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Abstract

In this paper, we present a theoretical analysis of the synchrosqueezing trans-
form adapted to multicomponent signals made of strongly frequency modu-
lated modes, which was recently proposed in the short time Fourier transform
framework [13]. Before dealing in detail with the theoretical aspect, we ex-
plain throughout numerical simulations why the hypotheses made on the
modes making up the multicomponent signal must be different when one
considers wavelet or STFT based synchrosqueezing. After having recalled
the main results regarding the original synchrosqueezing transform applied
to multicomponent signals made of modes with weak frequency modulation,
we prove the same kind of results for the novel synchrosqueezing transform
adapted to strongly frequency modulated modes defined in [13].
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1. Introduction

Most signals from the physical world are modeled as a sum of amplitude-
and frequency-modulated (AM-FM) waves, called multicomponent signals.
Multicomponent signals are encountered in a number of fields of practical
interest such as meteorology, structural stability analysis, and medical studies
- see, e.g. [4, 5,9, 10]. Time-frequency (TF) analysis techniques have been
extensively used to analyze and process these signals [11], the method to be
used depending on the nature of the modes making up the signal.

Standard TF methods such as the short-time Fourier transform (STFT)
and continuous wavelet transform (CWT) are the most commonly used linear
methods to analyze such signals. In that context, the reassignment method
(RM) was developed to improve the readability of these TF linear represen-
tations. Unfortunately, since RM applies to the amplitude on the studied TF
transform, the method results in a loss of information from the underlying
transform [1]. This also means that the improved representation given by
RM cannot be used to recover the original signal. Recently, Daubechies et
al. [6] showed interesting results on the so-called synchrosqueezing trans-
form (SST) to represent multicomponent signals, which was introduced in
the mid-1990s for audio signal analysis [7]. SST combines the localization
and sparsity properties of RM with the invertibility of a traditional TF rep-
resentation. Originally proposed as a post-processing method applied to the
CWT, SST can alternatively be applied to STFT with minor changes [12].
However, what essentially limits the applicability of SST is the hypothesis of
weak frequency modulation for the modes.

To better take into account the frequency modulation, SST applied to
STFT (FSST) has recently been extended to the case modes with strong
frequency modulation [13, 2]. However, in that paper, a theoretical analysis
of the proposed new synchrosqueezing transform was not provided. In the
present paper, we introduce a slightly different transform to the one proposed
in [13] that allows for mathematical analysis and, we extend the results of
[6] to modes with strong frequency modulation.

The outline of the paper is as follows: in Section 2, we recall some notation
and definitions. Then, in Section 3, we introduce FSST and wavelet based
SST (WSST) along with the corresponding approximation results. Section
4 is devoted to the study of the behaviors of FSST and WSST on different
types of modes. This study justifies why the use of FSST is better for some



type of multicomponent signals than WSST and also motivates a posteriori
the different hypotheses made on the modes in the theoretical results of Sec-
tion 3. Then, after having introduced some necessary ingredients, we derive
in Section 5 the approximation theorem for the synchrosqueezing transform
adapted to modes having strong frequency modulation. A numerical com-
parison with the estimate provided in [13] concludes the paper in Section

6.

2. Definitions

2.1. Short-time Fourier transform

We denote by L'(R) and L?(R) the space of integrable, and square in-
tegrable functions. Consider a signal f € L'(R), and take a window ¢ in
the Schwartz class, S(R), the space of smooth functions with fast decaying
derivatives of any order; its Fourier transform is defined by:

) = / f(r)e2mdr, (1)

The need for time-localized frequency descriptors leads to short-time Fourier
transform (STFT) which is obtained through the use of a sliding window
g € L*(R) defined by:

Vfg(n,t) :/f(T)g(T_t>e—2i7r77(T—t)d7-: A(n,t)e%”‘b(n’t), (2>
R

The representation of \Vfg (n,t)]? in the TF plane is called the spectrogram of
f. The STFT admits the following synthesis formula (provided the window
g does not vanish and is continuous at 0):

1 g
) = 5 /R Ve t)dn. 3)

Further, if the signal is analytic (i.e. n < 0 = f(n) = 0) then the integral
domain for 7 is restricted to R,.



2.2. Continuous wavelet transform

Let us consider an admissible wavelet ¢ € L*(R), satisfying 0 < Cy, =
I 5(€) |2d5 < oo and then define for any time ¢ and scale a > 0, the
continuous wavelet transform (CWT) of f by:

/f w(C=Lyar, (4)

where z* denotes the complex conjugate of z. Assuming that ¢ is analytic,
i.e. Supp(¢) C [0,00[, the CWT admits the following synthesis formula
(Morlet formula):

1 [~ da
S W =
=g [ wienT )
where C’;p = /000 @*(f)—

2.3. Multicomponent signal

In the present paper, we analyze so-called multicomponent signals of the
form,

fu(t), with fu(t) = Ag(t)emo®) (6)

M)~

ft) =
k=1

for some finite K, where Aj(t) and ¢k (t) are time-varying amplitude and
phase functions respectively such that Ay(t) > 0, ¢,(t) > 0 and ¢, (¢) >
¢, (t) for all ¢. In the following, ¢} () is often called instantaneous frequency
(IF) of mode k and Ag(t) its instantaneous amplitude. One of the goal of TF
analysis is to recover the instantaneous frequencies (IFs) {¢,(t)}1<r<x and
amplitude {Ag(¢) }1<k<k, from a given TF representation of f.

3. Synchrosqueezing transform

The synchrosqueezing transform (SST) is an approach originally intro-
duced in the context of audio signal analysis in [7] and was recently developed
in [6]. It belongs to the family of TF reassignment methods and corresponds
to a nonlinear operator that sharpens the TF representation of a signal while
enabling mode reconstruction. Moreover, SST combines the localization and



sparsity properties of TF reassignment with the invertibility property of tra-
ditional TF transforms, and is robust to a variety of signal perturbations
[14]. The key ingredient to SST is an IF estimates computed from the TF
representation which we introduce now.

3.1. Computation of IF Estimate in the TF plane

In the STFT framework, the IF of signal f at time ¢ and frequency 7 can
be estimated by [1]:

~ 1
Di(n,t) = 5-OwargVi(n,1),
= @'(n,t) defined in (2),
1 oV7i(n,t
_ L (2 )
2m Vf (777 t)
where Z is the imaginary part of a complex number. The quantity
~ 8tvg (na t)
D, t) = 5 — (8)

B 2irVi(n,t)’

is useful to more theoretical investigations but should not be used to estimate
real quantities such as IF. Similar quantities can be derived in the CW'T case
as follows:

St = Lz (W) _ oo~
. - 1 5’tHf(a,t)
with Cdf(a,t) = %W

Remark 1. In [6], the estimate Wy (a,t) is used instead of Ws(a,t). However
most theorems are valid only for a real estimate as will be shown later.

3.2. Fourier based synchrosqueezing transform

Definition 1. Let ¢ > 0 and A € (0,1). The set Ba. of multicomponent
signals with modulation € and separation A is the set of all multicomponent



signals defined in (6) satisfying:
Ay € CHR) N L=(R), ¢, € C*(R),
sup ¢}, (t) < 00, ¢, (t) > 0, Ap(t) > 0, Vt (10)
teR
AL < e |op(t) <e VEER.

Further, the fy.s are separated with resolution A, i.e., for allk € {1,..., K—1}
and all t,

Dy (t) — G (1) = 24, (11)

Definition 2. Let h be a L' normalized positive function belonging to C°(R),
the space of compactly supported smooth function, ~v,6 > 0. The STFT-based
synchrosqueezing (FSST) of f with threshold v and accuracy § is defined by:

1 1 (w—0s(n,t)
TM(w,t) = —/ VZ(n,t)=h (4> dn. (12)
! 90) Jvrmnsy 770 0

If we make 6 and v tend to zero, then
1 ~
Ty(rt) = o0 | VE,)5( = 0y 0)dn, (13)
9(0) Jr
which we call FSST in the sequel.
Theorem 1. Consider f € Ba. and put € = /3. Let g € S(R), the
Schwartz class, be such that supp(g) C [=A, A], and h a L' normalized pos-

itie function belonging to C°(R). Then, if € is small enough, the following
holds:

(a) [V7(n,t)| > € only when there exists k € {1,..., K'} such that (n,t) €
Zy :=A{(n,1), s.t. |n— @ (t)] <A}

(b) For all'k € {1,...,K} and all (n,t) € Zy such that |V{(n,t)| > € we
have

@y (n,t) — Di(t)] < & (14)

(c) Forallk € {1,..., K}, there exists a constant C' such that for allt € R,

lim / T (w, t)dw | — filt)| < CE. (15)
020\ Siw—gy (1) <&




Proof. This theorem gives a strong approximation result for the class Ba .
Since it ensures that the non-zero coefficients of the FSST are localized
around the curves (¢, ¢}(t)), and that the construction of the modes is eas-
ily obtained from the concentrated representation, for the detailed proof we
refer to [12], but we recall the main ingredients which will help us in our
investigations.

(a) For any (n,t) € Zj, one can write:

VE(.6) = > filD)aln — ¢i(8))] < e (2), (16)

where I'y (t) = K[1+7r122Al() and I, —/|x! lg(z)|dx.
For any ¢ sufﬁ(nently small and since ¢ is compactly supported in

[—A, A, for (n,t) ¢ U Zy, one can write:

k=1

Vi, t)| < el (t) <é (17)

(b) Since g is compactly supported and because of (16), one has when
(na t) € Zk
Vi, t) = fi)g(n — ¢.(2))] < el'1(t). (18)

Further, for any (n,t) € Zj, differentiating Vfg (n,t) with respect to t,
one gets,

OVE(n,t) = 2imnVE(n,t) — V{ (n,1). (19)

Since

lw(n, f) — o) < 227rVg(77,t)

O (fe(t)g(n — ¢1(1) — Vi (0, 1)) ‘ '

AVE(n,1) — 2im g} (1) e (D)dn — G4 (¢ >>‘

Vfg (777 t)




Using (18) and (19), the first part of the above inequality reads:

!&Vfg(mt) — 2im fi ()9 (1) g(n — ¢ ()],
= |2V (n.6) =V} (n.0) = 20m B (064030 — 64(0)].

< [V¥(n.t) Z g'(n — 6 ))‘

+2m Zfl (n = a1()g(n — ¢i(t)) —nVi(n.t) + i) (t)g(n — 4(1))]
< et )+27T|77|F1( ),
< e(Ta(t) + 27 (A + ¢ (1)1 (1)), (20)

K
where ['y(t) = KI] +nl5 > A)(t) and I/, = fR [t]"[g" (¢)]dt.
=1

Hence, if € is sufficiently s;nall, one obtains

O(n, f) — o)) < & (F;—ff)+(2¢k<)+A)n( )) .

(c) Since
lim T3 (w, t)dw — fi(t)
0 Sw—gy (1)<
- ‘lsii% lw—gy(t)| <€ ﬁ /IVg(n t)|>e Vfg(n?t)%h (%f(n?t)) dnd = Jilt))
G VE)]>¢ ﬁvfg(n’w /|w ol (¢ §h (#) dodn = Jilt)).

1 / . w — @f(?], t)
= |—= Vi(n,t) lim —h (— dwdn — fr(t)|,
9(0) VY (nt)|>¢ d 020 Jiw—gy (1) <& 0 o

1

9(0) /{W;’(n,t)>e}m{|@f<n,t>—¢;(t>|<e}
1

9(0) /{|Vf<n,t)>e}m{|n¢;<t>|<A}

Vfg<7la t)dn — fx(t)],

Vi(n, t)dn — fr(t)],

8



1 1
N @ /{|n—¢;(t)<A} qu(n’ fdn = filf) - m /{n—¢;(t)|<A}ﬂ{V;’(n,t)S€}
G Ly, VEO 0= 10|+ FOk
< |-L / Fe®3(n — 64(t))dn — fult)
9(0) Jiin-gy.1<a)

+ o /{ o V70D 0050 = )]+ 92(—3

0+ g2<—§)d‘1(t) + gz(—ﬁ)g,
= |im /|w—¢;(t)<e Ty (o) = fult)| < ;(_ﬁ)g’

because when ¢ is small enough, I';(t) < €72

]

Remark 2. For the above proof to be valid, it is necessary to have a real IF
estimate, therefore W (n,t) cannot be used.

Remark 3. Note also that the real estimate w(n,t) is always better than
w(n,t) since we trivially have:

(1, 1) — ()] < lwy(n,t) — G (t)]- (21)

Definition 3. A window g,(t) = 0~ 'g(L£) is said to be with quadratic decay
1

if g(n) behaves like 7 for any |n| > A.
Remark 4. If § is not compactly supported but g, (¢) is defined as in Defi-
nition 3, we have the following proposition:

Proposition 1. Let us consider a window with quadratic decay defined in
Definition 3. Then if |n| > A, g,(n) < & if and only if 0€ > —~

Vhia’

The proof is straightforward and is left to the reader.

9

Vi(n,t)dn|,



Remark 5. To prove (a) of Theorem 1, assuming the STFT is computed
with ¢,, a window with quadratic decay, we consider € = ei, and then remark
that

VE7(n,t) = > filt)Go(n — ¢1(1)] < eT1 (1),
=1

K
is valid for any (n,t), with 'y ,(t) = Kol + mo*ly Y Ai(t), I and I, corre-
=1

K
sponding to the moments of g, computed with o = 1. When (n,t) ¢ | Zx,
k=1

and if ¢ satisfies the conditions in Proposition 1, we then have:

Vi)l < 1Y filt)go(n — ¢i(8)] + eL1q (D),

< 20 A +ET1,(1).
=1

Now, due to the expression of 'y ,(t), €I'1 ,(t) is bounded if éo < C, for some
constant C'. So, we get the following constraint on o : \/‘1—‘A < oé < C, Now,
v

if € is chosen sufficiently small we get point (a).

To prove (b) of Theorem 1, when § was supposed to be compactly supported,
one used inequalities (18) and (20). Now, in the case a window g, with
quadratic decay, we only have:

Vi (n, ) Zfz S =) < liglt),
fatvfgc(?%f)—QiWZfl(t)¢§(t)§r(ﬁ—¢§(t))| < (Do (t) +27[n|Tu0 (1),

K
where I'y ,(t) = KI{ + woly > Ai(t), again I] and I being computed with
i=1

10



o = 1. From Proposition 1, we fortunately get

V7 (n,t) = fu(t)go(n — ¢1,(1))] < € (Z Ay(t) + €2fl,a(t)) :

14k
OV (n,1) — 20 (OOL0E (0 — S4(1)
<& (27T Z 91 (1) Ar(t) + €Ta 0 (t) + 2”‘77|g2F1,a(t)) :
Ik

Hence, if € is small enough, the terms to the right can be made lower than €.
So (b) is still valid in that case.

Regarding point (c¢) of Theorem 1, the only difference when one considers g,
with quadratic decay lies in the fact we no longer have:

1 R / B L ) )
m4¢;(t)<A 9(n — i (t))dn = 4(0) LKAg(n)dn 1.

To obtain (c), we need to have the window g, satisfying:

1 R o o _ L ) :
90(0) /anAga(ﬁ)dn— 9(0) /InZAg( n)dn 9(0) /l;ﬂZUAg(??)dnS )

Due to the decay of g(n), which behaves like # when n > A, we get by
integration that:

‘ ! / 9( )dn’ 2 < 2:
—_— gT] ~ ~ €.
900) Jiyzon IvleA = /Y]

So property (c) is also valid.

Remark 6. It is interesting to remark here that fi(t)g,(n—a(t)) = Vfg{’ (n,t)
k
with f1(7) = Ape?m@rOFT=D%O)  Then, the right hand side of equation
(18) and (20) can be rewritten as Vi (n,t) — V];q{’(n,t)| and |0,V{7(n,t) —
k
atV];‘]f’ (n,t)| so that the whole theorem is based on the STFT of a constant
k

amplitude and first order phase approximation of the k&th mode.

11



3.3. Wawvelet based synchrosqueezing transform

We now introduce the synchrosqueezing transform in the wavelet frame-
work.

Definition 4. Let € > 0 and d > 0. The set Ay of multicomponent signals
with modulation € and separation d corresponds to signals defined in (6) with

f satisfying:
A, € CHR)NL™(R), ¢ € C*(R),
inf (1) > 0, sup G4(1) < 00, Au(t) > 0. (22
teR teR

A (0)] < el (D], [9x ()] < el (t)] VEeR.

Further, the fys are separated with resolution d, i.e., for allk € {1,..., K —1}
and all t

@1 () — D4()] = 2d() 1 (1) + 1 (1)) (23)
Definition 5. Let h be a positive L' normalized window belonging to C°(R),

and consider v, > 0, the wavelet-based synchrosqueezing (WSST) of f with
threshold ~v and accuracy § is defined by:

1, (w—wi(a,t)) da
S8 (. t ::/ Wi(a,t)=h (—f> da. 24
Plon= [ wng (STHED) R e

Theorem 2. Let f € Ay, and set € = €s. Let h be a positive L' normalized
window belonging to C2°(R), a wavelet 1p € S(R) such that @ is supported in
[1— A1+ A, with A < d/(1+d) and set Ry = 27 [ ()¢ dC. Then,
provided € is sufficiently small, the following hold:

(a) [Wy(a,t)| > € only when, there exists k € {1, ...., K'}, such that for each
pair (a,t) € Zy, := {(a,t), s.t. lag,(t) — 1] < A}.

(b) For each k € {1,...,K} and then for all (a,t) € Zy for which holds
|We(a,t)| > € we have

@y(a,t) — G (t)] < & (25)

(¢) Moreover, for each k € {1, ..., K}, there exists a constant C' such that
foranyt e R

lim R_l/ S0 (w, t)dw | — Ag(t)e®
5*()( Y ogpmi<e

12

<Ceé  (26)




Proof. This theorem is proved in [6] and gives a strong approximation result
for the class Ay, since it ensures that the non-zero coefficients of the WSST

are localized around the curves (t, ﬁ(t)) in the time-scale space, and that
k

the reconstruction of the modes is easily obtained from the concentrated

representation. O

Remark 7. It is worth noting here that similarly to what was said for the
FSST in equation (21), the real estimate wy(a,t) is always better than the
complex one, i.e. we(a,t).

4. Comparison between WSST and FSST

In the above section, we defined WSST and FSST, each of them behaving
differently depending on the type of multicomponent signals they are applied
to. We now investigate which kind of signals are better dealt with FSST or
WSST. Pure waves obviously satisfy the assumptions of Theorems 1 and 2
for any €. However, in these theorems, we made a series of hypotheses which
suggest that the two transforms behave differently when the modes depart
from pure waves.

4.1. FSST and WSST on a linear chirp

To illustrate the differences between the two transforms, we consider the
SST of a linear chirp, i.e., a wave with linear instantaneous frequency. In
practice, the STFT computed with a L' normalized Gaussian window with

2

L .
variance o2, i.e. ¢,(t) = o7 'e "% is often used even though the Fourier

transform of the window is not compactly supported. To choose such a win-
dow is interesting for our purpose, because one obtains closed form expression
for the STF'T of a linear chirp. Furthermore, when one studies a single mode,
the constraint on the decay of ¢ is not as important as in the multicomponent
case. To analyze a linear chirp with WSST, we will make use of the so-called

Morlet wavelet defined as follows: v, (t) = ole i gRint,

To deal with the FSST case, we need the following two propositions:
Proposition 2. Let Vfg" be the STFT of f computed using the L' normalized
Gaussian window g with variance o*. Then @;(n,t) can be expressed as:

1 (917|ijq"(7],t)|
2mo? |Vfg“ (n, )]

Qr(n,t) =n+ (27)

13



Proof. We may write @(n,t), when g, is a L' normalized Gaussian window,

as
~ 1 (9tVfg"(7],t)
Orn,t) = —I|——].
1) 27 ( ViT(n,t)

1, 2imn V7 (n,t) = V7 (n,t)

27 ViT(n,t) ’

1 (V7 (1)
- "+—I(W>'

Now we can write for any window g € S(R),

(%ngv (777 t)‘ _ 8,7(\//,90 (777t)e—2i7r<1>(n7t))
Vi (n,1)] VI () 2 0n0)

VIT(n.t)

= 2in0,®(n,t) +

. ig(r Vtga R
— 2@7‘(877(1)(777 ) — 2271' ng (( )) 2nL <_‘/%U((,Zt))> .

Hence

10|V (n, 1)l
2mo® Vi (n,t)]

Wr(n,t) =n+

]

Let us now introduce the linear chirp h.(7) = Ae*™(7). To start with,
we remark that h.(7) can be written in the following form:

he(7) = he(t)e?me Dr=0+30" O—1?] (28)
First, we seek a simple expression of the modulus of the STFT of h,, for

which we need the following lemma:

Lemma 1. Consider the function u(t) = e ™ where z = re with cosf >

0, so that u is integrable. Then its Fourier transform reads

—1 0 {2

a(€) =r2e 2 e (29)

Proof. This result is straightforward as one can proceed as in the case z
real. 0

14



From this, we get the second proposition:

Proposition 3. The magnitude of the STFT of h., computed using the
L' normalized Gaussian window g, with variance o, admits the following
closed-form expression:

o= ()2

Vi ()] = AL+ 0%¢" (1)) e totewr (30)

This shows that the magnitude of the STFT of a linear chirp computed with
a Gaussian window is also a Gaussian function centered at n = ¢ (t).

Proof. First, we remark that

—

VI (n,t) = he(t)o e FET O (- g/ (1) = ho(t)o e (- (1),

where 2 = 4 —i¢"(t) = re’”. Lemma 1 then gives

_ﬂ (nﬂﬁ;(t))z ! _ﬂ(ﬂfdi(t))Qefie

Ve (,t) = he(t)o~ 2 2e = ho(t)o T e2e ™ T (31)
with r = (L+¢" (t)2)2 and 6 = atan(—¢" (t)02). Using the identity cos(atan(z)) =

\/ﬁ, one then gets the result. ]

Using this proposition, we can assess the quality of the IF estimate given
by @, (n,t) which conditions the quality of FSST. Indeed, we have the fol-
lowing result:

Theorem 3. Let h, be a linear chirp and assume ¢, is the L' normalized
Gaussian window with variance o®. If |n — ¢ (t)| < € then

B (n,8) = ¢ ()] < €|l - m : (32)

Proof. Since

o= ()2

Vir(nt)] = A(L+0%"(1)2)"5e o

15



equation (27) becomes

&)\hc(n7t) = 7N +

1 (—27T02(77 - cb'(t))) |

2102\ 1+ 0%¢ (1)
SO0 -5 = m-d0)- 2l
= Rulnt) =01 = =01 [1- 1z
If |n — ¢ (t)| < € then
@)~ 6 (1) < e 1_1+0+¢”(t)2'

]

Remark 8. Here we see that the quality of the estimate Wy, (7, t) close to the
curve (t,¢'(t)) only depends on the magnitude of ¢ (¢): if the latter goes to
zero, the estimate tends to ¢'(t). This justifies a posteriori, why in Theorem
1 we assume the modes satisfy ¢ (f) < e: what matters is how small the
modulation is, ¢ (¢) playing no role.

Similarly to what we have been doing for FSST, we study the WSST
applied to the linear chirp which is tied to the quality of the estimate &y, (a, t),
for which we have the following result:

Theorem 4. Let h. be a linear chirp and assume the wavelet is the Morlet
wavelet. If |1 — ¢'(t)| < € then

|@n.(a,t) — ¢/(t)| <e|l-— W : (33)

16



Proof. In such a case, we have:

Wilat) = [ acmogteam (T e (Ear
R

. / ﬁ 12 2 o . T — t
_ hc(t)a/ €2z7r [ad) ButGeé (Hu ]J—leﬁuze—%wudu’ where u = :
R a

"

= he(t)a / B D (t)]“sz,
R

= he(tyao~e O 1 a1,

1

1 Lo\ 2 [fm%—aaa/'/(t»ﬂ
= he(t)ac™" | = —ia’¢ (t) el 1-iw?a?et () |
o

With that expression, one can compute the estimate, bearing in mind that
¢"(t) is constant:

~ . 1 _atWhC(CL, t)

Wp.(a,t) = %I _—th<a>t) } ,
_ 1. 0 (t) | 2m0%ad” (H)(1 — ag' (1))
T oom | Bel?) 1 —io2a2¢” (t) ’

I P Y o2ad’ (t)(1 — ag (1)) o 9 v

= %I 20 (t)} + < 1T olad g (1) (0%a”¢ (t))> :
0.4a3¢//(t)2(1 B a¢,(t)) 0'4&4¢”(t)2 (% . (b/(t))
1+ o0l (0 T g OE |

’

= [@n.(a,t) =0 ()] =

If |2 — ¢'(¢)] < € then

’

" 2
Gulat) -6 @) < ¢ |-20¢®

14 ota*¢”(t)?
1 1
1+ o*a*d” (t)?|

Y

IN

€

]

The quality of the estimate is thus dependent on the scale a, a phe-
nomenon that did not occur with the estimate based on STFT (the quality

17



of the estimate was then independent from the frequency). To illustrate
this, we display on Figure 1 both transforms for a linear chirp with phase
o(t) = 10t + 100¢2. Tt is clear that the quality of the representation given by
the FSST remains constant with time. For the WSST however, the repre-
sentation is very concentrated around t = 1, but it is of poor quality for low
t. This is in accordance with the results of Theorems 3 and 4.

500 ‘ ; ; ; 1 512

. 7 /

300 1 Se4t ]
= o

200 g

100

8
0 L L L L I I I I
0 0.2 0.4 06 08 1 0 0.2 0.4 0.6 0.8 1
t t
A B

Figure 1: Comparison of the methods on a linear chirp. A: FSST and B WSST

4.2. WSST and FSST of an hyperbolic chirp

In this section, we show that WSST is well behaved when applied to an
hyperbolic chirp. Numerical simulations, at the end of the section, will show
that it is, on the contrary, not the case with FSST.

Theorem 5. Let f be an hyperbolic chirp defined by f(t) = (—it)*™ =
e agimalog(t) — erlagimalog(t) yyith o < 1, and consider the estimate W(a,t)
computed using the Cauchy wavelet with parameter 1. Then, zf|%—gz§/(t)| <e,
we have

[@5(at) = @' ()] < |i52| + O, (34)

where O(x) is the Landau notation (meaning the quantity is of the order of

Proof. First, let us recall the definition of the Cauchy wavelet

Gonp(t) = %m + 27B)(1 — it) =1+, (35)
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which is analytic, and admits the following Fourier transform g§or5(n) =
n*™Pe~"H(n) with H the Heaviside function. So, even if gor5 is not com-
pactly supported, it has a fast decay. Now, we can write for 8 > a [§],

. o % T—1
We(a,t) = i/R(—ZT)Q gﬂ( - )dr,

_ CGQﬂB(a o Z't)271'(ia75)7

where ¢ = L sinh(2ram)[(1 + 2ira)l'(273 — 2ira). Using that expression
for the wavelet transform, we may then write:

“p(a,t) = %I [%] =T [—i(ia — B)(a —it) "]
_ 7 {(a—l—zﬂ)(a—i—it)} _af+at
a® +t? a? + 12’
o« t 1 ap
-z+“<§:§—z)+$:?’
2 B a
= Jaran 5] = (S| Bren — 00l = |,

Let us consider 3 = 1 and, since ¢'(t) = ¢, we get when a < 1,

~ 2-¢/(1)
|wf(a7 t) - ¢/(t)| = JENESEN
Finally, if |2 — ¢'(¢)| < ¢, we obtain
1 1
Oela,t) —d'(t)] < € =c ,
Cre ) =dOl = T —g| T T em 2 v o)

Y

1 1
= €
ot i =
€ € eat
— O(e?
'1+a2+1+a2 (1+a2)’+ (),

€ eat €
— 1 O(e%) =
'1+a2< +1+a2)'+ (€) ‘1—1—042

+ O(€?).
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The above estimate does not depend on the scale a. On the contrary, no
such expression is available with estimate @W¢(n,t) for an hyperbolic chirp.
Nevertheless, we display on Figure 2, the FSST and WSST of an hyperbolic
chirp showing that to use WSST for that type of mode is more relevant.

500 F ‘ ‘ ‘ ‘ : 512
400 r
300 r S 64
S5 o
200 r g
100 | ]
/ 8 I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
A B

Figure 2: Comparison of the methods on an hyperbolic chirp. A:FSST and B:WSST

5. New FSST based on second order approximation of the phase

The original FSST assumes ¢ (¢) is negligible. When it is not the case,
Theorems 1 and 2 are no longer valid, because they apply to the wrong
type of modes. Recently, an extension of FSST based on a second order
approximation of the phase was proposed [13], but to our knowledge no
theoretical analysis of the proposed estimate is available. We propose to
bridge that gap in this section.

5.1. Computation of the new IF estimate

8tng(771t)

2V I(nd) and then introduce:

Remember that wy(n,t) =

; Oy Vi (n;t)

tr(n,t) = T %V t) (36)

Similarly to @(n, t) = R(@(n, 1)), we define t;(n,t) = R(t;(n,t)). First, we
recall an estimate of the frequency modulation introduced in [13].
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Ot (87] Vfg (n,t)

Definition 6. Let f € L*(R) and consider when V{ (n,t) # 0 and T 7
f b
2im the quantity
Btvﬁ(nvt)
i Ay (n, t) % ( Vi )
gr(n,t) = —= = T (37)
Ot t ; VY (n,t)
An estimate of the frequency modulation is then defined by
Gr(n,t) = R (qr(n,1)). (38)

The estimate (38) was used in [13] where it was proved that §s(n,t) =
¢ (t), when f is a Gaussian modulated linear chirp, i.e. a chirp where both
¢ and log(A) are quadratic. Further, a new estimate of ¢'(¢) was also derived
there, namely:

¢ (t) = 0s(n,0) + ds(n,t)(t — 1(n, 1)), (39)
which is exact for constant amplitude linear chirp. Here we propose a slightly

different IF estimate than the one introduced in [13], which allows for math-
ematical study.

Definition 7. Let f € L*(R), we define the second order IF complex estimate
of f as:

Pl - { 0T VL0020

and then its real part:

{ R (@50 0) +as(m, (¢ = £5(0,0))  if 0ty (,0) £0,

we(n,t) otherwise.

SP,t) =

Proposition 4. Let f € L*(R), then the IF estimate @;2)(77,15) can be ex-
pressed as

DAty = Gp(n,t) + R(@rmt) R (E—Ep(m ) = T (Gr(n, ) T (t —is(n,1)) .
) ) VI9(n, 1) i Vif(n,t)
— wf(n,t)—qu(mt)R(W) T L@t T VJ;“’(n,t) ’
= Gyt + - En ) + T T (20D ()
s t) +arln (= b ) + T @ T | 55
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where,
1 (V1)
wrmnt) = n—5-T| Sg—= |
! 2\ Vi(n,t)

7t . / ! )
G5 (1, 1) 2im (V9)? Ve _ vty
~ [/t (77 t)
f ’
t_tl‘ n)t ——,

meaning that the IF estimate can be computed by means of five different
STFTs.

Proof. Indeed, from Definition 7 of @}2)(77, t), we may write

OPmt) = R(@rn, 1)+ R (G0 Ot —Tp(n,1))),
= QOp(nt) + qr(n )t — (0, 1) — T (dr(n, ) Z(t — (0, 1)),

~ 17424 :
- (’z}f(naw+qu<77,t)(t—tf(77’t))_}_I(qf(n?t))z(%).

This expression is obtained using 9,V7(n,t) = —22'7TVftg (n,t), while the ex-
pressions for G¢(n,t) and @¢(n, t) use the other following equalities:
Vi (n,t) = 2imnVi(n,t) — Vi (n,1),
a?tvfg(n7 t) = Vfg (777 t) o 4”777Vfg (777 t) - 47T27]2Vfg(777 t): <43>
05 Vi (n,t) = 20w V7 (n,t) + 4x*n Vi (n, t),

where Vfg” and V;g/ are the STFT of f with windows ¢" and t — t¢/(t). O

At this stage, we shall remark that the estimate d)](?) (n,t) is different
from the one proposed in [13] due to the addition of the product of the two
imaginary 8?1%5. Also, as was remarked when dealing with FSST, the real
estimate w;” (1, ) should be used and not the complex one. In the following
section, we prove theoretical results regarding the former IF estimate.
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5.2. Definition of the new FSST

In this section, we define another class of chirp-like functions larger than
Ba . and show that they can be sucessfully dealt with by means of second
order FSST which is defined in this section. So first, we define the new set
of multicomponent signals we are studying:

Definition 8. Let € > 0 and A € (0,1). The set B(AZ?E of multicomponent
signals with second order modulation € and separation A corresponds to the
signals defined in (6) satisfying:

(a) function fy is such that Ay and ¢y satisfy the following conditions:

Ay(t) € L=(R) N C*(R), ¢x(t) € C¥(R),
Gr(t), or(1), o (1) € L=(R),
Ax(t) > 0, inf ¢ () > 0, sup ¢, (t) < oo,
te teR

"

[AL®)] <€ A0l <€ and |9, ()] <e,

(b) the functions fis satisfy the following separation condition

Gpor(t) — dp(t) >2A VEtER | VEe{l,.,K —1}.  (44)

Now, let us define the second order FSST as follows

Definition 9. Let h be a positive L' normalized window belonging to C°(R),
and consider v,6 > 0, the second order FSST of f with threshold v and
accuracy o 1s defined by:

@)
1/ 1, fw—w(n,t)

— VIr(n,t)<h | ———"= ) dn. (45
90) Jvge i P ( J o

In Section 3, we showed that for functions f € Ba. a good IF estimate
was given by w(n,t) and the approximation theorem followed. Here, to
assess the approximation property of the second order FSST we have just

introduced, we consider a function f € B(AZL for which we are going to prove

T3 (w,t) =

that a good IF estimate is provided by @;2) (n,t) computing from Vf"" (n,1t).
The approximation theorem is as follows:
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Theorem 6. Consider f € B(ﬁ)e, set &€ = €¥/% and define a L' normalized pos-
itive function h. Let g be a window satisfying for all t and all k =1,--- | K,

g(T)e““’z(’bg(“T2 behaves like = when 1] > A. Define g,(t) = 0~'g(}). Then,
provided € is sufficiently small and that \/|1—|A < 0é < C for some constant
¥

C, then the following hold:

(a) V7" (n,t)] > € only when there exist k € {1,...., K} such that (n,t) €
L.

(b) For all k € {1,..., K} and all (n,t) € Z, such that Vi (n,t)| > € we
have

P (n,t) — ¢ ()] < . (46)

(¢) Moreover, for each k € {1, ..., K}, there exists a constant C' such that

o1 T _ ik ()
(%ﬁ% 2mg(0) /Mk,ng (w’t)dw> Alde

where Mz = {w : |w — ¢, (t)| < €}.

< Ce  (47)

The proof of Theorem 6 involves a number of estimates, which are shown
hereafter, assuming all the hypotheses of Theorem 6 are satisfied.

Lemma 2. For any (n,t), there is at most one k € {1,..., K} for which
= ¢ < A.

The proof is straightforward and is left to the reader.
For our purpose, we need to analyze the behavior of the STFT on a linear
chirp:

Proposition 5. Let h.(1) = Ae*™(") be a linear chirp and consider V7
the STEFT of h. obtained with a window g, as introduced in Theorem 6. If
L < g¢ and if (n,t) € Zy then

Vhia =

Vi (n,1)] < €4,

Proof. We know that V;*(n,t) = he(t)go (7)™ O™ (n — ¢ (t)) so that if
(nut) g—f Z, |thcg(777t>| < |’Y|U+A2 < A&, [
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Remark 9. In the original FSST, one considered a constant amplitude and
first order approximation of the phase for the mode that is, h(7) = Aem(¢O+=0)¢'(®)
for which we had V;’7(n,t) = h(t)g,(n — ¢'(t)) so that if g, is compactly
supported, V}7?(n,t) was also compactly supported for each ¢t. In our case,
note that V77 (n,t) corresponds, modulo the multiplication by a constant,

to g, (7)e™ 7 (n — ¢/(t)), t being fixed, for which we have the following
proposition:

Proposition 6. Fven if g5 is compactly supported, gg(7')63i7“’5ﬁ(t)72 s never
compactly supported.

Proof. Since g, is compactly supported it belongs to £ (R), the space of com-
pactly supported distribution, and €™ ®7* to &’ (R), the space of tempered
distributions, since the latter belongs to L>(R). Now we have the following
property in S (R) :

gcr(T)eiﬂqw(t)TQ = f <g2r * W) )
where F is inverse Fourier transform, which is equivalent to
o (1) O _ > 4 i (7

T

Hence g(,(T)e”‘z’”(t)T2 compactly supported if and only if /™" ®) ® is compactly

supported. Since the IF of e2imd (07 g 2¢" (t)7, i.e. all the frequencies are

present in that signal when 7 varies so ™" (O™ is not compactly supported.
m

This shows that to impose g, compactly supported does not help in our
context, contrary to what happened in the original FSST case.

Proposition 7. Consider a window g, as introduced in Theorem 6. If

L_ < g€, we have for any (n,t):
T < for any (n,1)

VI (1,8) = V= (1,1)] < eEi(2). (48)

with fro(t) = Ap(t)e?Ioxl D+ OC-0+36. O] gnd where Ep(t) = ol +
2oL Ag(t). If (n,t) & Z) we get

\Vir(n,t)| < eBy(t) + EA(t). (49)
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As a consequence, we also have, for any (n,t) € Zy:

VI t) = VD] £ €D B+ A, (50)
=1 £k
-2 (éZEl(w +2Ak<t>) = 20,(1), (51)
1=1 Ik

where Qu(t) = &Y Ei(t) + Y Ax(t)

1£k
Proof. First, we write

fi(r) = Ap(r)e? ™) = (Ag(r) — Ap(t))e o)
A (1) 2O+, OO+, (O(7—t)

+ A (t) [ 1or® +6,, () (T—)+ 38, (B)(r—t)*+3 [ & (2)(7—2)?da]
_ 2imlok (6, (O (T + 1y ) r=t7))

9

= fea(7) + fr2(7) + frs(7). (52)
Then, for any (n,t),
Vil < [ 140) = Ao)lantr = Bl
< / €|T — tl|go (T — t)|dT < ecl;.
R
Now, we also have, [V (1,)] < e50°[3A4(t), leading to:
Now, if (n,t) ¢ Z, we write:

VI (n,t)] < eBi(t) + € Ax(t),

which leads to the second inequality. The last inequality is then straightfor-
ward. 0
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K
We now prove item (a) of Theorem 6. If (n,t) ¢ |J Z;, we immediately
=1
get:

]~

Vi)l < &) (EEt)+A®),

=1

K
if we take ¢ sufficiently small, we get € Y (€*F(t) + A;(t)) < 1, since g¢ < C.
=1

Now, we introduce several propositions that are useful to prove item (b) of
Theorem 6.

Proposition 8. Let h.(t) = Ae?mk®) be g linear chirp, g, be a window as
defined in Theorem 6. When (n,t) ¢ Zx, we have

A
t9o ~2
% t) < —€".
| he (n’ )|<— A €

Proof. Since 8,V (n,t) = —2ixV,%(n,t) and since V;*"(n,t) behaves like

WQ‘WQ for |n| > A, we get that |V,ff°’(n,t)\ < WAQA?, < 7%62 for (n,t) ¢
2. O

Proposition 9. Let fi be a mode defined as in Definition 8 and consider
the STFT of fr computed using window tg, where g, is a window of the type
introduced in Theorem 6 with \/_; < gé. Then, for any (n,t), we have

lv|A
ViZ (n,8) = V2 (0. 6)] < eFy(t),
where with Fy,(t) = 0*I + 5014 A(t). Now, if (n,t) & Zy, we get:

Ax(t)
TA

V% (n,t)] < eFi(t) + &

and, we also have, when (n,t) € Zy:

K
Vi (n,6) = Vi% (n,0)] < e R(t)+&)
=1

where Ay (t) = é* Zfil B (t) + > A7rl_(At)'
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Proof. Using the same decomposition as in the previous proposition, we may
write:

Vi () = Vi ()] < / i ()7 — D)gol(r — t)e %m0 g,

+/ | fea(T)(T = t)go (7 — t)e ™10 dr,
R

< e(o®Iy + %0414),
= GFk(t).
Now if (n,t) ¢ Zy, from Proposition 8, we get:
Vi, 6)] < eFilt) + Vi (0, 1)),

< 2ERM) 4+ %Ak(t)).

The last inequality is then straightforward. O

Then we may write:

Proposition 10. For any (n,t), assuming g, satisfies the hypothesis of The-
orem 6 and assumin L_ < gé. Then, we have:
VT

< eG(1), (54)

o 1) =203 (AN 0) + 610V

K

where G(t) = K1y + 27rlz <Al(t)"22[2 +Z I+ ¢ () Ei(t) + |¢}’(t)|Fl(t)> .
=1

If (n,t) € Zy we get:

!/

OVE (n,) = 2im (SO, 00,8) + 6LV} (D)) | < EGu(0),

OV (n,1) — 2im (G(OVE(n,0) + GV (n,1))| (55)
< & (Gi(t) + 2n(B, (%) + |6, OIAK(E) )
= @By (t). (56)

where Gy(t) = €G(t) + 2w 3 A((t) <¢§(t) + “Z—X”) :
12k
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Proof. Differentiating the STFT of f with respect to t we get:

K
&tqu"(n,t) = Z/A;(T)e%mlmgg(T—t)e2“”7(Tt)d7'
=1 /R

K

+ Z / Ay(1)2im ) (1) X ™ D g (7 — t)e 2T,
=1 VR
K
— Z/ 2’Lﬂ'¢l )g (T_t)€—2i7r77('r—t)d7_
R

=1

i 12: /R A(7)2ir [¢;(t) +(r—1)¢, (t)

+ [0 = 06 ] 27 0g - e
t

]~

[ A (o — et s 13 2im OV (0,1
R

1 =1

2imey (£)V;% (n,t)

l

+

™)~

l

+2

M-

/ A(r)in / (r — )¢ (W) due ™ Dm0y (o t)ar.
R t

=

—_

We may then write:

K
OV (n,t) = 2im Y ((OVi (0.0) + 6 (Vi (1.1)) '
=1

2z7r¢l (7_ . t)e—Qiﬂn(T—t) dr

4 Zz /R Ay(r)ir /t (7 — )" (u)du 2T =2imnr= g (= _ iy
=1

We can write for the first part,

Z / 2Z7T¢l(7') ( t)672i71'77(7'7t)d7_
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and for the second:

K T
S 2 / A(r)im / (r — w)g" (w)du 2 2mir=0g (o )dr
=1 R t

K K
€ (Z Aoy + e7r03[3> <e (Z Ai(t)mo*ly + 7r03]3> )

=1 =1

Finally, we may write:

K
OV (n,t) — 2ir Z (¢2(t)V;j’;<m B+ 6 OV (n, t)> ‘

< |0V (n,1) 2”2 (le Vi (n,t) + & (t )Vﬁg"(n,t))'

Fore 3 AOE) + 6 01R(),

I=1
hence (54). To get (55), it suffices to remark that when (n,t) € Zj:

AVF (,) = 2 (G (OVE, (0. 1) + &) (V12 (n, 1)

< lovge(n.1) —2m2(¢l Ve (.1) + 6, (VI G nf))‘

+ 2n 3 (GOVE 1) + 6, (V% (0.1))

14k

< |ave(n,t) 2m2(¢, VIS 0,8) + 61 (V% (0,1))

+2mE " A(t) (¢;<t> + %) .

Ik
The last in equality is straightforward. O

Proposition 11. Let h.(t) = Ae?7™*®)
a window defined in Definition 3 and

has

Y

be a linear chirp, and assume g, is

\/MA < o€, when (n,t) ¢ Z, then one

2 3A _
Vi % (n,1)] < MEQ- (58)
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Proof. We have
1
vt 9 (7)7 ) - _R@?thj(na t) (59>

Since h.(7) = Ao+ O+ 36 (=7 apd Vi (n,t) behaves like — 772,

then 92V, (n,t) behaves like 73;374 for |n| > A. Now for (n,t) ¢ Z, we can
write

‘ 6A 3A 22
(. 9)] = 47r2|7|02A4 = oAzt

(vt 9 (60)

]

Proposition 12. Let f; be a mode defined as in Definition 8 and consider
the STET of fi computed using window t*g,, where g, is a defined as in
Definition 3, again assume ——=— < o€, in such a case, we have:

Vhia

V9 (n,t) = V9 (. 6)] < eHi(t),

with Hy(t) = 0I5 + Z0°I5 Ay(t). Now, if (n,t) & Zi, we get:

2 3Ak

Vi (. 0)] < c(t) + S0
From this, we immediately deduce that, for (n,t) € Zy, we have:
200 . 3A(E) .

V9 (n,t) = Vi ()] < EZH @Y oG = W),
Ik
- 3A,(t)
_ !
where Wi (t) = € ;Hk(t) + l; 52N2”

Proof. The proof is similar to that of Proposition 9 and is therefore not
displayed here. O

Proposition 13. For any (n,t) one has:

RV (1,1 2m2(¢l ) + 2ind)()*)VE (0, 1)

+ Aimy (06 (DV]% (0, 1) + 2im] (V] (n.0)) | < e (1),
(61)
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where

K
J(t) = K(ly+ 2o’y + ga4l4) + WZ [QAZ(t)Ull + ¢y(t) (Al(t)(l + 71_)0212 i ]0)
=1

+ oy (1) (0L + 20 By(t) + oLy + wA ()0 L)
+27¢) (t)2Ei(t) + 4nd/ (1)| oy ()| F(t) + 27|¢” (t)IQHz(t)] :

Then, if (n,t) € Zy one obtains:

GRV" (n, 1) = 2im ((91() + 2imf,()))VE7, (n.)
+ dim gy ()b (E)VEE (0,0) + 2imen (62 VE S (1, )) < &J,(1), and
RV (n,1) — 2ir ((B4() + 2im i (H)V" (n, 1)
+ 4img (OB OV (1,) + 2im ey (O2V] " (n.) )
=02V (n.t) = 2im (61 (O)VE (1.) + GOV (0,) + SOV} (n, 1)) |
< & (Jelt) + (61(2) + 200}, ()U(t) + iy ()5 () Ae(t

+ 206 (12 W(t)) < EBau(t),

where

RO = 270+ A0 (A6 O]+ 4mh (07 + S0 0]+ 00 0?).
1£k
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Proof. Since
Vo) = 3 [ (A7) + 2im0 () (e) + 2imei(r) A

—472@(7)2141(7')) 2N g (1 — t)e HmT
K
R
b2y [ A o et

+ 2%71’2/¢l +2“T¢z( JA (7.)> 62i7r¢l(7)ga(7__t)e—inn(T—t)dT‘

We have for the first part of 93V (, 1)

Z / 2“T¢l (7_ _ t)e—Qiﬂn(T—t) dr

Then, for the second part of 97V7° (n,t) we may write

K
207 Z / ¢2,(7‘)Al(7-)62i7r¢l(7')g0(7- _ t)e—Qiﬂ'n(T—t)dT’
=1 /R

K
= T Z/ < / ¢/// ) ( ) Qiﬂtbl(T)ga (7_ _ t>672i7r77(7'7t)d7_’

= 22’??2@( WVir(n.t +2m2 / / ¢, (w)du Ay(7)e* ™ g, (1 — t)e 2™ Dgr,
(63)

< Kely. (62)

We then deduce that:

K
2im ) ( &1 (A7) ™ g, (7 — )e ™D dr — ¢/ (Vi (n, t>) ‘
R

(Al(t)O'Il + 0'212).

]~

K
< 27e Z(Al(t)all + e0?ly) < 2me
=1 =1

(64)
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We finally write for the third part of 93V (n,):
K

2in > [ 6i() (4i(r) + 2imi(r) A(r)) 27 CVgy (7 — e s
=1 /R
K T

—2n 3 [ (0 + (- 060+ [ - 06 )
=1 /R t
(41(7) + 2imay(7) Au(r) ) 27 gy (7 = )1,

ﬁ( OVE (n.1) + 6/ (AV}* (1,1) )

+ 2277 / / T —u) (b;" )du <A; (1) + 22’7?(252(7')%1(7)) eQi“¢l(T)gg(T - t)e’Qi””(T’t)dT,
(65)

for which we remark that

29m Z/ / (t—71) qb;” (A;(T) + 2i7Tgb2 (T)Az(7)> €2z‘7r¢l(7)ga(7 o t)e_gi”"(T_t)dT

)

< Te

I
ZAI ( U[2+|¢l<)’03[3+60424)
1" [
+e (‘”12 + 0 Isdi () + o Lalgy (1)] + 6"555” |
I
<7reZAl ( 2]2—}-‘@( )|J3]3+U4§4) , (66)

if € is sufficiently small. From this, we get:

Vi (n,1) —2m2( OV (0.8) + 6, (DOVE (0.0) + 6/ (DAY (1.1) )
: (67)
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where

K K
" ]
Jo(t) = KIO + 27 Z(Al(t)ajl + 0'2IQ> + WZA[(T,) ((b;(t)()’zlg + |¢l (t)|0'3[3 + 0'454) s
=1 =1

K
= K(Iy+2m0’l, + gam) +T YAt (2011 + ¢ ()0 Iy + | @) (t)|03]3) .
=1

Now recalling that:
0 (n,1) = 2im (SOVE (0, 1) + 6 OV (0.0) | < ¢ (o + mAu(t)o D)

V5 (,) = 20 (SOVE (n.8) + &/ OVE* (0,0)) | < eall + A (0)0* L),

we get,

RV (1,1) zmz (61 (1) + 2iml () Vg (1,1)
i ()61 (OVF (1,) + 2i 6] (02VE (n,1)) | < el

where Joo(t) = Jo(t)+27 Z () (Io+m A (1) L) +o|d, (t)| (1 + 7 A (t)o?13).

Now, we recall that we have for any [:

VI (n,t) = Vo (n, 1) < €E(t),
Vi (n,t) = Vi ()] < eFi(t),
2
Vi (t) = Ve () < eH(t),

so that we can conclude:
RVE (n,1) mz (o1 (1) + 200V (0,1
+ dimey (1)) (V%7 (n,1) + 2ime; (£)V] & (1, t>) \ <eJ(t).

with J(t) = Joo(t) + 27 Z(I@( )| + 2w} (1)?) Ey(t) + 4w, ()| ¢y (6| Fi(t) +
2y (t)2Hy(t).
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Rearranging the terms, we obtained the expected expression.
Now if (n,t) € Zj we finally have, using Propositions 5, 9, 12:

GRVE (n,1) = 2im ((@1() + 2imf,())VE7, (n.)

+4im (1), (D% (0, 1) + 2imey () V] 2 (1, t)) \ < EJi(t),

where
8 / 1" 3 " 2
Ji(t) = +7TZA1 2| (t)] + 4wy (t)” +Z</5l(t)|¢z (M“‘W@ )] .
1k
Using Proposition 7, 9 and 12, one obtains the last inequality. O

Proposition 14. For any (n,t) € Zy one has:
|dr(n,t) — op(t)] <& (68)
Proof.
[0k () = @5 (n, 1)]

— (b//(t) . ‘/fg(r (nut)aftqua (n7t) - (atvfgc (7]7t))2
g 2im (VY7 (n,1))* = V7 (0, )05, Vi (0, 1) + 0.V (n, )0,V (n, 1) |
atvfga(nvt> [8tvfgd(777 >+ (rbk( ) V‘%(m )]
2i7T(Vfgg (777 t>>2 - qua (777 t)a%tqu0< 1, ) + atvgg (7]7 )aﬁvfgg (7]7 t)
VM) [0RVE (0. t) + ¢ (D05, VE” (0, 1) — 2imgy (V" (n, 1)]
2 (V{7 (0, 1)) = V7 (0, )05, Vi (0, 1) + 0V (0, )9, Vi (n, 1) |’
AV (, [0V (1) = 2imey (V™ (n,t) — 2imey, (V77 (1), 1)]
2im (V{7 (n,1))? — 20wV (1, )0,V (n, t) — 2imd, V" (0, )V (, 1)

V7 (n, )IORVE" (.) — 2imey, (DO (1, 1) — 2imey ()VF” (n, 1) — 2im ey ()0 V” (n, 1)]
2im (V" (n,))? — 20wV (n, )0,V (n,£) — 2imd, Vi (n, )V (1, 1)

)

~ atvga (777 t)
< EBi(t) |- g g tj; g tg ’
2”1—[(‘/]”(7 (777 t))Q - Vfaatvf 7 (777 t) - 8tvfa (777 t)vf 7 (777 t)]
9o
+g232,k (t) : . . Vftg (77, t) , - '
2”[(Vfa<77>t))2 - Vfaatvf “(n,t) — 8tvfa(777t)vf “(n,t)]
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Let

M;(t) = max OV )
S ez | 2im (VIR (0, 4))2 — VIOV (n,t) — BV (0, )V (n, 1)]

M,(t) = max vy n )
2 neZi | 2im[(VE7 (0, 1))2 = VIO,V (n,t) — OV (n, )V (n, 1)] |

Then, we can write
|64 (t) = Gr(n, )] < & (Bus(t) My (t) + Ba(t) Ms(t)) . (69)

Now, if € is sufficiently small, we can get, for any £ and time ¢:

By (t)My(t) + Boy(t)My(t) < €

and Finally that
|Gr(n,t) — dp(t)] < € (70)

Lemma 3. For allk € {1,..., K} and any (n,t) € Z), such that |V{"(n,t)| >
€, we have

@ (n.1) = o ()] < & (7)
Proof. According to definition of 07](02) (n,t) in (40), we have
BP0 1) = &y (.1) + dr (0.t — T (n,1)),

its follows that

N ARV (n,t) + qr(n, t)0,V7" (n,t)
(2) A _|ts f nf Y

Y

|V (n.t) = 2img(n, OV (0. 1) S0

N QiWVf”(n,t) KA1

<2 Bu) |dr(n,t) — o (0)] [V} (n,1)]

- |2i7rVqu" (77,25)‘ |Vfg”(n,t)‘ ’

<2 B & [B1x () My (1) + By (t) Ms(8)] [V (1, 1)
- {ZWVfg" (n, t)| Vi (n,1)]

< E€E,.(t),
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where

()¢ ( Bix(t) (Biw(t)Mi(t) + Bai(t) Ma(t)) [V (1, )

+
27V (1, 1)] [VE (n,1)]

It is clear again that since Vfg" (n,t) > €, by imposing e sufficient small we

get:
~(2 ~
B (n.8) — ¢1(6)] < &

]

Lemma 4. Let f;f"y(w,t) be the FSST of a signal f € Bgl with threshold
v and accuracy 6 and h be a positive window with unit integral belong to

C2(R):
~(2)
~ 1 1 w—=uw (777t)
T (w0, 1) = / Ve (n )~h [ 2L D g
! 90(0) Sy T 0 J

Then for each k € {1, ..., K}, there exists a constant C' such that

: 1 =0 B i (t)

< CF,

where Mz = {w : |w — ¢, (t)| < €}, provided o is chosen such that:

b
9-(0)

/|| AQU(T)eimg/(t)TQ (ﬁ)dn' < (1+¢€) for any k.
n|<
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Proof. For each k € {1,2,..., K}, and pair (n,t) € Zi, we can write

IN

lim TP (w, t)dw — fi(t)
020 Jiw—g), (t)|<e
~(2)
, 1 / 1 (w—=07(nt)
lim VI (n,t)=h | ——L—"= | dndw — ()],
50 -y 0l<e 9o(0) Svgrayse T 0 J
~(2)
1 1 w—w (nvt)
lim oAUl I e S PNTRACH
020 Jjvee (n.1)| > 9,(0) 7 -l (1) <z 0 0

N

! / VI (n, ) 1 Ly (=2 !
n, 11m - —_—
0(0) V77 (nit)|>e 6—0 \w—¢;€(t)|<€5 0
1

Vi7(n, t)dn — fi(t)]|,

\,

90(0) Jyvee mp=ant@ m.0-s,0)<et
1
5 / Ve (n,t)dn — fir(t)],
90(0) Jyvee maisantin-o,1<a}
1 / 1
VI (n,t)dn — fu(t) — / V77 (n,t)dn|,
90(0) Jn-gyi<ay 90(0) J-spi<arnivee mai<er
o)
Vie(n,t) = Vie,(n, t)dn
95(0) Jym-syn<ay iz
1 / IA
+|—= Ve (n,t))dn — fi(t) ¢,
95 (0) Jiin—er 1)<} fr2 9-(0)

1 / 2A
- Vir(n.t) = Vie dn + €
R RN A
2A 2A
Ap(t)e + ——eAg(t) + —F¢,
e oy O T
~ o VIVAN
lim/ To(w, t)dw — fi(t)] < (A t) + )€.
6—0 |w7¢/()‘<€ f ( ) k<> k() go—(O)
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Figure 3: first row: magnitude of STFT, FSST and new VSST for test-signal 1; second
row: same computation but for test-signal 2

6. Numerical Results

In order to illustrate the behavior of our new second order synchrosqueez-
ing transform, we apply it two synthetic test signals. One (signal 1) is made
of low-order polynomial chirps, that behave locally as linear chirps, and the
other one (signal 2) contains strongly nonlinear sinusoidal frequency modula-
tions. On Fig. 3, STFT, FSST, corresponding to the original synchrosqueez-
ing transform and, our new technique called new VSST for both signals 1
and 2 are depicted. We choose this denomination after the so-called VSST
technique which is the other transform based on the second order approxima-
tion of the phase, which was introduced in [13]. Note that in our simulations,
we use 1024 time samples over [0, 1] and a Gaussian window with parame-

2
ter o = 0.005, defined by g,(t) = o~3e %7 . Even though such a Gaussian
window does not strictly obey the theoretical requirements on the window
choice, it enables us to illustrate the improvement in terms of quality of
representation and mode reconstruction brought about our new technique.
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Figure 4: Normalized energy as a function of the number of sorted coefficients for test-
signals 1 (A) and 2 (B). Abscissa gives the number of coefficients kept over the length N
of the signal, i.e., the mean number of coefficients kept in each column of the TF plane.
C and D: idem as A and B but for noisy signals (0 dB).

6.1. Quality of representation

In order to quantify the quality of the representation given by the new
VSST, we propose here to measure the amount of information contained
in the coefficients with the largest amplitude. In this regard, one way to
compare the different transformations is to compute the normalized energy
associated with the first coefficients with the largest amplitude: the faster the
growth of this energy towards 1, the sharper the representation. On Fig. 4 A
and B, these normalized energies are displayed with respect to the number of
coefficients kept divided by the length of the signal for both test-signals and
for the three representations, namely VSST proposed in [13], new VSST and
FSST. In our context, the normalized energy is computed as the cumulative
sum of the squared sorted coefficients over the sum of all the squared coeffi-

41



cients. The first remark is that both VSST and new VSST behave similarly
for test-signal 1 while slightly better results are obtained when the latter
is used on test-signal 2 which contains stronger nonlinear frequency modu-
lations. The second remark is that one needs only 3 coefficients per time
instant to recover the signal energy, which is consistent with the three modes
making up the test-signal. In order to investigate the influence of noise on
the sparsity of the representation, we carry out the same experiments when
the test-signals are contaminated by white Gaussian noise (noise level 0 dB).
The results displayed on Fig. 4 C and D exhibit a slower increase of the nor-
malized energy since the coefficients corresponding to noise are spread over
the whole TF plane. However, our proposed new VSST still behaves better
than both VSST and FSST in this noisy situation.

6.2. Reconstruction of the modes

The main advantage of synchrosqueezing techniques over traditional re-
assignment techniques lies in its invertibility. To improve the accuracy of
the reassignment step in synchrosqueezing techniques by using new VSST
naturally leads to better reconstruction results. The reconstruction formula
used to retrieve the kth mode, assuming qg;g(t) is an estimate of ¢} (t), is as
follows:

Fult) ~ / Ty (w, ), (74)
lw—), ()] <d

as explained in more details in [13]. The parameter d is here to compensate
for the fact that ¢, (t) is an estimate of ¢ () and not the true value. Provided
d is of the same order of magnitude as the estimation error, this reconstruc-
tion formula ensures an asymptotically perfect reconstruction. To compute
an estimation of the ridges (¢, ¢,(t)), knowing the number K of modes, we
use the algorithm introduced in [3], which computes a local minimum of the
functional:

Bil(phore ) = o= [ Ttan)Pdte [ Oapter+Bel(oP)ae, (75)

A and [ being two positive tuning parameters. Then (gzg}g(t))kle =
argmin F¢((¢r) k=1, Kk )-

To illustrate the behavior of our new VSST technique we first display the
reconstruction process associated with test-signal 2 on Fig. 5 A, the ridges
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Figure 5: A:mode retrieval based on new VSST for test-signal 2; B: Estimated ridges
superimposed on the new VSST of test-signal 2. We use d = 5 in the reconstruction, and
B = 0, = 0.02 for the ridge extraction; C:Reconstruction errors associated with each
mode of test-signal 2 using new VSST; D: same as C but using VSST technique

used for reconstruction being depicted on Fig. 5 B. Then, to compare the pro-
posed new VSST with the alternative technique proposed in [13], we display,
on Fig. 5 C and D, the reconstruction error associated with each time instant
for each of the three modes and for both VSST and new VSST. The improve-
ment brought by using new VSST instead of VSST appears to be the most
significant when the modulation is strong (i.e., in the mode associated with
the highest frequency in the studied case). To further quantify the accuracy
of mode reconstruction in terms of ouput SNR for test-signal 2, we display
in Figure 6 A and for d = 0, the ouput SNR computed by using formula
IIF112/11F = FII2, where ||f]] is the reconstructed signal. As expected, new
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Figure 6: A: Mode retrieval is expressed in SNR for d = 0. The best results are displayed
using a bold font, B: SNR associated with the reconstruction of test-signal 2 as a function
of d

VSST behaves better than other synchrosqueezing techniques on that kind
of signals. Finally we study the quality of the reconstruction with respect to
the parameter d used in the integration formula (74) and still for test-signal
2. The results depicted on Figure 6 B confirm that the sparser representation
provided by new VSST naturally leads to a reconstruction procedure that
requires fewer coefficients than other synchrosqueezing techniques to reach
the same quality of reconstruction.

7. Conclusion

We have developed a novel synchrosqueezing transform for analysing mul-
ticomponent signals made of strongly frequency modulated modes which ap-
pears to be particularly efficient to denoise multicomponent signals. Here
we slightly modified the IF estimate proposed in [13] so that the mathe-
matical analysis of the corresponding synchrosqueezing transform is made
possible. Further we have also discussed why the hypotheses made on the
modes making up the multicomponent signal must be different when one con-
sidered wavelet or STFT based synchrosqueezing. A limitation of our new
VSST is that it requires a window with quadratic decay and is restricted to
modes with almost constant amplitude. To improve these aspects is a work
currently underway. Nevertheless, this novel transform can already be used
without any restriction to denoise monocomponent signals with numerical ex-
periments demonstrated the effectiveness of the approach for the denoising
of multicomponent signals.
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