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On the role of surface rheology in a magnetohydrodynamic
swirling flow

Jules Delacroix and Laurent Davoust?

Electromagnetic Processing of Materials (EPM) Group, CNRS, Materials and Processes
Science and Engineering (SIMaP) Laboratory, Grenoble Institute of Technology
(Grenoble-INP), Univ. Grenoble-Alpes, 38402 St-Martin d’Heres, France

The original coupling between the surface rheology of a liquid metal surface and a
supporting annular Couette magnetohydrodynamic (MHD) flow is theoretically and
numerically investigated in this paper, in the general layout of the classical annular
viscometer, as developed by Mannheimer and Schechter [*An improved apparatus
and analysis for surface rheological measurements,° J. Colloid Interface Sci. 32, 195
1211 (1970)]. The purely hydrodynamic interplay between the main azimuthal flow
(induced by a rotating floor) and the secondary overturning flow (generated by
centrifugation) is found to be strongly affected by both surface viscous shear and
sur-face viscous dilatation. When the flow is subjected to an outer vertical magnetic
field, the impact of varying interface boundary conditions (through the surface shear
and dilatational viscosities) at the gas/liquid interface profoundly alters the MHD
flow topology. Particularly, when centrifugation competes with electromagnetic
effects, advection of the main flow by the secondary flow is proved to affect
significantly the core MHD flow, leading to a variety of atypical MHD flow patterns.

. INTRODUCTION

Modeling of magnetohydrodynamic (MHD) two-phase flows has recently become an issue of
major interest, given the numerous industrial applications potentially affected:

o metallurgy, with the stirring of molten metal by bubble plumes in crucibles (Haverkort and
Pecters') or with the entrainment of floating unwetted particles inside a liquid metal bath under
a rotating magnetic field, see, e.g., Bojarevics et al.?

e microelectronics, where oxidation may affect electrically driven liquid metal processes by
conferring non-wetting properties on the fluid—Liu et al.,’ Liu et al.,* or Sen and Kim;’

e crystal growth processes and capillarity such as the Czochralski and floating zone methods—
see Duffar;®

e nuclear fusion reactors, with the breeder blanket based cooling loop issues (Helium bubbles in
the liquid metal, see, for instance, Morley et al.” or Li et al.®) or MHD corrosion studies for
dual-coolant lead-lithium blankets—Smolentsev et al.’

Focusing on liquid/gas flows subjected to an outer magnetic field, a typical layout of a stratified
two-phase MHD flow is displayed in Fig. 1. In this figure, we can first point out that due to internal
motion 7 inside the electro-conductive fluid, in interaction with the outer magnetic field Eext, there
is a magnetohydrodynamic flow. Moreover, if a gaseous phase is added to form a heterogeneous
liquid/gas medium, complex interactions between the two phases are expected to influence the
overall MHD flow. More particularly, the role that may be played by the gas/liquid interface is a
crucial issue. If the focus is placed on the liquid surface, particles stemming from physico-chemical
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FIG. 1. Typical layout of a MHD liquid/gas flow.

processes (corrosion, abrasion, oxidation, etc.) can adsorb at this interface. Depending on its level
of saturation, the rheological behavior of the interface can be greatly modified, e.g., evolving from a
sliding to a non-sliding boundary condition (BC). Consequently, a major impact is expected on the
topology of the underlying MHD flow. This particular coupling between MHD and surface rheology
needs to be investigated.

To our knowledge, little is actually known about the surface rheology of liquid metals when
they are progressively oxidized. The viscoelastic properties of liquid metals have been experimen-
tally investigated by researchers, including Kolevzon et al.,'"!" Dickey et al.,'*> Larsen et al.,"?
Liu et al.,’ or Doudrick et al.'* These authors have highlighted the preponderant role of the inter-
face level of oxidation on different mechanical properties, such as the response to imposed elastic
stresses, surface tension, and contact angles. However, none of these results address the issue of
rheological transport, and they are not coupled with MHD.

On the other hand, the MHD of single-phase laminar flows has been extensively studied for
many years. The flow can be either confined (see Shercliff'”) or may have a free surface—for a
Couette flow with a free surface, see, e.g., Lehnert.'® However, the fundamental issue of varying
boundary conditions would seem to have only been considered from an electrical point of view.
Thus, in the case of duct flows, the walls can have infinite electrical conductivity (see Shercliff'),
no conductivity (Moreau'’), mixed infinite and vanishing conductivities (Hunt and Stewartson'®),
or arbitrary conductivity (Tabeling and Chabrerie'”). The electrical influence of the walls, governed
by the ratio of bulk and wall electrical conductivities o /oy, completely modifies the electric circuit
and results in a major impact on the topology of the MHD flow.

In this study, the same kind of general approach for the boundary conditions is taken, but this
time from a mechanical point of view. In this respect, for flows including liquid/gas interfaces,
the competition between bulk MHD and surface rheology (driven by the contamination rate of the
liquid surface) may lead to a mechanically varying boundary condition, suspected to affect consid-
erably the overall MHD flow (see, e.g., the oscillatory flow patterns caused by surface oxidation
described by Zhang et al.,’’ in the case of a liquid metal subjected to a rotating magnetic field).
To deal with the practical conditions of molten metals in metallurgy industry, we need to inves-
tigate surface mechanics separately from bulk flow, especially when the free surface is gradually
oxidizing. The mechanical coupling can therefore be considered between a liquid surface and the
underlying bulk, through the emergence of dilatational and shear surface viscosities. These surface
viscosities are expected to represent the effects of changing surface boundary conditions on the
steady flow of a supporting subphase.

Il. OUTLINES
A. The annular MHD viscometer: Description and motivation

To enhance the mechanical coupling between MHD and surface rheology for a liquid metal, we
choose to focus on a particular physical layout, i.e., the annular MHD viscometer, shown in Fig. 2.

The annular viscometer, developed by Mannheimer and Schechter,”! has become a reference
solution for determining the rheological properties of a given fluid—see, e.g., Hirsa and Lopez,***}

2



Annular channel Liquid surface §

Rotating floor at angular speed 2

FIG. 2. The annular MHD viscometer.

Drazek et al.’* and Davoust et al.>>~>" It consists of an annular open channel with a rectangular

cross section, where the inner and outer radii are, respectively, r; and r,, and the height is &, where
h < r;, r, (indicative values: r; =3 cm, r, = 7cm, and 4 = 1 cm). The coordinate system used is
the cylindrical system {O,é,,é,é,}. The annular floor of the channel rotates around the z axis
with a varying angular speed of 2, while the two side walls are fixed. An outer vertical permanent
magnetic field By = Byé, is imposed, and the channel is filled with an electroconductive fluid, e.g., a
liquid metal such as Galinstan (eutectic gallium-indium-tin alloy). In recent decades, essentially due
to safety reasons, Galinstan has progressively replaced mercury as a classical model system in most
studies devoted to liquid metal MHD flows—see, e.g., Alboussiere,”® Terzija,”’ or Zhang et al.*” for
recent applications.

We shall now comment on the advantages of the annular MHD viscometer configuration.
First, the electroconductive rotating fluid subjected to an outer magnetic field constitutes a MHD
liquid/gas stratified flow, which is a basic study case in view of the description of different MHD
two-phase flow regimes. Besides, this particular layout allows for a wide variety of physical phe-
nomena to be enhanced, beginning with bulk effects. Thus, inertial effects can be easily highlighted
by changing the value of the angular speed Q of the rotating floor.>* On the contrary, if the goal is
to extinguish centrifugation, tuning the value of the outer magnetic field By may lead to a fully 2-D
MHD flow, due to the well-known two-dimensionality tendency of magnetic induction—Delacroix
and Davoust.’!

Concerning surface effects, and compared to the more classical Taylor-Couette layout, the ver-
tical shear is in this case particularly emphasized in the annular viscometer configuration, through a
shallow configuration (/& < r;,r,). This means that strong velocity gradients are generated along the
é,-axis, whereas these gradients preferentially develop along the &,-axis in the Taylor-Couette case.
Anticipating what follows, it is shown later in Eqs. (14) and (15) that the coupling term between
surface and subphase flows involves dv,/dz and dvy/dz terms, where v, and vy are the radial
component and the azimuthal component of velocity, respectively. Consequently, the resulting
shearing is expected to be magnified, and the impact of varying boundary conditions at the liquid
surface on the overall MHD flow may be more easily highlighted. Moreover, access to the liquid
surface is facilitated. Indeed, merely by controlling the O,-rate of the surrounding atmosphere, it
may be possible to “functionalize” the interface at will, monitoring its state of oxidation, leading to
a variation in its rheological parameters, such as surface viscosities. This would result in a major
change in the boundary condition at the liquid/gas interface. In the light of all these considerations,
the physical insight provided by the annular MHD viscometer is expected to be significant.

B. Goals of the present work

The first goal of this numerical study is to extend significantly the scope of a companion
paper,®!' focused on the 2-D analytical study of the annular MHD viscometer. This benchmarking
analytical study is based on the assumptions Ha > 1 and Ha > Re, where Ha and Re are the Hart-
mann and Reynolds numbers, respectively. This allowed the authors to ignore the inertial effects
and to highlight the competitive effects between surface viscous shearing and a strong transverse
uniform magnetic field. Typically, it has been shown that surface rheology actually monitors the
electrical activation of Hartmann layers.



For the present study, no particular assumptions have been made concerning the values of Re
and Ha (except that Re < 10* in order to avoid turbulence issues, see Sec. Il A). Consequently, a
swirling flow occurs when Ha < Re, leading to inertial centrifugal effects. As a consequence, a new
rheological parameter is solicited at the interface, linked to surface viscous dilatation, which might
affect core flow. Furthermore, interacting with the outer magnetic field, the centrifugal effects bring
an original MHD flow into play, which in turn competes with surface rheology. Their coupling is
investigated in this paper.

Beyond the goal of highlighting the physical mechanisms of this original coupling, a long-term
goal involves measurement. First, thanks to the following numerical calculations, combined with an
experimental set-up that is currently being developed, measurement of surface velocity would allow
access to the bulk MHD. Second, we would be able to obtain information about oxidized surface
rheology, since it would be possible to determine the rheological properties of liquid metal surfaces,
for which there is only little information available; see, e.g., Liu et al.® Finally, depending on the
externally applied magnetic field, the imposed angular speed, and the O,-rate of the surrounding
atmosphere, the model could be used to determine distinct experimental working conditions.

C. Overall method

First, the governing equations as well as the BCs are highlighted, along with the support-
ing physical phenomena. The coupling between hydrodynamics, electromagnetism, and surface
rheology is particularly enhanced, and the scaling parameters of the problem are defined.

Classically, the finite-element method (FEM) is used to discretize Maxwell equations in elec-
tromagnetism. However, this is not the case in fluid mechanics, as, contrary to the finite-volume
method (FVM), the discrete approximation is a priori not conservative. Consequently, if the FEM
method is used to tackle a MHD problem, particular care is required to ensure a conservative
solution.

Therefore, numerical modeling is systematically benchmarked with asymptotic cases. For the
classical annular viscometer layout (i.e., with no applied magnetic field), the first benchmark takes
inertia and surface viscous shearing into account (Hirsa et al.’*). The purely hydrodynamic results
are then extrapolated to the case where surface viscous dilatation significantly affects the bulk flow.
Then, the outer magnetic field is added, and the numerical results are benchmarked with the sup-
porting 2-D analytical study,?' which highlights the interactions between surface viscous shearing,
electromagnetism, and creeping flow. Once this benchmarking case has been secured, a scaling law
is defined to emphasize the interactions between the MHD bulk flow (with inertial effects) and
surface rheology (including both surface shearing and dilatation). Their most salient features are
then displayed and discussed.

lil. PHYSICAL MODELING
A. Notations and assumptions

With respect to purely hydrodynamic assumptions, the annular shear flow considered is assumed
to be a permanent, axisymmetric (0/06 = 0), incompressible, and viscous Newtonian flow with no
temperature dependence, so that the bulk physical properties of Galinstan are considered to be con-
stant. The flow is laminar with Re = pQr2/n, where 1 is the dynamic viscosity and p is the density of
Galinstan (indicative values: 7 = 2.14 x 103 Pasand p = 6.36 x 10°> kg m~3 at 20 °C, see Plevachuk
et al.*?). In this paper, and unlike in the supporting analytical study' where Re is set to be sufficiently
small, Re is increased up to the value Re < 10* in order to study inertial effects. This relatively high
value for the Reynolds number might question the assumption of an axisymmetric laminar flow. How-
ever, the Reynolds number defined in the present study (following, e.g., Hirsa et al.,”* Lopez et al.,”
Davoust et al.’’) is not really physically consistent, as its definition, only based on the outer radius of
the annular channel, does not involve the aspect ratio, #/r,. Our definition clearly overestimates the
local Reynolds number which remains to be estimated a posteriori. Therefore, even a value as large
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as Re = 10* remains consistent here with the assumption of a laminar flow (see, e.g., Haddadi and
Poncet,>? Serre et al.,>* and Launder ef al.> for considerations on the onset of turbulence).

Moreover, the quasi-static approximation is made, which consists in ignoring the displacement
current when compared with the conduction current. Also, the magnetic Reynolds number Rm =
uor,Qh is considered to be negligibly small, where u and o are the magnetic permeability and
the electrical conductivity of the liquid metal, respectively (indicative values: u = 47 x 1077 Hm™!,
o =3.29 x 10°S m~!, see Plevachuk et al.*?). This allows us to form the classical weakly coupled
MHD model, which results in the fact that the electromotive current is approxnnated as v x B ~
U X BO, where 7 is the flow velocity, and that the Lorentz force is approximated as j X B~ ] X Bo,
where ] is the electric current density. When normalizing the MHD equations, the Hartmann number,
Ha = Byh+/o /7, is highlighted.

Finally, several assumptions are made to describe the behavior of the liquid/gas interface. First,
the interface is considered to be flat, with a capillary length /. = \/y/pg < r, — r;, where g is the
gravity and 7 is the surface tension of Galinstan (indicative value: ¥ = 0.534 N m~!, see Liu et al.”).
Furthermore, the flow of the liquid surface is modeled through a surface momentum conservation
(jump momentum balance (JMB)), in which use is made of two rheological parameters: surface
shear viscosity, n7s, and surface dilatational viscosity, ks—see Eqgs. (14) and (15). It is assumed that
these parameters only depend on the O,-rate of the surrounding atmosphere (that directly rules inter-
face oxidation), which implicitly requires thermodynamic equilibrium. In particular, and even if the
swirling flow were able to induce a radial segregation along the interface, the hypothesis of a uniform
oxidation is put forward. This yields that no radial dependence of i or kg is taken into account in
this paper. The focus is placed here on the coupling with MHD.

Due to centrifugal effects, a swirling flow is generated. A distinction is made between the (main)
azimuthal flow vy and the (secondary) meridian flow (v,,v;) (also referred to as overturning flow in
this paper). When the electroconductive liquid is subjected to an outer magnetic field, electric current
densities are induced. Once again, the (main) components (j,, j;) (due to the main azimuthal flow)
are distinguished from the (secondary) component jg (due to the secondary meridian flow). Note that
even if the velocity has three non-zero components, the physical problem cannot be (strictly speak-
ing) qualified as three-dimensional, since the independent variables in the entire description of the
problem are only two, r and z. Consequently, the present study is hereinafter referred as 2-D 1/2. The
investigation of the interaction between the main and secondary MHD flows is worthwhile, because,
depending on the relative value of Ha and Re, the flow switches from 2-D to 2-D 1/2 topology. This
also greatly affects the interface dynamics, because if Ha > Re, the meridian flow vanishes, and only
the azimuthal component of JMB is involved. Consequently, the only relevant rheological parameter
is surface shear viscosity 775, the value of which may dramatically affect the main MHD flow.' On
the contrary, if the inertial effects are significant, the radial component of JMB is brought into play.
Thus, the interface tends to stretch, and the surface dilatational viscosity «s can also affect the surface
dynamics. Surface rheology may then modify in turn both the main and the secondary MHD flows.

B. Geometry, governing equations, boundary conditions
1. Geometry

For symmetry reasons, we can only focus on a cross section of the annular channel. Note that the
out-of plane components of MHD quantities must be solved, due to the swirling flow. The geometry
of the numerical problem, along with the conditions implemented at the boundaries of the calculation
domains, is given in Fig. 3.

2. Bulk flow

a. Electromagnetism. A potential formulation is used to describe the electromagnetic part of the
problem. The basic equations derive from Maxwell’s equations, and in particular Ampere’s law and
the continuity equation, completed by Ohm’s law generalized to moving matter. Using now the defi-
nition of the electric potential ¢ and the magnetic vector potential A, with respect to the electric field
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B, =B¢, T Infinite box: gas at rest

Interface: 3= v,¢(r)e, +v5(r)eg, ] -7 = O‘

Inner wall L = i (B) 9uter wall
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o i 5 7
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FIG. 3. Geometry and boundary conditions of the channel cross section used for numerical computation. Note the presence
of cutting lines (A):z =ho/2 and (B):r =(r; +r,)/2 used hereafter for interpretation of the results.

E and magnetic induction E, at steady state,

= —grad (¢), B =cul (X) . (1)
Ampere’s law can be rewritten as
—_— (— > R e —
curl (curl (A)) — HOoU X (curl (A)) + pograd(¢) =0, 2)
and the continuity equation as
—_— —_—
div (uo-z?’ X (curl (A)) — pograd (¢)) =0, 3)

completed by the Coulomb gauge to define uniquely A, ie., div (X) = 0. Equations (2) and (3) are
the solved electromagnetism equations.

The electromagnetic boundary conditions first consist of an externally applied constant axial
magnetic field, imposed through an “infinite” box surrounding the fluid area: B, = Byé. The assump-
tion Rm < 1yields: B,é, ~ By, throughout the entire computational domain. The result is, in terms
of the magnetic vector potential,

larAg _ B(). (4)
r or

The second electromagnetic boundary condition is the electrical insulation at the liquid metal bound-

aries (side-walls, rotating floor, and liquid/gas interface): j - 7i Auid walls 0. Using Ohm’s law and the
. . .. . . . uid walls .

low Rm assumption, this condition is written with respect to electric potential,

. (—gr_ac’i(qs) +5x EO) =0, )

fluid walls

where 7 is the unit normal vector at the considered boundary—see Fig. 3.

b. Fluid mechanics. A primitive pressure-velocity formulation is used, based on the complete
set of Navier-Stokes equations,

div () =0, (6)
N = e e -
0 (17 . grad) 7 =div (—pl +7 (grad (@) + grad (17))) +F. @)

The coupling term F is the Lorentz force, defined as F = fx B, which can be explicitly written as
follows, using Ohm’s law and the approximation Rm < 1:
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¢
- B,
or B0

- —_— =
j=0 (—grad(¢) +0 % Bo) =o| -uB |, (®)
_9¢
0z
—vrBé
- - — 3
F=jxBy=0 Bo(—¢—0930) . )
or
0

Let us now examine the hydrodynamic boundary conditions, starting with the no-slip boundary
condition at the motionless side-walls,

0(r=riz)=0(r=ry,2) = 0. (10)

At the inner and outer side-walls, a no-slip boundary condition is normally imposed for velocity.
However, in order to circumvent the boundary discontinuity between the inner or outer side-walls
and the rotating floor, two matching functions are introduced for the azimuthal component of velocity
(see Fig. 3). These functions apply along segments of typical length § <« r;, r,, (indicative value:
& = 2.5 x 10~* m) at the inner and outer walls of the annular channel cross section. With these match-
ing functions, a Couette-like profile for velocity is classically assumed at the matching segments,*
which leads to

r,-Q(l - %) if 7 € [0,5],
if z € 16,4,

Y

ve(r =ri,2) =

for the inner wall and to

r09(1 - g) ifz €[0,6],
ifzel6.h],

vo(r =ro,2) = (12)

for the outer wall. Thus, velocity is imposed such that lubrication conditions in the gaps are taken
into account, the continuity of vy being warranted at the matching points z = ¢ at both walls. These
lubrication conditions are not simply a numerical technique. They stem from a true experimental
layout, where this gap concretely exists between a rotating dish (rotating floor) and an inert cover
(side walls), as described Fig. 4.

The last remaining velocity boundary conditions at the liquid gas/interface are given by the sur-
face rheology equations, governing surface velocity vs dynamics— see Egs. (14) and (15),

0(r,z = h) = Us(r) = vs(r)é, + vos(r)eo. (13)

c. Dimensionless quantities. As mentioned above, when normalizing MHD equations, two scal-
ing parameters emerge, i.e., Ha = Boh+/o-/n and Re = pQr2/n. A third one can be used instead of
Re: the Stuart number or interaction parameter: N = Ha?/Re. Classically in MHD, a (Ha, N) formula-
tion is favored, where N governs the actual competition between inertial and electromagnetic effects.
However, in this paper, Ha and Re are preferred for the following reasons. First, some results are

LLT_LJ

s Free surface

Inert
_Lcover Galinstan
ezif | Gap Gap L~
gﬂ es ; 'Rotating dish| ‘ “

| 7; 7,
N

FIG. 4. Lubrication gaps between the rotating floor and the motionless side-walls with respect to the experimental layout
(see, e.g., Mannheimer and SchechterZI).



displayed for a purely hydrodynamic flow, meaning that N = 0, regardless of the value of the Reynolds
number. Moreover, the Couette-like layout of the problem, with an imposed velocity at the rotating
floor, makes us tend towards the (Ha, Re) description, since the boundary condition at the bottom of
the channel is directly linked to Re through the angular speed (2. Consequently, by monitoring the
Reynolds number, different dynamic configurations are described.

The bulk dimensionless quantities of interest, superscripted *, are then defined as follows:

e the radial coordinate r* = r/r,;

e the axial coordinate z* = z/h;

e the velocity * = 7/V, where V = r,Q. The azimuthal component v} and the meridian compo-
nents (v,v) allow for analysis of the main and secondary MHD bulk flows, respectively;

o the magnetic induction: b} = b, /B, by = be/B, where B = ,uV\/a'_n and B} = B,/By;

¢ and finally, for the electric current densities: f* = f/j, where J = o'BOV. The meridian compo-
nents (j7, %) and the azimuthal component j; allow for analysis of the main and secondary
MHD bulk flows, respectively.

3. Surface flow

a. Surface rheology. Boundary condition (13) brings a new unknown into play, namely, in-plane
surface velocity Us. This stands as the first coupling term of the two-way coupling between the MHD
bulk flow and surface equations. The latter conditions can be derived from the momentum balance
written on an elementary heterogeneous volume straddling a liquid surface of zero thickness, in accor-
dance with the Gibbs approach (see Slattery et al.?”). This allows us to circumvent the issue of the
strong and often unknown variability of physical variables across a diffuse interface. In return, the
surface “excess” quantities, e.g., surface viscosities, must be introduced to balance the jump in bulk
shear stress at the singular interface (Edwards et al.*®). To model the relationship between surface
stress and surface strain, the Boussinesq-Scriven constitutive law is used (Aris*®) to write the two
following components of the JIMB:

dZUrS 1 dvrS Urs 61};’
(s + ks) ( P T 2T ; (14)
z=
dzvgs 1 dUgS Vgs ng
22 )=p=] . 15
T]S( dr2  r dr r2 oz o=h (13)

The left-hand term of Eq. (14) represents a combination of surface viscous shear and surface viscous
dilatation along the liquid surface, while only the surface viscous shear is present in Eq. (15), where
ns is the surface (in-excess) shear viscosity, and kg is the surface (in-excess) dilatation viscosity. They
stand as the second coupling term of the aforementioned two-way coupling. The right-hand terms of
both equations are the liquid shears vertically imposed from the supporting subphase flow, with 7,
the Newtonian bulk shear viscosity. Equations (14) and (15) are discretized along the interface by
calculating their respective weak forms.

Finally, to solve for the JMB, the following Dirichlet end-point boundary conditions for surface
flow are required:

Ues(r=1y) =05 (r =710) = vgs (r =r;) = vgs (r =r,) = 0. (16)

b. Dimensionless quantities. Normalizing Eqs. (14) and (15) leads to the definition of two rheo-
logical scaling parameters:

K
Bo,,, = Z—;,BOKS - 77_; (17)
where Bo,,; and Bo,, are the surface shear and surface dilatational Boussinesq numbers, respec-
tively. The Bo,,s number describes the balance between bulk and surface viscous shears, while Bo,
expresses the ratio between the dilatational stress along the interface and the bulk viscous shear. It
should be noted that, compared to the supporting article,’' Bo, < 1s a new feature emerging due to the
inertial effects.
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FIG. 5. Overall coupling.

The dimensionless quantities of interest for surface dynamics consist only of surface velocity:

U§ = Us/V; v} and v allow for analysis of the main and secondary surface flows, respectively.

4. Strong coupling and numerical implementation

Overall coupling between subphase and surface flows is made evident in Fig. 5. The electromag-
netism and hydrodynamics modules interact by means of the coupling terms, i.e., the electromotive
current and the Lorentz force. The surface rheology module provides the velocity boundary condition
for solving bulk flow through surface velocity, while the hydrodynamics module provides in turn for
the vertical bulk shears at the interface, to solve the surface flow.

With respect to numerical methods, due to the basic layout of the computational domain, a fully
coupled approach is implemented, based on the full Jacobian matrix as one entity. This approach is
based on the Newton-Raphson method, which linearizes the non-linear problem based on the current
solution, at each iteration. A linear stationary direct solver is implemented to solve the linearized prob-
lem, i.e., the MUlItifrontal Massively Parallel sparse direct Solver MUMPS), based on Lower-Upper
(LU) factorization (see MUMPS support*’ for further details).

Finally, the implemented mesh is displayed in Fig. 6(a). It consists of 27 524 elements, mainly
triangular, with mesh refinement on the Galinstan domain. As shown in Fig. 6(b), a specific rect-
angular boundary layer mesh is set up at the boundaries of the fluid domain. Typically, the relative
thickness of the first layer is set so as to be much lower than the reciprocal of the Hartmann and
Reynolds numbers, which both monitor the thickness of the physical boundary layers.
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IV. RESULTS AND INTERPRETATION
A. The annular hydrodynamic viscometer (Ha = 0)

In this section, the interaction between the purely hydrodynamic subphase flow and the surface
rheology is analyzed. Let us first validate the 2-D 1/2 numerical modeling with a benchmarking
asymptotic study.

1. The deep-channel viscometer benchmark: Inertia and surface viscous shearing

The first selected benchmark is the numerical study of the classical deep-channel annular viscom-
eter (with no outer magnetic field, i.e., Ha = 0), performed by Hirsa et al.,?? from a numerical code
based on a second order centered differences scheme. In this case, only the hydrodynamic issue is
brought into focus, taking inertia into account, but considering that the interfacial condition along
the radial direction (Eq. (14) of the present study) reduces to no-slip, which is similar to the condi-
tion Bo,; — oo. As a result, the role of the surface viscous shearing alone is enhanced, through the
parameter Bo,, .

In this part, relevant quantities must be temporarily redefined to fit with Hirsa ef al. notations and
typical values and are subscripted g, (corresponding to Hirsa layout). Thus, the height and the inner
and outer radii of the channel are noted Ay, ;11 and 7,y , respectively. Note that Ay, ~ 7ouL — 77HL,
hence the “deep-channel” denomination. The surface shear Boussinesq number used in this part is
Boy, 4 = 1s/7onL. The definitions of the other relevant quantities are unchanged (particularly the
Reynolds number Re).

Some results obtained for the same geometrical layout as Hirsa et al. are then shown in Fig. 7.
The quantities displayed are

o the contours of the azimuthal vorticity w* = dv*/0z* — dv}/dr*, whichrules the meridian flow,
in Fig. 7(a), for different Bo,,,,, and Re values;

e the contours of the axial angular momentum o* = r*v;;, in Fig. 7(b), for different Bo,,,,, and
Re values;

e the surface azimuthal velocity v in Figs. 7(c) and 7(d), for Bo,,¢,,, = 0.01 or 10, respectively,
and various Re values.

The agreement between both studies is quite satisfying. Both models predict a secondary over-
turning flow due to inertial effects, intensifying with Re. At low Reynolds numbers, the angular mo-
mentum diffuses from the rotating floor into the liquid metal (see Fig. 7(b), top). For higher Re, an
Ekman layer appears near the rotating floor, concentrating the vortex lines. Due to the outer wall,
this layer is turned vertically into a jet-like flow, and then turned inwards at the interface, advecting
fluid with large angular momentum radially inwards. This results in a spin-up of the fluid interface
increasingly closer to the inner wall?? (see Fig. 7(b), bottom, and Fig. 7(c)).

With respect to the impact of surface viscous shearing, it can be seen in Fig. 7(b) that if Bo,, ¢,
is low (top), the vortex lines are normal to the liquid surface, and if it is high (bottom), then the
lines are tangential to the liquid/gas interface, evolving consistently from a free surface (Neumann)
to no-slip (Dirichlet) boundary conditions. Consequently, v, decreases as Bo,,,,, increases, as seen
when comparing Figs. 7(c) and 7(d). When Bo,, ,,, is sufficiently high, the interface is then only gov-
erned by surface viscous shearing, and the bulk shear taken at the vicinity of the interface does not affect
it. This leads to a vanishing Poiseuille-like velocity profile along the interface, as shown in Fig. 7(d).

2. The shallow annular channel: Inertia, surface viscous shearing, and dilatation

Now that the relevance of hydrodynamic numerical modeling is proved, let us return to the
geometrical layout of the shallow annular channel, as shown in Fig. 2. In this section, the interaction
between inertia and surface rheology is particularly emphasized for bulk flow, while the previous
benchmark mainly focuses on surface phenomena. The results are displayed in Fig. 8.

a. Bo, impact. The way in which surface viscous shearing affects the hydrodynamic flow
through Bo,, is investigated in this section, by comparing Figs. 8(a) and 8(b) (Bo, is negligibly

10
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FIG. 7. Numerical benchmark for the purely hydrodynamic case.?”

small: Bo,g = 107%). For the azimuthal flow v, velocity profile evolution with respect to Bo,, is
similar to Sec. IV A 1, with slight changes due to the difference in geometrical layouts between the
deep and the shallow channel viscometer.

With respect to the overturning flow (v)", v; ), an increase in Bo,,  leads to flow homogenization,
as shown in Figs. 8(a) and 8(b). When Bo,, = 1074, i.e., when liquid surface acts similarly to a free
surface, the main vortex governing the overturning flow is mainly located in the outer part of the
channel. When Bo,;; = 10, this vortex expands radially inwards throughout the whole cross section
of the channel. This difference can be accounted for by the nature of the interface boundary condition.
When the latter is similar to a free surface, the momentum injected from the rotating floor is dissi-
pated in the bulk and at the sliding interface, with a significant surface radial velocity (see Fig. 8(a)).
When the liquid surface is rigid (vanishing surface velocity, see Fig. 8(b)), it no longer participates
in viscous damping of the injected momentum. Bulk viscous damping is therefore enhanced, leading
to expansion of the main vortex inside the subphase flow.

Note that when Re varies at fixed Bo,¢, overturning flow magnitude increases with Re, and
the main vortex governing the secondary flow is enlarged. Momentum is then increasingly confined
within the Ekman layers, similarly to what is observed in Sec. IV A 1 for the main flow. However,
the qualitative impact of Bo,, on the meridian flow remains identical irrespective of Re.

b. Boy impact. The way in which surface viscous dilatation affects the hydrodynamic flow
through Bo, is now investigated, by comparing Figs. 8(a) and 8(c) (Bo,, is set negligibly small:
11
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Bo, = 10~%). For the azimuthal flow, an increase in Bo,, does not lead to a significant change in the
velocity profile v It seems only that the main flow is less efficiently advected by the secondary flow.
This observation is confirmed by turning to analysis of the secondary flow (v¥,v7). Contrary to
what is observed for Bo,, , in this case, the main vortex governing the secondary flow decreases when
Bo, increases in Fig. 8(c). This phenomenon is quite unexpected, because for the secondary flow,
the boundary condition at the liquid surface along the radial direction is the same both in the case
of an infinite value for Bo,; and for Bo,g, i.e., a vanishing U:S (where the interface is similar to a
non-sliding wall, see Eq. (14)). However, as Bo,, also governs the azimuthal boundary condition for
the main flow, when the surface viscous shear is very high, the main azimuthal flow must also match
with a vanishing v (see Eq. (15)). Consequently, there is a complete deflection of momentum at
the interface, favoring expansion of the main overturning vortex as mentioned above (Fig. 8(b)). For
surface dilatation, even when Bo, greatly increases, it has no direct consequence on the boundary
condition vg‘S for the main flow. Therefore, for Bo, = 104, the overturning flow must match with a
vanishing value of v, whereas the main flow remains unchanged at the vicinity of the interface (with

a fixed Bo,; = 10~%). This favors damping of the main vortex governing the secondary flow near the
interface observed in Fig. 8(c).

Note that, as for Bo,, ¢, changing the value of Re does not affect the qualitative impact of Bo,g
on the centrifugal flow.

B. The annular MHD viscometer (Ha # 0)

The electroconductive flow is now subjected to an outer magnetic field Bye,. This time, the inter-
action between the MHD subphase flow and the surface rheology is investigated. We shall begin with
a benchmarking asymptotic study to validate 2-D 1/2 MHD numerical modeling.

12



1. MHD, no inertia, and surface viscous shearing

The second benchmark is the analytical study of the annular MHD viscometer performed in
a companion paper,’' within the limit of ignoring inertial effects when Ha > Re and Ha > 1 (see
Eq. (19)). If the meridian flow is not taken into account, the governing equations are considerably
simplified, thus allowing implementation of a (7, E) formulation for the MHD bulk flow. Then, without
the overturning flow, the interface dynamics is only governed by Eq. (15), meaning that only surface
viscous shearing is brought into play through the Boussinesq number Bo,,¢. A two-way coupling is
then set up, allowing solving for the surface dynamics, followed by determination of the whole MHD
flow by means of an asymptotic matched expansion based on the small parameter 1/Ha <« 1. Some
results are shown in Fig. 9. Note that cutting lines (A) and (B) are defined in Fig. 3 and allow for
analysis of the MHD core flow and the Shercliff or the Hartmann layers, respectively. In addition
to this analytical benchmark, a second 2-D numerical study within the asymptotic limit N > 1 is
added for the sake of multiple benchmarking. This 2-D numerical study is based on the same (7, E)
formulation as the one developed in the analytical study.

The general agreement between all studies is once again quite satisfying. They predict radically
different topologies for the MHD flows, depending on the relative values of Ha and Bo,, . If Ha >
Bo,,, the v contours demonstrate a 2-D tendency with exclusively radial velocity gradients (except
for near the side-walls), as seen in Fig. 9(a). This rigid-body motion, expressing the electromagnetic
blocking of the flow, first observed by Lehnert,'¢ is caused by the well-known two-dimensionality
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tendency of magnetic induction. Consequently, the interface is perfectly aligned with the bulk, and
the bulk viscous shear at the interface is no longer significant. Therefore, the electric current density
is essentially confined to the Shercliff layers, with two electric loops closing up near the side-walls
(see Figs. 9(c) and 9(d), case (Ha,Bo,,¢) = (50,0.01)).

Now, when Ha <« Bo,,, the three modelings lead to a quite homogeneous “motionless” config-
uration, where the momentum is mainly concentrated near the right-hand corner at the bottom (Fig.
9(b)). This singular phenomenon is partially explained by the fact that, in this case, the surface dy-
namics is governed by surface viscous shear and behaves as a non-sliding membrane. Thus, v must
match with the vanishing component v along the surface. However, this cannot solely account for
the motionless layout across the whole cross section. Other reasons are found by focusing on the
electric current densities. Due to strong velocity gradients near the liquid/gas surface, and to current
continuity, electric current densities are now found to flow within the top and bottom Hartmann layers,
which are therefore electrically active—see Fig. 9(d). The presence of a strong radial component of
electric current density, combined with the imposed magnetic field Byé,, leads to the emergence of a
Lorentz force —j, By along the azimuthal direction. As deduced from Fig. 9(d), this Lorentz force is
negative at the bottom and positive at the top of the channel cross section. Consequently, this leads to
an electromagnetic damping of the momentum injected from the rotating floor at the bottom, while
it enhances momentum in the top part of the channel. Both contributions lead to a homogenization
of the flow, which accounts for the overall flow patterns.

To conclude, we confirm that for the asymptotic case Ha > Re, the surface shear Boussinesq
number drives electrical activation of the Hartmann layers. Thus, surface rheology can really monitor
the magnitude of both velocity and electric currents in the MHD core and the boundary layers, high-
lighting the competitive effects between MHD tendency towards two-dimensionality, and surface
viscous shearing.

2. Scaling laws for inertial MHD and surface rheology interaction

2-D 1/2 numerical modeling, the reliability of which is demonstrated from the previous asymp-
totic case, can now be confidently extrapolated to conditions including MHD of an annular swirling
flow, coupled with surface rheology. For this purpose, a scaling law is required to determine the rele-
vant values of Ha and Re, under which the interactions between the (main and secondary) subphase
MHD and surface flows are the most insightful. We choose the following criterion, based on the ratio
of surface velocities for each (Re,Ha) pair:

v *
rS
- > 0.01. (18)
v
6S Imax
The choice of this particular limit is explained in Fig. 10, which represents the magnitude of this
ratio compared with the values of (Re, Ha) pairs. In this figure, three main areas can be distinguished:
first, the hatched one represents the area where inertia can be ignored. In this part, which includes both
2-D analytical and numerical studies, the impact of surface viscous shear only can be investigated.
The validity limit of this area stems from the criterion taken from Tabeling and Chabrerie,'” stating

that inertial effects can be ignored as soon as

h°Re? -
Rr2Ha>VHa
with R = r, — r; (this criterion is better adapted to the annular channel layout than the generic crite-
rion N = Ha?/Re >> 1). Note that even if the matched asymptotic expansion performed in the analyt-
ical study is theoretically only valid for Ha — oo, the results are in perfect agreement with the 2-D
numerical study as soon as Ha > 10.

The second area is referred to as “weakly swirling flow.” In this transitional zone, inertia can
no longer be ignored. However, the overturning flow is not strong enough to stretch significantly the
interface, and the magnitude of the ratio |va / vg‘s|max continues to be very small. Therefore, surface
dilatation impact on bulk MHD is likely to be negligible, and this “weakly swirling flow” area is left
apart from the present analysis.

1, 19)
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FIG. 10. Scaling law for determining the most insightful working conditions, in view of overall coupling between MHD with
inertia and surface rheology with both surface shear and dilatation.

The color-mapped area represents the working conditions for which |vr*s / U9*S|max > 0.01. Note

that the purely hydrodynamic study by Hirsa et al.?” is also indicated as the abscissa axis Ha = 0. In
this part, surface radial velocity tends to become the same order of magnitude as the surface azimuthal
velocity. As a result, surface viscous dilatation can become significant and may strongly interact with
bulk flow through the Bo, ¢ number, in addition to surface viscous shear.

The goal of the following study is to highlight the secondary MHD flow due to inertia and empha-
size the coupling between bulk MHD and surface viscous shear and dilatation. To maximise the most
salient interactions, we choose the working conditions matching with the third area. Fig. 10 gives
us the relevant scaling laws, i.e., for Re < 10%, in the following results, the value of the Hartmann
number does not exceed the threshold value Ha = 10.

3. MHD, inertia, and surface viscous shear

In this section, the influence of surface viscous shearing only (through Bo;, ;) on main and second-
ary MHD bulk flows is investigated, in order to complete the analytical analysis.?' For this purpose,
the surface dilatation Boussinesq number is set to be negligibly small: Bo, ¢ = 1074,

a. Main MHD bulk flow. In this part, there is no need to produce any graphs either for v or for

(j¥,JZ) (note that an overall view for fis shown in Fig. 12). Depending on the relative values of Ha

and Re, the qualitative effects of surface viscous shearing on the velocity and electric current density
profiles are essentially the same as in the two previously detailed benchmarking asymptotic cases. For
instance, when Re = 103 and Ha = 3, if Bo, ¢ < Ha, then the fluid flow tends towards a rigid body
motion (though not really pronounced as Ha is not high enough) where the electric current densities
are confined within the (thick) Shercliff layers. If Bo, > Ha, an electromagnetic damping of the
flow is also observed (again not so marked), and the Hartmann layers become electrically active,
as described in Sec. IV B 1. When the Reynolds number is increased (for instance, Re = 10%), the
velocity profile evolution with respect to Bo;, is similar to Sec. IV A. The influence of Ha is less
significant, as the flow is almost purely hydrodynamic.

b. Secondary MHD bulk flow. Let us now analyse the overturning MHD flow, beginning with the

meridian velocities (v,v), for which no figures are displayed. The outer magnetic field does not
yield a significant qualitative difference with respect to the purely hydrodynamic case (Sec. IV A 2),
regarding the Bo,,, impact. Indeed, for given (Re,Bo,]S) values, an increase in Ha affects both the
meridian velocities magnitude and topology. The main vortex governing the meridian flow is increas-
ingly diminished, due to MHD tendency towards two-dimensionality. However, for given (Re,Ha)
values, increasing Bo,, still leads to the stretching of the overturning flow, as observed in Figs. 8(a)
and 8(b). Consequently, the most salient phenomena qualitatively remain the same irrespective of the

Re and Ha values.
15
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FIG. 11. Azimuthal electric current density j ;‘ , along cutting lines (A) for (a) and B for (b), for various Re, Ha, and Bo,;

values. j ;’ is normalized with respect to the maximum electric current Tmax =3.96x 103 A m~2 reached in all cases, i.e., for
the highest (Re, Ha) = (10%, 10) values.

However, this is very different when the azimuthal electric current j; is considered. The typical

order of magnitude for electric current densities is in fact J = oByV (V is the order of magnitude
of the main flow velocity v}, directly imposed through the rotating floor). Consequently, an increase
in Ha or Re leads to higher orders of magnitude for the meridian electric current densities (57, j
(linked to the main MHD flow). However, as j, = —o v, By (see Eq. (8)), there is competition between
the electromagnetic and inertial effects concerning the secondary flow: when Ha (and therefore B)
is increased, the radial velocity v, is damped due to the MHD tendency towards two-dimensionality.
Figs. 11(a) and 11(b) show the evolution of j; with respect to different (Re,Ha, Bo,)) triplets, along
cutting lines (A) and (B), defined in Fig. 3.

For given (Ha,Bo,,) values, an increase in Re causes a significant increase of j; along (A)
and (B), directly linked to the expansion and strengthening of the centrifugal flow highlighted in
Sec. IV A 2 (see for instance curves (blue solid line) and (blue dashed-dotted line), or (green square)
and (green plus)).

For given (Re,Bo,, S) values, variation of Ha results in many evolutions for j; , from which no
general principle can be deduced. Thus, it appears clear from Fig. 11(b) that along (B), an increase
in Ha leads to a drop of jg magnitude for low Bo,,; values (see, for instance, blue curves (blue solid
line) and (blue dashed line)), whereas for high Bo,, ¢ values (green symbols, for instance, (green dia-
mond) and (green square)), j; increases with Ha. This seems to be globally the contrary in Fig. 11(a),
along cutting line (A). This complex interaction expresses the aforementioned competition between
electromagnetic and inertial effects, which have opposite influence on the evolution of j.

Finally, for given (Re, Ha) values, an increase in Bo,, ¢ helps to expand the main vortex governing
the secondary flow, similarly to what is shown in Figs. 8(a) and 8(b). Consequently, along (A), the
curves are flattened with high Bo,, values, because jj is proportional to —v* (Fig. 11(a)). Concern-
ing (B), for Re = 4 x 103, Ha = 10 and Bo,¢ = 1074 (Fig. 11(b)), the main vortex closes up without
including the vertical cutting line, leading to a vanishing j; due to vanishing v;* (curve (blue dashed
line)). At higher Bo,,; = 10%, expansion of the main vortex leads to the emergence of Jjg along (B)
(curve (green square)). The overturning shape of the centrifugal flow is consistently found, for the
latter case as well as for other (Re, Ha) values. This centrifugal profile is increasingly symmetric with
respect to the z* = 0.5 axis with increasing Bo,,, with the asymptotic value Bo,,; = 10* imposing
a vanishing j at the liquid surface (see for instance curves (blue dashed-dotted line) and (green
plus)).

We shall now make one final comment about this part, concerning the role played by the Shercliff
or Hartmann boundary layers. In the benchmarking case of Sec. IV B 1 linked to the main MHD
flow, the influence of these layers is significantly affected by the surface viscous shear. In turn, they
dramatically impact bulk MHD. For the secondary MHD flow analyzed in this section, this crucial
role of these layers has not been found. This can be accounted for by the nature of the secondary
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MHD flow: jj; is indeed purely electromotive, being only linked to radial velocity. Consequently, it
naturally closes within the MHD core all around the channel with no need for Hartmann or Shercliff
boundary layers. The fact that there is no requirement for any electric fields leads to a passive interplay
between j; and the meridian flow (v}, v).

c¢. Overall view of electric current densities. To conclude this section about the impact of surface
viscous shearing on bulk MHD, let us display some figures allowing an overview of the overall MHD
bulk flow. Note that only graphs for electric current densities f* are shown in Fig. 12, for a given
Ha = 5. Displaying figures for the velocity field 7* is not worthwhile, as the ratio |v*/v}] is relatively
low throughout the cross section of the annular channel (except in the outer side layer, where it may be
locally significant), J remains essentially azimuthal. Besides, the most interesting features are similar
to those highlighted in Fig. 8 for the purely hydrodynamic case.

Concerning electric current densities, very interesting features appear depending on the values
of (Re,Boy). At low Re, the main electric loops are located near the side walls in the Shercliff
layers for low Bo,,¢ values (see Fig. 12(a)). An increase in Bo,,; magnifies the role of the Hartmann
layers (see Fig. 12(b)). The impact of the overturning flow can be already seen, with quite signifi-
cant azimuthal perturbation throughout the cross section (increasing as Bo;, ¢ increases). This effect
is even more dramatic for very high Re numbers. When Bo,,; = 1074, the azimuthal component Jo
is very strong, although the helical pattern of electric current density is not well-structured, because
the main vortex governing the secondary flow is still not expanded (Fig. 12(c)). For Bo,; = 10%, this
expansion takes place throughout the entire cross section, and the current density closes up into a kind
of well-developed helical pattern in the core flow (Fig. 12(c)). Since the secondary flow is radially
inwards along the surface, the electric current loops are counter-clockwise when the channel is seen
from above. Along the rotating floor, the electric current loops are found to be clockwise. This is the
reason why the electric current is so twisted at the mid-height of the cavity.

4. MHD, inertia, and surface viscous dilatation

Following analysis of the impact of surface viscous shear on the overall MHD bulk flow, we
shall now investigate the interactions between surface viscous dilatation and the subphase flow. As
we focus only on the parameter Bo,, the surface shear Boussinesq number is set to be negligibly
small in this section: Bo,;¢ = 1074,
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FIG. 13. Bo,g impact on the velocity field for the annular MHD viscometer: main (contours: v)y) and secondary (arrows:
(v}, v})) flows, Re = 10%,Ha= 10,Boy g = 10*. (v, v7) is log-scaled by the magnitude exp ((In([|(v}%, v/ 10}, v)|lmax))/
(14 p)), where p = 1. Inset: streamlines of the counter-rotating vortex.

a. Main MHD bulk flow. When an outer magnetic field is applied, some interesting new features
appear depending on the Ha value. Concerning azimuthal velocity v}, the results are shown in Fig. 13,
for Re = 10*,Ha = 10, Bo, 5= 10* (contours). These results can be compared to the purely hydrody-
namic case (Ha = 0) of Fig. 8(c). Contrary to the latter, the cross section can be divided into two sub
areas in this case. For the inner part of the cross section, where the velocity magnitude is lower, the
inertial effects are weak compared to the electromagnetic effects. Consequently, the electromagnetic
blocking observed previously in the benchmarking case Sec. IV B 1 predominates. For the outer part,
inertia is preponderant, and the advection of v by the overturning flow is strong, as in Sec. IV A 2. In
between, a transitional area is found, governed by the balance between inertial and electromagnetic
effects.

With respect to meridian electric current densities, there is no need to display some figures (note
that an overall view for fis shown in Fig. 15). For given Re and Ha values, an increase in Bo,g does
not significantly affect the electric circuit: the current densities remain confined within the Shercliff
layers. Particularly, it is important to highlight that, contrary to Bo,;¢, Bo., does not have a noticeable
influence over the boundary layers. Thus, an increase in Bo,.; does not lead to electrical activation of
the Hartmann layers, which considerably restricts the impact on the main MHD bulk flow.

b. Secondary MHD bulk flow. The interaction between surface dilatation and the meridian flow
is now investigated, by focusing on the quantities (v,v) and j}. We shall begin with the meridian
velocities, for Re = 10*,Ha = 10,Bo,g = 10* (arrows), in Fig. 13. The first obvious impact of the
outer magnetic field, when compared to the purely hydrodynamic case of Fig. 8(c), is the decay of
the main vortex governing the secondary flow. This vortex is increasingly confined to the outer part
of the cross section either with increasing Ha, due to MHD tendency towards two-dimensionality, or
with increasing Bo,, as observed in Fig. 8(c) for the purely hydrodynamic case.

Moreover, depending on the (Re, Ha,BoKS) values, the emergence of new flow patterns is ob-
served. In the transitional area mentioned above, a counter-rotating vortex appears. Such a complex
overturning flow pattern greatly depends on the values of the three parameters (Re, Ha, Bo,): it is not
observed with Re = 103, or Ha = 5, or Bo, s = 104, Therefore, contrary to the Bo,,; investigation, the
meridian velocities (v)¥,v}) exhibit different flow patterns depending on the value of the Ha number.

The emergence of this new vortex seems to stem from a purely hydrodynamic phenomenon.
The radial Lorentz force in this area is found to be always oriented in the opposite direction to the
velocity field, due to Lenz’s law. The purely electro-motive azimuthal component of the electric cur-
rent density j; only results in electromagnetic braking of this counter-rotating flow, and as such,
cannot generate this new vortex. Rather, it is the coincidence of the values of the three parameters
(Re,Ha, Bo,) that leads to this original flow pattern: sufficiently high Ha and Bo, values enhance
electromagnetic blocking of the flow in the inner part of the channel (by damping the main vortex
governing the secondary flow, thus promoting the rigid-body motion), whereas a high Re number
allows inertial effects to predominate in the outer part of the cross section. The geometrical config-
uration of the flow is therefore greatly modified, with the centrifugal flow concentrated against the
outer wall, leading to the hydrodynamic development of this new counter-rotating vortex. Note that
this new flow pattern is not found in the corresponding part concerning the Bo,,; effect: for the same
Re = 10% Ha = 10 values, an increase in Bo,, leads to damping of the main azimuthal flow, through
electrical activation of the Hartmann layers, and to stretching of the secondary flow. Flow topology
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FIG. 14. Azimuthal electric current density jg , along cutting lines (A) for (a) and B for (b), for various Re, Ha, and Boy

values. j g is normalized with respect to the maximum electric current Jmax = 3.96x 103 A m~2 reached in all cases, i.e., for
the highest (Re, Ha) = (10%, 10) values.

is significantly different from that observed here for the Bo, effect, and as such, does not lead to the
emergence of the counter-rotating flow.

We shall now examine the evolution of j, along the cutting lines (A) and (B), in Figs. 14(a)
and 14(b). As explained in the part concerning the influence of Bo,,, it is worthwhile investigating
the dependence of j) not only with respect to Bo, but also to Re and Ha. For given (Ha, Bo,y), the
impact of varying Re is the same as for Bo,,, i.e., j; increases with Re due to the expansion of the
overturning flow (e.g., curves (blue dashed line) and (blue dotted line), or (green diamond) and (green
circle)).

A change in the Ha value leads to complex evolutions along (A) and (B), similar to the Bo,
effect, relating to the competition between inertial and electromagnetic effects. However, there is a
major difference between surface dilatation and shear. For Bo, ¢, along a given cutting line, the impact
of increasing Ha remains qualitatively the same at low or at high Bo, values, whereas it depends on
the value of Bo,, for the previous case. The effect is nonetheless the opposite between the two cutting
lines. For instance, along (A), the magnitude of j; globally increases with Ha both at low (see curves

1
J*, (Re=10°,Ha=10,Bo, =10%).

0.

oooo
N+~

0.9

o

€y 1 ’ e,
7% (Re=10",Ha = 5,Bo, = 10%).

1
7% (Re=10"Ha = 10,Boh =10%.

FIG. 15. j* for Re=10% j* is log-scaled by the magnitude exp((ln(Ilf*ll/lljﬁ*llmax))/(1 +p)); p =2 for (a) and (b)
and 1.5 for (c) and (d). Black (greyscale: darkest) arrows are essentially meridian, while beige (greyscale: lightest) and
blue (greyscale: intermediate) arrows correspond to significantly (i.e., |j;‘|/||f*|| >0.01) positive and negative azimuthal
components, respectively.
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(blue dashed line) and (blue dotted line)) and at high (see curves (green plus) and (green circle)) Bo,
values. Along (B), the magnitude of j; is lower when there is an increase in Ha, whatever the value
of Bo,; (same curves).

Finally, for given (Re,Ha) values, along (A) (Fig. 14(a)), an increase in Bo,¢ does not lead to
flattening of the profiles previously observed with Bo,,, (Fig. 11(a)). Rather, at high Bo, values
(green symbols), j; oscillates around the j; = 0 axis, where the amplitude and the number of peaks
are maximum for (Re,Ha,Bo,) = (10%,10,10% (curve (green plus)). These oscillations are linked
to the emergence of the counter-rotating vortex for high Bo, values (j is proportional to —v).
Note that near the inner wall, the curves for low (blue lines) and high (green symbols) Bo, values
are superimposed. This is because an increase in Bo, ¢ does not lead to a significant change for the
overturning flow in this part of the channel cross section. Along (B), and contrary to what is noticed
for the Bo,, effect (Fig. 11(b)), the overturning profile is not recovered with an increase in Bo,g
(Fig. 14(b)). Rather, the curves are increasingly flattened, due to the progressive damping of the main
vortex governing the secondary flow. Consequently, the cutting line (B) is no longer included in the
area where v* is still significant.

As for the Bo,,; counterpart, the interaction between the Shercliff or Hartmann layers and the
surface dilatation (through Bo,) does not provide any insights into the swirling flow topology.

c. Overall view of the electric current densities. To complete this section on the impact of surface
viscous dilatation on bulk MHD, we shall now display some results allowing an overview of overall
MHD bulk flow in Fig. 15. Note that only graphs for the electric current densities f* are shown, for
the same reason as for the Bo,, ¢ effect: the most interesting features for ' were previously discussed
in relation to Fig. 13. Contrary to the Bo,, impact, it was previously shown that the flow pattern
qualitatively depends on the value of the Ha number as well as on Re and Bo,; (with the emergence
of the counter-rotating vortex). Therefore, the Bo,, impact is analyzed for Ha = 5 (left part) and for
Ha = 10 (right part).

In this section, we shall begin with the Bo, influence over the whole MHD bulk flow. For this
purpose, the left parts of Fig. 12 (corresponding to the case Bo,, = 10 for given (Re,Ha,Bo,)
values) and of Fig. 15 (Bo,g = 10* for the same (Re,Ha,Bo,) values) are compared. As expected
from the previous results, for a given Ha = 5, the increase in Bo, ; does not result in an obvious impact
(Figs. 12(a) and 15(a), Figs. 12(c) and 15(c)), irrespective of Re value (Re = 10° for (a), Re = 10*for
(c)). The main difference occurs at the liquid surface, where fbecomes purely radial for Bo,; = 10*.

To highlight some interesting new features linked to a high Bo, ¢ value, the Hanumber is increased
to 10 (Fig. 15, right part). When Re = 10°, the electric current densities are essentially confined inside
the Shercliff layers (Fig. 15(b)), similarly to what is observed in the benchmarking case of Sec. IV B 1
for a low Bo,, = 107, For a higher Re = 10%, the new patterns previously observed for the second-
ary flow are recovered. The helical pattern for f previously observed in the core for the Bo,, effect
(Fig. 12(d)), is recovered in Fig. 15(d). However, the electric current is mostly located near the outer
wall, with the inner half of the flow being current-free, due to the confinement of the main vortex
governing the secondary flow for a high Bo,. Besides, fis significantly perturbed by the emergence
of the counter-rotating vortex. This vortex induces radially outwards (at the top) and radially inwards
(near the bottom) flows, whereas along the rotating floor, the flow must remain radially outwards (see
inset in Fig. 13). Consequently, the electric current densities are twisted at two locations, essentially
because their azimuthal orientation is governed by the radial component of the meridian flow: a first
twist is observed in the middle of the secondary vortex, while a second twist is observed near the
rotating floor. Such an original pattern is a typical example of how surface dilatation may affect the
MHD bulk flow.

V. CONCLUSIONS AND OUTLOOK

To complete the mathematical approach presented in a companion paper,’' which focused only
on the interaction between surface viscous shear and an annular MHD flow with no inertia, the over:
all coupling mechanism between the full viscous rheology of the liquid surface (including surface
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dilatation) and a supporting annular MHD flow (taking inertial effects into account) is successfully
investigated in this paper.

This paper shows how a change in the mechanical properties of a fluid interface can greatly influ-
ence a MHD core flow. Moreover, it has proved that shear and dilatational viscosities of the surface do
not generate the same changes. On the one hand, viscous shearing of the interface actively modifies
the main annular flow by means of the Hartmann layers, which become electrically active. A damping
is clearly demonstrated, as is also a 2-D MHD tendency. On the other hand, the dilatational viscosity
of the interface is only responsible for damping the meridian flow driven by centrifugation, with a
new pattern if inertia and electromagnetic blocking are both significant.

In addition to this analysis, the relevant working conditions highlighting the competitive effects
of inertia, electromagnetism, and surface rheology have been identified. The corresponding values
of the dimensionless numbers allow us to establish some scaling laws for an upcoming experimental
facility.

One concluding remark relates to the activity of the electrical boundary layers. Given the rela-
tively low Ha values required for development of the swirling flow, the influence of the Hartmann
layers is in any case reduced. However, regarding the possible influence of surface viscous dilatation
on the main and secondary flows, the Shercliff layers and, in particular, the Hartmann layers do not
especially become electrically active throughout the many configurations tested in this paper. Con-
sequently, their impact on the core flow is not as dramatic as when a strong surface viscous shear is
applied, the latter case promoting the damping of the main azimuthal flow via the electrical activation
of the Hartmann layers.?!
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