g in the set C2°(M) of infinitely differentiable and compactly supported functions
on M. The generator L satisfies the diffusion property, that is, for any smooth functions ¢, f, g,

L(e(f)) = ¢ (f)Lf + " (£)T(f),

or equivalently

L(e(f),9) = ¢'(FIT(f. 9)- (16)
In other words, the carré du champ operator is a derivation operator for each component.

The map (x,t) — P, f(x) is simply the solution to the parabolic equation dyu = Lu with f
as the initial condition.

Definition 4 (CD(R,m) condition) Let R € R and m € (0,00]. We say that the RMT
(M, ., T) satisfies a CD(R, m) curvature-dimension condition if

La(f) > RO() + (Lf)?

for any smooth function f, say in C°(M), where

Da(f) = 3(LI(7) — 20(7, L), (7)

Let us notice that m can be different from the dimension of the manifold M. The CD(R,m)
curvature-dimension condition is called the Bakry-Emery or T'y condition and has been intro-
duced in [7] (see also the recent [8]).



Example 5 On a d-dimensional Riemannian manifold (M, G)

e the operator L = A satisfies a CD(R, m) condition if m > d and the Ricci curvature of the
manifold is bounded from below by R;

e more generally, the operator L = A —VV -V satisfies a CD(R, m) condition if m > d and
1
Ric+ Hess(V) > RG + mVV ® VYV,

where Ric is the Ricci tensor of (M, G), see for instance [8, Sec. C6] (when m = d then we
need V. =10).

In a RMT, the following result gives the implication (iii) = (i) in Theorem 1 :

Theorem 6 Let (M, u,I') be a Riemannian Markov triple and (P;)i=o its associated Markov
semigroup. Let R € R and m > 0. If the inequality (8) holds for any t > 0 and any smooth
functions f,g on M with fu,gu in Po(M), then the CD(R,m) condition of Definition 4 holds.

4.2 Proof of Theorem 6

It is based on the approximation of geodesics introduced in Section 3.2 (see Remark 3), properties
of the Hopf-Lax solution of the Hamilton-Jacobi equation, and an adapted class of test functions.

Let f bein C2°(M). Let also g be a smooth and positive function on M such that gu € Pa2(M),

T
/g|logg|d,u<oo and /%du<oo.

Let us define the generator LY by
LIh = Lh +T(logg,h)

on smooth functions h. Since g > 0, then LY is well defined on the set C2°(M) and LYh € C°(M)
for any h € C°(M). Moreover, the generator LY satisfies an integration by parts formula with
respect to the probability measure gu : for h, k € C3°(M) (one of them can be with non compact
support)

/thkgd,u = —/F(h, k) gdp. (18)

For any s > 0, let us define gs = g(1 — sL9f). The function LIf is in CZ°(M), so bounded,
and we can let N = ||LY f||oo. We shall frequently use the bounds (1 — sN)g < gs < (14 sN)g.
In particular g5 > 0 for s < 1/N. Moreover [ gsdu = 1. Hence, for s small enough, which we now
assume, gsp is in Po(M) with a smooth and positive density. The proof of Theorem 6 consists
in applying (8) with g, instead of f, dividing by 2s% and letting s go to 0. For this we shall
estimate the three terms in the inequality.

A key tool is the Hopf-Lax semigroup defined on bounded Lipschitz functions v by

2
Qs(x) := yiéll\f/[ {w(y) + %}, s>0, x € M. (19)

The map z — Qs (x) is Lipschitz for every s > 0, and the map (s,z) — Qs(z) satisfies the
Hamilton-Jacobi equation

1
0:Qs¥) + 5[VQY[* =0, lim Q¢ =

10



in a sense given in [26, Thms. 22.46 and 30.30| for instance. We observe that sQs(¢)) = Q1(s¢) =
Q(s), so for s > 0 the Kantorovich duality (6) can be written as

2
Wi (v,ve) _ %Slqip [/ Q1) dvy — /¢dV2:|- (20)

252

Estimate on the term on the left-hand side of (8). Letting ¢» = f in (20), we obtain

2(Prgsp, P sfPigs — P,
W3 (Pgsp, Prgp) > / QsfPgs — f tgd,u. (21)
252 s
Since f is Lipschitz, almost everywhere in M we have
 QufPg—fPg 1 ,
ll_% S ——§F(f)Ptg—fPt(gL f)
by (vii’) in [26, Thm. 30.30]. But, by the definition of Qsf and since f is bounded,
. d(z,y)
Q= it {rm+ E
yeB(x\/25] /) 2s
Thus, for the Lipschitz seminorm || - || rip,
_ _ 2
0> QIESE Ly Sl degP)
s veB/Bl=N e L d@y) s 2s
1 fly)— flz 2 1
>oy s (LUZION g, e
yeB(@, /3] flloo)\ (o} Y
(see also |26, page 585]). Moreover ||Qsflloo < ||f]loos 80, adding and subtracting Qs f Pg,
QsSPigs — [Py f—Qsf 1112
et < 1Quflloe IR L) + Prg ==L < (|1lloo |17 loe + =52 ) Pig.
The right-hand side is in L' (x), so by the Lebesgue dominated convergence theorem
2
lim i V2 (Felstt Fegpt) / (—lmf)ag - fPt(ngf)>du-
5s—0 252 2
Now, by reversibility of the measure p and the integration by parts formula (18),
[ tPtar pdn= [ Pszo(s) gdu = - [T, Pif) g
Thus we obtain our first estimate:
. Wi (Pgsp, P 1
ti i "2 Fig) ] | PC)gdi+ [ T4 P (23)

Estimate on the first term on the right-hand side. According to (20) we need an upper
bound on the quantities [ Qs(1)gsdp— [ ¢gdp, independent of the bounded Lipschitz function .

11



First of all, for 0 < t < s,

& [@wadn= [ |-3r@u)a - tw1p) - ures]ga (24)

This is justified by item (vii) in [26, Thms. 22.46 and 30.30] and the properties that gu € P(M),

L9f is bounded, [|Q¢¥|[oc < |[¥]|oc and ||Qet)||Lip < ||[¢)]|Lip for any ¢.
Now the integration by parts formula (18) gives — [ Qu) LIf gdpu = [ T(Q¢t, f)gdp. Recall
that L9 f is bounded and that we have let N = ||LI f||s. For t < s < 1/N we obtain

& [ @vadns [[|-3r@u)n - 3+ Q. )|

-/ [—1 L F<Qtw - Nf) " ﬁmﬁ]gdu < s | T(Dadn

Integrating over the set t € [0, s] :

/stgsdu—/?ﬁgdu < m/r(f)gdu.

Finally the Kantorovich duality (20) gives our second estimate:

W3 1

limsupﬂ%il;’g'u) <= /F(f)gd,u. (25)
s—0 2s 2

Estimate on the second term on the right-hand side. Let v > 0 and let us compute the

limit of 1(Ent,(P,gs) — Ent,(P,g)) when s goes to 0. First, for any s > 0,

d
EPu(gs) log P,(gs) = —(1 + log P,gs) Pu(ngf).

Then, for 0 < s < 1/N,
|(1+10g Pugs) Pu(gL? f)] < NPug (1+log(1 + N) + [ log Pu(g)])-

Forgetting the dimensional corrective term in (8), by the von Renesse-Sturm theorem [27] the
RMT satisfies a CD(R,00) condition. In particular, and since [T'(g)/gdp < oo, one can
use a local logarithmic Sobolev inequality [8, Thm. 5.5.2| to deduce [ P,g|log P,g|du < oc.
In particular the right-hand side in the last inequality is in L'(pu). Then, by the Lebesgue
convergence theorem and (18),

lim Ent,(Pugs) — Ent,,(Pug) = /(1 + log P,g) P, ( Lgf)

s—0 S
— —/Pu(log P,g)L f gdp = /F(Pu(log P,g), f)gdu.

By the Fatou lemma we obtain the third estimate :

lim sup —
s—0

_/ —2R(t—u) |:Entu(Pugs) Ent,u(Pug):| du
m

<L / 2R ( / r(Pu<logPug>,f>gdu>2du. (26)

12



Conclusion. Dividing the inequality (8) by 2s?, letting s go to 0 and using the three esti-
mates (23), (25) and (26) we get

- %/Ptl“(f) gd,u—l—/r(fa P f)gdu

—2Rt

t 2
< [T /0 ¢ 2R() ( / r<Pu<logPug>,f>gdu> du.

This inequality is an equality when ¢ = 0, and since f € C2°(M), its derivative at ¢ = 0 implies

_%/Lr(f)gdwr/l“(f,f?f)gd#ﬁ _R/F(f)gd,u— %(/P(logg,f)gduy.

Since [T'(logg, f)gdu = [T(g, f)du = — [ gLfdp and by definition of the I'y operator we get

[ ratfrgdn = R [0 g < s gdu>2 (27)

for any f € C2°(M) and any positive smooth probability density g with Ent,(g), [T'(g9)/g < cc.

Inequality (27) appears as a weak form of the CD(R, m) condition. Again from the CD(R, c0)
condition, it is a consequence of Wang’s Harnack inequality (see [8, Thm. 5.6.1] and [28]) that
there exist ag > 0 and o € M such that

/exp(—aod(o,x)2)du(x) < 0. (28)

Then, in (27) we can replace g by a sequence (gp), converging to the Dirac measure 6, at x € M;
we get

T2(f) > RU(f) + —(Lf)?

1
m
at any € M and for any function f € C2°(M). This is the CD(R,m) condition as in Defini-
tion 4, and this finishes the proof of Theorem 6.

5 The Riemannian energy measure space context

In this section we prove the implication (iii) = (i) of Theorem 1 in the context of a Riemannian
energy measure (REM) space, a particular case of metric measure spaces, see Theorem 8 below.
The proof goes along the same overall strategy as in the manifold case of Section 4.2. However,
to overcome the lack of differentiability, it will require several tools and results from optimal
transport and heat distributions on metric measure spaces.

The framework and the main Theorem 8 are stated in Section 5.1. As an intermezzo, in
Section 5.2 we complement the proof of (ii) = (iii) in Theorem 1. The path (gs)s>0 is constructed
in Section 5.3, the three key estimates are given in Section 5.4, finally the main proof is given
in Section 5.5.
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5.1 Framework and results

As a natural framework, we will state our result on a Riemannian energy measure space, as
introduced in [6]. Let (X, 7) be a Polish topological space and p a locally finite Borel measure
with a full support. Let (£,D(E)) be a strongly local symmetric Dirichlet form on L?(p). Let
finally (P,)¢=0 be its associated semigroup and L its generator, with domain D(L) C L2(u). As
for a Markov triple, see [8], and since P, is symmetric and sub-Markovian, we can extend P; to
a semigroup of contractions on LP(u) for p € [1,00]. We also let E(f) := E(f, f) and

1F12 = 11122 + EC)

for f € D(E). We assume that (X, 7, 4, ) is a Riemannian energy measure space in the sense
of [6, Def. 3.16], denoted REM in this work. A basic example of a REM space is a Riemannian
Markov triple as in Section 4. In this case, (£,D(€)) is canonically defined by completion of
(f.f) = [|Vf|?du. RCD spaces introduced in [1, 5] are another important class of REM
spaces. In this case, £/2 is given by the L2-Cheeger energy functional.

To make this presentation concise, we prefer to state the crucial properties of a REM space
instead of its precise definition. Indeed the definition consists in several notions, which will be
used only indirectly through these properties:

e The intrinsic distance dg associated with (£,D(£)), in the sense of [6, Sec. 3.3|, becomes a
distance function, further denoted d. It is compatible with the topology 7 and the space
(X, d) is complete [6, Def. 3.6] and length metric [6, Thm. 3.10].

We let Lipy(X) denote the set of bounded Lipschitz functions on X (with respect to d). Let
[V f] : X = R be the local Lipschitz constant of a Lipschitz function f on X:

)~ S
V1) = timsup 2

e £/2 coincides with the L2-Cheeger energy associated with d, defined for f € L.2(u) by

%U%ﬂﬁ%myé/Wthhemm@%h%fmﬂm%-

As a result, (£,D(€)) admits a carré du champ, i.e. there is a symmetric bilinear map
[':D(€) x D(E) — LY(u) such that

aﬁw:/nymM

As on smooth spaces, L and I' satisfy the diffusion property (16). The coincidence of
€/2 and the Cheeger energy makes many connections between d and I'. For instance,
D(E) N Lipy(X) is dense in D(E) with respect to || - ||¢. In addition,

L(f) <|IVIP pae. (29)

for any Lipschitz f € D(E). See [6, Thm. 3.12] and [6, Thm. 3.14] for all these facts.
Note that D(€) NL>°(u) is an algebra and I' satisfies the Leibniz rule:

L(fg,h) = fT(g,h) + gL'(f,h) for f,g € D(E) NL>(u) and h € D(E).

We state further assumptions for our main theorem. Fix a reference point o € X.

14



Regularity assumption
(Regl) There is ag > 0 such that (28) holds.
(Reg2) (X, 1) is locally compact.

Assumption (Regl) is equivalent to the condition (MD.exp) in [6] (see e.g. the comments
after Equation (3.13) in [6]). This integrability condition yields the conservativity of P, i.e.

[Psau= [ rau

for f € L*(u) (see [6, Thm. 3.14]). This is equivalent to P;1 = 1 p-a.e, that is, the semigroup is
Markovian (instead of sub-Markovian). In fact (28) is a nearly optimal condition to ensure that
the semigroup is conservative (see [3, Rmk. 4.21]). Thus it is not restrictive.

Assumption (Reg2) implies that any closed bounded set in X is compact (see e.g. [12,
Prop. 2.5.22|). Moreover, (X,d) is a geodesic space (see e.g. [12, Thm. 2.5.23]). As a result,
(P2(X), Wa) is also a geodesic space (see e.g. [20, Cor. 1 and Prop. 1]).

In this framework, we should be careful when defining the operator I'y in (17) since I'(f)

may not belong to D(L) even for a sufficiently nice f. To avoid such a technical difficulty, and
following [6, Def. 2.4|, we employ a weak form of the CD(R, m) condition :

Definition 7 (Weak CD(R,m) condition) Let R € R and m > 0. We say that the REM
space (X, T, 1, E) satisfies a weak CD(R, m) condition if, for all f € D(L) with Lf € D(E) and
all g € D(L) NL*>°(u) with g > 0 and Lg € L*°(u),

5 [rhtgdn— [v.Lngdn >k [TGgau+ - [@irgdn (30)

Now we are ready to state our main theorem in this framework.

Theorem 8 Let (X, 7,u,E) be a Riemannian energy measure space satisfying the above regu-
larity assumptions (Regl) and (Reg2). Let R € R and m > 0.

If inequality (8) holds for any t > 0 and probability densities f,g € LY(u) with fu,gu €
Pa(X), then the weak CD(R,m) condition of Definition 7 holds. In particular, the conditions
(ii) and (iii) in Theorem 1 are equivalent to the weak C'D(R,m) condition.

Note that (8) yields a Wa-contraction
W3 (P, fdu, Pugdp) < e W3 (fdp, gdp) (31)

by neglecting the term involving m. Then, by [6, Cor. 3.18], (31) implies a C D(R, c0) condition
in the sense of (30). This fact is very helpful for further discussion in the sequel since it ensures
regularity of the space in many respects. As a regularization property of P, we have

Pif € Lipy(X) for f € L?(u) NL>(u), t >0 (32)

(see [6, Thm. 3.17]; More precisely, P, f has a version which belongs to Lip,(X)). In addition,
(X, d, ) becomes an RCD(R, o0) space (see [6, Thm. 4.17]). Then, for a probability density
f with respect to p, ((Pif)u)e=0 is a gradient flow of Ent, in the sense of the R-evolution
variational inequality [1, Thm. 6.1]. As a consequence, we obtain the following properties:
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e We can extend the action of P; to v € Po(X) in the sense that Piv is a solution to the
R-evolution variational inequality and that P,y = (P, f)p if v = fu. In particular, (Piv)i=0
becomes a continuous curve in (Po(X), W3), see [1, Thm. 6.1|. In addition, v — Pv is a
continuous map from (Pa(X), Wa) to itself, see [1, Eq. (7.2)].

o Pv < pfor ve Py(X) and ¢t > 0, and its density p; satisfies Ent,(p;) € R. This property
is included in the definition of the R-evolution variational inequality, see e.g. [1, Def. 2.5]|.
Recall that, under (28), Ent,(p) is well-defined and Ent,(p) € (—o0, 0o] for p : X — [0, 0]
with pu € P2(X), see e.g. [3, Sec. 7].

e There is a positive symmetric measurable function py(x,y) such that P, coincides with the
integral operator associated with p;, see [1, Thm. 7.1].

e For any bounded measurable h and v € P»(X), we have

/ hdPw = / Pihdv, (33)

see [6, Prop. 3.2]. By the monotone convergence theorem, we can extend this identity to
those h which are bounded only from below (or above).

e For any f € D(L) and h € D(E) we have the integration by parts formula
[rpan=- [nrsan (34)

5.2 Proof of (ii) = (iii) in Theorem 1

As announced, before entering the proof of Theorem 8, we first complete the proof of (ii) = (iii)
in Theorem 1 with the aid of preparations in Section 5.1.
We first check that (7) yields (31). As we did in Section 5.1, by using (8) instead of (7), we get

2 2
SR <%W2(Ptfﬂaptgﬂ)> < 6_2Rt8% <%W2(f,u,gu)> (35)

by neglecting the term involving m. From this inequality, we can extend P; to a map from Po(X)
to itself, in a canonical way. Moreover, in (35) we can replace fu and gu with any vy, 1 € Po(X)
respectively. Then we obtain (31) by a similar argument as in Proposition 2. Thus, as discussed
in Section 5.1, (X,d,u) is an RCD(R,00) space and all properties at the end of Section 5.1
become available. We remark that the extension of P, given on the basis of (35) coincides with
the one given by the RCD(R, co) property.

In Section 2, we already pointed out that we only need to show that P, fulfills all the
assumptions for ¢; in Proposition 2 with (Y,dy) = (P2(X), Ws) and U = Ent,. Here we are
extending the definition of Ent, so that, for v € P(X), Ent,(v) = Ent,(dv/dp) if v < p and
Ent,(v) = oo otherwise. By taking observations at the beginning of this section into account, it
suffices to prove that (7) implies

1 ? 1 ’
SR <§W2(PtV0,PtV1)> <esn <§W2(UO’V1)>

1 t
— o [ PR Bty (Pave) — Bnt(Pan) P
0
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for vy, 1 € Po(X) and ¢t > 0. But this is true since Py, Psiq < p for any ¢ € (0,t), so that

1 2 1 i
SR <§W2(PtVO7PtV1)> < e sn <§W2(P5VO’P6V1)>

m m

1 t
- %/6 e~ 2H(t—w) (Ent, (Pyvo) — EntM(Puyl))Qdu

by (7) and the bound sinh?(z) > x%; moreover Psv; — v; in Wy as 6 | 0 for i = 0,1: this gives
the assertion. Hence the proof of (ii) = (iii) in Theorem 1 is completed and thus it is sufficient
to show the main assertion of Theorem 8 to complete the proof of our equivalence result.

5.3 Construction of the path (g;)s>0

In this section, we build the path gs; mentioned in Section 3.2, under (8). Recall that (X, d, u)
is now an RCD(R, c0) space as remarked at the end of Section 5.1. For x € X and r > 0, we
denote the open ball of radius r centered at = by B, (x).

For this we first define g(= gg). We take g in a more tractable (but large enough) class than
the full class of Definition 7. Fix a > ag with g as in (28), A € (0,1) and go : X — R Lipschitz
with compact support. Let us define g as follows:

g = % (1= X)go + )\exp(—ad(m,o)z)) (36)

where Z > 0 is a normalizing constant such that gu € P(X). Note that (28) yields gu € Pa(X).
We fix g until the end of the proof of Proposition 15 below. We can define the L2-Cheeger
energy functional £;/2 associated with d and the probability measure gu. Let D(E,) be the set
of f € L?(gu) with £ (f) < co. Recall that D(&,) is complete with respect to || - ||g, -

To define the path (gs)s>0 we need the corresponding generator LY, and for this we show the
following auxiliary lemma.

Lemma 9 In the above notation, D(E) C D(E,) and

E,(f) = / T'(f)g dp (37)

for f € D(E). In addition, (£,5,D(Ey)) is bilinear.

We do not know whether (37) is valid for any f € D(£;). Thus we have to be careful when
we apply the integration by parts formula (18) for LY.

Proof. The former assertion follows from [3, Lem. 4.11]. For the latter assertion, take f, f €
D(&,). For each n € N, take also x,, € Lip,(X) with 0 < x,, <1, x|, (o) =1 and X5, (0)c = 0.

Since, for each n € N, g is bounded away from 0 on B, (0), we have f, := fx, € D() by the
locality of the Cheeger energy, see [3, Prop. 4.8 (b)] and [3, Lem. 4.11]. Moreover, (fy)nen forms
a Cauchy sequence with respect to | - ||¢, and hence || f, — f|le, — 0. By the same argument, we
have || fn—1f lle, — 0 for frn = fxn. By (37), and recalling that I" is symmetric bilinear, we have

Eqf+ Ja) + Eg(fn = Fu) = 2 (&) + € (F) )

Therefore the conclusion holds by letting n — oo. O
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By Lemma 9, (£, D(&,)) is a closed bilinear form on L?(gu). Hence there are an associated
L2-semigroup P{ of symmetric linear contraction and its generator LY. By [3, Prop. 4.8 (b)], &,
is sub-Markovian. Thus P/ satisfies the maximum principle, i.e. P/f < cif f < cfor f € L?(gu)
and ¢ € R. In addition, Lip,(X) ND(&) is dense in D(E,) with respect to || - [|¢,. Note that we
can define P/ and LY without bilinearity of £, (see |3, Sec. 4] and references therein). However,
then they can be nonlinear and the integration by parts formula (18) may not hold.

Lemma 10 In the above notation,
(i) g € D(E)NL>(pn) and log g € D(&,).
(ii) D(L) Cc D(LI).

Proof. (i) The first claim follows from (29) and (28). For the second one, note that

&y(logg) < / IV log g[*g dy.

It is the integrated form of (29) for &, instead of £. Then the claim follows from (28).

(ii) Let f € D(L) and h € D(&;). Take hy, € Lip,(X)ND(&y) for n € N such that [|h, —hlle, —
0. By a truncation argument used in the proof of Lemma 9, we may assume that each h,, is
supported on a bounded set, without loss of generality. Then h,, € D(£) N L*(x) and hence
hng € D(E). Thus the Leibniz rule, the assertion (i), (34) and (29) imply

‘/ (hn, f)g dp| = ‘/ hng, ) dp — /hnf(g,f)du‘

< ‘/hn(Lf)gdu‘ + ‘/hnf(logg, f)gdu‘

5@“)

The definition of g yields |||V g|?/g|leo < 00. Thus there is C' > 0 independent of h and n such that
1€ (M, P < CllhnllLzgp)-

Here we used Lemma 9. By letting n — oo, we can replace h,, with h in this inequality. Hence
f € D(LI) since h is arbitrary in D(&,). O

swmmwwmmmmwmﬂ

o0

We can now define the path (gs)s=0. Let f € D(L) N Lipy(X) with || f]lec < 1/4. We fix f
until the end of the following section, and observe that f € L?(gu). Then we let

s = g1 + f = F{f). (38)

By the L*°-bound on f and the maximum principle for P¢, we have
1 -
39 <95 < 29. (39)

In what follows, we may assume without loss of generality that L9 f is not identically 0. For,
by (34) and Lemma 10,

/Lfgduz —/F(f,g) dp = —/F(f,logg)gdu Z/Lgf log g g dp. (40)

Thus, if LIf is identically 0, then [ Lfgdp = 0; hence (44) below holds in this specific case
(without the next section) since the C'D(R, o0) condition holds on our RCD(R, c0) space.
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5.4 Three key estimates

The proof of Theorem 8 is based on (44) in Proposition 15 below. In turn, this bound is based
on the three key estimates in Lemmas 11, 12 and 14, which in the manifold case of Section 4.2
correspond to (23), (25) and (26). The proofs are a bit different since we use gs instead of gs.

The Hopf-Lax semigroup (Qs)s>o given by (19) will again play a crucial role. Required
properties for Qs in this framework are given in [3, Sec. 3| or [4, Sec. 3| for instance.

We begin with the first estimate, corresponding to (23):

Lemma 11 (First estimate)

W2(P,gsp, P, 1
lim ing W2 (Pidsits Pegp) 1 / PV F2)g dpt + / I(f, Pf)g dp.

s—0 282 - 2

Proof. It suffices to prove an lower bound on the right-hand side of (21). By a rearrangement,

/stPtgs fPtgd /st /' p PG d+/st ngdqu/f )dﬂ( 41)

Since gu € P(X), the Cauchy-Schwarz inequality yields s~'(gs — g) — —g LIf in L!(u). Thus
the last term in (41) converges to — [ fP,(gL?f)du. By Lemma 9, and as in Section 4.2, this
quantity is equal to the second term on the right-hand side of the assertion. Moreover, by the
general bound (22), the first term on the right-hand side of (41) goes to 0. Finally, by (22)
and the Lebesgue dominated convergence theorem we conclude on the second term as in the
Riemannian case of Section 4.2. More precisely, we have

. . Qs - )
lim inf / Prg(z) p(dz)
2
> L timsup / sup (M) Prg(utds) =~ [ 197P Py
520 yeBa, /a8l flloe)\{x} (@)
Thus the assertion holds. ]

Next lemma deals with the second estimate and corresponds to (25).

Lemma 12 (Second estimate)

W3 (Jstt, i) 1 /
li 2 ’ < r dp.
s e S o ey ) Tk

Proof. Again, by the dual form (20), we need to bound [ Qs gsdp — [ ¥gdp uniformly from
above on the bounded Lipschitz functions . We can assume that i is moreover supported
on a bounded set. Then the function (s1,s2) — [ Qs, (¥)ds, du satisfies the assumption of |2,
Lem. 4.3.4] since we have (39) and ||Qs,¥|lcc < ||¢)|lco- Thus, instead of (24), we obtain

d d d
5] @widn< g [ Qi+ [ Qu@ian

= [|-3ivua s s - pen - Qu rris]oan

S0=s
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for a.e. s > 0. Here the equality follows from |4, Thm. 3.6|, the properties ||Qs¥| Lip < o0,
|Qs?]|so < 0o and the Lebesgue dominated convergence theorem. Note that Q1 € D(&,) since
Qs is Lipschitz with a bounded support. Thus, by virtue of Lemma 9 and (29),

~ [ Qub WP Dgdu = £(Qui P2S) < \[E,(QuE (P < \/ [ IVQuugdn g,(PE).

By combining this estimate with the last one, we obtain

d / . 1 1 1

— [ Qs(¥)gsdp < =PI f) < s =&(f) = 5 —
ds 2(1 = 2[|fllo) * 2(1 = 2[| flleo) 2(1 =2/ flloo)
Here the second inequality follows from the spectral decomposition for quadratic forms and the
equality follows from Lemma 9 again since f € D(L) C D(E). Thus the conclusion follows by
integrating this estimate, as in the proof of (25). O

/F(f)g dp.

For the third estimate, we still require some preparation. We call C3(X) the set of continuous
functions ¥ on X for which there exists C' > 0 such that [1(z)| < C(1+d(0,z)?). For v € C2(X)
and v € Po(X), we have ¢ € L'(v). By assumption on g, ¢ € LP(gu) for any ¢ € Co(X)
and p € [1,00). The following lemma ensures integrability properties required in the proof of
Lemma 14 below.

Lemma 13

(i) Let J := {¢p € L%(gp) | vgp € P(X)}. Then pgu € Po(X) for any ¢ € J. Moreover, for
Jo C J with supye g, |9 [|1L2(gu) < 00, we have

sup /d(o,x)2z/1g dp < 0.
PeJo

(i) logP,g € Co(X) foru > 0.

Proof. (i) Using Assumption (Regl) and (36), this follows from

[ dto.op vt i) < ( [ dton) gt nian)) " ([ #aan) s

(ii) By (36) this is obvious for v = 0 and hence we consider the case v > 0. First of all,
log P, g is continuous on X since P,g > 0. Moreover, since (X,d, ) is an RCD(R, c0) space, we
have the log-Harnack inequality

Rd(x,0)?
Pu(log g)(0) — —20(:0) 5 <log Puga) < log .«

2(e2hv — 1

(see [6, Lem. 4.6] or [19, Prop. 4.1]). Moreover log g € C2(X) and P,d, € P2(X) by the properties
after (32), so we have [loggdP,d, = P,(log g)(0) € R. Thus log P,g € C2(X). O

We recall characterizations of convergence in Ws for later use. Let v, € P2(X), n € N and
v € P2(X). Then Wy (vy,v) — 0 is equivalent to either of the following (see e.g. [26, Thm. 6.9]):

e v, — v weakly and Sup/d(o,x)zun(dx) < 00,
neN
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n—o0

e lim [ Ydy, = /wdu for any ¢ € C3(X).

We now turn to the third estimate.

Lemma 14 (Third estimate)

1 [t t 2
lim i(I)lf ?/ e 2R(t—v) [Ent,(Pygs) — Entu(Pug)]Qdu > / e 2R(t—u) [/ P,(gL?f)log Pug du} du.
S— 0 0

Proof. By the Fatou lemma, it suffices to show

lim inf
s—0

[EntM(Pués) - Entu(Pug)] ’

2
> [ / P, (gL f) log Pug du}

for each u > 0. By (39) and since Ent,(P,g) € R, we have P,;log P,g, P,glog P,g € L().
Moreover a? > (a +b)?/(1 4 8) — b%/6 for 6 > 0 and

0§mloga:—m+1§(x—1)2
forx > 0, so

- 2 2
(Pugs — Pug) dﬂ> '

_ ) 1 ) 21
— > — -
(Ent,(Py.gs) — Ent,(Pug))” > 1535 </(Pugs P,g)log P,g d,u) 3 / Pog

By the Cauchy-Schwarz inequality for P,,

1 [ (Pugis — Pag)? 1 Gs — g)> Pif—fI?
lim sup —/Md,u < 1imsup—/Pu<M> dp = limsup S/‘M gdu =0.
s—0 S Pug s—0 S g s—0 S
Since § > 0 is arbitrary, it suffices to show
.1
lim = [ P, (9(PIf = [))log Pug dp = /Pu (9L? ) log Pug dp (42)

in order to complete the proof. Here the well-definedness of the right-hand side is included in the
assertion. Since r — r, is 1-Lipschitz, s7H(PYf—f)+ = (s H(PJf— f))+ converges to (LIf), in
L?(gp) and hence in L*(gp). By [3, Thm. 4.16 (d)], [ L9f gdp = 0. Hence ||(L9f)1|lL1 (g > 0
since LY f is not identically 0 (as assumed at the end of Section 5.3). Thus ||(PYf—f)+|lL1 (qu) > 0

for sufficiently small s > 0. Let us now define v/, 1/(]; € P(X) as follows:

(gm)

Fo_ (PIf—f)+ ;o (LYf)+

Vs = gHs W =977 1 9K
”(Psgf - f)-i-”]Ll(gu) 0 H(Lgf)-i-”]]_,l(gu)

Then v{ — ug weakly in P(X) as s — 0. Moreover, v{ € Py(X) for s > 0 by (i) in Lemma 13
since f, P{f,LIf € 1L?(gu), and Wg(yg,l/g) — 0 as s — 0, again by (i) in Lemma 13 applied
with Jo = {||[(P?f — f)+||£11(gu) (PYf — f)y,s > 0}, and the remark after it. Then, likewise,
Pl e P2(X) for u,s > 0 and

lim Way (P!, Pal) =0 (43)
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by (31). By Lemma 13 again, log P,g € C2(X) and in particular log P,g € Ll(Puyg). Hence,
by (43) and the remark after Lemma 13, we obtain

”(PSQf - f)-i-”]Ll(gu)
S

1
lim — [ P,(g(P?f — f)4)log P,gdu = lir%
s5—

s—0 8

/log P.g dPuyg
= ||(Lgf)+||1Ll(gu) /logPugdPuyér = /Pu(g(Lgf)Jr)logPugd,u € R.

We can apply the same argument to (P¢ f — f)_ instead of (P{ f— f)4 to show the corresponding
assertion. In particular, the integral in the right-hand side of (42) is well-defined and these two
claims yield (42). O

5.5 Conclusion of the proof of Theorem 8

Let g be as in the last section, that is, given by (36). To proceed, we recall the notion of semigroup
mollification introduced in [6, Sec. 2.1]. Let x € C2°((0,00)) with £ > 0 and [~ k(r)dr = 1.
For e > 0 and f € LP(u) with p € [1,00], we define h. f by

b f ::é/oooprfm(g) dr.

It is immediate that ||h.f — f|le — 0 as ¢ — 0 for f € D(£). Moreover, for f € L2(u) N1L>(u),
hef, L(hef) € D(L) N Lipy(X). Here the latter one comes from the following representation:

thf:—g%/oooPrfm’ (g) dr.

Proposition 15 Following the same assumptions as in Theorem 8, let f = b fy for some e > 0
and fo € L2(u) NL>®(u). Then T'(f) € D(E), and for g as above

1

3 [ Y@@ gdu+ [Tt Lhgdu< R [T(gd- %( s 9du>2- (44)

Proof. By assumption, f € D(L) N Lip,(X). Moreover, I'(f) = |V f|? p-a.e. by [6, Thm. 3.17].
Let n > 0 be so small that n||f|| < 1/4. By applying Lemma 11, Lemma 12 and Lemma 14 to
nf instead of f in (8),

2
- %/Ptl“(f) gdu+n2/F(f, P f)gdp
o—2Rt 2 2

e _n t—2R(t—u)< g >2
= 20— 20l 7T Jrean—T [ [ Pz p)g)lox Pug ) .

By dividing this inequality by n? and letting n — 0,

_%/Ptf(f)gd,u-l-/r(f,Ptf)gdﬂ

€—2Rt

<
-2

[rthgdu— /0 " -2m(-) ( | Pz )g)1o5 Pug du>2dw (45)
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By virtue of mollification by b., we have Lf € D(E) and

4
dt

[T Rngdn =% [w(2) [T PR dudr = [T L9

t=0

Note that I'(f) € D(E) (hence the left-hand side of (44) is well-defined). This fact follows
from [24, Lem. 3.2] with the aid of mollification by h.. Then, by Lemma 16 below, we can
differentiate (45) at ¢ = 0 to obtain

3 [Tt [ricngdn < -k [r(ngan- ([ (Lgf)gloggdu>2

2
= —R/F(f)gdu —%(/(Lf)gduf-

Here we have used (40) also in the last equality. This is nothing but the desired inequality. [

Lemma 16 For ¢ € L?(gu),

lim / Py, (vg)log Pugdp = / Yglog g dp.

Proof. We may assume ¢ > 0 and ¢¥gu € P(X) without loss of generality. Then in particular
Ygp € Po(X) by Lemma 13. First of all,

/ Pu(g)|log Pug| dyt < o0

by a similar argument as in Lemma 13. Thus

/ P,(vg)log P,gdp = / YgP,(log P,g) dp < / g log Pay, g dp

by the Fubini theorem and the Jensen inequality for P, as integral operator. Now, for each z,
limy, 0 Wa (P05, 0,) = 0 by the remark after Theorem 8, and g is bounded and continuous, so
P,g(z) = [ gdP,6, — g(z). Moreover log Py, g < log ||g||ec and 1gu is a probability measure, so
by the Fatou lemma
lim sup / Py (1hg)log Pug dp < / Ygloggdp. (46)
u—

For the opposite bound, again by the Jensen inequality for P,,

/ Py (tbg)log Pug du > / P ($g)Pu(log g) du = / log 9Py (10g) .

Moreover log g is in Co(X) and Wa(Poy(vg)p, gu) — 0 as u — 0, again by the remark after
Theorem 8. Hence, by the remark after Lemma 13, we obtain

imint [ Pu(vg)log Pugn > i [ Pru(vg)toggdn = [vgtosgdn (47)
u—r u—r
Hence the conclusion follows from the combination of (46) and (47). O

Now we are in turn to complete the proof of Theorem 8.
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Proof of Theorem 8. The last crucial step consists in transforming ([(Lf)gdu)? into
[(Lf)*gdu which will be done by a localization procedure. Let f be as in Proposition 15.

Remark first that, by letting A — 0 in the definition (36), we obtain (44) for gy instead of
the function g of (36). To put the square inside the integral in (44), we need to localize this
inequality, and thus we employ a partition of unity. Let n > 0. Since Lf € Lip,(X), we can
take § > 0 sufficiently small so that |Lf(z) — Lf(y)| < n for any z,y € X with d(z,y) < 40.
Since supp go is compact, there is {z;}" ; C X such that suppgo C J;; Bs(z;) (note that we
require the regularity assumption (Reg2) only at this point). Let us define ¢; (i = 1,...,n) by
Yi(z) == 0V (26 — d(x;,z)) and

Yi(x) = q 20 () Yi(z) # 0,

0 if  i(z) =0.

Then 1; € Lip(supp ¢o), 0 < ¢; < 1, supp¥; C Bas(z;) and Z?:l Y;i(x) =1 for x € supp go. By
applying (44) for ¢:go/||%igollL1(,) instead of go, we have

%/F(F(f),go)dqu/P(f,Lf)go dp = Zn: <%/F(F(f),q/;ig0)du+/1‘(f7 Lf)¥igo du)

i=1

<R [ T(Pgodi - Z” e (Jwvama)

By the choice of § and {¢;}" ;, with n < 1,

n

2 n
> ([@numdn) > =0 3 Wil L -
=1

— [1vigollLi ()

> (1) / (LF)2g0 dp — 1 — 20(1 — )| LF

By letting n — 0,

—5 [T~ [T Lomdu> B [ T(Ogdi+— [ (L8P0 dn

2
Let now g € D(L) NL*°(p) with ¢ > 0 and Lg € L*>®(p ), as in Theorem 8. By virtue of
mollification by b, (29) and (32), we have T'(f),T'(f, Lf), (Lf)? € L' () N> (). Thus we can
replace go in the last inequality with ¢; € Lip,(X) ND(E), by a standard truncation argument.
Then we can replace g1 with g since D(E) N Lip,(X) is dense in D(E) with respect to || - ||¢.
Finally, we remove the mollification bh.. Let f € D(L) with Lf € D(€) and f,, := (—n)V fAn.
Then we have, from the integration by parts formula (34),

1

3 [0t Lgdn— [T0gthf)gdn > B [Totgdu+ - [ (L0 Rgdn

By virtue of mollification by b., ||he fn — b flle = 0 and ||Lb. f,, — Lb.f|le — 0 as n — oo. Thus
we obtain (30) by letting n — oo and ¢ — 0 after it, with taking Lh.f = h.Lf into account. O

24



6 Links with functional inequalities

A new proof of the entropy-energy inequality

We now consider the case where R > 0 and p is a probability measure. It is classical that
the CD(R,m) condition implies the entropy-energy inequality

But(7) < Sog (14 L1(1) (49
for any function f such that [ fdu = 1. Here I(f) = [T'(f)/fdu is the Fisher information
of f. This inequality is given in [8, Thm. 6.8.1] for instance, and also in [13, Cor. 3.28| via the
(R, m)-convexity of Ent,.

Inequality (48) improves upon the standard non dimensional logarithmic Sobolev inequality
Ent,(f) < I(f)/2R, a consequence of the CD(R, c0) condition. It leads for example to a sharp
bound on the instantaneous creation of the entropy of the heat semigroup in Py(X), namely

1
Entu(Ptf) < %

IOg 1 — e 2Rt
for all f and ¢ > 0. For similar bounds, see also [13, Prop. 2.17| for a gradient flow argument

starting from the (R, m)-convexity of Ent,, and [10, Prop. 3.1] for Fokker-Planck equations on
R™ with R-convex potentials.

The two approaches of [8] and [13] are rather involved, and we now give a formal (and below
rigorous) and direct way of recovering (48) from the contraction inequality (8) in Theorem 1
(which is equivalent to the CD(R, m) condition). The key point is the (formal) identity

W2(P; P,
lim sup 5 ( 5+t,};% 1)
510 0

= I(Ff) (49)

(see e.g. [22, Equation (26)]) and the classical identity %EntH(Puf) = —I(P,f). Indeed, from
inequality (8) and the Fatou Lemma, for any 0 < s < ¢,

W22(P5+5f,u, Psf:u)

W3 (Prysf, Pof) < ¢~2R(t-5)

I(P;f) =limsu lim su
(Be) 510 P o2 - 510 P 62
t B 2
_3/ e 2R Jim inf (Ent“(Pqu) Ent“(P“f)> du
m /g 510 1)

t
= e 2RU=S) (P, f) — 2 / e 2Rt (P, £)%du.
m

S

This yields the differential inequality

d 2
a](ptf) < —2RI(Pf) — EI(Ptf)Q

and then

mRI(f)
e2BH(I(f) +mR) — I(f)
by integration on [0,¢]. The entropy-energy inequality (48) follows by further integrating (50)
on [0, +00) and using tli)m Ent, (P f) = 0.

I(Ff) < (50)
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Before making this argument rigorous we give a formal argument to (49) at ¢ = 0, alternative
to [22]. For simplicity, assume that p = dz is the Riemannian measure and (P;);>o is the heat
semigroup associated with the Laplace-Beltrami operator L = A. Let f be a probability density
with respect to dz. First

OsPysf+V - (wsps6f) =0,

where ws = —dV log Pys f. Then one can check that at the first order in 4, the couple (Pss f, ws)sejo1]
is optimal between Psfu and fu in the Benamou-Brenier formulation (see [26, Chap. 7]). Hence

W3 (Psfu, f)

1
Il [ [ (9108 Pus 2 Pas s+ 0(2) = 1(5), 5.
0

Theorem 17 In a REM space as in Section 5, the contraction inequality (8) implies the entropy-
energy inequality (48).

Proof. Let f be a probability density with fu € Po(X) and I(f) < oo, as we can assume.
Recall that (X, d, u) is a RCD(R, o) space under our assumption (8). Thus, by [3, Thm. 9.3 (i)
and Thm. 8.5 (i),

2
- iEntM(Puf) — I(P,f) = limsup w; (Pu-i-é];ua Pufu)
du 510 )

(51)
for a.e. u € (0,4+00). In particular, (49) holds almost everywhere and, proceeding as above,

I(Pf) < PR IR )~ 2 / BRI, (52)

for any t > s > 0 where (51) is valid.

We now prove that (52) holds for all t+ > s > 0. For this, set ¢(t) := e*I(P,f). Then
¥ is non-increasing on [0,00) by a standard argument: Indeed, by CD(R,c0) with the self-
improvement argument in [24], we have \/T'(P.f) < e ®P,(\/T(f)) for all t > 0. It yields

2
(BT o~ 2R(1—5) (Pt_s( v F(Ps‘f))) < ¢ 2R(—9)p, (P(Psf)>
Ptf o Pt—s(Psf) o -’ Psf '

Thus the claim follows by integrating this inequality by p. Moreover t +— I(P,f) is lower semi-
continuous (see e.g. [3, Lem. 4.10]). Thus ¢ is lower semi-continuous and non-increasing on
[0,00), so also right-continuous . This implies that (52) holds for ¢t > s > 0.

Let now § > 0. By dividing (52) by e 2R (y(t) + 8§)(¢(s) + 6), for t > s > 0,

2 L oRu 2 1 _ L
SO TIRE T, ¢ e S s s (53)
We claim ( ) o) )
2(1 — b R u 1 1
m /0 e <w(u)+6> WS DT )+ (54)

for any ¢ € [0,00). For the proof of the claim, we let J be the subset of ¢ € [0, c0) satisfying (54)
and prove J = [0,00). First, 0 € J obviously holds and hence J # (). Second, if ¢t € J and

26



t' € (t,00) with ¢ — t sufficiently small, then ¢' € J. Indeed, by the right continuity of v, we
have ¢ (u) +d > (1 — 9)(¢(t) + 9) for any u > ¢ being sufficiently close to t. We take ¢’ >t so
that this holds for all u € (¢,t"). Thus (54) for this ¢, (53) and v being non-increasing yield

1 2

Bnf o ()
1
+

S0 F0 w0 10 T m@d) + W) +9) /
1 1

SUO 0 w0) 9

e3_21'%7“%/1(zt)2 du

and hence t' € J. Third, J is closed under increasing sequences. That is, for any bounded
increasing sequence (t,)nen in J, then lim ¢, € J. This property follows from the fact that 1 is
n—oo

lower semi-continuous. Now these three properties imply J = [0, 00) and hence the claim holds.

Finally we obtain (50) for all ¢ > 0 by taking § | 0 and rearranging terms in (54). But

Ent,(f) — Bnt, (P.f) = /O 1(P.f)ds (55)

for all ¢ by [3, Thms. 9.3 (i) and 8.5 (i)] again. Hence integrating (50) in ¢ concludes the proof. O

A dimensional HWI type inequality

For R being 0 or negative, no logarithmic Sobolev inequality for p holds in general, and
following [22] it can be replaced by a HWT interpolation inequality with an additional W5 term :
this is inequality giving an upper bound on the entropy H in terms of the distance Wy and the
Fisher information I. As above, let us see how to derive a dimensional form of this inequality
from the contraction property (7) in Theorem 1.

In a REM space as in Section 5, with a reference measure p in Po(X), assume the contraction
property (7) with R = 0. Let f,g such that fu,gu € Po(X), I(f) < oo and gu has bounded
support. Recall first that (X, d, u) is a RCD(0, 00) space under our assumption (7). In particular
I(P.f) < I(f) for all t > 0. Then [1, Thm. 6.3] and the Cauchy-Schwarz inequality yield

1d
anf(Ptfu,gu) > —Wao (P fp, gu)VI(Pf)

for almost every t > 0. In particular
1 t
SWEP S0~ 33 o) > — [ WalPufis) VBT ds > — [ Wl g VT ds

for all ¢t > 0.
If now g converges to 1 in such a way that gu converges to p in the Ws distance, then using
the triangular inequality

\Wa(Ps fru, gpt) — Wa(Ps fru, 1) < Walgp, 1)

for any 0 < s <t one can pass to the limit above, leading to

1
SWEPf )~ S Wi, ) / Wa(Ps i, 1)v/I(F) ds.
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Now by (7) the left-hand side is bounded from above by

—4m/ sinh? <Ent“ (s f)> ds.

Finally s — Wa(Psfp, 1) and s — Ent,(Psf) are continuous on [0,¢], so one can let ¢ go to 0
and obtain

sinh? (E“;—giﬂ> < Wl f )T (56)

A corresponding bound can also be derived for any R, in which the sg/,, function appears.

Here is a possible application of (56): in the above notation and assumptions (with R = 0),
there exists a positive numerical constant C' such that

2
Ent,(P,f) < % {C, log W} t>0

for all f with fu € P,. This bound is a consequence of (55), (56) with P, f instead of f, the
bounds Wa (P, f, 1) < Wa(fp, ) and sinh?(z) > **/32 for x large enough.

For short time, this gives a regularization bound of the entropy as m/2log(1/t), which is
exactly the behaviour observed above for R > 0, and also for the heat kernel on R™; it also
improves on the corresponding bound mlog(1/t) in [13, Prop. 2.17, (ii)].

Acknowledgments. This research was supported by the French ANR-12-BS01-0019 STAB
project and JSPS Grant-in-Aid for Young Scientist (A) 26707004.

References

[1] L. Ambrosio, N. Gigli, A. Mondino, and T. Rajala. Riemannian Ricci curvature lower
bounds in metric measure spaces with o-finite measure. Trans. Amer. Math. Soc.,
367(7):4661-4701, 2015.

[2] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of
probability measures. Lectures in Math. ETH Ziirich. Birkhauser, Basel, 2008.

[3] L. Ambrosio, N. Gigli, and G. Savaré. Calculus and heat flow in metric measure spaces and
applications to spaces with Ricci bounds from below. Invent. Math., 195(2):289-391, 2013.

[4] L. Ambrosio, N. Gigli, and G. Savaré. Density of Lipschitz functions and equivalence of
weak gradients in metric measure spaces. Rev. Mat. Iberoam., 29(3):969-996, 2013.

[5] L. Ambrosio, N. Gigli, and G. Savaré. Metric measure spaces with Riemannian Ricci
curvature bounded from below. Duke Math. J., 163(7):1405-1490, 2014.

[6] L. Ambrosio, N. Gigli, and G. Savaré. Bakry-Emery curvature-dimension condition and
Riemannian Ricci curvature bounds. Ann. Probab., 43(1):339-404, 2015.

[7] D. Bakry and M. Emery. Diffusions hypercontractives. In Séminaire de probabilités, XIX,
1983/84, Lecture Notes in Math. 1123, pages 177-206. Springer, Berlin, 1985.

[8] D. Bakry, I. Gentil, and M. Ledoux. Analysis and geometry of Markov diffusion operators,
volume 348 of Grund. Math. Wiss. Springer, Cham, 2014.

[9] D. Bakry, I. Gentil, and M. Ledoux. On Harnack inequalities and optimal transportation.
Ann. Sc. Norm. Super. Pisa, Cl. Sci., 14(3):705-727, 2015.

28



[10]
[11]
[12]

[13]

14]
15)
[16]
17)
18]
19]
[20]
[21)
[22)
23]

[24]

[25]
[26]
27]
28]

[29]

F. Bolley, I. Gentil, and A. Guillin. Dimensional improvements of the logarithmic Sobolev,
Talagrand and Brascamp-Lieb inequalities. Preprint 2015.

F. Bolley, I. Gentil, and A. Guillin. Dimensional contraction via Markov transportation
distance. J. London Math. Soc. (2), 90(1):309-332, 2014.

D. Burago, Yu. Burago, and S. Ivanov. A course in metric geometry, volume 33 of Grad.
studies math. Amer. Math. Soc., Providence, 2001.

M. Erbar, K. Kuwada, and K.-T. Sturm. On the equivalence of the entropic curvature-
dimension condition and Bochner’s inequality on metric measure spaces. Invent. Math.,
201(3):993-1071, 2015.

I. Gentil. Dimensional contraction in Wasserstein distance for diffusion semigroups on a
Riemannian manifold. Potential Anal., 42(4):861-873, 2015.

N. Gigli, K. Kuwada, and S.-I. Ohta. Heat flow on Alexandrov spaces. Comm. Pure Appl.
Math., 66(3):307-331, 2013.

R. Jordan, D. Kinderlehrer, and F. Otto. The variational formulation of the Fokker-Planck
equation. SIAM J. Math. Anal., 29(1):1-17, 1998.

K. Kuwada. Duality on gradient estimates and Wasserstein controls. J. Funct. Anal.,
258(11):3758-3774, 2010.

K. Kuwada. Space-time Wasserstein controls and Bakry-Ledoux type gradient estimates.
Cale. Var. Partial Diff. Eq., 54(1):127-161, 2015.

H.-Q. Li. Dimension-free Harnack inequalities on RCD (K, 00) spaces. To appear in J.
Theor. Probab.

S. Lisini. Characterization of absolutely continuous curves in Wasserstein spaces. Calc.
Var. Partial Diff. Eq., 28(1):85-120, 2007.

J. Lott and C. Villani. Ricci curvature for metric-measure spaces via optimal transport.
Ann. of Math. (2), 169(3):903-991, 2009.

F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.

F. Otto and M. Westdickenberg. Eulerian calculus for the contraction in the Wasserstein
distance. SIAM J. Math. Anal., 37(4):1227-1255, 2005.

G. Savaré. Self-improvement of the Bakry-Emery condition and Wasserstein contraction of
the heat flow in RCD(K, 0o) metric measure spaces. Discr. Cont. Dyn. Syst. A, 34(4):1641—
1661, 2014.

K.-T. Sturm. On the geometry of metric measure spaces. I and II. Acta Math., 196(1):65—
177, 2006.

C. Villani. Optimal transport, Old and new, volume 338 of Grund. Math. Wiss. Springer,
Berlin, 2009.

M.-K. von Renesse and K.-T. Sturm. Transport inequalities, gradient estimates, entropy
and Ricci curvature. Comm. Pure Appl. Math., 68:923-940, 2005.

F.-Y. Wang. Functional Inequalities, Markov Processes, and Spectral Theory. Science Press,
Beijing, 2004.

F.-Y. Wang. Equivalent semigroup properties for the curvature-dimension condition. Bull.
Sci. Math., 135(6-7):803-815, 2011.

29



	Main result
	Proof of Theorem 1: first implications
	Strategy of the converse proof
	Example of a gradient flow in Rd
	How to adapt the gradient flow proof to the general case?

	The Riemannian Markov triple context
	Framework and results
	Proof of Theorem 6

	The Riemannian energy measure space context
	Framework and results
	Proof of (ii)  (iii) in Theorem 1
	Construction of the path (s)s0
	Three key estimates
	Conclusion of the proof of Theorem 8

	Links with functional inequalities

