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Kéhler-Einstein metrics on group
compactifications

Thibaut Delcroix

Abstract

We obtain a necessary and sufficient condition of existence of a Kéhler-
Einstein metric on a G X G-equivariant Fano compactification of a complex
connected reductive group G in terms of the associated polytope. This
condition is not equivalent to the vanishing of the Futaki invariant. The
proof relies on the continuity method and its translation into a real Monge-
Ampére equation, using the invariance under the action of a maximal
compact subgroup K x K.

Introduction

The question of the existence of a Kéhler-Einstein metric on a toric Fano man-
ifold, that is, a n-dimensional Fano manifold X acted upon by (C*)" with an
open dense orbit isomorphic to (C*)™, was fully settled by Wang and Zhu in
[WZ04]. They showed that there exists a Kahler-Einstein metric on X if and
only if the Futaki invariant of X vanishes. This invariant was known [Mab87]
to be linked with the barycenter of the polytope associated to X, so that the
condition is equivalent to the fact that this barycenter is the origin.

We consider the existence of Kéhler-Einstein metrics on a natural general-
ization of toric Fano manifolds: the bi-equivariant Fano compactifications of
complex connected reductive groups. More precisely, given such a group G,
we consider the Fano manifolds X which admit a G x G-action with an open
dense orbit isomorphic to G as a G x G-homogeneous space under left and right
translations. We will call these, for simplicity, group compactifications. To such
a manifold is, as in the toric case, associated a polytope P*, that encodes the
information about the boundary X \ G and the anticanonical line bundle.

Let G be a complex connected reductive group, choose 7' a maximal torus
in G. Let M denote the group of characters of T', and let ® C M be the
root system of (G,T). Choose a system of positive roots ®*, denote by 2p
the sum of positive roots, and by = the relative interior of the cone generated
by ®*. The polytope P associated to X is in the positive Weyl chamber in
M®R. Let barpy (P1) denote the barycenter of PT with respect to the measure
[Tocar (o, p>2 dp where dp is the Lebesgue measure on M ® R normalized by the
lattice M. Our main result is the following characterization of Kéhler-Einstein
Fano group compactifications in terms of the polytope PT.



Theorem A. Let X be a Fano compactification of G, then X admits a Kdhler-
FEinstein metric if and only if barpy (PT) € 2p + =.

Let us remark here that PT is related to the moment polytope of X from
a symplectic point of view, and that barpy (P7) is the barycenter with respect
to the Duistermaat-Heckman measure on this moment polytope.

The condition obtained is computable given an explicit polytope, and we
provide in this article both a new example of Kéhler-Einstein metric and an
example of group compactification without any Kéhler-Einstein metric. We refer
to the author’s PhD thesis [Dell5], or new preprint [Dela], for more examples.
The example that does not satisfy the condition is especially interesting because
its Futaki invariant vanishes. In light of the proof of the Yau-Tian-Donaldson
conjecture in the Fano case ([CDS15a, CDS15b, CDS15¢| and [Tial5]), and the
recent work of Datar and Székelyhidi [DS], it means that there is a non-trivial
G x G-equivariant destabilizing test configuration.

In fact, in [Dela] we obtain through essentially algebraic methods a combi-
natorial criterion for equivariant K-stability of a Fano spherical variety. Com-
bined with [DS] it provides a combinatorial criterion for the existence of Kahler-
Einstein metrics on spherical manifolds. Group compactifications are examples
of spherical varieties and the criterion from [Dela| specializes to the criterion
from Theorem A in this case. Thus the main result of [Dela| provides a broad
generalization of Theorem A. On the other hand, the criterion obtained here
served as the guiding intuition for [Dela]. Furthermore, the combination of the
two articles provide an independent, and low tech, in the sense that no Gromov-
Hausdorff convergence result is needed, proof of the Yau-Tian-Donaldson con-
jecture for Fano group compactifications.

It should be noted that in [Dela| a criterion is also obtained for the existence
of Kéhler-Ricci solitons on spherical manifolds, hence on group compactifica-
tions. The analytic methods from the present article could easily be extended
to the case of Kéhler-Ricci solitons to provide another proof. For simplicity, we
do not provide details for this case.

It was mentioned to the author by Gabor Székelyhidi that the example with
no Kahler-Einstein is also interesting in the study of the K&hler-Ricci flow on
Fano manifolds. Indeed, it follows from the work of Chen, Sun and Wang in
[CSW] that the Kahler-Ricci flow on a Fano manifold X with no Ké&hler-Einstein
metrics should converge to some Kéhler-Ricci soliton on the central fiber of a
special test configuration for X. It is reasonable to expect, in the situation where
X admits an action of a compact group and the initial metric is invariant, that
the corresponding test configuration is equivariant. In our example, the possible
central fibers are known (see [AK05, AB04]), and are all singular. No example
of such a behavior for the Kéhler-Ricci flow is known, so it would be interesting
to study this in detail.

Let us mention now a consequence of our result in the variational setting.
Darvas and Rubinstein proved in [DR| the equivalence between the existence
of Kéhler-Einstein metrics and various notions of properness of functionals on
spaces of Kéhler potentials, allowing to take into account automorphisms of



the manifold. Our result provides a combinatorial criterion for these notions
of properness. More precisely, though we refer to [DR| for details, let w be
a reference Kahler form in 2meq(X), and let H denote the space of Kéhler
potentials, i.e. functions 1) on X such that w + i99v is still a Kahler form.
Assume X is Kéhler-Einstein and G = Aut’(X) is the neutral component of
the automorphism group of X. Let K be a maximal compact subgroup of G,
assume that w is K-invariant and let HX be the space of K-invariant Kihler
potentials. Then Darvas and Rubinstein prove that the Mabuchi functional is
proper on H modulo the action of G, and that it is proper on HX provided the
center of G is finite. In the case of group compactifications, the automorphism
group may very well have a center that is not finite, as it is the case for many
toric manifolds. It is interesting to note that the methods from [DR] should allow
to prove a statement combining the two statements recalled above, valid with
no hypotheses on the automorphism group, namely that the Mabuchi functional
is proper on H¥ modulo the action of the normalizer Ng(K) of K in G.

Let us now describe our methods. The guiding ideas are to restrict to the
open dense orbit G, and consider only K x K-invariant metrics. The last part
is possible because of Matsushima’s theorem [Mat57] asserting that the isom-
etry group of a Kéhler-Einstein metric is a maximal compact subgroup of the
connected group of automorphisms of X. We can then combine the two by us-
ing the classical K AK decomposition of reductive groups. This decomposition
identifies the quotient of G by K x K with the closed positive Weyl chamber.
Another point of view is that it translates K x K-invariant geometry on G to
W -invariant geometry on M ® R, where W is the Weyl group of ®.

We used this fact in [Delb] to associate to any positively curved hermitian
metric on the anticanonical line bundle —Kx a W-invariant convex function,
whose asymptotic behavior is controlled by the polytope PT. We use this here to
translate the Kahler-Einstein equation into a real Monge-Ampére equation on a
real vector space. A key point in this process is to compute the complex Hessian
of a K x K-invariant function ¢ on G in terms of the function it determines on
the positive Weyl chamber. This computation then provides an expression of
the complex Monge-Ampére MA¢ (), which is the determinant of the complex
Hessian.

Proposition B. Let ¢ be a K x K-invariant smooth function G — R, and
let u denote the corresponding W -invariant function on M ® R. Then for any
x in the interior of the positive Weyl chamber,

o, Vu())”

sinh? (o, z) ’

MAc(p)(expa) = MAg(u)(z) ]

acdt
where MARg(u) denotes the determinant of the real Hessian of u.

We use this result to obtain an expression of the potential, with respect to a
Haar measure on G, of the restriction to G of a volume form on X determined by
a hermitian metric on —Kx, in terms of the convex potential of the hermitian



metric. This allows to translate the restriction of the Kahler-Einstein equation
to G as a real Monge-Ampére equation in a convex function u reading:

MAg(u) ] (o Vu)* =eJ,

aedt

where J is the function defined by J(z) = [],cq+ sinh® (o, z).

Another consequence of our computation of the complex Hessian is an ana-
lytic derivation of a formula due to Brion [Bri89] and Kazarnovskii [Kaz87| for
the degree of an ample line bundle on a group compactification, however up to
a multiplicative constant, which does not matter for our barycenters considera-
tions.

Let us digress here to mention that the translation of the K&ahler-Einstein
equation into a real Monge-Ampére equation was already a key step in the toric
case, but also in the case of the horospherical manifolds studied by Podesta
and Spiro [PS10]. These manifolds, along with the group compactifications
belong to the large family of spherical manifolds, which was highlighted by
Donaldson in his survey [Don08] as an interesting family on which to study the
existence of Kéahler-Einstein metrics. We believe that methods similar to ours
can be used for even more spherical manifolds. On another direction, Donaldson
suggests not only to study the existence of Ké&hler-Einstein metrics, but more
generally of canonical metrics such as constant scalar curvature. We expect
that our computation of the full complex Hessian can be used in relation with
this problem. Note that Abreu obtained a formula for the scalar curvature of
torus invariant K&hler metrics on toric manifolds [Abr98] which led to important
advances in the study of canonical metrics on toric manifolds.

The main difference between the case of toric or horospherical manifolds and
the case of group compactifications here is the term J, which is independent on
the function u. Indeed, the toric Monge-Ampére equation is just MAg(u) = e
and the horospherical case only adds well controlled gradient terms. We thus
have to rework in depth the proof of Wang and Zhu to deal with the term J
and the walls of the Weyl chamber. This is how we obtained our condition, to
replace the information given by the Futaki invariant in the toric case.

The common part with Wang and Zhu is the use of the classical results on
the continuity method, and the study of a well chosen proper and strictly convex
function v4 defined in terms of the solutions of the continuity method equation.
In our case this function involves the term J. The key is then to interpret the
absence of a priori estimates along the continuity method as the fact that the
point at which the minimum of the function 1y is attained is unbounded as t
increases along the continuity method, then to interpret this as a condition on
the polytope.

The precise analysis of this behavior further allows to determine the maximal
time of existence of solutions along the continuity method. This is called the
greatest Ricci lower bound as Székelyhidi [Szé11] proved that it is also the
supremum of all ¢ < 1 such that there exists a Kahler form in ¢;(X) with
Ric(w) > tw where Ric(w) is the Ricci form of w.
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Figure 1: Greatest Ricci lower bound

Theorem C. Assume there are no Kdhler-Einstein metrics on the group com-
pactification X and let R(X) be the greatest Ricci lower bound of X. Then

R(X) =sup {t <1; %t (20—t -barpy(PT)) € E+P+} .

The particular case of toric manifolds was obtained by Li [Lill]. Indeed,
in the case of a Fano toric manifold X, the polytope P is the usual moment
polytope, the root system @ is trivial, so that 2p = 0, Z is restricted to the
origin {0} and the Duistermaat-Heckman barycenter barp H(P+) is just the
barycenter of PT with respect to the Lebesgue measure. The condition in
Theorem A thus translates as Wang and Zhu’s condition, that is, the condition
that the barycenter is the origin. To recover Chi Li’s result, let us introduce
additional notations in the case of groups, as illustrated in Figure 1: let A be
barpg (PY1), let B be 2p and let C' denote the intersection of the boundary of
—= + PT with the half line starting from A in the direction of B if it exists.
It follows from Theorem C that the intersection exists if and only if R(X) < 1

and is then the point B+ SAB with s = R(X)/(1—R(X)). We may then check
that |BC|/|AC| = s/(1 4+ s) = R(X). This is precisely the expression given in
[Lil1] in the toric case, up to a change in notations.

The structure of the article is as follows. Section 1 is devoted to the com-
putation of the Hessian of a K x K-invariant function on a reductive group G.
Proposition B is obtained as a consequence in Corollary 1.3. Section 2 is a short
introduction to group compactifications, allowing to introduce the associated
polytope and relevant examples. The tool of convex potentials, developed in
[Delb], is recalled here and applied to obtain a formula for the degree of an am-
ple linearized line bundle on a group compactification. Section 3 and Section 4
provide the general strategy of the proofs of Theorem A and Theorem B, and
preliminary results. Finally, Section 5 contains the proof of the necessity of our
condition and of an upper bound on R(X), and Section 6 contains the proof that
the condition is sufficient and that the upper bound on R(X) is in fact equal to
R(X). Theorem A is a consequence of Proposition 5.3 and Theorem 6.7, and
Theorem B is a consequence of Proposition 5.5 and Section 6.4.



The present article along with [Delb| contain the main results of the author’s
PhD thesis [Dell5]. The author would like to thank his advisor Philippe Eys-
sidieux, and also Michel Brion for helpful discussions and the explanations on
the automorphism group of the non Kéhler-Einstein example.

Notations

Let us introduce here some notations on groups that will be used throughout
the article. We use as reference for Lie groups the books [Kna02, Hel78|, and
[Bor91] for algebraic groups.

Let G be a connected complex linear reductive group. Let 7" be a maximal
torus in G. We choose a maximal compact subgroup K in G such that S := KNT'
is a maximal compact torus in 7. We denote by g, £, t, s the respective Lie
algebras of G, K, T, S.

Let ® denote the root system of (G, T') and W the corresponding Weyl group.
We choose a system of positive roots ®+. We use the standard notation p for
the half sum of the positive roots.

Since G is reductive, we have the Cartan decomposition g = € @ i€, and
denote by 6 the corresponding Cartan involution on g. Define a := tNit. We
identify a with N ® R where N is the group of one parameter subgroups of T
Denote by a™ the positive open Weyl chamber defined by ®+.

Recall the K AK decomposition for reductive groups [Kna02, Theorem 7.39]:
every element g € G can be written g = k; exp(a)ks with a € at uniquely
determined by g, and k1, ks € K.

We can decompose a in a toric part and a semisimple part:

a=a; D ags,

with a; = 3(g) Nit and ass = aN[g, g]. The Killing form of g, restricted to ass,
gives a scalar product, and we choose a scalar product (-,-) on a that coincides
with the Killing form on a,s and leaves ags and a; orthogonal. We use this scalar
product to identify a and its dual, which is also identified with M ® R, where
M is the group of characters of T.

1 Complex Monge-Ampére on G

The aim of this section is to compute, for any K x K-invariant function ¥ on
G, the function MA¢(¢) such that

(35090) =MAc(w)ds

where dg is a Haar volume form on G and n is the complex dimension of G.
As the notation suggests, this function is the complex Monge-Ampére of 1)
in some local coordinates, i.e. the determinant of the complex Hessian of 1



in these coordinates. We express this Hessian and Monge-Ampére in terms
of the restriction of 1 to exp(a), using the K x K-invariance and the K AK-
decomposition.

1.1 Complex Hessian matrix on G

We first choose a special basis of g ~ T.G. Recall the root decomposition:

g:t@@ga

acd

where, if ad denotes the adjoint representation of g,
0o :={z€g; ad(h)(z) = (a,h)z Vhet}.

We can choose a set {eq }aca of elements of g such that e_,, = —0(eq), [€a, €—a] =
a and e, generates the complex line g, [Hel78, Chapter VI, Lemma 3.1].

We would like to choose a complex basis of g which is also a real basis of &.
Define, for a € &,

by = {x ct; ad(h)?(z) = (o, h)z Vhe s}.

Then each ¢, is of real dimension two and we have g, ® g_, = €, O it,. We
obtain a real basis of £, by considering e, +6(es) = €4 —e_q and ieq +0(ie,) =
ieq + i6_o. We complete this with a real basis of s to obtain a real basis of
t=5P@, cq+ ta, and thus a complex basis of g. We denote this complex basis
of g by (I;),.

Since the exponential map is a biholomorphism from a neighborhood of
0 € g to a neighborhood of the neutral element e in G, we get holomorphic
coordinates on G near e. Then, using a translation on the right by ¢ € G, this
defines holomorphic coordinates on a neighborhood of g. More precisely, the
map corresponding to the local coordinates is the map C" — G defined by

(2155 2n) = exp(zily + - zpln)g.

We will compute the complex Hessian with respect to these coordinates.
If ¢ is a function on G we denote by Hessc(¢)(g) the complex Hessian and
by MAc(¢)(g) the determinant of the complex Hessian of ¢ at g, called the
complex Monge-Ampére, in both cases with respect to the coordinates given
above.

If f is a function on a, then we denote by MAgr(f)(x) the determinant of
its real Hessian at x, and by Vf the gradient of f with respect to the scalar
product (-,-) on a.

By the K AK decomposition, a K x K-invariant function ¢ on G is com-
pletely determined by the function f defined on a by f(z) = v (exp x).

Let us begin by a remark that shows that even though we use a specific set
of coordinates to compute the complex Hessian, the complex Monge-Ampére
thus obtained is the potential of %831/1 with respect to a Haar measure, up to
a multiplicative constant.



Remark 1.1. Let dg be a Haar volume form on G (thus a G x G-invariant
volume form, because a reductive group is unimodular [Kna02, Section VIII.2|).
Then there exists a constant C' > 0 such that for any K x K-invariant function
1 on G, we have,

<ia&/}> — CMAc()dg.
2w
Indeed, in local coordinates z;, we can write

- i 0% _

so in the coordinates above, we have locally

i = \" 1
—00 = ——MA i"dzy NdzZT N .o N dz AN dZy).
(3:09¢) = G MACW)("dea AT A A 1 d57)
But by the construction of the coordinates, the global form defined locally as
i"dzy Ndzy A ... ANdzp A dZy, is a Haar volume form. To conclude, remark that
all Haar volume forms are positive scalar multiples of one another.

Theorem 1.2. Let ¢ be a K x K invariant function on G, and f the associated
function on a. Then in the coordinates above and for a € at, the complex
Hessian matrix of ¥ is diagonal by blocks, equal to:

1Hessg(f)(a) 0 0
0 Ma, (a) 0
Hessc(¢)(exp(a)) = 0 0 :
: ; .0
0 0 M., (a)

where the (a)ieq1,...p) describe the positive roots of ® and M, is defined by:

Malo) = 5 @ 91(@) (PP )

2 —i coth («, a)
As a corollary, we obtain Proposition B:

Corollary 1.3. Let i be a K X K invariant function on G, and f the associated
function on a. Then in the coordinates above and at a € a™, if r denotes the
rank of G and p the number of positive roots, we have

MAC()(exp(@) = T MAz(N)a) 77 [] (0, V/(@)’

where we denote by J the function defined on a by

J(a) = H sinh? (o, @) .

aedt



Proof. Since MARg(f)(a) = det(Hessr(f)(a)), we just have to compute the de-
terminant of M,. This is

5 cosh? (@, a) — sinh? (a, a)

(o, Vf(a))

sinh? (a, a)

2
det (M, (; a,Vf(a ) (coth? (a,a) — 1)
1
4
1

1
o,V —_— O
4< fla))* sinh? (o, a)
Example 1.4. Consider the case G = PSLy(C). Then at ~ R%, and there is
only one positive root that we can identify with the identity on R. Then

| (@ 0
Hessc(v)(exp(a)) = 5 0 1/ (a) coth(a) if'(a)
0 —if'(a) f'(a) coth(a)
and the complex Monge-Ampére reads:
MAC()(exp(@) = 16”0 @) S

The rest of the section is devoted to the proof of the theorem. The technique
of the proof is based on the work of Bielawski [Bie04]. In particular, the idea to
use the decomposition in Lemma 1.6 and the Baker-Campbell-Hausdorff formula
appears in this article. We begin by introducing these two tools.

1.2 The Baker-Campbell-Hausdorff formula

As a formal series in the variables « and y, the logarithm of exp(x) exp(y) is well
defined. We denote this by BCH(z, y). The Baker-Campbell-Hausdorff formula
is the following.

Proposition 1.5. [Hoc65, Theorem X.3.1] There exists a neighborhood U of
0 in g such that for all x and y in U, BCH(x,y) is convergent and defines an
element of g, and we have

exp(z) exp(y) = exp(BCH(z, y)).

Furthermore we know explicitly the terms of BCH(z,y). We will only use
the following:

1

where O denotes terms of order higher than 2 in « and y.

BCH(z,y) =z +y +



1.3 A decomposition in g

Let a € at. Let Exp(ad(a)) be the linear application g — g defined by
o~ ad(a)"(2)
Exp(ad(a))(z) = —
n=0

Recall that G acts on g through the adjoint action Ad, and that we have the
general relation

Exp(ad(a))(z) = Ad(expa)(x)
for z € g.
Lemma 1.6. Letl € g and a € a*. Then

1. there exists A€ t, B € a and C € Ad(expa) (B, cop+ ta) such that

l=A+B+C;

2. ifl € @ ,cq Ba then B =0;

3. ifl € t,, and 1" denotes ad(a)(il)/ (o, a), then I’ € ¢, and the decomposi-
tion above for the element il € go © g_qo reads

il = —(cosh {a, a))l’ + Ad(expa)(l');

sinh({«, a))

4. ifl=eq +0(eqn) thenl' =ie, —if(eq);
5. if l =ieq —ib(eq) thenl! = —eq — 0(eq).

In the statement, the result is more and more precise as we know more
precisely the element considered. In the proof we will begin by the very precise
case of the elements of the basis and work our way up by linearity.

Proof. Let a € a™. We begin by the two last points. By definition of I’, we
have, if | = e, + 0(eq),

I'=ad(a)(il)/ (c, a)
ad(a)(iea)/ (@, a) + ad(a)(ib(eq))/ (@, a)

=ieq — i6(eq)

and if | =ie, —i0(ey),

I'=ad(a)(il)/ (c, a)
= ad(a)(—ea)/ (@, a) +ad(a)(0(ea))/ (@, a)
= —en — O(eq).

10



In particular, in both cases, I’ is in £,. By linearity this is also true of I’ for any
let,.

To prove the decomposition in the third point, it suffices to compute that,
using the definition of £,

Exp(ad(a))(l") = (cosh {a, a))l’ + (sinh (a, a))il
= Ad(exp a)(z).

Then by linearity the first point holds true for any [ € i@, 4+ ta; With

B = 0. But we have
Po.= P tavi P ta

aed acdt aedt

so we have the decomposition for any [ € @4 ga, With B = 0.
Finally for [ € t, it suffices to decompose [ along t = s ® a. By linearity and
the root decomposition, we obtain the proposition for any [ € g. O

1.4 Using the Baker-Campbell-Hausdorff formula

We want to compute the complex Hessian of v in the chosen system of coordi-
nates, at a point exp(a) for a in the open Weyl chamber a™. If /1 and I3 are two
vectors in the chosen basis of £, we thus want to compute:

82

H, a) =
l11l2( ) 82185 Z11Z2:0

(exp(z1l1 + 22l2) exp(a)).

There are different cases, according to the subspaces where [; and [y lie.
We will first describe the part of the argument that is used in all cases, which
relies on the Baker-Campbell-Hausdorff formula, and then deal with each case
separately.

Using the decomposition from Lemma 1.6 on z1l; + 22lo we can write

lel + 2212 = A1 + Bl + Cl

with 4; € ¢, B; € a and C; € Ad(expa)(¥), and all are of homogeneous degree
one in z; and z2. Let

D, = %([31,141] + [C1, A1) + [Ch, B1)),

it is of order two in z; and zs.
Let us now use again Lemma 1.6 to get

D; = Ay + By + Ch.

with A; € ¢, B € a and Cs € Ad(expa)(t), and all are of homogeneous degree
two in z7 and z».

The Baker-Campbell-Hausdorff formula allows to prove the following lemma,
which can be seen as an explicit infinitesimal K AK decomposition. Note that
to lighten the notations we do not write the dependence on 21, zo, but all the
terms defined above A;, B;, C; and D; are in fact functions of these two complex
variables.

11



Lemma 1.7. We can write
exp(z1l1 + z2l2) exp(a) = ki exp(B1 4+ B2 + a + O)ks
where k1,ks € K, and O denotes terms of order greater than two in z1 and za.

Proof. We begin by applying Proposition 1.5 to exp(—A;)exp(A; + By + C1),
and get that this is equal to

exp(31 + C1 + [7141,31 +Cl]/2+01),

where O; denotes terms of order greater than 2 in z; and z».
Then we multiply on the right by exp(—C7) and get, with Proposition 1.5
again,

exp (Bl + [7141731 + Cl]/2 + [Bl, *01]/2 + 02),

where Oy denotes terms of order greater than 2 in z; and z3. By definition of
D1, we have proved

exp(—A7) exp(z1l1 + 22l2) exp(—C1) = exp (B1 + D1 + O2) .

Recall that Dy = Ay + By + Cs, and that all of these are of degree two in
z1 and z3. We apply another time the Proposition 1.5, to exp(—Asz) exp(By +
D1 + O3), but here we only need to use the first term in the development of
BCH. We might say that As commutes up to order two with elements of degree
greater or equal to one in z1, z5. We get

exp(—Asz) exp(B1 + D1 + O3) = exp(By + Bz + Cz + O3),

where O3 denotes terms of order greater than 2 in z; and z».
One further use of the Baker-Campbell-Hausdorff formula yields

exp(—Asz) exp(By + D1 + O3) exp(—C3) = exp(B1 + B2 + O4),

where O4 denotes terms of order greater than 2 in z; and z».
Consider now exp(Cs) exp(C1). Since Cy,Cy € Ad(expa)(®), we have

exp(Cs) exp(C1) = exp(a)kq exp(—a)

for some k2 € K. On the other hand, we have k; := exp(A;) exp(4sz) € K.
Summing up we have proved that

exp(z1ly + zala) = k1 exp(B1 + B2 4+ O4) exp(a)ks exp(—a).
But then
exp(z1l1 + z2l2) exp(a) = k1 exp(B1 + Bz + O4) exp(a)ka,

and one last application of Proposition 1.5 gives the lemma, because Bi, B and
a commute:

exp(z1ly + 2z2l2) exp(a) = k1 exp(B1 + Bz + a + O)ks

where O denotes terms of order greater than 2 in z; and z». O
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Lemma 1.8. We have
62

H =
112 (@) 52205

fla+ B2+ By).

Proof. We first use K x K-invariance of ¥ and Lemma 1.7 to write

(exp(z1ly + 22l2) exp(a)) = ¢¥(exp(a + By + B2 + O)).
Then
82
821(95
82

— 0%, Y(exp(a + By + Ba + 0))

Hy, i, (a) = Y(exp(z1l1 + 22l2) exp(a))

21,22=0

because O is of order greater than two, this becomes

82
T 02107,

Y(exp(a + B + Ba))

since a + By + B € a, this is

82
= 92107

fla+ By + Ba) u
0

It remains to determine By + B» for all coefficients of the Hessian, and then
to compute the coefficient. For that, since we want to reduce to real coordinates,
we recall that if z; = x1 4+ iy1 and 29 = x5 + iy2 then

¥ (e N if P
62165 o 4 89018302 6y18y2 4 6m16y2 6y1c’)x2 '
1.5 Determining H;, ;,(a)

Lemma 1.9. Assume ly,la €s. Then Hy, 4, (a) is the corresponding coefficient
of Hessr(f)(a)/4:
1 0?

4 0y10y2

f(a + y1ily + yg’ilg).
0

Hl1,l2 (a)

Proof. In this case we have 2111 +20lo = A1+ B1+0 with A1 = x1l1+x2+1 €5
and By = y1l1 + y2le € a, and A; and B; commute, so D; = 0 and By = 0.
Then by Lemma 1.8,

0? ) )
Hll7l2 (a) = 02,073 f(a + il + y2112)
0
L_& fla+ yils + yoila) O
= - a ) ]
4 0y10ys |, Y1ty T+ Yaul2
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Lemma 1.10. Assume ly € t, and lz € s, then Hy, 1,(a) = 0.
Proof. Let us first determine the A, By, C such that z1l; + 29l = A1 +B1+C1.

Using Lemma 1.6, write

ily = —(coth (o, a))l] + —

1 I
s (o, @) (Ad(expa)(l7)

with I = ad(a)(il)/ {a, a).
Then we have

Ay = 21l — y1(coth {a, a))l] + zalo

Bl = ygilg
C) = Slnhyﬁ (Ad(eXP a) (lll) = y1ily + 1 (COSh <a7 a’>>l/1

We must now compute Dy = ([By, A1] + [C1, A1] + [C1, B1]) /2. In fact we
must only determine Bs which is the part of Dy that lies in a.
We have
[By, A1] = [y2ile, 2111 — y1(coth (o, a))l] + wals]
= 7y1y2(COth <Oé7 a>)[i12, lll] + :clyg[ilg, ll]
Now ily € a and 11,1} € ¢4 C go ® g—q so [il2, 1], [il2,l1] € ga P 9—a, and the
third point of Lemma 1.6 applies to show that the a component of [By, A;] is
ZEero.
For the second part, write
[C1, A1] = x1y1 (cosh (e, a))[15, 11] — 7 (coth (o, @) [ily, 1]
+ xoy1[il1, la] + way1 (cosh (a, a))[l1, l2]

We have here [I], 1], [l],12] € ¢, and [il1, 2] € go D g—a as above, so only [ilq, 1]
matters. By the properties of the root decomposition,

[il1,11] € (g—20 D G0 @ g20) N ik

and g_24 = g2 = {0}. So [il1,]] € a. But in fact we don’t need to determine
it more explicitly because it appears as a term in y? and these are ignored in
the computation of H9.

For the third part,

[C1, B1] = y1yalily, ilo] + y1ya(cosh (a, a))[l}, ils]

with [il1,ils] € € and [I],il2] € go @ g—q so there is no contribution to Bs.
We have thus proved that

1 .
By = _§yf(coth (. a))ily, 1]

14



Lemma 1.8 now gives

2
Hinlo) = 55| ot Bt By
0? . 2 S
= VAN f (a + y2ily — yi(coth {(«, a))[ily, ll]/2)
=0 O

Lemma 1.11. Assumely € &y, andly € t,,, with ay # e positive roots. Then
Hll,lz(a) = 0

Proof. Using Lemma 1.6, we write

1
) = — h 4 7A !
il (coth (ay,a))l] + Sinh (or.a) d(expa)(l})
1
ily = —(coth b ——— A ;
ilo (coth (aa, a))l5 + b (o a) d(expa)(l})

with I} = ad(a)(il1)/ (a1,a) and I}, = ad(a)(il2)/ (as, a).
Then we have
Ay = 211y + 22ly — y1(coth (g, a))l] — ya(coth (az, a))lh
B1 =0
1
Oy — g —
L= (a1, a)
Dy = [C1, A1]/2
= [y1il1 + yaila + y1(cosh {aq, a))l] + y2(cosh (ag, a))lh, A1]/2
We have y1(cosh (a1, a))l] + ya(cosh {ag,a))ly, and Ay in €, so their bracket

remains in € and doesn’t appear in By. We compute [y1il; + y2ila, A1] which is
equal to

(Ad(expa)(l}) +y (Ad(expa)(l3)

*sinh (g, a)

zoy [il1, Io] — y7 (coth (ay, a))[ily, 1] — yrya(coth (o, a))[il2, 1]
+ 21y2[ila, 1] — y2(coth (aw, a))[ila, I5] — y1y2(coth (s, a))[ily, 15].

Again the properties of the root decomposition tell us that [ily, 2], [il1,15],
[il2,11], and [ila,1}] are in @, .4 ga; 50 the corresponding terms do not con-
tribute to Ba. As before, [il1,11] and [il2, 5] are in a, so we get

By = 1(-9%(00th<a1aa>)[illal'1] — y5(coth (g, a))[ily, I5)).

2
Applying Lemma 1.8, we get
82
H = By + B
l1,l2 (a/) 82182_2 0 f(a/ + 2 + 1)
0? ) )
= 9205 f (a—y3 coth({o, a))[il1, 11]/2 — y3 coth({az, a))lila, 15] /2)
0

15



Suppose now that a; = as = a. The subspace £, is two dimensional, and
we have chosen a basis formed by the vectors e, + 0(e,) and ie, — i6(eq).
First we deal with the case when [ # 5.

Lemma 1.12. Suppose Iy = eq + 0(en) and lo = ie, —i0(eq). Then

Hiy1(a) = & {00 V(@) = ~Hi,y, (0)

Proof. Using Lemma 1.6, we write, just as in the previous proof

1
. - h / A /
il (coth {(a, a))l] + Snh (o a) d(expa)(l})
1
. — _ h !/ 7A !/
ilo (coth {(«, a))l}, + b (o.a) d(expa)(l})

with I} = ls and 1§ = —I;.
Then we have

Ay = (21 + ya2 coth (o, a))l; + (22 — y1 coth {a, a))ls

B =0

_ ; !/ - !/
Cl = sinh <Oé, a> Ad(exp a‘) (ll) =+ Y2 sinh <Oé, a> Ad(exp a‘) (12>
Dy, =[C4, A4]/2

= [yril + y2ilz + y1 cosh({e, a))la — y2 cosh({a, a))ly, A1]/2

Once again the bracket of y; (cosh (o, a))la — ya(cosh (o, a))l; with Ay yields
only terms in € so we compute [y1il1 + y=2il2, A1], which is equal to

ya(x1 + yo coth (o, a))[ila, 11] + y1 (2 — y1 coth (o, a))[ily, l2].
Using the explicit choices of [; and [ we have
7[1'12, ll] = [ill, lg] = [i(ea + 9(%)), iea — i@(ea)]
= 2[eq, 0(eq)]
= —2[eq, e—_q)
= —2a.

Finally we have
By = (ygm + 92 coth (a, a) — y125 + y? coth (o, a)) Q.
Applying Lemma 1.8, we get

52
Huiala) = 55= +B:+ B
11,02 (@) 92.0% 0f(a 2+ B1)
7 52 52
4 (3x18y2 - 3y18x2> Of(a+ (Y271 — Y172) Q)
= 5(D)al@)
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where (D f), denotes the differential of f at a, so

)
Hll7l2 (a) = 5 <a7 Vf(a» : u
Lemma 1.13. Suppose now that Iy = la = eq + 0(eq), then

Hy,p,(a) = % (a, Vf(a)) coth{e, a) .

Proof. Using Lemma 1.6, we write

ily = ily = —(coth (a, a))l] + Ad(expa)(l)

sinh («, a)

with
I =1 =ieq —if(eq).

Then we have

Ay = (z1 + 22)l1 — (y1 coth (v, a) + ya coth (v, a))l}

B1=0

= — A 4 —A I
Ci=y Sinh (o) d(expa)(l) + y2 Sinh (o, a) d(expa)(l5)
Dy = [Cy, Aq]/2

= [(y1 + y2)ils + (y1 cosh({e, a)) + ya cosh((a, a)))l}, A]/2

Once again the bracket of (y; cosh («,a) + y2 cosh (o, a))l] with A; yields
only terms in €, so we just compute

[(y1 + ya)il, A1) = —(y1 + y2)*(coth (e, a))[il1, I}].
Using the explicit choices of I; we have

[il1,11] = [i(eq + 0(eq)), ica — i0(eq)]
= —2a.
Finally we have
By = (y1 + y2)*(coth (o, a))a.
Applying Lemma 1.8, we get
92

021073
1 02
4 0y10y2

— o0 ) )

2
coth (o, a)
2

Hl1712 (a’) =

fla+ B2+ By)
0

f(a+ (W7 4 2p1y2 + y5)(coth (a, a)) @)
0

(@, Vf(a)). O
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The last step is to compute the coefficient of the Hessian with I; = [ =
ieq — i6(eq ), and the result is exactly the same as in the previous case:

Lemma 1.14. Assume that Iy = lo = ie, —i0(eq), then
1

Hi,1,(a) = 5 o, V(@) coth o, a)
Proof. Using Lemma 1.6, we write

ily = ily = —(coth (o, a))l] + —

1 li
mAd(GXP a)(ly)

with I = 1] = —eq — 0(eq).
The beginning of the computation doesn’t change: we have
Ay = (w1 + x2)l1 — (y1 coth (v, a) + y2 coth (o, a))l}
B =0
1
1 sinh (o, a)
Dy = [(y1 + y2)il1 + (y1 cosh (v, a) + ya cosh (a, a))l}, A1]/2

C, = Ad(expa)(l}) + y2 Ad(expa)(ly)

sinh («, a)

Once again the bracket of (y; cosh («,a) + y2 cosh (o, a))l] with A; yields
only terms in ¥, so we just compute

[(y1 + y2)il1, Ar] = —(y1 + y2)?(coth (e, a))[ily, 1}].
Now the expression of /7 has changed, but we have
[il1,1}] = [i(iea — i0(eq)), —€a — O(eq )]
= 2[eq, 0(eq)]
= —2a.
In other words we have again
By = (y1 + y2)? (coth (@, a))a,
and applying Lemma 1.8, we get again
82
(92’1(95 0

coth («, a)

= (@ Vf(a). -

thlz(a): f(a+BQ+Bl)

2 Fano group compactifications

We present here in a concise way group compactifications and the associated
polytopes, then recall results from [Delb| about the convex potential of a hermi-
tian metric, giving more precise statements for smooth metrics. We then com-
bine this with the computation of the complex Monge-Ampére (Corollary 1.3)
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to partially recover the formula of Brion and Kazarnovskii for the degree of an
ample line bundle on a group compactification. The reader willing to learn more
details about group compactifications can consult, for example, [AB04, AKO05]
or [BK05, Chapter 6]. For more general references about spherical varieties, see
[Tim11, Perl4].

2.1 Definition and examples

Definition 2.1. We say that a projective manifold X is a compactification of G
(or a group compactification, when G is not specified) if X admits a holomorphic
G x G action with an open and dense orbit isomorphic to G as a G x G-
homogeneous space. We say that (X, L) is a polarized compactification of G if
X is a compactification of G and L is a G x G-linearized ample line bundle on
X.

Recall that a G-linearized line bundle over a G-manifold X is a line bundle
L on X equipped with an action of G lifting the action on X, and such that the
morphisms between the fibers induced by this action are linear.

Example 2.2. If G = T ~ (C*)" is a torus, then the compactifications of T'
are the projective toric manifolds. One goes from the T-action to the T x T
action through the morphism 7' x T — T, (t1,t2) — t1t2_1.

Example 2.3. Assume that G is an adjoint semisimple group, that is, a reduc-
tive group with trivial center. Then De Concini and Procesi [DCP83] proved the
existence of a special compactification of G, called the wonderful compactifica-
tion of G. It is the only compactification of G satisfying the following property:
its boundary X \ G (where we identify the open and dense orbit in X with G)
is a union of simple normal crossing prime divisors D;, i € {1,...,r}, such that
for any subset I C {1,...,r}, the intersection X N[, ; D; is the closure of a
unique G x G-orbit, and all G x G-orbits appear this way. The integer r is equal
to the rank of GG, which is the dimension of a maximal torus in G.

2.2 Polytopes associated to a polarized group compactifi-
cation

Theorem 2.4. [AB04, Section 2] Let (X, L) be a polarized group compactifi-
cation of G. Denote by Z the closure of T in X. Then Z is a toric manifold,

equipped with a W -action, and L|z is a W -linearized ample toric line bundle on
Z.

We denote by P(X, L), or P for simplicity, the polytope associated to the
ample toric line bundle L|z by the theory of toric varieties [Ful93, Oda88|. The
polytope P is a lattice polytope in M ® R, that we identified with a, and it
is W-invariant. Define PT(X,L) := P(X,L)Na*. It is a polytope in a, and
P(X, L) is the union of the images of PT(X, L) by W.
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Figure 2: Polytope P(X1,—Kx,)

The polytope P (X, L) encodes the structure of G x G-representation of the
space of holomorphic sections of L, generalizing the same property for toric line
bundles.

Proposition 2.5. [AB04, Section 2.2] Let (X, L) be a polarized group compact-
ification, then

H(X,L) ~ @{End(Va) ; a € MNPT(X, L)}
where Vy, is an irreducible representation of G with highest weight .

Example 2.6. [BK05, Proposition 6.1.11] The wonderful compactification X of
an adjoint semisimple group is Fano. The corresponding polytope P(X, —Kx)
is the convex hull of the images by the Weyl group W of the weight 2p+>""_; o,
where the «; are the simple roots of ®T, and 2p is the sum of all positive roots.

We will use the three following examples to illustrate our results.

Example 2.7. The wonderful compactification Xy of PGL2(C) is especially
simple: it is P? considered as P(Mats »(C)) equipped with the action of PGLy(C) x
PGL2(C) induced by the multiplication of matrices on the left and on the right.

If we identify a with R by sending the only positive root to 1, then the
lattice of characters is (1/2)Z, the polytope P associated to the anticanonical
line bundle is [~2,2] and the polytope P is [0,2]. Remark that X, is in fact
homogeneous under a bigger group. This is in general not the case for wonderful
compactifications, as the next example shows.

Example 2.8. Consider the adjoint semisimple group PGL3(C). Then its won-
derful compactification, that we denote by X7, is Fano. Figure 2 represents the
polytope P(X1, —Kx,), along with the Weyl chambers decomposition, and the
weight lattice M.

Brion computed the automorphism group Aut(X) of all wonderful compact-
ifications X of adjoint semisimple groups [Bri07, Example 2.4.5]. In particular,
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Figure 3: Polytope P(X2, —Kx,)

the connected component of the identity Aut®(X;) C Aut(X;) is the image of
PGL3(C) x PGL3(C). This shows that the manifold X is not homogeneous un-
der a bigger group, and not toric. The same statement is true for any wonderful
compactification of an adjoint semisimple group with no factor of rank one.

Example 2.9. Consider now the simply connected semisimple group Sp,(C).
It is the subgroup of GL4(C) whose elements are the matrices M such that
M'QM = Q, where M*? denotes the transpose of M and

0o 1,
Q- (1n g > |
It is a semisimple group of type Bs, which means that its associated root sys-
tem is the root system Bs. While it is not an adjoint group, it also admits a
wonderful compactification (see for example [GR13]). Let X3 be the blow up
of this wonderful compactification along the closed orbit. Then X, is a Fano
compactification of Sp,(C) [Ruzl2].

The moment polytope associated to the anticanonical line bundle is obtained
easily in the following way: Ruzzi classifies in [Ruz12| all Fano compactifications
of reductive groups of rank two, by giving for each the usual data identifying a
spherical variety. Then we can use the description by Gagliardi and Hofscheier
[GH15] of the moment polytope of the anticanonical line bundle in these terms.
Figure 3 represents the polytope P(Xa, —Kx,), along with the Weyl chambers
decomposition, and the weight lattice M.

For this manifold also, Aut®(X5) is the image of Sp,(C) x Sp,(C). This is
proved using Blanchard’s lemma [Bla56, Proposition I.1] applied to the blow up,
and the fact that the connected component of the identity in the automorphism

group of the wonderful compactification of Sp,(C) is also the image of Sp,(C) x
Sp4(C) [Pez09].
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2.3 Convex potentials

Let (X, L) be a polarized compactification of G. We recall in this section how
to associate to a K x K-invariant hermitian metric with positive curvature on
L a convex function, called its convex potential (see [Delb, Section 2.2]). We let
P:= P(X,L), Pt := PT(X, L), and let v denote the support function of the
dilated polytope 2P, defined by v(z) = sup{(p,z) ; p € 2P}.

Let s be a G x {e}-equivariant trivialization of L|g, where we identify G
with the open G x G-orbit in X. Let h be a smooth, K x K-invariant, positively
curved hermitian metric on L. Let ¢ be the local potential of h with respect to
the trivialization s, defined for g € G by:

p(g) == —In|s(g)}-
Then the function ¢ is a smooth strictly plurisubharmonic function on G, K x K-
invariant by [Delb, Proposition 2.2].

The function u defined on a by u(x) = ¢(expz) is then called the convex
potential of h and satisfies the following properties.

Proposition 2.10. Let h be a smooth K x K-invariant hermitian metric with
positive curvature on L, and let u be its convex potential. Then u is a W-
inwvariant, smooth and strictly convex function such that:

1. u(z) > v(x) + C1 for all x € a, for some constant C1 depending on u;
2. given any xo € a, u(x) < v(x — xo) + u(xg) for all x € a;

3. the gradient Vu of u defines a diffeomorphism from a to the interior of
2P;

4. in particular, there exists a constant d depending only on L such that
|Vu(z)| < d for all x € a;

5. the restriction of Vu to at is a diffeomorphism to the interior of 2PT.

Proof. The fact that v is a W-invariant smooth and strictly convex function
follows from its definition and [AL92].

A smooth metric has locally bounded potentials, so [Delb, Theorem 2.4]
implies that there exists constants C7 and C5 depending on u such that

v(z) + C1 <u(r) <v(x) + Cs.
In particular, the first point is proved. Let us prove the second point.
Let ¢ € a. For any 0 # y € a, consider the slope
u(wo + ty) — u(wo)
t )
with ¢ > 0. By convexity and the two previous inequalities, we see that this

slope increases and converges to v(y) as t tends to infinity. This shows that for
any =20 +y € a\ {zo}, we have

u(z) < vz — xz9) + u(xo).
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This inequality is obviously also satisfied at x(, so the second point is proved.

Since u is smooth and strictly convex, Vu is a diffeomorphism. It remains
to determine its image. It is clear that this image is open and included in 2P
(for example because the domain of the convex conjugate of u is 2P, see [Delb,
Proposition 3.12]). Assume now that one point from the interior of 2P is not
attained by Vu. Then by convexity, we can find a 0 # y € a and an € > 0 such
that Va € a, v(y) — (Vu(z),y) > e. But considering the ray starting from any
2o and in the direction y as above leads to a contradiction. This implies that
Vu(a) = Int(2P). By W-invariance, we also have Vu(a™) = Int(2P7).

Finally, the fourth point is a direct consequence of the third because the
polytope 2P is bounded. O

Remark 2.11. We fixed a choice of a G x {e}-equivariant trivialization of
L on G to define the convex potential. All such trivializations are non zero
scalar multiples of one another, so the convex potentials defined with respect to
two different such trivializations differ by a constant scalar independent of the
metric. In particular, it does not change the asymptotic behavior.

2.4 Degree of an ample linearized line bundle

Proposition 2.12. Let (X, L) be a polarized compactification of G, and let
P+ =P+(X,L). Then

cle>g(L)=C/2P+ II (e.p)dp

€pt

for some constant C' depending only on the group G. Furthermore, if u is the
convex potential of a smooth positively curved K x K-invariant metric on L,
then

deg(L) = C/+ H (a, Vu(a))®> MAg (u)(a)da.

AT aept

Proof. Let h be a smooth positively curved K x K-invariant hermitian metric
on L, with curvature the Kéhler form w € 2m¢;(L). Then we have

deg(L):/X(%)n.

Let s be a G x {e}-equivariant section of L, and ¢ the potential of ~ with
respect to s. We have w = i00¢ on G. Using Remark 1.1, Choose a Haar
volume form dg on G so that, independently of ¢,

7; _ n
(2—55<p) = MAc(p)dy,
i
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where MAc(p) is the Monge-Ampére of ¢ in the coordinates chosen in Sec-

tion 1.1. Then
= [ (2)'- [ (2)
-/, ()
:/GMAC(@)dg.

By the K AK integration formula, this is, for a constant C' depending only on
the choice of Haar measure,

deg(L)=C /+ MAc(p)(expa)J(a)da

where da is the Lebesgue measure on a normalized by N. Let u denote the
convex potential of h. From Corollary 1.3 we obtain that this is

deg(L) = C’ /+ H (a, Vu(a))? MAg (u)(a)da

acdt

for a constant C” still depending only on G. We then use the variable change
p = Vu(a), and obtain, by Proposition 2.10,

deg(L):C’/ II (c.p)?dp. O
2P* e+

3 Strategy of proof

We describe in this section the global strategy of the proof, starting by recalling
classical results on the continuity method. We then determine the expression of
the continuity method equation in restriction to GG, in terms of convex potentials.
We finally introduce the function 14 and gather some estimates on this function
or on — InJ that will be used later.

3.1 The continuity method

Let X be a Fano manifold. Fix a reference Kéhler form w,ef in the class 27¢q (X).
The Kéhler forms in 2mc; (X) can all be written as wref +409¢ with ¢ a smooth
and wyet-strictly psh function on X (i.e. such that wyer + 799y > 0).

The Kéhler-Einstein equation Ric(w) = w on X translates, in terms of wyet-
psh functions, as the Monge-Ampére equation

(wWret + 2851/))" = efr”f_wwﬁsf, (1)
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where fiof is the normalized Ricci potential of w,er defined as the wyer-psh func-
tion that satisfies wyef + 100 frer = Ric(wrer) and [ efrefw!y = [ wite.

Let hper be a smooth hermitian metric on —K x with curvature form wyes.
Then it determines a volume form dV on X defined in a local trivialization s of
—Kx by dV = |s|,21refs’1 A s~1. Then up to a constant, the Ricci potential fycf
is equal to the logarithm of the potential of dV with respect to wj.;. We choose
hret (by multiplying by a scalar) such that fye is indeed equal to that.

The following family of equations is the one used in the usual continuity
method for the K&hler-Einstein equation:

(wref + 1351/%)" = efmf_twtw?ef' (2)

To show the existence of a Kéhler-Einstein metric on X, it is enough to show
that the set I of 0 < ¢ < 1 such that this equation admits a solution is exactly
[0,1].

By the work of Aubin [Aub76] and Yau [Yau78], 0 € I, and T is open.
Furthermore, it is enough to know uniform a priori estimates on the C° norm
of ¢, to ensure the closure of I, and thus the existence of a solution at t = 1,
i.e. a Kihler-Einstein metric. We recall that by C° estimates, we mean, as in
most of the literature, a uniform control on sup,¢ x|¥:(z)|. In fact, we can even
concentrate only on a uniform upper bound on ; (see [Siu88, Proposition 2.1]
or [Tia87, pages 235 and 236]).

Notation 3.1. Let us fix some 0 < tg € I, which exists since 0 € [ and [ is
open.

Let us summarize the consequence of what we have recalled in this section.

Proposition 3.2. Assume that [to,t1[C I, that ¢ denotes the solution at t €
[to, t1], and that there exists a constant C such that ¢y < C ¥Vt € [to,t1[. Then
ty €1

3.2 Reduction to the open orbit

Suppose now that X is a G x G-equivariant smooth and Fano compactification
of G. Let P be the polytope associated to the anticanonical bundle —K x.

We choose wyet and hyet K x K-invariant. Then a solution of equation (2)
at t < 1is K x K-invariant. This follows from the uniqueness result for twisted
(or generalized) Kéhler-Einstein metrics (see [ZZ14, Corollary 1.4] or [DS]).

By continuity of the solutions 4y, it is enough to prove a uniform upper
bound on the restrictions of ; to the open and dense orbit G C X. Let ¢
denote the function on a induced by ;. It is enough to give an upper bound for
p:. We also denote by h; the hermitian metric on —K x whose potential with
respect to hyer is 1 and whose curvature form is wyer + i@&/}t.

Any G x {e}-equivariant trivialization s of —K¢ defines a left G-invariant
volume form s~ A s=1 on G, and so a Haar volume form. All Haar volume
forms on G are obtained this way. By Remark 1.1, we can thus choose s and
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the corresponding Haar volume form dg := s=! A s—1 such that for all smooth
K x K-invariant function ¥ on G,

(i00y)" = MAc(¢)dg,

where MA¢ () is the complex Monge-Ampére of ¢ in the local coordinates given
in Section 1.1.

Let uor be the convex potential of h.. with respect to the trivialization s,
defined on a, and denote by u; the convex function u.et 4+ ¢ which is the convex
potential of the metric h;. Finally, we denote by w; the function tus+ (1 —t)uyes.

Proposition 3.3. Suppose ¢ is a K x K-invariant solution of equation (2).
Then for x € a,
MAg(u)(@) [] (o Vue(@))* = 7 (). (3)
aedt

Proof. Let 1ot be the potential of the reference metric hyet with respect to the
section s. By the choice of s, we have, on G,

(Wref + 1651/115”8 = (iag(d}ref + Q/Jt))n
= MAC (d}ref + 1/}t)dg

Now the computation of the complex Monge-Ampére in local coordinates
from Section 1.1 gives

(wret + 0041)" (expx) = MAR(u)(z) [] (o Vuu(x))?

aedt

1
——d
J@™
for z € a™.
On the other hand, the definition of the normalized Ricci potential fief

implies that
efrefwnef — g Wret dg,

which allows to write the right hand side of equation (2) as

efref*tibtw:lef — 67t¢t7¢refdg.
For x € a, we have

(—tht — tre) (exp @) = —tpe(T) — Uret (2)
—tug(x) — (1 — t)uyet ()

= —w(x).

In conclusion, at a point exp(z) for x € a™, equation (2) reads

MAg (u)(@) [] (0 Vue(2)® ——

dg = e~ @) yq.
7 g=ce 9
acdt

It is equivalent to the equality of the potentials with respect to dg. Furthermore,
by multiplying both sides by J(x), we obtain the equation of the statement,
that is well defined on the whole of a, and it is satisfied by W-invariance and
smoothness. O
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3.3 Strategy

To find a uniform upper bound for ¢; we will introduce another function vy,
and study this function, following the strategy used by Wang and Zhu in the
toric case. More precisely, let j be the function on the open Weyl chamber a*
defined by j(z) = —InJ(z). We consider the function v, = w; + j defined on
a®. We will show that it is a strictly convex function on a™. It is proper in the
following sense: As z goes to infinity, or = goes to a wall of a™, 14(x) goes to
infinity.

These two properties of vy imply that it admits a unique minimum. Let
m¢ be the minimum of v; and x; be the point of at where this minimum is
attained. We will obtain estimates on both the value m; of the minimum and
on the distance from the origin |x¢| of the point where it is attained. Then
we need to relate these estimates with the function that we want to control.
Namely we will go from 14 to w; then u; and finally ;.

To summarize, the strategy to prove estimates on ; is in three steps:

e reduce to estimates on |m;| and |z,
e find uniform estimates |m;| < C,
e get a uniform control |x;| < C of z;.

We will also have to prove the necessity of the condition in Theorem A and the
upper bound on R(X). Before that, we gather some preliminary results.

3.4 The function j = —1InJ

The half sum of positive roots p is in a™, so (a, p) > 0 for all « € . We will
use this as a reference to control the distance to the walls of a™. We also choose
a basis {e;} of a, and corresponding coordinates {z;} when necessary.

Lemma 3.4. There exists a constant ¢ such that for any x € a™, we have
j(@) = (~4p,z)+c.

Furthermore, for any b > 0, there exists constants C = C(b), C" = C'(b) such
that for all x € bp + a™,

(@) < (~4p,z) + C < C".

Proof. Write

_ —2(a,z) (a,x)
sinh (o, ) = el (1 © > < ¢

2

[\

for z € aT. Then

jlx)=-2 Z Insinh (o, 2) > —2 Z (a, ) + ¢,

aedt aedt
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where ¢ = 21n(2)Card(®T).
If we assume x € bp + a™, then using the same expression of sinh («, z), we
get j(x) < (—4p,x) + C with

1— —2b{a,p)
)

acdt

and j(z) < C’ with
C'=C-2b Y (a,p). O

acdt

Let us now turn to the derivatives of j. Recall that the directional derivative
of j in the direction £ is defined by:

99, \ o
9¢ (@) = (Vi(2),&).

Lemma 3.5. For any £ € a™, we have, for all x € a™,

9

If € € ay, then for all z € a™T,
%y =0
a5(:{:) =0.

Proof. The second statement is clear because for any a € @, (o, x) depends
only on the projection of = on as.
For the first statement, we compute

@( ) =—2 Z {a, &) coth (o, z) .

X
aE aedt

Since £ € a™, we have (o, &) > 0 for all @ € ®T. Since z is also in a*, we have
coth (o, z) > 1. We deduce from this that

P <2 > (8= (g 0

We will also need to control the derivatives of j away from the walls. This
is achieved by the following lemma.

Lemma 3.6. For any b > 0, there exists a constant C such that for any x €
bp+at,
V() (@) < C.
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Proof. Recall that

86531 (x) = -2 Z (a, e;) coth («, )

acdt

For z € bp + a™, we have 1 < coth {(a, z) < coth(b{a, p)), so for any 4,

g_ji(z) <2 Z || coth(b (e, p)). O

acdt

Lemma 3.7. The function j is strictly convex on a™.
Proof. An easy computation shows that

82
8zj8xi

— Insinh (o, :M
(= Insinh (e, ) sinh? (a, z)

So the Hessian of j is a sum of semipositive matrices, and it is easy to check
that the whole sum is definite, so the Hessian of j is positive definite. O

3.5 The function v;

Lemma 3.8. The function v; is strictly convex and admits a unique minimum.

Proof. From Lemma 3.7, and the fact that w; is strictly convex as a convex
combination of strictly convex functions, we obtain that v, = w; + j is strictly
convex. The function w; is bounded below, and j tends to +o0o when z ap-
proaches a Weyl wall, so v¢(z) also tends to +oo when x approaches a Weyl
wall. To prove the existence of a minimum z; it remains to explain why vy goes
to infinity at infinity.

Proposition 2.10 implies that w;(x) > v(x)+ C for some constant C, where
v is the support function of the polytope 2P, so vi(z) > v(x)+ j(z) + Ci. Then

ve(x) > v(x) — (dp,x) + ¢+ Cy

by Lemma 3.4. Finally, the fact that X is Fano implies, by [Delb, Remark 4.10]
that 4p € Int(2P), so v; is indeed proper. O

Let m; denote the minimum value of v; and z; be such that v;(zt) = mq.

Lemma 3.9. There exists a constant by > 0 independent of t such that
T € blp + ClJr

Proof. By definition of x;, the derivative of v; at x; vanishes. In particular, we
have

)
a—”;(xt) = 0.
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Recall that vy = w; + j, and that the derivatives of wy are bounded by Propo-
sition 2.10. In particular we get a bound

Gug
— <C.
ap (-Tt) =
On the other hand, recall that:
@(x )= -2 Z (a, p) coth (o, xy)
ap t ) st/ -
aedt

So we have

2 Z (a, p) coth (o, z1)| < C

acdt

but since all the terms of the sum are positive and all the («, p) are strictly
positive, this implies that for all « € %+, coth (@, x;) < C. Observe that the
function coth tends to +oo at 0, so we obtain («, ;) > C’ for all « for a constant
C’ > 0 independent of ¢.

To conclude, observe that the intersection of the half spaces defined by
(a,x) > C' is contained in a translate byp + a™ for some b; > 0 sufficiently
small, independent of . O

We will also need to control from below the value of 1; near the walls. This
will be achieved by the following technical proposition. For now we cannot
control v; uniformly close to the walls, but we will as soon as we control m;.
We will use twice the proposition, first to obtain a lower bound on my, then to
ensure e~ * is uniformly sufficiently small near the walls. Remark also that this
proposition can be seen as a precise statement of what we called the properness
of 14 near the walls.

Proposition 3.10. For any M > 0, there exists a constant b > 0 independent
of t such that for any x € a* satisfying {o, ) < b{a, p) for some root o € ®F
defining a wall of a™, we have

ve(x) > my + M.
Recall that the roots defining the walls are also the simple roots of ®*.

Proof. Let x € at be such that («,z) < by (a, p) for some simple root a €
®*. Consider the ray {x + sp,s > 0} starting from x. It meets the boundary
d(bip + a™) of byp + at at a unique point y = x + sgp. Furthermore y is in
bip + ot for a simple root a. We can then write x = y — sgp, and sg satisfies
0 < by —sg<hb.

Consider o € ®* a simple root, and y € (b1p + at) N I(b1p + at). We will
show that there exists a constant b > 0 independent of ¢ such that v (y — sp) >
my + M for all s such that 0 < by — s < b, and that this b can be chosen
independent of y and «.
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This is enough to prove the proposition because any x as in the statement
is of the form above for some «, y and s as shown at the beginning.

Consider the function g(s) = v:(y—sp) on [0,b1[. We have g(0) = 14(y) > mq
by definition of m;.

We consider now the derivative of g. Remember that the derivatives of w;
are uniformly bounded, by d, in absolute value by Proposition 2.10. Then

g'(s) > —d+2 Z (B, p) coth (B,y — sp) .
peat

Since all the terms in the sum are positive, we have in particular
g'(s) > —d+2{a, p) coth (o, y — sp) .
From the assumptions, we compute

{o,y = sp) = bi{a, p) = s{a, p) = (b1 = s) (@, p) -

Observe that the positive function coth is not integrable near 07, so

by
/0 coth((by — s) {(«, p))ds = +c0.

Together with the fact that g is greater than m; at 0, it means that for any M,
we can find a b, > 0 such that g(s) > M + m; for by — s < b,.

Remark that none of what we have done depends on the choice of y. Fur-
thermore, since there are only a finite number of roots «, we can choose a b > 0
such that b < b,, for all , and it concludes the proof. O

3.6 Reduction to estimates on m; and x;

Lemma 3.11. Suppose we have uniform estimates |m;| < Cp, and |z¢] < Cy
for t in some interval [tg, t1[C [0,1]. Then there is an uniform upper bound for
vt on [to, t1].

Proof. Recall that it is enough to obtain a uniform upper bound on u; — Uyef
which is a function defined on a. We have, by Proposition 2.10 with x¢ = x,
that

up(x) < vz — xp) + ue(ay)

where v is the support function of 2P. Using the other inequality for uesr we
have
Upet () > v(x) + C1 > v(x — x1) + C1 — d|ay].

Combining these two gives
(Ut — tUrer) () < v(x — 1) +ur(xe) — v(x — 20) — C1 + d]ay]
< ug(zy) — Cr + d|zy]
S Ut(.’L't) — Cl + dCI
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so we just have to control u;(x;).
We have |my| = [vi(z1)] < Ch, i€

[tug(xe) + (1 — urer () + j(21)] < Cha.
Now we have:
o t>t) >0,
e |j(xt)| < Oy for some constant Cy because z; € bip +a™,
o and Uref(z;) < sup{urer(y) ; y € B(0,Cy)} =: Cs.

So Con + Cs + C.
ug () < mT”

Finally we have proved the uniform upper bound

(ut — Urer)(x) < Cyq = w —C1 +dC,. O
0

4 Estimates on |my|

In this section, we essentially follow the work of Wang and Zhu to obtain es-
timates on |m;| and a uniform estimates on the (at least linear) growth of v4.
A key step is proposition 4.3, which is a direct consequence of Proposition 2.12
and will be used in the next sections also.

We consider the set

Ay={xecat; my <wp(x) <my+1} Cat.

We will obtain upper and lower bound for the volume of A;. The upper bound
will depend on m;. The key is to obtain an upper bound that is small enough
to give information.

Note that the set A; is a bounded and convex set. Indeed, since m; is the
minimum of 4, A; is a sublevel set of vy which is convex, so A; is convex.
Furthermore, by the properness of v, A; is a bounded set.

Lemma 4.1. There is an upper bound on the volume of Ay:
Vol(4;) < Ce™/?
where the constant C' > 0 does not depend on t > tg.

Proof. Fritz John proved in [Joh48, Theorem III| that for any convex and
bounded subset A of R", there exists an ellipsoid E such that

1
~-FECACE
,
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where (1/r)E is the dilation of E of factor 1/r centered at the center of the
ellipsoid F.

We can then find such an ellipsoid E; for A;. Let T be a linear transforma-
tion, of determinant one, such that T(E) = B(y,d) is a ball. We will obtain
an upper bound on ¢, thus getting an upper bound for the volume of Vol(A;)
because

Vol(A;) < Vol(E) = Vol(T'(E)) = Cé".

Let v, be the function defined by v} (z) = 14(T~!(x)). We want to use a
comparison principle on B(y,d/r). For that we first show that MAg(v;)(z) >
Ce~™ on T(A;). This is equivalent to showing that MAg(1;)(x) > Ce™™ on
A;. First remark that since the Hessian Hessgy; of vy satisfies:

Hessgyy = tHessguy + (1 — t)Hessguyer + Hessgj,

we have

det(Hessgy:) > det(tHessguy),
ie.

MAR(v¢)(x) > t"MAR(ut) ().
Using Proposition 3.3 we deduce that

1

(a0, Vg (w))*
1
(@, Vuy(x))”

MAR (v7) (@) = "I (@)e @ ][

acdt

> trefvt(x)
acdt

We treat the factors separately:

e We have t >ty > 0 for t¢ defined in Notation 3.1.

e By definition of A;, we have e~ *t(#) > ¢=m~=1 on A,.

e For any z € a, we have Vus(z) € 2P, so for any « € 1, (o, Vuy(z)) is

bounded above independently of ¢t. This implies that

1
[l iz
acpt (@ Vue(z))

for some positive constant c.

In conclusion, we indeed have an inequality MAg(14)(x) > Ce™™ on A, with
C a positive constant independent of ¢t > tg.

Now we use the comparison principle on B(y,d/r) for real Monge-Ampére
equations: let g be the auxiliary function defined by

52
g(x) = CVremmi/r <|:c —y* - T—2) +my + 1.

Then we have
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e g(z) =my+1>vi(z) for x € IB(y,d/r), and
e MAR(g)(z) = Cem™ < MARg(v;)(z) on B(y,d/r).

So the comparison principle gives that v;(z) < g(z) on B(y,d/r). In particular,
we have

}ﬂ\
—
—~
<
=
=
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52
et (<5) e,

IN

We deduce from that the following upper bound for 4:

1
my/2r
6§\/01/TT€ .

Putting everything together, we obtain

Vol(A;) < Vol(B(y,8) < C'e™/?2, O
We turn now to a lower bound on Vol(A4).
Lemma 4.2. There exists a constant ¢ > 0 independent of t such that
Vol(A4;) > c.
Proof. There exists a constant by independent of ¢ such that 0 < by < by and
Ay Chop+a'.

This is a corollary of Proposition 3.10, taking b, corresponding to M = 1.
Then by Lemma 3.6 and Proposition 2.10, on bep + a™, |Viy| is bounded

independently of ¢, say by C. Then it is clear that the ball B(z:,1/C) is

contained in A;. So Vol(A;) > ¢ for some ¢ > 0 independent of . O

Proposition 4.3. The following integral is independent of t:
/ e*Vt(z)d.fC — / H <Oé,p>2 dp =:V.
ot 2P eat

Proof. Applying Proposition 2.12 with the ample line bundle —Kx, we have,
for some constant C' depending only on G, and for any convex potential u of a
smooth K x K-invariant positively curved hermitian metric on —Kx,

deg(—Kx)=C / . IT (e Vu(@)) MAR(u)(x)dx

4t aept

- c/w I (o) dp

acdt
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We apply this to the convex potential u;, which by Proposition 3.3 satisfies

e (@) = H (a,Vut(x)>2MAR(ut)($)

acdt

and obtain the statement, with V = deg(—Kx)/C. O

We can now prove the main result of this subsection.
Proposition 4.4.
e There exists a constant C' independent of t, such that |m:| < C.

o There exist a constant k > 0 and a constant C, both independent of t,
such that for x € a*t,

ve(x) > Kl — x| — C.

Proof. Following here Donaldson [Don08] rather than Wang and Zhu, we write

+oo
/ e (@) dy = / / e °dsdx
at at Ju(x)

+oo
= / e_s/ 1{l,t(m)gs}d1'd8
oo at
+oo

/m e *Vol({v, < s})ds

+oo
— e 1 / e_SVOl({l/t <mg+ S})ds
0

Now remark that {v; < m; + s} C s- A; by convexity of v;, where s- A; is
the s-dilation of A; with center x;. We deduce from that

Vol({w; < vy + s}) < s"Vol(4;) < Cs"e™/2.
Applying this to the formula above we obtain
+oo
/ e @y < efthemf/Q/ e %s"ds
at 0
< Olemm/2,

The left hand side being constant, this inequality gives an upper bound on m;.
For the lower bound, remark that

—+o0
V= / e V@) dy = e / e~ *Vol({w; < vy + s})ds
at 0

—+o0
>e M / e *Vol({w; < vy + s})ds
1

+oo
> e_mtVol(At)/ e °ds.
1
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By Lemma 4.2, Vol(A;) admits a lower bound ¢ independent of ¢, so
+oo
V> e*mtc/ e %ds,
1

and we deduce that

—+o0
—my <In(V) —In <c/ esds>
1

so —m; is bounded above by a constant independent of ¢. Thus we have showed
estimates on |my]|.

Now for linear growth, the estimate on |m;| implies that we know both an
upper bound C7 and a lower bound Cj independent of ¢ for the volume of
A;. Since this set is convex, and contains a ball B(xy,d¢) of fixed radius dg
independent of ¢ by the proof of Lemma 4.2, this implies that A; is included in
a ball Ay C B(x¢,0) where § only depends on Cy and dp.

By convexity of v, this implies that v¢(z) > |z — x¢|/d + m: outside of the
ball, and we can extend this inequality to the whole of a* simply by subtracting
1:

vi(x) >z — x| /6 +my — 1

everywhere. Using again the fact that m; is uniformly bounded we get the result
with k =1/4. O

5 Obstruction, and upper bound on R(X)

We will here explain how our condition appears as a necessary condition, then
obtain an upper bound on the greatest Ricci lower bound. Everything relies on
the following vanishing statement, which will also be of major importance in
the next section.

5.1 A vanishing integral

Proposition 5.1. Let u be the convex potential of a smooth positive metric on
—Kx. Definev:=u+j. Let £ be any vector in at. Then

ov
—e Ydx = 0.
at a&
Before we get to the proof, let us remark that the function considered is
integrable. More generally, we can remark first that for any potential ug, and

any vector &, the function 86—?er is integrable on a™. This is the case because

Vug € 2P, and e™” < Ce~(*=4)+C (by Proposition 2.10 and Lemma 3.4) is
obviously integrable.
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Secondly, we have to show that the function g—ge*” = g—gJ e~ " is integrable.
Write

94

a—‘é(m)J(m) =-2 Z {a, &) coth («, ) H sinh? (3, x)

acdt BeEDT

-2 Z {a, &) cosh («, ) sinh (v, ) H sinh? (3, z) .

aedt BF#a

Then by a computation similar to Lemma 3.4, we have

0j
4p < 4p
e _GEJ} < Ce™”,

SO again g—ée

-V

is integrable.

Proof. Choose a basis (e;);=1. s of the semisimple part ass which generate a* N
ass as a cone, and a basis (f;);j=1..r—s of the toric part a;. Consider the following
sets, for 0 < e < M:

Qe, M) Z:{Z$i€i+zyjfj s Vie<z <M, Vj —ngng}.
i J

Note that 0Q(e, M) = S1(e, M) U Sa(e, M), where:

Si(e, M) := {inei—i—Zyjfj €Q(e,M); Jia; 26}

Sa(e, M) := {ZzieinLZyjfj € Q(e, M) ; Fi ;=M or 3j |y, :M}.
% J

Remark that g—ge*" = fagz. Then by the divergence formula applied to

e~ " we have for € > 0,

0
/ e vde = / e~V (& n)do
Q(e,M) 23 S1(e,M)US2(e,M)

where p is the exterior normal and do is the surface area.

Write now e™ = e~ *J. This is a continuous function on a, and it vanishes
on the Weyl walls. Fixing M, we can thus let € tend to 0, and we have that e™
tends uniformly to 0 on Sy (e, M), so fS1(e,]\/1) e~ (¢, ) do tends to 0.

We thus have

/ @ef’jdac = / eV (& ) do.
Q,m) 9 S2(0,M)

Now as we have seen before, we have e~ < Ce~("=4P)+C 5o ¢=¥(x) decreases
exponentially as |z| tends to infinity. Since the area of S2(0, M) grows polyno-
mially, this ensures that fSQ(O,]M) e v (&, u) do tends to zero as M tends to co.
This ends the proof. o
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5.2 Obstruction to the existence of a Kahler-Einstein met-
ric

Let us now explain the relation between convex potentials and the barycenter
barpg (PT1). Recall that V' denotes the volume of the polytope PT with respect
to the Duistermaat-Heckman measure, and is equal, up to a multiplicative con-
stant, to the volume of the anticanonical line bundle.

Proposition 5.2. Assume that u is the convex potential of a smooth, positively
curved hermitian metric on —K x, then

/ g_z I1 (o Vu)* MAg(u)da = (¢, barpu (2PT)) V.
at acd+

Proof. We simply use the change of variable p = Vu(z), just as in the proof of
Proposition 2.12. It gives:

[ 2 tevitsinatote = [ 06 TT s

2P+ acdt
= (& barpy (2P1)) V. O

We now prove an obstruction to the existence of Kéhler-Einstein metrics
on X. Recall that = denotes the relative interior of the cone generated by the
positive roots ®+.

Proposition 5.3. Assume there exists a Kdhler-FEinstein metric on X. Then
barDH(2P+) S 4p—|— =.

Proof. By Proposition 3.3, the Kéhler-Einstein equation restricted to the open
orbit reads:
MAR(u) H (a, Vu)? = e "J.

acdt

Suppose that there exists a solution u. Applying Proposition 5.1 to u gives

ov
e Vdr =
/c|+ 5«56 x =0,

so by definition of v = u + 7,

ou 0j
—e Ydr + —e Vdr =0.
. §e x . 5e x=0

Since u is solution to the Kéhler-Einstein equation, we have

eV =e"J =MAg(u) H (a, p)?.

aedt
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In particular, by Proposition 4.3,

/ e Vde =V
at

is constant, and by Proposition 5.2,

/a+ Z—Zef"dz = (¢, barpy (2P1)) V.

By Lemma 3.5, we have for £ € a™,

5
/a+ a—ée”’dz < —4(p, &) V.

Combining these facts, we have:

(& barpg(2PT)V —4(p, &)V > /a+ Z—Ze_”dz + /‘1+ g—ée_”dx

> 0.
Dividing by V we obtain that for any £ € a™,
(¢, barpy (2PT) — 4p) > 0.

The large inequality would mean barpg (2PT) —4p € (a™)V, and here the strict
inequality means that barpy (2P1)—4p is in the relative interior of (a™*)¥, which
is precisely Z=. O

Example 5.4. This obstruction allows to show that the manifold X does
not admit any Kéhler-Einstein metric. Recall that this is a compactification of
Sp,4(C) so the corresponding root system is By. Denote by «; and a5 the simple
roots, with as the long root. Then the other positive roots are a; + as and
201 + g, 50 2p = 4oy + 3as.

Choosing a realization of Bs in the euclidean plane with oy = (1,0) and
as = (—1,1), we compute that, for p = xa; + yas,

2
[T (@p)® =2 (@ - y)*(—x + 29)°.
aedt
We can then compute

278037566005 3043253830
66955221696 © ' 1046175339 °

barDH(f”j =

In particular the coordinate in «y is strictly smaller than 3 so there exists no
Kéhler-Einstein metric on X5. Figure 4 gives a representation of the polytope
PT, the barycenter is represented by a cross and the cone delimited by the
dashed lines is 2p + =.
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Figure 4: Barycenter for X,

851

5.3 Upper bound on R(X)

Proposition 5.5. Assume that X admits no Kdahler-Einstein metrics, then the
greatest Ricci lower bound of X is lower than or equal to the supremum of all
t <1 such that

t
4/) + t—l(baI‘DH(QPJr) — 4p) € —=+ oprt,
Proof. Consider the equation at time ¢:

MAR (us) H (a, Vug)® = e

acdt

Apply Proposition 5.1 to wy. This gives for any & € at,

/ O gy — g,
at 65
This is equivalent to

aut — / 8'U/ref — 8.7 _
Vi + Vi + L4 J— 0
/aJr at 85

Without loss of generality we can assume ¢ < 1 and divide by (¢t — 1)V to
get

t %ef”ij 1 @ef”fi/ OUpes €771
t—1 Jar 06V t—1 a+5£V7a+ o vV

If v is the support function of 2P, we have for any = € at, ag—fgf(z) <w(§), so

OUrer €77
w08V

< v(§).

On the other hand, we can use here also Lemma 3.5 to get, for £ € at,

1 aje_”t> 1 (
t—1J+08 V t—1

—4(p,€)).
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We thus have, using Proposition 5.2,
t Ouy et 1 dj e "t

—1).0c v ioi). v

> % <§,barDH(2P+)> — %4 <p, f)

(&) >

> <§, 4p+ t_%(barDH@PJr) - 4p)>

The fact that this is true for all £ € a™ means, since v is the support function
of 2P, that

t
4p—|— t—l(baYDH(2P+)—4p)€—E+2P+. O

6 Absence of estimates on ||

6.1 Consequence

We will assume now that there are no Kéhler-Einstein metrics on X. We will
denote by to := R(X) the greatest Ricci lower bound.

Our assumption implies that |z;| is unbounded as t tends to t. Indeed if it
was not the case, then we would have estimates on |z;| and so by Proposition 3.11
and Lemma 4.4, there would be a solution at time ¢, and by openness for times
greater than t if .. This is a contradiction.

We can find a sequence ¢; such that t; — to and |z¢,| — 0o. Define & € a™ as
the direction given by the minimum &; := x;/|z:|. Up to taking a subsequence,
we can also assume that & admits a limit &, € at as t; — too.

We will consider an integral equality involving 1, and consider the limit as
t; — tso. The integral equality follows from Proposition 5.1 applied to w;:

ovy _
—e Ytdx = 0.
/‘1+ 856 T

Recall that w; = tus + (1 — t)uges by definition, so
v =tup + (1 — Ouger +J = t(ue + 7) + (L — ) (tyet + 7)-

The vanishing integral thus gives

8ut _ / auref+j — 6.7 —
t| e Vde+(1—t) | —m——e¢ dx+ | Z=e Vdx=0,
/a+ 9%, -9, o . 76

which can also be written

8ut + j _ / auref + .7 —
t —F—— € thl' =(t—1 —— € th:C.
| %% = o

We will compute the limit of each of these terms as t; — to., and obtain the
following result.

Proposition 6.1. We have
too <barDH(2P+) - 4pa 600> = (too - 1)(U(€oo) - <4pa 600))
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6.2 Proof of Proposition 6.1

Oup _
—e V.
/(ﬁ og, -

eVt = H (a,Vut)QMA]R(ut),

acdt

Let us first consider

Since

Proposition 5.2 implies

/ %ef’jfdac = <§t,barDH(2P+)> V.
at aft

In particular, the limit as t; — to is
<§oo; barDH(2P+)> V.

For the other terms we need more work to compute the limits. For sim-
plicity, we will often omit the indices 7 in ¢;. We will prove the two following
propositions.

Proposition 6.2. We have

lim 8_]

ti—too Jor O&

e = —(4p, &) V.

Proposition 6.3. We have

. auref —vy
i / g, ¢ UV

Let us first find a domain D(e) of the form B(z¢,d)N(bp+at) where e tdz
puts all the mass up to 2¢ > 0. When we write B(z¢,9), we in general mean
B(l‘t, (S) N U.+.

Lemma 6.4. For any € > 0, there exists a constant 6 = (¢) independent of t

such that
/ e Vtdr < e
at\B(z¢,6)

671{5+CO,T6T71 <,

and

where o, is the area of a sphere of radius 1 in R".

Proof. Recall from Proposition 4.4 that v;(x) > k|x — 24| — C, for some k > 0,C
independent of ¢. Observe that the function e #1*=%t+C is well defined on a,
positive and integrable. So there exists a § > 0 such that

/ e e mltCar < .
a\B(z¢,d)
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But then we also have

/ e Vtdx < / e Rlr—ml+C ¢
at\B(z¢,5) at\B(z:,0)

Of course, since e "¥*C decreases exponentially with respect to y, we can
increase ¢ so as to have the second condition:

e 0tCq 57 < e, O

Lemma 6.5. For any e > 0, let 6 = 0(e) be given by Lemma 6.4. There
exists a constant b = b(e) > 0 such that if we denote by D = D(¢) the domain
B(zt,6) N (bp + a™), we have

/ e Vidx < e,
B(x¢,6)\D

/ e Vido < e,
oD

where do is the area measure of 0D, which is piecewise smooth.

and

Proof. Here we want to use Proposition 3.10. Now that we know that my is
uniformly bounded, we can choose M and the corresponding b so that:

Ve cat\ (bp+at), e @ < max ( c < )

0,01 87w,

where w, is the volume of the ball of radius 1 in R".

Let us prove that et < ¢/(0,.6" 1) on dD. A point x € 9D is either on the
sphere of radius § centered at x:, or on d(bp + a™). In the first case, we have,
by Proposition 4.4,

e—ut(m) < e—ﬁ|z—zt\+c
< efmiJrC
€
O'T($T71

<

by the second consequence of Lemma 6.4. In the second case, = € d(bp + a™),
so by the choice of b above, using the first term in the maximum, we have

€
O'T(ST71 :

—v(x)

e

Obviously the volume of 8D is < ¢,.6" 1, so

€
/ eil’td0</ ———do
oD op 070"

< €.
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For the other conclusion, we use the fact that e =*(*) < ¢/(6"w,) on B(x,6)\
D Cat\ (bp+at), which implies that

/ eiytd$</ € dr<e
B(x:,6)\D B(z,6)\D 0" Wr

using the fact that the volume of B(x,d) \ D is < §"w;.. O

Lemma 6.6. Let e > 0 and D = D(e) be the domain given by Lemma 6.5. We

have
/ % _,,
—e
at\D aft
Proof. Let us write:

8] _ / a(l/t — ’LUt) _
——e dx = —— e Mdr
/1+\D &4 at\D &

81/,5 _ 814 _ / 8wt _
= —e Vtdr — —e Yidr — —e Vtdx
/a+ & p 0& at\D O&

The first of these three integrals is zero by Proposition 5.1.
For the third term, we have

Jow

< (2d + 1)e.

8wt

9%

e Vidr < d/ e Vidx
at\D

< 2de

by Lemma 6.5.
It remains to deal with the second integral. We apply the divergence theorem
on D to the function e™"*:

oy _ Oe™ "t / _
Wiy = — [ L gp = Vi (& m) d
/Dasf r== ), o s e e de

where n is the exterior normal to D and do the area measure.
We conclude using Lemma 6.5 that

g/ e Mtdo < e.
aD

Putting everything together, we see that

97
—e "dx
/a+\D &

61/t
—e Vtdx
p &

< (2d+ 1)e O
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Proof of Proposition 6.2. Let € > 0. Set 0 = €¢/(3(2d + 1+ 8|p|)) and let D :=

D(0). Write
9 - / 9 _, i ‘
C (4p,Ec) V| < e =LV 4 (4p, £al) V
[tV [ e+ (4, Eoc)
95 _,
< (2d+1)0+ e+ (4p, &) V
D agt
by Lemma 6.6.

Then we have

/8& 7t (4p,€oo) ’

The second term tends to zero so there exists an ig such that for all ¢ > i,
€

‘We now deal with the second term:

9 v

98¢ + (4p, &) V‘ < / (3§t (4p, & ) +
/ (5&: ) ) "
< / ( S+ lap. & > + |4p]

and by construction of D we deduce:

(ggt (4p, ft)) o

We consider now the quantity
9j
%

[ e v + . - @Y1
t

/ <4pa€t> e_l/t
at\D

(4. &) / o

/ eil/t
at\D

IN

+ [4p| - 26

() + (4p, &)

for x € D. It is negative by Lemma 3.5 since & € a™.

Recall that D() C b(0)p + a* for some b(f) > 0, and more precisely that
D(6) = B(z,6(0)) N (b(A)p + at). Choose by > 0 such that B(bop,d(d)) C
b(@)p +at.

We can write

xr
G=7
|4
_ Zi=bop | bop
|24 |24
Ty — b b
:|t 0/)|§1+|0P|§2
|4 |4
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where & = (¢ — bop)/|w¢ — bop| and & = bop/|bop|.
It gives
O |we—bop| O | |bop| O
& lze|  0& x| 06
Let x = x4 +y € D, we consider the restriction of j to the line starting from
bop + y and of direction &1, which contains x. By convexity, we have

95
081
Recall from Lemma 3.4 that

jlx) > -2 Z (,2y +C =—(4p,z) + C

acdt

J@) =5y +bop)

T) >
(=) 2 |zt — bopl

on a™T, for some constant C.
Applying this gives

dj

&

—(4p,x) + C — j(y + bop)
|zt — bopl

(z) =

Now going back to g—i(x), we have

aj |z: — bop| Oj lbop| 0j
T P A A P I A
o 120 = bopl = {dp,x) + C = jly + bop) | |bop| 9j
I |zt — bopl |z O&2

—(“p, e +y) +C —j(y+bop) | |bopl ﬂ(z)
|2+ |z¢| 02

()

SO

0> —
— &

Now y € B(bop, d(0)) is bounded, j is bounded on b(#)p+a™ by Lemma 3.4,
and the derivatives of j are bounded on b(6)p + a™ by Lemma 3.6, so there is a
(negative) constant C’ such that

8j < Tt > c’
0> )4 (ap, 2N > 2
Z 25 @O\ 1) 2

Applying this to the sequence t;, we find that there exists a i1 such that for
1 > 11, and unifomrly for z € D,

‘ 95

0j —{4p,y) + C — j(y + bop) + |bop| 2L (x)
L (@) + (4p, 25 ) > o
|5Et| |$t|

() + (4p, &)| <

o
Sk

3
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Then for ¢ > 4,

0 > _ / 0j _
— + {4p, e | < — + {4p, e vt
| (G + e |52+ )
< £ | o
— 3V Jp
€
< =
-3
Gathering everything gives, for ¢ > max(ig, 91),

)
at a&t
Proof of Proposition 6.3. Let € > 0. Set 6 := ¢/6d and let § = §(0). First, by

Lemma 6.4, we have
/ auref —u
—e
at\B(zs,5) &t

ouy,

On B(z¢,6) , we always have agff < v(&). Now consider the ray starting

from x — x; and going to x. By convexity, we have

€

3:6. O

e + (4p, &) V‘ < (2d+1)0 + 8|p|6 + § +

< db.

Uref (T) — Uref (T — T4)
|$t|

aUlref

9

() >
> v(z)+C

|4

for some constant C' independent of x in B(z:,d), by Proposition 2.10 and
because uyer is bounded on B(0,d). Then we can write

OUref T — Ty C
> + + —
23 () 2 (& |2+ ) |2
C’
> + —
= ’U(ft) |-Tt|

The last step holds because v is Lipschitz.
For i > ig for some ig, we thus have, for x € B(xy,J),

‘ auref

7€, (z) —v(&)

€
<V
3

Integrating on the ball gives

a'U/ref —v / —v,
e "t — v(&)e "t
/B(zt,zi) & B(z+,6) (&)
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Applying Lemma 6.4 again gives

jgwha”@”el“ml+v@new

[ vtee =iy

a

< db,

with

Finally, since & converges to £, there exists i; such that for ¢ > iy,
€
[0(€)V — (V] < 5.

We have proved that for i > ig, i1, we have

OUres _ €
Vi I 2— +2df = O
/a+ 56,56 v(€ )V‘< 3+ €

This concludes the proof of Proposition 6.1, by considering the limit at ¢,
and dividing by V.

6.3 Sufficient condition

We can now prove that our condition is sufficient for the existence of a Kéahler-
Einstein metric and thus conclude the proof of Theorem A.

Theorem 6.7. If barpy (2P") € 4p + =, then X admits a Kdihler-Einstein
metric.

Proof. Assume that X admits no Kéhler-Einstein metric. Then Proposition 6.1
gives

too <baI“DH(2P+) —4p, foo> = (too - 1)(”(500) - <4p, §OO>)

In particular, since v is the support function of 2P and 2p € Int(P), and 0 <
too < 1, we have
<barDH(2P+) — 4p,£oo> <0.

Assume that barpy (2P1) € 4p + Z. Then by the definition of =, the only
possibility is that £ € a; and (barpy (2PT) — 4p, &) = 0.
To prove that this is impossible, consider the vanishing

th

at aSoo

The difference with what we have done before is that we fix £, instead of
considering &;.

Since & € a¢, we have ;’—i = 0 and so we deduce from the vanishing of the
integral the following equality, valid for ¢t < to.

Gut _ aUlref _
T iy = (¢ — 1 ved
g = [ e

e tdr = 0.
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aq

Figure 5: Barycenter for X;

The left hand side term is zero because we assumed
0= (barpy (2P") —4p,&s) = (barpu (2P"),éx) -

We thus have, for all ¢t < t,

auref _
Veda = 0.
/a+ agooe =0

This is a contradiction: let m := min{v(§) ; £ € a,|¢] =1} > 0. For any § > 0
fixed, there exists an € > 0 such that if t,c — € < t < to, %?”f > m/2 on
B(xy,0). This is because |x;| goes to co and wuyer is asymptotic to v. Choose

now § = §(m/4) given by Lemma 6.4, then for ¢ close to to, we obtain

aUlref _
——-e Ydr >m/4 > 0. O
/a+ agoo - /
Combined with the obstruction proved earlier, it ends the proof of Theo-
rem A.

Example 6.8. Consider the example X7, which we recall is the wonderful
compactification of PGL3(C). The corresponding root system is As. We denote
by a; and as the simple roots. The third positive root is then a; 4+ as, and
2p = 2(a1 + ). For p = zay + yao,

I (ep)® = (@ —y/2)(~a/2+y)*(x/2+y/2)

acdt

We computed the coordinates z and y of the barycenter barpy(PT) and

obtained
24641

9888

As a consequence, X7 admits a Kéhler-Einstein metric. Figure 5 gives a repre-
sentation of P*, where the cross is the barycenter, and the convex cone delimited
by the dashed lines is 2p 4 =.

baI“DH(PJr) = (041 +042).
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6.4 Lower bound on R(X)

Assume first that ¢, < 1, then we can write

2 (barpn (2P*) — dp, o) = vl€ee) — (49, Exc)

too —

or

<4p + 1 ioz (—barpw(2PF) + 4p)a€®©> = v(€c0)-

For ¢t = 0, we have 4p € Int(2P). The function ¢ — t/(1 —t) is strictly
increasing and its image is [0, 00[. Besides, since v is the support function of
2P, the value v(£) is attained by (m, £) if and only if m is in the supporting
hyperplane of 2P defined by £,,. We deduce that necessarily ¢, is the unique
value of ¢ for which

t
if it exists. If it doesn’t exist, then t,, = 1.
Combining this with the upper bound on R(X), we have proved Theorem C.

Example 6.9. This allows to compute exactly the greatest Ricci lower bound

for Xs, which is

1046175339
R(X,) = ——— 2927
(X2) 1236719713
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